Lifschitz tail in a magnetic field: the nonclassical regime

László Erdős Courant Institute, New York University 251 Mercer Street New York, NY 10012 E-mail: erdos@cims.nyu.edu

June 27, 1997

Abstract

We estimate the Lifschitz tail of the two dimensional magnetic Schrödinger operator with a uniform magnetic field and random Poissonian impurities. The single site potential is compactly supported. We obtain the exact low energy asymptotics in the case of the hard-core potential at high density, and we prove lower and upper bounds for soft potential. Our methods involve magnetic localization techniques (both in space and energy) in addition to a modified version of the ”enlargement of obstacles” method developed by A.-S. Sznitman.

AMS 1991 Subject Classification: 60K40, 82B44, 82D30

Running title: Lifschitz Tail in a Magnetic Field.

Contents

1 Introduction 2 1.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 Idea of the proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Heat kernel, Laplace transform 12

3 Apriori localization 14 3.1 Estimates on the lowest eigenvalue on a disk . . . . . . . . . . . . . . . . . . . 16 3.2 Lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.3 Upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.4 Second localization in the soft potential case . . . . . . . . . . . . . . . . . . . 22

4 Enlargement of obstacles 25

5 Upper bound on the Lifschitz tail 43 5.1 Hard-core potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 5.2 Soft potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

1 Introduction

Magnetic Schrödinger operators with random potentials have been intensively studied by physicists, in particular because of their relevance to the quantum Hall effect. Rigorous mathematical studies of these operators have appeared only recently (e.g. [3], [4], [14], [12]). For a wider background and many references (including physical ones) we refer to [3]. In this paper we focus on the integrated density of the states (IDS) in the low energy limit, i.e. on the so-called Lifschitz tail. We restrict ourselves to the two-dimensional situation which is the most relevant case for magnetic problems.

We shall consider both soft and hard-core obstacles. The asymptotic behaviour of the Lifschitz tail is not supposed to depend on the shape of the actual obstacle potential and our results are consistent with this expectation. For technical reasons, however, we are able to prove a stronger theorem for the hard-core case, but the crucial part of the proof is common for both cases. We mainly focus on the soft potential case (which is more general) and only indicate the necessary changes for the hard-core case. In particular we shall emphasize the reason why we have a stronger result for this latter case.

1.1 Definitions

Soft potential

Consider a nonnegative, measurable function V^{(0)} on R^2, which is positive on an open set of positive measure, i.e. V^{(0)}(x) ≥ v for |x| ≤ a for some a, v > 0. For technical simplicity, we assume that V^{(0)} is continuous. Let

V (x) = V_ω(x) = ∑ i V^{(0)}(x − x_i(ω)) (1.1)

be a random potential, where x_i(ω) is a Poisson point process on R^2 with density ν (here ω denotes the randomness, but we shall usually omit it from the notations). The expectation with respect to the probability measure, P_ω, of the Poisson process is denoted by E = E_ω. We consider the following magnetic Schrödinger operator with random potential V_ω

H(V ) = H(V_ω) = H_ω = 1 2 (−i∇ − A)^2 + V_ω, (1.2)

where A : R^2 → R^2 is a deterministic vector potential generating the constant B > 0 magnetic field, i.e. curl A = B. The properties we are interested in are independent of the actual gauge choice, so, conveniently, we choose A(x) := (−Bx_2/2, Bx_1/2). Here x = (x_1, x_2) ∈ R^2. We also define H_Λ as the restriction of H onto a domain Λ ⊂ R^2 (with Dirichlet boundary conditions). In this paper by domain we mean an open, bounded subset of R^2 with regular (C^1) boundary, which is not necessarily connected.

These operators are almost surely selfadjoint since V_ω ∈ L^1_{loc} with probability one. We always assume that ω belongs to this set of full measure. We define the integrated density of states (IDS) as N(E) = lim_{Λ↗}R_2 1 |Λ| E_ωTrP_E(H_Λ), (1.3) where P_E is the spectral projection onto the half line (−∞, E], and Λ ↗ R^2 denotes an increasing sequence of nested regular domains, say cubes. In fact, the above limit equals to E_ω[P_E(H)(x, x)], moreover it has the so called self-averaging property, i.e. the random quantity |Λ|^{−1}TrP_E(H_Λ) becomes deterministic in the macroscopic limit. For details, we refer to [5] and references therein.

Hard-core potential

Let K be a compact set with non-empty interior and regular boundary, say B(0, a) ⊂ K ⊂ B(0, a) for some 0 < a < a and ∂K ∈ C^1. B(x, r) denotes the ball of radius r centered at x. Consider the random set T_ω = T = R^2 \ ⋃ i ( K + x_i(ω) ) (1.4)

and let H_T be the operator^1_2 (−i∇ − A)^2 with Dirichlet boundary conditions on T . Since {x_i(ω)}_i is a.s. locally finite, T is open almost surely. Hence H_T and H_{T ∩Λ} are well defined as a selfadjoint operators. Let

N^{hc}(E) := lim_{Λ↗}R_2 1 |Λ| E_ωTrP_E(H_{T ∩Λ}), (1.5) where P_E is the spectral projection as before. The existence of this limit is standard by the ergodic technique of superadditive processes. We refer to [11] for the general technique and to [12] for the magnetic case. This latter work states the theorem for the case of finite potential only, but all it uses is that the operator has compact resolvent, hence the hard-core case follows as well.

1.2 Results

Since the spectrum of the free magnetic operator starts at B_0 := B/2 (first Landau level), the low energy behaviour of the IDS amounts to studying the asymptotics of N(B_0 + E) as E → 0 + 0.

First, we recall the relevant results for the nonmagnetic (B = 0) case in any dimension d (see [15]). Assume that the single site potential, V^{(0)}, is in L^2_{loc} and it has a definite tail behaviour with exponent α > d, i.e. lim |x|→∞ |x|^αV^{(0)}(x) = μ, 0 < μ < ∞. (1.6)

For slowly decaying potentials, i.e. for d < α < d + 2, the asymptotics of N(E) is given by lim E→0+0 E^{d/(α−d)} log N(E) = −C(d, α, μ, ν), (1.7) where the constant is explicit. This behaviour is completely governed by the potential energy, i.e. by classical effects. For α > d + 2 (more precisely, if V^{(0)}(x) = o(|x|^{−d−2}) at infinity), one has (see [6] and [17]) lim E→0+0 E^{d/2} log N(E) = −C(d, ν), (1.8) i.e. the tail is independent of the parameters of the single site potential. In fact, we obtain the same behaviour for hard obstacles (formally, it corresponds to α = ∞), indicating that the localization properties of the kinetic energy plays the major role in contrast to the previous case of slowly decaying potential. We call this regime nonclassical. Note that the threshold for this transition is at the decay exponent α = d + 2. Heuristically, it is obtained from the competition between the kinetic energy within the ball of radius R (∼ R^{−2}) and the potential energy within this ball originated from obstacles outside the ball (∼ ∫ |x|≥R μ |x|^α ν dx ∼ R d−α). In the magnetic case, the situation is different. The magnetic field itself has a strong localization effect, i.e. the kinetic energy is expected to play less role. In fact, it has been proven in [3] that the classical effects dominate for any d = 2 < α < ∞, and any B > 0, i.e. (compare with (1.7); even the constant is the same) lim E→0+0 E^{2/(α−2)} log N(B_0 + E) = −C(d = 2, α, μ, ν) (1.9)

under the condition (1.6). Note that the strength of the magnetic field does not appear in the asymptotic behaviour of N(E + B_0), only the fact that B > 0 is used. Analogous result is valid in higher even dimensions as well.

One of the conclusion of [3] is that the low energy tail is always determined by the classical effect. In the present paper, we show that with a more careful analysis one can detect the nonclassical behaviour, but the threshold decay of the potential, where the transition occurs, has to be faster than polynomial. Therefore it is invisible in the regime investigated in [3]. Moreover, we show that the asymptotic behaviour of N(B_0 + E) does depend on the strength of B in the nonclassical regime. Our theorem is the following [1(·) denotes the characteristic function]:

Theorem 1.1 In two dimensions let ν be the intensity of the Poisson point process and let B = 2B_0 be a constant magnetic field.

(i) (Soft potential) Let V^{(0)} be continuous, compactly supported and V^{(0)} ≥ v1_{B(0,a)} for some a, v > 0. Then the integrated density of states of H(V ), defined in (1.3), satisfies − 2πν B ≤ lim inf E→0+0 log N(E + B_0) | log E| ≤ lim sup E→0+0 log N(E + B_0) | log E| ≤ − 2πν B + 2. (1.10)

(ii) (Hard-core potential) Assume that the compact set K contains a ball B(0, a) and has a regular boundary. Consider H_T as defined above, where T is given by (1.4). The integrated density of states N^{hc}(E), defined in (1.5), satisfies lim E→0+0 log N^{hc}(E + B_0) | log E| = − 2πν B (1.11)

if the density is large enough, namely if

νa^2 ≥ 27.97. (1.12)

Remark 1. The gap between the lower and the upper bound in part (i) is due to the method of our proof. We are certain that the correct behavior is given by the lower bound. The upper bound is meaningful only for weak magnetic field: B ≤ νπ.

Remark 2. The lower bound in (1.12) comes from a robust numerical bound in percolation theory. It is not our goal to optimize it, especially since we believe that (1.11) is true without any condition on the density.

Remark 3. This theorem does not establish the optimal condition on the decay of V^{(0)}. In particular, we do not address the question how to improve our result to include potentials with unbounded support (the results of [3] show that the decay of the potential has to be faster than any polynomial). Similarly to the nonmagnetic case, a competition between the kinetic energy and the potential energy suggests that the threshold decay is probably Gaussian.

Remark 4. For Dirac delta potential V^{(0)}, the precise asymptotics was obtained in [2] using functional integrals (the asymptotic behaviour coincides with the lower bound in (1.10)). That method does not seem to apply to a wider class of potentials, though the result makes the conjecture in Remark 1 plausible since one expects that the Lifschitz tail behaviour in the nonclassical regime is independent of the actual shape of the potential.

Remark 5. Our method does not work to investigate Lifschitz tails above higher Landau levels. Note that statements analogous to (1.9) were proven in [3] for the restriction of H onto any fixed Landau band.

1.3 Idea of the proof

Similarly to the difference in complexity between the proofs of (1.7) and (1.8), one can expect that the proof of (1.10) requires more detailed analysis than that of (1.9). In particular, the lower bound on the Hamiltonian (upper bound on the IDS) is more complicated; Golden- Thompson and related inequalities used in [3] are insufficient.

First, we translate the problem into a heat kernel estimate. Then, there are two main ingredients in our work. Not unexpectedly, the proof of (1.10) must contain an argument similar to the proof of (1.8), i.e. a Donsker-Varadhan type upper bound on the heat kernel (see [6]). A.-S. Sznitman has worked out an alternative method for proving this upper bound (in fact, his technique is applicable to a much wider class of problems), and we found this approach suitable to the magnetic problem. This is the first major ingredient.

The second ingredient is an isoperimetric inequality. For the nonmagnetic case this boils down to the standard isoperimetric problem; i.e. minimization of the lowest Dirichlet eigenvalue of a domain with a fixed volume. Note that neither Donsker-Varadhan’s nor Sznitman’s method can avoid this step. Apparently the same is true for the magnetic problem; this was our main motivation to prove the corresponding isoperimetric inequality with a magnetic field in [8].

The present paper contains the heat kernel estimates and here we explain briefly the strategy.

Sznitman’s method is not directly applicable, since it heavily uses that the transition kernels are positive, in contrast to the oscillatory character of the magnetic problem. It also requires a real valued ”free” diffusion process, such that the Feynman-Kac formula for e^{−tH(V )} could be viewed as its perturbation. We were not able to find a suitable diffusion process associated with the free magnetic problem. Diffusion with a drift comes as a natural candidate but we are not aware of any process with a real drift that mimics the free magnetic Schrödinger operator. We are able to replace the effect of the magnetic field by a potential via a variational principle (see Eqs. (6) and (8) in [8]), but this potential changes sign which makes it hard to estimate in the Feynman-Kac formula.

Instead, our key idea is to use the spectral gap in the free magnetic Hamiltonian to separate the lowest Landau band. It turns out, by a simple energy argument, that the contributions from the higher Landau bands are irrelevant as we are investigating unusually low lying eigenvalues. Hence almost the whole principal eigenstate lives in the lowest Landau band. By the Aharonov-Casher theorem [1], the projection of any state onto the lowest Landau band can be expressed as he^{Bg} where h is analytic, and g solves Δg = −1 on the domain. We write g in terms of the expected value of the boundary hitting time of a free Brownian motion. It is this stage where we use an argument similar to Sznitman’s, applied to a process which is, unlike in Sznitman’s papers, completely different from the one generated by the original Hamiltonian.

Before starting the proof, we wish to elucidate the origin of the gap between the two bounds in (1.10).

The IDS in infinite volume contains information about infinitely many (generalized) eigenvalues. However, the crucial part of our analysis (as well as in Sznitman’s original work) proves that the lowest eigenvalue of H(V ) is comparable to the lowest eigenvalue of another Hamiltonian (the one with the so-called ”enlarged obstacles”), whose potential configuration has a smaller entropy factor. This method is able to estimate only the lowest eigenvalue, hence, before applying it, we have to localize the problem onto a small enough box on which the lowest eigenvalue solely determines the low energy asymptotics of the averaged IDS. Fortunately, by (1.3), the infinite volume IDS can be approximated by a finite volume IDS. Hence, it will be enough to consider the Hamiltonian restricted to a finite box. We call this step the apriori localization. The choice of the size of this ”apriori” box depends on the energy threshold E according to the following two requirements.

On one hand, it turns out that for each energy E the main contribution to the averaged IDS comes from very atypical configurations (where the Poisson cloud has a large clearing) which support an eigenfunction with a very low lying eigenvalue. This eigenfunction has a natural lengthscale, depending only on E. Obviously, the apriori box has to be at least as big as this natural lengthscale in order not to destroy these low lying states by the artificial apriori localization.

On the other hand, the actual number of eigenvalues below E should be irrelevant (on logarithmic scale) compared to the large deviation probability that there is any eigenvalue below E at all. This is the case, at least, if the size of the apriori box is not much bigger than the natural lengthscale of the typically contributing eigenfunction. The number of the relevant low lying eigenvalues is approximately equal to the volume ratio between the apriori box and the box with side lengths equal to the natural lengthscale.

The whole proof is actually done in the language of the heat kernel as we explain it in Section 2. We shall take the Laplace transform of N(E) to obtain the heat kernel, whose time parameter t is the conjugate variable to E. The small energy asymptotics of N(E) is related to the large time asymptotics of the heat kernel by a Tauberian type argument, which also establishes the relation between t and E. The apriori localization entails a large deviation estimate of the probability that the Brownian loop (in the Feynman-Kac-Ito representation of the heat kernel) goes extremely far. By the simplest Gaussian tail estimate on this probability, one obtains the necessary decay (exponential in t is good enough) if the linear size of the apriori box is of order t. This estimate does not use any extra localization due to the magnetic field (if any); the oscillatory factor in the Feynman-Kac-Ito formula, which supposedly enhances localization, is estimated by absolute value. We remark that it is not clear to what extent the strong Gaussian type off-diagonal decay of the free magnetic heat kernel survives under potential perturbation. Warning examples and related phenomena are discussed in [7] and [9].

In the nonmagnetic case the Tauberian argument sets E ∼ t^{−2/(d+2)}, and the natural lengthscale is of order E^{−1/2} ∼ t^{1/(d+2)}, d being the space dimension. Since the volume of the apriori box is of order t^d, the number of low lying eigenvalues is around t^d/t^{d/(d+2)}, i.e. a power of t. This overcounting is irrelevant compared to the subexponentially small size of the averaged heat kernel (∼ exp −t^{d/(d+2)}).

In the magnetic case, the situation is much tighter. The natural lengthscale is proportional to √ | log E| ∼ √ log t, and the overcounting is still a power of t. But the actual heat kernel decay is algebraic as well (t^{−2πν/B}, see (2.8) later). Hence the overcounting error is comparable to the main term and it influences the upper bound in (1.10). Even the proof of this weaker result is fairly involved, in fact we use a two step localization scheme and the special magnetic localization technique developed in [10].

It is only in the large density hard-core case where we are able to control the overcounting more effectively. If the density is large enough, then the obstacle configuration is in the percolating regime. The connected components of T are bounded, and, from percolation theory, one has an effective exponential estimate on the probability that a component is large. This gives an apriori localization for free on a much smaller lengthscale than the one given by Brownian loop large deviation.

2 Heat kernel, Laplace transform

Soft potential:

Let L(t) (t > 0) be the shifted Laplace transform of the density of states N(E): L(t) := ∫ e^{−λt} dN(B_0 + λ) = e^{B0t} ∫ e^{−λt} dN(λ). (2.1) For all ω and x ∈ R^2 we can define L^x_ω(t) := (2πt)^{−1}e^{B0t}E^{x,t}_{x,0}e^{−i} ∫_t 0 A(Ws)dWs− ∫_t 0 Vω(Ws)ds = e−tH_ω (x, x), (2.2)

where E^{x,t}_{y,0} stands for the expectation with respect to the probability measure of the two dimensional Brownian bridge W_s (0 ≤ s ≤ t) with W_0 = x, W_t = y. Notice that the heat kernel, e^{−tHω} (x, y) in general exists only for almost all x and y and almost surely. But by Theorem 3.1. from [5] it is continuous almost surely (if V_ω ∈ L^1_{loc}), and the Feynman-Kac- Ito formula gives this continuous representation. In particular, the diagonal element is well defined.

Notice that L^x_ω(t) is independent of the gauge choice, in particular its distribution is ergodic with respect to the spatial translations in x, i.e. E_ωL^x_ω(t) is independent of the choice of x.

Using the approximation result in [3] (formula (A.10)) we get that L(t) = E_ωL^x_ω(t) (2.3) for any x (in particular this shows that L(t) is finite).

Hard-core potential Analogously to (2.1) and (2.2) we define L^{hc}(t) := ∫ e^{−λt} dN^{hc}(B_0 + λ) = e^{B0t} ∫ e^{−λt} dN^{hc}(λ), (2.4) and for all x ∈ R^2 L^{hc,x}_ω (t) := (2πt)^{−1}e^{B0t}E^{x,t}_{x,0}e^{−i} ∫_t 0 A(Ws)dWs 1(T Tω > t) = e^{−tHTω} (x, x). (2.5) Here and in the sequel T_Ω denotes the exit time from the domain Ω.

The continuity of the heat kernel of H_T has not been explicitly proven in [5], but it follows immediately from the soft potential case by the following approximation. Since T = T_ω is open (almost surely), by dominated convergence E^{y,t}_{x,0}e^{−i} ∫_t 0 A(Ws)dWs− ∫_t 0 Vn(Ws)ds → Ey,t x,0e^{−i} ∫_t 0 A(Ws)dWs 1(T T > t) (2.6)

locally uniformly in x, y ∈ T and in t, where V_n is an increasing sequence of continuous functions supported on T^c such that V_n(x) → ∞ for all x ∈ T^c. Such a sequence exists because int(K) is non-empty and ∂K is regular.

By continuity of the heat kernel, its diagonal element in (2.5) is well defined and for all x L^{hc}(t) = E_ωL^{hc,x}_ω (t). (2.7) Again, this relation is proven in [3] only for soft potential, but the proof of (A.10) goes through with obvious changes for the hard-core case as well.

Theorem 2.1 (i) (Soft potential) Under the conditions of part (i) of Theorem 1.1, we have − 2πν B ≤ lim inf_{t→∞} log L(t) log t

≤ lim sup t→∞ log L(t) log t ≤ − 2πν B + 2. (2.8)

(ii) (Hard-core potential) Under the conditions of (ii) of Theorem 1.1, we have lim_{t→∞} log L^{hc}(t) log t = − 2πν B . (2.9)

By a standard Tauberian argument, Theorem 1.1 immediately follows from Theorem 2.1.

The rest of the paper contains the proof of Theorem 2.1. We shall focus on the proof of part (i), and only indicate the changes required for the proof of part (ii).

3 Apriori localization

Let Q = [−q(t), q(t)]^2 be a large box with some q(t) ≫ 1 to be determined later. For almost all configurations ω, we consider the self-adjoint operator H_{Q,ω} =^1_2 (−i∇ − A)^2 − B_0 + V_ω with Dirichlet boundary condition on Q. Let λ_{Q,ω} be its lowest eigenvalue. For any x ∈ Q, let L^x_{Q,ω}(t) := e^{−tHQ,ω} (x, x) = (2πt)^{−1}e^{B0t}E^{x,t}_{x,0}e^{−i} ∫_t 0 A(Ws)dWs− ∫_t 0 Vω(Ws)ds1(T Q > t) (3.1) be the diagonal element of the heat kernel by the magnetic Feynman-Kac formula. Recall that for any domain Ω ⊂ R^2, T_Ω denotes the exit time from the set Ω.

The heat kernel of H_{Q,ω} is trace class, therefore L_{Q,ω}(t) := 1 |Q| ∫ Q L^x_{Q,ω}(t)dx = 1 |Q| Tr e^{−tHQ,ω} (3.2)

= 1 |Q| (2πt)^{−1}e^{B0t} ∫ Q dx E^{x,t}_{x,0}e^{−i} ∫_t 0 A(Ws)dWs− ∫_t 0 Vω(Ws)ds1(T Q > t) exists and is finite (| · | denotes the Lebesgue measure of a set). Finally let L_Q(t) := E_ωL_{Q,ω}(t). The quantities λ^{hc}_{Q,ω}, L^{hc,x}_{Q,ω} (t), L^{hc}_{Q,ω}(t) and L^{hc}_Q (t) for the hard-core case are defined analogously.

We need the following robust estimates.

Lemma 3.1 (i) For t > 2B^{−1}, for any x ∈ R^2 and for almost all ω L^x_ω(t) = e^{−tHω} (x, x) ≤ B, (3.3) and for any square Q L^x_{Q,ω}(t) = e^{−tHQ,ω} (x, x) ≤ B. (3.4)

(ii) For any square Q, for any x, t > 4B^{−1} and for almost all ω L^x_{Q,ω}(t) = e^{−tHQ,ω} (x, x) ≤ 10B ( e^{−tλQ,ω} + e^{−B0t} ) . (3.5)

The same estimates hold for the hard-core case.

Proof of Lemma 3.1. (i) The robust diamagnetic estimate in the Feynman-Kac-Ito formula (2.2) gives e^{−τHω} (x, x) ≤ (2πτ)^{−1}e^{B0τ} , (3.6) for any τ > 0. Hence, using H_ω ≥ 0, we have e^{−tHω} (x, x) = ( e^{−B−1Hω} (·, x), e^{−(t−2B−1)Hω} e^{−B−1Hω} (·, x) ) L^2(R^2) ≤ ‖ ‖e^{−B−1Hω} (·, x) ‖ ‖2 L^2(R^2) = e −B^{−1}Hω (x, x) ≤ B. The proof of (3.4) is identical.

(ii) Similarly to part (i), e^{−tHQ,ω} (x, x) = ( e^{−B−1HQ,ω} (·, x), e^{−(t−2B−1)HQ,ω} e^{−B−1HQ,ω} (·, x) ) L^2(R^2) (3.7) ≤ e^{−(t−2B−1)λQ,ω} ‖ ‖ ‖e^{−B−1HQ,ω} (·, x) ‖ ‖ ‖ 2 L^2(R^2) = e −(t−2B^{−1})λ_{Q,ω} e−B^{−1}H_{Q,ω} (x, x) ≤ 10B ( e^{−tλQ,ω} + e^{−B0t} )

using that H_{Q,ω} ≥ λ_{Q,ω}, t > 4B^{−1} and that e^{−τHQ,ω} (x, x) ≤ (2πτ)^{−1}e^{B0τ} , (3.8) for any τ, again by a robust estimate in the Feynman-Kac formula (3.1). In the last line of (3.7) we distinguished the cases λ_{Q,ω} ≤ B and λ_{Q,ω} ≥ B. 2

3.1 Estimates on the lowest eigenvalue on a disk

Let λ(B, R) be the lowest eigenvalue of^1_2 (−i∇ − A)^2 − B_0 with Dirichlet boundary conditions on the disk B(0, R). Recall that B = 2B_0 is the magnetic field. In the Appendix of [8] we gave a lower and an upper bound on λ(B, R) (the notation was slightly different). The choice of the parameters in the proof given there is not well-suited for our problem, hence we slightly reformulate the statement and the proof.

Proposition 3.2 For any κ > 0, there exists C(κ) > 0 such that e^{−B0R2(1+κ)} ≤ λ(B, R) ≤ e^{−B0R2(1−κ)} (3.9) if B_0R^2 ≥ C(κ).

Proof. We slightly modify the proof given in [8]. Recall that it is sufficient to consider the case B = 1 by scaling. Then, we identified λ(B = 1, R) with the smallest eigenvalue of the one dimensional harmonic oscillator −∂^2_x + x^2/4 − 1/2 on the interval [−R, R].

To construct a trial function for the upper bound in (3.9), we cut off the Gaussian eigenfunction ϕ(x) = e^{−x2/4} of the unrestricted oscillator by straight line segments on R−1 ≤ |x| ≤ R. For large R this is more effective than the line segments on R/2 ≤ |x| ≤ R used in [8].

For the lower bound we follow the same proof based on the Birman-Schwinger principle, but we choose the following parameters: E := exp(κR^2), N := ( 1 2 + 2κ ) R^2E, η := exp ( − [^1_2 + κ]R^2 ) . 2.

3.2 Lower bound

Here we give the lower bound on L(t) in Theorem 2.1 (the same argument works for L^{hc}(t) as well). First we show that L_Q(t) ≤ L(t). (3.10)

Let Λ_M := [−Mq(t), Mq(t)] with M being an integer, and let M^′ < M. We have L(t) ≥ 1 |Λ_M | ∫ Λ_M′ E_ωe^{−tHω} (x, x) dx (3.11)

= 1 |Λ_M | ∫ Λ_M′ E_ωe^{−tHΛM ,ω} (x, x) dx + 1 |Λ_M | ∫ Λ_M′ E_ω [ e^{−tHω} (x, x) − e^{−tHΛM ,ω} (x, x) ] dx ≥ 1 |Λ_M | ∫ Λ_M E_ωe^{−tHΛM ,ω} (x, x) dx − B(|Λ_M | − |Λ_M ′ |) |Λ_M | − 4e^{B0t}|Λ_M ′ | 2πt|Λ_M | exp ( − [(M − M^′)q(t)]^2 8t ) . Here we used (3.4) for Q = Λ_M and we estimated | |E_ω [ e^{−tHω} (x, x) − e^{−tHΛM ,ω} (x, x) ]| | = | |E_ω(2πt)^{−1}e^{B0t}E^{x,t}_{x,0}e^{−i} ∫_t 0 A(Ws)ds− ∫_t 0 Vω(Ws)ds1(T Λ_M ≤ t) | |

≤ 4(2πt)^{−1}e^{B0t} exp ( − [(M − M^′)q(t)]^2 8t )

for any x ∈ Λ_M ′ . The last estimate follows from the fact that x is at least at a distance (M − M^′)q(t) from the boundary of Λ_M and from the standard large deviation estimate for the Brownian loop ([16])

P^{0,t}_{0,0}( sup_{0≤s≤t} |W_s| ≥ L) ≤ 4 exp ( − L^2 8t ) (3.12)

for any L > 0.

Since M is an integer, there are squares {Q_i}^{M 2}_{i=1}, each being congruent to Q, which partition Λ_M . Obviously H_{ΛM ,ω} ≤ ⨁ i H_{Qi,ω}. Since the trace of the heat kernel is operator monoton, we have 1 |Λ_M | ∫ Λ_M e^{−tHΛM ,ω} (x, x) dx = 1 |Λ_M | Tr e^{−tHΛM ,ω} ≥ 1 M^2 ∑ i 1 |Q_i| Tr e^{−tHQi,ω} . Hence (3.11) yields L(t) ≥ L_Q(t) − B(|Λ_M | − |Λ_M ′ |) |Λ_M | − 4e^{B0t}|Λ_M ′ | 2πt|Λ_M | exp ( − [(M − M^′)q(t)]^2 8t ) .

Since this is true for any M, M^′, letting M, M^′ → ∞ such that M −M^′ → ∞ but M −M^′ ≪ M, we obtain (3.10).

Now we give a lower bound on L_Q(t). Since it corresponds to an upper bound on the Hamiltonian H_{Q,ω}, it is enough to choose a convenient obstacle configuration and a trial function.

Let ℓ(t) := 10 ( log t B_0 )1/2 . This is the natural lengthscale, mentioned in the introduction, on which the eigenfunctions, with eigenvalues substantially contributing to the Lifschitz tail, are supported.

For the lower bound one can choose q(t) := ℓ(t) for the size of the apriori localization. Let supp V^{(0)} ⊂ B(0, a) for some a. Hence

L_Q(t) = 1 |Q| E_ω Tre^{−tHQ,ω} ≥ 1 |Q| sup_{Ω⊂Q} { e^{−tλ(Ω)} · P_ω ( Ω ∩ ⋃ i B(x_i(ω), a) = ∅ )}

≥ 1 |Q| sup_{Ω⊂Q} { e^{−tλ(Ω)}e^{−ν|Ω+B(0,a)|} } , (3.13)

where the supremum runs through all open sets Ω ⊂ Q := [−q(t), q(t)]^2, and λ(Ω) = λ^{(B0)}(Ω) denotes the lowest eigenvalue of H_Ω :=^1_2 (−i∇ − A)^2 − B_0 with Dirichlet boundary conditions on Ω. We usually omit the superscript B_0.

For Ω, one can choose a disk with radius R := ( log t B_0(1−κ) )1/2 ≤ ℓ(t) with some 0 < κ < 1/2.

Then λ(Ω) ≤ e^{−B0R2(1−κ)} = t^{−1} by Proposition 3.2 for large enough t. Hence, we obtain from (3.13) and (3.10) L(t) ≥ L_Q(t) ≥ 1 ℓ(t)^2

· t^{− 2πνB(1−2κ)} (3.14)

for large enough t ≥ t̃(B, ν, a). Taking logarithm of (3.14), and considering lim inf_{t→∞} first, then lim_{κ→0}, we immediately obtain the lower bound in (2.8). The lower estimate in (2.9) is identical.

3.3 Upper bound

For the upper bound, we have to choose the lengthscale of the apriori localization q(t) much bigger than the natural lengthscale ℓ(t).

Proposition 3.3 Let t > 4/B.

(i) (Soft potential) Assume that q(t) ≥ 4C_1t with some C_1 ≥ (24B_0)^{1/2}. Then L(t) ≤ ( 1 + 4C_1t q(t) ) L_Q(t) +

160C_1t q(t) E_ωe^{−tλQ,ω} + 50Be^{−B0t}. (3.15) This estimate is valid for the hard-core case as well. Furthermore, we have

L(t) ≤ 160 ( B + C_1t q(t) ) E_ωe^{−tλQ,ω} + 70Be^{−B0t}. (3.16) (ii) (Hard-core potential) Assume (1.12) holds, then there exist universal constants C_2, C_3, C_4 such that L^{hc}(t) ≤ 4L^{hc}_Q (t) + 50B ( C_2e^{−C3q(t)} + e^{−B0t} ) , (3.17) L^{hc}(t) ≤ 100B ( E_ωe^{−tλhcQ,ω} + C_2e^{−C3q(t)} + e^{−B0t} ) (3.18) hold if q(t) ≥ C_4.

Proof of Proposition 3.3. Lemma 3.1 implies (3.16) once (3.15) is proved using

L_Q(t) = 1 |Q| ∫ Q E_ωL^x_{Q,ω}(t) dx. Similar argument is valid for the hard-core case to show that (3.17) implies (3.18).

For the proof of (3.15), we consider the cube Q̃ = [−(q(t) − C_1t), q(t) − C_1t]^2. Then L_{Q,ω}(t) = 1 |Q| ∫ Q̃ L^x_ω(t) dx + 1 |Q| ∫ Q\Q̃ L^x_{Q,ω}(t) dx + 1 |Q| ∫ Q̃ ( L^x_{Q,ω}(t) − L^x_ω(t) ) dx, and by taking expectation

L_Q(t) := E_ωL_{Q,ω}(t) = |Q̃| |Q| L(t)+ 1 |Q| ∫ Q\Q̃ E_ωL^x_{Q,ω}(t) dx+ 1 |Q| ∫ Q̃ E_ω ( L^x_{Q,ω}(t)−L^x_ω(t) ) dx. (3.19)

In the main term use that |Q̃|/|Q| ≥ 1 − 2C_1t/q(t). The first error term is estimated by (3.5) 1 |Q| ∫ Q\Q̃ dx E_ωL^x_{Q,ω}(t) ≤ 80C_1Bt q(t) ( E_ωe^{−tλQ,ω} + e^{−B0t} ) (3.20) since |Q \ Q̃| ≤ 8C_1tq(t). On Q̃ we can write 1 |Q| | | | ∫ Q̃ dx E_ω ( L^x_{Q,ω}(t) − L^x_ω(t) )| | (3.21) ≤ 1 |Q| | | ∫ Q̃ dx E_ω(2πt)^{−1}e^{B0t}E^{x,t}_{x,0}e^{−i} ∫_t 0 A(Ws)dW (s)− ∫_t 0 Vω(Ws)ds1(T Q ≤ t) | | ≤ 4(2πt)^{−1}e^{B0t}e^{−(C1t)2/(8t)} ≤ Be^{−Bt}. In the last line we used that x is at least at a distance C_1t ≥ (24B_0)^{1/2}t from the boundary of Q and the large deviation estimate (3.12). Hence (3.15) follows from (3.19), (3.20) and (3.21).

For the proof of part (ii) of Proposition 3.3, we recall a basic result from the theory of continuum percolation in the Boolean Poisson model of random disks centered at the points of a Poisson process (for background, see [13]). The radius a of the disks is deterministic in our application. Let R be the rectangle [0, a] × [0, 3a] ⊂ R^2. Let σ(R, ν) be the probability, under P_ω, that there exists a vacant crossing in the short direction of R. It means that there is a Jordan arc in R, connecting the segments {0} × [0, 3a] and {a} × [0, 3a] which avoids the set ∪_iB(x_i(ω), a). For any x ∈ R^2, let d_ω(x) be the diameter of the component of R^2 \ ∪_iB(x_i(ω), a) that contains the point x. Then Lemma 4.1. of [13] states that

P_ω{d_ω(x) ≥ L} ≤ C_2e^{−C3L} (3.22)

for any L ≥ C_4, with universal constants C_2, C_3, C_4 if

σ(R, ν) ≤ (9e)^{−122} (3.23)

(by stationarity, the probability in (3.22) is independent of x). By a simple construction one can show that σ(R, ν) ≤ 1 − ( 1 − e^{−νa2} )3 , hence (1.12) guarantees (3.23).

Now for the proof of (3.17) consider again a huge box Λ_M = [−Mq(t), Mq(t)], where M ≥ 2 is an integer. Apply the estimate (3.15) for Λ_M instead of Q, with M ≥ 4C_1t/q(t), to obtain lim sup M→∞ | | |L^{hc}_{ΛM} (t) − L^{hc}(t) | | | ≤ 50Be^{−B0t}. (3.24) Let Λ̃_M := [−(M − 1)q(t), (M − 1)q(t)]. Now partition Λ̃_M into open boxes {Q̃_i}^{(M−1)2}_{i=1} with edge length 2q(t) (boundaries neglected) and let {Q_i}^{(M−1)2}_{i=1} be the concentric boxes with edge length 4q(t).

Then, using the hard-core analogue of (3.3), the positivity of the diagonal element of the heat kernel and the independence of ∫ Q_i EωL hc,x Q_i,ω(t) dx on i by stationarity, we obtain

L^{hc}_{ΛM} (t) = 1 |Λ_M | ∫ Λ_M \Λ̃_M E_ωL^{hc,x}_{ΛM ,ω}(t) dx + 1 |Λ_M | (M−1)^2 ∑ i=1 ∫ Q̃_i EωL hc,x Λ_M ,ω(t) dx

≤ 2B M + 1 |Λ_M | (M−1)^2 ∑ i=1 ∫ Q̃_i [ E_ωL^{hc,x}_{Qi,ω}(t) + E_ω ( L^{hc,x}_{ΛM ,ω}(t) − L^{hc,x}_{Qi,ω}(t) )] dx

≤ 2B M + 1 |Λ_M | (M−1)^2 ∑ i=1 ∫ Q_i E_ωL^{hc,x}_{Qi,ω}(t) dx + sup_i sup_{x∈Q̃} i E_ω | |L^{hc,x}_{ΛM ,ω}(t) − L^{hc,x}_{Qi,ω}(t) | | ≤ 2B M + 4L^{hc}_Q (t) + sup_i sup_{x∈Q̃} i E_ω [ 1(d_ω(x) ≥ q(t)) | | |L^{hc,x}_{ΛM ,ω}(t) − L^{hc,x}_{Qi,ω}(t) | | | ]

≤ 2B M + 4L^{hc}_Q (t) + 2BC_2e^{−C3q(t)}. (3.25)

The key point is that one can insert 1(d_ω(x) ≥ q(t)) for free in the last but one line. For, by the Feynman-Kac-Ito formula and Q_i ⊂ Λ_M L^{hc,x}_{ΛM ,ω}(t) − L^{hc,x}_{Qi,ω}(t) = (2πt)^{−1}E^{x,t}_{x,0}e^{B0t}e^{−i} ∫_t 0 A(Ws)dWs 1(T Tω > t)1(T_{ΛM} > t)1(T_{Qi} ≤ t).

But the intersection of the events {T_{Tω} > t} and {T_{Qi} ≤ t} is clearly included in the event 1(d_ω(x) ≥ q(t)) since x ∈ Q̃_i is at least at a distance q(t) from the boundary of Q_i. In the last step of the estimate (3.25) we used the hard-core analogue of (3.4), for both Q = Q_i and Q = Λ_M , and (3.22). Combining (3.24) and (3.25), taking M → ∞, we obtain the upper bound in (3.17). 2

3.4 Second localization in the soft potential case

For the upper bound in the soft potential case we need a further localization from lengthscale q = q(t) ∼ t to scale s = s(t) ∼ (log t)^2 (the precise definition is given later). Here we use the magnetic localization technique developed in [10]. As it is explained there, the usual IMS formula makes a localization error of order L^{−2} in the energy, where L is the localization lengthscale. The magnetic kinetic energy can be localized at a price which is of order exp [−(const)L^2] if one is willing to change the magnetic field by a constant amount.

Fix a parameter 0 < β < B_0 and suppose that q(t) = β^{−1/2}N(t) with some positive integer N = N(t). Let L := [−N(t), N(t)]^2 ∩ Z^2, S = [−s(t), s(t)]^2 and S̃ = [−^{s(t)}_2 ,^{s(t)}_2 ]^2, where s = s(t) ≥ 1 is to be chosen later. Let S_j := S + j and S̃_j := S̃ + j for any j ∈ R^2. Let λ^{(B0+β)}_{Sj ,ω} be the lowest eigenvalue of^1_2 (−i∇ − (1 + βB^{−1}_0 )A)^2 + V_ω with Dirichlet boundary conditions on S_j. Recall that A(x) = (A_1(x), A_2(x)) = B_0(−x_2, x_1).

Proposition 3.4 Assume that N = β^{1/2}q is a positive integer and s ≥ 1 satisfies s^{−2}e^{− β4 s2} βq^2 ≤ 1 180 . (3.26) Then λ_{Q,ω} ≥ 1 100 min j∈β^{−1/2}L λ^{(B0+β)} S_j ,ω − 60s −2e^{− β4 s2} βq^2. (3.27) Proof. Define ζ(x) = ζ_β(x) := ∑ j∈β^{−1/2}L e^{−β(x−j)2} . (3.28)

Easy calculation shows that 1 5 ≤ ζ_β(x) ≤ 5 (3.29)

for all x ∈ Q := [−q, q]^2.

Let φ = φ_{Q,ω} be the normalized eigenfunction of H_{Q,ω} belonging to the lowest eigenvalue λ_{Q,ω}. We can think of φ to be extended to the whole R^2 by defining it to be zero outside of Q, and let ∫ denote ∫ R^{2 in this section. Then, using integration by parts,} λ_{Q,ω} = ∫ Q ( 1 2 | |(−i∇ − A)φ | |2 − B_0|φ|^2 + V_ω|φ|^2 ) (3.30)

= ∫ Q ( 1 2 | |(−i∂_1 + ∂_2 − A_1 − iA_2)φ | | 2 + V_ω|φ|^2 )

≥ 1 5 ∫ ζ · ( 1 2 | | |(−i∂_1 + ∂_2 − A_1 − iA_2)φ | | | 2 + V_ω|φ|^2 )

= 1 5 ∑ j∈β^{−1/2}L ∫ ( 1 2 e^{−β(x−j)2} | | |(−i∂_1 + ∂_2 − A_1 − iA_2)φ | | | 2 + V_ωe^{−β(x−j)2} |φ|^2 ) . Straightforward calculation shows that ( −i∂_1 + ∂_2 + (B_0 + β)x_2 − i(B_0 + β)x_1 ) φ_j = e^{− β2 (x−j)2} e^{iβ(x2j1−x1j2)}(−i∂_1 + ∂_2 + B_0x_2 − iB_0x_1)φ,

where j = (j_1, j_2) ∈ β^{−1/2}L and φ_j(x) := e^{− β2 (x−j)2} e^{iβ(x2j1−x1j2)}φ. Let T_β := −i∂_1 + ∂_2 + (B_0 + β)x_2 − i(B_0 + β)x_1 (3.31)

for simplicity. Hence from (3.30), using A(x) = B_0(−x_2, x_1) λ_{Q,ω} ≥ 1 5 ∑ j∈β^{−1/2}L ∫ { 1 2 |T_βφ_j|^2 + V_ω|φ_j|^2 } . (3.32)

Fix a smooth function θ(x) such that θ(x) ≡ 0 for x ∈ R^2 \ S, θ(x) ≡ 1 on S̃, 0 ≤ θ ≤ 1 and ‖∇θ‖_∞ ≤ 4s^{−1}. Let θ_j(x) := θ(x − j) for any j ∈ R^2. Obviously | |(1 − θ_j)φ_j | |2 ≤ e^{− β4 s2} |φ|^2 and |φ_j|^2 · 1(supp ∇θ_j) ≤ e^{− β4 s2} |φ|^2, (3.33)

where 1(·) is the characteristic function of a set as before. Hence we have the following pointwise bound:

|φ_j|^2 ≤ 2|θ_jφ_j|^2 + 2|(1 − θ_j)φ_j|^2 ≤ 2|θ_jφ_j|^2 + 2e^{− β4 s2} |φ|^2, (3.34)

and by the usual IMS estimate, recalling the definition of T_β

θ^2_j |T_βφ_j|^2 ≥ 1 2 |T_β(θ_jφ_j)|^2−2‖∇θ‖^2_∞·1(supp ∇θ_j)|φ_j|^2 ≥ 1 2 |T_β(θ_jφ_j)|^2−32s^{−2}e^{− β4 s2} |φ|^2. (3.35)

Hence, using θ^2_j ≤ 1, V_ω ≥ 0 and ∫ |φ|^2 = 1, we have λ_{Q,ω} ≥ 1 5 ∑ j∈β^{−1/2}L {∫ 1 2 |T_β(θ_jφ_j)|^2 + ∫ V_ω|θ_jφ_j|^2 } − 32 5 s^{−2}e^{− β4 s2} (2N + 1)^2. (3.36)

From (3.34) we obtain ∑ j∈β^{−1/2}L ∫ |θ_jφ_j|^2 ≥ 1 2 ∑ j∈β^{−1/2}L ∫ |φ_j|^2 − s^{−2}e^{− β4 s2} (2N + 1)^2 (3.37)

≥ 1 10 ∫ |φ|^2 − 9s^{−2}e^{− β4 s2} N^2 ≥ 1 20 using the definition of φ_j, (3.29), ∫ |φ|^2 = 1, N ≥ 1 and the assumption (3.26).

Combining (3.36) and (3.37) we have

λ_{Q,ω} ≥ 1 100 ∑ j∈β^{−1/2}L {∫ 1 2 |T_β(θ_jφ_j)|^2 + ∫ V_ω|θ_jφ_j|^2 } ∑ j∈β^{−1/2}L ∫ |θ_jφ_j|^2 − 60s^{−2}e^{− β4 s2} N^2 (3.38)

≥ 1 100 min j∈β^{−1/2}L λ^{(B0+β)} S_j ,ω − 60s −2e^{− β4 s2} N^2.

In the last step we used the variational principle λ^{(B0+β)} S_j ,ω ≤ ∫ { 1 2 |T_β(θ_jφ_j)|^2 + V_ω|θ_jφ_j|^2 } ∫ |θ_jφ_j|^2 , and that S̃_j ∩ Q has positive measure for j ∈ β^{−1/2}L, and the fact that φ (hence φ_j) does not vanish on an open subset of Q by general elliptic theory. We also used that the weighted average (with positive weights) is not smaller than the smallest term. This finishes the proof of Proposition 3.4. 2

4 Enlargement of obstacles

Estimating the IDS of H_{Q,ω} amounts to considering all eigenvalues below E (if any). But, as we mentioned in the introduction, for the Lifschitz tail in a finite box of appropriate size, only a much rougher information is needed, namely the location of the bottom of the spectrum. The main contribution to L_Q(t), hence to N(E), comes from few configurations with a large clearing of size of order ℓ(t), and the actual number of the eigenvalues below E is irrelevant compared to the large deviation probability that there is any eigenvalue below E at all. We shall see that focusing on the lowest eigenvalue is enough.

As before, let λ_{Q,ω} be the lowest eigenvalue of H_{Q,ω}. Following Sznitman’s original idea, we shall estimate this eigenvalue from below by the lowest eigenvalue of another magnetic Hamiltonian which has hard-core potential on the ”enlarged obstacles”, i.e. on a set which consists of larger balls centered at the points of the Poisson configuration. This part of the analysis yields estimates uniformly in the point configuration, hence the Poisson randomness plays no role.

The enlarged obstacles typically occupy a much larger portion of Q than the support of V_ω (in particular their union has a smaller combinatorial complexity), but the enlargement does not substantially influence the largest clearing on which the lowest eigenstate lives if this clearing is really large. In other words, the enlargement does not influence the lowest eigenvalue if it is really small.

The first part of the following construction follows Sznitman’s work [18]. Consider a fixed locally finite set of points ω = {x_i}_{i=1,2,...} in S = [−s, s]^2. Let C_m stand for the cube (square)

C_m := {z ∈ R^2 : m_iℓ ≤ z_i < (m_i + 1)ℓ, i = 1, 2},

where ℓ ≤ s.

Fix two parameters b > 10a and ε > 0 (recall that a is the radius of a disk located fully within the support of V^{(0)}). We say that a point x_i ∈ C_m is good if for all closed balls C = B(x_i, 10^{j+1}b), 0 ≤ j, and 10^{j+1}b ≤ ℓ/2 | | |C_m ∩ C ∩ ( ⋃ x_j ∈Cm B(x_j, b) )| | ≥ ε 9 |C_m ∩ C|, (4.1) in particular | |C ∩ ( ⋃ x_j ∈Cm B(x_j, b) )| | ≥ ε 36 |C|. Let Good(m) be the set of good points in C_m, the rest is Bad(m), and let G := ∪_mGood(m). By a covering argument we know that | | |C_m ∩ ( ⋃ x_j ∈Bad(m) B(x_j, b) )| | ≤ ε|C_m| = εℓ^2. (4.2)

Chop each segment [kℓ, (k + 1)ℓ] into at most [ √ 2ℓ/b] + 1 intervals of length b/ √ 2 (except the last one). This yields closed boxes with diameter less than b, with union C_m.

Introduce a number r > 0. We define the event Cl_m that ”there is a clearing of size r in C_m”, i.e.

Cl_m := {ω : |Ũ_m(ω)| ≥ 9^{−2}πr^2ℓ^2}, where Ũ_m(ω) is the open subset of int(C_m) obtained by taking the complement in the interior of C_m of the closed boxes where a good point of C_m falls. Let A(ω) be the union of all closed cubes C_m where there is clearing of size r:

1_{A(ω)}(z) = ∑ m 1_{Cm} (z) · 1_{Clm} (ω). Let A^1 = A^1(ω) be the open set of points at distance less than ℓ from A(ω). If A(ω) is empty, so is A^1(ω). Let S^ϱ_− be the open square (−s−ϱ, s+ϱ)^2 and S^ϱ_+ := (−s+ϱ, s−ϱ)^2 for s > ϱ > 0. Finally, let Ω := S \ ⋃ i∈G B(x_i, a), and for any b > a, s > b Ω^b_+ := ( S^b_+ ∩ A^1 ) \ ⋃ i∈G B(x_i, b). Let δ := min{^1_{200} ,^a_6 } and let

Ω^δ_− := B(0, δ) + Ω and Ω^{2δ}_− := B(0, 2δ) + Ω.

Notice that Ω^{2b}_+ ⊂ Ω^b_+ ⊂ Ω ⊂ Ω^δ_− ⊂ Ω^{2δ}_− and that there is no A^1 in the definition of Ω, Ω^δ_− and Ω^{2δ}_− .

Let λ_{S,ω} be the lowest eigenvalue of^1_2 (−i∇ − A)^2 − B_0 + V_ω with Dirichlet boundary conditions on S. For a lower bound on λ_{S,ω} one can replace the true potential V by Ṽ = Ṽ_ω which is defined as Ṽ_ω(x) := v · 1 ( x ∈ ⋃ i:x_i(ω)∈G B(x_i, a) ) , (4.3)

and we can assume that v ≤ B and 0 < a < 1.

Let λ = λ_ω be the lowest eigenvalue of^1_2 (−i∇ − A)^2 − B_0 + Ṽ_ω with Dirichlet boundary condition on S. Certainly λ_{S,ω} ≥ λ, and similarly λ^{hc}_{S,ω} ≥ λ in the hard-core case. Let λ_b = λ_b(ω) be the lowest eigenvalue of^1_2 (−i∇ − A)^2 − B_0 with Dirichlet boundary condition on Ω^b_+.

For any bounded domain Ω with piecewise C^1 boundary we define its Green’s function g_Ω as the solution to the following boundary value problem:

Δg_Ω = −1 on Ω

g_Ω ≡ 0 on ∂Ω.

By standard elliptic theory, g_Ω ∈ C(Ω) ∩ C^∞(Ω) uniquely exists and is positive and bounded. Let G_Ω := max_{x∈Ω} g_Ω(x). (4.4) Let us consider the standard Brownian motion W_s in Ω, starting from x ∈ Ω. The probability with respect to this Brownian motion is denoted by P_x, the expectation value by E_x. Let T_Ω be the exit time from Ω. By Ito’s formula

g_Ω(W_s) − g_Ω(x) − 1 2 ∫ s 0 Δg_Ω(W_τ )dτ

is a martingale, hence g_Ω(x) = 1 2 E_xT_Ω. (4.5) Using these notations, the goal of this section is to prove the following theorem.

Theorem 4.1 Given a finite point configuration ω in S. Let λ be the lowest eigenvalue of 1 2 (−i∇ − A)^2 − B_0 + Ṽ with Dirichlet boundary condition on S, and λ_b be the lowest eigevalue of^1_2 (−i∇ − A)^2 − B_0 with Dirichlet boundary condition on Ω^b_+. There exist two universal constants ε_0, c_0 > 0 and a function ℓ̃(ε, b, B, r) > 0 for all ε ≤ ε_0, b ≥ 1 such that for all ℓ ≥ ℓ̃(ε, b, B, r) λ_b ≤ ( λ K ) 1_{1+w(r)}

(4.6) with K = K(b, B, v, δ, r, ℓ, s) := ( 80b^{−2}v^{−1}δ^{−2}s^{2+20(1−c0)1/r} e^{20Bc−10 r2ℓ2} e^{30Bℓ} )−(1+w(r)) (4.7) and w(r) := 1 1 − 20(1 − c_0)^{1/r}

− 1 (4.8)

under the following conditions: δ := min{^1_{200} ,^a_6 }, a < 1 < b, r ≤ 1/4, r < log ( 1 1−c_0 ) /(log 30), v ≤ B, and ( λ K ) 1_{1+w(r)} ≤ 1 2 . (4.9) All the estimates are uniform in the point configuration ω.

Since the relevant size of λ is of order exp [−(const)Bℓ^2], we see that log λ ≪ log K < 0 for large ℓ and small r. Hence (4.6) tells us that log λ_b ≤ (1 − o(1)) log λ < 0.

The proof requires several lemmas. The intuitive idea is that the magnetic Dirichlet eigenvalue λ(Ω) of a domain Ω is essentially e^{−BGΩ} and the corresponding eigenfunction is roughly e^{B(gΩ(x)−GΩ)} if Ω is large. The increase of the eigenvalue due to the enlargement is determined by the size of the eigenfunction, hence of g_Ω, within a distance of order b from the boundary of Ω (Lemma 4.2). Then, by applying the method of enlargement of obstacles, we show that g_Ω(x) ≪ G_Ω if Ω is large and x is close to the boundary of Ω (Lemma 4.3). Here we use the probabilistic representation of g_Ω (4.5). For technical reasons, we have to work on a slightly bigger domain, Ω^{2δ}_− , and we have to compare G_Ω and G_Ω2δ_− (Lemma 4.4). Finally we have to go back and estimate G_Ω in terms of λ(Ω) (Lemma 4.5). An additional difficulty arises from the fact that λ in the theorem is not exactly λ(Ω) because the obstacles are soft.

Lemma 4.2 With the notations above, if δ ≤ s, v ≤ B, and λv^{−1}s^2e^{2Bη}δ^{−2} < 1/16, then λ ≤ λ_b ≤ 16λ · 1 + 8b^{−2}v^{−1}s^2e^{2Bη}δ^{−2} 1 − 8λv^{−1}s^2e^{2Bη}δ^{−2}

, (4.10)

where η := max { g_Ω2δ_− (z) : z ∈ Ω^{2δ}_− \ Ω^{2b}_+ } . (4.11)

Proof of Lemma 4.2. The first inequality is trivial by variational principle. For the second one, let φ be a normalized eigenfunction corresponding to λ. Again by variational principle

λ_b = inf { ∫ Ω^b_+ ( 1 2 |(−i∇ − A)ψ|^2 − B_0|ψ|^2 ) ∫ Ω^b_+ |ψ|

2 : ψ ∈ H^1_0 (Ω^b_+) }

= inf { ∫ Ω^b_+ 1 2 |(−i∂_1 + ∂_2 − A_1 − iA_2)ψ|^2 ∫ Ω^b_+ |ψ|

2 : ψ ∈ H^1_0 (Ω^b_+) }

by integration by parts.

Let θ be a cutoff function such that θ ≡ 1 on Ω^{2b}_+ , θ ≡ 0 on R^2 \ Ω^b_+, 0 ≤ θ ≤ 1 and |∇θ| ≤ 4b^{−1}. Since λ = 1 2 ∫ S |(−i∂_1 + ∂_2 − A_1 − iA_2)φ|^2 + ∫ S Ṽ |φ|^2 ≥ 1 2 ∫ S θ^2|(−i∂_1 + ∂_2 − A_1 − iA_2)φ|^2 + ∫ S Ṽ |φ|^2 ≥ 1 4 ∫ S |(−i∂_1 + ∂_2 − A_1 − iA_2)(θφ)|^2 − 1 2 ‖∇θ‖^2_∞ ∫ S∩supp ∇θ |φ|^2 by the IMS localization and Ṽ ≥ 0; we can use ψ := θφ as a trial function to obtain λ_b ≤ ∫ Ω^b_+ 1 2 |(−i∂_1 + ∂_2 − A_1 − iA_2)ψ|^2 ∫ Ω^b_+ |ψ|

2 (4.12)

≤ 2λ + 16b^{−2} ∫ S∩ supp∇θ |φ| 2 ∫ Ω^b_+ θ 2|φ|^2 ≤ 2λ + 16b^{−2} ∫ S\Ω^{2b}_+ |φ| 2 1 − ∫ S\Ω^{2b}_+ |φ| 2 using ∫ S |φ|^2 = 1 and θ ≡ 1 on Ω^{2b}_+ . Hence we have to estimate ∫ S\Ω^{2b}_+ |φ| 2 from above.

Recall that we use the standard gauge A := B_0(−x_2, x_1). Let Π be the spectral projection onto the lowest (zero energy) Landau level of the unperturbed operator^1_2 (−i∇ − A)^2 − B_0 defined on R^2. Extend φ on the whole plane to be zero outside S. Then φ = Πφ + (1 − Π)φ. Since (−i∂_1 + ∂_2 − A_1 − iA_2)Π = 0, we have λ = 1 2 ∫ R^{2 |(−i∂1 + ∂2 − A1 − iA2)φ|2 +} ∫ S Ṽ |φ|^2

= 1 2 ∫ R^{2 |(−i∂1 + ∂2 − A1 − iA2)(I − Π)φ|2 +} ∫ S Ṽ |φ|^2 ≥ B ∫ R^{2 |(I − Π)φ|2 +} ∫ S Ṽ |φ|^2 by the gap in the spectrum of the free magnetic operator^1_2 (−i∇ − A)^2 − B_0 defined on R^2. Hence ∫ R^{2 |(I − Π)φ|2 ≤} λ B (4.13) and ∫ ⋃ i∈G B(x_i,a) |φ|^2 ≤ λ v (4.14)

using the explicit form of Ṽ .

Notice that S \ Ω^{2b}_+ ⊂ ( Ω \ Ω^{2b}_+ ) ∪ ⋃ i∈G B(x_i, a). Hence ∫

S\Ω^{2b}_+ |φ|^2 ≤ ∫ Ω\Ω^{2b}_+

|φ|^2 + λ v (4.15) ≤ 2 ∫ Ω\Ω^{2b}_+

|Πφ|^2 + 2 ∫ Ω\Ω^{2b}_+

|(I − Π)φ|^2 + λ v ≤ 2 ∫ Ω\Ω^{2b}_+

|Πφ|^2 + 2λ B + λ v . Let g = g_Ω2δ_− for simplicity (recall that Δg = −1 on Ω^{2δ}_− and g ≡ 0 on ∂Ω^{2δ}_− ). Let ξ : Ω^{2δ}_− → R^2 be a (real) solution to ∇ξ = A + B(−∂_2g, ∂_1g). Since curl ( A + B(−∂_2g, ∂_1g) ) = B + BΔg = 0, such ξ exists. Hence, on Ω^{2δ}_− ( −i∂_1 + ∂_2 − A_1 − iA_2 ) Πφ = 0

implies ( −i∂_1 + ∂_2 − B∂_2g + iB∂_1g )( e^{−iξ}Πφ ) = 0, i.e. ( −i∂_1 + ∂_2 )( e^{−Bg}e^{−iξ}Πφ ) = 0, which means that e^{−Bg}e^{−iξ}Πφ is analytic (identifying R^2 with C). Hence |Πφ| = e^{Bg}|h|, (4.16) with some h which is analytic on Ω^{2δ}_− (this is the core of the Aharonov-Casher argument [1]).

Let z_0 be the point on ∂Ω^δ_− where |h(z)| takes on its maximal value. By the maximum principle |h(z)| ≤ |h(z_0)| for all z ∈ Ω^δ_−.

Since z_0 ∈ ∂Ω^δ_−, we have B(z_0, δ) ⊂ ∪_{i∈G}B(x_i, a) ⋃ S^c (here S^c is the complement of S) and since φ ≡ 0 on S^c, we have, by (4.14), ∫ B(z_0,δ) |φ|^2 ≤ λ v . By (4.13) and |(I − Π)φ|^2 ≥^1_2 |Πφ|^2 − |φ|^2 pointwise, we have λ B ≥ ∫ R^{2 |(I − Π)φ|2 ≥} ∫ B(z_0,δ) |(I − Π)φ|^2 ≥ 1 2 ∫ B(z_0,δ) |Πφ|^2 − ∫ B(z_0,δ) |φ|^2 ≥ 1 2 ∫ B(z_0,δ) |h|^2e^{2Bg} − λv^{−1} ≥ π 2 |h(z_0)|^2δ^2 − λv^{−1} by superharmoniticity of |h|^2 and g ≥ 0. Hence, by v ≤ B |h(z)|^2 ≤ |h(z_0)|^2 ≤ 2λδ^{−2}v^{−1} for all z ∈ Ω^δ_−. Hence, using (4.16), |Ω| ≤ s^2 and Ω \ Ω^{2b}_+ ⊂ Ω^δ_− ∫ Ω\Ω^{2b}_+

|Πφ|^2 ≤ 2λv^{−1}s^2e^{2Bη}δ^{−2} and therefore ∫ Ω\Ω^{2b}_+

|φ|^2 ≤ 4λv^{−1}s^2e^{2Bη}δ^{−2} + 2λ B + λ v ≤ 8λv^{−1}s^2e^{2Bη}δ^{−2} using (4.15), v ≤ B, η ≥ 0 and δ ≤ s. Hence from (4.12) λ_b ≤ 16λ · 1 + 8b^{−2}v^{−1}s^2e^{2Bη}δ^{−2} 1 − 8λv^{−1}s^2e^{2Bη}δ^{−2} assuming that the denominator is positive. 2

Lemma 4.3 Let Θ := Ω^{2δ}_− for simplicity and assume that δ ≤ min{^1_{200} ,^a_6 }, a ≤ 1 ≤ b, 40b ≤ ℓ ≤ s, r ≤ 1/4, G_Θ ≥ ℓ. (i.) There exist two functions, ℓ_0(ε, b) > 0 and 1/4 ≥ k(ε, b) > 0 for all b and 0 < ε ≤ ε_0, where ε_0 is a universal constant, such that g_Θ(x) ≤ ( ℓ b )−k(ε,b) G_Θ (4.17) for all ℓ ≥ ℓ_0(ε, b) and for all x ∈ Θ ∩ Σ, where Σ := ( S^{2δ}_− \ (−s + 2b, s − 2b)^2 ) ∪ ⋃ i∈G B(x_i, 2b). (4.18) We can assume that ℓ_0(ε, b) is increasing and k(ε, b) is decreasing in b.

(ii.) There exists a positive number c_0 such that if x ∈ Θ and x ∉ A^1 ∩ S, then g_Θ(x) ≤ [ (1 − c_0)^{1/r}G_Θ + c^{−1}_0 r^2ℓ^2 ] + sup_{y∈Σ∩Θ} g_Θ(y). (4.19) Proof of part (i.) Fix x ∈ Σ ∩ Θ. Let T_j be the exit time from B(x, 2 · 10^jb) for j ≥ 1, and T_0 := 0. For simplicity, let T := T_Θ in this proof. Let M be the smallest integer such that 2 · 10^{M+1}b > ℓ/2, i.e. M := [^{log(ℓ/4b)}_{log 10} ] ≥ 1. Then E_xT = M∑ j=1 E_x { T · 1(T_{j−1} ≤ T < T_j) } + E_x { T · 1(T_M ≤ T ) } (4.20)

= M∑ j=1 E_x { 1(T_{j−1} ≤ T ) · [ T_{j−1} + E_{WTj−1} (T · 1(T < T_j)) ]} + E_x { 1(T_M ≤ T ) · [ T_M + E_{WTM} T ]}

≤ M+1∑ j=1 E_x { 1(T_{j−1} ≤ T ) · T_{j−1} } + M∑ j=1 P_x(T_{j−1} ≤ T ) × sup y∈Θ∩S(x,2·10^{j−1}b) E_y(T ∧ T_j) +P_x(T_M ≤ T ) × sup y∈Θ∩S(x,2·10^M b) E_yT by estimating T · 1(T ≤ T_j) ≤ T ∧ T_j and using that T_k < T implies W_{Tk} ∈ Θ ∩ S(x, 2 · 10^kb) for k = 1, 2, . . . M [here S(z, r) denotes the circle of radius r with center z].

Next, we claim that P_x(T_j ≤ T ) ≤ (1 − m(ε, b))^j (4.21) for any 0 ≤ j ≤ M.

To prove (4.21), let H_F denote the first hitting time of F , for any closed set F , and let

c(b) := inf_{y∈S(0,2b)} P_y(H_{B(0,a−2δ)} < T_{B(0,6b)}) > 0 (4.22)

which is decreasing in b. Since a and δ are considered fixed, they are omitted from the notation. Let m(ε, b) := c(b) · inf { inf_{|y|=2} P_y(H_F < T_{B(0,10)}) : F ⊂ B(0, 10), |F | ≥ 100πε 144 }

where the first infimum runs through all closed sets F ⊂ B(0, 10) with relative volume bigger than ε/144. Obviously m(ε, b) > 0 for ε > 0, m(ε, b) → 0 as ε → 0 uniformly in b and m(ε, b) is decreasing in b. For small enough ε ≤ ε_0, we can assume that m(ε, b) ≤ 1/3.

Let x ∈ ⋃ i∈G B(x_i, 2b), i.e. |x − x_μ| ≤ 2b for some μ ∈ G which we fix from now on. Let

Γ(j) := ⋃ i∈G |xi−xμ|≤10j b B(x_i, 2b) ⊂ B(x, 10^jb + 4b) ⊂ B(x, 2 · 10^jb)

for j ≥ 1. Then, by the definition of good points, |Γ(j)| ≥ ε 36 |B(x_μ, 10^jb)| = ε 144 |B(x, 2 · 10^jb)| if 10^jb ≤ ℓ/2. Let W be a Brownian motion, started from x. If j ≥ 1 and W_{Tj−1} ∈ Θ (i.e. T_{j−1} < T ), then P_{WTj−1} [ 1(T_j > H_{Γ(j)}) · P ~_{WHΓ(j)} (T_j > T ) ] ≥ m(ε, b), (4.23) using W_{Tj−1} ∈ S(x, 2 · 10^{j−1}b) and that T < H_{B(xσ,a−2δ)} and T_{B(xσ,6b)} ≤ T_j if σ ∈ G is such that | ~W_{HΓ(j)} − x_σ| = 2b. The first relation is obvious, the second follows from B(x_σ, 6b) ⊂

B(x_μ, 10^jb+10b) ⊂ B(x, 2·10^jb). In (4.23) ~W denotes another Brownian motion, independent of W . Hence, for j ≥ 1 P_x(T_j > T |T > T_{j−1}) ≥ P_x { P_{WTj−1} [ 1(T_j > H_{Γ(j)}) · P ~_{WHΓ(j)} (T_j > T ) ]| |W_{Tj−1} ∈ Θ } ≥ m(ε, b). By the strong Markov property we obtain P_x(T_j ≤ T ) ≤ (1 − m(ε, b))^j for any 0 ≤ j ≤ M (recall that for j ≤ M we have 10^jb ≤ ℓ/2). A similar but easier argument shows that (4.21) is true if x ∈ S^{2δ}_− \ (−s + 2b, s − 2b)^2 as well.

Let 1 ≤ N ≤ M be chosen later. Introduce A_j := E_x { 1(T_j ≤ T ) · T_j } , then we can continue the estimate (4.20) as E_xT ≤ M+1∑ j=1 A_{j−1} + N∑ j=1 2·10^{2j}b^2(1−m(ε, b))^{j−1} +2(M −N)G_Θ(1−m(ε, b))^N +2(1−m(ε, b))^M G_Θ (4.24) ≤ M+1∑ j=1 A_{j−1} + 8 · 10^{2N} b^2(1 − m(ε, b))^N + 2MG_Θ(1 − m(ε, b))^N .

Here we estimated sup y∈Θ∩S(x,2·10^{j−1}b) E_y(T ∧ T_j) ≤ sup y∈B(x,2·10^j b) E_yT_j = 2 · 10^{2j}b^2 for j ≤ N and sup y∈Θ∩S(x,2·10^{j−1}b) E_y(T ∧ T_j) ≤ sup_{y∈Θ} E_yT = 2G_Θ for j > N using (4.4), (4.5) and sup y∈B(0,1) E_yT_{B(0,1)} = 1 2 . (4.25)

Now we estimate A_j A_j = E_x { 1(T_j ≤ T ) · T_j } ≤ E_x { 1(T_{j−1} ≤ T ) [ T_{j−1} · P_{WTj−1} (T_j ≤ T ) + E_{WTj−1} T_j ]}

≤ (1 − m(ε, b))A_{j−1} + 2 · 10^{2j}b^2P_x(T_{j−1} ≤ T ) ≤ (1 − m(ε, b))A_{j−1} + 2 · 10^{2j}b^2(1 − m(ε, b))^{j−1} for 1 ≤ j ≤ N using (4.23) and (4.25) in the first estimate and (4.21) in the second. Iterating this inequality, and using that A_1 ≤ E_xT_1 ≤ 200b^2 we obtain A_j ≤ 2 · 10^{2j}b^2j(1 − m(ε, b))^{j−1} (4.26) for 1 ≤ j ≤ N. For N < j ≤ M, A_j = E_x { 1(T_j ≤ T ) · T_j } ≤ E_x { 1(T_{j−1} ≤ T ) [ T_{j−1} + E_{WTj−1} (T_j · 1(T_j ≤ T )) ]}

≤ A_{j−1} + E_x { 1(T_{j−1} ≤ T ) · E_{WTj−1} T } ≤ A_{j−1} + 2G_ΘP_x(T_{j−1} ≤ T ) ≤ A_{j−1} + 2G_Θ(1 − m(ε, b))^N by (4.21) and T_N ≤ T_{j−1}. By iteration, and using the estimate (4.26) for A_N , we have A_j ≤ 4 ( 10^{2N} Nb^2 + MG_Θ ) (1 − m(ε, b))^N (4.27) for j > N. Continuing (4.24) and combining the same terms E_xT ≤ N∑ j=1 2 · 10^{2j}b^2j(1 − m(ε, b))^{j−1} + (4M + 8) ( 10^{2N} Nb^2 + MG_Θ ) (1 − m(ε, b))^N ≤ 12M^2b^2(1 − m(ε, b))^N [ 20^{2N} + G_Θ ] . Now choose N := min { M, [ log G_Θ 2 log 20 ]} .

Short calculation shows that

E_xT ≤ 48(log(ℓ/b))^2b^2G_Θ · max { G^{−2k(ε,b)} Θ , ( ℓ 4b )−2k(ε,b)}

with k(ε, b) :=^1_{4 log 20} log^1_{1−m(ε,b)} ≤^1_4 . Since G_Θ ≥ ℓ, b ≥ 1, choosing a large enough function ℓ_0(ε, b) we finish the proof of (4.17) by (4.5).

Proof of part (ii.) Let x ∉ A^1 ∩ S and x ∈ Θ. We can assume that x ∉ Σ, in particular x ∈ S. Consider again a Brownian motion W starting from x. Since S^{2δ}_− \ Σ ⊂ Θ, we have H_Σ ≤ T_Θ = T . Therefore E_xT = E_x { H_Σ + E_{WHΣ} T } . Obviously E_{WHΣ} T ≤ 2 sup_{y∈Σ∩Θ} g_Θ(y), and it can be estimated by part (i).

To estimate E_xH_Σ, let F (n) := sup y∈S:|x−y|≤nrℓ E_yH_Σ

for n = 1, 2, . . . [1/r] − 1. Fix y ∈ S such that |x − y| ≤ nrℓ, then

E_yH_Σ = E_y { H_Σ · 1(H_Σ ≤ T_{B(y,rℓ)}) } + E_y { 1(H_Σ > T_{B(y,rℓ)}) · [ T_{B(y,rℓ)} + E_{WTB(y,rℓ)} H_Σ ]}

≤ 2E_yT_{B(y,rℓ)} + F (n + 1) · P_y(H_Σ > T_{B(y,rℓ)}). (4.28) To estimate P_y(H_Σ > T_{B(y,rℓ)}), notice that the total volume of subboxes containing no good points in B(x, ℓ) is at most 3^{−2}πr^2ℓ^2. The reason is that B(x, ℓ) does not intersect with any clearing box, hence each of the boxes intersecting B(x, ℓ) (there are at most nine of them) has at most 9^{−2}πr^2ℓ^2 volume of subboxes which contain no good point. Hence, if B(y, rℓ) ⊂ B(x, ℓ), then | |Σ ∩ B(y, rℓ) | | ≥ 1 4 πr^2ℓ^2 − 3^{−2}πr^2ℓ^2 = (2^{−2} − 3^{−2})|B(y, rℓ)| using that if y ∈ S ⊂ S^{2δ}_− then at least one fourth of B(y, rℓ) is in S^{2δ}_− . So let c_0 := min { 1 2 , inf F : F ⊂B(0,1) |F |≥(2−2−3−2)|B(0,1)| P_0(H_F ≤ T_{B(0,1)}) } > 0 be a positive universal constant, then P_y(H_Σ > T_{B(y,rℓ)}) ≤ (1 − c_0), and by continuing (4.28) we have E_yH_Σ ≤ r^2ℓ^2 + (1 − c_0)F (n + 1), by (4.25) if B(y, rℓ) ⊂ B(x, ℓ) which is satisfied as n ≤ [1/r] − 1 and |x − y| ≤ nrℓ.

Taking the supremum for all y ∈ S such that |x − y| ≤ nrℓ, we have F (n) ≤ r^2ℓ^2 + (1 − c_0)F (n + 1). (4.29) We also have F (n_0) ≤ 2G_Θ for any n_0, since H_Σ ≤ T_Θ. Iterating the inequality (4.29), we get F (0) ≤ c^{−1}_0 r^2ℓ^2 + 2(1 − c_0)^{n0} G_Θ.

Applying this to n_0 := [1/r] − 1 for r ≤ 1/4 we obtain E_xT ≤ 2[c^{−1}_0 r^2ℓ^2 + (1 − c_0)^{1/r}G_Θ] for all x ∉ S ∩ A^1, x ∈ Θ, which finishes the proof of (4.19). 2.

Lemma 4.4 For δ ≤^a_6 G_Ω ≤ G_Ω2δ_− ≤ 8G_Ω + 1000δ^2.

Proof: The first inequality is trivial by Ω ⊂ Ω^{2δ}_− . For the second inequality, let T_− := T_Ω2δ_− T_+ := T_Ω for simplicity, and we write E_xT_− = E_x { T_+ + E_{WT+} T_− } ≤ E_xT_+ + sup_{y∈Ω2δ} − \Ω E_yT_−

for any x ∈ Ω. If x ∈ Ω^{2δ}_− \ Ω, then we can drop the first term. Hence we get 2G_Ω2δ_− ≤ 2G_Ω + sup_{y∈Ω2δ} − \Ω E_yT_−. (4.30)

Let us fix y ∈ Ω^{2δ}_− \ Ω, let T := T_{B(y,4δ)} and let the positive number θ to be chosen later. Then E_yT_− = E_y { T_− · 1(T > θ) · 1(T_− > θ) } + E_y { T_− · 1(T ≤ θ) · 1(T_− > θ) } + E_y { T_− · 1(T_− ≤ θ) } . (4.31) For the last term E_y { T_− · 1(T_− ≤ θ) } ≤ θ. For the second term, using that T ≤ θ and θ < T_− implies W_T ∈ Ω^{2δ}_− , we obtain E_y { T_− · 1(T ≤ θ) · 1(T_− > θ) } ≤ E_y { 1(T ≤ θ) · 1(W_T ∈ Ω^{2δ}_− ) [ T + E_{WT} T_− ]}

≤ θ + E_y { 1(W_T ∈ Ω^{2δ}_− )E_{WT} T_− } ≤ θ + 2G_Ω2δ_− · P_y(W_T ∈ Ω^{2δ}_− ) ≤ θ + 3 4 · 2G_Ω2δ_− since, by elementary geometry P_y(W_T ∈ Ω^{2δ}_− ) = |S(y, 4δ) ∩ Ω^{2δ}_− | |S(y, 4δ)| ≤ 3 4 . Here we used that the boundary of Ω^{2δ}_− consists of straight line segments and circular arcs of curvature not bigger than (a − 2δ)^{−1} ≤ (4δ)^{−1} by the assumption on a.

Finally for the first term in (4.31) we use E_y { T_− · 1(T > θ) · 1(T_− > θ) } ≤ E_y { 1(T > θ) [ θ + E_{Wθ} T_− ]}

≤ θ + E_y { 1(T > θ)E_{Wθ} T_− } ≤ θ + 2G_Ω2δ_− · P_y(T > θ) ≤ θ + 2G_Ω2δ_− × ( (2πθ)^{−1} ∫ z∈R^2_{|z|≤4δ} e^− z2 2θ dz )

= θ + 2(1 − e^{−8δ2θ−1} )G_Ω2δ_− .

Putting these three estimates together, we obtain from (4.31) E_yT_− ≤ 3θ + [ 3 2 + 2(1 − e^{−8δ2θ−1} ) ] G_Ω2δ_− .

Combining this with (4.30), we have G_Ω2δ_− ≤ G_Ω + 3θ 2 + [ 3 4 + (1 − e^{−8δ2θ−1} ) ] G_Ω2δ_− .

Choose θ such that e^{−8δ2θ−1} ≥ 7/8, i.e. let, say, θ = 80δ^2. This gives G_Ω2δ_− ≤ 8G_Ω + 1000δ^2. 2

Finally we shall give an upper bound on the Green’s function in terms of the magnetic eigenvalue.

Lemma 4.5 Let Ω = S \ ⋃ i∈G B(x_i, a) as usual and a ≤ 1 ≤ ℓ ≤ s, v ≤ B. Let λ be the lowest eigenvalue of^1_2 (−i∇ − A)^2 − B_0 + Ṽ with Dirichlet boundary condition on S. Then there exists a function ℓ_1(ε, B) > 0 such that e^{BGΩ} ≤ s^2e^{Bℓ}λ^{−1} (4.32) for all ℓ ≥ ℓ_1(ε, B).

Proof: We can assume that G_Ω ≥ ℓ, otherwise (4.32) is trivial, since Ṽ ≤ v ≤ B, hence λ ≤ B + λ(B, 1) ≤ ℓ^2 ≤ s^2 is automatic if ℓ ≥ (B + λ(B, 1))^{1/2}.

We shall construct a trial function. For any d > 0 let Ω^{(d)} := [−s + d, s − d]^2 \ ⋃ i∈G B(x_i, d) and let g := g_Ω for simplicity. Let γ ≥ 0 be a fixed smooth bounded function with support in the unit ball and ∫ R^{2 γ = 1, ‖∇γ‖}1^{≤ 4. Let θ := γ ∗ 1(Ω(2) + B(0, 1)), where ∗ denotes the}

convolution. Notice that 0 ≤ θ ≤ 1, θ ≡ 1 on Ω^{(2)}, θ ≡ 0 on Ω^c and ‖∇θ‖_∞ ≤ 4.

Let φ(x) := θ(x)e^{Bg(x)} for x ∈ S, obviously φ ∈ H^1_0 (Ω) ⊂ H^1_0 (S), hence we can use it as a trial function for λ. Notice that φ is zero on the support of Ṽ . Choose a gauge Ã corresponding to g, i.e. let (Ã_1, Ã_2) := B(∂_2g, −∂_1g), which is well defined on Ω, and φ is zero outside of Ω anyway. Since λ is gauge invariant, λ ≤ 1 2 ∫ Ω |(−i∂_1 + ∂_2 − Ã_1 − iÃ_2)φ|^2 ∫ Ω |φ|^2 . By the IMS localization ∫ Ω |(−i∂_1 + ∂_2 − Ã_1 − iÃ_2)φ|^2 ≤ 2 ∫ Ω θ^2|(−i∂_1 + ∂_2 − Ã_1 − iÃ_2)e^{Bg}|^2 + 2‖∇θ‖^2_∞ ∫ supp ∇θ e^{2Bg}. We know that (−i∂_1 + ∂_2 − Ã_1 − iÃ_2)e^{Bg(x)} ≡ 0 for x ∈ Ω. We can apply part (i) of Lemma 4.3 with b = b_0 := (a + 3)/2 ≤ 2, δ := 0 to obtain

g(x) = g_Ω(x) ≤ G_Ω ( ℓ b_0 )−k(ε,b_0) ≤ 2G_Ωℓ^{−k(ε,b0)} (4.33)

for ℓ ≥ ℓ_0(ε, 2) ≥ ℓ_0(ε, b_0) and for all x ∈ Ω \ Ω^{(3+a)}, in particular for all x ∈ supp ∇θ, since supp ∇θ ⊂ Ω \ Ω^{(2)} ⊂ Ω \ Ω^{(3+a)}. Hence λ ≤ 16s^2 exp ( 4BG_Ωℓ^{−k(ε,b0)} ) ∫ Ω |φ|^2 (4.34)

(the extra s^2 comes from the volume |supp ∇θ| ≤ s^2).

Let x_0 ∈ Ω be the point where g(x) takes on its maximum. By (4.33) we know that x_0 ∈ Ω^{(3+a)} (in particular Ω^{(3+a)} is not empty) if ℓ ≥^{log 2}_{k(ε,2)} ≥^{log 2}_{k(ε,b0)} .

Moreover, B(x_0, π^{−1/2}) ⊂ Ω^{(2)} ⊂ Ω, hence θ ≡ 1 on B(x_0, π^{−1/2}). Therefore, by Jensen’s inequality ∫ Ω |φ|^2 ≥ ∫ B(x_0,π^{−1/2})

e^{2Bg} ≥ exp ( 2B ∫ B(x_0,π^{−1/2}) g ) . (4.35)

Since Δg = −1, we have Δ ( g + 1 4 (x − x_0)^2 ) = 0 on B(x_0, π^{−1/2}), hence ∫ B(x_0,π^{−1/2}) ( g(x) + 1 4 (x − x_0)^2 ) dx = g(x_0) = G_Ω.

Therefore ∫

B(x_0,π^{−1/2}) g ≥ G_Ω − 1 8π , which finally gives ∫ Ω |φ|^2 ≥ e^{−B/(4π)}e^{2BGΩ} from (4.35). Hence, from (4.34) and G_Ω ≥ ℓ ≥ 1 λ ≤ 16e^{B/(4π)}s^2 exp [ −2BG_Ω ( 1 − 2ℓ^{−k(ε,b0)} )] ≤ s^2e^{−BGΩ} for large enough ℓ ≥ ℓ_2(ε, B) (recall that b_0 ≤ 2). Choosing ℓ_1(ε, B) := max { (B + λ(B, 1))^{1/2}, ℓ_0(ε, 2), log 2 k(ε, 2) + 1, ℓ_2(ε, B) }

we finish the proof of Lemma 4.5. 2.

Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. First notice that K ≤ 1 and (4.9) imply λ ≤ 1. Then, consider the estimate on η which is defined in (4.11). We can assume that G_Ω2δ_− ≥ 1, otherwise η ≤ 1 and Lemma 4.2 immediately implies Theorem 4.1 for large enough ℓ. Hence G_Ω ≤ G_Ω2δ_− ≤ 9G_Ω (4.36) by Lemma 4.4 and δ ≤^1_{200} . Furthermore, we can assume that G_Ω ≥ ℓ, otherwise η ≤ 9ℓ using (4.36), and Theorem 4.1 follows directly from Lemma 4.2 thanks to the factor e^{20Bℓ} in the definition of K. In particular G_Ω2δ_− ≥ ℓ.

Therefore using Lemma 4.3, the fact that Ω^{2δ}_− \ Ω^{2b}_+ ⊂ Σ ∪ (A^1)^c and (4.36) we obtain that η ≤ ( ℓ b )−k(ε,b) G_Ω2δ_− + [ (1 − c_0)^{1/r}G_Ω2δ_− + c^{−1}_0 r^2ℓ^2 ] ≤ 10 [ (1 − c_0)^{1/r}G_Ω + c^{−1}_0 r^2ℓ^2 ] (4.37)

if ℓ ≥ ℓ_3(ε, b, r). Combining this estimate with (4.32), we obtain e^{2Bη} ≤ ( s^2e^{Bℓ}λ^{−1} )20(1−c_0)1/r

e^{20Bc−10 r2ℓ2} (4.38)

if, in addition, ℓ ≥ ℓ_1(ε, B).

Now we can estimate λ_b. By Lemma 4.2, (4.38) and the definitions of K and w(r) given in (4.7) and (4.8) we immediately obtain (4.6), if, in addition to all the previous conditions, the denominator in (4.10) is bigger than^1_2 . This is implied by (4.9) if ℓ is large enough. The function ℓ̃ is obtained by taking the maximum of all previous lower bounds on ℓ. 2.

5 Upper bound on the Lifschitz tail

We need an easy combinatorial lemma. Let G be the following graph: its vertex set is Z^2, and for p, q ∈ Z^2 let (p, q) be an edge if and only if 0 < dist(p, q) < 2 (i.e. G is the ”at most second nearest neighbor graph” on Z^2). A subset S of Z^2 is called connected if there is a connected subgraph of G whose vertex set is S.

Lemma 5.1 Let G_N be the collection of connected subsets of Z^2 with N elements which contain the origin. Then |G_N | ≤ 8^{2N−2}

Proof: It is enough to count the number of subtrees of G with N points, containing the origin, since every connected graph has a spanning tree, which may not be unique. We can encode a subtree by a sequence {a_j} of length 2N − 2 which is built from eight symbols; ↘ → ↗ ↑ ↖ ← ↙ and ↓. The sequence is generated as follows. Starting from the origin P_0 = 0, let the first element of the sequence a_1 be the first arrow (in the order listed above) which points towards a vertex connected with P_0 in the subgraph. Let P_1 be the endpoint of a_1. Inductively, if a_1, a_2, . . . a_k and P_k have been defined, then let P_{k+1} be that neighboring vertex of P_k for which the angle P_{k−1}P_kP_{k+1} is the smallest measured clockwise. If P_k has only one neighbor (P_{k−1}), then this angle is considered to be 360^o and let P_{k+1} := P_{k−1}. Let a_{k+1} be ↘ → ↗ ↑ ↖ ← ↙ and ↓ if this angle is 45^o, 90^o, 135^o, 180^o, 225^o, 270^o, 315^o or 360^o, respectively. In plain words, we travel along the edges of the tree with the rule that at each vertex we always go ”to the right”. Obviously, after 2N − 2 steps we arrive back to the origin and we have visited each vertex (some of them several times) and each edge exactly twice. From the sequence a_1, . . . a_{2N−2} one can reconstruct the tree uniquely (though not every sequence on these eight symbols corresponds to a tree). The number of sequences is obviously 8^{2N−2}. 2.

5.1 Hard-core potential

We complete the upper bound for the hard core potential case. Choose q(t) := (log t)^2, ℓ(t) = 10 √ log t B_0 , 0 < ε < ε0, 0 < r ≤ 1/4, r ≤ log ( 1 1−c_0 ) /(log 30), b > 1 and δ := min{^a_6 ,^1_{200} }.

From (3.18) and log(a + b) ≤ 2 max{log a, log b} (5.1) we obtain lim sup t→∞ log L^{hc}(t) log t

≤ lim sup t→∞ (log t)^{−1} log E_ωe^{−tλhcQ,ω} (5.2) since lim sup t→∞ (log t)^{−1} log ( C_2e^{−C3q(t)} + e^{−B0t} ) = −∞. Now we apply the estimate from Theorem 4.1 for S := Q, s(t) := q(t) = (log t)^2. Notice that ℓ ≥ ℓ̃(ε, b, B, r) if t ≥ t_0(ε, B, b, r). We obtain lim sup t→∞ (log t)^{−1} log E_ωe^{−tλhcQ,ω} ≤ lim sup_{t→∞} (log t)^{−1} log [ E_ω exp ( −tKλ^{1+w(r)}_b ) +exp ( −tK·2^{−(1+w(r))} )] (5.3) recalling the condition (4.9) in Theorem 4.1 and distinguishing the cases (λ^{hc}_{Q,ω}/K)^{1/(1+w(r))} ≤ 1/2 or > 1/2. Using (5.1) and

lim sup t→∞ (log t)^{−1} log exp ( −tK · 2^{−(1+w(r))} ) = −∞ (5.4)

we get from (5.2) and (5.3)

lim sup t→∞ log L^{hc}(t) log t

≤ lim sup t→∞ (log t)^{−1} log E_ω exp ( −tKλ^{1+w(r)}_b ) . (5.5)

Following Sznitman’s construction let D := S ∩ ⋃ Cm∩A≠∅ C_m ⊃ S ∩ A^1.

Let U (respectively Ũ) be the complement in D of the union over m ∈ Z^2 of closed subboxes intersecting int(C_m) and containing a point (respectively a good point) from ω. The interior of D may have several components, D_0, D_1, . . ., each has its own sets U_0, U_1, . . . and Ũ_0, Ũ_1 . . . defined as U_i := U ∩ D_i, Ũ_i := Ũ ∩ D_i, which are certainly disjoint. Since Ω^b_+ ⊂ Ũ = ∪_iŨ_i, let us choose the labelling of the components such that λ(Ω^b_+ ∩ Ũ_0) ≤ λ(Ω^b_+ ∩ Ũ_i) for all i ≥ 1. As before, λ(U) = λ^{(B0)}(U) denotes the lowest eigenvalue of the free magnetic operator 1 2 (−i∇ − A)^2 − B_0 with Dirichlet boundary conditions on U for any open set U. Hence λ_b = λ(Ω^b_+) = λ(Ω^b_+ ∩ Ũ_0) ≥ λ(Ũ_0). By the definition of good points and the construction of A and D we have U_0 ⊂ Ũ_0 ⊂ D_0 |Ũ_0| ≤ |U_0| + ε|D_0|. (5.6) Let N = |D_0|/ℓ^2 which is an integer. For fixed N, the number of possibilities for D_0 is at most (s/ℓ)^264^N since D_0 is connected, and after having chosen one box within S in (s/ℓ)^2 ways, we have to count the number of connected subsets of G with N vertices, which contain a fixed point (obviously G is isomorphic to the ”connectedness” graph of the closed boxes). This number was estimated in Lemma 5.1.

For fixed D_0 the number of possibilities for U_0 and Ũ_0 is at most 2^{2N·([√2ℓ/b]+1)2} ≤ 2^{8N(ℓ/b)2} . Finally |U_0| ≥ |Ũ_0| − εNℓ^2, and we know, that once D_0, U_0, Ũ_0 is chosen, the total volume which receives no point is at least max{|U_0|, Nr^2ℓ^2π/729} ≥ max{|Ũ_0|, Nr^2ℓ^2π/729} − εNℓ^2. Here we used the definition of good points and that |A| ≥^1_9 |D| ≥^1_9 |D_0| by construction.

Hence E_ω exp ( −tKλ^{1+w(r)}_b ) (5.7) ≤ (s/ℓ)^2∑ N=0 (s/ℓ)^264^N 2^{8N(ℓ/b)2} e^{νεNℓ2} exp ( −tKλ(Ũ_0)^{1+w(r)} ) e^{−ν·max{|Ũ0|,Nr2ℓ2π/729}}. The sum above is majorated by

s^2 (s/ℓ)^2∑ N=0 64^N e^{−Nℓ2E} ≤ s^2 ( 1 − 64e^{−ℓ2E} )−1

if E = E(ε, b, r, ν) := πr^2ν 729 − νε − 8(log 2)b^{−2} > 0 and t ≥ t_1(ε, B, b, r, ν). Fix κ > 0. We minimize tKλ(Ũ_0)^{1+w(r)} + ν|Ũ_0| by the magnetic isoperimetric inequality [8]

λ(Ũ_0) ≥ λ(B, π^{−1/2}|Ũ_0|^{1/2})

and by the lower bound on the lowest eigenvalue (3.9). The result is

tKλ(Ũ_0)^{1+w(r)} + ν|Ũ_0| ≥ min_X { tKe^{−B0(1+κ)π−1X(1+w(r))} + νX } ≥ F log(tK/F ) if t ≥ t_2(κ, B, ν), where F = F (κ, B, r, ν) := 2πν B(1 + κ)(1 + w(r)) .

For any r > 0 there exists a small enough ε and large enough b such that E ≥ 10^{−3}r^2ν. In this case

lim sup t→∞ (log t)^{−1} log E_ω exp ( −tKλ^{1+w(r)}_b ) ≤ lim sup t→∞ (log t)^{−1} log s^2 exp ( −F log(tK/F ) ) 1 − 64 exp(−10^{−3}r^2ℓ^2ν) . (5.8) Using that

lim sup t→∞ log s^2 log t

= 0, lim sup_{t→∞} −F log(K/F ) log t

= 4000c^{−1}_0 r^2(1 + w(r))F

if ε is small e nough and b is large enough, depending on r, we obtain from (5.5) and (5.8)

lim sup b→∞ ε→0 lim sup t→∞ log L^{hc}(t)

log t ≤ − 2πν B(1 + κ)(1 + w(r)) + 8000πc^{−1}_0 r^2ν

B(1 + κ)

. (5.9)

Hence, recalling that w(r) → 0 as r → 0,

lim sup κ→0 r→0 lim sup b→∞ ε→0 lim sup t→∞ log L^{hc}(t)

log t ≤ − 2πν B , (5.10)

which completes the proof of the upper bound in (2.9).

5.2 Soft potential

The upper bound for the soft potential is similar to the previous section. Fix 0 < β < B_0. Let 2(24B_0)^{1/2}t ≤ q(t) < 2(24B_0)^{1/2}t+β^{−1/2} such that β^{1/2}q(t) is an integer, and let s(t) = (log t)^2.

From (3.16) and Proposition 3.4

lim sup t→∞ L(t) log t

≤ lim sup t→∞ (log t)^{−1} log E_ωe^{−tλQ,ω} ≤ lim sup t→∞ (log t)^{−1} log E_ω exp ( − t 100 min j∈β^{−1/2}L λ^{(B0+β)} S_j ,ω ) . (5.11) Then by Theorem 4.1 and the analogue of (5.3) and (5.4), we have

lim sup t→∞ L(t) log t

≤ lim sup t→∞ (log t)^{−1} log E_ω exp ( −tK min j∈β^{−1/2}L λ^{1+w(r)} j,b ) , (5.12) where λ_{j,b} := λ^{(B0+β)}(Ω^{j,b}_+ ) denotes the lowest eigenvalue of Ω^{j,b}_+ ⊂ S_j obtained within each S = S_j by the procedure of Section 4 and with magnetic field B + 2β = 2(B_0 + β) instead of B. Let D := Q ∩ ⋃ Cm∩A≠∅ C_m ⊃ Q ∩ A^1 (notice that here we have Q instead of S) and let U, Ũ defined exactly as in the hard core case. Consider the sets D ∩ S_j for all j ∈ β^{−1/2}L. Each of these sets may have several components, let us call them D^j_0, D^j_1, . . .. The sets U^j_0 , U^j_1 , . . ., Ũ^j_0 , Ũ^j_1 , . . . are defined analogously within each D^j_i . We know that each Ω^{j,b}_+ is within ∪_iŨ^j_i . Let us choose j_0 ∈ β^{−1/2}L and the labelling of the sets U^{j0}_i such that λ^{(B0+β)}(Ω^{j0,b}_+ ∩ Ũ^{j0}_0 ) ≤ λ^{(B0+β)}(Ω^{j,b}_+ ∩ Ũ^j_i ) for all j ∈ β^{−1/2}L and for all i. Then min_{j∈β}−1/2L λ^{(B0+β)}_{j,b} ≥ λ^{(B0+β)}(Ũ^{j0}_0 ). Finally, let N = |D^{j0}_0 |/ℓ^2 and we also have |U^{j0}_0 | ≥ |Ũ^{j0}_0 | − εNℓ^2. From now on we omit the superscripts j_0 and (B_0 + β).

The only difference between the cases of the soft and the hard-core potential is in the combinatorics. The number of possibilities for D_0 with fixed N is (q/ℓ)^264^N instead of (s/ℓ)^264^N as in the hard core case. Otherwise, once D_0 is fixed, the combinatorics for U_0 and Ũ_0 remains unchanged. Hence E_ω exp ( −tK min j∈β^{−1/2}L λ^{1+w(r)} j,b )

≤ (q/ℓ)^2∑ N=0 (q/ℓ)^264^N 2^{8N(ℓ/b)2} e^{νεNℓ2} exp ( −tλ(Ũ^{j0}_0 )^{1+w(r)} ) exp ( −ν · max{|Ũ^{j0}_0 |, Nr^2ℓ^2π/729} ) . The rest of the calculation is identical to the hard core case, except that in the analogue of (5.8) we have lim sup t→∞ log q^2 log t = 2 instead of lim sup_{t→∞}^{log s2}_{log t} = 0.

For the analogue of (5.9) we obtain

lim sup b→∞ ε→0 lim sup t→∞ log L(t) log t ≤ 2 − 2πν (B + 2β)(1 + κ)(1 + w(r)) + 8000πc^{−1}_0 r^2ν (B + 2β)(1 + κ)

. (5.13)

Hence lim sup β→0 lim sup κ→0 r→0 lim sup b→∞ ε→0 lim sup t→∞ log L(t) log t ≤ − 2πν B + 2, (5.14)

which completes the proof of (2.1). 2.

Acknowledgement. The author is grateful to Professor A.-S. Sznitman for explaining him his work and for fruitful discussions. This work has been initiated and later on completed at the Forschungsinstitut für Mathematik, ETH Zürich.

References

[1] Aharonov, Y., Casher, A.: Ground state of spin-1/2 charged particle in a twodimensional magnetic field. Phys. Rev. A19, 2461-2462 (1979)

[2] Brézin, E., Gross, D. J., Itzykson, C.: Density of states in the presence of a strong magnetic field and random impurities. Nucl. Phys. B 235, 24-44 (1984)

[3] Broderix, K., Hundertmark, D., Kirsch, W., Leschke, H.: The fate of Lifshits tails in magnetic fields. J. of Stat. Phys. 80, 1-22 (1995)

[4] Broderix, K., Hundertmark, D., Leschke, H.: Self-averaging, decomposition and asymptotic properties of the density of states for random Schrödinger operators with constant magnetic field. In: Path Integrals from meV to MeV: Tutzing ’92 World Sci. Publishing, River Edge, NJ, pp. 98–107 (1993)

[5] Broderix, K., Hundertmark, D., Leschke, H.: Continuity properties of Schrödinger semigroups with magnetic fields. Preprint.

[6] Donsker, M. D., Varadhan, S. R. S.: Asymptotics for the Wiener sausage. Commun.

Pure Appl. Math. 28, 525-566 (1975), Erratum: 28, 677 (1975)

[7] Erdős, L.: Gaussian decay of the magnetic eigenfunctions. Geom. Funct. Anal. (GAFA) 6 No.2, 231-248 (1996)

[8] Erdős, L.: Rayleigh type isoperimetric inequality with a homogeneous magnetic field.

Calc. Var. and PDE. 4, 283-292 (1996)

[9] Erdős, L.: Dia- and paramagnetism for nonhomogeneous magnetic fields. Journal of Math. Phys. 38(3), 1289-1317 (1997)

[10] Erdős, L., Solovej, J. P.: Semiclassical eigenvalue estimates for the Pauli operator with strong non-homogeneous magnetic fields. II. Leading order asymptotic estimates. To appear in Commun. Math. Phys. (1997)

[11] Kirsch, W., Martinelli, F.: On the density of states of Schrödinger operators with a random potential. J. Phys. A 15, 2139-2156 (1982)

[12] Matsumoto, H.: On the integrated density of states for the Schrödinger operators with certain random electromagnetic potentials. J. Math. Soc. Japan 45, 197-214 (1993)

[13] Meester, R., Roy, R.: Continuum Percolation. Cambridge University Press, 1996

[14] Macris, N., Pule, J. V.: Density of states of random Schrödinger operators with a uniform magnetic field. Lett. Math. Phys. 24, 307-321 (1992)

[15] Pastur, L., Figotin, A.: Spectra of Random and Almost-periodic Operators. Berlin- Heidelberg-New York: Springer 1992.

[16] Simon, B.: Semiclassical analysis of low lying eigenvalues. II. Tunneling. Ann. Math.

120, 89-118 (1984)

[17] Sznitman, A. S.: Lifschitz tail and Wiener sausage, I. J. Func. Anal. 94, 223-246 (1990)

[18] Sznitman, A. S.: Brownian survival among Gibbsian traps. Ann. Probab. 21 No.1, 490-508 (1993)

[19] Sznitman, A. S.: Brownian asymptotics in a Poissonian environment. Prob. Th. Rel.

Fields 95, 155-174 (1993)

[20] Ueki, N.: On spectra of random Schrödinger operators with magnetic fields. Osaka J.

Math. 31, 177-187 (1994)