A Wulff Shape from Constructive Field Theory *

François DUNLOP^{(1)}, Jacques MAGNEN^{(2)}

(1) Laboratoire de Physique Théorique et Modélisation (CNRS – UPRES-A) Université de Cergy-Pontoise, 95302 Cergy-Pontoise, France (2) Centre de Physique Théorique (CNRS – UMR 7644) Ecole Polytechnique, 91128 Palaiseau, France

Abstract: We consider a sessile droplet as given by a height function h(x), subject to a Hamiltonian of the form

|∇h|^2 + λP (∇h), where P is a polynomial and λ is small. The corresponding Gibbs measure is conditioned on

the value of the droplet volume V = ∫ Λ dx h(x) , where Λ ⊂ R^2 is a bounded domain of the plane. The droplet

shape, in a scaling limit V ≈ |Λ|3/2 → ∞, is then a Wulff shape, with logarithmic fluctuations. The proof, outlined in these proceedings, is based on a phase space cluster expansion and renormalization of a varying slope chemical potential.

Keywords: Interfaces, Wulff construction, SOS model, Constructive field theory, Renormalization group.

1 Introduction

A Wulff shape [Wu] is the shape of a drop of given volume, with minimal surface free energy. In the case of a sessile drop, the Wulff construction becomes the Winterbottom construction [Wi]. The Winterbottom shape is a Wulff shape cut by the plane supporting the sessile drop. The amount of Wulff shape which is cut off depends upon the wettability of the supporting plane.

In the present paper we deal with a sessile drop whose basis is an arbitrary given connected open domain of the plane, Λ ⊂ R^2 , with ∂Λ ∈ C^2. The given basis is thus in general different from the intersection of a plane and a Wulff shape. The drop of minimal surface free energy conditioned by the given volume and given basis still obeys the same partial differential equation, which we shall call the Wulff equation, only the boundary conditions is different.

We work with a continuum Solid-On-Solid representation, so that the interface bounding the drop is given by a height function h(x) ∈ R, x ∈ Λ, with a volume constraint ∫ Λ dx h(x) = V and boundary conditions h|_{∂Λ} = 0. The surface free energy or surface tension of solid materials and of many statistical mechanical models is a function of surface orientation, which is specified here by the local slope ∇h(x). Denoting σ(∇h) the surface tension, the Wulff equation takes the form ∇ · δ δ∇h ( √ 1 + |∇h|^2 σ(∇h) ) = constant

Existence and unicity of solution of this partial differential equation, for suitable surface tension σ(·) and suitable boundary conditions, have been established by Taylor [T]; see also Fonseca [F].

Fluctuations on the atomic scale play an important role in the surface tension and in the resulting Wulff shape. Accordingly, in statistical mechanics, the surface tension is not given a priori, but can be obtained as a surface free energy from a Gibbs measure, with boundary conditions giving a plane interface. When the Gibbs measure is conditioned to produce a macroscopic drop, one expects this drop to take a Wulff shape in the thermodynamic limit.

* Contribution to the proceedings of the colloquium “Mathematical Results in Statistical Mechanics”

(Marseille, 1998), to be published by World Scientific.

Preliminary results in this direction were obtained by Minlos and Sinai [MS] for the Ising model. The 1+1 dimensional Solid-On-Solid droplet shape was established by De Coninck, Dunlop and Rivasseau [DDR]. Dobrushin, Kotecký and Shlosman [DKS] proved the Wulff shape for the two dimensional Ising model at low temperature. A simpler proof was given by Pfister [P]. The result was then extended up to the critical temperature by Ioffe [I]. The case of a two dimensional Ising sessile drop was treated by Kotecký and Pfister [KP].

The three-dimensional problem is more difficult, notably because coarse graining a random surface is difficult. For the Gaussian Solid-On-Solid model, the effect of conditioning the Gibbs measure by the constraint h ≥ 0, together with the volume constraint for one drop, has been controlled by Ben Arous and Deuschel [BD]. The gas of Gaussian droplets on a wall with a total volume constraint was shown to obey the Winterbottom construction by Bolthausen and Ioffe [BI]. An extension of the result to non-Gaussian interactions has been announced [DGI].

The |∇h|^2 + λ|∇h|^4 model in two dimensions, with λ small, has been much studied as testing ground for rigorous renormalization group [GK,MS, BY]. The interest of proving a Wulff construction for this model was advocated and discussed in [D].

Let us now be more precise in order to formulate the results of the present paper. Let Λ = Λ_L = LΛ_1 = {x|^x_L ∈ Λ_1} and V = V_L = L^3V_1. Our starting point is the capillary wave model, or two-dimensional massless Euclidean field, and the corresponding Gaussian measure. We choose for covariance C = ∫_∞ 1 dα e^{αΔ∂Λ} where Δ_{∂Λ} is the Laplacian with zero Dirichlet data on ∂Λ. Dirichlet boundary conditions are required by h|_{∂Λ} = 0 and also provide the needed infra-red cutoff. α ≥ 1 will give the needed short distance cutoff. The Gaussian measure dμ_C (h) is then a well defined measure on the space of C^∞ functions vanishing on ∂Λ.

Next we introduce a local interaction V (∇h) = λP (∇h), where P (x) is a convex polynomial in the two components of x ∈ R^2 . The convexity hypothesis is not a serious restriction within the regime λ small, required for the convergence of the cluster expansion. Indeed given any polynomial P (∇h) bounded from below, a small part O(λ)|∇h|^2 could be taken from the Gaussian measure so that O(λ)|∇h|^2 + λP (∇h) would be convex.

The interacting measure for the drop is then defined as

dμ_{C,λ,γ} (h) = Z_{λ,γ} (Λ)^{−1}e − ∫ Λ dx [ V (∇h) − γ h(x) − ⟨ h(x) ⟩^{C,λ,γ} L ] dμ_C (h) where

Z_{λ,γ} (Λ) = ∫ dμ_C (h) e − ∫ Λ dx [ V (∇h) − γ h(x) − ⟨ h(x) ⟩_{C,λ,γ} L ]

and ⟨ · ⟩_{C,λ,γ} = ∫ dμ_{C,λ,γ} (h) · denotes the corresponding expectation. Rather than a sharp volume constraint, we work in an ensemble with a conjugate field γ. By monotonicity, there is no difficulty in choosing γ such that ⟨ ∫ Λ h(x) ⟩ C,λ,γ = V Our main result is as follows:

Theorem: Let ⟨ · ⟩ = ⟨ · ⟩_{C,λ,γ} be as desribed above. Then ∃λ_0 so that for 0 ≤ λ < λ_0, as L → ∞ ⟨ ( h(x) − ⟨ h(x) ⟩)2 ⟩ = O(ln L)

− ln Z_{λ,γ} (Λ) = ∫ Λ dx [ σ̃_λ( ⟨ ∇h(x) ⟩ ) − σ̃_0(0) ] + O(L ln L) ∇ · δ δ∇h σ̃_λ( ⟨ ∇h(x) ⟩ ) = O( 1 L ) where σ̃_λ(∇h) is the projected surface tension, i.e. σ̃_λ(∇h) = √ 1 + |∇h|^2 σ_λ(∇h) with σ_λ(∇h) the surface tension at slope ∇h.

The strategy of proof and the main ingredients are given in the following sections. The various algorithms defining the expansion and the renormalization group flow are described, but the proof of convergence is left to a separate paper [DM].

2 Outline of proof

We introduce a vector function u(x) such that ∇ · u = − γ/L, so that, given h|_{∂Λ} = 0, ∫ Λ dx γ h(x) L = − ∫ Λ dx (∇ · u(x)) h(x) = ∫ Λ dx u(x) · ∇h(x) and dμ_{C,λ,γ} (h) = Z_{λ,γ} (Λ)^{−1}e − ∫ Λ dx [ V (∇h) − u · ( ∇h − ⟨∇h⟩_{C,λ,γ} ) ] dμ_C (h) The height function is then decomposed into a non-random part h̄ and a fluctuation ϕ, that is h = h̄ + ϕ. Eventually we’ll have h̄(x) = ⟨h(x)⟩_{C,λ,γ} but ⟨h(x)⟩_{C,λ,γ} is unknown at this stage. In order to make the change of function in the Gaussian measure dμ_C (h), it is convenient to introduce an unknown function h̃ ∈ C^2 with h̃|_{∂Λ} = 0 and let h̄ = −CΔh̃ = h̃ + O(1). Then, using ∫ Λ×Λ dxdy h̄(x)C^{−1}(x, y)ϕ(y) = − ∫ Λ dx ( Δh̃(x) ) ϕ(x) = ∫ Λ dx ∇h̃(x) · ∇ϕ(x) we get, in law, h = h̄ + ϕ with ϕ distributed according to

dμ_{C,}¯_{h,ũ}(ϕ) = Z(Λ)^{−1} dμ_C (ϕ) e −H(Λ; ϕ)

H(Λ; ϕ) = ∫ Λ dx [ V (∇h̄ + ∇ϕ) − ũ · ∇ϕ ]

where ũ = u − ∇h̃ and Z(Λ) = ∫ dμ_C (ϕ) e −H(Λ; ϕ) The corresponding expectation of functions of ϕ will be denoted ⟨ · ⟩_{C,}¯_{h,ũ} . For the partition functions, the change of variables gives

− ln Z_{λ,γ} (Λ) = − ln Z(Λ) + ∫ Λ dx 1 2 ∇h̃ · ∇h̄ − ∫ Λ dx u · ( ∇h̄ − ⟨∇h⟩_{C,λ,γ} )

= − ln Z(Λ) + ∫ Λ dx [ σ̃_0(∇h̄(x)) − σ̃_0(0) ] + O(L ln L)

where σ̃_0(∇h̄) = 1 2 |∇h̄|^2 + σ̃_0(0) is the projected surface tension for the Gaussian model, λ = 0, and σ̃_0(0) is an arbitrary constant.

The last statement in the theorem will then follow from

− ln Z(Λ) = ∫ Λ dx [ σ̃_λ(∇h̄(x)) − σ̃_0(∇h̄(x)) ] + O(L ln L)

which will be a result of the cluster expansion. The projected surface tension σ̃_λ(∇h̄) can be defined from

σ̃_λ(∇h̄) − σ̃_0(∇h̄) = lim_{ΛL↗}

R^2 − 1 |Λ| ln ∫ dμ_C (ϕ) e − ∫ Λ dx [ V (∇h̄ + ∇ϕ) − ũ · ∇ϕ ]

where the mean slope ∇h̄ and the slope chemical potential ũ are uniform over Λ. The same cluster expansion as for the non-uniform case will show that the definition above is independent of the basis shape Λ_1. Of course ∫ Λ dx ũ · ∇ϕ = 0 when ϕ obeys Dirichlet boundary conditions, so that the definition is also independent of ũ, and one may take ũ = 0 to recover the usual definition of surface tension. But ũ can be chosen instead so that the expansion converges independently of boundary conditions.

Existence and properties of the projected surface tension have been established [NS,FS] for continuous SOS models, on Z^2 rather than R^2 , with potentials which are strictly convex and of bounded convexity. For general properties of surface tension, see [MMR,M].

Let us now return to the Wulff problem. We have δ δũ σ̃_λ(∇h̄) = − 1 |Λ| ∫ dx ⟨ ∇ϕ(x) ⟩ = 0 δ δ∇h̄ σ̃_λ(∇h̄) = ∇h̄ + ⟨ δ δ∇h̄ V (∇h̄ + ∇ϕ) ⟩

Integration by parts, with δ δϕ(x) F (∇ϕ) = −∇ · δ δ∇ϕ(x) F (∇ϕ) gives ⟨ ϕ(x) ⟩ = ∫ Λ dy C(x, y)∇ · [ ⟨ δ δ∇ϕ(y) V ( ∇h̄(y) + ∇ϕ(y) ) ⟩ − ũ(y) ]

We aim at proving that the Wulff equation is satisfied by h̄, with ⟨ϕ⟩ = 0. The Wulff equation here takes the form ∇ · δ δ∇h̄ σ̃_λ(∇h̄) = constant = − γ L Therefore both ⟨ ϕ(x) ⟩ = 0 and the Wulff equation follow if ⟨ δ δ∇ϕ(x) V ( ∇h̄(x) + ∇ϕ(x) ) ⟩ − ũ(x) = 0 ∀ x with ũ = u − ∇h̃ and ∇ · u = − γ L ∀ x Let us now give some preliminaries to the phase space expansion. First let

C = C^1 + C^2 + ... + C^{n−1} + C_n

C^i =

∫_M 2i

M 2(^{i−}1) dα e^{αΔ∂Λ} C_i = ∫_∞ M 2(^{i−}1) dα e^{αΔ∂Λ} where e.g. M = 2, and let ϕ = ϕ^1 + ϕ^2 + ... + ϕ^{n−1} + ϕ_n be the corresponding decomposition of the Gaussian field.

For the horizontal cluster expansions, we use partitions of Λ, which are smooth except for the Dirichlet boundary conditions on ∂Λ. Let D^1 denote the paving of R^2 by unit squares denoted △, and let {△(·) ∈ C^∞(R^2 ) | △ ∈ D^1} be a family of smooth characteristic functions such that

(△ + n)(x) =△(x − n) ∀ n ∈ Z^2 △(x) =1 if x ∈ △

△(x) =0 if dist(x, △) ≥ 1 2 ∑ △∈D1 △(x) =1 ∀ x ∈ R^2

Such a partition will allow us to write e.g.

H(Λ; ϕ) = ∑ △∈D1 H(△ ∩ Λ; ϕ)

where H(△ ∩ Λ; ϕ) = ∫ Λ dx △(x) [ V (∇h̄ + ∇ϕ) − ũ · ∇ϕ ]

At scale M^i we shall use D^i = M^{i−1}D^1 and for △ ∈ D^i, △(x) = (M^{−i+1}△)(M^{−i+1}x).

The phase space expansion and renormalization involve four operations at each scale: (1) Polymer expansion of ϕ^i ; (2) Coupling-decoupling expansion between ϕ^i and ϕ_{i+1} ; (3) Mayer expansion of the polymers produced by the two previous operations ; (4) Adjusting the mean slope, slope chemical potential, and quadratic terms. The next four sections describe in detail these four operations for the first momentum slice, i = 1. Next the essential formulae are given for an arbitrary momentum slice i. A final section discusses specific features of the last slice i = n with n ≈ log L/ log M. General references to cluster expansions and renormalization are e.g. [B,R] and references therein.

3 Polymer expansion of ϕ^1

From C = C^1 + C_2, ϕ = ϕ^1 + ϕ_2, we have

Z(Λ) = ∫ dμ_{C2} (ϕ_2) Z^1(Λ; ϕ_2)

Z^1(Λ; ϕ_2) = ∫ dμ_C1 (ϕ^1) e

−H_1(Λ; ϕ^1 + ϕ_2)

where H_1(Λ; ϕ) = H(Λ; ϕ) = ∫ Λ dx [ V (∇h̄ + ∇ϕ) − ũ · ∇ϕ ]

First step of expansion: C^1(s_1) = s_1C^1 d ds_1 C^1(s_1) = C^1 = ∑ △_i1 △_j1

△_{i1} C^1△_{j1}

Z^1(Λ; ϕ_2) = Z^1(Λ; ϕ_2; s_1 = 1) = Z^1(Λ; ϕ_2; s_1 = 0) + ∑ △_i1 △_j1

Z^1_{△i1 △j1} (Λ; ϕ_2)

with Z^1(Λ; ϕ_2; 0) = e

−H_1(Λ; ϕ_2)

Z^1_{△i1 △j1} (Λ; ϕ_2) =

∫_1 0 ds_1 ∫ Λ dx_1 △_{i1} (x_1) ∫ Λ dy_1 △_{j1} (y_1) C^1(x_1, y_1) . . ∫ dμ_C1_{(s1)}(ϕ^1) δ δϕ^1(x_1) δ δϕ^1(y_1) e −H_1(Λ; ϕ^1 + ϕ_2)

Note that △_{i1} = △_{j1} is allowed. In any case let us denote X_1 = {△_{i1} , △_{j1} } and

X_1(x) = { △_{i1} (x) + △_{j1} (x) if △_{i1} ≠ △_{j1} △_{i1} (x) if △_{i1} = △_{j1} Second step of expansion: given X_1, let C^1(s_1, s_2) =s_2C^1 + (s_1 − s_2)X_1C^1X_1 =s_2C^1 + X_1 ( C^1(s_1) − s_2C^1 ) X_1 =X_1C^1(s_1)X_1 + s_2 ( C^1 − X_1C^1X_1 ) Then d ds_2 C^1(s_1, s_2) =C^1 − X_1C^1X_1 = ∑ △_i2 △_j2

△_{i2} C^1△_{j2} − X_1C^1X_1 = ∑ {△_i2 ,△_j2 }⊄X1 △_{i2} C^1△_{j2}

Z^1_{X1} (Λ; ϕ_2) = Z^1_{X1} (Λ; ϕ_2; s_2 = s_1) = Z^1_{X1} (Λ; ϕ_2; s_2 = 0) + ∑ {△_i2 ,△_j2 }⊄X1 Z^1_{X1{△i2 △j2 }}(Λ; ϕ_2)

Z^1_{X1{△i2 △j2 }}(Λ; ϕ_2) =

∫_1 0 ds_1 ∫_{s1} 0 ds_2 ∫ dμ_C1_{(s1)}(ϕ^1) . . (∫ Λ dx_1 △_{i1} (x_1) ∫ Λ dy_1 △_{j1} (y_1) C^1(x_1, y_1) δ δϕ^1(x_1) δ δϕ^1(y_1) ) . . (∫ Λ dx_2 △_{i2} (x_2) ∫ Λ dy_2 △_{j2} (y_2) C^1(x_2, y_2) δ δϕ^1(x_2) δ δϕ^1(y_2) ) e −H_1(Λ; ϕ^1 + ϕ_2)

Let us denote X_2 = {X_1, {△_{i2} △_{j2} }} if dist(X_1, {△_{i2} , △_{j2} }) ≥ 2 and X_2 = {X_1 ∪ {△_{i2} , △_{j2} }} otherwise. Thus X_2 is the set of connected components produced after two steps of expansion, connectedness being defined with allowed jumps up to next nearest neighbors, or jumps of length strictly less than 2. Third step of expansion:

C^1(s_1, s_2, s_3) =s_3C^1 + (s_1 − s_2) ∑ X∈X1 XC^1X + (s_2 − s_3) ∑ X∈X2 XC^1X =s_3C^1 + ∑ X∈X2 X ( C^1(s_1, s_2) − s_3C^1 ) X = ∑ X∈X2 XC^1(s_1, s_2)X + s_3 ( C^1 − ∑ X∈X2 XC^1X )

Induction: let X_p be the set of connected components of the family of △’s produced by the s_k derivatives up to k = p. We denote C^1(s_{≤p}) = C^1(s_1...s_p) and define

C^1(s_{≤p+1}) =s_{p+1}C^1 + p∑ i=1 (s_i − s_{i+1}) ∑ X∈X_i XC^1X =s_{p+1}C^1 + ∑ X∈X_p X ( C^1(s_{≤p}) − s_{p+1}C^1 ) X = ∑ X∈X_p XC^1(s_{≤p})X + s_{p+1} ( C^1 − ∑ X∈X_p XC^1X )

Then d ds_p C^1(s_{≤p}) = C^1 − ∑ X∈X_{p−}1 XC^1X = ∑ {△ip ,△jp }⊄X ∀X∈Xp−1 △_{ip} C^1△_{jp}

This inductive procedure builds up trees of △’s, and ends when s_p = 0 or ultimately when X_p covers Λ. The interpolating parameters are totally ordered, s_1 < s_2 < . . ., but the order between interpolating parameters belonging to different trees, and the order in the building up of different trees are irrelevant and can be forgotten. Then the covariance between two points is

C^1(s)(x, y) = ∑ △△^′ △(x)△^′(y)s(△, △^′)C^1(x, y)

where s(△, △^′) = 0 if △ and △^′ don’t belong to the same tree, and otherwise is the smallest interpolating parameter occurring on the tree-path between △ and △^′.

Functional derivatives: δ δϕ^1(x) F (∇ϕ^1) = −∇ · δ δ∇ϕ^1(x) F (∇ϕ^1)

where typically F (∇ϕ^1) = e−H^1(Λ; ϕ^1 + ϕ^2) or a derivative of it. The gradient ∇ can hit the relatively smooth external field h̄_1, giving a factor O(1/L), or it can hit ∇ϕ^1, in which case we integrate by parts. This will produce a term with ∇C^1(x, y) but also a term ∇△(x).

The induction results in

Z^1(Λ; ϕ_2) = ∑ Y 11 ,...Y 1_q A(Y^1_1 ; ϕ_2)...A(Y^1_q ; ϕ_2)e

−H_1(Λ \ ∪Ȳ^1_k ; ϕ_2)

where Y^1_1 , ...Y^1_q are polymers with dist(Y^1_k , Y^1_k′ ) ≥ 2 for k ≠ k^′, Ȳ = (Y ∪ ∂Y ) ∩ Λ with ∂Y the set of squares △ neighbors of Y and

A(Y ; ϕ_2) = ∑ T^′ ∫_1 0 ds_1 ∫_{s1} 0 ds_2 ... ∫_{sp−1} 0 ds_p ∫ dμ_C1_{(s)}(ϕ^1).

. (_p∏ k=1 ∫ Λ dx_k △_{ik} ∫ Λ dy_k △_{jk} C^1(x_k , y_k) δ δϕ^1(x_k ) δ δϕ^1(y_k) ) e −H_1(Ȳ ; ϕ^1 + ϕ_2)

where the sum over T^′ is over ordered decorated trees, making the polymer connected with allowed jumps of length strictly less than 2, and p ≥ 1. A decoration is a link between a square and itself, △_{ik} = △_{jk} , which is allowed only if the square △_{ik} was isolated up to the k’th step of expansion. A simple case is a decorated monomer.

It will be convenient to denote the contribution of squares with ϕ^1 = 0 or “empty squares” as

A(△^∅; ϕ_2) = e

−H_1(△ ∩ Λ; ϕ_2)

so that Z^1(Λ; ϕ_2) = ∑ Y 11 ,...Y 1_q A(Y^1_1 ; ϕ_2)...A(Y^1_q ; ϕ_2) ∏ △∉∪Ȳ 1_k A(△^∅; ϕ_2)

4 Coupling-decoupling expansion between ϕ^1 and ϕ_2

For each A(Y^1_k ; ϕ_2), and for each △ ∉ ∪Ȳ^1_k , an interpolating parameter t is introduced. t = 1 corresponds to the original measure with expected mean h̄_1 = h̄ and slope chemical potential ũ_1 = ũ, whereas t = 0 corresponds to decoupling ∇ϕ^1 from ∇ϕ_2, and giving a new expected mean slope h̄_2 and slope chemical potential ũ_2 to ∇ϕ_2. Namely:

V (ϕ^1; ϕ_2; t) = V ( ∇h̄_1 + ∇ϕ^1 + t∇ϕ_2 ) − V ( ∇h̄_2 + t∇ϕ_2 ) + V (∇h̄_2 + ∇ϕ_2) and ũ(ϕ^1; ϕ_2; t) = ũ_1 · (∇ϕ^1 + t∇ϕ_2) − t ũ_2 · ∇ϕ_2 + ũ_2 · ∇ϕ_2

so that d dt V (ϕ^1; ϕ_2; t) | | t=0 = ∇ϕ_2 · [ 5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^{) ]} d dt ũ(ϕ^1; ϕ_2; t) | | t=0 = ∇ϕ_2 · [ ũ_1 − ũ_2 ]

where the notation 5V (∇h) is a shorthand for 5V (∇h) =^δ_{δ∇h} V (∇h) =^{( ∂V}_{∂(∂h/∂x1)} ,^{∂V}_{∂(∂h/∂x2)}^) e.g. for V (∇h) = λ|∇h|^4 we have 5V (∇h) = 4λ∇h|∇h|^2.

Quadratic terms are less dangerous than linear terms, but the expansion will be easier to control if they are also renormalized. This is done by a counter-term

Q(ϕ_2; t) = 1 2 (1 − t^2)q^{αβ}_2 ∂_αϕ_2∂_β ϕ_2

where q^{αβ}_2 with α, β ∈ {1, 2} are functions of x ∈ Λ, and ∂_αϕ_2 = ∂ϕ_2/∂x_α. The resulting interpolating Hamiltonian is

H(Λ; ϕ^1; ϕ_2; t) = ∫ Λ dx [ V (ϕ^1; ϕ_2; t) − ũ(ϕ^1; ϕ_2; t) + Q(ϕ_2; t) ]

This interpolation and the integration over ϕ^1 is the basis of the first renormalization group step, associated to the flow (h̄_1, ũ_1, 0) → (h̄_2, ũ_2, q^{αβ}_2 ).

It works with an expansion of each polymer amplitude A(Y^1_k ; ϕ_2; t = 1) as

A(Y^1_k ; ϕ_2; 1) = A(Y^1_k ; ϕ_2; 0)+ dA(Y^1_k ; ϕ_2; t) dt | | | t=0 + 1 2 d^2A(Y^1_k ; ϕ_2; t) dt^2 | | | t=0 + 1 2 ∫_1 0 dt (1−t)^2 d^3A(Y^1_k ; ϕ_2; t) dt^3 or for easier reference

A(Y ; ϕ_2) = A^{(0)}(Y ; ϕ_2) + A^{(1)}(Y ; ϕ_2) + A^{(2)}(Y ; ϕ_2) + A^{(3)}(Y ; ϕ_2)

The formula for A^{(0)}(Y ; ϕ_2) is obtained from A(Y ; ϕ_2) by changing the Hamiltonian H_1(Y ; ϕ^1 + ϕ_2) into H(Y ; ϕ^1; ϕ_2; 0):

A^{(0)}(Y ; ϕ_2) = ∑ T^′ ∫_1 0 ds_1 ∫_{s1} 0 ds_2 ... ∫_{sp−1} 0 ds_p ∫ dμ_C1_{(s)}(ϕ^1).

. ( p∏ k=1 ∫ Λ dx_k △_{ik} ∫ Λ dy_k △_{jk} C^1(x_k , y_k) δ δϕ^1(x_k ) δ δϕ^1(y_k) ) e −H(Ȳ ; ϕ^1; ϕ_2; 0)

Similarly,

A^{(1)}(Y ; ϕ_2) = − ∑ T^′ ∫_1 0 ds_1 ∫_{s1} 0 ds_2 ... ∫_{sp−1} 0 ds_p ∫ dμ_C1_{(s)}(ϕ^1).

. ( p∏ k=1 ∫ Λ dx_k △_{ik} ∫ Λ dy_k △_{jk} C^1(x_k, y_k) δ δϕ^1(x_k) δ δϕ^1(y_k) ) e −H(Ȳ ; ϕ^1; ϕ_2; 0) . . ∑ △∈Ȳ ∫ Λ dx △ ∇ϕ_2 · [ 5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^]

A^{(2)}(Y ; ϕ_2) = 1 2 ∑ T^′ ∫_1 0 ds_1 ∫_{s1} 0 ds_2 ... ∫_{sp−1} 0 ds_p ∫ dμ_C1_{(s)}(ϕ^1).

. ( p∏ k=1 ∫ Λ dx_k △_{ik} ∫ Λ dy_k △_{jk} C^1(x_k, y_k) δ δϕ^1(x_k) δ δϕ^1(y_k) ) e −H(Ȳ ; ϕ^1; ϕ_2; 0) .

. {( ∑ △∈Ȳ ∫ Λ dx △ ∇ϕ_2 · [5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^{] )}. . ( ∑ △^′∈Ȳ ∫ Λ dx^′ △^′ ∇ϕ_2 · [5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^{] )} − ∑ △∈Ȳ ∫ Λ dx △ ∇ϕ_2 · [ ∇ϕ_2 · [ 55V^(∇h̄1 + ∇ϕ^{1)} − 55V^(∇h̄2^{)] ]} − ∑ △∈Ȳ ∫ Λ dx △ q^{αβ}_2 ∂_αϕ_2∂_β ϕ_2 }

For each △ ∉ ∪Ȳ^1_k , the same expansion is applied to A(△^∅; ϕ^2) = e−H^1(△ ∩ Λ; ϕ^2). Inserting A(Y ; ϕ_2) = A^{(0)}(Y ; ϕ_2)+A^{(1)}(Y ; ϕ_2)+A^{(2)}(Y ; ϕ_2)+A^{(3)}(Y ; ϕ_2), with an appropriate polymer index to t, for each A(Y^1_k ; ϕ_2) in the polymer expansion, and the similar expression for each △ ∉ ∪Ȳ^1_k , completes this step of vertical expansion.

5 Mayer expansion with ϕ_2 as external field Let H_2(Λ; ϕ_2) = ∫ Λ dx [ V (∇h̄_2 + ∇ϕ_2) − ũ_2∇ϕ_2 + 1 2 q^{αβ}_2 ∂_αϕ_2∂_β ϕ_2 ]

V (Λ; h̄) = ∫ Λ dx V (∇h̄) V (Ȳ ; h̄) = ∑ △∈Ȳ ∫ Λ dx △(x)V (∇h̄(x))

Z̃^1(Λ; ϕ_2) = eH^2(Λ; ϕ^2) + V (Λ;

h̄_1) − V (Λ; h̄_2) Z^1(Λ; ϕ_2)

Ã^{(n)}(Y ; ϕ_2) = eH^2(

Ȳ ; ϕ_2) + V (Ȳ ; h̄_1) − V (Ȳ ; h̄_2) A^{(n)}(Y ; ϕ_2)

Note that Ã^{(0)}(Y ; ϕ_2) = Ã^{(0)}(Y ) is independent of ϕ_2 and Ã^{(1)}(Y ; ϕ_2) is linear in ϕ_2 and Ã^{(2)}(Y ; ϕ_2) is quadratic in ϕ_2. Also Ã^0(△^∅; ϕ^2) = 1. Then

Z̃^1(Λ; ϕ_2) = ∑ q≥0 ∑ n1,...nq ∈{0,1,2,3} ∑ Y1,...Y_q q∏ k=1 Ã^{(n}k^)(Y_k; ϕ_2)

where Y_1, ...Y_q are non-overlapping polymers (distance at least two between support squares), in Λ. Factors Ã^{(nk )}(△^∅; ϕ^2) with n_k ≥ 1 are allowed.

Uniform absolute convergence of the expansion requires the cancellation of terms linear in any ∇ϕ_2(x). The corresponding sum over polymers must be evaluated by a Mayer expansion. It will help also to cancel the dominant part of terms quadratic in ∇ϕ_2. For this purpose we decompose ( ∑ △∈Ȳ ∫ Λ dx △(x) ∇ϕ_2(x) · [5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^]_x^). . ( ∑ △^′∈Ȳ ∫ Λ dx^′ △^′(x^′) ∇ϕ_2(x^′) ·

[5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^]_{x′}^) = ( ∑ △∈Ȳ ∫ Λ dx △(x) ∇ϕ_2(x) · [5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^]_x^). .∇ϕ_2(x) · ( ∑ △^′∈Ȳ ∫ Λ dx^′ △^′(x^′)

[5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^]_{x′}^)+ ( ∑ △∈Ȳ ∫ Λ dx △(x) ∇ϕ_2(x) · [5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^]_x^). . ( ∑ △^′∈Ȳ ∫ Λ dx^′ △^′(x^′) ( ∇ϕ_2(x^′) − ∇ϕ_2(x) ) · [5V^(∇h̄1 + ∇ϕ^{1)} − 5V^(∇h̄2^) − ũ1 + ũ2^]_{x′}^)

The second term in this decomposition may be considered as having one extra (spatial) derivative. This motivates the notation

Ã^{(2)}(Y ; ϕ_2) = Ã^{(2)}(W ; ϕ_2) + Ã^{(3)}(Y ; ϕ_2)

where Ã^{(3)}(Y ; ϕ_2) is the contribution of the second term in the decomposition formula above.

We now distinguish vacuum polymers (n_k = 0) denoted V ’s, polymers with one ∇ϕ_2 (n_k = 1) denoted W^{(1)}’s or two ∇ϕ_2 at coinciding points (n_k = 2) denoted W^{(2)}’s, and the other polymers (n_k = 3) which have at least three ∇ϕ_2 fields pulled down from the exponential, or two with an extra spatial derivative, denoted Y ’s. A W without superscript will denote a generic W^{(1)} or W^{(2)}.

The Mayer expansion is worked out inductively, and pieces which get hooked to a Y are not expanded further. Also two W ’s which hook together with a total of three or four ∇ϕ_2 are also put with the Y ’s. When two W^{(1)}’s hook together, we apply the same decomposition as we did for Ã^{(2)}(Y ; ϕ_2), so that the coinciding points part becomes a new W^{(2)}, whereas the gradient part becomes a new Y .

The W polymers are essentially of the same form as the vacuum polymers, except for a factor ∇ϕ_2(x) or |∇ϕ_2(x)|^2 or (∇ϕ_2(x)·)(∇ϕ_2 (x)·) which is localized in a particular square △_W of the polymer. The non-overlap condition between polymers is written as follows:

Z̃^1(Λ; ϕ_2) = ( ∑ V1...V_q q∏ k=1 Ã^{(0)}(V_k ) )( ∑ W1...W_q′ q^′∏

k^′ =1

Ã^{(n}k^{′ )}(W_{k′} ; ϕ_2) ) .

. ( ∑ Y1...Y_q′′ q^{′′}∏

k^{′′} =1

Ã^{(3)}(Y_{k′′} ; ϕ_2) ) P_1P_2

where P_1 = ∏ V ≠V^′ 1_{V̄ ∩V̄ ′ =∅} ∏ V, W 1_{V̄ ∩W̄ =∅} ∏ V, Y 1_{V̄ ∩Ȳ =∅} ∏ W ≠W^′ 1_{W̄ ∩W̄ ′ =∅} ∏ W, Y 1_{W̄ ∩Ȳ =∅}

P_2 = ∏ W (1),W (2)

1_{△W (1) ≠△W (2)} ∏ W (2) ≠W^′2 1_{△W (2) ≠△W ′2} ∏ W,Y 1_{△W /∈Y} ∏ Y ≠Y^′ 1_{Ȳ ∩Ȳ ′ =∅} with 1_A the indicator function of event A. We shall also use the notation

¯1_A = 1_A − 1 = { 0 if A −1 if (not A)

We do the Mayer expansion with interpolating parameters in P_1 only. For the first step of this expansion, we define P_1(m_1), with m_1 ∈ [0, 1] by replacing each 1_A factor in P_1 by

1_A(m_1) = 1 + m_1¯1_A

Then

P_1 = P_1(1) = P_1(0) + ∑ A1 ¯1_{A1}

∫_1 0 dm_1P^{A1}_1 (m_1)

where P^{A1}_1 (m_1) is obtained from P_1(m_1) by omitting the factor 1_A(m_1). If A_1 happens to be a {W^{(1)}, W^{′(1)}}, the corresponding product of the two polymers is decomposed into a W^{(2)} and a Y as explained, and P^{A1}_1 (m_1) and P_2 are modified accordingly. For the second step of the Mayer expansion, each 1_A(m_1) in the new P_1(m_1) is replaced by

1_A(m_2) = 1 + m_2¯1_A and P^{A1}_1 (m_1) = P^{A1}_1 (0) + ∑ A2 ¯1_{A2} ∫_{m1} 0 dm_2 P^{A1A2}_1 (m_2)

We then proceed with the aim to have all polymers linked on trees, and no interactions between trees. In order not to make loops, at each step, factors 1_A in P^{A1A2...}_1 (m) where A is a tree connected pair, are taken from P_1 into P_2.

In order to formulate the results of the Mayer expansion, let us introduce ∑ V1 ...Vq q≥0 q∏ k=1 Ã^{(0)}(V_k) ∏ k1≠k2 1_{Vk1 ∩Vk2 =∅} = ∫ dμ_C1 (ϕ^1) e

−H_1(Λ; ϕ^1) e −V (Λ; h̄_1) = e −F̃_1(Λ)

Then ( ∑ V1...V_q q∏ k=1 Ã^{(0)}(V_k ) )( ∑ W ∋△ Ã^{(1)}(W ; ϕ_2) ) ∏ k1≠k2 1_{Vk1 ∩Vk2 =∅} ∏ k 1_{Vk ∩W =∅} =

−e −F̃_1(Λ) ∫ Λ dx △(x) ∇ϕ_2 · [ ⟨ 5V^(∇h̄1 + ∇ϕ^{1) ⟩}_1 − 5V^(∇h̄2^) − ũ1 + ũ2^]

where the fields in the square brackets are at x ∈ △, and ⟨ · ⟩ 1 = ∫ dμ_C1 (ϕ^1) e

−H_1(Λ; ϕ^1) · ∫ dμ_C1 (ϕ^1) e

−H_1(Λ; ϕ^1)

Then

Z̃^1(Λ; ϕ_2) = e−

F̃_1(Λ) ∑ Y1...Yq3 q3 ≥0

( q_3∏ k=1 A^{(3)}(Y_k ; ϕ_2) ) ∑ △1...△q′ q′ ≥0 ∑ △q′ +1...△q′ +q′′ q′′ ≥0 P_2 .

. q^′∏

k^′ =1 { − ∫ Λ dx_k′ △_k′ (x_k′ ) ∇ϕ_2(x_k′ ) · [ ⟨ 5V^(∇h̄1 + ∇ϕ^{1) ⟩}_1 − 5V^(∇h̄2^) − ũ1 + ũ2^]_{xk′}^} . q^′ +q^{′′}∏

k^{′′} =q^′ +1 1 2 ∫ Λ dx_k′′ △_k′′ (x_k′′ ) {

⟨ ∇ϕ_2(x_k′′ ) · [5V^(∇h̄1 + ∇ϕ^{1)]}_{xk′′} ; ∇ϕ2(xk′′ ) ·^∫_Λ dyk′′^[5V^(∇h̄1 + ∇ϕ^{1)]}_{yk′′}^⟩_1 − ∇ϕ_2(x_k′′ ) · [ ∇ϕ_2(x_k′′ ) · ⟨ 55V^(∇h̄1 + ∇ϕ^{1)} − 55V^(∇h̄2^{)⟩}_1^]

− q^{αβ}_2 (x_k′′ ) ∂_αϕ_2(x_k′′ ) ∂_β ϕ_2(x_k′′ ) }

where Y_k = {Y_k; △_{k,1} . . . △_{k,qk} } with q_k ≥ 0 or Y_k = {△_{k,1} . . . △_{k,qk} } with q_k ≥ 2 and at least three ∇ϕ_2 fields or two ∇ϕ_2 fields with an extra gradient. ⟨ ; ⟩ is the truncated expectation. For a general Y_k = {Y ; △_1 . . . △_q}, the amplitude is given by

A^{(3)}(Y; ϕ_2) = Ã^{(3)}(Y ; ϕ_2) ∑ W1 ...Wq Wk ⊃△k q∏ k=1 Ã^{(n}k^)(W_k ; ϕ_2) ∑ V1 ...Vq′ q′ ≥0

q^′∏

k^′ =1

Ã^{(0)}(V_{k′} ) .

. ∑ T over Y W1 ...Wq V1 ...Vq′

(∏ ℓ∈T ∫_1 0 dm_ℓ ¯1_ℓ ) ∏ ℓ^′∈T̄ (1 + m_ℓ′ ¯1_ℓ′ )

where T and ℓ are Mayer trees and Mayer links, T̄ is the set of pairs of vertices of the tree which are not links of the tree, and m_ℓ′ for ℓ^′ ∈ T̄ is the smallest m_ℓ on the path along the tree between the two vertices. The formula is the same without Ã^{(3)}(Y ; ϕ_2) when Y has no Y .

The renormalization equations discussed in the next section will fix h̄_1 − h̄_2, ũ_2 − ũ_1, a_2 and b_2 so that only the terms with q^′ = 0 and q^{′′} = 0 in the formula for Z̃^1(Λ; ϕ_2) are non-zero.

6 Renormalization

The first renormalization equation is

⟨ 5V^(∇h̄1 + ∇ϕ^{1) ⟩}_1 − 5V (∇h̄2) − ũ1 + ũ2 = 0

In accordance with ũ_1 = u_1 − ∇h̃_1 and ∇ · u_1 = −γ/λ = −γ_1/L, we also choose ũ_2 of the form ũ_2 = u_2 − ∇h̃_2 with ∇ · u_2 = −γ_2/L. Applying ∇· to the renormalization equation then gives ∇ ⟨ 5V^(∇h̄1 + ∇ϕ^{1) ⟩}_1 − ∇5V (∇h̄2) + Δh̃1 − Δh̃2 +^{γ1 − γ2}_L = 0

Defining g̃_i = ( −Δ_{∂Λ} )_{−1} γ_i L we get h̃_1 − h̃_2 = g̃_1 − g̃_2 + (−Δ_{∂Λ})^{−1} ( ∇ ⟨ 5V^(∇h̄1 + ∇ϕ^{1) ⟩}_1 − ∇5V (∇h̄2)^)

together with h̄_1 = −CΔh̃_1 and the constraint ∫ Λ dx h̄_1(x) = V

given that h̄_2 should satisfy the same constraint. Having obtained h̃_1 in terms of h̃_2 and γ_1 − γ_2, one may choose γ_1 to satisfy the volume constraint. Finally ũ_1 is obtained from the renormalization equation in its original form. Note that ∇ · u_1 = −γ_1/L alone doesn’t determine u_1, because u_1 doesn’t obey simple boundary conditions.

Let us now discuss the solution of the equation, taking for simplicity g̃_2 = g̃_1. Then

h̃_1 − h̃_2 = (−Δ_{∂Λ})^{−1} ( ∇ ⟨ 5V^(∇h̄2 + ∇h̄1 − ∇h̄2 + ∇ϕ^{1) ⟩}_1 − ∇5V (∇h̄2)^) which is of the form f = F (h̃_2, f)

with f = h̃_1 − h̃_2.

Lemma: Assume h̃_2, f, g are in C^2(Λ)∩C^1(Λ̄) with ∇h̃_2, ∇f, ∇g uniformly bounded by a universal constant. Let F (·, ·) be as above. Then |F (h̃_2, f) − F (h̃_2, g)| < O(λ)|f − g| Therefore f = F (h̃_2, f)

has a unique solution, which can be obtained as the limit of the sequence f_0 = 0, f_{n+1} = F (h̃_2, f_n). This solution can be assigned to h̃_1 − h̃_2. Then

h̃_1 − h̃_2 = (−Δ_{∂Λ})^{−1} ( ∇ ⟨ 5V^(∇h̄2 + ∇ϕ^{1) ⟩}_1 − ∇5V (∇h̄2)^{)(}1 + O(λ)^)

In the case V (x) = λx^4, the result takes the form

h̃_1 − h̃_2 = 8λ ⟨ | | ∇ϕ^1 | |^2 ⟩ 1 h̃_2 ( 1 + O(λ) ) and the contractivity estimate takes the form |F (h̃_2, f) − F (h̃_2, g)| ≃ 4λ(f − g) ( |∇h̃_2|^2 + ⟨ | | ∇ϕ^1 | |^2 ⟩ 1 ) + 4λ ( −Δ_{∂Λ} )_{−1}( ∂_α∂_β (f − g)∂_αh̃_2∂_βh̃_2 )

The second renormalization equation is simply

q^{αβ}_2 (x) = ⟨ ∂_αV ( ∇h̄_1(x) + ∇ϕ^1(x) ) ; ∫ Λ dy ∂_β V ( ∇h̄_1(y) + ∇ϕ^1(y) ) ⟩ 1 − ⟨ ∂_α∂_β V ( ∇h̄_1(x) + ∇ϕ^1(x) )⟩ 1 + ∂_α∂_β V ( ∇h̄_2(x) )

where ∂_αV (∇h) = ∂V/∂(∂_αh). 7 Formulae for a generic momentum slice i

The essential formulae defining the expansion algorithm at a generic scale i are the couplingdecoupling inductive formula and the renormalization equations. The coupling-decoupling formula is based on replacing ϕ_i = ϕ^i + ϕ_{i+1} by ϕ^i + t_iϕ_{i+1} in the interaction. More precisely we define inductively V ( ϕ^1 . . . ϕ^i ; ϕ_{i+1} ; t_1 . . . t_i ) =V ( ϕ^1 . . . ϕ^{i−1} ; ϕ^i + t_iϕ_{i+1} ; t_1 . . . t_{i−1} ) − V ( ∇h̄_{i+1} + t_i∇ϕ_{i+1} ) + V ( ∇h̄_{i+1} + ∇ϕ_{i+1} )

ũ ( ϕ^1 . . . ϕ^i ; ϕ_{i+1} ; t_1 . . . t_i ) = ũ ( ϕ^1 . . . ϕ^{i−1} ; ϕ^i + t_iϕ_{i+1} ; t_1 . . . t_{i−1} ) + (1 − t_i)ũ_{i+1} · ∇ϕ_{i+1} Q ( ϕ^1 . . . ϕ^i ; ϕ_{i+1} ; t_1 . . . t_i ) = Q ( ϕ^1 . . . ϕ^{i−1} ; ϕ^i + t_iϕ_{i+1} ; t_1 . . . t_{i−1} ) + 1 2 (1 − t^2_i )q^{αβ}_{i+1} ∂_αϕ_{i+1}∂_βϕ_{i+1}

starting from

V (ϕ^1; ϕ_2; t_1) = V ( ∇h̄_1 + ∇ϕ^1 + t_1∇ϕ_2 ) − V ( ∇h̄_2 + t_1∇ϕ_2 ) + V (∇h̄_2 + ∇ϕ_2)

ũ(ϕ^1; ϕ_2; t_1) = ũ_1 · (∇ϕ^1 + t_1∇ϕ_2) + (1 − t_1)ũ_2 · ∇ϕ_2

Q(ϕ^1; ϕ_2; t_1) = Q(ϕ_2; t_1) = 1 2 (1 − t^2_1)q^{αβ}_2 ∂_αϕ_2∂_β ϕ_2

The resulting interpolating Hamiltonian is

H(Λ; ϕ^1 . . . ϕ^i;ϕ_{i+1}; t_1 . . . t_i) = ∫ Λ dx [

V (ϕ^1 . . . ϕ^i; ϕ_{i+1}; t_1 . . . t_i) − ũ(ϕ^1 . . . ϕ^i; ϕ_{i+1}; t_1 . . . t_i) + Q(ϕ^1 . . . ϕ^i; ϕ_{i+1}; t_1 . . . t_i) ]

The first renormalization equation at slice i may be written as ⟨ d dt_i H(Λ; ϕ^1 . . . ϕ^i; ϕ_{i+1}; 1 . . . 1, t_i) | | | |_{ti=0} ⟩ ≤i ≡ 0

where ⟨ · ⟩ ≤i is the average over ϕ^{≤i} = ϕ^1 + . . . + ϕ^i with covariance C^{≤i} = C^1 + . . . + C^i and

interaction V ( ∇h̄_1 + ∇ϕ^{≤i} ) − ũ_1 · ∇ϕ^{≤i}

The identity should hold for every ϕ_{i+1} and is therefore equivalent to ⟨ 5V^(∇h̄1 + ∇ϕ^{≤i) ⟩}_{≤i} − 5V (∇h̄i+1) − ũ1 + ũi+1 = 0 ∀x ∈ Λ It fixes h̄_1 and ũ_1 relative to h̄_{i+1} and ũ_{i+1}. As h̄_1 and ũ_1 have already been fixed relative to h̄_2 and ũ_2, h̄_2 and ũ_2 relative to h̄_3 and ũ_3, etc..., the i’th renormalization equation can be solved by a fixed point theorem for the small functions h̄_i − h̄_{i+1} and ũ_i − ũ_{i+1}. The renormalization of quadratic terms is useful for book-keeping but does not affect the renormalization group flow of the mean slope h̄_i and slope chemical potential ũ_i. The quadratic counter-terms introduced at slice i are given by

q^{αβ}_{i+1}(x) = ⟨ ∂_αV ( ∇h̄_1(x) + ∇ϕ^{≤i}(x) ) ; ∫ Λ dy ∂_β V ( ∇h̄_1(y) + ∇ϕ^{≤i}(y) ) ⟩ ≤i − ⟨ ∂_α∂_β V ( ∇h̄_1(x) + ∇ϕ^{≤i}(x) )⟩ ≤i + ∂_α∂_β V ( ∇h̄_{i+1}(x) )

8 Last momentum slice n ≈ ln L/ ln M

At the last slice, indexed by n with M^n = O(L), the Mayer expansion follows directly the polymer expansion for ϕ_n with C_n. The result of this last Mayer expansion takes the form ∫ dμ_{Cn} (ϕ_n) e −H_n(Λ; ϕ_n) + V (Λ; h̄_n) ∑ Y1...Yq3 q3≥0

(_{q3}∏ k=1 A^{(3)}(Y_k ; ϕ_n) ) = e −F̃_n(Λ)

so that altogether

Z(Λ) = e

−V (Λ; h̄_1) − ∑_n i=1 F̃_i(Λ)

In order that the last Mayer expansion converge uniformly in the thermodynamic limit, ⟨∇ϕ_n⟩ should be small, which gives the final renormalization equation. More precisely we impose

⟨ 5V^(∇h̄1 + ∇ϕ^1 + . . . + ∇ϕ^{n−1} + ∇ϕn^{) ⟩} − ũ1 =^⟨ 5V^(∇h̄ + ∇ϕ^{) ⟩} − ũ = 0 ∀ x

which implies ⟨∇ϕ⟩ = 0 and that h̄ obeys the Wulff equation.

Since h̃_i, ũ_i for i = 1, . . . , n − 1 have already been fixed as functions of h̃_{i+1}, ũ_{i+1}, the final renormalization equation is an equation for h̃_n and ũ_n only. Taking profit of the work done in previous steps and of ⟨ | ∇ϕ_n|^2 ⟩ = O(M^{−2n}) = O(L^{−2})

it can be worked into 5 V (∇h̄_n) − ũ_n = O(L^{−1})

which shows that h̄_n is close to a classical field solution of the variational Wulff problem on a fixed basis.

Convergence of the expansion cannot be discussed in a few lines. Let us comment only on the necessary “domination”, which allows to bound some of the products of fields in polymers by the exponential of the interaction, rather than integrate them with the Gaussian measure. this requires V (∇h̄ + ∇ϕ) − ũ · ∇ϕ to be bounded from below for every h̄_i, ũ_i, whence the convexity hypothesis.

References

[BD] G. Ben Arous, J-D. Deuschel, The Construction of the d-Dimensional Droplet, Commun. Math.

Phys. 179, 467–488 (1995).

[BI] E. Bolthausen, D. Ioffe, Harmonic Crystal on the Wall: A Microscopic Approach, Commun.

Math. Phys. 187, 523–566 (1997).

[B] D. Brydges, Functional Integrals and their Applications (Notes with the collaboration of R.Fernandez for the “Troisième Cycle de la Physique en Suisse Romande”), mp-arc 93-24.

[BY] D. Brydges, H.T. Yau, ∇ϕ Perturbations of Massless Gaussian Fields, Commun. Math. Phys.

129, 351–392 (1990).

[D] F. Dunlop, Random and Interacting Surfaces, pp 249–265 in “Constructive Physics : Results in Field Theory, Statistical Mechanics and Condensed Matter Physics”, V. Rivasseau ed., Springer- Verlag, Berlin Heidelberg, 1995.

[DM] F. Dunlop, J. Magnen: in preparation [DDR] J. De Coninck, F. Dunlop, V. Rivasseau, On the Microscopic Validity of the Wulff Construction and of the Generalized Young Equation, Commun. Math. Phys. 121, 401–419 (1989).

[DGI] J-D. Deuschel, G. Giacomin, D. Ioffe, Talk at the 79th Statistical Mechanics Conference, Rutgers (1998).

[DKS] R. L. Dobrushin, R. Kotecký and S. B. Shlosman, Wulff Construction : a Global Shape from Local Interactions, Am. Math. Soc., Providence, 1992.

[F] I. Fonseca, The Wulff Theorem Revisited, Proc. R. Soc. Lond. A432, 125–145 (1991). [FS] T. Funaki, H. Spohn, Motion by Mean Curvature from the Ginzburg-Landau ∇ϕ Interface Model, Commun. Math. Phys. 185, 1–36 (1997).

[GK] K. Gawedzki, A. Kupiainen, Renormalization Group Study of a Critical Lattice Model I, II, Commun. Math. Phys. 82, 407–433 (1981).

[I] D. Ioffe, Exact Large Deviation Bound up to T_c for the Ising Model in Two Dimensions, Prob.

Theory Rel. Fields 102, 313–330 (1995).

[KP] R. Kotecký, C-E. Pfister, Equilibrium Shapes of Crystals Attached to Walls, J. Stat. Phys. 76, 419–445 (1994).

[MS] J. Magnen, R. Sénéor, The Infrared Behaviour of (∇ϕ)^4_3, Ann. Phys. 152, 130–202 (1984). [MMR] J. Messager, S. Miracle-Solé, J. Ruiz, Convexity Properties of the Surface Tension and Equilibrium Crystals, J. Stat. Phys. 67, 449–470 (1992).

[M] S. Miracle-Solé, Surface Tension, Step Free Energy, and Facets in the Equilibrium Crystal, J.

Stat. Phys. 79, 183–214 (1995).

[MS] R.A. Minlos and Ya.G. Sinai, The Phenomenon of Phase Separation at low temperatures in some lattice models of gas, I and II, Math. USSR 2, 335–395 (1967); Trans. Moscow Math. Soc. 19, 121–196 (1968).

[NS] A. Naddaf, T. Spencer, On Homogeneization and Scaling Limit of Some Gradient Perturbations of Massless Free Field, Commun. Math. Phys. 183, 55–84 (1997).

[P] C-E. Pfister, Large deviations and phase separation in the two dimensional Ising model, Helv.

Phys. Acta 64, 953–1054 (1991).

[R] V. Rivasseau, From Perturbative to Constructive Renormalization, Princeton University Press, 1991.

[T] J. Taylor, Crystalline Variational Problems, Bull. Am. Math. Soc. 84, 568–588 (1978). [Wi] W.L. Winterbottom, Equilibrium Shape of a Small Particle in Contact with a Foreign Substrate, Acta Metal. 15, 303–310 (1967).

[Wu] G. Wulff, Zur Frage der Geschwindligkeit des Wachstums und der Auflösung der Krystallflagen, Z. Kryst. Mineral. 34, 449 (1901).