CRITICAL SETS OF SMOOTH SOLUTIONS TO ELLIPTIC EQUATIONS^{∗+}

M. Hoffmann-Ostenhof^1 T. Hoffmann-Ostenhof^{2,3} N. Nadirashvili^3

Institut für Mathematik, Universität Wien^1 Institut für Theoretische Chemie, Universität Wien^2 International Erwin Schrödinger Institute for Mathematical Physics^3

August 13, 1997

Abstract. Let u ≢ const satisfy an elliptic equation L0u ≡ Σa_{i,j} D_{ij} u + Σb_j D_j u = 0 with smooth coefficients in a domain in R^n. It is shown that the critical set |∇u|�1{0} has locally finite n − 2-dimensional Hausdorff measure. This implies in particular that for a solution u ≢ 0 of (L0 + c)u = 0, with c ∈ C1, the critical zero set u�1{0} ∩ |∇u|�1{0} has locally finite n − 2-dimensional Hausdorff measure.

1. Introduction and Main Results

Let Ω be a domain in R^n , n ≥ 3 and let u ≢ 0 be a real valued classical solution of the elliptic partial differential equation Lu ≡ n∑ i,j=1 a_{ij} D_{ij} u + n∑ j=1 b_j D_j u + cu = 0 in Ω

where the real valued coefficients a_{ij} , b_j , c are C^∞ -functions in Ω.

(1.1)

Let Ω^′ be a compact subset of Ω; we denote N(u, Ω^′) ≡ {x ∈ Ω^′|u(x) > 0}, Σ(u, Ω^′) ≡ {x ∈ Ω^′||∇u|(x) = 0} and Σ_0(u, Ω^′) ≡ N(u, Ω^′) ∩ Σ(u, Ω^′).

In the following we shall show that locally the singular set Σ_0 of u has finite n − 2- dimensional Hausdorff measure, i.e. H^{n−2}(Σ_0(u, Ω^′)) < ∞.

Recently there is a rather rich literature describing the ”size” of the zero sets and in particular the singular sets Σ_0 of solutions to elliptic equations in terms of

*Supported by Bundesministerium für Wissenschaft und Verkehr, Austria. +Work partially supported by the European Union TMR grant FMRX-CT96-0001

Typeset by AMS-TEX 1

the appropriate Hausdorff measure respectively Hausdorff dimension [Al, CF, CM, DF1, DF2, H, HS, L, N, R].

In [HOHON2] it was shown for the 3-dimensional case that locally the singular set Σ_0 of such a solution u has finite 1-dimensional Hausdorff measure. Here we generalize the result to n ≥ 3 dimensions. The result is obtained by showing that the critical set Σ of a solution of (1.1) with c ≡ 0 has locally finite n−2-dimensional Hausdorff measure.

In contrast to the 2-dimensional case [Al,D,DF3,N] where Σ_0 consists of finitely many points the results on Σ_0 in dimension n ≥ 3 are not as explicit [Y]. For solutions of equations with smooth enough coefficients it is known that Σ_0 is countably n − 2-rectifiable [HS,H,RS].

Basic for all these investigations is the asymptotic behaviour of u(x) for x → x_0, where u(x_0) = 0. Let O ∈ Ω, and let u be a solution of (1.1), then it is well known (see e.g. [B]) that

u(x) = p_M + O(|x|^{M+1}) for |x| → 0

(1.2)

with p_M ≢ 0 a homogeneous polynomial of degree M satisfying the osculating equation ∑ i,j a_{ij} (O)D_{ij} p_M = 0. Assume without loss that a_{ij} (O) = δ_{ij} , then p_M is harmonic. Therefore the investigations of the zero set respectively singular set of a solution of (1.1) are motivated by the desire to understand to which extent these sets can be described locally by the zero sets respectively critical sets of harmonic homogeneous polynomials. For a harmonic polynomial P_M of degree M in n variables it is known (see e.g. [HS]) that for some C(n) < ∞

(1.3) H^{n−2}(Σ(P_M , B_1)) ≤ C(n)M^2

B_1 denoting a ball with radius 1. Lin [L] stated the corresponding conjecture for solutions of elliptic equations.

On the other hand there are examples (see [HOHON1]) showing that the singular set of a solution of a Schrödinger equation in R^3 can locally be the segment of a straight line.

To state now our main results we define the elliptic operator L_0 by

L_0 = L − c

with L and c given accordingly to (1.1).

Theorem 1.1. Let u ≢ const satisfy

(1.1’) L_0u = 0 in Ω, Ω ⊂ R^n .

Then for every compact subset Ω^′ of Ω

H^{n−2}(Σ(u, Ω^′)) < ∞.

Corollary 1.1. Let u ≢ 0 satisfy equation (1.1). Then for every compact subset Ω^′ of Ω H^{n−2}(Σ_0(u, Ω^′)) < ∞.

The Corollary is a rather immediate consequence of Theorem 1.1:

Proof of the Corollary. Given x_0 ∈ Ω there is a neighbourhood U(x_0) and a u_0 ∈ C^∞(U(x_0)) with u_0 > 0 and Lu_0 = 0 in U(x_0). (see e.g. [BJS], p. 228). It is easily seen that μ ≡^u_{u0} satisfies in U(x_0) an equation of type (1.1), so that by Theorem 1.1, H^{n−2}(Σ(μ, U^′)) < ∞ for every compact subset U^′ of U(x_0). Furthermore the singular set of u is a subset of the critical set of μ. �

In Section 2 we give the proof of Theorem 1.1. The structure of the proof is in principle the same as for the 3-dimensional case, but due to the higher dimension new difficulties arise which require new ideas. Very roughly speaking the existence of so called ”good” 2-dimensional subspaces L of R^n will be proven: They have the property that the number of critical points of the solution u in L + {y}, where y ∈ L^⊥, L^⊥ the orthogonal complement of L in R^n , can be bounded from above uniformly in a neighbourhood B of the origin. For this we need to show that we can apply some results from singularity theory [AGV], for which in turn it is necessary to investigate the critical set of a harmonic homogeneous polynomial P in C^n with real coefficients. The uniform estimates mentioned above together with a result on the location of the critical set of u in a small neighbourhood of a critical point of u are then used to represent Σ(u, B) as a union of finitely many sets, where each of them is in a unique correspondence to a ”good” 2-plane. Then suitable δ-coverings of Σ(u, B) are constructed, which for δ ↓ 0 yield that H^{n−2}(Σ(u, B)) is finite.

For the proof of Theorem 1.1 in the case n = 3 we used in the main steps the special geometry in the 3-dimensional space: In particular we used that the number of critical points of a harmonic homogeneous polynomial P on the unit sphere is finite. We also used the special structure of the critical set of such a polynomial in complex space. For n ≥ 3 these arguments have to be replaced by new ones, which will essentially reduce to arguments concerning the dimension of the variety of ”good” 2-dimensional subspaces in R^n and the dimension of the critical set of P in complex space.

2. Proof of Theorem 1.1

Let B denote a ball centered in O ∈ R^n and without loss let B ⊂ Ω and (2.1) a_{ij} (O) = δ_{ij} 1 ≤ i, j ≤ n. Further, we assume without loss that

(2.2) O ∈ Σ_0(u).

Since u ∈ C^∞ and ∀x_0 ∈ B, u − u(x_0) is a solution of (1.1’) it follows (see e.g. [B]) that u − u(x_0) vanishes in x_0 with some finite order M(x_0), i.e. for some homogeneous polynomial p^{(x0)}_{M(x0)} ≢ 0 with degree M(x_0) ≥ 1 we have for x → x_0

(2.3) u(x_0) − u(x_0) = p^{(x0)}_{M(x0)} + o(|x − x_0|^{M(x0)}) and for every multi index α, |α| ≤ M(x_0)

(2.4) D^αu(x) = D^αp^{(x0)}_{M(x0)}(x − x_0) + o(|x − x_0|^{M(x0)−|α|}).

Furthermore, p^{(x0)}_{M(x0)} satisfies the corresponding osculating equation in the point x_0, namely

(2.5) ∑ i,j a_{ij} (x_0)D_{ij} p^{(x0)}_{M(x0)}(x − x_0) = 0.

¿From the above it follows (via unique continuation) that

(2.6) M ≡ sup{M(x_0)|x_0 ∈ B} < ∞.

For x_0 = O we denote p^{(O)}_{M(O)} = P_M and due to the foregoing (compare also (1.2)) ΔP_M = 0.

(2.7)

�_{In the first step of the proof we shall obtain information on the location of the}

critical set of u in the neighbourhood of a critical point of u. For these consideration and also for the following ones the 2-dimensional linear subspaces of V^n, where V stands for R or C will play an essential role. This algebraic variety, the Grassmannian, will be denoted by G_{2,n}(V ). In the following proposition G_{2,n} = G_{2,n}(R). Proposition 2.1. Let A(x) = (a_{i,j} (x))_{1≤i,j≤n}, ∀x ∈ B be a real valued symmetric matrix with a_{ij} ∈ C(B), ∀i, j, where for some γ > 0, A(x) ≥ γ, ∀x ∈ B.

Let M ∈ N, M ≥ 2 and let P_M be the set of real valued homogeneous polynomials

in R^n of degree ≥ 2 and ≤ M with the property:

Every p ∈ P_M satisfies a differential equation n∑ i,j=1 a_{ij} (x_p)D_{ij} p = 0 in R^n , for some x_p ∈ B.

(2.8)

Then

there is a c = c(M) > 0 such that ∀p ∈ P_M , ∃L ∈ G_{2,n} with dist (Σ(p, S^{n−1}), σ) > c, where σ = L ∩ S^{n−1}.

(2.9)

Remark 2.1.

1. We note that the set {p^{(x0)}_{M(x0)}, x_0 ∈ Σ(u, B)} ≡ P given accordingly to (2.3) and (2.5) obviously satisfies condition (2.8), with A(x) being the matrix of the coefficients of the equation (1.1), and P ⊂ P_M with M given in (2.6).

2. Every p ∈ P_M can be transformed by a non singular linear transform T_p into a harmonic homogeneous polynomial P , where P (y) = p(T_py), y ∈ R^n , with x = T_py. Furthermore A(x_p) = T_pT^+_p .

Proof of Proposition 2.1:. Suppose for contradiction that (2.10) does not hold, then (2.10) ∀δ > 0, ∃p ∈ P_M : ∀L ∈ G_{2,n}, dist (Σ(p, S^{n−1}), σ) ≤ δ, σ = L_∩S^{n−1}. Picking a sequence δ_m =^1_m , m ∈ N we obtain (2.11) ∀m ∈ N, ∃p_m ∈ P_M : ∀L ∈ G_{2,n} dist (Σ(p_m, S^{n−1}), σ) ≤ δ. Because of the homogeneity of p_m we can normalize the coefficients of p_m and obtain (with M(m) denoting the degree of p_m) p̃_m(x) ≡ p_m(λx) = λ^{M(m)}p_m(x), for some λ > 0 where p̃_m(x) = ∑ |α|=M(m) a^{(m)}_α x^α, ∑ |α|=M(m) |a^{(m)}_α |^2 = 1 and Σ(p̃_m) = Σ(p_m).

(2.12) This obviously implies that there is a convergent subsequence of {p̃_m}, again denoted by {p̃_m}. Since M(m) ≤ M, ∀m we assume without loss that M(m) = k, ∀m for some k ∈ {2, . . . , M}. Furthermore we obtain that for some homogeneous polynomial of degree k with normalized coefficients D^αp̃_m → D^αp̃, for m → ∞, ∀|α| ≤ k, where the convergence is pointwise uniformly in every compact subset of R^n .

(2.13)

Therefrom we conclude (2.14) Σ(p̃) ∩ L ≠ {O}, ∀L ∈ G_{2,n}, which can be seen as follows:

Suppose for contradiction that (2.14) is wrong, then (2.15) ∃L̃ ∈ G_{2,n} : Σ(p̃, S^{n−1}) ∩ σ̃ = ∅ where σ̃ = L̃ ∩ S^{n−1}. (2.11) and (2.12) imply that (2.16) ∀m, ∃x̃_m ∈ Σ(p̃_m, S^{n−1}) with dist (x̃_m, σ̃) ≤ 1 m . Hence we can choose a convergent subsequence of {x̃_m}, again denoted by {x̃_m}, with x̃_m → x̃, for m → ∞, for some x̃ ∈ σ̃. Due to (2.16) |D_jp̃(x̃)| ≤ |D_jp̃(x̃) − D_jp̃(x̃_m)| + |D_jp̃(x̃_m) − D_jp̃_m(x̃_m)| ∀j, 1 ≤ j ≤ n and via (2.13) we obtain x̃ ∈ Σ(p̃) ∩ σ̃, which is a contradiction to (2.15). This verifies (2.14).

Next we show that p̃ satisfies property (2.8): due to (2.8) (2.17) ∑ i,j a_{ij} (x_{pm} )D_{ij}p̃_m = 0, for some x_{pm} ∈ B, ∀m. Clearly we can pick a convergent subsequence of {x_{pm} }, denoted by {x̃_{pm} }, with x̃_{pm} → x̃ for m → ∞, for some x̃ ∈ B. Then due to the assumptions on A(x), we obtain a_{ij} (x̃_{pm} ) → a_{ij} (x̃), for m → ∞, ∀i, j. Together with (2.13) this implies that for m → ∞ ∑ i,j a_{ij} (x̃_{pm} )D_{ij}p̃_m(x) → ∑ i,j a_{ij} (x̃)D_{ij}p̃(x), ∀x ∈ R^n and because of (2.17) (2.18) ∑ i,j a_{ij} (x̃)D_{ij}p̃ = 0

follows, verifying that p̃ ∈ P_m.

Taking into account Remark 2.1.2 we note that p̃ can be transformed into a harmonic homogeneous polynomial P̃ (y) = p̃(T y). From (2.14) (2.19) Σ(p̃) ∩ L ≠ {O}, ∀L ∈ G_{2,n} follows easily, namely:

Since det T ≠ 0 we obviously have (2.20) y ∈ Σ(P̃ )\{O} iff x = T y ∈ Σ(p̃)\{O}. Let L ∈ G_{2,n}, then for some a, b ∈ R^n , a, b linear independent, L = {λa + μb|λ, μ ∈

R}. Denote further^~L = {λT a+μT b|λ, μ ∈ R}, then^~L ∈ G2,n and because of (2.14)

there is an x̃ ≠ O with x̃ ∈ Σ(p̃) ∩ L̃. By (2.20) we obtain ỹ = T^{−1}x̃ ∈ Σ(P̃ )\{O}. Since x̃ = λT a + μ̃T b for some λ̃, μ̃ ∈ R we conclude by the linearity of T that ỹ = λ̃a + μ̃b ∈ L, verifying (2.19).

(2.19) implies that (2.21) G = {L ∈ G_{2,n}|Σ(P̃ ) ∩ L ≠ {O}} = G_{2,n}. On the other hand since P̃ is harmonic we have (compare (1.3)) (2.22) dim Σ(P̃ ) ≤ n − 2.

We shall derive a contradiction to (2.21) by taking into account (2.22) via a dimension argument for the subvariety G of G_{2,n}. For further use we state it for the complex and real case. We note first that G_{2,n}(V ) is a subvariety of the projective space P(∧^2V )with (2.23) dim G_{2,n}(V ) = 2(n − 2).

Here and in the following it will be clear from the context (whether V equals R or

C ) when dim denotes the real respectively complex dimension.

Proposition 2.1.1. Let p be a homogeneous polynomial on V^n (with real valued coefficients) with the property that the dimension of Σ(p) as a projective variety in

P^{n−1}(V ) is at most n − 3, then dim G ≤ 2n − 5, where G = {L ∈ G_{2,n}(V )|Σ(p) ∩ L ≠ {O}}. Proof of Proposition 2.1.1. : Following Harris [Ha,p. 142] G is a variety of incident planes, having dimension at most 2n − 5. To show the assertion directly: Let g be a 1-dimensional linear subspace of V^n with g ⊂ Σ(p), then clearly with V_g ≡ {L ∈ G_{2,n}(V )|g ⊂ L}, dim V_g = n − 2. But G = ∪{V_g|g ⊂ Σ(p)} and dim{g|g ⊂ Σ(p)} ≤ n − 3. Since G has locally the structure of a smooth product manifold dim G ≤ 2n − 5 follows. �

Due to (2.22) we can apply Proposition 2.1.1 with p = P̃ . But because of (2.21) and (2.23) dim G = 2n − 4 which is a contradiction. This finishes the proof of Proposition 2.1 �

For the next considerations we identify every L ∈ G_{2,n}(R) with the corresponding great circle σ = L ∩ S^{n−1}. We endow G_{2,n} with the Hausdorff metric by defining

d(L_1, L_2) ≡ d(σ_1, σ_2) = max{ sup_{x∈σ1} inf_{y∈σ2} |x − y|, sup_{y∈σ2} inf_{x∈σ1} |x − y|}

∀L_1, L_2 ∈ G_{2,n}, where σ_j = L_j ∩ S^{n−1}, j = 1, 2.

(2.24)

Then G_{2,n}with the topology induced by this metric is a compact space.

Lemma 2.1. Let G̃ be a countable dense subset of G_{2,n}(R). Then there exists L^{(j)} ∈ G̃, 1 ≤ j ≤ N < ∞ and there exists a c > 0 such that ∀x_0 ∈ Σ(u, B) one can choose an integer j, 1 ≤ j ≤ N with

(a) dist (Σ(p^{(x0)}, S^{n−1}), σ_j ) > c

(b) lim_{x→x0} x∈Σ(u,B) dist ( x − x_0 |x − x_0| , σ_j ) > c

where σ_j = L^{(j)} ∩ S^{n−1} and p^{(x0)} is the homogeneous polynomial of degree M(x_0) corresponding to x_0 according to (2.3). N = N(M) with M given in (2.6).

Proof of Lemma 2.1. :

ad(a): Let U = {U_λ|λ ∈ I} be an open δ-covering of G_{2,n}, i.e. (2.25) diam U_λ = sup_{L,K∈Uλ} d(L, K) ≤ δ, ∀λ ∈ I. Since G_{2,n} is compact there is always a finite subcovering

(2.26) G_{2,n} = ∪^N_{k=1}U_k, U_k ∈ U, ∀k where N depends on δ.

Let p^{(x0)} denote the homogeneous polynomials given according to (2.3)-(2.6) and let P ≡ {p^{(x0)}|x_0 ∈ Σ(u, B)}, then by Proposition 2.1.and Remark 2.1 we have:

There exists c = c(M) > 0 such that ∀p ∈ P, ∃L ∈ G_{2,n} with dist (Σ(p, S^{n−1}), σ) > c, σ ≡ L ∩ S^{n−1}. (2.27)

Now we choose δ =^{c(M )}_4 , so that N = N(M) and pick for every j ∈ {1, . . . , N} an L_j ∈ U_j . Let L_δ = {L_1, . . . , L_N }, then (2.25) implies: (2.28) ∀L ∈ G_{2,n}, ∃L_j ∈ L_δ with d(L, L_j ) ≤ δ. Let G̃ = {K_j , j ∈ N} be a dense subset of G_{2,n}.

Then (. 2.29) ∀L_j ∈ L_δ , ∃K̃_j ∈ G̃ with d(L_j , K̃_j ) ≤ δ

Denoting L̃ = {K̃_1, . . . , K̃_N } we obtain via (2.28) and (2.29) that ∀L ∈ G_{2,n}, ∃j ∈ {1, . . . , N} : d(L, K̃_j ) ≤ d(L, L_j ) + d(L_j , K̃_j ) ≤ 2δ = c(M) 2 . (2.30)

By the triangle inequality and the definition of the Hausdorff metric we obtain easily via (2.27) and (2.30):

Given P and a countable dense subset G̃ of G_{2,n} then there is a c(M) > 0 and a finite subset L̃ of G̃ such that ∀p ∈ P, ∃L̃ ∈ L̃ with

dist (Σ(p, S^{n−1}), σ̃) ≥ c(M) (2) . This verifies (a).

ad (b): We first note that (a) is equivalent with ∃μ > 0 : ∀x_0 ∈ Σ(u, B), ∃j, 1 ≤ j ≤ N with sup_{ω∈σj} | < ω|y > | < 1 − μ, ∀y ∈ Σ(p^{(x0)}, S^{n−1}) (a’)

and we show that (a’) implies

(b’) lim_{x→x0} sup_{ω∈σj} | < ω| x − x_0 |x − x_0| > | < 1 − μ, x ∈ Σ(u)

This can be seen from the following: Let x_m → x, for m → ∞, x_m ∈ Σ(u, B) and denote in polar coordinates x_m − x = r_my_m(r_m), ∀m with y_m ∈ S^{n−1}. Without loss we assume that y_m → y, for m → ∞. Since

0 = D_j u(x_m) = D_j p^{(x)}_{M(x)}(r_my_m) + o(r^{M(x)−1}_m ), ∀j,

y ∈ Σ(p^{(x)}_{M(x)}) ∩ S^{n−1} follows.

(a’) implies for m → ∞ | < ω|y_m > | →< ω|y > < 1 − μ, ∀ω ∈ σ_j which yields (b’) and clearly (b’) implies (b). This finishes the proof of Lemma 2.1. �

For the next step of the proof of Theorem 1.1 we need a property of harmonic homogeneous polynomials in C^n with real coefficients, which is interesting for itself (We thank H. Knörrer for crucial remarks):

Theorem 2.1. : Let P be a harmonic homogeneous polynomial in C^n with real coefficients, P ≠ const , then dim Σ(P ) ≤ n − 2.

Proof of Theorem 2.1. For an irreducible polynomial in C^n the assertion is true. See e.g. [S, Chap. II, §1.4].

So let P be reducible. We assume for contradiction that dimΣ(P ) = n−1. then P can be represented as

(2.31) P = p^2q, where p, q are homogeneous polynomials and p is irreducible .

This can be seen as follows: Let P = ∏_k j=1 q_j , k ≥ 2, q_j irreducible ∀j, and denote N_j = N(q_j ). If for i ≠ j, dim N_i ∩ N_j < n − 1, then clearly dimΣ(P ) < n − 1. So let without loss dimN_1 ∩ N_2 = n − 1. Since q_1, q_2 are irreducible this implies (see e.g. [M] Lemma 2.5) q_1 = const q_2, proving (2.31).

(2.31) implies

(2.32) P = p̃^2q̃, where p̃, q̃ are homogeneous polynomials with real coefficients.

This can be seen as follows: Let f denote the polynomial which is obtained from a polynomial f by complex conjugation of its coefficients. Since P has real coefficients we conclude from (2.31) that P = p^2q = p^2q. Since p is irreducible q = p^2q̃ follows, for some homogeneous polynomial q̃. Hence P = (pp)^2q̃ and pp has real coefficients.

Finally we use:

Proposition 2.2. : Let P ≠ const be a harmonic homogeneous polynomial in R^n given by P = p^2q, p, q polynomials with real coefficients and p ≠ const, then P = 0.

Proof of Proposition 2.2. Let M denote the degree of P , then for some spherical harmonic Y_M (^x_{|x|} ), P (x) = |x|^M Y_M in polar coordinates. Further we have

q|_Sn�1 = M−1∑ j=1 a_j Y_j , where the Y^′_j s are spherical harmonics of degree ≤ M − 1, which can be taken orthonormal on S^{n−1} and a_j ∈ R, ∀j. Hence ∫ S^n�1 Yj YM dω = 0 for j ≠ M, and ∫ S^n�1 pqdω = ∫ S^n�1

p^2q^2dω = 0

implying p = q = 0 �

Together with (2.32) this gives P ≡ 0 which is a contradiction to P ≢ const and finishes the proof of Theorem 2.1. �

For the next step of the proof of Theorem 1.1 we need Definition 2.1:. Let P (z), z ∈ C^n denote a harmonic homogeneous polynomial, ≢ const, with real coefficients. Let W ∈ G_{2,n}(C ) such that W is spanned by two vectors of R^n . The subspace L = W ∩ R^n of R^n will be called good with respect to P (x), if P |_W (z) has an isolated critical zero in the origin of C^2 . Lemma 2.2. : Let P be as in Definition 2.1, then the set G ≡ {L ∈ G_{2,n}(R)|L is good } is dense in G_{2,n}(R).

Proof of Lemma 2.2. Let G^c = G_{2,n}(R)\G. Obviously it suffices to show that (2.33) ∀L ∈ G^c, ∃L_n = [a_n, b_n] ∈ G with (a_n, b_n) → (a, b) for n → ∞, [a, b] = L. Thereby [a,b] denotes the 2-dimensional subspace of R^n spanned by linear independent a, b ∈ R^n .

Suppose now for contradiction that (2.33) does not hold. Then for some L_0 = [a_0, b_0] ∈ G^c there is a neighbourhood U_0 of (a_0, b_0) in R^{2n} such that ∀(a, b) ∈ U_0, L = [a, b] ∈ G^c. Denote by L_{a,b} the 2-dimensional subspace of C^n , which is spanned by a, b. Then ∀(a, b) ∈ U_0 ⊂ R^{2n} , P |_{La,b} contains a critical line of zeros through the origin O ∈ C^2 .

(2.34)

Proposition 2.3. Let

G_Σ = {L ∈ G_{2,n}(C )| P |_L has a critical line of zeros through O ∈ C^2 }. Suppose (2.33) does not hold, then G_Σ contains a non empty open subset of G_{2,n}(C ). Proof of Proposition 2.3. Due to (2.34), P |_{La,b} ∈ G_Σ, ∀(a, b) ∈ U_0. Let P |_{La,b} (α, β) = P (αa + βb), ∀(α, β) ∈ C^2 then the homogeneity of P |_{La,b} in (α.β) implies that there is at least one α̃ ∈ C such that P (α̃a + b) = ∂ ∂α P (α̃a + b) = 0.

Define f(α, a, b) = P (αa + b), then for fixed (a, b) f is a polynomial in α having at least one critical zero of order k ≤ M, where M denotes the degree of P . Suppose now that f(α, a_0, b_0) has a zero of order k ≥ 2 in α_0, where the order of the zero is stable in the sense that for a sufficiently small neighbourhood U_1 of (a_0, b_0), f(α, a, b) has a zero of order ≥ k, ∀(a, b) ∈ U_1. We assume this without loss, since instead of (a_0, b_0) we could pick (a^′, b^′) ∈ U, U an open subset of U_0, such that k is the minimal order of critical zeros of f(α, a, b), ∀(a, b) ∈ U.

The foregoing now implies that for some continuous α̃ : U_0 → C , f(α, a, b) has ∀(a, b) ∈ U_0 a zero of order k in α̃(a, b), i.e. ∂^j ∂α^j f(α̃(a, b), a, b) = 0, 0 ≤ j ≤ k, ∂^{k+1} ∂α^{k+1} f(α̃(a, b), a, b) ≠ 0, ∀(a, b) ∈ U_0 (2.35)

where U_0 ⊂ R^{2n} is some neighbourhood of (a_0, b_0). In particular we have

(2.36) ∂^k ∂α^k f(α_0, a_0, b_0) = 0, ∂^{k+1} ∂α^{k+1} f(α_0, a_0, b_0) ≠ 0.

Furthermore^{∂k}_{∂αk} f (α, a, b) = 0 is an analytic function in (α, a, b) ∈ C × C^{2n} . This and (2.36) leads via the Weierstraß-Preparation Theorem to: For some neighbourhood W_0 ⊂ C × C^{2n} of (α_0, a_0, b_0) all the zeros of^{∂k}_{∂αk} f (α, a, b) are given by ∂^k ∂α^k f(α(a, b), a, b) = 0, where α(a, b) is analytic.

Together with (2.35) the above implies that for some neighbourhood U_1 ⊂ R^{2n} of (a_0, b_0) there is a real analytic function α : U_1 → C such that α(a, b) is a zero of order k of f(α, a, b) and (2.35) holds with α̃ = α in U_1. Analytic continuation of ∂^j ∂α^j f (α(a, b), a, b) to some complex neighbourhood V0 of (a0, b0) and (2.34) implies

that ∀(a, b) ∈ V_0 ⊂ C^{2n} , P |_{LC(a,b)} has a critical line of zeros through O ∈ C^2 . This verifies Proposition 2.3 �

Proposition 2.3 implies that

(2.37) dim G_Σ = dim G_{2,n} = 2n − 4

But on the other hand we shall obtain that

(2.38) dim G_Σ ≤ 2n − 5

which is a contradiction, and will finish the proof of Lemma 2.2.

(2.38) can be seen as follows: Because of the homogeneity of P we have

G_Σ = G_1 ∪ G_2

with G_1 = {L ∈ G_{2,n}(C )|Σ(P ) ∩ L ≠ {O}}, G_2 = {L ∈ G_{2,n}(C )|Σ(P ) ∩ L = {O}, ∃ a critical line of zeros of P |_L through O ∈ C^2 }.

Due to Theorem 2.1, P satisfies the assumptions of Proposition 2.1.1 and thus (2.39) dim G_1 ≤ 2n − 5.

Now let g be a 1-dimensional subspace of C^n with g ⊂ N(P )\Σ(P ) and let E_g denote the corresponding tangent hyperplane to P = 0 containing g. Suppose g is a critical line of zeros of P |_L. Then it is straight forward to see that L ⊂ E_g . Therefore we can represent G_2 as follows: G_2 = ∪{W_g |g ⊂ N(P )\Σ(P )} where W_g = {L ∈ G_{2,n}|g ⊂ L ⊂ E_g }. Obviously dim W_g = n − 3. Further the dimension of N(P ) as a projective variety is at most n − 2. Therefrom we conclude dim G_2 ≤ 2n − 5 since G_2 is locally a product manifold. This together with (2.39) yields (2.38). �

Now we combine Lemma 2.1 and 2.2 and obtain Lemma 2.3. Given P_M according to (2.7), then for some N = N(M) > 0 there exists a subset G ≡ {L^{(1)}, . . . , L^{(N)}} of G_{2,n}(R), where ∀j, 1 ≤ j ≤ N, L^{(j)} is good with respect to P_M and for some c(M) > 0 the assertions (a) and (b) of Lemma 2.1 hold.

Lemma 2.3 allows us to classify the critical points of u as follows: Σ(u, B) = ∪^N_{j=1}E_j , where E_j = {x_o ∈ Σ(u, B)|(a) and (b) hold with L^{(j)} ∈ G}.

(2.42) Note that the sets E_j , 1 ≤ j ≤ N are not necessarily pairwise disjoint.

The existence of ”good” 2-dimensional subspaces of R^n is now used for the essential step of the proof of Theorem 1.1.

Lemma 2.4. : Let L ∈ G_{2,n}(R) be good with respect to P_M given in (2.7). Then for some d = d(M) > 0 there exists R̃ > 0: #Σ(u, L(R̃) + {y}) ≤ d, ∀y ∈ L^⊥ with |y| ≤ t̃ for t̃ small enough, where L(R̃) = {x ∈ L||x| < R̃} and L^⊥ is the orthogonal complement of L in R^n .

Proof of Lemma 2.4. : The proof is similar to that of Lemma 2.3. We use Proposition 2.2 of [HOHON2], namely:

Proposition 2.4.1. : Let p(z_1, z_2) be a homogeneous polynomial in C^2 of degree k with real coefficients, and assume that p has an isolated critical point in the origin

in C^2 . Let further φ ∈ C^∞(Dr(O)), Dr(O) = {y ∈ R^2 ||y| < r}, r > 0, with

φ(y) = p(y) + o(|y|^k) for |y| → 0 and let φ_t(y) ∈ C^∞(D(O) × I) for t ∈ I, I = [−t_0, t_0] for some t_0 > 0, with φ_0 = φ. Then there exists r̃, 0 < r̃ < r such that for |t| ≤ t_0, t_0 small enough, the number of critical points of φ_t(.) in D_{r̃}(O) is uniformly bounded by a constant d(k). Thereby d(k) is the algebraic multiplicity of ∇p in O ∈ C^2 .

For the proof we used results of [AGV], namely: for a homogeneous polynomial p(z), z ∈ C^2 of degree k, with an isolated critical point in the origin O the algebraic multiplicity d(k) of the gradient map of p in O is finite. This together with the subadditivity of the algebraic multiplicity yields the result, which can be stated as #Σ(φ_t, D_{r̃}(O)) ≤ d(k) ∀t, |t| ≤ t_0. We apply this to our case: let L ∈ G_{2,n}(R) be a good plane with respect to P_M , which we represent as L = {y_1ν_1 + y_2ν_2|y_1, y_2 ∈ R} where ν_1, ν_2 ∈ S^{n−1} and < ν_1|ν_2 >= 0.

We identify p(y_1, y_2) = P_M (y_1ν_1 + y_2ν_2) and φ_0(y_1, y_2) = u(y_1ν_1 + y_2ν_2). Let γ ∈ C^∞ denote a curve in L^⊥ passing through the origin, parameterized such that γ(0) = O. we define

φ_t(y_1, y_2) = u(y_1ν_1 + y_2ν_2 + γ(t)), t ∈ I.

Then we obtain due to Proposition 2.2 that for some R > 0, and t small enough (2.43) #Σ(u, L(R) + {γ(t)}) ≤ d(M), ∀t, |t| ≤ t. We suppose now for contradiction that Lemma 2.4 is false, then there are sequences {R_k} and {y^{(k)}}, with y^{(k)} ∈ L^⊥, R_k → 0, |y^{(k)}| → 0 for k → ∞ such that #Σ(u, L(R_k) + {y^{(k)}}) > d(M) ∀k. Proposition 2.4.2. Let {y^{(k)}} denote a sequence in R^n convergent to some y. Then there is a subsequence which is a subset of a C^∞-curve in R^n .

Proof of Proposition 2.4.2. : We use a result of A. Kriegl [Kr] (see also Lemma 4.2.15 in [FK]):

Let x_m ∈ R^n , x_m → x for m → ∞ and let t_m ∈ R, t_m ↓ 0 for m → ∞. If ∀k, k ∈ N, {(x_m − x_{m+1})(t_m − t_{m+1})^{−k}} is bounded, then for some C^∞-curve γ, γ(t_m) = x_m, ∀m and γ^{(j)}(t_m) = 0, ∀j ∈ N.

Given a convergent sequence {y^{(k)}} it is easily seen that we can pick a subsequence converging fast enough so that the above assumptions are fulfilled. �

Therefore we conclude: We can pick a subsequence of {y^{(k)}} (again denoted by {y^{(k)}}) such that for some γ ∈ C^∞, γ(t_k) = y^{(k)}, ∀k and (2.44) #Σ(u, L(R_k)) + {γ(t_k)} > d(M), ∀k. On the other hand given γ, there is R, t > 0 such that (2.43) holds which is a contradiction to (2.44). This verifies Lemma 2.4. �

In the following step of the proof we shall need Lemma 2.3 and 2.4: According to (2.42) we have Σ(u, B) = ∪^N_{j=1}E_j and to each E_j corresponds a good L^{(j)} ∈ G_{2,n} with respect to P_M such that (a) and (b) of Lemma 2.3 hold with this L. Let R > 0 and denote Σ_j = E_j ∩ B_R, 1 ≤ j ≤ N, where B_R = {x ∈ R^n ||x| < R}.

Lemma 2.5. : For R > 0 small enough there is a C < ∞ such that H^{n−2}(A) ≤ C for every closed subset A of Σ_j = E_j ∩ B_R, 1 ≤ j ≤ N.

Proof of Lemma 2.5. For simplicity we suppress in the following the index j in Σ_j , E_j and the corresponding L^{(j)}. So let A denote a closed subset of Σ and let π : A → L^⊥, L^⊥ the orthogonal complement of L in R^n , denote the orthogonal projection of x ∈ A to L^⊥. We have Proposition 2.5.1. : There exists R, t̃, c_0 > 0, d < ∞ such that for every closed subset A of Σ ∩ B_R and ∀y ∈ L^⊥ with |y| ≤ t π^{−1}(y) = {x^{(1)}, . . . , x^{(k)}} with k ≤ d

(2.45) and ∀δ, δ ≤ δ_0(y)

π^{−1}(D_δ(y)) ⊂ ∪^k_{j=1}B_ρ(x^{(j)}), with ρ = δ c_0 , where D_δ(y) = {y ∈ L^⊥||y − y| < δ}. (2.46)

Proof of Proposition 2.5.1. : Due to Lemma 2.3 L ∈ G_{2,n} is good with respect to P_M , hence by Lemma 2.4 we obtain for R, t small enough that (2.45) holds with d = d(M). Suppose now for contradiction that (2.46) does not hold, then ∀c_0 > 0 there is a sequence δ_m ↓ 0 and x^{(m)} ∈ π^{−1}(D_{δm} (y))\ ∪^k_{j=1} B_{ρm} (x^{(j)}), with ρ_m = δ_m c_0 . (2.47)

Without loss we assume that x^{(m)} → x, and since x^{(m)} ∈ A, ∀m and A is compact, x ∈ A ∩ π^{−1}(y). Because of (2.45) x = x^{(j)} for some 1 ≤ j ≤ k.

Denoting by α_m the angle between ω_m =^{x(m)−x}_{|xm−x|} and the 2-dimensional plane L, it follows easily from (2.47) that (2.48) | sin α_m| ≤ c_0, ∀m.

On the other hand we know from Lemma 2.1 (b) (respectively from (b’) in the proof) that for some μ < 1 sup ω∈L∩S^n�1 | < ω|ω_m > | < 1 − μ for m ≥ m_0, m_0 large enough.

This implies in particular that (2.49) | sin α_m| > μ ∀m, m ≥ m_0.

Picking c_0 =^μ_2 in (2.47), (2.49) is in contradiction to (2.48) �

We proceed now with the proof of the Lemma: Let L^⊥(t) = {y ∈ L^⊥||y| ≤ t}, pick δ_0 > 0 small, and ∀y, y ∈ L^⊥(t), let δ(y), with δ(y) ≤ δ_0, be given according to (2.46). Then D ≡ {D δ(y)_5 (y)|y ∈ L^⊥(t)} is a covering of L^⊥(t). Application of a covering theorem (see e.g. Lemma 1.9, p. 10[F]) yields: There exists a countable disjoint subcollection D^′ of D, D^′ = {D_{δ(y}(j)_{)5} (y^{(j)})|j ∈ N}, such that

L^⊥(t) ⊆ ∪_{j∈}ND_{δ(y}(j)_)(y^{(j)}) and ∑ j∈N ( δ(y^{(j)}) 5 )^{n−2} ≤ t̃^{n−2}. (2.50)

Now we conclude via Proposition 2.5.1 and (2.50) that for every closed subset A of Σ = E ∩ B_R

A ⊂ π^{−1}(L^⊥(t)) ⊂ π^{−1}(∪_{j∈}ND_{δ(y}(j)_)(y^{(j)})) = ∪_{j∈}N ∪^{kj}_{i=1} B_{δ(y}(j)_{)5} (x^{(i)}_j )

where ∑_∞ j=1 (^{δ(y(j) )}_{c0} )^{n−2} ≤ (^5_{c0} t)^{n−2} and k_j ≤ d(M), ∀j. Thereby δ(y^{(j)}) ≤ δ_0 and δ_0 can be taken arbitrarily small. Hence we obtain for a δ-cover {U_i, i ∈ N} of A (i.e. the diameters d(U_i) of U_i are ≤ δ)

H^{n−2}_δ (A) := inf_{{Ui }} ∞∑ i=1 d(U_i)^{n−2} < d(M)( 10 c_0 t)^{n−2}

and since H^{n−2}(A) = sup_{δ>0} H^{n−2}_δ (A) = lim_{δ↓0} H^{n−2}_δ (A), we have for some C < ∞ H^{n−2}(A) ≤ C which finishes the proof of Lemma 2.5. �

Finally we proceed as in [HOHON2]. Let R > 0 small enough such that Lemma 2.5 is applicable. We define for k ∈ N (2.51) Γ_k = {x ∈ Σ(u, B_ρ(O))|u − u(x) vanishes of order k in x} and for n ∈ N let

(2.52) Γ_{k,n} = {x ∈ Γ_k| dist (x, ∪_{j≥k+1} Γ_j ) ≥ 1 n }. Note that since k ≤ M, Γ_j = ∅ for j > M. Γ_{k,n} is a closed subset of Σ(u, B_ρ(O)), which follows easily from the smoothness of u and from (2.3). Further it is easily seen that (2.53) Γ_k = ∪_{n∈}NΓ_{k,n}. Therefore (2.54) Σ(u, B_ρ(O)) = ∪^M_{k=2} ∪_{n∈}N Γ_{k,n}. To show that H^1(Γ_{k,n}) can be bounded uniformly in n we use

Proposition 2.5.2. Let x ∈ Γ_{k,n} ∩Σ_j , then for some ρ = ρ(x) > 0, Γ_{k,n} ∩B_ρ(x) ⊂ Σ_j .

Proof of Proposition 2.5.2. : Suppose for contradiction that there is a sequence {x^{(m)}}, x^{(m)} ∈ Γ_{k,n} \Σ_j , ∀m with x^{(m)} → x, x ∈ Γ_{k,n} ∩ Σ_j . Due to Lemma 2.1. (a) and the definition of Σ_j we have

dist (Σ(p^{(x(m))}_k , S^{n−1}), σ^{(j)}) ≤ c, ∀m.

This implies that ∀m there is a y^{(m)} ∈ Σ(p^{(x(m))}_k , S^{n−1}) with dist(y^{(m)}, σ^{(j)}) ≤ c . Without loss let y^{(m)} → y for m → ∞, then (2.55) dist (y, σ^{(j)}) ≤ c

follows. By the smoothness of u and (2.4) we obtain |∇p^{(x(m))}_k − ∇p^{(x)}_k | → 0 for m → ∞ pointwise uniformly, which implies further y ∈ Σ(p^{(x)}_k , S^{n−1}). Since x ∈ Σ_j , dist (y, σ^{(j)}) > c, which is a contradiction to (2.55). �

Clearly we have Γ_{k,n} ⊂ ⋃ x̄∈Γ_{k,n} Bρ(x̄)(x̄), with ρ(x̄) given according to Proposi-

tion 2.5.2. Since Γ_{k,n} is a compact set, there is due to Heine Borel a finite cover of balls centered in x̄_i, 1 ≤ i ≤ l_{k,n} for some l_{k,n} < ∞ such that

(2.56) Γ_{k,n} ⊆ l_{k,n}⋃

i=1 A_i, where A_i = B_{ρ(x̄i )}(x̄_i) ∩ Γ_{k,n},

and because of Proposition 2.4 A_i is a closed subset of some Σ_{j(i)}. Since this is a finite union of closed sets we rewrite (2.25) as Γ_{k,n} ⊆ N⋃ j=1 A^{(k,n)}_j , (2.57)

where A^{(k,n)}_j are closed subsets of Σ_j . ¿From Lemma 2.5 we have H^{n−2}(A^{(k,n)}_j ) ≤ C, 1 ≤ j ≤ N which together with (2.57) leads to

(2.58) H^{n−2}(Γ_{k,n}) ≤ N∑ j=1 H^{n−2}(A^{(k,n)}_j ) ≤ CN.

Noting that obviously Γ_{k,n} ⊂ Γ_{k,n+1} ∀n, {Γ_{k,n}}_{n∈}N is an increasing sequence of sets and therefore (see e.g. Lemma 1.3 [F])

H^{n−2}( ⋃ n∈N Γ_{k,n}) = lim_{n→∞} H^{n−2}(Γ_{k,n}).

This together with (2.58) yields

H^{n−2}( ⋃ n∈N Γ_{k,n}) ≤ CN, 1 ≤ k ≤ M.

Finally using (2.54) we obtain H^{n−2}(Σ(u, B_R(O))) ≤ MCN. This finishes the proof of Theorem 1.1. � Acknowledgement: It is a pleasure to thank H. Knörrer and P. Michor for helpful discussions.

References

[AGV] V.I. Arnold, S.M. Gusein-Zade, A.N. Varchenko, Singularities of Differentiable Maps, Vol.I, Monographs in Math. Vol. 82, Birkhäuser, Berlin, 1985.

[Al] G. Alessandrini, Singular solutions and the determination of conductivity by boundary measurements, J. Diff. Equ. 84 (1990), 252-272.

[B] L. Bers, Local behaviour of solutions of general linear elliptic equations, Commun. Pure Appl. Math. 8 (1955), 473-496.

[BJS] L. Bers, F. John and M. Schechter, Partial Differential Equations, Lectures in Applied Mathematics, American Math. Soc., Providence, 1964.

[CF] L. A. Caffarelli, A. Friedman, Partial regularity of the zero-set of solutions of linear and superlinear elliptic equations, J. Differential Equations 60 (1985), 420-433.

[CM] S. Chanillo, B. Muckenhoupt, Nodal geometry on Riemannian manifolds, J. Diff. geometry 34 (1991), 71-85.

[C] S.-Y. Cheng, Eigenfunctions and Nodal sets, Comment Math. Helvetici 51 (1976), 43-55.

[D] R.-T. Dong, Nodal sets of eigenfunctions on Riemann surfaces, J. Diff. Geometry 36 (1992), 493-506.

[DF1] H. Donelly, Ch. Fefferman, Nodal sets of eigenfunctions on Riemannian manifolds, Invent. math. 93 (1988), 161-183.

[DF2] H. Donnelly and C. Fefferman, Nodal sets of eigenfunctions: Riemanian manifolds with boundary, Analysis etc., Academic Press, Boston, 1990, 251-262.

[DF3] H. Donnelly and C. Fefferman, Nodal sets for eigenfunctions of the Laplacian on surfaces, J. Am. Math. Soc. (to appear).

[F] K.J. Falconer, The geometry of fractal sets, Cambridge Tracts in Math. 85, Cambridge University Press, 1985.

[FK] A. Fröhlicher, A. Kriegl, Linear Spaces and Differentiation Theory, Wiley, 1988. [H] Q. Han, Singular sets of solutions to elliptic equations, Indiana Univ. Math. J. 43 (1994), 983-1002.

[Ha] J. Harris, Algebraic geometry, GTM 133, Springer, 1992.

[HS] R. Hardt, L. Simon, Nodal sets for solutions of elliptic equations, J. Diff. Geom. 30 (1989), 505-522.

[HOHON1] M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof and N. Nadirashvili, Interior Hölder estimates for solutions of Schrödinger equations and the regularity of nodal sets, Commun. P.D.E 20 (1995), 1241-1273.

[HOHON2] M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof and N. Nadirashvili, Critical sets of smooth solutions to elliptic equations in dimension 3, Indiana Math J. 45,1 (1996), 15-37.

[Kr] A. Kriegl, Monatshefte f. Math. 94 (1982), 109-124.

[L] F.H. Lin, Nodal sets of solutions of elliptic and parabolic equations, Commun. Pure and Appl. Math. XLIV (1991), 287-308.

[M] J. Milnor, Singular points of complex hypersurfaces, Annals of Math. Studies 61, Princeton University Press, Princeton, 1968.

[N] N. Nadirashvili, Uniqueness and stability of the solution of an elliptic equation from a set to a domain, Math. Notes of the Acad. Sci. USSR 40 (1986), 623-627.

[RS] L. Robbiano, J. Salazar,, Dimension de hausdorff et capacité de points singuliers d’une solution d’un opérateur elliptique, Bull. Sci. Math. 114 (2) (1990), 329-336.

[S] I.R. Shavarevic, Basic algebraic geometry, Gundlehren d. math. Wissenschaften Bd. 213, Springer Verlag, 1974.

[Y] S.T. Yau, Open problems in geometry, Proc. Symp. Pure Math. 54,1 (1993), 1-28, problem 43.

M. Hoffmann-Ostenhof: Institut für Mathematik, Universität Wien, Strudlhofgasse 4, A-1090 Wien, Austria

E-mail address: mho@nelly.mat.univie.ac.at

T. Hoffmann-Ostenhof: Institut für Theoretische Chemie, Universität Wien, Währinger Strasse 17, A-1090 Wien, Austria and International Erwin Schrödinger Institute for Mathematical Physics, Boltzmanngasse 9, A-1090 Wien, Austria E-mail address: thoffman@esi.ac.at

N. Nadirashvili: Institute for Problems of Information Transmission, Bol’shoi Karetnyi 19, 101447 Moscow, Russia