UNIVERSITÉ DE GENÈVE

SCHOLA GENEVENSIS MDLIX

On a Model for Quantum Friction I Fermi’s Golden Rule and Dynamics at Zero Temperature V. Jak�siØc1and C.-A. Pillet2 1Department of Mathematics,Universityof Toronto, Toronto,M5S-1A1, Canada 2DØepartementde PhysiqueThØeorique,UniversitØe deGenŒeve,CH-1211GenŒeve4, Switzerland ResearchpartiallysupportedbyNSERC undergrantOGP0007901andbytheFondNationalSuisseundergrant21-30607

UGVAffiDPT 1994/12ffi873

Abstract. We investigate the dynamics of a quantum particle in a conffning potential linearly coupled to a bosonic ffeld at temperature zero. For a massive ffeld we show, by employing complex deformation techniques, that the Markoviansemi-group which approximates the particle dynamics on the time scale τ = λ2t ↼λ strength of the coupling↽ is determined by the resonances of the full energy operator▷ We also show that Markovian master equation technique leads to the right prediction for the lifetime of resonances▷ We discuss the dissipation of the particle into its ground state both in the time mean and on the above time scale▷

1▷ Introduction

Friction as a notion in classical physics has been set on solid mathematical grounds by the theory of OrnsteinUhlenbeck processes▷ The dynamics of a particle experiencing frictional forces is governed by the Langevin equation a second order nonlinear stochastic differential equation in the time variable▷ This equation has been widely investigated beginning with the classical paper ♭12♯▷ The longstanding conjecture that the Langevin equation ↼an equation in macroscopic variables↽ can be derived from microscopic considerations has been positively answered in 1965 by Ford Kac and Mazur ♭8♯▷ Starting from the model of a particle linearly coupled to a chain of harmonic oscillators

H = Hp ⇁ Hosc⇁ λHI = p2 ⇁ V ↼q↽ ⇁ N∑ k=1 [ {p2k ⇁ ω2kq2k − ωk↽ ⇁ λα kqqk ] , ↼1.1↽

↼λ / friction constant↽ they derive the Langevin equation as follows. They αrst integrate the oscillator variables under the assumption that their initial positions and momenta are given by the Gibbs distribution▷ Then they take the limit N → ∞ ⊣∫∫⊓⇕⟩\} αk = α↼ωk↽/ √ N where the function α imposes an ultraviolet cutoff on the interaction▷ The equation thus obtained has a memory term which is further removed by taking the ultraviolet cutoff to inαnity and letting α become linear. α↼ω↽ = ω▷ One then recovers the Langevin equation as contracted description of the particle interacting with the environment▷ The importance of FordKacMazur work goes beyond classical physics it opened the way to the quantization of friction▷ One can introduce the quantum OrnsteinUhlenbeck process and derive the corresponding quantum Langevin equation by a procedure formally analogous to the above one▷ Starting from the FKM seminal work a vast number of papers has been devoted to the quantum Langevin equation ↼QLE↽▷ In contrast to its classical counterpart QLE is a singular object which is difαcult to study ♭17♯▷ To our knowledge there are no rigorous results beyond bounded perturbations of a quadratic model▷ In this paper the αrst in a series devoted to the quantum ↼and classical ♭10♯↽ notion of friction we study some zero temperature models ↼we investigate αnite temperature models in ♭9♯↽▷ The explicit Hilbert space formalism leads to the possibility of studying the model using spectral theory and allows us to relate the values obtained for the lifetime of excited states ↼Fermi Golden Rule↽ with the ones obtained from Daviesφ master equation technique▷ We adopt the line of thought initiated by Davies ♭5♯ namely we keep the ultraviolet cutoff in the interaction and study the dynamics on a time scale τ = λ2t▷ The loss of memory in standard discussions of Langevin equation is obtained by removing the ultraviolet cutoff▷ This leads to strong singularities in the quantum case. We lose memory by passing to the above time scale on which the dynamics is Markovian in the limit λ → ′↙ W⌉ ∫⊔⊓⌈† ⊔⟨⟩∫

Markovian evolution and show that it is determined by the resonances of the full energy operator.

To specify the model (for extensions see the remarks below), we take the quantum analog of (1.1), namely a particle interacting with bosonic ↑eld (usually referred to as the Ψbath˚) Hλ = Hp ⇁ Hbos⇁ λx ⊗ ϕ↼α↽, ↼1.2↽ acting on H = L2↼R↽ ⊗ H{≀⌋‖⇔ ⊒⟨⌉∇⌉ H{≀⌋‖⟩∫ ⊔⟨⌉ ∫†⇕⇕⌉⊔∇⟩⌋ ⇐⌊≀∫≀\⟩⌋⇒ F≀⌋‖ ∫√⊣⌋⌉⇔ ⌋≀\↖ ∫⊔∇⊓⌋⊔⌉⌈ {∇≀⇕ L2↼R↽▷ Hbos the energy operator of free bosons is the second quanti zation of the function ω↼k↽ = |k| ⇓ m0 ↼the argument easily extends to the case when ω↼k↽ = √ m20 ⇁ k2 see remark 2 below↽▷ In the sequel we will be mainly interested in the technically more accessible case of massive bosons ↼m0 > 0↽▷ For α ∈ L2↼R↽ ϕ↼α↽ = 1 √ ∈ ⇐a↼α↽ ⇁ a∗⇐α↽↽, is a timezero αeld and a↼α↽ a∗⇐α↽ are the boson annihilation and creation operators▷ The Hamiltonian of the particle is given by Hp = −Δ + V ↼x↽, and we suppose that V ↼x↽ ≥ ′ ⊣\⌈ V ↼x↽ → ∞ ⊣∫ x → ∞↙ F≀∇⇕⊣↕↕†⇔ ⟩\ ⇐∞↙∈⇒⇔ ≀\⌉ ∫⟨≀⊓↕⌈ ⊒∇⟩⊔⌉ Hp ⊗ I and I ⊗ Hbos▷ However whenever it is clear within the context we will write A for A ⊗ I or I ⊗ A▷ The operator Hp has purely discrete spectrum {Ej} ⇐⌉\⊓⇕⌉∇⊣⊔⌉⌈ ⟩\ ⟩\⌋∇⌉⊣∫⟩\} ≀∇⌈⌉∇⇒ ⊣\⌈ ⊒⌉ ⌈⌉\≀⊔⌉ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ∫⌉⊔ ≀{ \≀∇⇕⊣↕⟩‡⌉⌈ ⌉⟩}⌉\⊑⌉⌋⊔≀∇∫ ⌊† {ψj}↙ T⟨⌉ √∇⌉⌋⟩∫⌉ ⊔⌉⌋⟨\⟩⌋⊣↕ ⌋≀\⌈⟩⊔⟩≀\∫ ≀\ Hp and α will be set below▷ For future reference we note that if λ = 0 the system decouples, and σac↼H0↽ = [m0 ⇁ E0, ∞∪, σsc↼H0↽ = ∅, σpp↼H0↽ = {Ej . j = 0, 1, · · ·}, with corresponding eigenvectors {ψj ⊗ Ω}⇔ ⊒⟨⌉∇⌉ Ω is the vacuum on H{≀⌋‖↙ T≀ ⊣⊑≀⟩⌈ ⌈⟩∫↖ ⌋⊓∫∫⟩≀\ ≀{ ∫≀⇕⌉ √⊣⊔⟨≀↕≀}⟩⌋⊣↕ ⌋⊣∫⌉∫ ⇐∫⌉⌉ ∪∋⊎ ⊣\⌈ ∇⌉⇕⊣∇‖ ∋ ⌊⌉↕≀⊒⇒⇔ ⊒⌉ ⊒⟩↕↕ ⊣∫∫⊓⇕⌉ ⊔⟨∇≀⊓}⟨≀⊓⊔ ⊔⟨⌉ √⊣√⌉∇ ⊔⟨⊣⊔ {≀∇ i ≥ ′⇔ Ei⇁1 − Ei > m0. ↼1.3↽ Spectral properties of the Hamiltonian ↼1▷2↽ have been rarely investigated▷ To the best of our knowledge there are no results except on the explicitly diagonalizable quadratic model ♭1♯ ♭2♯ ♭3♯▷ The technical problems are obvious. the perturbation HI = x ⊗ ϕ↼α↽ is not relatively compact▷ Even worse in the massless model ↼m0 = 0), the embedded eigenvalues

of the decoupled system (λ = 0) are thresholds. However, one still expects (at least in the generic sense) that the eigenvalues {Ej . j ≥ ∞} ≀{ ⊔⟨⌉ ⌈⌉⌋≀⊓√↕⌉⌈ ∫†∫⊔⌉⇕ ⊒⟩↕↕ ⌈⟩∫∫≀↕⊑⌉ ⟩\⊔≀ ∇⌉∫≀\⊣\⌋⌉∫ ⊣{⊔⌉∇ ⊔⊓∇\⟩\} ≀\ ⊔⟨⌉ ⊖∫⇕⊣↕↕⪰ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\↙ T⟨⌉ ∇⌉∫≀\⊣\⌋⌉∫ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ ↕⟩{⌉↖⊔⟩⇕⌉ ≀{ ⊔⟨⌉ ⌉§⌋⟩⊔⌉⌈ ∫⊔⊣⊔⌉∫⇔ \⊣⇕⌉↕† ⊒⌉ ⌉§√⌉⌋⊔ ⊔⟨⊣⊔ |⇐ψj ⊗ Ω, exp↼−itHλ↽ψj ⊗ Ω)| ∼ ⌉§√⇐−λ2tΓj ↽, ↼1.4↽ where Γj is given by the Fermi Golden Rule▷ The physical mechanism behind ↼1▷4↽ is simple. A particle interacting with the boson αeld at zero temperature dissipates exponentially fast ↼on the time scale τ = λ 2t↽ to its ground state radiating energy into the Ψbathν▷ Our goal is to evaluate Γj using complex deformation techniques and to show that the Davies master equations approach leads to the right prediction for Γ j ▷ To avoid problems with thresholds we restrict ourselves to the massive model ↼m 0 > 0↽▷ To specify the simplest set of conditions for which our results apply we introduce some notation▷ For 0 < δ < π/2 let H2↼δ↽ be the Hardy class of the cone A⇐δ↽ = {k . |I⇕⇐k↽| < tan↼δ↽|R⌉⇐k↽|}↙ I⊔ ⌋≀\∫⟩∫⊔∫ ≀{ ⊣↕↕ {⊓\⌋⊔⟩≀\∫ f↼k↽ which are analytic in A⇐δ↽ and satisfy

‖f‖∈H2↼δ↽ = sup |θ|<δ ∞∫ −∞ |f↼exp↼iθ↽k↽|∈dk < ∞.

By τ ↼H0↽ we denote the threshold set of the the operator H0 τ ↼H0↽ = {Ej ⇁ nm0 . j = 0, 1, · · · ∅ n = 1, 2, · · ·}. ↼1.5↽ Let u↼θ↽ be the dilation unitary group on L2↼R↽ deαned in the momentum representation by ↼u↼θ↽f↽ ↼k↽ = exp(θ/2↽f↼exp↼θ↽k↽, ↼1.6↽ and let U↼θ↽ = Γ(u↼θ↽↽ be its second quantization▷ We set the hypotheses. ↼H1↽ α is a real even function on R and α ∈ H2↼δ↽ for some δ > 0▷ Furthermore the bounded operatorvalued function U↼θ↽ x ⊗ ϕ↼α↽ U↼−θ↽↼H0 ⇁ i↽−∞= x ⊗ ϕ↼u↼θ↽α↽↼H0 ⇁ i↽−∞, ↼1.7↽ has an analytic continuation into the strip S⇐δ↽ = {θ . |I⇕⇐θ↽| < δ}↙ ⇐H∈⇒ x2 is Hp bounded▷ The hypotheses ↼H1↽ and ↼H2↽ ensure that for small λ Hλ is an essentially selfadjoint operator on D 0 = C∞′ ⇐R⇒ ⊗ F where F is a set of αnite particle vectors▷ The analyticity assumptions of the hypothesis (H1) are a variant of the dilation analyticity requirement for two-body potentials (see [15]). They are satis↑ed, for example, if α↼k↽ = (1 + |k|n↽−∞⇔ {≀∇ ∫≀⇕⌉ ⟩\⊔⌉}⌉∇ n > 0▷ We deαne the function αm↼k↽ = { α↼k − m↽ if k ≥ m 0 otherwise▷ Our main result is. Theorem 1▷1▷ Suppose that ↼H1↽ and ↼H2↽ are satisαed and that for some j ≥ ∞ ≀\⌉ ⟨⊣∫ Ej /∈ τ ↼H0↽▷ Then if λ is small enough there exists a dense set of vectors D ⊂ H ∫⊓⌋⟨ ⊔⟨⊣⊔⇔ {≀∇ Φ, Ψ ∈ D the matrix elements ↼Φ, ↼Hλ − z↽−∞Ψ), ↼1.8↽ have a meromorphic continuation from the upper half plane onto Oj = {z . |z − Ej| < Cj }↙ O\ Oj the functions ↼1▷8↽ are analytic except for a simple pole ↼independent of Φ, Ψ) at Ej↼λ↽ = Ej ⇁ a↼2↽j λ2 ⇁ · · · . ↼1.9↽ Furthermore Im↼a↼2↽j ↽ = −Γj = −π ∑ i<j |⇐ψi, xψj↽|∈ ( αm0↼Ej − Ei↽ ) , ↼1.10↽

and Re↼a↼2↽j ↽ = Λj = − ∑ i |⇐ψi, xψj↽|∈PV ∞∫ α↼k↽2 ω↼k↽ − ⇐Ej − Ei↽ dk, ↼1.11↽ where PV stands for the principal value integral▷ The following theorem is concerned with the dynamics of the system and is a rigorous version of ↼1▷4↽▷ Theorem 1▷2▷ Let us introduce the time scale τ = λ2t▷ Then under the conditions of Theorem 1▷1 for any two αxed constants b > a > 0 one has lim λ→′ ∫⊓√ τ ∈⇐a,b↽ |⇐ψi ⊗ Ω, exp↼−it↼Hλ − Ej ↽↽ψ j ⊗ Ω) − δij exp↼−τ ↼Γ j ⇁ iΛj↽↽| = 0. In particular if τ is kept αxed lim λ→′ |⇐ψi ⊗ Ω, exp↼−itHλ↽ψj ⊗ Ω)| = δij exp↼−τ Γ j↽.

Remark 1: The result can be extended to a more general model where L2↼R↽ is replaced by an arbitrary Hilbert space Hp and Hλ is of the form Hλ = Hp ⇁ Hbos⇁ λQ ⊗ ϕ↼α↽. ↼1.12↽ Here Hp is a semibounded selfadjoint operator with discrete spectrum and Q a selfadjoint perturbation satisfying ‖Q2ψ‖ ≤ C↼‖Hpψ‖ ⇓ ‖ψ‖⇒, ↼1.13↽ for some C > 0 and for all ψ ∈ D↼Hp↽▷ If ↼H1↽ and ↼1▷13↽ are satisαed and if Ej is a simple eigenvalue of H p such that Ej /∈ τ ↼H0↽ then both theorems remain valid▷ Remark 2. One can replace condition ↼1▷13↽ with |⇐ψ, Q2ψ↽| ≤ C↼ψ, ↼Hp ⇁ 1↽ψ↽, ↼1.14↽ for any ψ ∈ Q⇐Hp↽ the form domain of Hp▷ The passage to quadratic forms includes a number of additional technicalities. the family of operators ↼1▷7↽ has to be replaced with ↼H0 ⇁ 1↽−∞/2Q ⊗ ϕ↼u↼θ↽α↽↼H0 ⇁ 1↽−∞/2. ↼1.15↽ In any case if ↼H1↽ ↼with ↼1▷15↽↽ and ↼1▷14↽ are satisαed and if Ej is a simple eigenvalue of Hp such that Ej /∈ τ ↼H0↽ then again both theorems remain valid▷ In addition the results can be easily extended to the bosonic αeld of an arbitrary dimension and to a class of rotationally invariant ωφs which includes ω↼k↽ = √ m20 ⇁ |k|∈↙ F≀∇ ⊣ ↕⟩∫⊔ ≀{ ⌋≀\⌈⟩⊔⟩≀\∫ ⊒⟨⟩⌋⟨ ∫⊓⌋⟨ ωφs has to satisfy we refer to ♭3♯▷ Remark 3. Although one can conjecture that under the hypotheses ↼H1↽↼H2↽ and some reasonable genericity assumptions σac↼Hλ↽ = [C2↼λ↽, ∞∪, σsc↼Hλ↽ = ∅, σpp↼Hλ↽ = {C1↼λ↽}, ↼1.16↽

holds for small λ with C1↼λ↽ < C2↼λ↽ we cannot prove this▷ The above result has been obtained for quadratic potentials by Arai ♭3♯ and it is certainly a very interesting problem to extend it to a more general class of potentials▷ In ♭3♯ Arai also discovered that in a massive model it can happen that all eigenvalues survive after turning on the small perturbationω He considers the case when Hp = 1 2 (p2 ⇁ ω20q2↽, ↼1.17↽ and m0 > ω0 and shows ↼essentially under the hypothesis ↼H1↽↽ that all embedded eigen values of Hλ survive independently of how small λ is▷ This is consistent with our result

since for the model (1.17) one easily calculates that Γj = 0. The expression (1.10) yields

that this result is certainly not Ψgenerically˚ true. That on the the time scale τ = λ2t the dynamics of a particle interacting with the environment is Markovian has been known since early seventies▷ Davies ♭5♯ ♭6♯ for a very general class of models explicitly constructed the generator of the semigroup which approximates the dynamics of the particle subsystem on the time scale given by τ ▷ To apply his construction ↼see Section 2▷5 for details↽ one has to regularize the Hamiltonian Hλ▷ Let Hλ↼L↽ = Hp ⇁ Hbos⇁ λxL ⊗ ϕ↼α↽, where xL = x if |x| ≤ L and xL = 0 if |x| > L▷ Davies theory gives a bounded operator KL on Hp such that for any ψ ∈ H p lim λ→′ ∫⊓√ τ ∈⇐a,b↽ ‖ ⌉§√⇐itH0↼L↽↽ exp↼−itHλ↼L↽↽ψ ⊗ Ω − ⌉§√⇐−τ KL↽ψ ⊗ Ω‖ = 0. We will show that the operator KL is diagonal in the basis ψ j with eigenvalues which are as L → ∞⇔ }⟩⊑⌉\ ⌊† {′} ∪ {Γj ⇁ iΛj . j ≥ ∞}↙ O\⌉ ⊣⌈⊑⊣\⊔⊣}⌉ ≀{ D⊣⊑⟩⌉∫≃ ⌋≀\∫⊔∇⊓⌋⊔⟩≀\ ⟩∫ ⊔⟨⊣⊔ ⟩⊔ ⊣√√↕⟩⌉∫ ⊒⟩⊔⟨≀⊓⊔ ⊣\† ⌋⟨⊣\}⌉∫ ⊔≀ ⊔⟨⌉ ⌋⊣∫⌉ ≀{ ⊣ ⇕⊣∫∫↖↕⌉∫∫ ⊘⌉↕⌈↙ W⌉ ∇⌉{⌉∇ ⊔≀ S⌉⌋⊔⟩≀\ ∈↙ {≀∇ ⊣ ⌋≀⇕√⊣∇⟩∫≀\ ≀{ ⊔⟨⌉ ⊔⊒≀ ⊣√√∇≀⊣⌋⟨⌉∫ ⊔≀ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋∫ ≀{ \≀\↖⟩∫≀↕⊣⊔⌉⌈ ∫†∫⊔⌉⇕∫↙ T⟨⌉ ⌋≀\∫⌉∐⊓⌉\⌋⌉ ≀{ T⟨⌉≀∇⌉⇕ ∞↙∈ ⟩∫ ⊔⟨⊣⊔ {≀∇ ⊣\† ψ ∈ Hp ↼keeping in the αrst limit τ = λ2t αxed↽ lim τ →∞ ↕⟩⇕ λ→′ |⇐ψ ⊗ Ω, exp↼−itHλ↽ψ ⊗ Ω)| = |⇐ψ, ψG↽|∈, ↼1.18↽ where ψG = ψ0 is the ground state of Hp▷ Physically ↼1▷18↽ stands for Ψon the time scale λ2t the particle dissipates into its ground state radiating energy into the bathν▷ It is an interesting question raised in ♭5♯ ♭7♯ whether or not one can improve ↼1▷18↽ for example by showing that it remains valid if we αrst let t → ∞ ⊣\⌈ ⊔⟨⌉\ λ → ′↙ T≀ ⊣\∫⊒⌉∇ ⊔⟨⊣⊔ ∐⊓⌉∫⊔⟩≀\ ⟩\ ≀⊓∇ ⇕≀⌈⌉↕⇔ ∫≀⇕⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ≀\ ⊔⟨⌉ \⊣⊔⊓∇⌉ ≀{ ⊔⟨⌉ ∫√⌉⌋⊔∇⊓⇕ ≀{ Hλ is needed▷ For example if ↼1▷16↽ is valid it follows from the RAGE theorem ♭4♯ that for any ψ, ϕ ∈ H p

lim λ→′ ↕⟩⇕ T →∞ ∞ T T∫ |⇐ψ ⊗ Ω, exp↼−itHλ↽ϕ ⊗ Ω)|∈dt = |⇐ψ, ψG↽|∈|⇐ϕ, ψG↽|∈. ↼1.19↽

We cannot prove ↼1▷16↽ but the spectral information which we obtained as a byproduct of Theorem 1▷1 actually sufαces for ↼1▷19↽▷ We have Theorem 1▷3▷ Suppose that ↼H1↽ and ↼H2↽ are satisαed▷ If Ej /∈ τ ↼H0↽ and Γj ≠ 0 for all j ≥ ∞⇔ ⊔⟨⌉\ ⇐∞↙∞∃⇒ ⟨≀↕⌈∫↙

The remarks after Theorem 1.2 are also valid for Theorem 1.3.

When this work was ↑nished, we learned from V. Bach that in reference [11] T. Okamoto and K. Yajima investigated resonances of a QED model related to (1.2). Using similar techniques, they proved a result analogous to the Theorem 1.1 above. In addition, they investigated the case when eigenvalues {Ej } ⟨⊣⊑⌉ ⇕⊓↕⊔⟩√↕⟩⌋⟩⊔⟩⌉∫ ⟨⟩}⟨⌉∇ ⊔⟨⌉\ ∞↙ T⟨⌉⟩∇ √⟨†∫⟩⌋⊣↕ ⇕≀⊔⟩⊑⊣⊔⟩≀\ ⊒⊣∫ ⌈⟩{{⌉∇⌉\⊔ ⊣\⌈ ⊔⟨⌉† ⌈⟩⌈ \≀⊔ √⊓∇∫⊓⌉ ⊔⟨⌉ ∫⊔⊓⌈† ≀{ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋⊣↕ ⊣∫√⌉⌋⊔∫ ≀{ ⊔⟨⌉ ⇕≀⌈⌉↕↙ A⌋‖\≀⊒↕⌉⌈}⇕⌉\⊔∫¬ W⌉ ⊣∇⌉ }∇⊣⊔⌉{⊓↕ ⊔≀ I↙ M↙ S⟩}⊣↕ {≀∇ ⌊∇⟩\}⟩\} ⊔⟨⌉ ∫⊓⌊|⌉⌋⊔ ⊔≀ ≀⊓∇ ⊣⊔⊔⌉\⊔⟩≀\⇔ ⊣\⌈ {≀∇ ⊓∫⌉{⊓↕ ⌈⟩∫⌋⊓∫∫⟩≀\∫↙

∈↙ R⌉∫≀\⊣\⌋⌉∫ ⊣\⌈ F⌉∇⇕⟩ G≀↕⌈⌉\ R⊓↕⌉ ∈↙ ∞↙ C≀⇕√↕⌉§ D⌉{≀∇⇕⊣⊔⟩≀\ T⟨∇≀⊓}⟨≀⊓⊔ ⊔⟨⟩∫ ⌋⟨⊣√⊔⌉∇ ⊒⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⟨†√≀⊔⟨⌉∫⌉∫ ⇐H∞⇒ ⊣\⌈ ⇐H∈⇒ ⊣∇⌉ ∫⊣⊔⟩∫⊘⌉⌈↙ L⌉⊔ u↼θ↽ be given by ↼1▷6↽ and U↼θ↽ = Γ(u↼θ↽↽▷ Deαning αθ = u↼θ↽α and ωθ ↼k↽ = ω↼exp↼θ↽k↽ we get that U↼θ↽a∗⇐α↽U↼θ↽−∞= a∗⇐αθ↽, U↼θ↽a↼α↽U↼θ↽−∞= a↼αθ↽, U↼θ↽HbosU↼θ↽−∞= dΓ(ωθ↽. For θ ∈ S↼δ↽ the operator Hλ↼θ↽ = Hp ⇁ dΓ(ωθ↽ ⇁ λx ⊗ ϕ↼α θ↽, is well deαned on C∞′ ⇐R⇒ ⊗ F where F is the subspace of αnite particle vectors▷ We start by showing that HI↼θ↽ = x ⊗ ϕ↼αθ↽ is a relatively bounded perturbation of H 0▷ Lemma 2▷1▷ There exists a constant C > 0 such that for all θ ∈ S⇐δ↽ and Φ ∈ D↼H0↽ ‖x ⊗ ϕ↼αθ↽Φ‖ ≤ C ( ‖H0Φ‖ ⇓ ‖Φ‖ ) . ↼2.1↽

Proof. Let C1 = ‖α/ √ ω‖H2↼δ↽, C2 = ‖α‖H2↼δ↽, then for Φ ∈ D↼H1/2bos ↽ ↼see e▷g▷ ♭1♯↽ ‖a∗⇐αθ↽Φ‖ ≤ C1‖H1/2bos Φ‖ ⇓ C2‖Φ‖, ‖a↼αθ↽Φ‖ ≤ C1‖H1/2bos Φ‖. ↼2.2↽

Consequently, there exist constant C3 such that in the operator sense |ϕ↼αθ↽|∈≤ C3↼Hbos⇁ 1↽. ↼2.3↽ Let C4 be such that x2 ≤ C4↼Hp ⇁ 1↽. ↼2.4↽ Then for any Φ ∈ D↼Hp↽ ⊗ D↼Hbos↽ ‖x ⊗ ϕ↼αθ↽Φ‖∈= ( Φ, x2 ⊗ |ϕ↼αθ↽|∈Φ ) ≤ C3C4 ( Φ, ↼Hp ⇁ 1↽ ⊗ ⇐Hbos⇁ 1↽Φ ) ≤ ∞ ∈ C3C4 ( Φ, ( {Hp ⇁ 1↽2 ⇁ ↼Hbos⇁ 1↽2 ) Φ )

≤ C3C4 ( Φ, ( Hp ⇁ Hbos⇁ 1 ) Φ ) . The proof is complete▷

Remark. A consequence of the above argument is that if x2 is inαnitesimally small with respect to Hp then so is HI↼θ↽ with respect to H0▷ Remark. Arguing as above one can prove a form version of the above results namely. If x2 is relatively form bounded with respect to Hp then so is HI↼θ↽ with respect to H0▷ Again if x2 is inαnitesimally form bounded with respect to Hp so is HI↼θ↽ with respect to H0▷ Before stating our main technical lemma we introduce some additional notation. B↼ε↽ = {λ ∈ C ¬ |λ| ≤ ε} , S⇐a, b, θ↽ = {s ⇁ exp↼θ↽t . t ∈ R, a ≤ s ≤ b} . We enumerate the thresholds τk ∈ τ ↼H0↽ in increasing order. E0 ⇁ m0 = τ1 < τ2 < · · · . Lemma 2▷2▷ There exists ε > 0 such that. ↼i↽ For real λ ∈ B↼ε↽ the operator Hλ is essentially selfadjoint on C ∞′ ⇐R⇒ ⊗ F ▷ ↼ii↽ On the set B↼ε↽ × S⇐δ↽ Hλ↼θ↽ is an analytic family of type A in each variable separately▷ ↼iii↽ If Im↼θ↽ ≠ 0, then for any j > 0 there exists εj↼λ↽ > 0 such that lim λ→′ εj↼λ↽ = 0, σess↼Hλ↼θ↽↽ ∩ S⇐τj ⇁ εj ↼λ↽, τj⇁1 − εj↼λ↽, θ↽ = ∅.

Proof: (i) follows immediately from Kato-Rellich Theorem. To prove (ii), note that the estimate (2.1) yields that Hλ↼θ↽ is a closed operator with D↼Hλ↼θ↽↽ = D↼H0↽▷ Since σpp↼H0↼θ↽↽ = {Ej . j = 0, 1, · · ·}, σess↼H0↼θ↽↽ = {τj ⇁ t exp↼θ↽ . j = 1, 2, · · · ∅ t ≥ ′}, we have ↼see ♭14♯↽ that for any θ ∈ S⇐δ↽ Hλ↼θ↽ is an analytic family of type A in λ for λ ∈ B↼1/C↽ where C is given in ↼2▷1↽▷ That Hλ↼θ↽ is an analytic family of type A in θ follows from the hypothesis ↼H1↽▷ Part ↼iii↽ is a consequence of regular perturbation theory ↼see for example proof of Theorem XII▷9 in ♭14♯↽▷

Parts ↼i↽ and ↼iii↽ of the above lemma are also valid in the quadratic form model ↼1▷14↽▷ Part ↼ii↽ is altered since Hλ↼θ↽ is now an analytic family of type B in each variable separately▷ 2▷ 2▷ Fermi Golden Rule The discussion of resonances in the model ↼1▷2↽ follows closely that of the Auger states in helium atom ♭14♯ ♭15♯▷ In the sequel HI↼θ↽ = x ⊗ ϕ↼αθ↽, HI↼0↽ = HI, Φj = ψj ⊗ Ω. ↼2.5↽ If Im↼θ↽ < 0 part ↼iii↽ of Lemma 2▷2 and regular perturbation theory yield that the spectrum of Hλ↼θ↽ in S⇐τk ⇁ εk↼λ↽, τk⇁1−εk↼λ↽, θ↽ consists of at most one isolated and nondegenerate eigenvalue Ej ↼λ↽ given by a convergent power series in λ Ej ↼λ↽ = a↼0↽j ⇁ a↼1↽j λ ⇁ a↼2↽j λ2 ⇁ · · · . The coefαcients a↼k↽j ↼and thus E j↼λ↽ itself↽ do not depend on θ ↼if Im↼θ↽ < 0↽ since they are analytic in θ for αxed λ and since Hλ↼θ↽ and Hλ↼θ′⇒ ⊣∇⌉ ⊓\⟩⊔⊣∇⟩↕† ⌉∐⊓⟩⊑⊣↕⌉\⊔ {≀∇ θ − θ ′ ∇⌉⊣↕↙ O⌊⊑⟩≀⊓∫↕† a ↼0↽j = Ej and since ↼Φj, HI↼θ↽Φj↽ = 0, ↼2.6↽ we have that a↼1↽j = 0. In proving (1.10), (1.11) we follow the argument in [14]. For Im(θ↽ < 0 the coefαcient a↼2↽j is given by a↼2↽j = 1 2πi ∮ |E_j−z|=δ ( Φj , [ HI↼θ↽↼H0↼θ↽ − z↽−∞ ] Φj ) dz, ↼2.7↽ for δ and λ small enough▷ We rewrite ↼2▷8↽ as a↼2↽j = 1 2πi ∮ |E_j −z|=δ ( Φj , HI↼θ↽↼H0↼θ↽ − z↽−∞HI↼θ↽Φj ) dz Ej − z .

Introducing F ↼θ, z↽ = ( Φj , HI↼θ↽↼H0↼θ↽ − z↽−∞HI↼θ↽Φj ) , ↼2.8↽ the Cauchy integral theorem yields that a↼2↽j = − ↕⟩⇕ ε→′ F ↼θ, Ej ⇁ iε↽ = − ↕⟩⇕ ε→′ F ↼0, Ej ⇁ iε↽. As in ♭14♯ we used that F ↼θ, z↽ is deαned for θ real as long as Im↼z↽ > 0 and is actually independent of θ as long as Im↼θ↽ ≤ ′↙ T⟨⌉ ⌉§√↕⟩⌋⟩⊔ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ †⟩⌉↕⌈∫

F ↼0, Ej ⇁ iε↽ = ∞∑ i=0 |⇐ψi, xψj↽|∈ ∞∫ α↼k↽2 ω↼k↽ − ⇐Ej − Ei↽ − iε dk.

The above expression is αnite since ↼H2↽ yield that xψj ∈ L2↼R↽▷ Using the wellknown formula lim ε→′ ∞ x − x0 − iε = iπδ↼x − x0↽ ⇁ PV 1 x − x0 , ↼or just by residue calculus↽ we obtain ↼1▷10↽ ↼1▷11↽▷ To αnish the proof of Theorem 1▷1 it sufαces to show that for a dense set of vectors D the matrix elements R↼z↽ = ( Φ, ↼Hλ − z↽−∞Ψ ) , Φ, Ψ ∈ D, ↼2.9↽ have a meromorphic continuation from the upper halfplane onto the region S⇐τk ⇁ εk↼λ↽, τk⇁1 − εk↼λ↽, θ0↽, Im↼θ0↽ < 0. Let Dδ be the set of all vectors Φ ∈ H ∫⊓⌋⟨ ⊔⟨⊣⊔ U↼θ↽Φ has an extension to analytic vector-valued function in the strip S⇐δ↽▷ Then for real θ and for any Φ, Ψ ∈ Dδ R↼z↽ = ( U↼θ↽Φ, ↼Hλ↼θ↽ − z↽−∞U↼θ↽Ψ ) , and by analytic continuation this formula holds ↼if Im↼z↽ > 0↽ for Im↼θ↽ < δ▷ The result follows and the proof of Theorem 1▷1 is complete▷

From the above discussion, some spectral informations can be deduced. In the sequel we will make use of the following result which is an easy consequence of the above argument.

Theorem 2.3. Suppose that for some k ≥ ∞ ≀\⌉ ⟨⊣∫¬ Γj > 0 for all j ≥ ∞ ∫⊓⌋⟨ ⊔⟨⊣⊔ Ej ∈⊎τk, τk⇁1♭. Then there exists εk↼λ↽ > 0 with εk↼λ↽ → ′ ⊣∫ λ → ′⇔ ∫⊓⌋⟨ ⊔⟨⊣⊔⇔ {≀∇ λ ≠ 0, Hλ has purely absolutely continuous spectrum on ♭τ k ⇁ εk↼λ↽, τk⇁1 − εk↼λ↽♯▷ The argument of this section extends without changes to the model ↼1▷14↽▷ 2▷ 3▷ Dynamics of the system In this section we prove Theorem 1▷2▷ By the Stone formula ↼Φj , exp↼−itHλ↽Φj↽ = 1 2πi ∫ � exp(−itz↽^(Φ_j , ↼H_λ − z↽^{−∞}Φ_j^) dz, where the contour Γ is the straight line Im(z↽ = λ2▷ Let Γ1 be the contour constructed as follows: it coincides with Γ, except in a neighborhood of the point Ej where it goes down to enclose the resonance E j ↼λ↽ in such a way as to remain within the set Ej ⇁ B↼Cj↽▷ Since in this set ( Φj , ↼Hλ − z↽−∞Φj ) = ( Φj, ↼Hλ↼θ↽ − z↽−∞Φj ) , ↼2.10↽ the function f↼z↽ = (Φj, ↼Hλ − z↽−∞Φj↽ is analytic in the simply connected domain bounded by the curves Γ and Γ 1, except for a simple pole at the resonance eigenvalue. Thus ∫ � exp(−itz↽f↼z↽^{dz}_{2πi} = exp(−itE_j↼λ↽↽^(Φ_j, P_j ↼λ↽Φ_j^) ⟩ ∫ �1 exp(−itz↽f↼z↽^{dz}_{2πi}, where Pj ↼λ↽ is the projection on the resonance eigenfunction▷ To control the remaining integral over Γ1 we proceed as follows. Since ∫ �1 exp(−itz↽^(Φ_j , ↼H_0 − z↽^{−∞}Φ_j^) dz = ∫ �1 exp(−itz↽^{dz}_{Ej − z} = 0, we can apply the resolvent identity to get ∫ �1 exp(−itz↽f↼z↽ dz = λ ∫ �1 exp(−itz↽^(Φ_j , ↼H_λ − z↽^{−∞}H_I Φ_j^{) dz}_{Ej − z} .

Since (Φj, ↼H0 − z↽−∞HI Φj↽ = 0, another application of the resolvent identity yields ∫ �1 exp(−itz↽f↼z↽ dz = λ^2 ∫ �1 exp(−itz↽^(H_I Φ_j, ↼H_λ − z↽^{−∞}H_I Φ_j^{) dz}_{↼z − Ej ↽2} . Let us divide the contour Γ1 into two parts, Γ+1 = {z ∈ Γ1 : Im(z↽ = λ2} ⊣\⌈ Γ−∞ = Γ1\Γ+1. We estimate the integral over Γ1 by | | |λ2 ∫ �1 exp(−itz↽ ( HI Φj, ↼Hλ − z↽−∞HI Φj ) dz ↼z − Ej ↽2 | | |

= | | |λ2 ∫ �1 exp(−itz↽ ( HI ↼θ̄↽Φj, ↼Hλ↼θ↽ − z↽−∞HI ↼θ↽Φj ) dz ↼z − Ej↽2 | | | = O↼λ2exp↼τ ↽↽.

On the other hand we have | | |λ2 ∫ �+1 exp(−itz↽^(H_I Φ_j, ↼H_λ − z↽^{−∞}H_I Φ_j^{) dz}_{↼z − Ej ↽2}^| ≤ M↼λ↽ exp↼τ ↽, where M↼λ↽ = ∫ |s−E_j |>C_j | | |λ2 ( HI Φj , ↼Hλ − s − iλ2↽−∞HI Φj )| | ds ↼s − Ej ↽2 . ↼2.11↽

The statement will follow if we show that lim λ→′ M↼λ↽ = 0. ↼2.12↽ To this end let us introduce for small ε > 0 the set T ↼ε↽ = ⋃ k ♯τk − ε, τk ⇁ ε♭, ↼2.13↽ and for large E > 0 the sets S↼ε, E↽ = {s ∈ R ¬ Cj < |s − Ej | < E} ∩ T ↼ε↽, R↼ε, E↽ = {s ∈ R ¬ Cj < |s − Ej | < E} \ T ↼ε↽. For almost all s ∈ R↼ε, E↽ and for any Ψ ∈ Dδ ↼note that H I Φj ∈ Dδ ↽ we have lim λ→′ λ2 ( Ψ, ↼Hλ − s − iλ2↽−∞Ψ ) = lim λ→′ λ2 ( U↼θ̄↽Ψ, ↼Hλ↼θ↽ − s − iλ2↽−∞U↼θ↽Ψ ) = 0,

provided −δ < Imθ < 0▷ Decomposing the integration in ↼2▷11↽ into parts over R↼ε, E↽ S↼ε, E↽ and {|s − Ej | ≥ E}⇔ ⊣\⌈ ⊓∫⟩\} ⊔⟨⌉ ∫⟩⇕√↕⌉ ⌉∫⊔⟩⇕⊣⊔⌉ | | |λ2 ( Ψ, ↼Hλ − s − iλ2↽−∞Ψ )| | ≤ ‖Ψ‖∈, we easily get lim sup λ→′ M↼λ↽ ≤ M1↼E↽ε ⇁ M2 E , and ↼2▷12↽ follows by letting αrst ε → ′⇔ ⊣\⌈ ⊔⟨⌉\ E → ∞↙ A ⌋≀⇕√↕⌉⊔⌉↕† ⊣\⊣↕≀}≀⊓∫ ⊣∇}⊓⇕⌉\⊔ †⟩⌉↕⌈∫ ⊔⟨⊣⊔ {≀∇ i ≠ j lim λ→′ ∫⊓√ τ ∈⇐a,b↽ |⇐ψi ⊗ Ω, ↼exp↼−itHλ↽ψj ⊗ Ω)| = 0. The proof is complete▷

The argument of this section applies without changes to the model ↼1▷14↽▷ 2▷ 4▷ Proof of Theorem 1▷3 For αxed large E > 0 let P −E ↼λ↽ = χ♯−∞,E♯↼Hλ↽, P ⇁E ↼λ↽ = χ♯E,∞∪⇐Hλ↽, ↼2.14↽ where χA stands for a characteristic function of a set A ⊂ R↙ I{ λ is small enough and Φ, Ψ ∈ D↼H0↽ we have 1 T T∫ |⇐Φ, exp↼−itHλ↽Ψ)|∈dt = 1 T T∫ |⇐Φ, exp↼−itHλ↽P −E ↼λ↽Ψ)|∈dt ⇁ O↼E−∈⇒. ↼2.15↽

This follows from the simple observation |⇐Φ, P ⇁E↼λ↽ exp↼−itHλ↽Ψ)| = |⇐⇐Hλ ⇁ 1↽Φ, ↼H λ ⇁ 1↽ −∈P ⇁E↼λ↽ exp↼−itHλ↽↼H λ ⇁ 1↽Ψ)| ≤ ∞ ⇐E ⇁ 1↽2 ‖⇐Hλ ⇁ 1↽Φ‖‖⇐H λ ⇁ 1↽Ψ‖. For small λ the bottom of the spectrum of Hλ is an isolated nondegenerate eigenvalue E0↼λ↽▷ We denote the projection on the corresponding eigenvector by PG↼λ↽▷ With T ↼ε↽ given by ↼2▷13↽ we set S′⇐ε, E↽ =] − ∞, E ♯ ∩ T ↼ε↽, R′⇐ε, E↽ =] − ∞, E ♯ \ T ↼ε↽,

and P −E,ε,1↼λ↽ = χS0(ε,E↽↼Hλ↽, P −E,ε,2↼λ↽ = χR0(ε,E↽↼Hλ↽. ↼2.16↽ Projections ↼2▷16↽ have the following two properties. For any Φ, Ψ ∈ H ⊒⌉ ⟨⊣⊑⌉ ⊔⟨⊣⊔ ↕⟩⇕ ε→′ ↕⟩⇕ λ→′ ‖P −E,ε,1↼λ↽Φ‖ = 0. ↼2.17↽ For sufαciently small ε there exists η↼ε↽ > 0 such that for |λ| < η↼ε↽ one has

lim T →∞ ∞ T T∫ |⇐Φ, P −E,ε,2↼λ↽ exp↼−itHλ↽Ψ)|∈dt = ‖PG↼λ↽Φ‖∈‖PG↼λ↽Ψ‖∈. ↼2.18↽

To establish ↼2▷17↽ we note that for sufαciently small ε the set S′⇐ε, E↽ does not contain any singular spectrum of H0▷ This implies both lim λ→′ ‖P −E,ε,1↼λ↽Φ‖ = ‖P −E,ε,1↼0↽Φ‖, lim ε→′ ‖P −E,ε,1↼0↽Φ‖ = 0, and hence ↼2▷17↽▷ To establish ↼2▷18↽ we infer from Theorem 2▷3 for αxed ε and small λ ≠ 0, σpp↼Hλ↽ ∩ R′⇐ε, E↽ = {E0↼λ↽}. The claim follows from the RAGE Theorem ↼see e▷g▷ ♭4♯ Theorem 5▷8↽▷ Thus for αxed E we have lim sup λ→′ ↕⟩⇕ ∫⊓√ T →∞ | | | T T∫ |⇐Φ, exp↼−itHλ↽P −E ↼λ↽Ψ)|∈dt

− ‖PG↼0↽Φ‖ ∈‖PG↼0↽Ψ‖ ∈ | | = o↼1↽, ↼2.19↽

as ε → ′↙ W⌉ ≀⌊⊔⊣⟩\ ⇐∞↙∞∃⇒ {≀∇ Φ, Ψ ∈ D↼H0↽ by letting αrst ε → ′ ⟩\ ⇐∈↙∞∃⇒⇔ ⊣\⌈ ⊔⟨⌉\ E → ∞ ⟩\ ⇐∈↙∞▽⇒↙ B† ⌈⌉\∫⟩⊔† ⊔⟨⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ⌉§⊔⌉\⌈∫ ⊔≀ ⊔⟨⌉ ⌉\⊔⟩∇⌉ ∫√⊣⌋⌉ H⇔ ⊣\⌈ T⟨⌉≀∇⌉⇕ ∞↙∋ ⟩∫ √∇≀⊑⌉\↙

T⟨⌉≀∇⌉⇕ ∞↙∋ ⌉§⊔⌉\⌈∫ ⌊† ⌋≀\⊔⟩\⊓⟩⊔† ⊔≀ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∫⌉⊔⊔⟩\}¬ T⟨⌉≀∇⌉⇕ ∈↙△↙ ⇐⟩⇒ I{ K and K′ ⊣∇⌉ H⟩↕⌊⌉∇⊔↖S⌋⟨⇕⟩⌈⊔ ≀√⌉∇⊣⊔≀∇∫ ≀\ H⇔ ⊒⌉ ⟨⊣⊑⌉ ⊔⟨⊣⊔

↕⟩⇕ λ→′ ↕⟩⇕ T →∞ ∞ T T∫ ⋂√ [ K′ ⌉§√⇐−itH λ↽K exp↼itHλ↽ ] dt = (ΨG, KΨG↽↼Ψ, K ′ΨG↽,

where ΨG = ψG ⊗ Ω. (ii) If K is compact and Ψ ∈ H⇔

↕⟩⇕ λ→′ ↕⟩⇕ T →∞ ∞ T T∫ ‖K exp↼−itHλ↽Ψ‖∈dt = |⇐ΨG, Ψ)|∈‖KΨG‖∈.

2▷ 5▷ Davies theory In Chapter 2 we investigated the dynamics of the Hamiltonian ↼1▷2↽ with the help of spectral theory▷ There exists however a completely different approach to the dynamics of the open systems based on the use of master equations▷ The master equations technique often heuristically used in the physics literature has been raised to high art by Davies ♭5♯ ♭6♯▷ We specify his general construction to the model at hand and show that it yields the right prediction for a↼2↽j the second RayleighSchr�odinger coefαcient in the expansion ↼1▷9↽ for E j↼λ↽▷ The usual technical assumption is that the interacting part of the Hamiltonian is a bounded operator and consequently in the literature the fermionic αeld is more often considered then the bosonic one▷ Although technicalities imposed by the unboundedness of the interacting part of the Hamiltonian in the αeld variable can be resolved we are forced to take a cutoff in x namely to consider the Hamiltonian Hλ↼L↽ given by Hλ↼L↽ = Hp ⇁ xχ♭−L,L♯↼x↽ ⊗ ϕ↼α↽ ⇁ Hbos. ↼2.20↽ Instead of the hypothesis ↼H1↽ throughout this section we will assume that α is even real function in L2↼R↽ with a continuous Hilbert transform such that for some μ > 0

↼1 ⇁ |t|μ↽|^α↼t↽| ∈ L1↼R↽, where ^α↼t↽ = ∞∫ α↼k↽2exp↼−iω↼k↽t↽dk. ↼2.21↽

Under the above assumptions Theorem 2▷5▷ There exists an operator KL acting on H p such that for any b > a > 0 and ψ ∈ Hp lim λ→′ ∫⊓√ τ ∈⇐a,b↽ ‖ ⌉§√⇐itH0↽ exp↼−itHλ↼L↽↽ψ ⊗ Ω − ⌉§√⇐−τ KL↽ψ ⊗ Ω‖ = 0. Furthermore the operator KL is diagonal in the basis ψ j with eigenvalues Σ j ↼L↽ such that Σ0(L↽ = 0, lim L→∞ Σ(L↽ = Γj ⇁ iΛj, j ≥ ∞,

where Γj and Λj are given by ↼1▷10↽ and ↼1▷11↽▷ We remark that the argument below is fairly general and applies also to the model ↼1▷3↽ whenever Q is a bounded operator▷ It also accommodates without changes the massless αeld model with Γj and Λj given by ↼2▷23↽ below▷ We now sketch the main steps of Davies theory in the framework of model ↼2▷20↽▷ Let P be the orthogonal projection on H }⟩⊑⌉\ ⌊† P = I ⊗ ⇐ ·, Ω)Ω, and let Q = I − P ▷ Since we are interested in the reduced dynamics namely its restriction to the particle subspace we integrate out the αeld variables by setting Uλ↼t↽ = P exp↼−itHλ↼L↽↽P. Deαning Vλ↼t↽ = exp(−it↼H0 ⇁ λQHIQ↽↽, we derive the integral form of NPRZ ↼NakajimaPrigogineResiboisZwanzig↽ equation as follows ↼see also ♭5♯ ♭7♯↽. First since P HI is a bounded operator we have a welldeαned equation Uλ↼t↽ = Vλ↼t↽P − iλ t∫ Vλ↼t − s↽P HIQ exp↼−isHλ↼L↽↽P ds. Since HPI is also bounded we have Q exp↼−itHλ↼L↽↽P = −iλ ∫ t 0 Vλ↼t − s↽QHIP Uλ↼s↽ds. Combining the above equations and using that Vλ↼t↽P = U0↼t↽ we obtain the NPRZ equation.

Uλ↼t↽ = U0↼t↽ − λ2 t∫ ds s∫ ds′U0↼t − s↽P HIQVλ↼s − s′⇒QHIP Uλ↼s′⇒. ↼2.22↽

Introducing the new variables τ = λ2t and σ = λ2s′⇔ ⊒⌉ }⌉⊔

Uλ↼τ /λ2↽ = U0↼τ /λ2↽ ⇁ τ∫ U0↼↼τ − σ↽/λ2↽K↼λ, τ − σ↽Uλ↼σ/λ2↽dσ,

where K↼λ, τ ↽ = τ /λ2∫ U0↼−s↽P HIQVλ↼s↽QHIP ds.

The operator K↼λ, τ ↽ is bounded on H↙ O\⌉ ⌋⊣\ ⟩⇕⇕⌉⌈⟩⊣⊔⌉↕† ⌉§⊔∇⊣⌋⊔ ⊔⟨⌉ ⌋≀\⊔∇⟩⌊⊓⊔⟩≀\ ⊔≀ ⊔⟨⌉ ⌈⟩∫∫⟩√⊣⊔⟩⊑⌉ √⊣∇⊔ ≀{ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋∫ ⟩\ ∫⌉⌋≀\⌈ ≀∇⌈⌉∇ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊔⟨⌉≀∇†¬

K = ∞∫ U0↼−s↽P HIQU0↼s↽QHIP ds.

Let Kav= lim T →∞ ∞ T T∫ −T exp↼itH p↽K exp↼−itHp↽P dt = ∑ j Pj KPj , where Pj is the projection on ψ j ⊗ Ω. The following two theorems form the core of Davies theory.

Theorem 2.6. lim λ→′ ∫⊓√ λ2t∈⇐′,a↽ ‖ ⌉§√⇐−⇐itHp ⇁ λ2tK↽↽ψ ⊗ Ω − ⌉§√⇐−⇐itHp ⇁ λ2tKav↽↽ψ ⊗ Ω‖ = 0.

Theorem 2▷7▷ Suppose that for every a > 0 there exists a positive constant Ca such that sup τ ∈⇐′,a↽ ‖K↼λ, τ ↽‖ ≤ Ca. Suppose also that for any c > b > 0 αxed lim λ→′ ∫⊓√ τ ∈⇐b,c↽ ‖K↼λ, τ ↽ − K‖ = 0. Then lim λ→′ ∫⊓√ λ2t∈⇐′,a↽ ‖Uλ↼s↽ − ⌉§√⇐−⇐itHp ⇁ tλ2K↽↽‖ = 0.

The proofs of the above two theorems are somewhat technical ♭5♯▷ It is even more involved to check that their conditions are satisαed in our model▷ Using condition ↼2▷21↽ this can be done following line by line Davies argument in ♭5♯▷ To αnish the proof of Theorem 2▷5 we need the following Lemma 2▷8▷ The operator Kav restricted to the subspace generated by {ψj ⊗ Ω} ⟨⊣∫ ⊣ ⌈⟩∫⌋∇⌉⊔⌉ ∫√⌉⌋⊔∇⊓⇕⇔ ⟩⊔∫ ⌉⟩}⌉\⊑⊣↕⊓⌉∫ ⊣\⌈ ⌉⟩}⌉\⊑⌉⌋⊔≀∇∫ ⊣∇⌉ }⟩⊑⌉\ ⌊† Kavψj ⊗ Ω = (Γj↼L↽ ⇁ iΛj↼L↽↽ψj ⊗ Ω,

Γ0 = 0, Γj ↼L↽ = π j−∞∑ i=1^{|⇐ψi, xLψj ↽|} ∈(αm↼E j − Ei↽ ) , j ≥ ∞,

Λj↼L↽ = − ∑ i>0 |⇐ψi, xLψj ↽|∈PV ∞∫ α↼k↽2 ω↼k↽ − ⇐Ej − Ei↽ dk.

Proof. We have ↼ψi ⊗ Ω, Kavψi ⊗ Ω) = (ψi ⊗ Ω, Kψi ⊗ Ω) = ∞∫ ∑ i>0 exp↼−it↼E i − Ej ↽↽|⇐xLψi, ψj ↽|∈ ∞∫ ~√{−iω↼k↽t↽α↼k↽2dk dt,

and the result follows from the well known formula ∞∫ ~√{i↼α − β↽t↽dt = πδ↼α − β↽ ⇁ PV i α − β .

Setting Kav= KL we αnish the proof of Theorem 2▷5▷

2▷ 6▷ Some remarks To obtain dissipation both in the time mean and on the time scale τ the hypothesis that Ej /∈ τ ↼H0↽ has been crucial▷ It is essentially saying that embedded eigenvalues of H0 are not thresholds ↼whose presence invalidates regular perturbation theory↽▷ Intuitively it is clearly Ψgenericallyν satisαed▷ One can make that statement rigorous for a αnitedimensional system coupled to a heat bath▷ When m0 = 0, all embedded eigenvalues are thresholds, and our argument breaks down. Although one expects that embedded eigenvalues again dissolve into resonances after Ψturning on˚ small perturbations, the available techniques (even in much simpler models) are too crude to address such issues. One way of dealing with thresholds could be by adding small perturbations to the ffeld, namely to consider Hλ = Hp ⇁ λHI ⇁ Hbos⇁ m0P, where m0 > 0 is a small parameter and P acts on H{≀⌋‖⊣∫ P = 1 − ⇐ · , Ω)Ω. One then can proceed as in previous sections. The expression for Fermi Golden Rule has a well-deffned

limit as m0 → ′⇔ \⊣⇕⌉↕† ↕⟩⇕ m0→′ Γj↼m0↽ = −π ∑ i<j |⇐ψi, xψj↽|∈ ( α↼Ej − Ei↽ ) ,

lim m0→′ Λj↼m0↽ = − ∑ i>0 |⇐ψi, xψj↽|∈PV ∞∫ α↼k↽2 k − ⇐Ej − Ei↽ dk. ↼2.23↽

However the analytic continuation of resolvent matrix elements takes place on a domain depending on m0▷ Thus in studying dynamics one can at best let m0 and λ tend to zero simultaneously and formal exchange of limits ↼αrst m0 and then λ↽ although probably yielding the right result is not allowed▷ It is perhaps worth mentioning that master equation approach although very powerful also requires renormalization of the Hamiltonian ↼even for the positive mass modelω↽▷ One cannot exchange the limits L → ∞ ⊣\⌈ λ → ′ ⟩\ T⟨⌉≀∇⌉⇕ ∈↙▽↙ A}⊣⟩\⇔ ⊔⟨⌉∫⌉ ↕⟩⇕⟩⊔∫ ⌋⊣\ ⊣⊔ ⌊⌉∫⊔ ⌊⌉ ⊔⊣‖⌉\ ∫⟩⇕⊓↕⊔⊣\⌉≀⊓∫↕† ⇐⌊⊓⊔ ≀\↕† ⊣{⊔⌉∇ ⌋≀\∫⟩⌈⌉∇⊣⌊↕⌉ ⊔⌉⌋⟨\⟩⌋⊣↕ ⌉{{≀∇⊔⇒↙ T⟨⊓∫⇔ {≀∇ ⊣ √≀∫⟩⊔⟩⊑⌉ ⇕⊣∫∫ ⇕≀⌈⌉↕⇔ ≀⊓∇ ∇⌉∫⊓↕⊔∫ ≀\ ⌈†\⊣⇕⟩⌋∫ ⊣∇⌉ ∫⊔∇≀\}⌉∇ ⊔⟨⌉\ ⊔⟨⌉ ⌉§⟩∫⊔⟩\} ≀\⌉∫↙ F≀∇ ⊔⟨⌉ ⇕⊣∫∫↖↕⌉∫∫ ⇕≀⌈⌉↕⇔ ⊣↕↕ ⌉§⟩∫⊔⟩\} ⊣√√∇≀⊣⌋⟨⌉∫ ∇⌉∐⊓⟩∇⌉ ∫≀⇕⌉ ∇⌉}⊓↕⊣∇⟩‡⊣⊔⟩≀\ ≀{ ⊔⟨⌉ H⊣⇕⟩↕⊔≀\⟩⊣\↙ I⊔ ∇⌉⇕⊣⟩\∫ ⊣∫ ⊣\ ≀√⌉\ ⇐⊣\⌈ ⊒⌉ ⌊⌉↕⟩⌉⊑⌉ ⟨⊣∇⌈⇒ ∐⊓⌉∫⊔⟩≀\ ⊔≀ ≀⌊⊔⊣⟩\ ∇⌉∫⊓↕⊔∫ ⊣\⊣↕≀}≀⊓∫ ⊔≀ T⟨⌉≀∇⌉⇕∫ ∞↙∞ ⊣\⌈ ∞↙∈ {≀∇ ⊔⟨⌉ ⇕≀⌈⌉↕ ⇐∞↙∈⇒ ⊒⟩⊔⟨ ⇕⊣∫∫↖↕⌉∫∫ ⊘⌉↕⌈↙

R⌉{⌉∇⌉\⌋⌉∫ ∞↙ A∇⊣⟩⇔ A↙ O\ ⊣ ⇕≀⌈⌉↕ ≀{ ⊣ ⟨⊣∇⇕≀\⟩⌋ ≀∫⌋⟩↕↕⊣⊔≀∇ ⌋≀⊓√↕⌉⌈ ⊔≀ ⊣ ∐⊓⊣\⊔⟩‡⌉⌈⇔ ⇕⊣∫∫↖↕⌉∫∫⇔ ∫⌋⊣↕⊣∇ ⊘⌉↕⌈⇔ I↙ J↙ M⊣⊔⟨↙ P⟨†∫↙ ∈∈ ⇐∞∃∀∞⇒⇔ ∈▽∋∃↙ ∈↙ A∇⊣⟩⇔ A↙ O\ ⊣ ⇕≀⌈⌉↕ ≀{ ⟨⊣∇⇕≀\⟩⌋ ≀∫⌋⟩↕↕⊣⊔≀∇ ⌋≀⊓√↕⌉⌈ ⊔≀ ⊣ ∐⊓⊣\⊔⟩‡⌉⌈⇔ ⇕⊣∫∫↖↕⌉∫∫⇔ ∫⌋⊣↕⊣∇ ⊘⌉↕⌈⇔ II↙ J↙ M⊣⊔⟨↙ P⟨†∫↙ ∈∈ ⇐∞∃∀∞⇒⇔ ∈▽△∃↙ ∋↙ A∇⊣⟩⇔ A↙ S√⌉⌋⊔∇⊣↕ ⊣\⊣↕†∫⟩∫ ≀{ ⊣ ∐⊓⊣\⊔⊓⇕ ⟨⊣∇⇕≀\⟩⌋ ≀∫⌋⟩↕↕⊣⊔≀∇ ⌋≀⊓√↕⌉⌈ ⊔≀ ⟩\⊘\⟩⊔⌉↕† ⇕⊣\† ∫⌋⊣↕⊣∇ ⌊≀∫≀\∫↙ J↙ M⊣⊔⟨↙ A\⊣↕↙ A√√↕↙ ∞△′ ⇐∞∃∀∃⇒⇔ ∈′↙ △↙ C†⌋≀\ H↙⇔ F∇≀⌉∫⌉ R↙⇔ K⟩∇∫⌋⟨ W↙⇔ S⟩⇕≀\ B↙⇔ S⌋⟨∇�≀⌈⟩\}⌉∇ ≀√⌉∇⊣⊔≀∇∫↙ S√∇⟩\}⌉∇↖V⌉∇↕⊣}⇔ B⌉∇↕⟩\↖H⌉⟩⌈⌉↕⌊⌉∇} ∞∃∀↙ ▽↙ D⊣⊑⟩⌉∫ E↙ B↙⇔ M⊣∇‖≀⊑⟩⊣\ ⇕⊣∫⊔⌉∇ ⌉∐⊓⊣⊔⟩≀\∫↙ C≀⇕⇕⊓\↙ M⊣⊔⟨↙ P⟨†∫↙ ∋∃ ⇐∞∃△⇒⇔ ∃∞↙ ↙̸ D⊣⊑⟩⌉∫ E↙ B↙⇔ M⊣∇‖≀⊑⟩⊣\ ⇕⊣∫⊔⌉∇ ⌉∐⊓⊣⊔⟩≀\∫ II↙ M⊣⊔⟨↙ A\\↙ ∈∞∃ ⇐∞∃⇏⇔ ∞△↙ ↙ D⊣⊑⟩⌉∫ E↙ B↙⇔ Q⊓⊣\⊔⊓⇕ ⊔⟨⌉≀∇† ≀{ ≀√⌉\ ∫†∫⊔⌉⇕∫↙ A⌋⊣⌈⌉⇕⟩⌋ P∇⌉∫∫⇔ L≀\⌈≀\ ∞∃↙̸

8. Ford G. W., Kac M., Mazur P., Statistical mechanics of assemblies of coupled oscillators.

J. Math. Phys. 6 (1965), 504.

9. Jak�siØc V., Pillet C.-A., On a model for quantum friction II. Fermi’s golden rule and dynamics at positive temperature. Preprint.

10. Jak�siØc V., Pillet C.-A., Sigal I. M., Return to equlibrium in classical mechanics. In preparation.

11. Okamoto T., Yajima K., Complex scaling technique in nonrelativistic massive QED.

Ann. Inst. Henri Poincare 42 (1985), 311.

12. Ornstein L. S., Uhlenbeck G. E., On the theory of Brownian motion. Phys. Rev. 36 (1930), 823.

13. Reed M., Simon B., Methods of modern mathematical physics, II. Fourier analysis, self-adjointness. Academic Press, London, 1975.

14. Reed M., Simon B., Methods of Modern Mathematical Physics, IV. Analysis of operators.

Academic Press, London, 1978.

15. Simon B., Resonances in N-body quantum systems with dilation analytic potentials and the foundations of time-dependent perturbation theory. Ann. Math. 97 (1973), 247.

16. Spohn H., D�umcke R., Quantum tunneling with dissipation and the Ising model over R.

J. Stat. Phys. 41 (1985), 389.

17. Smedt P., D�urr D., Lebowitz J., Liverani C., Quantum system in contact with a thermal environment: Rigorous treatment of a simple model. Commun. Math. Phys. 120 (1988), 195.