Mathematics A Trigonometric Sum Relevant to the Non–relativistic Theory of Atoms quantum mechanics/trace formulas/Weyl sums A. Córdoba^∗, C. Fefferman^{∗∗} and L. Seco^{∗∗∗} ∗ Departamento de Matemáticas, Universidad Autónoma de Madrid, Spain. ∗∗ Department of Mathematics, Princeton University. ∗∗∗ Department of Mathematics, University of Toronto, Canada.

Abstract. We extend Van der Corput’s method for exponential sums to study an oscillatory term appearing in the quantum theory of large atoms. We obtain an interpretation in terms of classical dynamics and we produce sharp asymptotic upper and lower bounds for the oscillations.

A non–relativistic atom of nuclear charge Z fixed at the origin, and N quantized electrons at positions x_i ∈ R^3 is described by the Hamiltonian

H_{Z,N} = N∑ i=1 ( −Δ_{xi} − Z |x_i| ) +^1_2 ∑ i≠j 1 |x_i − x_j | which acts on the Hilbert space of antisymmetric functions with two spins

H = N⋀ L^2 ( R^3 × Z_2 ) . In the present discussion we will ignore spin; this reduction simplifies our exposition and changes no ideas.

The ground state energy of such a system is given by E(Z) = inf_{N≥0} E(Z, N), E(Z, N) = inf_{ϕ∈H} ||ϕ||=1 ⟨H_{Z,N} ϕ, ϕ⟩ .

As Z goes to infinity, the energy E(Z) admits an asymptotic expansion of the form

E(Z) = −c_{TF}Z^{7=3} +^1_8 Z^2 − c_sZ^{5=3} + O ( Z^{53 −a} ) , a > 0. The first term above was introduced by Thomas and Fermi in (1), (2), and proved rigorously in (3) (See also (4) for a review of Thomas–Fermi theory). The Z^2 term was discovered by Scott in (5) and proved to be true in a series of papers by Hughes– Siedentop–Weikard, in (6), (7), (8) and (9). The Z^{5=3} term was obtained by Schwinger in (10), and proved to be correct in (11), (12), (13), (14), (15), (16), (17) and (18).

In view of (11 — 18), it is naturally conjectured (see (19)) that the next term in the energy asymptotics for E(Z) above is given by the following sum

Ψ_Q(Z) = lTF∑ l=1 2l + 1 1 π ∫ ( V^Z_{TF}(r) − l(l + 1) r^2

)_−1=_2 + dr μ ( 1 π ∫ ( V^Z_{TF}(r) − l(l + 1) r^2

)1=_2 + dr )

where μ(x) = dist (x, Z)^2 −^1_{12} , V^Z_{TF} is the Thomas–Fermi potential for an atom with charge Z (see (4)), which satisfies the perfect scaling condition

V^Z_{TF}(r) = Z^{4=3} V^1_{TF} ( Z^{1=3} · r ) where we have V^1_{TF}(r) = y(a · r) r , a = ( 3π 2 )2=_3

and y is the Thomas–Fermi function, solution of the Thomas–Fermi equation y^{′′}(r) = y^{3=2} (r) r^{1=2} y(0) = 1 lim_{r→∞} y(r) = 0

Finally, l_{TF} is the greatest integer such that V^Z_{TF}(r) − l(l + 1)/r^2 is positive somewhere.

The book of Englert ((20); see also references thereof) contains a discussion of oscillatory terms in the asymptotics of E(Z).

The purpose of this paper is to analyze the sum Ψ_Q(Z) as a function of Z. Note that, although in our application Z ranges over the integers, the same definition of Ψ_Q extends naturally to all real values of Z.

In order to explain our main result, consider a classical particle with mass^1_2 , moving in the negative radial potential given by −V^Z_{TF}. Such motion is planar, and we consider the closed orbits which arise for angular momentum M; first, all orbits can be obtained from a primitive one that we travel through k times, for k any non–zero integer which we call multiplicity. All such orbits for a fixed M with the same multiplicity can be obtained by rotations of each other. On each of those orbits, the particle “oscillates” in the sense that the distance to the origin r(t) varies between r_{min}(M) and r_{max}(M) and closes after passing n(M) times through, say, r_{max}(M). We also consider the integer l(M), the winding number of the orbit around 0, the action S(M), the period T (M), and the following locally defined quantity: for a closed trajectory with angular momentum M, and n oscillations, and given ε small, consider a trajectory (not necessarily closed) with angular momentum M +ε which, after n(M) oscillations between successive r_{max}(M +ε), misses to close by an angle 2πα_M (ε), where we take α between 0 and 1. Then, we define

D(M) = lim_{ε→0} ε^{−1}α_M (ε)

This description degenerates for the maximum angular momentum M_{max}, which gives rise to a single circular primitive orbit, together with its corresponding multiples. In this case, numbers l and n can be naturally extended as follows: set

ϕ(Ω) = ∫ ( y(r) r − Ω^2 r^2

)^1=_2 + dr (1) for Ω ∈ (0,Ω_c ) with ϕ(Ω_c) = 0. Then if^1_π ϕ^′(Ω_c) is irrational, we set n = ∞. Otherwise, we set^1_π ϕ^′(Ω_c) = −l/n, with different choices of l and n translating into the same circle with different multiplicities. Primitive representations correspond to the case that l and n are relatively prime. D(M_{max}) can still be defined the same way by taking ε < 0 in our definition above when n is finite; when n is infinite, there will be no need for us to define D(M_{max}).

With this notation, our main result is as follows:

Theorem 1:

Ψ_Q(Z) = Ψ_0(Z) + o ( Z^{3=2} ) where

Ψ_0(Z) = 2π · Z^{3=2} · ∑ closed trajectories δ μ̂(n) · n · M T · |D(M)|^{−1=2} · e^i ( Z 1=3 S−π·(l+ sign n 4 ) )

where δ = 1 except in the case of an exactly circular orbit, when δ =^1_2 . Furthermore, the sum is absolutely convergent.

As a consequence of the same methods used to prove this theorem we obtain the following estimate for the size of Ψ_Q(Z)

Theorem 2: There are universal constants K (large) and κ_0 (small but strictly positive), such that

|ψ_Q(Z)| ≤ K · Z^{3=2} , and ∫_{Z0+Z} Z0 |ψ_Q(z)|^2 dz z^3 ≥ κ_0 · Z whenever Z ≥ K Z^{2=3}_0 . Furthermore,

lim inf Z→∞ Z=1,2,3,... | | |Z^{−3=2} ψQ(Z) | | | ≠ 0.

1. Comments on the Proof

The proof of our theorem is a variant of a method devised by Van der Corput (see (21)) to study trigonometric sums appearing in different number theoretic problems. Of special interest to us is the lattice point problem, which consists in estimating the number of lattice points inside a large convex region.

According to this method, a sum like ours, after Poisson summation, becomes a sum of Fourier integrals. Each integral can be expanded via the stationary phase method to become a sum of complex exponentials with real amplitudes. This gives the leading expression Ψ_0, together with the upper bound, where we take advantage of the fast decrease of the Fourier coefficients of μ. The lower bound requires some extra work, and hinges on the fact that a certain number is not zero. After all this, the connection with closed trajectories is an exercise in classical mechanics.

Our result appears to have certain similarities with another recent result of P. Bleher (22). The book of Gutzwiller (23) contains a discussion of the interplay between classical and quantum mechanics in relation with trace formulas.

The trigonometric sums involved in the analysis of the lattice point problem have similarities with our sum, with the crucial difference that the corresponding μ there is x − [x] −^1_2 , whose Fourier coefficients decay merely like n^{−1}: this is responsible for the fact that to obtain sharp bounds for this problem remains a hard open question. More concretely, one can consider sums given by P = N∑ k=1 μ ( Nϕ ( k N ) )

where μ is a periodic function of average 0. Examples of such sums are the ones given by μ̂(n) = n^{−s}, s = σ + iτ The case s = 1 is the lattice point problem for the dilates of the curve ϕ(x). Our sum corresponds to the case s = 2.

A crucial ingredient in our analysis is the non–degeneracy of the Thomas–Fermi potential (proved in (18)), which, from the analytical point of view, means that |ϕ^{′′}(Ω)| > c_0 > 0 for a constant c_0 and ϕ as in (1). In the classical formalism, it amounts to the fact that D(M) ≠ 0 for all closed trajectories. This means that closed trajectories are isolated once we factor out the trivial symmetry given by the rotation group. Its role in the proof is similar to the non–vanishing curvature of the sphere in the circle problem.

Acknowledgements. This research is partially supported by a N.A.T.O research grant no. CRG921184. A. Córdoba is partially supported by a CICYT grant. C. Fefferman is partially supported by an NSF grant. L. Seco is partially supported by NSERC grants no. OGP0121848 and EQPEQ336, by a CICYT grant and by a Connaught Fellowship.

References

1 Thomas, L. H. (1927) “Th e Calculation of Atom ic Field s” Proc. Cambridge Philos. Soc. 23 542—548.

2 Fermi, E. (1927) “U n M eto d o Statistico per la Determ in azio ne di alcu ne Priorieta dell’A tom e” Rend. Accad. Naz. Lincei 6, 602—607.

3 Lieb, E. and Simon, B. (1977) “T h om as–Ferm i Th eo ry of Atom s, M olecu les an d Solids” Adv. Math.

23, pp 22—116.

4 Lieb, E. (1981) “T hom as–Ferm i and Rela ted Th eo ries of Atom s an d M olecules” Reviews of Modern Physics Vol 53 no. 4.

5 Scott, J. M. C. (1952) “T h e Bind in g Energ y of the Th om as–Ferm i Atom ” Phil. Mag. 43 859—867.

6 Hughes, W. “A n Atom ic En ergy Low er Bou nd that Agrees with Scott’s Correction. ” Advances in Mathematics, 79, 213–270, 1990.

7 Siedentop, H., Weikard, R. (1987) “O n the Lea ding Energ y Correction for the Statistical M o d el of

the Atom : Interactin g Case” Communications in Mathematical Physics 112 471-490

8 Siedentop, H., Weikard, R. “O n the Lead ing Correction of the Thom as– Ferm i M o del: Low er Bou nd ” and an appendix by A.M.K. Müller. Inv. Math., Vol., 97, pp 159—193, 1989.

9 Siedentop, H., Weikard, R. (1990) “A New Ph ase Space Lo ca lization Techniqu e with App licatio ns

to the Sum of Negative Eig envalues of Sch röd inger Op erators. ” Ann. Scient. Ecole Normale

Superieure 24, 215 – 225, (1991).

10 Schwinger, J. (1981) “Th om as–Ferm i M o d el: The Seco nd Co rrectio n” Physical Review A24, 5, 2353—2361.

11 Fefferman, C. and Seco, L. “T h e Grou nd –State Energy of a Large Atom ” Bull. A.M.S., Vol 23 no.

2, 525—530, 1990 12 Fefferman, C. and Seco, L. “Eigenvalu es and Eigenfu nction s of Ordina ry Diff erential Op era tors ” To appear in Ad v. Ma th .

13 Fefferman, C. and Seco, L. “T h e Eigenvalue Su m for a On e–D im en sion al Potential ” To appear in

Ad v. M ath .

14 Fefferman, C. and Seco, L. “T he Den sity in a On e-D im en sion al Potential ” To appear in Adv . M ath . 15 Fefferman, C. and Seco, L. “T he Eigenvalue Sum for a Th ree–D im en sion al Rad ial Potential ” To appear in Adv . M ath.

16 Fefferman, C. and Seco, L. “T he Density in a Th ree–D im en sio nal Rad ia l Potential ” To appear in

Ad v. M ath .

17 Fefferman, C. and Seco, L. “O n the Dirac an d Schw in ger Correction s to the Grou nd –S tate En ergy

of an Atom ” To appear in Ad v. Math.

18 Fefferman, C. and Seco, L. “A p erio d icity of the Ham ilton ia n Flow in the Th om as–Ferm i Potential ” To appear in Revista M atm em ática Ib eroam erica na 19 Fefferman, C. “Atom s and An alytic Nu m b er Theory ” Proceedings of the AMS, 1991. 20 Englert, B. G. “Sem iclassica l Theory of the Atom ” Springer Verlag Lecture Notes in Physics, vol 301.

21 S. W. Graham and G. Kolesnik “Van der Corp u t’s M eth o d of Exp on ential Su m s ” Cambridge University Press. London Math. Soc. Lecture Notes Series, 126.

22 Bleher, P. “Distrib u tion of En ergy Levels of a Qu antum Free Particle on a Su rfa ce of Revolu tion ” To appear in Duke Math. Journal.

23 Gutzwiller, M. “C h aos in Classical an d Qu antum Mechan ics ” Springer Verlag, 1990.