Anomalous quantum transport in presence of self-similar spectra

J.-M. Barbaroux^{1,2}, H. Schulz-Baldes^1

1 Technische Universität Berlin, FB Mathematik, Straße des 17. Juni 136, 10623 Berlin, Germany 2 Universität Regensburg, Lehrstuhl für Mathematik, 93040 Regensburg, Germany

Abstract

We consider finite-difference Hamiltonians given by Jacobi matrices with self-similar spectra of the Cantor type and prove upper bounds on the diffusion exponents which show that the quantum motion in these models is anomalous diffusive. For Julia matrices, this bound is expressed only in terms of the generalized dimensions of the spectral measures.

1 Introduction

A quantum motion is called anomalous whenever it is neither ballistic nor regular diffusive nor localized, that is, the diffusion exponents β_α defined by ∫_T 0 dt T ⟨ψ(t)| | ⃗X|^α|ψ(t)⟩ ∼T ↑∞ T^{αβα} , α ≠ 0 , may take arbitrary values in the interval [0, 1] (here ⃗X is the position operator and ψ some localized state in Hilbert space). There is compelling numerical evidence that the motion in almost periodic structures is anomalous [11, 19] and intermittent [15, 13] in the sense that α → β_α is a strictly increasing function. This is possibly at the origin of the strange transport properties observed experimentally in quasicrystals. The scheme of explanation is based on the anomalous Drude formula [14, 17]: the direct conductivity σ_{//} behaves as σ_{//}(τ) ∼τ ↑∞ τ^{2β2−1} , where τ is the relaxation time due to impurity and electron-phonon scattering. It is hence particularly interesting to calculate the diffusion exponent β_2 for a given quasiperiodic Hamiltonian.

Anomalous transport in almost periodic structures is due to delicate quantum interference phenomena. On the spectral level, they lead to a singular continuous local density of states

(LDOS) at least in low dimension (an early work is [20], but there are many others), whereas in high dimension, spectral measures are likely to be absolutely continuous even if transport is anomalous. The first results linking spectral and transport properties were established by I. Guarneri [7] and refined by others [12, 2, 17]: the exponents β_α, α > 0, are larger than or equal to the Hausdorff dimension of the LDOS divided by the dimension of physical space. Later on, links between diffusion exponents and multifractal dimensions of the density of states (DOS) [15] and the LDOS [13] were derived and numerically verified for some one-dimensional systems.

Here we prove upper bounds on β_α for a restricted class of one-dimensional Hamiltonians given by Jacobi matrices with self-similar spectra. This toy model was suggested and investigated by I. Guarneri and G. Mantica [8, 13] in order to study links between spectral and transport properties. Rigorous proofs of upper bounds on the spreading of wavepackets in these systems were proven by I. Guarneri and one of the authors [10]. However, these results did not allow to deduce bounds on positive moments of the position operator. The present work continues and completes this study and is actually based on one of its central results.

Our upper bound on the diffusion exponents is expressed in terms of three measures supported on the spectrum: the LDOS, the DOS and the maximal entropy measure. For spectral measures supported on self-similar sets with non-trivial thermodynamics, the latter controls the length fluctuations of the bands approximating the spectrum; these fluctuations appear as one reason for intermittency.

On the other hand, the interplay between the position operator and the Hamiltonian is the second reason for intermittency (see [13] where a Hamiltonian having a spectrum with flat thermodynamics was shown to exhibit intermittency). For the analysis of this interplay, we make use of a crucial bound from [10] known only for Jacobi matrices with self-similar spectra. For these Hamiltonians the asymptotic properties of the generalized eigenfunctions are governed by a Herbert-Jones-Thouless formula. However, this bound is in general far from optimal and, in order to obtain tight upper bounds, significant improvements are necessary.

Julia matrices are an exception in this respect due to an exact renormalization property [3] making the links between position operator and Hamiltonian particularly simple. Consequently, in this case our analysis of the thermodynamics as outlined above does lead to a tight upper bound on diffusion exponents in terms of the generalized dimensions D(q) of the LDOS:

Theorem For Julia matrices, β_α ≤ D(1 − α) as long as 0 < α ≤ α_c for a certain α_c > 2.

Furthermore, it is known that Julia matrices are limit periodic [3], while a proof of the almost-periodicity of other Jacobi matrices with self-similar spectra remains an interesting open problem.

Appart from the favorable example of Julia matrices, our work illustrates that the links between spectral and transport properties is a very intricate one. There is hence need for further numerical and theoretical investigations.

Acknowledgments: We received support from the SFB 288 (Differentialgeometrie und Quantenphysik) and the TMR network FMRX-CT 96-0001 (PDE and Applications to Quantum Mechanics). The permanent address of J.-M. Barbaroux is: UMR 6629 CNRS, Dépt. de Math., Univ. de Nantes, 2 rue de la Houssinière, F-44322 Nantes Cedex 3, France.

2 Models and results

2.1 Self-similar sets and measures

The self-similar fractal measures considered in this work are constructed by non-linear, disjoint iterated function systems, sometimes also called cookie cutters or one-dimensional Markov maps. The construction is as follows. Let I^1_1 < I^1_2 < . . . < I^1_L be a finite sequence of pairwise disjoint closed intervals all contained in a closed interval I^0. Let S be a smooth real function such that, for all l = 1, . . . , L, the restriction S_l of S to I^1_l is bijective from I^1_l to I^0 with smooth inverse S^{−1}_l (in particular, we assume the derivative of S to be bounded away from 0 and ∞ on the intervals I^1_l ). Furthermore, the image of I^0\ ⋃_L l=1 I^1_l under S is supposed to have empty intersection with I^0.

We call codes the one-sided sequences of symbols taken from {1, . . . , L} and denote the set of codes of length N by Σ^N_L and the set of codes of infinite length by Σ_L. For all N ∈ N, S^{−N} (I^0) consists of L^N closed, disjoint intervals I^N_σ = S^{−1}_{σ1} ∘ . . .∘ S^{−1}_{σN} (I^0), σ = (σ_1 . . . σ_N ) ∈ Σ^N_L , which we call the intervals of the Nth generation. We further assume that there exist positive constants a < 1 and c so that, for any N ∈ N, all intervals of the Nth generation satisfy |I^N_σ | ≤ c a^N where |I| denotes the length of the interval I. Now J = ⋂ N≥0 S^{−N} (I^0) is a fractal set which is invariant under S, i.e. S(J) = J. If S is a polynomial map satisfying the above hypothesis, then J is called a real hyperbolic Julia set. In the case where the maps S_l are linear, we deal with a linear iterated function system and call the repeller a linear Cantor set.

The dynamical system (J, S) is conjugated to the shift on Σ_L by the coding map E ∈ J → σ(E) ∈ Σ_L. Given a shift-invariant, ergodic measure on Σ_L, the pointwise dimensions

d_μ(E) = lim_{ϵ→0} log(μ([E − ϵ, E + ϵ])) log(ϵ) (1) of its pullback measure μ on J exist μ-almost surely and are μ-almost surely equal to the information or Hausdorff dimension dim_H(μ) of μ [10]. The latter is furthermore equal to the quotient of the dynamical entropy E(μ) and the Lyapunov exponent Λ(μ) of the dynamical system (J, S, μ) [10]. A multifractal property of μ, that is finer characteristic than just its Hausdorff dimension, is given by its singularity spectrum

f_μ(α) = dim_H ({E ∈ J | d_μ(E) = α}) ,

where d_μ(E) = α means that the limit in (1) exists and is equal to α and, by convention, the Hausdorff dimension of an empty set is equal to −∞. For a Gibbs measure μ on J introduced in Section 3.3, it can be shown that f_μ is a concave analytic function (see, for example, [4]). Its Legendre transform τ_μ allows to define the generalized dimensions D_μ(q) by D_μ(q) = lim_{q′→q} τ_μ(q^′) q^′ − 1

, τ_μ(q) = inf_{α∈R}(αq − f_μ(α)) .

2.2 Jacobi matrices

Once the measure μ on J is fixed, we construct the Hamiltonian as the Jacobi matrix of μ. Let P_n, n ≥ 0, denote the orthogonal and normalized polynomials associated to μ. They form a Hilbert basis B = (P_n)_{n∈N} in L^2(R, μ) and satisfy a three term recurrence relation

EP_n(E) = t_{n+1}P_{n+1}(E) + v_nP_n(E) + t_nP_{n−1}(E), n ≥ 0, where v_n ∈ R and t_n ≥ 0 are bounded sequences, and P_{−1} = 0. Therefore the isomorphism of L^2(R, μ) onto ℓ^2(N) associated with the basis B carries the operator of multiplication by E in L^2(R, μ) into the self-adjoint finite difference operator H defined on ℓ^2(N) by: H|n⟩ = t_{n+1}|n + 1⟩ + v_n|n⟩ + t_n|n − 1⟩ , n ≥ 1 , (2) and H|0⟩ = t_1|1⟩ + v_0|0⟩. Then μ is the spectral measure of H associated to |0⟩, also called its LDOS.

2.3 Diffusion exponents

The propagation of wave packets initially localized on the state |0⟩ is characterized by the growth exponents

β^+_α = lim sup_{T →∞} log(M_α(T )) log(T^α)

, β^−_α = lim inf_{T →∞} log(M_α(T )) log(T^α)

, (3)

of the time-averaged moments of the position operator on B

M_α(T ) = ∑ n≥0 n^α ∫_T 0 dt T |⟨n|e^{−ıtH} |0⟩|^2 , α ≠ 0 .

2.4 Results and comments

The presentation of our most general result is postponed to Section 3.4 in order to avoid the use of heavy notations at this point. We rather discuss the result for two interesting special cases.

Theorem 1 Let H be a Julia matrix, namely S is a polynomial map and μ = μ_0 is the balanced measure of maximal entropy. Set α_c = 1 − (τ_{μ0} )^{−1}(−2). Then

β^+_α ≤

D_{μ0} (1 − α) , 0 < α ≤ α_c ,

1 −^{αc−2}_α , α ≥ α_c . (4)

Remark 1 Theorem 1 combined with Guarneri’s inequality (notably β^−_α ≥ dim_H(μ) = D_μ(1) for α > 0) implies that transport is anomalous in Julia matrices. In fact, D_μ(q) ≤ 1 for all q ∈ R and dim_H(μ_0) ≥ log(L)/Λ_{max} where Λ_{max} = log(max_{E∈J} |S^′(E)|). Numerical and theoretical analysis using GM-machinery [13] indicates that the equality β_α = D_{μ0} (1 − α) may hold for all α > 0. Whether the equality actually holds for all α or β_α → 1 as α → ∞ (as is the case in our upper bound) is an interesting question. Two facts, both verified for real Julia sets generated by S(E) = E^2 − λ with λ > 2, indicate that our upper bound is probably not tight for α > α_c. First of all, α_c converges to 2 from above as λ → 2 (while numerical results give the equality β_α = D_{μ0} (1 − α) for much larger value of α if λ is close to 2 [13]); second of all, the curve defined by the upper bound (4) has a discontinuous derivative at α_c. We discuss the problems arising for large α with more technical details in Remark 6 of Section 3.1. Let us note that, for quadratic Julia sets, α_c ∼ log(λ)/2 for large λ. Finally, we remark that we know of no theoretical work about negative moments (α < 0). However, one can show β_α ∼ D_μ(2)/α for large negative α using results from [12, 2, 17].

Julia matrices exhibit an exact renormalization property in physical space [3], so that all intermittency is due to the thermodynamics of the support of the spectral measure. As already pointed out in the Introduction, a second reason for intermittency is due to the interplay between Hamiltonian and position operator. An extreme example of this is given by spectra supported on uniform Cantor sets for which the thermodynamics is flat and cannot be at the origin of intermittency, but for which the quantum motion is nevertheless intermittent [13]. Our proof does not allow to exhibit and analyse these fine properties, however, we obtain a sub-ballistic bound on dynamics.

Theorem 2 Let J be a uniform Cantor set, that is, S has two linear branches S_1 and S_2 with slope equal to ±e^Λ and let μ be an arbitrary ergodic measure on J. We set Υ = ( arcsinh ( e^Λ − 2 4 ))_{−1} (∫ dN (E) log(e^Λ − E) − log(cap(J)) ) + 1 . (5)

Then

β^+_α ≤

log(Υ)

Λ , 0 < α ≤^{2Λ}_{log(Υ)} ,

1 +^2_α −^{2Λ}_{α log(Υ)} , α ≥^{2Λ}_{log(Υ)} . (6)

Remark 2 It was shown in ref. [10] that Υ as given in (5) diverges linearly in Λ in the limit Λ → ∞. Therefore the bound (6) is strictly better than the ballistic bound for sufficiently large Λ. As long as the Hausdorff dimension of μ is bigger than 0 (for example, for Bernoulli measures), Guarneri’s inequality [7] combined with Theorem 2 shows that the transport is anomalous in these models. Note that the bound (6) does not depend on the measure μ, but only on the DOS. This is, however, an artefact of our proof.

3 Proof of upper bounds

3.1 Resolving the spectrum at different scales

The main result of this section, notably that Proposition 1 holds given Hypothesis I and II, can be directly transposed to other Hamiltonians and other exponentially localized initial states. For sake of simplicity, we formulate nevertheless everything only for the model described in Sections 2.1 and 2.2.

The following hypothesis allow to separate two reasons for intermittency: one linked to the thermodynamics of the LDOS, the other to the asymptotic properties of the generalized eigenfunctions.

Hypothesis I Let Λ^∗(., μ) : R → [0, ∞] be a convex function such that, for all λ ≤ Λ(μ), μ ({ E ∈ J | | | | | λ ≥ − log(|I^N_{σ(E)}|) N }) ≤ ae^{−NΛ∗(λ,μ)} , (7) for some constant a ≥ 0. We further suppose that there is 0 < Λ_{min} ≤ Λ(μ) such that Λ^∗(., μ) : [Λ_{min}, Λ(μ)] → [0, ∞) is a C^1 and strictly convex bijection and that Λ^∗(λ, μ) = ∞ for λ < Λ_{min}.

Hypothesis II For η > 0, let Υ(η) > 0 and c(η) < ∞ be such that for all n and N verifying

n ≥ Υ(η)^N ,

the following bound holds: ∑ σ∈Σ^N_L |⟨χ_IN_σ |n⟩|^2 ≤ c(η)n^{−η} , (8) where |χ_IN_σ ⟩ = χ_IN_σ (H)|0⟩, χ_I denoting the characteristic function of the interval I.

Remark 3 In the next section, the function Λ^∗(., μ) will be determined to be the Legendre transform of the generalized Lyapunov exponents. In Section 3.3, we furthermore show that Λ^∗(., μ) is given in terms of the scaling function of the maximal entropy measure whenever μ is a Gibbs measure. At least in this situation, all the above hypothesis on Λ^∗(., μ) are satisfied. A closer inspection of the proof below shows that weaker results can be obtained under weaker hypothesis (no differentiability, for example). Let us note right away that Λ^∗(Λ(μ), μ) = 0 and that both Λ^∗(., μ) and (Λ^∗)^′(., μ) are bijections from (Λ_{min}, Λ(μ)] to their respective images; further Λ^∗(., μ) is discontinuous at Λ_{min}.

Remark 4 Hypothesis II is in a more general form than we can actually prove it. The results from Section 3.2 of ref. [10] show that, for the choice Υ given as in Section 3.4, the bound (8) holds for all η > 0. Thus Υ is independent of η in this situation. To obtain a smaller, but η-dependent Υ is a tough task for which only numerical results exist [13]. As we cannot prove such a hypothesis for the moment, we restrict ourselves to the case of an η-independent Υ in Proposition 1 below, because it simplifies considerably the proof. However, we cannot obtain any result on intermittency due to Hypothesis II in this way (cf. Theorem 2 on uniform Cantor sets). For Julia matrices, one can choose Υ(η) = L for all η > 0 [10].

The following proposition is obtained by combining the technique “resolving the spectrum” [10, Proposition 1] and the argument in Section 3.4 of the PhD thesis of one of the authors [1].

Proposition 1 We suppose Hypothesis I and II to be verified for a given Υ independent of η. Let Λ_R ∈ (Λ_{min}, Λ(μ)] be the solution of (Λ^∗)^′(Λ_R, μ) = −2 if it exists and Λ_R = Λ(μ) otherwise. Let us further set

α_c =

Λ^∗(Λ_R, μ) + 2Λ_R log (Υ)

, (9)

and let z_α ∈ [Λ_{min}, Λ(μ)] be the solution of

α log (Υ) = Λ^∗(z_α, μ) − z_α(Λ^∗)^′(z_α, μ) , (10)

if it exists, and z_α = Λ(μ) otherwise. Then, for 0 < α ≤ α_c,

β^+_α ≤ κ_α ≡ α log (Υ) − Λ^∗(z_α, μ) αz_α , (11) while, for α ≥ α_c,

β^+_α ≤ κ_α ≡ 1 − α_c − 2 α . (12)

Proof. Let 0 ≤ κ < 1, ρ > 0 and ϵ > 0 be such that (1 − κ)/ϵ ∈ N. We introduce the monoton sequence n_k(T ) = ρT^{κ+kϵ}, k ≥ 0, as well as the presence probabilities in the rings limited by the radii n_{k−1}(T ) and n_k(T ):

B_k(T ) = ∑ n_{k−1}(T )<n≤n_k(T ) ∫_T 0 dt T |⟨n|e^{−ıHt}|0⟩|^2 . Then the time-averaged moments of the position operator can be bounded as follows:

M_α(T ) ≤ ρ^αT^{ακ} + (1−κ)/ϵ ∑ k=1 n_k(T )^α B_k(T ) + ∑ n≥ρT n^α ∫_T 0 dt T |⟨n|e^{−ıHt}|0⟩|^2 . (13) We first note that a ballistic bound as given in [9] implies that the last summand is smaller than a constant for any T > 0 whenever ρ is sufficiently large. More precisely, let X_γ , γ > 0, be the Banach space of ℓ^2(N)-vectors ψ such that ‖ψ‖_γ = sup_{n≥0} |⟨ψ|n⟩| exp(γn) < ∞. As H is a bounded operator on X_γ , we have ∑ n≥ρT n^α ∫_T 0 dt T |⟨n|e^{−ıHt}|0⟩|^2 ≤ ∑ n≥ρT n^α ∫_T 0 dt T e^{−2nγ+2t‖H‖γ} ≤ (ργT )^{[α]} 4γT ‖H‖_γ e^{−2ργT +2T ‖H‖γ} , where [α] is the smallest integer larger than α. Now the latter expression is uniformly bounded in T for any ρ > ‖H‖_γ/γ.

In order to bound the second summand in (13), we proceed as in [10, Proposition 1] for each B_k(T ) separately. So for each k ≥ 1, let us suppose N and T to be linked by some relation chosen later on (see equation (17) below) and let us set, for given λ_c(k) ≤ Λ(μ), |ψ_{N,k}(t)⟩ = ∑ σ∈J_N (λ_c(k)) e^{−ıENσ t}|χ_IN_σ ⟩ , where E^N_σ is some point in I^N_σ and J_N (λ) is the set of σ ∈ Σ^N_L satisfying − log((|I^N_σ |)/N ≥ λ. Let us further divide the interval [λ_c(k), Λ(μ)] into Q = (Λ(μ) − λ_c(k))/δ ∈ N intervals of equal length δ. Then the vector |ψ_{N,k}(t)⟩ approximates the time evolution of |0⟩ in Hilbert space norm: ‖|ψ_{N,k}(t)⟩ − e^{−ıHt}|0⟩‖^2 = ∑ σ∈J_N (λ_c(k)) ∫ I^N_σ dμ(E) |e^{ıEt} − e^{ıENσ t}|^2 + ∑ σ∈J_N (λ_c(k))^c μ(I^N_σ )

≤ Q−1∑ j=1 ∑ σ∈J_N (λ_c(k)+jδ)^c\J_N (λ_c(k)+(j−1)δ)^c + ∑ σ∈J_N (Λ(μ)−δ) μ(I^N_σ ) t^2 max_{E∈INσ} |E − E^N_σ |^2 + μ(J_N (λ_c(k))^c)

≤ Q−1∑ j=1 ae^{−NΛ∗(λc(k)+jδ,μ)}e^{−2N(λc(k)+(j−1)δ)}t^2 + e^{−N(Λ(μ)−δ)}t^2 + ae^{−NΛ∗(λc(k),μ)} , (14) where we have used the bound (7). For a given r ≥ T/(2π), let us first bound B_k(T ) by

2 ∫_T 0 dt T ‖|ψ_{N,k}(t)⟩ − e^{−ıHt}|0⟩‖^2 + 2 ∑ n_{k−1}(T )≤n≤n_k(T ) ∑ σ,σ^′ ∈J_N (λ_c(k)) ⟨n|χ_IN_σ ⟩⟨χ_IN_{σ′} |n⟩ ∫_{2πr} 0 dt T e^{ı(ENσ −EN}σ^{′ )t} . Now, let Λ_{max} be the minimal λ with the property |I^N_σ | ≥ e^{−λN} for all σ ∈ Σ_L and N ∈ N. For fixed N, we can therefore choose the E^N_σ ’s all to be elements of a lattice with spacing 1/r = e^{−ΛmaxN} so that only the diagonal terms σ = σ^′ remain in the above sum (at this point, improvements are possible, but not useful if Υ is independent of η). Using (14) we thus obtain

B_k(T ) ≤ Q−1∑ j=1 2aT^2 3 e^{−NΛ∗(λc(k)+jδ,μ)}e^{−2N(λc(k)+(j−1)δ)} + 2T^2 3 e^{−2N(Λ(μ)−δ)} (15) + 2ae^{−NΛ∗(λc(k),μ)} + 4πe^{ΛmaxN} T ∑ n_{k−1}(T )≤n≤n_k(T ) ∑ σ∈J_N (λ_c(k)) |⟨n|χ_IN_σ ⟩|^2 . Putting this and n_k(T ) = ρT^{κ+kϵ} into (13), we obtain for some constant c depending on a, ρ, α, ϵ, Λ_{max}, Υ and γ:

M_α(T ) ≤ cT^{κα} + cT^{κα} (1−κ)/ϵ ∑ k=1 T^{kϵα} Q∑ j=1 T^2e^{−NΛ∗(λc(k)+jδ,μ)}e^{−2N(λc(k)+(j−1)δ)} (16) + e^{−NΛ∗(λc(k),μ)} + 4πe^{ΛmaxN} T ∑ n_{k−1}(T )≤n≤n_k(T ) ∑ σ∈J_N (λ_c(k)) |⟨n|χ_IN_σ ⟩|^2 . Now, for every fixed k ≥ 1, we choose N and T to be related by

Υ^N = T^{κ+kϵ−ϵ} , (17) so that the last term in the parenthesis in (16) is uniformly bounded in T by Hypothesis II. We then want to choose κ in such a way that the first and second term in (16) and thus M_α(T ) are bounded by cT^{ακ}. This imposes the two conditions

(kϵα + 2) log (Υ) ≤ (κ + kϵ − ϵ) (Λ^∗(λ_c(k) + jδ, μ) + 2(λ_c(k) + (j − 1)δ)) , (18)

kϵα log (Υ) ≤ (κ + kϵ)Λ^∗(λ_c(k), μ) , (19) which have to hold for all j = 1, . . . , Q = (Λ(μ) − λ_c(k))/δ and all k = 1, . . . , (1 − κ)/ϵ, the choice of each λ_c(k) ∈ [0, Λ(μ)] still being free.

The problem is now to determine the minimal κ such that these inequalities hold for appropriate choices of λ_c(k). For this purpose, we study their continuum limit ϵ, δ → 0. Setting x = kϵ, λ_c(x) = λ_c(k) and λ = λ_c(k) + jδ, the following inequalities

(xα + 2) log (Υ) ≤ (κ + x)(Λ^∗(λ, μ) + 2λ) , (20) xα log (Υ) ≤ (κ + x)Λ^∗(λ_c(x), μ) , (21) have to hold for λ ∈ [λ_c(x), Λ(μ)] and x ∈ (0, 1 − κ].

We first choose λ_c(x) to be the biggest λ such that (21) is satisfied:

λ_c(x) = sup { λ ≤ Λ(μ) | | | Λ^∗(λ) ≥ log (Υ) xα κ + x } . (22)

Using the hypothesis on Λ^∗(., μ), it can be verified that λ_c(x) is a decreasing function in x. On the other hand, because the minimal value of the function λ → Λ^∗(λ, μ) + 2λ in [Λ_{min}, Λ(μ)] is taken at Λ_R and this function is increasing on [Λ_R, Λ(μ)], it follows that (20) is always satisfied for λ ∈ [λ_c(x), Λ(μ)] if κ + x ≥ (2 + xα) log (Υ) (Λ^∗(., μ) + 2 id)(max{Λ_R, λ_c(x)})

. (23)

In order to treat the two different values of the maximum in (23) separately, we introduce

x_α ≡ inf{x ≥ 0 | λ_c(x) ≤ Λ_R} = κΛ^∗(Λ_R, μ) α log (Υ) − Λ^∗(Λ_R, μ) . For x ∈ [x_α, 1 − κ], the maximum is equal to Λ_R. For α ≤ α_c, the inequality (23) is then most difficult to satisfy for the smallest possible x, that is x = x_α, whereas, for α ≥ α_c, this is the case for x = 1 − κ. After a short computation, one therefore obtains that (23) holds for x ∈ [x_α, 1 − κ] only if

κ ≥ α log(Υ)−Λ^∗(Λ_R,μ) αΛ_R ,

Λ^∗(Λ_R,μ) (1−κ) log(Υ) ≤ α ≤ αc ,

1 −^{Λ∗(ΛR,μ)+2ΛR−2 log(Υ)}

α log(Υ) , α ≥ αc ,

(24)

while for small α’s no condition is imposed on κ because x_α > 1 − κ.

Next we study (23) for x ∈ [0, x_α). Using the definition of λ_c(x), it follows that (23) holds if κ + x > (2 + xα) log (Υ) log (Υ)^{xα}_{κ+x} + 2λ_c(x) ⇔ λ_c(x) > log (Υ) κ + x . Using the fact that Λ^∗(., μ) is decreasing in [0, Λ(μ)] and again the definition of λ_c(x), it is thus sufficient that xα log (Υ) κ + x < Λ^∗ ( log (Υ) κ + x ) (25)

holds for x ∈ [0, x_α). Let us set z = log(Υ)/(κ + x), then (25) is equivalent to α log (Υ) − καz < Λ^∗(z, μ) , z ∈ [ log (Υ) κ + x_α , log (Υ) κ ] . (26)

The right hand side is convex in z, the left hand side decreasing in κ. The minimal κ = κ_α such that (26) holds for z ∈ [0, Λ(μ)] or (25) for all x ∈ R can be determined by equalizing left and right hand side as well as their derivatives in x. For a given α > 0, this shows that κ_α = α log (Υ) − Λ^∗(z_α, μ) αz_α , x_α =

Λ^∗(z_α, μ) αz_α , where z_α is determined by (10) and x_α is the corresponding value of x at which (25) is most difficult to verify. We note that z_0 = Λ(μ) and z_{αc} = Λ_R, and further that α → z_α is well defined and decreasing due to the convexity of Λ^∗(., μ). If x_α ≤ x_α which is equivalent to α ≤ α_c and z_α ≥ Λ_R, we thus have upon taking into account (24):

κ > max { α log (Υ) − Λ^∗(z_α, μ) αz_α , α log (Υ) − Λ^∗(Λ_R, μ) αΛ_R } . Now, for α = α_c, the two expressions coincide. Furthermore, if g_l(α) and g_r(α) denote the two expressions as a function of α, then g^′_l(α) = Λ^∗(z_α, μ)/(z_αα^2) and g^′_r(α) = Λ^∗(Λ_R, μ)/(Λ_Rα^2), so that g^′_l(α) ≤ g^′_r(α); therefore the maximum is equal to g_l(α), which is precisely (11).

For x_α ≥ x_α ⇔ α ≥ α_c, the inequality (25) is satisfied for all x ∈ [0, x_α) if it is satisfied for x_α, which implies that, using (22), κ ≥ α log (Υ) − Λ^∗(Λ_R, μ) αΛ_R . This bound coincides with the bound (24) at α = α_c, but for α > α_c it is less restrictive so that (24) gives (12). □

Remark 5 Using (9), it is straightforward to verify

2Λ_R log(Υ) ≤ α_c ≤ 2Λ(μ) log(Υ) . For real Julia sets, this allows to deduce the behavior given in Remark 1.

Remark 6 For big α, the main contribution to M_α(T ) comes from the part of the wave packet far from the origin. In order to have a better than ballistic bound for arbitrarily large α (κ_α < 1), one has to show that the presence probability B_k(T ) in the growing rings decreases faster than any power in time for all rings (k = 1, . . . , 1 − κ/ϵ). Our bound on B_k(T ) is given as the sum of an error term and a main term which comes from the approximate wave function (given by the last term in (16)). Both terms depend on the generation index N designing the order of approximation. As discussed in Remark 4, we can obtain such an almost exponential decay for the main term whenever Υ is chosen by (32) or (33) below. As the link (17) between N, T and k is thus independent of α, the error term imposes κ_α → 1 as α → ∞. More precisely, the factor T^{(1−κ)α} corresponding to the largest ring (k = (1 − κ)/ϵ) can be compensated by the factors in the parenthesis in (16) only if κ is close to 1; the term in the parenthesis with the slowest decrease is determined by the minimum of the function λ → Λ^∗(λ, μ) + 2λ at Λ_R; this gives directly the bound (12). Hence, the only way to obtain a better than ballistic bound for large α is to improve the bound (8) on the main term, leading to an α-dependent relation between T and N.

Proof of Theorem 2. For a uniform Cantor set with one contraction factor e^{−Λ}, there are no fluctuations around the Lyapunov exponent. Then Λ^∗(λ, μ) = ∞ for all λ ≤ Λ(μ) = Λ. Hence α_c = 2Λ/ log(Υ) and κ_α = log(Υ)/Λ for all α ≤ α_c. Since Υ as given in (33) is equal to (5) (see [10]), the theorem follows directly from Proposition 1.

Note that for uniform Cantor sets λ_c(x) = Λ(μ) = Λ_R for all x, and that x_α = 0 for all α > 0. Therefore the proof of Proposition 1 would already be concluded by (24). □

3.2 Large deviation bound for Lyapunov exponents

In this section, we determine the rate function Λ^∗(., μ), for which the large deviation bound (7) holds. As this is the easier upper one of the two bounds in the Gärtner-Ellis theorem [6], we briefly reproduce how to use Chebychev’s inequality in order to obtain it.

Proposition 2 The bound (7) holds with the Legendre transform

Λ^∗(λ, μ) = sup_{q∈R}(qλ − Λ(q, μ)) , λ ∈ R , (27)

of the generalized Lyapunov exponents of μ defined by [18]

Λ(q, μ) = lim sup_{N→∞} 1 N log (∫ dμ(E) |I^N_{σ(E)}|^{−q} ) . (28)

Proof. We first note that Λ(q, μ) is a convex function in q because the function appearing in (28) before taking the superior limit is a convex function by Hölder’s inequality and because the pointwise superior limit of convex functions is again a convex function. Furthermore Λ(1, μ) = Λ(μ) and Λ(0, μ) = 0. The latter implies that Λ^∗(λ, μ) ≥ 0 for all λ ∈ R. By Jensen’s inequality, Λ(q, μ) ≥ qΛ(μ) which implies Λ^∗(Λ(μ), μ) ≤ 0, hence Λ^∗(Λ(μ), μ) = 0.

We next consider Λ_N (E) = − log(|I^N_{σ(E)}|)/N as random variable in the probability space (J, μ). By Chebychev’s inequality, we have for any λ ≤ Λ(μ) and q ≤ 0: μ({Λ_N ≤ λ}) ≤ e^{−qλN} ∫ dμ(E) |I^N_{σ(E)}|^{−q} ≤ ae^{−N(qλ−Λ(q,μ))} , for some constant a. Taking the supremum over all q ≤ 0 in the exponent leads to the function Λ^∗(., μ), because, for positive q, one has qλ−Λ(q, μ) ≤ 0 as long as λ ≤ Λ(μ). Hence we obtain, for all λ ≤ Λ(μ), the desired bound (7). □

Remark 7 Let us introduce the random variable Λ_N (E) = log(|(S^{∘N} )^′(E)|)/N. As Λ_N = Λ_N + O(1/N) (see, for example, eq. (33) in [10]), the generalized Lyapunov exponent can also be calculated as

Λ(q, μ) = lim sup_{N→∞} 1 N log (∫ dμ(E) |(S^{∘N} )^′(E)|^q ) . Remark 8 If the limit in (28) exists, then the Gärtner-Ellis theorem also provides a lower bound μ({Λ_N ≤ λ}) ≥ a^′e^{−NΛ∗(λ,μ)} for some constant a^′ so that Λ^∗(., μ) as given in (27) is optimal in (7). This is the case for Gibbs measures discussed in the next section [16].

Remark 9 Let us set

Λ_{max} = sup_{E∈J} lim sup_{N→∞} Λ_N (E) , Λ_{min} = inf_{E∈J} lim sup_{N→∞} Λ_N (E) .

Then Λ(., μ) is asymptotically affine:

Λ(q, μ) ∼q↓−∞ Λ_{min}q , Λ(q, μ) ∼q↑∞ Λ_{max}q . This implies that Λ^∗(λ, μ) = ∞ if λ < Λ_{min} or λ > Λ_{max}.

It is straightforward to see that Λ_{max} = log(max_{E∈J} |S^′(E)|), but Λ_{min} is more difficult to determine. For example, for quadratic Julia sets, it can be shown that Λ_{min} = log(|S^′(E_−)|) where E_− is the negative fixed point of S.

3.3 Generalized Lyapunov exponents of Gibbs measures

Here we calculate the generalized Lyapunov exponents and its Legendre transform for the oneparameter family of Gibbs measures constructed below. As it will turn out, the Legendre transform is determined by the singularity spectrum of the maximal entropy measure. The argument presented here combines results from [4] and [18].

The pressure P (b) at “inverse temperature” b and Hölderian “interaction” log(|S^′(.)|) is defined by [5, 16]

P (b) = sup_{ν∈M(J)} ( E(ν) − b ∫ dν(E) log(|S^′(E)|) ) , where E(ν) is the measure-theoretic entropy of S with respect to ν and M(J) is the set of S-invariant measures on J. The pressure P (b) is an analytic, convex and decreasing function of b [16]. The maximum of the functional on the right hand side is attained by a unique invariant and ergodic measure μ_b, called the Gibbs measure of b log(|S^′(.)|) [5]. Let us note that in the present context, Gibbs measures coincide with equilibrium measures [5, 16]. We further point out that μ_0 is clearly the measure of maximal entropy, notably the balanced Bernoulli measure.

Proposition 3 Λ^∗(., μ_b) is convex, analytic in [Λ_{min}, Λ_{max}] and Λ^∗(λ, μ_b) = −λf_{μ0} ( log(L) λ ) + λb + P (b) . (29)

Proof. For the Gibbs measure μ_b, the generalized Lyapunov exponents can be calculated from the pressure by the formula [18]

Λ(q, μ_b) = P (b − q) − P (b) . (30)

In order to calculate the Legendre transform, let us introduce the Lyapunov spectrum

ℓ(λ) = dim_H ({ E ∈ J | | | | lim_{N→∞} Λ_N (E) = λ }) . Note that, for λ /∈ [Λ_{min}, Λ_{max}], ℓ(λ) = −∞ because the Hausdorff dimension of an empty set is set to −∞. Now [4, Theorems 1 and 2]

|λ|ℓ(λ) = inf_{b∈R}(bλ + P (b)) . (31)

Hence we obtain from (30) and (31) that

Λ^∗(λ, μ_b) = −|λ|(ℓ(λ) + b) + P (b) .

As the Lyapunov spectrum is linked to the singularity spectrum f_{μ0} of the maximal entropy measure μ_0 by ℓ(λ) = f_{μ0} (log(L)/λ), the proof is concluded. □

3.4 Proof of Theorem 1 and generalizations

In this section, we state and prove the most general statement that can be deduced from Proposition 1 and the bound in Hypothesis II as proven in [10]. When applied to Julia matrices, this then also proves Theorem 1.

In order to state the general result, we need to introduce a constant depending only on the DOS of H. For a Jacobi matrix H as introduced in Section 2.2, the DOS N of H is the unique weak limit point of the sequence of pure-point measures ( ∑ E, P_n(E)=0 δE /n)n∈N [21, 10]. The

capacity of J can be calculated as cap(J) = exp(lim_{n→∞} ∑_n j=1 log(t_j)/n) [21, 10]. The Green’s function of J defined by

g_J (z) = ∫ dN (E) log(|z − E|) − log(cap(J))

governs the asymptotic properties of the orthogonal polynomials by means of a Herbert-Jones- Thouless type formula [21, 10]. Both N and cap(J) and hence g_J do not depend on the choice of μ, but only on its support J.

Let now E_c and R_c = |I^0|/2 be respectively the center of the spectrum and its radius, and Δ the size of the smallest gap at the first generation. If S is an analytic map, then we set

Υ = inf_{R>Rc} max_{z∈ΓR} g_J (S(z)) log(R) − log(R_c)

, (32)

where Γ_R is the circle of radius R around E_c. If all branches S_l, l = 1, . . . , L, have an analytic continuation Ŝ_l given by a polynomial of degree D_l, then we pose Υ = max_{l=1...L} sup_{E∈J} g_J (Ŝ_l(E)) + D arcsinh

(_Δ 4R_c ) arcsinh

(_Δ 4R_c ) , (33)

where D = max_l D_l.

Theorem 3 Let H be the Jacobi matrix of a Gibbs measure μ_b on a self-similar fractal J with L branches constructed with an analytic or piecewise polynomial map S. Let Υ be the corresponding constant given in (32) or (33) and let us set

α_c =

P (b) − log(L) (τ_{μ0} )^{−1}(−2 − b) log(Υ) . Then, for α ∈ (0, α_c],

β^+_α ≤ log(L) − P (b) + α log(Υ) α log(L) D_{μ0} ( P (b) − α log(Υ)

log(L) ) − b α , (34)

and, for α ≥ α_c,

β^+_α ≤ 1 − α_c − 2 α .

Remark 10 The bound depends on the LDOS through the parameter b, on the maximal entropy measure μ_0 through its generalized dimensions D_{μ0} and on the DOS through the constant Υ. Note that, in the limit α → ∞, our upper bound converges to the a priori ballistic bound β^+_α ≤ 1. In the limit α → 0, we recover the bound obtained in ref. [10]. As in [10], it is not a priori clear that the bound (34) is actually better than ballistic. This has to be checked in concrete situations just as was done in Remarks 1 and 2. Furthermore, one has to control α_c by using the estimates in Remark 5.

Proof of Theorem 3. First of all, it follows from Section 3.4 of [10] that Hypothesis II holds for all η > 0 with Υ as given in (32) and (33). Proposition 3 and the definition of τ_{μ0} then allow to calculate Λ_R and then α_c. Similarly, for the calculation of κ_α, one obtains from (10) that

f^′_{μ0} ( log(L) z_α ) = −α log (Υ) + P (b) log(L)

, κ_α =

−^{−α log(Υ)+P (b)}

log(L) log(L) z_α + fμ^0

(_{log(L)} z_α ) − b α . By definition of the multifractal dimensions, this implies directly the result. □

Proof of Theorem 1. For Julia sets, log(Υ) = log(L) as follows directly from (32) [10], and for the maximal entropy measure, b = 0 and P (0) = E(μ_0) = log(L). Therefore Theorem 1 follows directly from Theorem 3. □

References

[1] J.-M. Barbaroux, Dynamique Quantique des Milieux Désordonnés, PhD Thesis, Toulon, 1997.

[2] J.-M. Barbaroux, J.M. Combes, R. Montcho, Remarks on the relation between quantum dynamics and fractal spectra, J. Math. Anal. and Appl. 213, 698-722 (1997).

[3] J. Bellissard, Stability and instability in quantum mechanics, in Trends and developments in the eighties, Eds. S Albeverio, Ph. Blanchard, (World Scientific, Singapore, 1985).

[4] T. Bohr, D. Rand, The entropy function for characteristic exponents, Physica D 25, 387-398, (1987).

[5] R. Bowen, Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, Lect.

Notes Math. 470, (1975).

[6] A. Dembo, O. Zeitouni, Large Deviation Techniques and Applications, (Jones and Barlett, Boston, London, 1993).

[7] I. Guarneri, Spectral properties of quantum diffusion on discrete lattices, Europhys.

Lett., 10, 95-100, (1989); On an estimate concerning quantum diffusion in the presence of a fractal spectrum, Europhys. Lett., 21, 729-733, (1993).

[8] I. Guarneri, G. Mantica, Multifractal Energy Spectra and Their Dynamical Implications, Phys. Rev. Lett. 73, 3379-3383 (1994).

[9] I. Guarneri, Singular continuous spectra and discrete wave packet dynamics, J. Math.

Phys. 37, 5195-5206, (1996).

[10] I. Guarneri, H. Schulz-Baldes, Upper bounds for quantum dynamics governed by Jacobi matrices with self-similar spectra, to appear in Rev. Math. Phys..

[11] H. Hiramoto, S. Abe, Dynamics of an Electron in Quasiperiodic Systems. I. Fibonacci Model, J. Phys. Soc. Japan 57, 230-240 (1988); and Dynamics of an Electron in Quasiperiodic Systems. II. Harper Model, J. Phys. Soc. Japan 57, 1365-1372 (1988).

[12] Y. Last, Quantum dynamics and decomposition of singular continuous spectra, J. Funct.

Anal. 142, 402-445 (1996).

[13] G. Mantica, Quantum intermittency in almost periodic systems derived from their spectral properties, Physica D 103, 576-589, (1997); Wave Propagation in Almost-Periodic Structures, Physica D 109, 113-127 (1997).

[14] D. Mayou, Introduction to the theory of electronic properties of quasicrystals, in Lectures on quasicrystals, edited by F. Hippert, D. Gratias 417-462, Les éditions de physique, Les Ulis, (1994).

[15] F. Piéchon, Anomalous Diffusion Properties of Wave Packets on Quasiperiodic Chains, Phys. Rev. Lett. 76, 4372-4375 (1996).

[16] D. Ruelle, Thermodynamic Formalism, (Addison-Wesley, Reading, MA, 1978).

[17] H. Schulz-Baldes, J. Bellissard, Anomalous transport: a mathematical framework, Rev.

Math. Phys. 10, 1-46 (1998); H. Schulz-Baldes, J. Bellissard, A Kinetic Theory for Quantum Transport in Aperiodic Media, J. Stat. Phys. 91, 991-1027, (1998).

[18] G. Servizi, G. Turchetti, S. Vaienti, Generalized Dynamical Variables and Measures for the Julia Sets, Nuovo Cimento 101 B, 285-307 (1988).

[19] C. Sire, B. Passaro, V. Benza, Anomalous diffusion and conductivity in octagonal tiling models, Phys. Rev., B46, 13751-13754, (1992).

[20] A. Sütó, The spectrum of a quasiperiodic Schrödinger operator, Commun. Math. Phys.

111, 409-415 (1987); and Singular Continuous Spectrum on a Cantor Set of Zero Lebesgue Measure for the Fibonacci Hamiltonian, J. Stat. Phys. 56, 525-530 (1989).

[21] H. Stahl, V. Totik, General Orthogonal Polynomials, (Cambridge University Press, Cambridge, 1992)