CONVECTION–DIFFUSION EQUATION WITH SPACE-TIME ERGODIC RANDOM FLOW.

C. Landim^1, S. Olla^2 and H. T. Yau^3

Abstract: We prove long time diffusive behavior (homogenization) for convection–diffusion in a incompressible random flow that is time–dependent, has nonzero mean and space-time stationary bounded stream matrix.

Keywords: Homogenization, Convection–Diffusion Equations

1. Introduction.

Consider a passive scalar u(x, t) (like the temperature) diffusing in an incompressible fluid. It will satisfy the convection–diffusion equation

∂_tu = Δu + F · ∇u (1.1)

with certain initial condition given. We will assume that the fluid velocity F(x, t, ω) is given by a random ergodic process on R^{d+1} satisfying

∇_x · F = 0.

1IMPA, Estrada Dona Castorina 110, CEP 22460 Jardim Botanico, Rio de Janeiro, Brazil and CNRS URA 1378, Université de Rouen, 76821 Mont Saint Aignan Cedex, France.

2Centre de Mathématiques Appliquées, Ecole Polytechnique, 91128 Palaiseau Cedex, France and Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy.

3Courant Institute, 251 Mercer Street, New York NY 10012, USA. Research partially supported by U. S. National Science Foundation grant 9403462 and David and Lucile Packard Foundation Fellowship.

Typeset by AMS-TEX 1

We will assume that F = ∇_x · H + v with H(x, t, ω) a stationary (in R^{d+1}) and bounded skew-symmetric random matrix and v a constant vector^4.

We want to study the effective diffusion on a macroscopic scale, i.e. introducing a scale parameter ε we show that

lim_{ε→0} u(ε^{−1}x − ε^{−2}tv, ε^{−2}t, ω) = ū(x, t) (1.2)

where ū is solution of effective heat equation

∂_tū = ∑ i,j a^v_{i,j} ∂_{xi} ∂_{xj} ū (1.3)

and a^v is the corresponding effective diffusion matrix.

Such problem arises in the diffusion of contaminants in saturated porous media (cf.[BGW]) and in diffusion of particles deposited as sediment in convective flows (cf. [MC]).

For periodic flows this problem has been extensively studied (cf. [BGW], [FP], [MM], ...), In the random case, for time independent flows, only the case with zero mean drift was proved (cf. [PV], [K]), and for time dependent flows only special cases had been studied (cf. [AM], [CX]).

Our technique is based on a perturbation argument already used in [LY]. 2. Notations and Results.

Let ( Ω, G, μ ) be a probability space and G = {τ_{x,t} ; (x, t) ∈ ℜ^{d+1}} is a group of measure preserving transformations acting ergodically on Ω (and with stochastically continuous action).

The group G acting on Ω induce a group of operators on L^2 ( Ω, G, μ ) given by T_{x,t}f(ω) = f(τ_{x,t}ω) Since τ_{x,t} is measure preserving, the operators T_{x,t} form a unitary group. Therefore they have closed densely defined infinitesimal generators given by D_i = ∂ ∂x_i T_{x,t} | | |_{x=0,t=0} D_t = ∂ ∂t T_{x,t} | | |_{x=0,t=0}

(2.1)

4In other words we are considering flows with stream matrix that are stationary in time and with stationary increments in space.

Let H_{i,j} (ω) a skew-symmetric matrix of “smooth” bounded functions on Ω. We will consider divergence free field given by

F = {F_i = ∑ j D_j H_{i,j} , i = 1, . . . , d}

Consider the solution u(x, t, ω) of the parabolic equation: ∂_tu = Δu + v · ∇u + F(x, t, ω) · ∇u (2.2) where v ∈ ℜ^d is a constant vector and F(x, t, ω) = F(τ_{x,t}ω).

We will show that in μ–probability

lim_{ε→0} u(ε^{−1}x − ε^{−2}tv, ε^{−2}t, ω) = ū(x, t) (2.3)

where ū is the (deterministic) solution of effective heat equation

∂_tū = ∑ i,j a^v_{i,j} ∂_{xi} ∂_{xj} ū (2.4)

and a^v is the corresponding effective diffusion matrix. We will also give a variational formula for a^v.

Consider the diffusion process on ℜ^d solution of the SDE dy^ω(t) = √ 2dw_t + {v + F(y^ω(t), t, ω)} dt y^ω(0) = 0 ,

(2.5)

where w_t is a standard Wiener process on ℜ^d. We will prove that the rescaled diffusion

x^ε(t) = ε ( y^ω(ε^{−2}t) − ε^{−2}tv )

converge in law to a brownian motion with diffusion matrix a^v. 3. Probabilistic Convergence Theorem.

To the diffusion process defined by (2.5) one can associate a canonical Markov process on Ω by { η(t) = τ_yω_{(t),t} ω η(0) = ω .

The generator of this process is given by

L = D^2 + v · D + F · D + D_t.

Observe that μ is an ergodic invariant measure for this process (cf. [O]).

Denote by < ·, · > the inner product in L^2(μ). Define H_1 as

H_1 = clos{ϕ ∈ D(D)}

where the closure is made with respect the norm ‖ϕ‖_1 =< |Dϕ|^2 >^{1/2} and

H_{−1} = { ψ : ‖ψ‖^2_{−1} = sup_ϕ ( 2 < ψ, ϕ > −‖ϕ‖^2_1 ) } .

Proposition 3.1 . For any g ∈ H_{−1} there exists a sequence u_n ∈ L^2 ∩ H_1 such that

‖Lu_n − g‖_{−1} −→ 0 (3.1)

Corollary 3.2 . The sequence u_n defined in Proposition 3.1 converge strongly in H_1.

Proof of corollary 3.2

It follows immediately from

‖u_n − u_m‖_1 =‖ S(u_n − u_m) ‖_{−1}≤‖ L(u_n − u_m) ‖_{−1}→ 0 � We will use the CLT for martingales in order to conclude the argument. In fact by proposition

3.1, applied at the occurrence to the functions g = F · e, we can write

ε ∫_{tε}�2 0 g(η(s))ds = ε ∫_{tε}�2 0 (Lu^e_n)(η(s))ds + ε ∫_{tε}�2 0 f_n(η(s))ds = ε { u^e_n(η(tε^{−2})) − u^e_n(η(0)) } + εM^{uen} (tε^{−2}) + ε

∫_{tε}�2 0 f_n(η(s))ds (3.2)

where ‖f_n‖_{−1} → 0 and M^{uen} (t) is a martingale with quadratic variation ∫_t 0 |Du^e_n(η(s))|^2ds.

Since u^e_n is in L^2, the first term in (3.2) goes to 0 as ε → 0 in L^2. For the last term observe that lim_{ε→0} E ( ε ∫_{tε}�2 0 f_n(η(s))ds )_2 ≤ ‖f_n‖^2_{−1} −→_n 0

While for the martingale term εM^{uen} (tε^{−2}), by CLT for martingales and the ergodic theorem (cf. [O] for example), it converges (in law, for a.e. ω) as ε → 0 to a martingale with constant quadratic variation given by ‖u^e_n‖^2_1 that converge as n → ∞ to ‖u^e_0‖^2_1 by corollary 3.2.

This gives the convergence of the finite dimensional distribution. For the compactness, since H_{i,j} is bounded, it follows by a Varadhan’s argument using the GRR inequality (cf. [V], [O]).

The diffusion matrix along the direction e is then given by

e · a^ve = ‖e‖^2+ < ‖Du^e_0‖^2 > .

4. A Perturbation Argument.

First let us remark that (3.1) can be explicitly solved if F = 0.

Proposition 4.1 . For any g ∈ H_{−1} there exists a sequence u_n ∈ L^2 ∩ H_1 such that

‖ ( D^2 + v · D + D_t ) u_n − g‖_{−1} −→ 0 (4.1)

Proof.

Since L^2 ∩ H_{−1} is dense in H_{−1}, we may assume g ∈ L^2 ∩ H_{−1}. Let T_{x,t} be the translation operator on L^2 defined by T_{x,t}f(ω) = f(τ_{x,t}ω) Then {T_{x,t}, (x, t) ∈ R^{d+1}} is a unitary group that has spectral resolution

T_{x,t} = ∫ R^d+1 e^{i(k·x+ht)}U(dk, dh)

with U(dk, dh) the spectral projections. Defining U(dk, dh)g(ω) = ĝ(dk, dh, ω), the condition g ∈ H_{−1} implies that its energy–spectrum measure

ν_g(dk, dh)δ(k − k^′)δ(h − h^′) =< ĝ(dk, dh, ω)ĝ(dk^′, dh^′, ω) > satisfies ∫ 1 |k|^2 ν_g(dk, dh) = ‖g‖^2_{−1} < +∞ Consider the solution of ( λ1 − D^2 − v · D − D_t ) u_λ = g .

Then we have explicitly ^Du_λ(dk, dh, ω) = k λ − |k|^2 − i(v · k + h) ĝ(dk, dh, ω)

and we can conclude that Du_λ converge strongly in L^2 as λ → 0. �

In the following J = F · D, M = v · D + D_t, S = D^2, L_0 = S + M. Lemma 4.2 . JL^{−1}_0 is a bounded operator in H_{−1}.

Proof Since J is a bounded operator

‖Ju‖_{−1} ≤ C_1‖u‖_1 .

On the other hand it is immediate to show that

‖u‖_1 ≤ ‖L_0u‖_{−1}

because M is an asymmetric operator. So we have

‖JL^{−1}_0 v‖_{−1} ≤ C_1‖v‖_{−1}

for any v = L_0u. But by proposition 4.1 {L_0u, u ∈ H_1 ∩ L^2} is dense in H_{−1}. � Lemma 4.3 . For any δ < C^{−1}_1 and ψ ∈ H_{−1} there exists a sequence u_n ∈ L^2 ∩ H_1 such that

‖(L_0 + δJ)u_n − ψ‖_{−1} −→ 0 (4.2)

Proof

Since the norm of JL^{−1}_0 is bounded by a finite constant C_1, we may define the bounded operator ( 1 + δJL^{−1}_0 )_{−1} by the serie ∑ n≥0 ( δJL^{−1}_0 )_n . Let g = ( 1 + δJL^{−1}_0 )_{−1} ψ. By Proposition 4.1 there exists a sequence u_n ∈ H_1 ∩ L^2 such that ‖L_0u_n − g‖_{−1} → 0. Then we have

‖(L_0 + δJ)u_n − ψ‖_{−1} = ‖ ( 1 + δJL^{−1}_0 ) ( L_0u_n − g ) ‖_{−1} ≤ C(δ)‖L_0u_n − g‖_{−1} → 0. � Proof of Proposition 3.1 We have to show that Lemma 4.3 is valid with δ = 1. Observe that Proposition 4.1 and everything said above is valid if L_δ = S + δM is substituted to L_0^5. Formally we have

L = S + A = 1 δ ( 1 − (1 − δ)S ( S + δA )^{−1} ) ( S + δA ) . Since A is an asymmetric operator, ‖u‖_1 ≤ ‖(S + δA)u‖_{−1} for all u in H_1. Since, by lemma 4.3, {( S + δA ) u, u ∈ H_1 ∩ L^2} is dense in H_{−1}, ‖ ( S + δA )^{−1} ϕ‖_1 ≤ ‖ϕ‖_{−1} for all ϕ in H_{−1}. In particular, ‖S ( S + δA )^{−1} ϕ‖_{−1} = ‖ ( S + δA )^{−1} ϕ‖_1 ≤ ‖ϕ‖_{−1} i.e. that S ( S + δA )^{−1} is a bounded operator in H_{−1} with norm bounded by 1. It follows that also ( 1 − (1 − δ)S ( S + δA )^{−1} )_{−1} ( defined as a power series as in lemma 4.3) is a bounded operator in H_{−1}.

Define ψ = δ ( 1 − (1 − δ)S ( S + δA )^{−1} )_{−1} g, then by lemma 4.3 there exists a sequence u_n ∈ H_1 ∩ L^2 such that ‖(S + δA)u_n − ψ‖_{−1} −→ 0 so considering this sequence we have ‖Lu_n − g‖_{−1} = ‖ 1 δ ( 1 − (1 − δ)S ( S + δA )^{−1} ) [ ( S + δA ) u_n − ψ ] ‖_{−1} ≤ C(δ)‖(S + δA)u_n − ψ‖_{−1} and this conclude the proof of Proposition 3.1. �

5Observe that ‖JL�1_ffi ‖ ≤ C1 for any δ

5. Bounds on the effective diffusion.

It will be interesting to study the effective diffusion matrix as function of the parameters of the original microscopic equation (2.2). In dimension 2 and for time independent fields one can obtain an elementary bound on the effective diffusivity on the orthogonal direction of the mean drift v.

For d = 2, chose a direction e such that v·e = 0. In this case F can be written as F = D^⊥H for a bounded smooth stream function H. Then, as result of what proven in the previous sections, there exists u^e such that

D^2u^e + e_⊥ · (|v|Du^e − DH) + D^⊥H · Du^e = 0

in H_{−1}. Then testing this equation against u^e and H one obtains the relations

< |Du^e|^2 >=< He_⊥ · Du^e >= 1 |v| < DH · (I + H)Du^e >

so using Schwarz inequality one obtains

e · a(ve_⊥)e =< |Du^e|^2 >≤ 1 v^2

(1 + ‖H‖_∞) < |DH|^2 >

References.

[AM] Avellaneda M., Majda A., Mathematical Models with Exact Renormalization for Turbulent Trasport II Comm. Math.Phys. 146, 139-204 (1992).

[BGW] Bhattacharya N.R., Gupta V.K., Walker H.F., Asymptotics of Solute Dispersion in Periodic Media. SIAM J.Appl.Math. 49, No.1, 86-98, (1989).

[CX] Carmona R.A., Xu L., Homogenization for Scalar Transportation in Some Time Dependent Random Flow. Preprint 1995.

[FG1] Fannjiang A., Papanicolaou G., Convection Enhanced Diffusion for periodic flows. Siam J.Appl.Math., 54, No.2, 333-408, (1994).

[FG2] Fannjiang A., Papanicolaou G., Diffusion in Turbulence, (1994).

[K] Kozlov S.M., Averaging of Random Operator, Math. USSR Sbornik, 37, No.2, 167-180 (1980).

[MM] Majda A.J., McLaughlin R.M., The effect of mean flows on enhanced diffusivity in transport by incompressible periodic velocity fields, Stud. Appl. Math. 89, 245-279, (1993).

[MC] Maxey M.R., Corrsin S., Gravitational Settling of Aereosol Particles in Randomly Oriented Cellular Flow Fields, J. Atmospheric Sciences 43, n.11, 1112–1134 (1986).

[LY] Landim C., Yau H.T., in preparation.

[O] Olla, S.: Homogenization of diffusion processes in random fields. Ecole Polytechnique (1994). [PV] Papanicolau G., Varadhan S.R.S., Boundary Value Problems with Rapidly Oscillating Random Coefficients, Colloquia Mathematica Societatis János Bolay, 27. Random Fields, Esztergom (Hungary), 835-873 (1979).

[V] Varadhan S.R.S., Self Diffusion of a Tagged particle in Equilibrium for Asymmetric Mean Zero Random Walk with Simple Exclusion. Ann. Inst. H.Poincaré, Probabilités et Statistiques 31, n.1, 273–285 (1995).