UNIVERSITÉ DE GENÈVE

SCHOLA GENEVENSIS MDLIX

Ergodic Properties of the Langevin Equation V. JakÏsiÂc 1,2 and C▷A▷ Pillet 3 1Department of Mathematics California Institute of Technology Pasadena CA 91125 USA 2Department of Mathematics and Statistics University of Ottawa Ottawa ON K1N 6N5 Canada 3Dχepartement de Physique Thχeorique Universitχe de Genϕeve CHδ1211 Genϕeve 4 Switzerland

UGVA–DPT 1996/04–920

Abstract. We discuss the dissipative dynamics of a classical particle coupled to an inffnite heat reservoir. We announce a number of results concerning the ergodic properties of this model. The novelty of our approach is that it extends beyond Markovian dynamics to the case where the Langevin equation is driven by colored noise.

In this Letter we discuss the dissipative dynamics of a classical particle interacting

with a large reservoir. The reservoir is an inffnite gas of free classical phonons at thermal

equilibrium. We announce a number of results concerning the ergodic properties of the

combined system particle + reservoir. In particular, it follows from our analysis that the

dynamical system describing this model near thermal equilibrium is strongly mixing.

In a recent work ([JP]), we have investigated the problem of thermal relaxation for a

ffnite dimensional Hamiltonian system A coupled to a heat reservoir B. Our assumptions on

the systems A and B are quite general and have simple physical interpretations. However the set of hypotheses that we need on the form of the coupling between the two systems is complicated. To avoid many of these technical details, we concentrate here on a simple model. This allows us to give a more transparent exposition of the results presented in [JP].

Using the statistical nature of the reservoir at thermal equilibrium, one can give a reduced probabilistic description of the particle based on a random integro-differentialequation: The Langevin equation. The latter departs from the original Newton law by the addition of two terms: A random force describing the direct action of the reservoir on the particle, and a dissipative term arising from the reaction of the reservoir on the motion of the particle. We start by discussing our results in this well-known context (see [FK], [FKM], [LT], [N], [UO] and [W] for additional information on the Langevin equation).

Throughout this Letter, the small system A consists of a single particle of unit mass moving on the line under the in�uence of a con�ning C ∞ √≀⊔⌉\⊔⟩⊣↕ V ↼q↽ †↙ T⟨⌉ H⊣⇕⟩↕⊔≀\⟩⊣\ {⊓\⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕ A is HA(^{q, p↽ ≡ p2}_2^{⇁ V ↼q↽,} with q, p ∈ R. The equation of motion of the isolated particle is q̇t = pt, ṗt = −V ′⇐qt↽. ↼1↽ Since V is smooth and conαning the initial value problem associated with Equation ↼1↽ has a global solution which deαnes a smooth βow on the phase space R2. The interaction of the particle with the reservoir is described in terms of a friction constant λ and a coupling function ρ ∈ L2↼R), a normalized Ψcharge density˚ (‖ρ‖ = 1). Under the infiuence of the reservoir, which is assumed to be initially in thermal equilibrium at inverse temperature β the equation of motion ↼1↽ is modiαed as follows. q̇t = pt, ṗt = −V ′⌉{{ ⇐qt↽ ⇁ λ2 ∫ t 0 D↼t − s↽qsds ⇁ λζt. ↼2↽ † T⟨⌉ √≀⊔⌉\⊔⟩⊣↕ ⟩∫ ⌋≀\⊘\⟩\} ⟩\ ⊔⟨⌉ ∫⌉\∫⌉ ⊔⟨⊣⊔ ↕⟩⇕ |q|→∞ V ↼q↽ = ∞ ⊣\⌈ ⌉§√⇐−βV ↽ ∈ L 1↼R) for all β > 0▷

Here ζt is a stationary Gaussian random process with mean zero and covariance ⟨ζtζs⟩β = β−∞C↼t − s↽ ≡ β−∞ ∫ |ρ̂↼k↽|∈⌋≀∫⇐k↼t − s↽↽ dk 2π , and D↼t↽ = −Ċ↼t↽ = ∫ k|ρ̂↼k↽|∈∫⟩\⇐kt↽ dk 2π . The effective potential is given by Veff↼q↽ = V ↼q↽⇁λ2q2/2 and ρ̂↼k↽ is the Fourier transform of the function ρ↼x↽▷ From Equation ↼2↽ it is apparent that the reservoir plays a dual role. On one hand its ability to absorb energymomentum provides a physical mechanism for dissipation▷ On the other hand its thermal βuctuations encapsulated in ζt prevent the particle from relaxing into some stationary state ↼see ♭KKS♯↽▷ Equation ↼2↽ is known as the Langevin equation and the resulting random process as the OrnsteinUhlenbeck process▷ The derivation of the Langevin equation from Ψmicroscopicν considerations i▷e▷ from the Hamiltonian formalism describing the combined system A + B, is presented below. The �rst question, of course, is whether the Langevin equation has a global solution. Our �rst result is

Theorem 1. Suppose that ‖ ‖(−∂2 x ⇁ x2 )s ρ ‖ ‖ < ∞, for some s > 1▷ Then for any λ and for almost all ζ the initial value problem associated with Equation ↼2↽ has a global solution T tζ ↼q0, p0↽ = (qt, pt↽, which deαnes a C1βow on the phase space R2. Let SA be the set of probability measures on R^2 which are absolutely continuous with

respect to the Lebesgue measure. The elements of SA are initial states of the system A. We

say that the Ornstein-Uhlenbeck process has the property of return to equilibrium if for each measure μ ∈ SA and for any observable f ∈ L^∞⇐R^2) we have lim t→∞ ∫ ⟨ f ∘ T tζ ⟩ β dμ = ∫ fdμβA, ↼3↽ where dμβA^{= 1}_Zβ A e^{−βH}A(^{q,p↽}dqdp,

is the Gibbs canonical ensemble of the system A at the temperature of the reservoir. Clearly,

return to equilibrium is equivalent to the mixing property of the Ornstein-Uhlenbeck process with respect to μ^βA. Our main result is a set of necessary conditions which ensure that the OU process returns to equilibrium.

We note that, except in some special cases [TR], the question of return to equilibrium for the OU process was previously unsolved. The dif�culties are related to the presence of memory in (2). A standard approach of these dif�culties is based on an ad hoc limiting procedure (see e.g. [FK] or [TH], Example 3.1.9) which leads to the simpli�ed equation q̇t = pt, ṗt = −V ′⇐qt↽ − η2 2 q̇t ⇁ ηζt. ↼4↽

Here ζt is the white noise process ⟨ζtζs⟩β = β−∞δ↼t − s↽, and η is the effective friction constant▷ The resulting OU process is Markovian and standard techniques based on FokkerPlanck equation apply▷ It is known that the process ↼4↽ is mixing with respect to the Gibbs measure μβA (see [TR]). In [JP] we have proven a result which, specialized to the model (2), translates into the following statement:

Theorem 2. Suppose that the conditions of Theorem 1 hold and that |ρ̂↼k↽| ≥ C ↼1 ⇁ |k|⇒ν , ↼5↽ for some positive constants C and ν and for all k ∈ R. Then, for all non-zero λ the OrnsteinUhlenbeck process ↼2↽ has the property of return to equilibrium▷ We now brieβy summarize our program▷ Our αrst goal is to construct a differentiable dynamical system ↼G, Ξt, μβ ↽ describing the combined system A+Bnearthermalequilibrium. Here G is the phase space, Ξt is the Hamiltonian βow and μ^β is the Gibbs canonical ensemble of the joint system at inverse temperature β▷ Admissible initial states which are Ψnearν thermal equilibrium are probability measures on G whichareabsolutelycontinuouswithrespect to μ β ▷ We denote this class of states by S β▷ Observables of the system are elements of the algebra L∞⇐G, dμ^β ↽▷ The probabilistic description of the dynamics of the system A is obtained by �integrating out� the variables of the reservoir. If these variables are initially distributed according to the Gibbs canonical ensemble, then this reduced description should yield the

Langevin equation (2). The problem of return to equilibrium for the combined system can be formalized in the following way.

Definition 3. We say that the combined system A + B returns to equilibrium if the dynamical system (G, Ξt, μ^β ↽ satisαes lim t→∞ ∫ F ∘ Ξt dμ = ∫ F dμβ , for all μ ∈ Sβ and F ∈ L ∞⇐G, dμβ ↽▷ The return to equilibrium for the OrnsteinUhlenbeck process Relation ↼3↽ is a special case of this deαnition▷ The second and main goal of our program is to αnd sufαcient conditions to ensure that the system A + B returns to equilibrium. In the rest of this Letter we sketch how this program is carried out for the simple model of a particle coupled to an in�nite harmonic string.

The heat reservoir � an in�nitely extended gas of non-interacting classical phonons � is described by the classical �eld theory associated with the one-dimensional wave equation. In this Letter, L^2↼R) stands for the real Hilbert space of real-valued square integrable functions

on R. Let H1↼R) ⊂ L2↼R) be the usual Sobolev space. The phase space HB of �nite energy

con�gurations of the heat reservoir is the real Hilbert space obtained from the completion of

H1↼R) ⊕ L2↼R) with respect to the inner product (( φ π ) , ( φ π )) ≡ ∫ ( |φ′⇐x↽|∈⇓ |π↼x↽|∈ ) dx. The Hamilton function of the free reservoir is HB(^{φ, π↽ ≡ ∞}_∈ ∫ ( |φ′⇐x↽|∈⇓ |π↼x↽|∈ ) dx, and the corresponding equation of motion is φ̇t↼x↽ = πt↼x↽, π̇t↼x↽ = φ′′t ↼x↽. ↼6↽ The initial value problem associated to Equation ↼6↽ is solved by the strongly continuous unitary group exp↼LBt↽ where LB^≡ ( ∂2x 0 ) , is a skewadjoint operator on HB.

The phase space of ↑nite energy con↑gurations of the combined system A + B is given

by R^2 × HB, and its Hamilton function is H↼q, p, φ, π↽ ≡ HA(q, p↽ ⇁ λ2 2 q2 ⇁ HB(φ, π↽ ⇁ λq ∫ ρ↼x↽φ′⇐x↽dx. ↼7↽ Here λ is a real coupling constant and ρ a normalized Ψcharge densityν▷ These are the friction constant and coupling function αguring in ↼2↽▷ The choice of Hamiltonian ↼7↽ is motivated by the dipole approximation of classical electrodynamics▷ To describe thermal equilibrium states of the system A +B, we have to extend the phase space HB to include in�nite energy con�gurations. Let ϕ be the Gaussian random αeld indexed by the Hilbert space HB, with covariance ⟨ϕ↼f↽ϕ↼g↽⟩β = β−∞⇐f, g↽, for f, g ∈ HB. Denote by (GB, GB, μβB) the associated probability space. The phase space

of the in�nite heat reservoir at inverse temperature β is G B, and^{μβ}B is its thermal equilibrium state. The construction of the space GB is discussed in detail in [JP], see also [GJ], [S]. We just mention here that there exists a space of �test functions� N ⇔ ⌋≀\⊔⟩\⊓≀⊓∫↕† ⊣\⌈ ⌈⌉\∫⌉↕†

⌉⇕⌊⌉⌈⌈⌉⌈ ⟩\ HB, and such that GB is the space of distributions on N ∅ ⇕≀∇⌉ √∇⌉⌋⟩∫⌉↕†⇔

N ⊂ HB ⊂ N^′ = GB.

For ϕ ∈ HB the above duality reduces to the inner product, i.e. ϕ↼f↽ = (ϕ, f↽, f ∈ N . For notational purposes let us deαne the function α ∈ HB by α̂↼k↽ ≡ ( {ik↽−∞ρ̂↼k↽ 0 ) . The Hamiltonian ↼7↽ then becomes H↼q, p, ϕ↽ = HA(q, p↽ ⇁ λ2 2 q2 ⇁ 1 2 ‖ϕ‖∈⇓ λqϕ↼α↽. The phase space of the system A + B is G ≡ R2× GB, and its Gibbs canonical ensemble is

the probability measure dμβ = e−β↼λqϕ↼α↽⇁λ 2q2/2↽ dμβA(^{q, p↽dμβ}B(^{ϕ↽.}

The evolution equation for ↑nite energy con↑gurations are q̇t = pt, ṗt = −V ′⌉{{ ⇐qt↽ − λϕt↼α↽, ϕ̇t = LB(ϕt ⇁ λqtα↽. ↼8↽

The last equation is easily integrated to give ϕt↼f↽ = ϕ0↼e−LBtf↽ ⇁ λ ∫ t 0 ↼LB^{α, e−L}B(^{t−s↽f↽q}s^{ds,} and insertion into the second equation leads to ṗt = −V ′⌉{{ ⇐qt↽ − λ2 ∫ t 0 ↼LB^{α, e−L}B(^{t−s↽α↽q}s^{ds − ϕ}0^{↼e−L}B^{tα↽. ↼9↽} If the initial state of the reservoir is distributed according to μβB, then ζt ≡ −ϕ0↼e−LBtα↽ ↼10↽ becomes a Gaussian random process and Equation ↼9↽ is easily seen to be identical to the Langevin equation ↼2↽▷ The principal results of this Letter are. Theorem 4. Suppose that the conditions of Theorem 1 hold. Then for all λ for all ↼q0, p0↽ ∈ R2, and for μβB-almost all ϕ0 ∈ GB, the initial value problem associated with Equation (8) has a global solution (q_t, p_t, ϕ_t↽ = Ξ_t↼q_0, p_0, ϕ_0↽ which deαnes a βow on the phase space G. The measure μβ is invariant under the Hamiltonian βow Ξ t▷

Theorem 5. Suppose that conditions of Theorem 2 hold. Then, for all non-zero λ the system A + B returns to equilibrium.

Parenthetically, we remark that Theorems 1 and 2 are an immediate consequences of Theorems 4 and 5.

The proofof Theorem 4 is based on standard ideas and techniques and we willnot discuss it here. The proof of Theorem 5 is dif�cult and requires some novel ideas. In the sequel we sketch the basic strategy of our argument on the heuristic level.

The Koopman space of the combined system A + B is L 2↼G, dμ^β ↽ and the map U^t. F → F ∘ Ξ_t,

de↑nes a strongly continuous unitary group on this space. Let Lbe theskew-adjointgenerator ofU^t and let F_{sing} ⊂ L^2↼G, dμ^β ↽ be the spectral subspace associated to the singular spectrum of L. We show that F_{sing} consists only of constant functions▷ Theorem 5 is an immediate consequence of this fact ↼see e▷g▷ ♭M♯ or ♭CFS♯↽▷ Our argument splits into the following technically and conceptually distinct steps. Change of variables. The map (q, p, ϕ↽ → ⇐q, p, ψ↽ ≡ ⇐q, p, ϕ ⇁ λqα↽ transforms the Hamiltonian into HA(q, p↽ ⇁ ‖ψ‖∈/2▷ In the new dynamical variables the Koopman space factorizes as L2↼G, dμ^β ↽ ≃ L^2↼R^2, dμ^βA) ⊗ L^2↼GB, dμ^βB). This simple transformation is the critical αrst step of our argument▷ Dynamical reduction. We exploit the particular (Lax-Phillips) structure of the reservoir, the time-reversal symmetry of the model, and the bound (5) to show that a vector Ψ ∈ Fsing can depend only on q, p and αnitely many αeld coordinates ζ1 = ψ↼e1↽, . . . , ζN = ψ↼eN ↽, related to the value of the noise ↼10↽ and its derivatives at time zero▷ We obtain an explicit description of the subspace H0⊂ HB spanned by e1, . . . , eN ▷ The proof of this result involves inputs from the general theory of Gaussian random processes Wiener prediction theory and harmonic analysis of Hardy classes▷ Elimination of the reservoir. We show that the reservoir completely dominates the small time dynamics on the subspace of functions Ψ(q, p, ζ1, . . . , ζN ↽▷ Using the fact that the evolution of the free reservoir has no invariant subspaces in H 0, we inductively eliminate the �eld variables ζ▷

Kinematic reduction. The last step in the previous elimination process yields that F_{sing} contains only functions of ↼q, p↽ which satisfy {HA^{, Ψ} = 0, {q, Ψ} = 0, ↼11↽} where {·, ·} ⟩∫ ⊔⟨⌉ P≀⟩∫∫≀\ ⌊∇⊣⌋‖⌉⊔ ≀\ R2. It is easily shown that the constants are the only solutions of the system (11). This concludes the proof.

This strategy is effective in a more general setting. In fact, all what we require is that the system A is a Hamiltonian system whose con�guration space is a �nite-dimensional C ∞ ⇕⊣\⟩{≀↕⌈ M▷ In particular the system A could be a macroscopic gas of interacting particles in R^3. The system B could be any linear dynamical system for which there is an outgoing subspace in the sense of Lax-Phillips theory. For the classical hyperbolic systems (wave

equation, Maxwell’s equations...) the existence of an outgoing subspace is a well-known fact. For our method to work, however, the coupling between the two systems has to be Ψsimple˚, in the sense that it is a ↑nite sum of terms of the form u↼ξ↽ϕ↼α↽ where u↼ξ↽ ∈ C∞⇐T ∗M↽▷ Clearly in this more general setting we require some additional hypotheses▷ First we have to ensure that the combined system has a timereversal symmetry▷ Second we need a hypothesis ensuring kinematic completeness†↙ T⟨⌉ ↕⊣⊔⊔⌉∇ ⟨⊣∫ ⊣\ ⟩\⊔∇⟩\∫⟩⌋ √⟨†∫⟩⌋⊣↕ ⇕⌉⊣\⟩\}¬ ⊒⌉ ∇⌉∐⊓⟩∇⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋≀⊓√↕⟩\} ⌋≀⊓↕⌈ √⊓∫⟨ ⊔⟨⌉ √⊣∇⊔⟩⌋↕⌉ ⟩\ ⊣\† ⌈⟩∇⌉⌋⊔⟩≀\ ≀{ ⟩⊔∫ √⟨⊣∫⌉ ∫√⊣⌋⌉↙ F≀∇ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣\⌈ √∇≀≀{∫ ⊒⌉ ∇⌉{⌉∇ ⊔⟨⌉ ∇⌉⊣⌈⌉∇ ⊔≀ ∪JP⊎↙ Acknowledgments. This letter is a part of the program which has been suggested to us by I.M. Sigal, to whom we are grateful. The ffrst author was supported in part by NSERC, the second by the Fonds National Suisse.

References

[CFS] Cornfeld, I.P., S.V. Fomin and Ya. G. Sinai: Ergodic Theory, New York, Springer Verlag (1982).

[DM] Dym, H. and H.P. McKean: Gaussian Processes, Function Theory, and the Inverse Spectral Problem, New York, Academic Press (1976).

[FK] Ford, G.W. and M. Kac: On the Quantum Langevin Equation. J. Stat. Phys. 46, 803 (1987).

[FKM] Ford, G.W., M. Kac and P. Mazur: Statistical mechanics of assemblies of coupled oscillators. J. Math. Phys. 6, 504-515 (1965).

[GJ] Glimm, J. and A. Jaffe: Quantum Physics, New York, Springer Verlag (1987).

[JP] Jak�siØc, V. and C.-A. Pillet: Ergodic Properties of Classical Dissipative Systems.

Preprint (1996).

[KKS] Komech, A., M. Kunze and H. Spohn: Radiative damping: Global convergence and exponential relaxation. Preprint (1995).

[LT] Lewis J.T. and L.C. Thomas: How to make a heat bath. In Functional Integration and its Applications, (Arthurs, A. M.). Oxford, Clarendon (1975). † F≀∇ ⊔⟨⌉ ⇕≀⌈⌉↕ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ ⊔⟨⟩∫ L⌉⊔⊔⌉∇ ⊔⟨⟩∫ ⟨†√≀⊔⟨⌉∫⟩∫ ⟩∫ ⊣⊓⊔≀⇕⊣⊔⟩⌋⊣↕↕† ∫⊣⊔⟩∫⊘⌉⌈↙

[M] Man̈Øe, R.: Ergodic Theory and Differentiable Dynamics, Berlin, Heidelberg, New York, Springer (1987).

[N] Nelson, E.: Dynamical Theories of Brownian Motion, Princeton, Princeton University Press (1976). [RO] Robinson, D.W.: C ∗∘ ⊣↕}⌉⌊∇⊣∫ ⊣\⌈ ∐⊓⊣\⊔⊓⇕ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⇕⌉⌋⟨⊣\⟩⌋∫↙ I\ C ∗∘ A↕}⌉↖ ⌊∇⊣∫ ⊣\⌈ ⊔⟨⌉⟩∇ A√√↕⟩⌋⊣⊔⟩≀\∫ ⊔≀ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ M⌉⌋⟨⊣\⟩⌋∫ ⊣\⌈ Q⊓⊣\⊔⊓⇕ F⟩⌉↕⌈ T⟨⌉≀∇†⇔ ⇐K⊣∫⊔↕⌉∇⇔ D↙⇒↙ A⇕∫⊔⌉∇⌈⊣⇕⇔ N≀∇⊔⟨↖H≀↕↕⊣\⌈ ⇐∞∃⇏↙ ∪RS⊎ R⌉⌉⌈⇔ M↙ ⊣\⌈ B↙ S⟩⇕≀\¬ M⌉⊔⟨≀⌈∫ ≀{ M≀⌈⌉∇\ M⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ P⟨†∫⟩⌋∫ III↙ S⌋⊣⊔⊔⌉∇⟩\} T⟨⌉≀∇†⇔ L≀\⌈≀\⇔ A⌋⊣⌈⌉⇕⟩⌋ P∇⌉∫∫ ⇐∞∃∀⇒↙ ∪S⊎ S⟩⇕≀\⇔ B↙¬ T⟨⌉ P ↼ϕ↽ 2 Euclidean ↼Quantum↽ Field Theory Princeton Princeton University Press ↼1974↽▷ ♭TH♯ Thirring W▷. Quantum Mechanics of Large Systems New York Wien Springer ↼1980↽▷ ♭TR♯ Tropper M▷M▷. Ergodic and quasideterministic properties of αnitedimensional stochastic systems▷ J▷ Stat▷ Phys▷ 17, 491-509 (1977). [UO] Uhlenbeck, G.E. and L.S. Ornstein: On the theory of Brownian motion. Phys.

Rev. 36, 823 (1930).

[W] Edited by Wax, N.: Selected Papers on Noise and Stochastic Processes, New York, Dover Publications (1954).