Time delay for dispersive systems in quantum scattering theory

Rafael Tiedra de Aldecoa

CNRS (UMR 8088) and Department of Mathematics, University of Cergy-Pontoise, 2 avenue Adolphe Chauvin, 95302 Cergy-Pontoise Cedex, France E-mail: rafael.tiedra@u-cergy.fr

Abstract We consider time delay and symmetrised time delay (defined in terms of sojourn times) for quantum scattering pairs {H0 = h(P ), H}, where h(P ) a dispersive operator of hypoelliptic-type. For instance h(P ) can be one of the usual elliptic operators such as the Schrödinger operator h(P ) = P^2 or the square-root Klein-Gordon operator h(P ) = √ 1 + P^2. We show under general conditions that the symmetrised time delay exists for all smooth even localization functions. It is equal to the Eisenbud- Wigner time delay plus a contribution due to the non-radial component of the localization function. If the scattering operator S commutes with some function of the velocity operator ∇h(P ), then the time delay also exists and is equal to the symmetrised time delay. As an illustration of our results we consider the case of a one-dimensional Friedrichs Hamiltonian perturbed by a finite rank potential.

Our study put into evidence an integral formula relating the operator of differentiation with respect to the kinetic energy h(P ) to the time evolution of localization operators.

1 Introduction and main results

One can find a large literature on the identity of Eisenbud-Wigner time delay and time delay in quantum scattering defined in terms of sojourn times (see [3, 7, 8, 12, 19, 23, 24, 30, 31, 32, 33, 34, 38, 39, 48] and references therein). However, most of the papers treat scattering processes where the free dynamics is given by some Schrödinger operator. The mathematical articles where different scattering processes are considered (such as [23, 30, 31, 38]) only furnish explicit applications in the Schrödinger case. The purpose of the present paper is to fill in this gap by proving the existence of time delay and its relation to Eisenbud-Wigner time delay for a general class of dispersive quantum systems. Using a symmetrization argument introduced in [9, 31, 44] for N-body scattering, and rigorously applied in [5, 17, 29, 46, 47], we shall treat any scattering process with free dynamics given by a regular enough pseudodifferential operator of hypoelliptic-type.

Given a real euclidean space X of dimension d ≥ 1, we consider in H(X) := L^2(X) the dispersive operator H_0 := h(P ), where h : X → R is some hypoelliptic function and P ≡ (P_1, . . . , P_d) is the vector momentum operator in H(X). We also consider a selfadjoint perturbation H of H_0 such that the wave operators W_± := s- lim e^{itH} e^{−itH0} exist and are complete (so that the scattering operator S := W^∗_+W_− is unitary). We define the usual time delay and the symmetrised time delay for the quantum scattering system {H_0, H} as follows. Take a function f ∈ L^∞(X) decaying to zero sufficiently fast at infinity, and such that f = 1 on some bounded neighbourhood Σ of the origin. Define for r > 0 and some state φ ∈ H(X) the numbers

T^0_r (φ) := � R dt � e^{−itH0} φ, f(Q/r) e^{−itH0} φ �

and T_r(φ) := � R dt � e^{−itH} W_−φ, f(Q/r) e^{−itH} W_−φ � , where Q ≡ (Q_1, . . . , Q_d) is the vector position operator in H(X). The operator f(Q/r) is approximately the projection onto the states of H(X) localized in rΣ := {x ∈ X | x/r ∈ Σ}. So, if φ is normalised to one, T^0_r (φ) can be roughly interpreted as the time spent by the freely evolving state e^{−itH0} φ inside the region rΣ. Similarly T_r(φ) can be roughly interpreted as the time spent by the associated scattering state e^{−itH} W_−φ inside rΣ. In consequence τ^{in}_r (φ) := T_r(φ) − T^0_r (φ)

is approximately the time delay in rΣ of the scattering process {H_0, H} with incoming state φ, and τ_r(φ) := T_r(φ) −^1_2 � T^0_r (φ) + T^0_r (Sφ) � is the corresponding symmetrized time delay.

In the case of the Schrödinger operator (h(x) = x^2) it is known that the existence (and the value) of τ^{in}_r (φ) and τ_r(φ) as r → ∞ depend on the choice of the localization function f. The limit lim_{r→∞} τ^{in}_r (φ) does exist only if f is radial, in which case it is equal to Eisenbud-Wigner time delay [43]. On another hand it has been shown in [17] that the limit lim_{r→∞} τ_r(φ) does exist for all characteristic functions f = χ_Σ with Σ = −Σ regular enough. In such a case the limit lim_{r→∞} τ_r(φ) is the sum of the Eisenbud-Wigner time delay plus a term depending on the boundary ∂Σ of Σ.

Our goal in this paper is to present a unified picture for these phenomena by treating all scattering pairs {H_0 ≡ h(P ), H}, with h in some natural class of hypoelliptic functions containing h(x) = x^2 as a particular case (see Assumptions 4.6). In Section 4, Theorem 4.3, we prove under general assumptions on H and φ the existence of the symmetrised time delay for all smooth even functions f. We show that

lim_{r→∞} τ_r(φ) =^1_2 ⟨φ, S^∗[A_f , S]φ⟩ ,

where A_f is some explicit operator depending on h and f defined in Section 3. If f is radial, then A_f reduces in some sense to the operator A = −2i^d_{dh(P )} , and lim_{r→∞} τ_r(φ) is equal to Eisenbud-Wigner time delay. So, if H_0 is purely absolutely continuous and the scattering matrix S(λ) is strongly continuously differentiable in the spectral representation of H_0, then

lim_{r→∞} τ_r(φ) = � σ(H_0 ) dλ � (U φ)(λ), −iS(λ)^{∗ dS(λ)}_{dλ} (U φ)(λ) � H_λ , (1.1)

where U : H(X) →

�_⊕

σ(H_0 ) dλ Hλ is a spectral transformation for H0 (see Remark

4.4 for a precise statement). If f is not radial, the limit lim_{r→∞} τ_r(φ) is the sum of the Eisenbud-Wigner time delay and the contribution of the non-radial component of the localization function f (see Remark 4.5). In Theorem 4.8 we show that the free sojourn times T^0_r (φ) and T^0_r (Sφ) before and after the scattering satisfy

lim_{r→∞} � T^0_r (Sφ) − T^0_r (φ) � = 0 if the scattering operator S commutes with some appropriate function of the velocity operator h^′(P ) ≡ ∇h(P ). Under this circumstance the usual time delay lim_{r→∞} τ^{in}_r (φ) also exists and is equal to lim_{r→∞} τ_r(φ) (see Theorem 4.10). In Corollary 4.11 we exhibit two classes of functions h for which the commutation assumption is satisfied. Basically, these two classes of functions are the radial functions and the polynomials of degree 1. So, in particular, our results cover and shed a new light on the case of the Schrödinger operator h(x) = x^2.

In Section 5, we consider as an illustration of our approach the simple, but instructive, case of the one-dimensionnal Friedrichs Hamiltonian H_0 = Q (H_0 is of the form h(P ) after a Fourier transformation). We verify all the assumptions of Section 4 when H is a regular enough finite rank perturbation of H_0. The main difficulty consists in showing (as in the Schrödinger case [4, 26]) that the scattering operator maps some dense set into itself. Essentially this reduces to proving that the scattering matrix S(x) is sufficiently differentiable on R \ σ_{pp}(H), which is achieved by proving a stationary formula for S(x) and by using higher order commutators methods (see Lemmas 5.9-5.12). All these results are collected in Theorem 5.14, where the formula

lim_{r→∞} τ^{in}_r (φ) = lim_{r→∞} τ_r(φ) = −i � R dx |φ(x)|^2S(x)S^′(x) (1.2)

is proved for finite rank perturbations. Some comments on the relation between Equation (1.2) and the Birman-Krein formula are given in Remark 5.7. The differentiability properties of the restriction operator appearing in the expression for S(x) are recalled in the appendix.

Virtually our technics may be applied to many physical examples such as the squareroot Klein Gordon operator, the Klein-Gordon equation, the Pauli operator, or the Dirac operator. We hope that these cases will be considered in future publications.

Let us note that our approach relies crucially on the proof in Section 3 of the integral formula

lim_{r→∞}

�_∞ 0 dt � φ, � e^{ith(P )} f(Q/r) e^{−ith(P )} − e^{−ith(P )} f(Q/r) e^{ith(P )} � φ � = ⟨φ, A_f φ⟩.

(1.3)

The proof of (1.3) relies in some sense on the equation

e^{ith(P )} f

�_Q r � e^{−ith(P )} = f

�_{Q+th}′_{(P )} r � , which replaces the Alsholm-Kato formula [1, Eq. (2.1)]

e^{itP 2} f

�_Q r � e^{−itP 2} = e^{−iQ2 /2t} f

�_{tP} r � e^{iQ2 /2t}

of the Schrödinger case. We think that Formula (1.3) is interesting on its own, since it relates (when f is radial) the time evolution of the localization operator f(Q/r) to the operator of differentiation with respect to the kinetic energy h(P ).

As a final comment, we would like to emphasize that this paper shows that the Eisenbud-Wigner operator −iS(λ)^{∗ dS(λ)}_{dλ} is the on-shell value of a time delay operator (symmetrised or not), not only for Schrödinger-type scattering systems, but for a large class of scattering pairs {H_0, H}. This was not so clear from the very beginning.

We finally mention the papers [10, 45] for recent works on time delay.

2 Averaged localization functions

In this section we collect results on a class of averaged localization functions which appears naturally when dealing with quantum time delay. We start by fixing some notations which will be freely used throughout the paper.

We write | · | for the norm in X, set ⟨·⟩ := (1 + | · |^2)^{1/2}, and use dx := (2π)^{−d/2}dx as measure on X (dx is the usual euclidean measure on X). We denote by x · y the scalar product of x, y ∈ X. Sometimes we identify X with R^d by choosing in X an orthonormal basis V := {v_1, . . . , v_d}. Given a function g ∈ C^1(X; C), we write g^′(x) for the derivative of g at x, i.e. g(x + h) = g(x) + h · g^′(x) + o(|h|) for h ∈ X with |h| sufficiently small. For higher order derivatives, we use the multi-index notation. A multi-index α is a d-tuple (α_1, . . . , α_d) of integers α_j ≥ 0 such that

|α| := α_1 + . . . + α_d, α! := α_1 · · · α_d, ∂^α := ∂^{α1}_1 . . . ∂^{αd}_d , and x^α := x^{α1}_1 · · · x^{αd}_d if x = x_1v_1 + · · · x_dv_d ∈ X (x_j ∈ R).

The Hilbert space H(X) = L^2(X) is endowed with its usual norm ‖ · ‖ and scalar product ⟨·, ·⟩. The j-th components of P and Q with respect to V act as (P_j φ)(x) := −i(∂_j φ)(x) and (Q_j φ)(x) := x_j φ(x) in H(X).

Assumption 2.1. The function f ∈ L^∞(X) satisfies the following conditions:

(i) There exists ρ > 0 such that |f(x)| ≤ Const. ⟨x⟩^{−ρ} for a.e. x ∈ X.

(ii) f = 1 on a bounded neighbourhood of 0.

It is clear that s- lim_{r→∞} f(Q/r) = 1 if f satisfies Assumption 2.1. Furthermore, one has for each x ∈ X \ {0} � � � �_∞ 0 dμ μ � f(μx) − χ_{[0,1]}(μ) � � � � ≤ �_1 0 dμ μ |f(μx) − 1| + Const.

�_{+∞} 1 dμ μ^{−(1+ρ)} < ∞.

Therefore the function R_f : X \ {0} → C given by

R_f (x) :=

�_{+∞} 0 dμ μ � f(μx) − χ_{[0,1]}(μ) �

is well-defined (see [17, Sec. 2] and [47, Sec. 2] for a similar definition).

In the next lemma we establish some differentiability properties of R_f . The symbol S (X) stands for the Schwartz space on X.

Lemma 2.2. Let f satisfy Assumption 2.1. Then

(a) For all j ∈ {1, 2, . . . , d} and x ∈ X, assume that (∂_j f)(x) exists and satisfies |(∂_j f)(x)| ≤ Const. ⟨x⟩^{−(1+ρ)}. Then R_f is differentiable on X \ {0}, and its derivative is given by R^′_f (x) =

�_∞ 0 dμ f^′(μx). (2.1)

Moreover, R_f belongs to C^∞(X \ {0}) if f ∈ S (X).

(b) Assume that R_f belongs to C^m(X \ {0}) for some m ≥ 1. Then one has for each x ∈ X \ {0} and t > 0 the homogeneity properties

x · R^′_f (x) = −1, (2.2) t^{|α|}(∂^αR_f )(tx) = (∂^αR_f )(x), (2.3)

where α is a multi-index with 1 ≤ |α| ≤ m.

(c) Assume that f is radial, i.e. there exists f_0 ∈ L^∞(R) such that f(x) = f_0(|x|) for a.e. x ∈ X. Then R_f belongs to C^∞(X \ {0}), and R^′_f (x) = −x^{−2}x.

Proof. (a) The claim is a consequence of standard results on differentation under the integral (see e.g. [28, Chap. 13, Lemma 2.2]).

(b) Let x ∈ X \ {0} and t > 0. Then one has

R_f (tx) =

�_∞ 0 dμ μ � f(μtx) − χ_{[0,1]}(μ) �

= �_∞ 0 dμ μ � f(μ) − χ_{[0,1]}(μ) � + �_∞ 0 dμ μ � χ_{[0,1]}(μ) − χ_{[0,t]}(μ) � = R_f (x) − ln t, (2.4)

and the claim follows by taking derivatives with respect to t and x.

(c) For x ∈ X \ {0}, one gets R_{f0} (1) = R_f (x) + ln |x|, by putting t = |x|^{−1} in Equation (2.4). This implies the claim.

In the sequel we shall also need the function F_f : X \ {0} → C defined by

F_f (x) := � R dμ f(μx).

The function F_f satisfies several properties as R_f . Here we only note that F_f is welldefined if f satisfies Assumption 2.1.(i) with ρ > 1, and that F_f (x) = tF_f (tx) for each t > 0 and each x ∈ X \ {0}. (2.5) Physically, if p ∈ R^d and f ≥ 0, then the number F_f (p) ≡ � R dt f(tp) can be seen as the sojourn time in the region defined by the localization function f of a free classical particle moving along the trajectory R ∋ t → x(t) := tp.

3 Integral formula for H_0 = h(P )

Given a function h ∈ C^1(X; R), we denote by κ(h) the set of critical values of h, i.e. κ(h) := {λ ∈ R | ∃x ∈ X such that h(x) = λ and h^′(x) = 0}.

The size and the topology of κ(h) depends on the regularity and the behaviour of the function h. Here we only recall some properties of κ(h) (see [2, Sec. 7.6.2] for more details):

1. H_0 = h(P ), whose spectrum is σ(H_0) = h(X), has purely absolutely continuous spectrum in σ(H_0) \ κ(h).

2. H_0 is purely absolutely continuous if h^{−1}(κ(h)) has measure zero. 3. κ(h) has measure zero if h ∈ C^d(X; R), with d ≥ 1 the dimension of X. 4. κ(h) is finite if h is a polynomial.

5. κ(h) is closed if |h(x)| + |h^′(x)| → ∞ as |x| → ∞.

Assumption 3.1. The function h : X → R is of class C^m for some m ≥ 2, and satisfies the following conditions:

(i) |h(x)| → ∞ as |x| → ∞. (ii) � |α|≤m |(∂

αh)(x)| ≤ Const.(1 + |h(x)|).

For each s, t ∈ R, we denote by H^s_t (X) the usual weighted Sobolev space over X, namely the completion of S (X) for the norm ‖φ‖_Hs_{t (X)} := ‖⟨P ⟩^s⟨Q⟩^tφ‖. We also set H^s(X) := H^s_0(X) and H_t(X) := H^0_t (X), and for each t ≥ 0 we define

D^0_t (X) := � φ ∈ H_t(X) | η(h(P ))φ = φ for some η ∈ C^∞_c � R \ κ(h) � . The set D^0_t (X) is included in the subspace H_{ac}(H_0) of absolute continuity of H_0, D^0_t (X) is dense in H(X) if h^{−1}(κ(h)) has measure zero, and D^0_{t1} (X) ⊂ D^0_{t2} (X) if t_1 ≥ t_2.

Lemma 3.2. Let f satisfy Assumption 2.1, assume that R_f belongs to C^2(X \ {0}), and let h satisfy Assumption 3.1. Then the operator given by the formal expression

A_f := Q · R^′_f (h^′(P )) + R^′_f (h^′(P )) · Q (3.6)

is well-defined on D^0_1 (X). In particular {A_f , D^0_1 (X)} is symmetric if f is real and h^{−1}(κ(h)) has measure zero.

Proof. Let φ ∈ D^0_1 (X) and choose η ∈ C^∞_c � R \ κ(h) � such that η(h(P ))φ = φ. Then there exists C > 0 such that |h^′(x)| > C for all x ∈ h^{−1}(supp η), due to Assumption 3.1.(i) (see the discussion after [2, Prop. 7.6.6] for details). This together with Assumption 3.1.(ii) implies that � �|h^′(P )|^{−2}η(h(P ))(∂^αh)(P ) � � < ∞ and � �|h^′(P )|^{−1}η(h(P )) � � < ∞ (3.7)

for any multi-index α with |α| ≤ 2. Furthermore the operator (∂^αR_f )

�_h′_{(P )}

|h^′(P )| � is also bounded for α with |α| ≤ 2, due to the compacity of (∂^αR_f )(S^{d−1}). Therefore, using Formula (2.3) with t = |x|^{−1}, we get the estimate

‖A_f φ‖ = � �i �_{j≤d}(∂_j h)′(P ) · (∂_j R_f )′(h′(P )) + 2R′_f (h′(P )) · Q�η(h(P ))φ � � ≤ � � � � j≤d |h^′(P )|^{−2}η(h(P ))(∂_j h)^′(P ) · (∂_j R_f )^′

�_h′_{(P )}

|h^′(P )| � φ � � � + Const. � |h^′(P )|^{−1}η(h(P ))R^′_f

�_h′_{(P )}

|h^′(P )| � · Q � φ � ≤ Const. ‖⟨Q⟩φ‖,

which implies the claim.

There are at least two cases where the operator A_f takes a simple form. First, suppose that h is a polynomial of degree 1, i.e. h(x) = v_0 +v·x for some v_0 ∈ R, v ∈ X\{0}. Then the operator R^′_f (h^′(P )) reduces to the constant vector R^′_f (v), and

A_f := 2R^′_f (v) · Q.

Second, suppose that f is radial. Then one has R^′_f (x) = −x^{−2}x due to Lemma 2.2.(c), and A_f reduces to the operator

A := − � Q ·^{h′(P )}

h^′ (P )^2 + h^′(P ) h^′(P )^2 · Q � . (3.8)

For instance, in the particular case where h(x) = h_0(|x|) with h^′_0 ≥ 0, one gets

A_0 := − � Q ·^P_{|P |h}′_{0(|P |)} +^P_{|P |h}′_{0(|P |)} · Q � . (3.9)

Next Theorem is somehow related to the usual result on the asymptotic velocity for

Hamiltonians H_0 = h(P ) (see e.g. [22], [40, Sec. 2], [20, Thm. 7.1.29], and [2, Sec.

7.C]). The symbol F stands for the Fourier transformation.

Theorem 3.3. Let f ∈ S (X) be an even function such that f = 1 on a bounded

neighbourhood of 0. Let h satisfy Assumption 3.1 with m ≥ 3. Then we have for each

φ ∈ D^0_2 (X)

lim_{r→∞}

�_∞ 0 dt � φ, � e^{ith(P )} f(Q/r) e^{−ith(P )} − e^{−ith(P )} f(Q/r) e^{ith(P )} � φ � = ⟨φ, A_f φ⟩.

(3.10)

Proof. (i) Let φ ∈ D^0_2 (X), take a real η ∈ C^∞_c � R \ κ(h) � such that η(h(P ))φ = φ, and

set η_t(P ) := e^{ith(P )} η(h(P )). Then we have � φ, � e^{ith(P )} f(Q/r) e^{−ith(P )} − e^{−ith(P )} f(Q/r) e^{ith(P )} � φ � = � X dx (F f)(x) � φ, � η_t(P ) e^{i xr ·Q} η_{−t}(P ) − η_{−t}(P ) e^{i xr ·Q} η_t(P ) � φ �

= � X dx (F f)(x) � φ, � e^{i xr ·Q} η_t � P +^x_r � η_{−t}(P ) − η_{−t}(P )η_t � P −^x_r � e^{i x}r^{·Q} � φ �

= � X dx (F f)(x) � φ, � e^{i xr ·Q} −1 � η_t � P +^x_r � η_{−t}(P ) (3.11)

+ η_{−t}(P ) � η_t � P +^x_r � − η_t � P −^x_r � − η_{−t}(P )η_t � P −^x_r � e^{i x}r^{·Q} −1 � φ � . Since f is even, F f is also even, and � X dx (F f)(x) � φ, η_{−t}(P ) � η_t � P +^x_r � − η_t � P −^x_r � φ � = 0.

Thus Formula (3.11) and the change of variables μ := t/r, ν := 1/r, give

lim_{r→∞}

�_∞ 0 dt � φ, � e^{ith(P )} f(Q/r) e^{−ith(P )} − e^{−ith(P )} f(Q/r) e^{ith(P )} � φ �

= lim_{ν↘0}

�_∞ 0 dμ � X dx K(ν, μ, x), (3.12)

where

K(ν, μ, x) := (F f)(x) � φ, �_1 ν � e^{iνx·Q} −1 � η(h(P + νx)) e^{i μν [h(P +νx)−h(P )]}

− η(h(P − νx)) e^{i μν [h(P −νx)−h(P )] 1}_ν � e^{iνx·Q} −1 � φ � .

(ii) To prove the statement, we shall show that one may interchange the limit and the

integrals in (3.12), by invoking Lebesgue’s dominated convergence theorem. This will be

done in (iii) below. If one assumes that these interchanges are justified for the moment,

then direct calculations using the parity of f, Lemma 2.2.(a), and Lemma 3.2 give

lim_{r→∞}

�_∞ 0 dt � φ, � e^{ith(P )} f(Q/r) e^{−ith(P )} − e^{−ith(P )} f(Q/r) e^{ith(P )} � φ �

= i �_∞ 0 dμ � X dx (F f)(x) � (x · Q) φ, e^{iμx·h′(P )}, φ � − � φ, e^{−iμx·h′(P )} (x · Q) φ �

= � j≤d �_∞ 0 dμ � X dx [F (∂_j f)](x) � Q_j φ, e^{iμx·h′(P )}, φ � + � φ, e^{iμx·h′(P )} Q_j φ �

= � j≤d �_∞ 0 dμ � Q_j φ, (∂_j f)(μh^′(P ))φ � + � φ, (∂_j f)(μh^′(P ))Q_j φ �

= ⟨φ, A_f φ⟩.

(iii) To interchange the limit ν ↘ 0 and the integration over μ in Equation (3.12),

one has to bound � X dx K(ν, μ, x) uniformly in ν by a function in L^1((0, ∞), dμ). We

begin with the first term of � X dx K(ν, μ, x):

K_1(ν, μ) := � X dx (F f)(x) � ⟨Q⟩^2φ,^1_ν � e^{iνx·Q} −1 � ⟨Q⟩^{−2}η(h(P + νx)) e^{i μν [h(P +νx)−h(P )]} φ � . One has � �^1_ν � eiνx·Q −1� ⟨Q⟩^{−2} � ≤ Const. |x| (3.13)

due to the spectral theorem and the mean value theorem. Since F f ∈ S (X) it follows

that � �K_1(ν, μ)� ≤ Const., (3.14)

and thus K_1(ν, μ) is bounded uniformly in ν by a function in L^1((0, 1], dμ).

For the case μ > 1 we recall that there exists C > 0 such that |h^′(x)| > C for all

x ∈ h^{−1}(supp η), due to Assumption 3.1.(i). Therefore the operator

A_{j,ν} (x) := (F f)(x)^1_ν � e^{iνx·Q} −1 � ⟨Q⟩^{−2 η(h(P +νx))(∂j h)(P +νx)}

|h^′(P +νx)|^2

satisfies for any integer k ≥ 1 the bound

‖A_{j,ν} (x)‖ ≤ Const. ⟨x⟩^{−k} ,

due to Equations (3.7), (3.13), and the rapid decay of F f. So K_1(ν, μ) can be written as

K_1(ν, μ) = −iμ^{−1} � j≤d � X dx � ⟨Q⟩^2φ, A_{j,ν} (x)(∂_j B_{ν,μ})(x)φ � , with B_{ν,μ}(x) := e^{i μν [h(P +νx)−h(P )]}. Moreover lengthy, but direct, calculations using Equation (3.13) and Assumption 3.1.(ii) show that

‖(∂_j A_{j,ν} )(x)‖ ≤ Const. (1 + |ν|) ⟨x⟩^{−k}

and � � �∂ℓ(∂j Aj,ν )(x)^{(∂ℓ h)(P +νx)}

|h^′(P +νx)|^2 � � � ≤ Const. � 1 + |ν| + ν^2 � ⟨x⟩^{−k} (3.15)

for any integer k ≥ 1. Therefore one can perform two successive integrations by parts (with vanishing boundary contributions) and obtain

K_1(ν, μ) = iμ^{−1} � j≤d � X dx � ⟨Q⟩^2φ, (∂_j A_ν )(x)B_{ν,μ}(x)φ �

= −μ^{−2} � j,ℓ≤d � X dx � ⟨Q⟩^2φ, � ∂_ℓ(∂_j A_{j,ν} )(x)^{(∂ℓ h)(P +νx)}

|h^′(P +νx)|^2 � B_{ν,μ}(x)φ � . This together with Formula (3.15) implies that � K_1(ν, μ) � ≤ Const. μ^{−2} for each ν < 1 and each μ > 1. (3.16)

The combination of the bounds (3.14) and (3.16) shows that K_1(ν, μ) is bounded uniformly for ν < 1 by a function in L^1((0, ∞), dμ). Since similar arguments shows that the same holds for the second term of � X dx K(ν, μ, x), one can interchange the limit ν ↘ 0 and the integration over μ in Equation (3.12).

The interchange of the limit ν ↘ 0 and the integration over x in (3.12) is justified by the bound � �K(ν, μ, x) � � ≤ Const. � �x(F f)(x) � �, which follows from Formula (3.13).

Remark 3.4. We strongly believe that Formula (3.10) remains true for a large class of non-smooth even localization functions f (such as characteristic functions, for instance). In the particular cases of the Schrödinger operator h(x) = x^2 and the one-dimensional Friedrichs model h(x) = x, similar results suggest that f only has to decay to 0 sufficiently fast at infinity (see [17, Prop. 4.5] and Section 5.1). Unfortunately, in the general situation, we have not been able to extend the proof of Theorem 3.3 to such a class of functions. Only minor ameliorations, not worth to mention, have been obtained.

Next result follows directly from Lemma 2.2.(c) and Theorem 3.3.

Corollary 3.5. Let f ∈ S (X) be a radial function such that f = 1 on a bounded neighbourhood of 0. Let h satisfy Assumption 3.1 with m ≥ 3. Then we have for each φ ∈ D^0_2 (X)

lim_{r→∞}

�_∞ 0 dt � φ, � e^{ith(P )} f(Q/r) e^{−ith(P )} − e^{−ith(P )} f(Q/r) e^{ith(P )} � φ � = ⟨φ, Aφ⟩,

(3.17) with A defined by (3.8).

The rest of the section is devoted to the interpretation of Formula (3.17). We consider first the operator A on the r.h.s. One has for each φ ∈ D^0_1 (X)

[A, h(P )]φ = −2iφ, (3.18)

which suggest that A = −2i^d_{dh(P )} , with a slight abuse of notation. Thus, formally,^i_2 A can be seen as the operator of differentiation with respect to the kinetic energy h(P ). In fact, this affirmation could be turned into a rigorous statement in many concrete situations. As an example, we present two particular cases where rigorous formulas can be easily obtained.

Case 1: Suppose that h is a polynomial of degree 1 satisfying the hypotheses of Corollary 3.5. Then h(x) = v_0 + v · x for some v_0 ∈ R, v ∈ X \ {0}, and we have h(X) = R and κ(h) = ∅. So H_0 has purely absolutey continuous spectrum σ(H_0) = σ_{ac}(H_0) = R. Moreover the operators A ≡ −2^v_{v2} ·Q and h(P ) ≡ v_0 +v·P are selfajoint, and have S (X) as a common core. The associated unitary groups U(t) := e^{itA} and V (s) := e^{ish(P )} are continuous, and satisfy the Weyl relations

U(t/2)V (s) = e^{its} V (s)U(t/2).

It follows by the Stone-von Neumann theorem [37, VIII.14] that there exists a unitary operator U_1 : H(X) → L^2(R; C^N , dλ), with N finite or infinite, such that U_1U(t/2)U^∗_1 is the group of translation to the left by t, and U_1V (s)U^∗_1 is the group of multiplication by e^{isλ}. In terms of the generators, this implies the following. We have

U_1h(P )U^∗_1 = λ,

where “λ” stands for the multiplication operator by λ in L^2(R; C^N , dλ), and we have for each φ ∈ H(X) and ϕ ∈ D^0_1 (X)

⟨φ, Aϕ⟩ = � R dλ � (U_1φ)(λ), −2i^{d(U1ϕ)}_{dλ} (λ) � C^N , (3.19)

where^d_{dλ} denotes the distributional derivative.

For instance, in the case of the one-dimensional Friedrichs model (h(x) = x), one has N = 1, and U_1 reduces to the one-dimensional Fourier transform.

Case 2: Suppose that h is radial and satisfies the hypotheses of Corollary 3.5. Then there exists a function h_0 ∈ C^3(R; R) such that h(x) = h_0(|x|) for each x ∈ X, and we have

κ_0 := κ(h) = {λ ∈ R | ∃ρ ∈ [0, ∞) such that h_0(ρ) = λ and h^′_0(ρ) = 0}.

In particular κ_0 is closed as κ(h), and it has measure zero due to Sard’s Theorem in R. We also assume that h^′_0 ≥ 0 on [0, ∞) (so that h^{−1}_0 (λ) is unique for each λ ∈ h_0([0, ∞))\κ_0) and that h^{−1}_0 (κ_0) has measure zero. These assumptions are satisfied by many physical Hamiltonians such as the Schrödinger operator (h_0(ρ) = ρ^2) or the square-root Klein- Gordon operator (h_0(ρ) = � 1 + ρ^2).

Taking advantage of the spherical coordinates, one can derive a spectral transformation U_0 for h(P ) ≡ h_0(|P |).

Lemma 3.6. Let h_0 be as above. Then the mapping U_0 : H(X) →

�_⊕

h_0([0,∞)) dλ L

2(S^{d−1}) defined by

(U_0φ)(λ, ω) := � (h^{−1}_0 (λ))^{d−1} h^′_0(h^{−1}_0 (λ))

�_{1/2}

(F φ) � h^{−1}_0 (λ)ω � (3.20)

for each φ ∈ H(X), λ ∈ h_0([0, ∞)) \ κ_0, and ω ∈ S^{d−1}, is unitary and satisfies

U_0h_0(|P |)U^∗_0 =

�_⊕

h_0 ([0,∞))

dλ λ. (3.21)

Moreover, one has for each φ ∈ H(X) and ϕ ∈ D^0_1 (X)

⟨φ, A_0ϕ⟩ = � h_0([0,∞)) dλ � (U_0φ)(λ, ·), −2i^{d(U0 ϕ)}_{dλ} (λ, ·) � L^2(S^{d−1}), (3.22)

where^d_{dλ} denotes the distributional derivative.

Note that Formula (3.21) (or the fact that h^{−1}_0 (κ_0) has measure zero) implies that h(P ) = h_0(|P |) has purely absolutely continuous spectrum. In the case h_0(ρ) = ρ^2, U_0 reduces to the usual spectral transformation for the Schrödinger operator [24, Sec. 2]:

(U_0φ)(λ, ω) = 2^{−1/2}λ^{(d−2)/4}(F φ)(λ^{1/2}ω).

Proof. A direct calculation using the spherical coordinates and the fact that κ_0 and h^{−1}_0 (k_0) have measure zero shows that ‖U_0φ‖^2 = ‖φ‖^2 for each φ ∈ H(X). Thus U_0 is an isometry. Furthermore, for each ψ ∈

�_⊕

h_0 ([0,∞)) dλ L

2(S^{d−1}) and ξ ∈ X \ {0}, one can check that

U^∗_0 ψ = F^{−1} ~ψ where ~ψ(ξ) := � h^′_0(|ξ|) |ξ|^{d−1}

�_{1/2} ψ � h_0(|ξ|),^ξ_{|ξ|} � . (3.23)

Thus U_0U^∗_0 = 1, and U_0 is unitary. Formulas (3.21) and (3.22) follow by using (3.20), (3.23), and the definition (3.9) of A_0.

Formulas (3.19) and (3.22) provide (at least when h radial or a polynomial of degree 1) a rigorous meaning to the r.h.s. of Formula (3.17). They imply that A acts in the spectral representation of h(P ) as −2i^d_{dλ} , where λ is the spectral variable. What about the l.h.s. of Formula (3.17)? For r fixed, it can be interpreted as the difference of times spent by the evolving state e^{−ith(P )} φ in the past (t ≤ 0) and in the future (t ≥ 0) within the region defined by the localization operator f(Q/r). Thus, Formula (3.17) shows (at least when h radial or a polynomial of degree 1) that this difference of times tends as r → ∞ to the expectation value in φ of the operator −2i^d_{dλ} in the spectral representation of h(P ).

4 Time delay

In this section we prove the existence of time delay for scattering systems with free Hamiltonian H_0 = h(P ) and full Hamiltonian H. The function h : X → R satisfies Assumption 3.1, and the full Hamiltonian H can be any selfadjoint operator in H(X) satisfying Assumption 4.1 below. Given two Hilbert spaces H_1 and H_2, we write B(H_1, H_2) for the set of bounded operators from H_1 to H_2, and put B(H_1) := B(H_1, H_1). The definition of complete wave operators is given in [36, Sec. XI.3].

Assumption 4.1. The wave operators W_± exist and are complete, and any operator T ∈ B � H_{−ρ}(X), H(X) � , with ρ >^1_2 , is locally H-smooth on R \ {κ(h) ∪ σ_{pp}(H)}.

Under Assumption 3.1 it is known that each operator T ∈ B � H_{−ρ}(X), H(X) � , with ρ >^1_2 , is locally h(P )-smooth on R \ κ(h) (see [2, Prop. 7.6.6] and [2, Thm. 3.4.3.(a)]). Therefore, if r > 0 and φ ∈ D^0_0 (X), then T^0_r (φ) is finite for each function f satisfying Assumption 2.1.(i) with ρ > 1. The number T_r(φ) is finite under similar conditions. Indeed, define for each t ≥ 0

D_t(X) := � φ ∈ H_t(X) | η(h(P ))φ = φ for some η ∈ C^∞_c � R \ {κ(h) ∪ σ_{pp}(H)} � . Then T_r(φ), with φ ∈ D_0(X), is finite for each function f satisfying Assumption 2.1.(i) with ρ > 1 due to Assumption 4.1. Obviously, the set D_t(X) satisfies properties similar to those of D^0_t (X): D_t(X) ⊂ H_{ac}(H_0), D_t(X) is dense in H(X) if h^{−1}(κ(h)∪σ_{pp}(H)) has measure zero, and D_{t1} (X) ⊂ D_{t2} (X) if t_1 ≥ t_2.

For each r > 0, we define the number

τ^{free}_r (φ) :=^1_2

�_∞ 0 dt � φ, S^∗ � e^{itH0} f(Q/r) e^{−itH0} − e^{−itH0} f(Q/r) e^{itH0} , S � φ � , (4.1) which is finite for all φ ∈ D^0_0 (X). We refer the reader to [5, Eq. (93) & (96)], [17, Eq. (4.1)], and [46, Sec. 2.1] for similar definitions when H_0 is the free Schrödinger operator. The usual definition can be found in [3, Eq. (3)], [24, Eq. (6.2)], and [30, Eq. (5)]. The symbol R_± stands for R_± := {x ∈ R | ±x ≥ 0}.

Lemma 4.2. Let f ≥ 0 satisfy Assumption 2.1 with ρ > 1. Suppose that Assumption 4.1 holds. Let φ ∈ D_0(X) be such that � �(W_− − 1) e^{−itH}0 φ � � ∈ L^1(R_−, dt) (4.2)

and � �(W_+ − 1) e^{−itH}0 Sφ� ∈ L^1(R_+, dt). (4.3)

Then lim_{r→∞} � τ_r(φ) − τ^{free}_r (φ) � = 0.

Proof. One has for φ ∈ D_0(X)

τ_r(φ) − τ^{free}_r (φ) =

�_∞ 0 dt � �f(Q/r)^{1/2} e^{−itH} W_−φ � �^2 − � �f(Q/r)^{1/2} e^{−itH}0 Sφ � �^2 �

+ �_0 −∞ dt � �f(Q/r)^{1/2} e^{−itH} W_−φ � �^2 − � �f(Q/r)^{1/2} e^{−itH}0 φ � �^2 � . (4.4)

Using the inequality � ‖φ‖^2 − ‖ϕ‖^2 � ≤ ‖φ − ϕ‖ · (‖φ‖ + ‖ϕ‖) , φ, ϕ ∈ H(X),

the completeness of W_±, and the fact that φ ∈ H_{ac}(H_0), we obtain the estimates � �f(Q/r)_{1/2} e_{−itH} W_−φ�2 − �f(Q/r)_{1/2} e_{−itH0} φ�2 � � ≤ Const. g_−(t) ‖φ‖ (4.5) � � � � �f(Q/r)^{1/2} e^{−itH} W_−φ � �^2 − � �f(Q/r)^{1/2} e^{−itH}0 Sφ � �^2 � � � ≤ Const. g+(t) ‖φ‖, (4.6)

where

g_−(t) := � (W_− − 1) e^{−itH0} φ � and g_+(t) := � (W_+ − 1) e^{−itH0} Sφ � . Since s- lim_{r→∞} f(Q/r)^{1/2} = 1, the scalars on the l.h.s. of (4.5)-(4.6) converge to 0 as r → ∞. Furthermore we know from Hypotheses (4.2)-(4.3) that g_± ∈ L^1(R_±, dt). Therefore the claim follows from (4.4) and Lebesgue’s dominated convergence theorem.

Next Theorem shows the existence of symmetrized time delay. It is a direct consequence of Lemma 4.2, Definition (4.1), and Theorem 3.3.

Theorem 4.3. Let f ≥ 0 be an even function in S (X) such that f = 1 on a bounded neighbourhood of 0. Let h satisfy Assumption 3.1 with m ≥ 3. Suppose that Assumption 4.1 holds. Let φ ∈ D_2(X) satisfy Sφ ∈ D_2(X) and (4.2)-(4.3). Then one has

lim_{r→∞} τ_r(φ) =^1_2 ⟨φ, S^∗[A_f , S]φ⟩ , (4.7)

with A_f defined by (3.6).

Remark 4.4. The result of Theorem 4.3 is of particular interest when the localization function f is radial. In such a case A_f = A due to Lemma 2.2.(c), and (4.7) reduces to

lim_{r→∞} τ_r(φ) =^1_2 ⟨φ, S^∗[A, S]φ⟩ . (4.8)

Since A is formally equal to −2i^d_{dH0} , this equation expresses the identity of symmetrized time delay (defined in terms of sojourn times) and Eisenbud-Wigner time delay for dispersive Hamiltonians H_0 = h(P ). To show this more rigorously, let us suppose that H_0 is purely absolutely continuous. In such a case there exist Hilbert spaces {H_λ}_{λ∈σ(H0 )} and a unitary operator U : H(X) →

�_⊕

σ(H_0 ) dλ Hλ such that U H0U ∗ = �_⊕

σ(H_0 ) dλ λ and

U SU^∗ =

�_⊕

σ(H_0 ) dλ S(λ), with S(λ) unitary in Hλ (see e.g. [6, Prop. 5.29]). Assume,

by analogy to (3.19) and (3.22), that A satisfies for each φ ∈ H(X) and ϕ ∈ D^0_1 (X)

⟨φ, Aϕ⟩ = � σ(H_0 ) dλ � (U φ)(λ), −2i^{d(U ϕ)}_{dλ} (λ) � H_λ . (4.9)

Assume also that the scattering matrix σ(H_0) ∋ λ → S(λ) ∈ H_λ is strongly continuously differentiable on the support of U φ. Then (4.8) can be rewritten as

lim_{r→∞} τ_r(φ) = � σ(H_0 ) dλ � (U φ)(λ), −iS(λ)^{∗ dS(λ)}_{dλ} (U φ)(λ) � H_λ .

Remark 4.5. One can put into evidence Eisenbud-Wigner contribution to symmetrized time delay even if the localization function f is not radial. Indeed, by using Formula (2.4), one gets that A_f = A + ~A_f , where

~A_f := Q · ~R^′_f (h^′(P )) + ~R^′_f (h^′(P )) · Q and ~R_f (x) := R_f �^x_{|x|} �

for each x ∈ X \ {0}. Thus Formula (4.7) always implies that

lim_{r→∞} τ_r(φ) =^1_2 ⟨φ, S^∗[A, S]φ⟩ +^1_2 � φ, S^∗[ ~A_f , S]φ � . As noted in Remark 4.4, the first term corresponds to the usual Eisenbud-Wigner time delay. The second term corresponds to the contribution of the non-radial component of the localization function f. Due to Equation (2.2), one has

e^{itH0} ~A_f e^{−itH0} = ~A_f

for each φ ∈ D^0_1 (X) and t ∈ R. Basically, this means that ~A_f (and thus S^∗[ ~A_f , S]) is decomposable in the spectral representation of H_0. If h is radial and satisfies the hypotheses of Lemma 3.6, one can even determine the restriction ~A_f (λ) to the fiber at energy λ by using the spectral transformation U_0 ( ~A_f (λ) is a symmetric first order differential operator on S^{d−1} with non-constant coefficients). So, if we sum up, the operator S^∗[ ~A_f , S] is always decomposable in the spectral representation of H_0 under some technical assumptions, but its restriction to the fiber at energy λ is an operator much more complicated than −iS(λ)^{∗ dS(λ)}_{dλ} . Some informations on this matter can be found in [17, Sec. D] in the particular case of the Schrödinger operator (h(x) = x^2).

Now, we give conditions under which one has

lim_{r→∞} � T^0_r (Sφ) − T^0_r (φ) � = 0. (4.10)

This implies the equality of time delay and symmetrized time delay in the following sense:

lim_{r→∞} � τ^{in}_r (φ) − τ_r(φ) � = 0.

Physically, (4.10) means that the freely evolving states e^{−itH0} φ and e^{−itH0} Sφ tend to spend the same time within the region defined by the localization function f(Q/r) as r → ∞. Formally, the proof of (4.10) goes as follows. Suppose that F_f (h^′(P )), with F_f defined in Section 2, commutes with the scattering operator S. Then, using the change of variables μ := t/r, ν := 1/r, and the parity of f, one gets

lim_{r→∞} � T^0_r (Sφ) − T^0_r (φ) � = lim_{r→∞} � R dt � φ, S^∗[e^{ith(P )} f(Q/r) e^{−ith(P )}, S]φ � − ⟨φ, S^∗[F_f (h^′(P )), S]φ⟩

= lim_{ν↘0} � R dμ � φ, S^∗

�_1 ν � f(νQ + μh^′(P )) − f(μh^′(P )) � , S � φ �

= � R dμ � φ, S^∗[Q · f^′(μh^′(P )), S]φ � = 0.

The rigorous proof will be given in Theorem 4.8 below. Before this we introduce assumptions on h slightly stronger than Assumption 3.1, and we prove a technical lemma.

Assumption 4.6. The function h : X → R is of class C^m for some m ≥ 2, and satisfies the following conditions:

(i) |h(x)| → ∞ as |x| → ∞.

(ii) � |α|≤m |(∂

αh)(x)| ≤ Const.(1 + |h(x)|).

(iii) � |α|=m |(∂

αh)(x)| ≤ Const.

Assumption 4.6 appears naturally when one studies the spectral and scattering theory of pairs {H_0 = h(P ), H} using commutator methods (see e.g. [2, Sec. 7.6.3] and [42, Sec. 2.1]). Assumption 4.6.(i) is related to the closedness of κ(h), whereas Assumptions 4.6.(ii)-(iii) are related to the polynomial growth of the group {e^{ix·Q}} in D(H_0) and D(|H_0|^{1/2}). We say that functions h satisfying Assumption 4.6 are of hypoelliptic type, by reference to hypoelliptic polynomials of degree m which also satisfy Assumption 4.6 (see [21, Thm. 11.1.3]). A typical example one should keep in mind is the case where h is an elliptic symbol of degree s > 0, i.e. h ∈ C^∞(X; R), |(∂^αh)(x)| ≤ C_α⟨x⟩^{s−|α|} for each multi-index α, and |h(x)| ≥ C |x|^s, for some C > 0, outside a compact set.

Lemma 4.7. Let h satisfy Assumption 4.6 with m ≥ 2, and take η ∈ C^∞_c � R \ κ(h) � . Then one has for each μ ∈ R, x ∈ X, and |ν| < 1 �_1 ν � η(h(P +νx)) e^{i μν [h(P +νx)−h(P )]} −η(h(P )) e^{iμx·h′(P )} � ≤ Const. (1+|μ|) ⟨x⟩^{m+2} .

Proof. Due to the spectral theorem and the mean value theorem, one has � �^1_ν �η(h(P + νx)) e^{i μ}_ν^{[h(P +νx)−h(P )]} −η(h(P )) e^{iμx·h′ (P )} � � � ≤ sup

y∈X, ξ∈[0,1] � �g^′_y(ξν) � �, (4.11) where

g_y(ν) := η(h(y + νx)) e^{i μν [h(y+νx)−h(y)]}

= η(h(y + νx)) exp � iμ � |α|=1 x

α �_1

0 dt (∂^αh)(y + tνx) � . Direct calculations using Assumption 4.6.(ii) show that sup ξ∈[0,1] � g^′_y(ξν) � ≤ Const. |x| + Const. x^2|μ| sup_{ξ,t∈[0,1]} � η(h(y + ξνx)) � 1 + |h(y + tξνx)| � . (4.12) Then one can use Taylor’s Formula [2, Eq. (1.1.8)]

h(y + tξνx) = � |α|<m

[(t − 1)ξν]^{|α|}x^α α! (∂^αh)(y + ξνx)

+ m[(t − 1)ξν]^m � |α|=m

x^α α! �_1 0 dτ (∂^αh) � y + ξνx + τ(t − 1)ξνx � (1 − τ)^{m−1}

to get a bound for |h(y +tξνx)| in terms of |h(y +ξνx)|. Indeed, using the formula above and Assumptions 4.6.(ii)-(iii), one obtains that

|h(y + tξνx)| ≤ Const. ⟨ν⟩^{m−1}⟨x⟩^{m−1} � 1 + |h(y + ξνx)| � + Const. |ν|^m|x|^m.

This, together with the bounds (4.11)-(4.12) and Assumption 4.6.(ii), implies the claim.

Theorem 4.8. Let f ∈ S (X) be even, let h satisfy Assumption 4.6 with m ≥ 3, and suppose that Assumption 4.1 holds. If φ ∈ D^0_2 (X) satisfies Sφ ∈ D^0_2 (X) and

[F_f (h^′(P )), S]φ = 0, (4.13)

then one has lim_{r→∞} � T^0_r (Sφ) − T^0_r (φ) � = 0. (4.14)

In particular, time delay and symmetrized time delay satisfy

lim_{r→∞} � τ^{in}_r (φ) − τ_r(φ) � = 0. (4.15)

The l.h.s. in (4.13) is well-defined due to Equation (2.5). Indeed, one has

[F_f (h^′(P )), S]φ = � |h^′(P )|^{−1}η(h(P ))F_f

�_h′_{(P )}

|h^′ (P )| � , S � φ for some η ∈ C^∞_c � R \ κ(h) � , and thus [F_f (h^′(P )), S]φ ∈ H(X) by (3.7) and the compacity of F_f (S^{d−1}).

Proof. Let φ ∈ D^0_2 (X), take a real η ∈ C^∞_c � R \ κ(h) � such that η(h(P ))φ = φ, and set

η_t(P ) := e^{ith(P )} η(h(P )). Using (4.13) and the change of variables μ := t/r, ν := 1/r,

one gets

T^0_{1/ν} (Sφ) − T^0_{1/ν} (φ) = � R dμ � φ, S^∗

�_1 ν � η^μ_ν (P )f(νQ)η_−^μ_ν (P ) − f(μh^′(P )) � , S � φ �

= � R dμ � X dx (F f)(x) � φ, S^∗

�_1 ν � e^{iνx·Q} η μ_ν (P + νx)η_− μ_ν (P ) − e^{iμx·h′ (P )} � , S � φ �

= � R dμ � X dx (F f)(x) � φ, S^∗

�_1 ν (e^{ivx·Q} −1)η(h(P + νx)) e^{i μν [h(P +νx)−h(P )]}, S � φ � (4.16) + � R dμ � X dx (F f)(x) � φ, S^∗

�_1 ν � η(h(P + νx)) e^{i μν [h(P +νx)−h(P )]}

− η(h(P )) e^{iμx·h′ (P )} � , S � φ � . To prove the statement, it is sufficient to show that the limit as ν ↘ 0 of each of these two

terms is equal to zero. This is done in points (i) and (ii) below.

(i) One can adapt the method Theorem 3.3 (point (iii) of the proof) in order to apply

Lebesgue’s dominated convergence theorem to (4.16). So one gets

lim_{ν↘0} � R dμ � X dx (F f)(x) � φ, S^∗

�_1 ν (e^{ivx·Q} −1)η(h(P + νx)) e^{i μν [h(P +νx)−h(P )]}, S � φ �

= i � R dμ � X dx (F f)(x) � (x · Q)Sφ, e^{iμx·h′ (P )} Sφ � − � (x · Q)φ, e^{iμx·h′(P )} φ � , and the change of variables μ^′ := −μ, x^′ := −x, together with the parity of f, implies

that this expression is equal to zero.

(ii) We have to show that the limit

ℓ := lim_{ν↘0} � R dμ � X dx (F f)(x) � φ, S^∗

�_1 ν � η(h(P + νx)) e^{i μν [h(P +νx)−h(P )]} (4.17)

− η(h(P )) e^{iμx·h′ (P )} � , S � φ � is equal to zero. For the moment, let us assume that we can interchange the limit and the

integrals in (4.17), by invoking Lebesgue’s dominated convergence theorem. Since �_d dν η(h(P + νx)) e^{i μν [h(P +νx)−h(P )]} � ν=0 = x · h^′(P )η^′(P ) e^{iμx·h′ (P )} +^{iμ}_2 η(h(P )) � |α|=2

x^α(∂^αh)(P ) e^{iμx·h′(P )},

one gets in such a case ℓ = � R dμ � X dx (F f)(x) � φ, S^∗ � x · h^′(P )η^′(P ) e^{iμx·h′ (P )}, S � φ � +^i_2 � |α|=2 � R dμ μ � X dx x^α(F f)(x) � φ, S^∗ � (∂^αh)(P ) e^{iμx·h′(P )}, S � φ � .

Then the change of variables μ^′ := −μ, x^′ := −x, together with the parity of f, implies that this expression is equal to zero.

It remains to show that one can apply Lebesgue’s dominated convergence theorem to (4.17). Since φ and Sφ belong to the same set D^0_2 (X) it is enough to treat the limit lim_{ν↘0} � R dμ L(ν, μ), where

L(ν, μ) := � X dx (F f)(x) � φ,^1_ν � η(h(P + νx)) e^{i μν [h(P +νx)−h(P )]}

− η(h(P )) e^{iμx·h′ (P )} � φ � . Using Lemma 4.7 and the fact that F f ∈ S (X), one gets that |L(ν, μ)| ≤ Const. (1 + |μ|) for all |ν| < 1. Therefore L(ν, μ) is bounded uniformly for |ν| < 1 by a function in L^1([−1, 1], dμ).

For the case |μ| > 1 we recall that there exists C > 0 such that |h^′(x)| > C for all x ∈ h^{−1}(supp η), due to Assumption 4.6.(i). So L(ν, μ) can be rewritten as

L(ν, μ) = � j≤d � X dx (F f)(x) � φ,^1_ν

�_{η(h(P +νx))(∂j h)(P +νx)}

iμ|h^′(P +νx)|^2 � ∂_j e^{i μν [h(P +νx)−h(P )]} �

−^{η(h(P ))(∂j h)(P )}

iμ|h^′ (P )|^2 � ∂_j e^{iμx·h′ (P )} � φ � , and one can perform an integration by parts (with vanishing boundary contributions) with respect to x_j . We do not give the details here since the calculations are very similar to those of Theorem 3.3 (point (iii) of the proof). We only give the result obtained after three successive integrations by parts:

L(ν, μ) = O(|μ|^{−2}) − iμ^{−3} � j,k≤d � X dx [∂_k ∂^2_j (F f)(x)] × (4.18) × � φ,^1_ν

�_{η(h(P +νx))(∂k h)(P +νx)}

|h^′(P +νx)|^4 e i^μ_ν [h(P +νx)−h(P )] − η(h(P ))(∂k h)(P ) |h^′(P )|^4 e iμx·h^′ (P ) �φ�,

where O(|μ|^{−2}) are terms (containing derivatives ∂^αh with |α| ≤ 3) bounded in norm by Const. |μ|^{−2}. Now, one shows as in Lemma 4.7 that � �^1_ν �^{η(h(P +νx))(∂k h)(P +νx)}

|h^′(P +νx)|^4 e i^μ_ν [h(P +νx)−h(P )] − η(h(P ))(∂k h)(P ) |h^′(P )|^4 e iμx·h^′ (P ) �

≤ Const. (1 + |μ|) ⟨x⟩^{m+2}

for each μ ∈ R, x ∈ X, and |ν| < 1. It follows by (4.18) that |L(ν, μ)| ≤ Const. |μ|^{−2} for each |ν| < 1. This bound, together with our previous estimate for |μ| ≤ 1, showns that L(ν, μ) is bounded uniformly for |ν| < 1 by a function in L^1(R, dμ). So one can interchange the limit ν ↘ 0 and the integration over μ in (4.17).

The interchange of the limit ν ↘ 0 and the integration over x in (4.17) is justified by the bound � �(F f)(x)�φ,^1_ν �η(h(P + νx)) ei^μ_ν [h(P +νx)−h(P )] −η(h(P )) eiμx·h^′(P ) �φ� � � ≤ Const. (1 + |μ|) � �(F f)(x) � �⟨x⟩^{m+2},

which follows from Lemma 4.7.

In physical terms, the commutation condition (4.13) expresses roughly the conservation of the observable F_f (h^′(P )) by the scattering process. Since h^′(P ) is the free velocity operator for the scattering process, F_f (h^′(P )) is a quantum analogue of the classical sojourn time F_f (p), with momentum p ∈ R, described at the end of Section 2. Therefore it is not completely surprising that the sojourn times T^0_r (Sφ) and T^0_r (φ) are equal (in the sense of (4.14)) if (4.13) is satisfied.

Remark 4.9. There are many situations where the commutation assumption (4.13) is satisfied. Here we present two of them. The first one occurs when h is a polynomial of degree 1, i.e. h(x) = v_0 + v · x for some v_0 ∈ R, v ∈ X \ {0}. In such a case the operator F_f (h^′(P )) reduces to the scalar F_f (v), and thus (4.13) is clearly satisfied. The second one occurs when both f and h are radial, namely when f(x) = f_0(|x|) and h(x) = h_0(|x|) with, say, h_0 as in Lemma 3.6. In such a case F_f (h^′(P )) is diagonalizable in the spectral representation of H_0 ≡ h(P ), namely

U_0F_f (h^′(P ))U^∗_0 =

�_⊕

h_0([0,∞))

dλ F_f � h^′_0(h^{−1}_0 (λ)) � , (4.19)

where U_0 is the spectral transformation (3.20) for h(P ). We also know, under Assumption 4.1, that S is decomposable in the spectral representation of H_0. Thus (4.13) is satisfied, since diagonalizable operators commute with decomposable operators.

We are now in a position to state our main theorem on the existence of time delay. It is a direct consequence of Theorems 4.3 and 4.8.

Theorem 4.10. Let f ≥ 0 be an even function in S (X) such that f = 1 on a bounded neighbourhood of 0. Let h satisfy Assumption 4.6 with m ≥ 3. Suppose that Assumption 4.1 holds. Let φ ∈ D_2(X) satisfy Sφ ∈ D_2(X), (4.13), and (4.2)-(4.3). Then one has

lim_{r→∞} τ^{in}_r (φ) = lim_{r→∞} τ_r(φ) =^1_2 ⟨φ, S^∗[A_f , S]φ⟩ , (4.20)

with A_f defined by (3.6).

The comments of Remarks 4.4 and 4.5 concerning the symmetrized time delay τ_r(φ) remain valid in the case of the time delay τ^{in}_r (φ). The r.h.s. of (4.20) can always be written as the sum of the Eisenbud-Wigner time delay and the time delay associated to the non-radial component of the localization function f. In particular, if f is radial, one has lim_{r→∞} τ^{in}_r (φ) = � σ(H_0 ) dλ � (U φ)(λ), −iS(λ)^{∗ dS(λ)}_{dλ} (U φ)(λ) � H_λ (4.21)

under the assumptions of Remark 4.4.

Formula (4.21) is the main result of this paper: it expresses the identity of time delay (defined in terms of sojourn times) and Eisenbud-Wigner time delay for dispersive Hamiltonians H_0 = h(P ). However, (4.21) holds only if the conditions (4.9) and (4.13) are satisfied. As we have seen in cases 1 and 2 of Section 3 and Remark 4.9, this occurs for instance when h is a polynomial of degree 1 or radial. These two classes of functions provide a bulk of examples much bigger than what can be found in the literature, since only the Schrödinger Hamiltonian (h(x) = x^2) have been explicitly treated before.

We collect the preceding remarks in a corollary to Theorem 4.10.

Corollary 4.11. Let f ≥ 0 be an even function in S (X) such that f = 1 on a bounded neighbourhood of 0. Let h satisfy Assumption 4.6 with m ≥ 3. Suppose that Assumption 4.1 holds. Let φ ∈ D_2(X) satisfy Sφ ∈ D_2(X) and (4.2)-(4.3). Then

(a) Suppose that h(x) = v_0 + v · x for some v_0 ∈ R, v ∈ X \ {0}. Then one has

lim_{r→∞} τ^{in}_r (φ) = � R dλ � (U_1φ)(λ), −iS(λ)^{∗ dS(λ)}_{dλ} (U_1φ)(λ) � C^N

if the scattering matrix R ∋ λ → S(λ) ∈ B(C^N ) is strongly continuously differentiable on the support of U_1φ.

(b) Let f be radial, and suppose that h is radial and satisfies the hypotheses of Lemma 3.6. Then one has

lim_{r→∞} τ^{in}_r (φ) = � h_0 ([0,∞)) dλ � (U_0φ)(λ, ·), −iS(λ)^{∗ dS(λ)}_{dλ} (U_0φ)(λ, ·) � L^2(S^{d−1})

if the scattering matrix h_0([0, ∞)) ∋ λ → S(λ) ∈ B � L^2(S^{d−1}) � is strongly continuously differentiable on the support of U_0φ.

5 Friedrichs model

As an illustration of our results, we treat in this section the case of a one-dimensionnal Friedrichs Hamiltonian H_0 perturbed by a finite rank operator V . For historical reasons [16] we define the Friedrichs Hamiltonian as the position operator H_0 := Q in the Hilbert space H(R) := L^2(R). The operator H_0 satisfies F H_0F^{−1} = −P . So, we can apply after a Fourier transformation the results of the Section 4 with h(x) = −x and κ(h) = ∅. Since h is a polynomial of degree 1, we only have to check the hypotheses of Corollary 4.11.(a) in order to prove the existence of the limits lim_{r→∞} τ^{in}_r (φ) and lim_{r→∞} τ_r(φ), and their identity with Eisenbud-Wigner time delay. However, the model is very explicit, so we will add some more remarks to this result.

5.1 Preliminaries

For the moment, we do not specify the selfadjoint perturbation H of H_0 = Q. We only assume, by analogy to Assumption 4.1, that

Assumption 5.1. The wave operators W_± exist and are complete, and any operator T ∈ B � H^{−s}(R), H(R) � , with s >^1_2 , is locally H-smooth on R \ σ_{pp}(H).

Since H_0 = Q the propagation of the states φ ∈ H(R) takes place in the space of momenta. Therefore the quantities T^0_r (φ), T_r(φ), τ^{in}_r (φ), and τ_r(φ) are defined with respect to a localization operator f(P/r):

T^0_r (φ) := � R dt � e^{−itH0} φ, f(P/r) e^{−itH0} φ � , T_r(φ) := � R dt � e^{−itH} W_−φ, f(P/r) e^{−itH} W_−φ � , τ^{in}_r (φ) := T_r(φ) − T^0_r (φ),

τ_r(φ) := T_r(φ) −^1_2 � T^0_r (φ) + T^0_r (Sφ) � . The sets D^0_t (X) and D_t(X) of Sections 3 and 4 are replaced by

D^s_0 (R) := � φ ∈ H^s(R) | η(Q)φ = φ for some η ∈ C^∞_c (R) � and D^s(R) := � φ ∈ H^s(R) | η(Q)φ = φ for some η ∈ C^∞_c � R \ σ_{pp}(H) � for s ≥ 0. Theorem 3.3 implies that

lim_{r→∞}

�_∞ 0 dt � φ, � e^{itQ} f(P/r) e^{−itQ} − e^{−itQ} f(P/r) e^{itQ} � φ � = 2 � φ, P φ � (5.1)

for each φ ∈ D^2_0 (R) and each even function f ∈ S (R) such that f = 1 on a bounded neighbourhood of 0. Using the formula

e^{itQ} g(P/r) e^{−itQ} = g

�_{P −t} r � , g ∈ L^∞(R), (5.2)

one can even show that (5.1) remains true for all φ ∈ H^s(R), s > 1, and all f satisfying the following assumption.

Assumption 5.2. The function f ∈ L^∞(R) is even, f = 1 on a bounded neighbourhood of 0, and there exists ρ > 1 such that |f(x)| ≤ Const. ⟨x⟩^{−ρ} for a.e. x ∈ R.

The typical example of function f one should keep in mind is the following.

Example 5.3. Let f = χ_J , where J ⊂ R is bounded, symmmetric (i.e. J = −J), and contains an interval (−δ, δ) for some δ > 0. Then f satisfies Assumption 5.2, and f(P/r) is the orthogonal projection onto the set of states with momentum localised in rJ.

Formula (5.2) and the parity of f give for each r > 0 and φ ∈ H(R)

T^0_r (φ) = � R dt � R dk |(F φ)(k)|^2f

�_{t−k} r � .

Then Fubini’s theorem (which is applicable due to Assumption 5.2) and the change of variable x :=^{t−k}_r imply that

T^0_r (φ) = r‖φ‖^2 � R dx f(x), (5.3)

and thus that T^0_r (Sφ) = T^0_r (φ) and τ^{in}_r (φ) = τ_r(φ). (5.4)

So the equations (4.14) and (4.15) of Theorem 4.8 are true here not only as r → ∞, but for each r > 0. This can be explained as follows. The “velocity” operator associated with the free evolution group e^{itQ} is not only constant (which guarantees that Theorem 4.8 is applicable), but equal to −1: d dt (e^{itQ} P e^{−itQ}) = −1.

Therefore the propagation speed of a state e^{itQ} φ in the space of momenta is equal to −1. In that respect Formulas (5.3)-(5.4) are natural. For instance, if ‖φ‖ = 1 and f = χ_J is as in Example 5.3, then T^0_r (φ) = r|J|, where |J| is the Lebesgue measure of J. So T^0_r (φ) is nothing else but the sojourn time in rJ (in the space of momenta) of the state e^{itQ} φ propagating at speed −1.

Next Lemma follows from what precedes and Theorem 4.10.

Lemma 5.4. Let f ≥ 0 satisfy Assumption 5.2. Suppose that Assumption 5.1 holds. For some s > 1, let φ ∈ D^s(R) satisfy (4.2)-(4.3) and Sφ ∈ D^s(R). Then

lim_{r→∞} τ^{in}_r (φ) = lim_{r→∞} τ_r (φ) = ⟨φ, S^∗[P, S]φ⟩ . (5.5)

Remark 5.5. Formula (5.5) shows that lim_{r→∞} τ^{in}_r (φ) is null if the commutator [P, S] vanishes (which happens if and only if the scattering operator S is a constant). We give an example of Hamiltonian H for which this occurs.

Let ~H_0 := P with domain D( ~H_0) := H^1(R), and for q ∈ L^1(R; R) let ~H := ~H_0 + q(Q) with domain D( ~H) := �φ ∈ H1(R) | ~Hφ ∈ H(R)�. It is known [50,

Sec. 2.4.3] that ~H is selfadjoint, that the wave operators �W_± := s- lim_{s→±∞} e^{it ~H} e^{−it ~H0} exist and are complete, and that ~S := �W_+^∗ �W_− = e^{−i �}R^{dx q(x)} is a constant. Therefore H := F ~HF^{−1} = H_0 + q(−P ) is selfadjoint on D(H) := F D( ~H), the wave operators W_± = F �W_±F^{−1} exist and are complete, and S = ~S.

Remark 5.6. Suppose that the assumptions of Lemma 5.4 are verified, and for a.e. x ∈ R let S(x) ∈ C be the component at energy x of the scattering matrix associated with the scattering operator S. Then Equation (5.5) can be rewritten as

lim_{r→∞} τ^{in}_r (φ) = lim_{r→∞} τ_r(φ) = −i � R dx |φ(x)|^2S(x)S^′(x) (5.6) if the function x → S(x) is continuously differentiable on the support of φ (note that Equation (5.6) does not follow from [30] or [6, Chap. 7.2], since we do not require f(P/r) to be an orthogonal projection or x → S(x) to be twice differentiable on the whole real line). Formula (5.6) holds for the general class of functions f ≥ 0 satisfying Assumption 5.2. However, if ‖φ‖ = 1 and f = χ_J is as in Example 5.3, then we know that the scalars T^0_r (φ) and T_r(φ) can be interpreted as sojourn times. Therefore in such a case Formula (5.6) expresses exactly the identity of the usual and symmetrised time delay with the Eisenbud-Wigner time delay for the Friedrichs model.

Remark 5.7. Let R_0(·) and R(·) be the resolvent families of H_0 and H, and suppose that R(i) − R_0(i) is trace class. Then, at least formally, we get from the Birman-Krein formula [50, Thm. 8.7.2] that

S(x)S^′(x) = −2πiξ^′(x; H, H_0), (5.7)

where ξ^′(x; H, H_0) is the derivative of the spectral shift function for the pair {H_0, H}. Therefore one has

lim_{r→∞} τ^{in}_r (φ) = −2π � R dx |φ(x)|^2ξ^′(x; H, H_0), (5.8)

and the number −2πξ^′(x; H, H_0) may be interpreted as the component at energy x of the time delay operator for the Friedrichs model. However Equations (5.7)-(5.8) turn out to be difficult to prove rigorously under this form. We refer to [23], [31, Sec. III.b], and [38, Sec. 3] for general theories on this issue, and to [11, 13, 35, 49] for related works in the case of the Friedrichs-Faddeev model.

5.2 Finite rank perturbation

Here we apply the theory of Section 5.1 to finite rank perturbations of H_0 = Q. Given u, v ∈ H(R) we write P_{u,v} for the rank one operator P_{u,v} := ⟨u, ·⟩ v, and we set P_v := P_{v,v}. The full Hamiltonian we consider is defined as follows.

Assumption 5.8. Fix an integer N ≥ 0 and take μ ≥ 0. For j, k ∈ {1, . . . , N}, let v_j ∈ H^μ(R) satisfy ⟨v_j , v_k⟩ = δ_{jk} , and let λ_j ∈ R. Then H := H_0 + V , where V := �_N

j=1 λ_j P_{vj} .

Many functions v_j (as the Hermite functions [37, p. 142]) satisfy the requirements of Assumption 5.8. Under Assumption 5.8 the perturbation V is bounded from H^{−μ}(R) to H^μ(R), H is selfadjoint on D(H) = D(H_0), and the wave operators W_± exist and are complete [36, Thm. XI.8].

In the next lemma we establish some of the spectral properties of H, we prove a limiting absorption principle for H, and we give a class of locally H-smooth operators. The limiting absorption principle is expressed in terms of the Besov space K := (H^1(R), H(R))_{1/2,1} ≡ H^{1/2,1}(R) defined by real interpolation [2, Sec. 3.4.1]. We recall that for each s > 1/2 we have the continuous embeddings

H^s(R) ⊂ K ⊂ H(R) ⊂ K^∗ ⊂ H^{−s}(R).

We refer the reader to [2, Sec. 6.2.1] for the definition of the regularity classes C^k(A) and to [2, Sec. 7.2.2] for the definition of a (strict) Mourre estimate. The symbol C_± stands for the half-plane C_± := {z ∈ C | ± Im(z) > 0}.

Lemma 5.9. Let H satisfy Assumption 5.8 with μ ≥ 2. Then

(a) H has at most a finite number of eigenvalues, and each of these eigenvalues is of finite multiplicity.

(b) The map z → (H − z)^{−1} ∈ B(K , K^∗), which is holomorphic on C_±, extends to a weak* continuous function on C_± ∪ {R \ σ_{pp}(H)}. In particular, H has no singularly continuous spectrum.

(c) If T belongs to B � H^{−s}(R), H(R) � for some s > 1/2, then T is locally H-smooth on R \ σ_{pp}(H).

The spectral results of points (a) and (b) on the finiteness of the singular spectrum of H are not surprising; they are known in the more general setting where V is an integral operator with Hölder continuous kernel (see e.g. [14, Thm. 1] and [15, Lemma 3.10]). Note however that point (a) implies that the sets D^s(R) are dense in H(R) for each s ≥ 0.

Proof. (a) Let A := −P , then e^{−itA} H_0 e^{itA} = H_0 + t for each t ∈ R. Thus H_0 is of class C^∞(A) and satisfies a strict Mourre estimate on R [2, Sec. 7.6.1]. Furthermore the quadratic form D(A) ∋ φ → ⟨φ, iV Aφ⟩ − ⟨Aφ, iV φ⟩

extends uniquely to the bounded form defined by the rank 2N operator F_1 :=

�_N j=1 λ_j � P_{vj ,v}′_j + P_v′_{j ,vj} � . This means that V is of class C^1(A). Thus H is of class C^1(A) and since F_1 is compact, H satisfies a Mourre estimate on R. The claim then follows by [2, Cor. 7.2.11].

(b) The quadratic form

D(A) ∋ φ → ⟨φ, iF_1Aφ⟩ − ⟨Aφ, iF_1φ⟩

extends uniquely to the bounded form defined by the rank 3N operator F_2 := −

�_N j=1 λ_j � P_v′′_{j ,vj} + 2P_v′_{j ,v}′_j + P_{vj ,v}′′_j � . This, together with [2, Thm. 7.2.9 & Thm. 7.2.13] and the proof of point (a), implies that H is of class C^2(A) and that H satisfies a strict Mourre estimate on R \ σ_{pp}(H). It follows by [41, Thm. 01] (which applies to operators without spectral gap) that the map z → (H − z)^{−1} ∈ B(K , K^∗) extends to a weak* continuous function on C_± ∪ {R \ σ_{pp}(H)}. In particular, H has no singularly continuous spectrum in R \ σ_{pp}(H). Since continuous Borel measures on R have no pure points [37, p. 22] and since σ_{pp}(H) is finite by point (a), we even get that H has no singularly continuous spectrum at all.

(c) Since T belongs to B � D(H), H(R) � and T^∗H(R) ⊂ H^s(R) ⊂ K , the claim is a consequence of [2, Prop. 7.1.3.(b)] and the discussion that follows.

We now study the differentiability of the function x → S(x), which relies on the differentiability of the boundary values of the resolvent of H.

Lemma 5.10. Let H satisfy Assumption 5.8 with μ ≥ n + 1 for some integer n ≥ 1. Let I ⊂ {R \ σ_{pp}(H)} be a relatively compact interval, and take s > n − 1/2. Then for each x ∈ I the limits R^n(x ± i0) := lim_{ε↘0}(H − x ∓ iε)^{−n}

exist in the norm topology of B � H^s(R), H^{−s}(R) � and are Hölder continuous. Furthermore x → R(x ± i0) is n − 1 times (Hölder continuously) differentiable as a map from I to B � H^s(R), H^{−s}(R) � , and

d^{n−1} dx^{n−1}

R(x ± i0) = (n − 1)!R^n(x ± i0).

Proof. The claims follow from [25, Thm. 2.2.(iii)] applied to our situation. We only have to verify the hypotheses of that theorem, namely that H is n-smooth with respect to A = −P in the sense of [25, Def. 2.1]. This is done in points (a), (b), (c_n), (d_n), and (e) that follow.

(a) D(A) ∩ D(H) ⊃ S is a core for H. (b) Let φ ∈ H_1(R) and θ ∈ R. Then one has

‖ e^{iθA} φ‖_{H1(R)} = ‖ ⟨Q + θ⟩ φ‖ ≤ � � ⟨Q + θ⟩ ⟨Q⟩^{−1} � �·‖φ‖_{H1(R)} ≤ 2^{−1/2}(2+|θ|)^{1/2}‖φ‖_{H1(R)}.

In particular, e^{iθA} maps D(H) into D(H), and sup_{|θ|≤1} ‖H e^{iθA} φ‖ < ∞ for each φ ∈ D(H).

(c_n)-(d_n) Due to the proof Lemma 5.9.(a) the quadratic form

D(A) ∩ D(H) ∋ φ → ⟨Hφ, iAφ⟩ − ⟨Aφ, iHφ⟩

extends uniquely to the bounded form defined by the operator iB_1 := 1 + F_1, where F_1 =

�_N

j=1 λ_j � P_v′_{j ,vj} + P_{vj ,v}′_j � . Similarly for j = 2, 3, . . . , n + 1 the quadratic form

D(A) ∩ D(H) ∋ φ → ⟨(iB_{j−1})^∗φ, iAφ⟩ − ⟨Aφ, i(iB_{j−1})φ⟩

extends uniquely to a bounded form defined by an operator iB_j := F_j , where F_j is a linear combination of the rank one operators P_v(j−k)_{,v}(k) , k = 0, 1, . . . , j.

(e) Due to the proof Lemma 5.9.(a), H satisfies a Mourre estimate on R.

For m = 1, 2, . . . , N let V_m :=

�_m

j=1 λ_j P_{vj} and H_m := H_0 + V_m. Then it is known that the scattering matrix S(x) factorizes for a.e. x ∈ R as [50, Eq. (8.4.2)]

S(x) = ~S_N (x) · · · ~S_2(x)~S_1(x), (5.9)

where ~S_m(x) is unitarily equivalent to the scattering matrix S_m(x) associated with the pair {H_m, H_{m−1}}. Since the difference H_m − H_{m−1} is of rank one, one can even obtain an explicit expression for S_m(x) (see [50, Eq. (6.7.9)]). For instance one has the following simple formula for S_1(x) [50, Eq. (8.4.1)], [18, Eq. (66a)]

S_1(x) =

1 + λ_1F (x − i0) 1 + λ_1F (x + i0) , where F (x ± i0) := lim_{ε↘0} � v_1, (H_0 − x ∓ iε)^{−1}v_1 � . Clearly Formula (5.9) is not very convenient for studying the differentiability of the function x → S(x). This is why we prove the usual formula for S(x) in the next lemma.

Given τ ∈ R, we let γ(τ) : S (R) → C be the restriction operator defined by γ(τ)φ := φ(τ). Some of the regularity properties of γ(τ) are collected in the appendix. Here we only recall that γ(τ) extends uniquely to an element of B � H^s(R), C � for each s > 1/2.

Lemma 5.11. Let H satisfy Assumption 5.8 with μ ≥ 2. Then for each x ∈ R \ σ_{pp}(H) one has the equality

S(x) = 1 − 2πiγ(x)[1 − V R(x + i0)]V γ(x)^∗. (5.10)

Proof. The claim is a consequence of the stationary method for trace class perturbations [50, Thm. 7.6.4] applied to the pair {H_0, H}.

The perturbation V can be written as a product V = G^∗G_0, with G :=

�_N j=1 λ_j P_{vj} and G_0 :=

�_N j=1 P_{vj} . Since the operators G and G_0 are selfadjoint and belong to the Hilbert-Schmidt class, all the hypotheses of [50, Thm. 7.6.4] (and thus of [50, Thm. 5.7.1]) are trivially satisfied. Therefore one has for a.e. x ∈ R the equality

S(x) = 1 − 2πiγ(x)G � 1 − ~B(x + i0) � G_0γ(x)^∗, (5.11)

where ~B(x + i0) is the norm limit defined by the condition

lim_{ε↘0} � �G_0(H − x − iε)^{−1}G − ~B(x + i0) � � = 0.

On another hand we know from Lemma 5.10 that the limit R(x + i0) exists in the norm topology of B � H^s(R), H^{−s}(R) � for each x ∈ R \ σ_{pp}(H) and each s > 1/2. Since we also have G_0, G ∈ B � H^{−μ}(R), H^μ(R) � , we get the identity ~B(x+i0) = G_0R(x+i0)G.

This together with Formula (5.11) implies the claim.

We are in a position to show the differentiability of the scattering matrix.

Lemma 5.12. Let H satisfy Assumption 5.8 with μ ≥ n + 1 for some integer n ≥ 1. Then x → S(x) is n − 1 times (Hölder continuously) differentiable from R \ σ_{pp}(H) to C.

Proof. Due to Formula (5.10) it is sufficient to prove that the terms

A(x) :=

�_dℓ_1

dx^{ℓ1} γ(x) � V �_dℓ_2

dx^{ℓ2} γ(x) ∗� and B(x) :=

�_{dℓ1}

dx^ℓ1 γ(x) � V �_{dℓ2}

dx^ℓ2 R(x + i0) � V �_{dℓ3}

dx^ℓ3 γ(x) ∗� exist and are locally Hölder continuous on R \ σ_{pp}(H) for all non-negative integers ℓ_1, ℓ_2, ℓ_3 satisfying ℓ_1 + ℓ_2 + ℓ_3 ≤ n − 1. The factors in B(x) satisfy

�_dℓ_3

dx^{ℓ3} γ(x) ∗� ∈ B � C, H^{−s3} (R) � for s_3 > ℓ_3 + 1/2,

V ∈ B � H^{−s3} (R), H^{s2} (R) � for s_2, s_3 ∈ [0, μ], �_dℓ_2

dx^{ℓ2} R(x + i0) � ∈ B � H^{s2} (R), H^{−s2} (R) � for s_2 > ℓ_2 + 1/2,

V ∈ B � H^{−s2} (R), H^{s1} (R) � for s_1, s_2 ∈ [0, μ], �_{dℓ1}

dx^{ℓ1} γ(x) � ∈ B � H^{s1} (R), C � for s_1 > ℓ_1 + 1/2,

and are locally Hölder continuous due to Lemma 5.10 and Lemma 5.15. Therefore if the s_j ’s above are chosen so that s_j ∈ (ℓ_j + 1/2, μ] for j = 1, 2, 3, then B(x) is finite and locally Hölder continuous on R\σ_{pp}(H). Since similar arguments apply to the term A(x), the claim is proved.

Lemma 5.13. Let H satisfy Assumption 5.8 with μ > 2. Then one has for each φ ∈ H^s(R), s > 2, � �(W_− − 1) e^{−itH}0 φ � � ∈ L^1(R_−, dt) (5.12)

and � �(W_+ − 1) e^{−itH}0 φ� ∈ L^1(R_+, dt). (5.13)

Proof. For φ ∈ H^s(R) and t ∈ R, we have (see e.g. the proof of [24, Lemma 4.6])

(W_− − 1) e^{−itH0} φ = −i e^{−itH}

�_t −∞ dτ e^{iτ H} V e^{−iτ H0} φ,

where the integral is strongly convergent. Hence to prove (5.12) it is enough to show that �_{−δ} −∞ dt �_t −∞ dτ � �V e^{−iτ H}0 φ � � < ∞ (5.14)

for some δ > 0. Let ζ := min{μ, s}, then � � ⟨P ⟩^ζ φ � � and � �V ⟨P ⟩^ζ � � are finite by hypoth-

esis. If |τ| is big enough, it follows by (5.2) that � �V e^{−iτ H}0 φ � � ≤ Const. � � ⟨P ⟩^{−ζ} e^{−iτ Q} ⟨P ⟩^{−ζ} � � = Const. � � ⟨P − τ⟩^{−ζ} ⟨P ⟩^{−ζ} � � ≤ Const.|τ|^{−ζ} .

Since ζ > 2, this implies (5.14), and thus (5.12). The proof of (5.13) is similar.

In the next theorem we prove Formula (5.6) for Hamiltonians H satisfying Assumption 5.8 with μ ≥ 5.

Theorem 5.14. Let f ≥ 0 satisfy Assumption 5.2, and let H satisfy Assumption 5.8 with μ ≥ 5. Then one has for each φ ∈ D^3(R) the identity

lim_{r→∞} τ^{in}_r (φ) = lim_{r→∞} τ_r(φ) = −i � R dx |φ(x)|^2S(x)S^′(x).

Proof. Let φ ∈ D^3(R). Then Sφ ∈ D^3(R) by Lemma 5.12, and conditions (4.2)-(4.3) are verified by Lemma 5.13. Therefore all the hypotheses of Theorem 5.4 and Remark 5.6 are satisfied, and so the claim is proved.

Acknowledgements

The author thanks the Swiss National Science Foundation for financial support. This work was completed while the author was visiting the University of Chile. He would like to thank Professor M. Măntoiu for his kind hospitality.

Appendix

We collect in this appendix some facts on the restriction operator γ(τ) of Lemma 5.11. We consider the general case with configurations space R^d, d ≥ 1.

Given τ ∈ R, we let γ(τ) : S (R^d) → L^2(R^{d−1}) be the restriction operator defined by γ(τ)φ := φ(τ, ·). We know from [27, Thm. 2.4.2] that γ(τ) extends uniquely to an element of B � H^s(R^d), L^2(R^{d−1}) � for each s > 1/2. Furthermore γ(τ) is Hölder continuous in τ with respect to the operator norm, namely for all τ, τ^′ ∈ R there exists a constant C such that � γ(τ)−γ(τ^′) � B(H^s(R^d),L^2(R^{d−1})) ≤ C � � � |τ − τ^′|^{s−1/2} if s ∈

�_1 2 ,^3_2 � , |τ − τ^′| · | ln |τ − τ^′|| if s =^3_2 and |τ − τ^′| <^1_2 , |τ − τ^′| if s >^3_2 . (5.15) Finally γ(τ) has the following differentiability property.

Lemma 5.15. Let s > k +^1_2 with k ≥ 0 integer. Then γ is k times (Hölder continuously) differentiable as a map from R to B � H^s(R^d), L^2(R^{d−1}) � . Proof. We adapt the proof of [24, Lemma 3.3]. Consider first s > k +^1_2 with k = 1. The obvious guess for the derivative at τ of γ is (Dγ)(τ) := γ(τ)∂_1, where ∂_1 stands for the partial derivative w.r.t. the first variable. Thus one has for φ ∈ S (R^d) and δ ∈ R with |δ| ∈ (0, 1/2)

�_1 δ [γ(τ + δ) − γ(τ)] − (Dγ)(τ) � φ =^1_δ

�_δ 0 dξ � (∂_1φ)(τ + ξ, ·) − (∂_1φ)(τ, ·) � .

In particular, using the first (and thus the most pessimistic) bound in (5.15), we get � �^1_δ [γ(τ + δ) − γ(τ)] − (Dγ)(τ)�φ � �_{L2(Rd−1)}

≤^1_{|δ|}

�_{|δ|} 0 dξ � �(∂_1φ)(τ + sgn(δ)ξ, ·) − (∂_1φ)(τ, ·) � �_{L2(Rd−1)}

≤ ‖∂_1φ‖_Hs−1_{(R}d_)^1_{|δ|}

�_{|δ|} 0 dξ ‖γ(τ + sgn(δ)ξ) − γ(τ)‖_{B(H}s−1_{(R}d_{),L}2_{(R}d−1_{))}

≤ Const. ‖φ‖_Hs_{(R}d_)^1_{|δ|}

�_{|δ|} 0 dξ |ξ|^{s−3/2}

≤ Const. ‖φ‖_Hs_{(R}d_)|δ|^{s−3/2}.

Since S (R^d) is dense in H^s(R^d) and Dγ : R → B � H^s(R^d), L^2(R^{d−1}) � is Hölder continuous, this proves the result for k = 1. The result for k > 1 follows then easily by using the expression for (Dγ)(τ).

References

[1] P. Alsholm and T. Kato. Scattering with long range potentials. In Partial differential equations (Proc. Sympos. Pure Math., Vol. XXIII, Univ. California, Berkeley, Calif., 1971), pages 393–399. Amer. Math. Soc., Providence, R.I., 1973.

[2] W. O. Amrein, A. Boutet de Monvel, and V. Georgescu. C_0-groups, commutator methods and spectral theory of N-body Hamiltonians, volume 135 of Progress in Math. Birkhäuser, Basel, 1996.

[3] W. O. Amrein and M. B. Cibils. Global and Eisenbud-Wigner time delay in scattering theory. Helv. Phys. Acta, 60:481–500, 1987.

[4] W. O. Amrein, M. B. Cibils, and K. B. Sinha. Configuration space properties of the S-matrix and time delay in potential scattering. Ann. Inst. Henri Poincaré, 47:367– 382, 1987.

[5] W. O. Amrein and Ph. Jacquet. Time delay for one-dimensional quantum systems with steplike potentials. Phys. Rev. A, 75(2):022106, 2007.

[6] W. O. Amrein, J. M. Jauch, and K. B. Sinha. Scattering theory in quantum mechanics. Benjamin, Reading, 1977.

[7] W. O. Amrein and K. B. Sinha. Time delay and resonances in potential scattering.

J. Phys. A, 39(29):9231–9254, 2006.

[8] D. Bollé, F. Gesztesy, and H. Grosse. Time delay for long-range interactions. J.

Math. Phys., 24(6):1529–1541, 1983.

[9] D. Bollé and T. A. Osborn. Time delay in N-body scattering. J. Math. Phys., 20:1121–1134, 1979.

[10] V. Buslaev and Pushnitski A. The scattering matrix and associated formulas in hamiltonian mechanics. preprint on arXiv:0805.4172.

[11] V. S. Buslaev. Spectral identities and the trace formula in the Friedrichs model.

In Spectral theory and wave processes, pages 43–54. Consultants Bureau Plenum Publishing Corporation, New York, 1971.

[12] C. A. A. de Carvalho and H. M. Nussenzveig. Time delay. Phys. Rep., 364(2):83– 174, 2002.

[13] T. Dreyfus. The determinant of the scattering matrix and its relation to the number of eigenvalues. J. Math. Anal. Appl., 64(1):114–134, 1978.

[14] E. M. Dyn^′kin, S. N. Naboko, and S. I. Yakovlev. A finiteness bound for the singular spectrum in a selfadjoint Friedrichs model. Algebra i Analiz, 3(2):77–90, 1991.

[15] L. D. Faddeev. On a model of Friedrichs in the theory of perturbations of the continuous spectrum. Trudy Mat. Inst. Steklov, 73:292–313, 1964.

[16] K. Friedrichs. Über die Spektralzerlegung eines Integraloperators. Math. Ann., 115(1):249–272, 1938.

[17] C. Gérard and R. Tiedra de Aldecoa. Generalized definition of time delay in scattering theory. J. Math. Phys., page 122101, 2007.

[18] M. A. Grubb and D. B. Pearson. Derivation of the wave and scattering operators for an interaction of rank one. J. Mathematical Phys., 11:2415–2424, 1970.

[19] K. Gustafson and K. Sinha. On the Eisenbud-Wigner formula for time-delay. Lett.

Math. Phys., 4(5):381–385, 1980.

[20] Lars Hörmander. The analysis of linear partial differential operators. I, volume 256 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 1983. Distribution theory and Fourier analysis.

[21] Lars Hörmander. The analysis of linear partial differential operators. II. Classics in Mathematics. Springer-Verlag, Berlin, 2005. Differential operators with constant coefficients, Reprint of the 1983 original.

[22] J. M. Jauch, R. Lavine, and R. G. Newton. Scattering into cones. Helv. Phys. Acta, 45:325–330, 1972/73.

[23] J. M. Jauch, K. B. Sinha, and B. N. Misra. Time-delay in scattering processes. Helv.

Phys. Acta, 45:398–426, 1972.

[24] A. Jensen. Time-delay in potential scattering theory. Commun. Math. Phys., 82:435– 456, 1981.

[25] A. Jensen, E. Mourre, and P. Perry. Multiple commutator estimates and resolvent smoothness in quantum scattering theory. Ann. Inst. H. Poincaré Phys. Théor., 41(2):207–225, 1984.

[26] A. Jensen and S. Nakamura. Mapping properties of wave and scattering operators for two-body Schrödinger operators. Lett. Math. Phys., 24:295–305, 1992.

[27] S. T. Kuroda. An introduction to scattering theory, volume 51 of Lecture Notes Series. Aarhus Universitet Matematisk Institut, Aarhus, 1978.

[28] S. Lang. Real analysis. Addison-Wesley Publishing Company Advanced Book Program, Reading, MA, second edition, 1983.

[29] P. A. Martin. Scattering theory with dissipative interactions and time delay. Nuovo Cimento B, 30:217–238, 1975.

[30] P. A. Martin. On the time-delay of simple scattering systems. Comm. Math. Phys., 47(3):221–227, 1976.

[31] P. A. Martin. Time delay in quantum scattering processes. Acta Phys. Austriaca Suppl., XXIII, pages 157–208, 1981.

[32] A. Mohapatra, K. B. Sinha, and W. O. Amrein. Configuration space properties of the scattering operator and time delay for potentials decaying like |x|^{−α}, α > 1. Ann. Inst. H. Poincaré Phys. Théor., 57(1):89–113, 1992.

[33] S. Nakamura. Time-delay and Lavine’s formula. Comm. Math. Phys., 109(3):397– 415, 1987.

[34] H. Narnhofer. Time delay and dilation properties in scattering theory. J. Math. Phys., 25(4):987–991, 1984.

[35] A. E. Oganjan. The virial theorem and the trace formula in the Friedrichs model.

In Mathematical analysis and probability theory (Russian), pages 127–131, 218. “Naukova Dumka”, Kiev, 1978.

[36] M. Reed and B. Simon. Methods of modern mathematical physics. III. Academic Press [Harcourt Brace Jovanovich Publishers], New York, 1979. Scattering theory.

[37] M. Reed and B. Simon. Methods of modern mathematical physics. I. Academic Press Inc. [Harcourt Brace Jovanovich Publishers], New York, second edition, 1980. Functional analysis.

[38] D. Robert. Relative time-delay for perturbations of elliptic operators and semiclassical asymptotics. J. Funct. Anal., 126(1):36–82, 1994.

[39] D. Robert and X. P. Wang. Existence of time-delay operators for Stark Hamiltonians.

Comm. Partial Differential Equations, 14(1):63–98, 1989.

[40] D. W. Robinson. Propagation properties in scattering theory. J. Austral. Math. Soc.

Ser. B, 21(4):474–485, 1979/80.

[41] J. Sahbani. The conjugate operator method for locally regular Hamiltonians. J.

Operator Theory, 38(2):297–322, 1997.

[42] J. Sahbani. Propagation theorems for some classes of pseudo-differential operators.

J. Math. Anal. Appl., 211(2):481–497, 1997.

[43] M. Sassoli de Bianchi and P. A. Martin. On the definition of time delay in scattering theory. Helv. Phys. Acta, 65(8):1119–1126, 1992.

[44] F. T. Smith. Lifetime matrix in collision theory. Phys. Rev., 118:349–356, 1960.

[45] H. Tamura. Time delay in scattering by potentials and by magnetic fields with two supports at large separation. J. Funct. Anal., 254(7):1735–1775, 2008.

[46] R. Tiedra de Aldecoa. Time delay and short-range scattering in quantum waveguides. Ann. Henri Poincaré, 7(1):105–124, 2006.

[47] R. Tiedra de Aldecoa. Anisotropic Lavine’s formula and symmetrised time delay in scattering theory. Math. Phys. Anal. Geom., 11(2):155–173, 2008.

[48] X. P. Wang. Phase-space description of time-delay in scattering theory. Comm.

Partial Differential Equations, 13(2):223–259, 1988.

[49] D. R. Yafaev. A trace formula in Friedrichs’ multichannel model. Trudy Mat.

Inst. Steklov., 147:194–201, 204, 1980. Boundary value problems of mathematical physics, 10.

[50] D. R. Yafaev. Mathematical scattering theory, volume 105 of Translations of Mathematical Monographs. American Mathematical Society, Providence, RI, 1992. General theory, Translated from the Russian by J. R. Schulenberger.