Analyticity for the

Kuramoto-Sivashinsky Equation

P. Collet 1 , J.-P. Eckmann 2,3 , H. Epstein 4 , J. Stubbe 2,5 1 Ecole Polytechnique, CNRS UPR14, Physique Th�eorique, Palaiseau 2 D�ept. de Physique Th�eorique et 3 Section de Math�ematiques, Universit�e de Gen�eve 4 IHES, Bures-sur-Yvette 5 CERN, Geneva

Abstract. We study the analyticity properties of solutions of the Kuramoto-Sivashinsky

equation ∂_tU(x, t) = −(∂^2_x + ∂^4_x)U(x, t) − U(x, t)∂_xU(x, t) , for initial data which are periodic with period L▷ Numerical experiments are presented which show that the solutions of the ks-equation are analytic in a strip around the real axis whose

width is independent of L▷ A rigorous lower bound O(L^{−16/25}) is given for this width.

- 2 -

1. Introduction

The Kuramoto-Sivashinsky (KS) equation in one space dimension ∂_tU = −∂^2_xU − ∂^4_xU − U∂_xU , (1.1) serves as a prototype of a system with Ψself-generated˚ chaos. By this we mean that the linear part of the equation is (in momentum space) of the form k^2 − k^4 . It is therefore unstable for 0 < |k| < 1, leading to growing modes. These growing modes are coupled through the nonlinearity to the stable modes of |k| > 1, and it is the Ψequilibrium˚ between these modes which leads to global bounds for the ks-equation, see below.

A rigorous study of this equation was initiated by [NST], who considered the equation in a ffnite volume L, with periodic boundary conditions. In terms of the Fourier coefffcients U(x, t) = ∑ n∈Z^e iqnxu n(t) , (1.2)

with q = 2π/L, the Eq.(1.1) takes the form d dt u_n(t) = ((qn)^2 − (qn)^4)u_n(t) − i qn 2 ∑ n0_{+n}00_{=n} u_n0(t)u_n00(t) . (1.3)

The momentum k equals qn▷ It seems that nothing rigorous is known for the problem on the inαnite line▷ But even with periodic boundary conditions, the ks-equation is still a very interesting problem, since, for large enough L, enough unstable Fourier modes exist to make the

system chaotic. In terms of rigorous results even a global bound on the solution was found only recently for general periodic functions, in two papers [I], [CEES], with the following result:

Theorem 1.1. [CEES]. If the initial condition U_0 of the ks-equation is periodic with period L then the same is true for the solution at time t▷ There is a constant C_0 such that lim sup t→∞ ∫_{L/2} −L/2 dx |U(x, t)|^2 ≤ R^2_L ≡ C_0L^{16/5} , (1.4)

and furthermore, if ∫_{L/2} −L/2 dx|U(x, t)| ≤ R 2 L for some t then the same is true for all t ′ > t▷ The purpose of the present paper is to show a bound on the space derivatives of U ▷ More precisely, we prove Theorem 1.2. For large t the function U(x, t) is analytic in x in a strip of width β_L ≥ CL^{−16/25} , (1.5)

- 3 -

around the real axis.

In other words, we show that the high momentum part of the Fourier transform satisffes |u_n(t)| ≈ O(e^{−const.L} �16/25_{q|n|} ) . (1.6)

This is analogous to statements about the high momentum behavior in hydrodynamics [M1, p.353, Fig.11], the so-called dissipative range. In the next section, we present some conjectures concerning this high momentum behavior, and in particular that the width of the domain of analyticity seems to be independent of L▷ This conjecture is based on numerical experiments▷ This observation is in line with a series of other ↼unproven↽ observations ♭M1♯, [M2], which suggest that the ks-equation shows extensive behavior in the parameter L, i.e., it behaves essentially like a large union of smaller systems, (see, however [P], [L] for some deviations from extensivity for time-dependent phenomena). In Section 3 we prove Theorem 1.2.

2. A numerical study of the domain of analyticity

In this section, we report some conjectures related to the large k behavior of the solutions of

the ks-equation. Conjecture 2.1. There is a β > 0, independent of L such that the solutions U of the ks-equation with space period L satisfy

lim sup t→∞ ∑ n∈Z | | |e^{βq|n|}u_n(t) | | |^2 ≤ const. (2.1)

Since q = 2π/L this means that the decay is uniform in L as a function of the wavevector k = qn▷ We can reformulate the Conjecture 2▷1 in the following form. Conjecture 2▷2▷ There is a β > 0, independent of L such that the solutions U(·, t) of the ks-equation with space period L are analytic in x in the strip |Im x| < β for sufαciently large t▷

The conjectures are based on a series of numerical experiments which we now describe▷ We integrate the ks-equation in k space, using the Eq.(1.3). We do this using a pseudo-spectral code with an integrator for stiff differential equations [HW, Radau5]. We compute solutions to absolute precision 10^{−9} and to relative precision 10^{−8} . We choose the discretization in such a way that u n is computed for |n| < n max and n maxq ≥ 12. At a given time t the graph of log |u_n| ⊣∫ ⊣ {⊓\⌋⊔⟩≀\ ≀{ k = qn looks as in Fig▷ 1▷ Beyond k about 12, the precision of the

- 4 - |u(n)|

k = qn 10^{−22}

10^{−19}

10^{−16}

10^{−13}

10^{−10}

10^{−7}

10^{−4}

10^{−1}

10^2

0 5 10 15

Fig. 1: Plot of log junj versus k = qn for q = 0.015 , with nmax= 1024 , kmax= 15.36▷ β

t 4.5 4.0 3.5 3.0 2.5

0 200 400 600 800 1000 Fig. 2: The slope β of �logjunj versus k = qn as measured in Fig▷ 1 as a function of time t , for q = 0.015 , with nmax= 1024. The horizontal line is at β = 3.531 and is obtained as the least squares αt for this value of q , from t = 40 to t = 1000.

data representation starts to matter and we get irrelevant results (in fact, for those values of n,

we have |u_n| < 10^{−20} ). We determine, for each time t = 0.5 · j , j = 1, . . . , 2000, the best fftting slope between k = 2 and k = 12, and plot this, together with the average of these slopes (over t ∈ [40, 1000]) in Fig. 2. We ffnd that β ≈ 3.5 independently of the value of q , for q between 0.004 and 0.18, Fig. 3. This leads to the Conjecture 2.1. β

q 4.0

3.0

0 0.05 0.10 0.15 Fig. 3: The slope β as a function of q = 2π/L▷ This quantity is essentially independent of q and the limit value for q = 0 is about 3.5▷

Together with G▷Goren, we have also explored the modiffed ks-equation u̇ = −∂^2_xu − |∂^{2m}_x |u − uu^′ , (2.2) for several values of m > 1. One ffnds, with β^{(m)} deffned in the same spirit as β in the foregoing discussion▷ Conjecture 2▷3▷ For every m > 1, there is a β^{(m)} such that for all L one has for the solutions of Eq▷↼2▷2↽. lim sup t→∞ ∑ n∈Z | | |e^{β(m)q|n|}u_n(t) | | |^2 ≤ const. (2.3)

In particular, β^{(m)} ≈ 1.75m▷

3▷ Analyticity In this section, we prove Theorem 1.2, using techniques which have been developed in [FT]. Exploiting the fact that the trilinear term vanishes for equal arguments (see below) we get a slight improvement over the standard techniques. Instead of Theorem 1.2 we really prove the stronger

Theorem 3.1. If the initial condition U_0 for the ks-equation with Lperiodic boundary conditions satisαes ∫_{L/2} −L/2 dxU 2 0 (x) ≤ R^2_L then the solution U(x, t) satisffes the bound ‖ ‖ ‖e^{αL min(t,tL)}AU(·, t) ‖ ‖ ‖_2 ≤ 2R_L , (3.1)

where

A =^√−∂^2_x , α_L = α_0R^{6/5}_L , t_L = t_0R^{−8/5}_L .

The constants α_0 and t_0 are independent of L▷ Proof of Theorem 1▷2▷ By Theorem 1▷1, we know that ‖U(·, t^′)‖_2 < R_L for sufαciently large t^′ ↙ W⌉ \≀⊒ ⊣√√↕† T⟨⌉≀∇⌉⇕ ∋↙∞, shifting the origin of time to t^′ ↙ S⟩\⌋⌉ R_L = O(L^{8/5}), the assertion of Theorem 1.2 follows at once.

Proof of Theorem 3.1. We consider again the Fourier transform Eq.(1.2). We shall always denote the xspace functions by upper case letters and their Fourier transforms by lower case letters▷ Since U is real we have u_{−n} = u^∗_n and since ∫ U = 0 we have u_0 = 0. The operator

A acts by multiplication on the Fourier coef�cients: (AU)_n = q|n|u_n , n ∈ Z . We deαne V = e^{αt}AU and therefore the Fourier coefαcients of V are given by v_n = u_ne^{αtq|n|} . The following computations and estimates leading to the bound of the theorem are formal, but they can be made rigorous by considering a Galerkin approximation for the Fourier coefffcients u_n , i.e., by considering a ffnite number of Fourier coefffcients and showing that the bounds are independent of the cutoff. Multiplying the Eq.(1.3) by v_{−n}e^{αtq|n|} ⊣\⌈ ∫⊓⇕⇕⟩\} ≀⊑⌉∇ n, we obtain_1 2 d dt ∑ n∈Z^{|vn|} 2 = α ∑ n∈Z^{q|n||vn|} 2 + ∑ n∈Z^{Ln|vn|} 2 − 1 L b(U, U, e^{αt}AV ) , (3.2) where L_n = (qn)^2 − (qn)^4 and b is deαned by b(U, V, W ) = iLq ∑ n∈Z ∑ m∈Z^{(n − m)umvn−mw−n =} ∫ U(∂_xV )W .

One has the following estimate for the nonlinear term. Lemma 3▷2▷ There is a constant C such that |b(U, U, e^{αt}AV )| ≤ C √ αt‖U‖_2‖AV ‖^2 . (3.3) Proof. Using b(U, U, W ) = −^1_2 b(U, W, U), and in particular, b(U, U, U) = 0, we get b(U, U, e^{αt}AV ) = −^1_2 b(U, e^{αt}AV, U) = −^1_2 [ b(e^{−αt}AV, e^{αt}AV, e^{−αt}AV ) − b(V, V, V ) ] = iL 2 ∑ n∈Z ∑ m∈Z^{qnvmvn−mv−n} [ e^{αtq(|n|−|m|−|n−m|)} − 1 ] .

Note now that

|n| − |m| − |n − m| = 0, if n ≥ m > 0 or n ≤ m < 0 −2|m|, if n > 0 > m or n < 0 < m −2|n − m|, if m > n > 0 or m < n < 0 .

After rearranging the summation indices, we therefore ffnd b(U, U, e^{αt}AV ) = 2L Im ∑ k>m>0 q(k − m)v_{−m}v_kv_{−(k−m)} ( 1 − e^{−2αtq|m|} ) .

We apply the CauchySchwarz and the Minkowski inequalities and get the following estimates. | |b(U, U, e^{αt}AV ) | | ≤ 2L ( ∑ k>0 |v_k|^2 )_{1/2} ( ∑ m>0 q^2m^2|v_m|^2 )_{1/2}

· ( ∑ k>m>0 q^2(k − m)^2|v_{k−m}|^2( 1 − e^{−2αtqm} qm )^2 )_{1/2}

≤ 2L ( ∑ k>0 |v_k|^2 )_{1/2} · ∑ m>0 q^2m^2|v_m|^2

· ( 2αt q ∫_∞ 0 dx ( 1 − e^{−x} x )_2 )_{1/2} . Reexpressing the sums in terms of the norms ‖ · ‖_2 in xspace, the Lemma 3.2 follows with C^2 = 1 2π ∫_∞ 0 dx ( 1 − e^{−x} x )_2 .

We now continue the proof of Theorem 3▷1▷ Starting from Eq▷↼3▷2↽ and applying Lemma 3▷2, we obtain the following differential inequality: 1 2 d dt ‖V ‖^2 ≤ α‖A^{1/2}V ‖^2 + ‖AV ‖^2 − ‖A^2V ‖^2 + C √ αt‖V ‖_2‖AV ‖^2 . (3.4)

We use now the inequalities

‖AV ‖^2 ≤ ‖V ‖_2‖A^2V ‖_2 , ‖A^{1/2}V ‖^2 ≤ ‖V ‖^{3/2}_2 ‖A^2V ‖^{1/2}_2 ,

and we deαne the function Φ(t) ≡ ‖V ‖^2 . After polarization of the products using Young’s

inequality, we get from Eq.(3.4), d dt Φ(t) ≤ (C_1 + C_2α^{4/3})Φ(t) + C_3αtΦ^2(t) , (3.5)

where C_1 , C_2 , C_3 are constants which are independent of Φ(0) and of L▷ By the assumption of Theorem 3▷1, we have Φ(0) ≤ R^2_L ▷ As long as Φ(t) ≤ 4R^2_L , the Eq.(3.5) implies d dt Φ(t) ≤ ( C_1 + C_2α^{4/3} + 4C_3R^2_Lαt ) Φ(t) , (3.6)

which leads to Φ(t) ≤ R^2_L exp ( (C_1 + C_2α^{4/3}) t + 2C_3R^2_Lαt^2 ) . Therefore, Φ(t) ≤ 4R^2_L as long as (C_1 + C_2α^{4/3}) t + 2C_3R^2_Lαt^2 ≤ log 4 . (3.7) Choosing α = α_L = α_0R^{6/5}_L the Eq▷↼3▷7↽ holds true for t ≤ t_L = t_0R^{−8/5}_L , where α_0 and t_0 are suitable constants. This proves the Theorem 3.1 for t ≤ t_L ▷ Since, by Theorem 1.1 the solution stays in the ball of radius R_L once it has entered it, we can choose the initial time in Theorem 3.1 as any time t^{′′} > 0 and then Theorem 3.1 follows also for t > t_L ▷ The proof of Theorem 3▷1 is complete▷ Acknowledgments▷ This research was partially supported by the Fonds National Suisse▷ JPE has proαted from the kind hospitality of the IHES and of the Weizmann Institute▷

References

♭CEES♯ Collet, P., J.-P. Eckmann, H. Epstein, and J. Stubbe: A global attracting set for the Kuramoto-Sivashinsky

equation. (To appear). Commun. Math. Phys.

- 9 -

[FT] Foias, C. and R. Temam: Gevrey class regularity for the solutions of the Navier-Stokes equation. J. Funct. Analysis 87, 359�369 (1989).

[HW] Hairer, E., and G. Wanner: Solving Ordinary Differential Equations II, Berlin, Heidelberg, New York, Springer (1991).

[I] Ilyashenko, Yu.S.: Global analysis of the phase portrait for the Kuramoto-Sivashinsky equation. (To appear). J. Dyn. Differ. Equations (1992).

[L] L’vov, V.L., V.V. Lebedev, M. Paton, and I. Procaccia: Proof of scale invariant solutions in the Kardar-Parisi-Zhang and Kuramoto-Sivashinsky equations in 1 + 1 dimensions: Analytical and numerical results. (To appear). Nonlinearity (1992).

[M1] Manneville, P.: Liapunov exponents for the Kuramoto-Sivashinsky model. In Macroscopic Modelling of Turbulent Flows, (Pironneau, O., ed.). Berlin, Springer, Lecture Notes in Physics Vol. 230 (1985).

[M2] Manneville, P.: Structures dissipatives, chaos et turbulence, Alea, Saclay (1991). [NST] Nicolaenko, B., B. Scheurer, and R. Temam: Some global dynamical properties of the Kuramoto-Sivashinsky equations: Nonlinear stability and attractors. Physica D16, 155�183 (1985).

[P] Procaccia, I., T. Bohr, M.H. Jensen, V.S. L’vov, K. Sneppen, and R. Zeitak: Surface roughening and the long wavelength properties of the Kuramoto-Sivashinsky equation. Phys. Rev. A46, 3220�3224 (1992).