STERNBERG THEOREMS FOR RANDOM DYNAMICAL SYSTEMS

WEIGU LI AND KENING LU

Abstract. In this paper, we prove the smooth conjugacy theorems of Sternberg type for random dynamical systems based on their Lyapunov exponents. We also present the stable and unstable manifold theorems of Pesin type which are used in the construction of conjugacy.

1. Introduction

The study of reducing a nonlinear deterministic dynamical system to the simplest possible form (called a normal form) goes back to Poincaré and Birkhoff. For a local diffeomorphism ϕ(x) with a fixed point x = 0, i.e. ϕ(0) = 0, the classical conjugacy problem is to find a transformation y = h(x) (a local diffeomorphism) such that h ∘ ϕ ∘ h^{−1} has the simplest possible form.

Poincaré [35] first studied the reducibility of an analytic diffeomorphism ϕ(x) = Ax + O(|x|^2) in C^d to its linear part A. He proved that if the eigenvalues λ_1, · · · , λ_d of the linear part belong to the so-called Poincaré domain, i.e. min{ max_{1≤i≤d} |λ_i|, max_{1≤i≤d} |λ_i|^{−1}} < 1

and satisfy the nonresonant conditions, i.e.

λ_j − λ^{m1}_1 · · · λ^{md}_d ≠ 0, for all , 1 ≤ j ≤ d, n = (m_1, · · · , m_d) ∈ Z^d_+, m_1 + · · · + m_d ≥ 2, then ϕ(x) is analytically conjugated to its linear part, that is, there is an analytic differomorphism h(x) = x + O(|x|^2) such that h ∘ ϕ ∘ h^{−1} = A.

The complement of the Poincaré domain is the so-called Siegel domain. Siegel [42] gave the small divisor conditions for the eigenvalues in the Siegel domain

|λ_j − λ^{m1}_1 · · · λ^{md}_d | ≥ C |m|^μ

, 1 ≤ j ≤ d, m ∈ Z^d_+, |m| = m_1 + · · · + m_d ≥ 2,

under which the nonlinear diffeomorhism is analytically conjugated to its linear part. Brjuno [8] gave a weaker condition than Siegel’s condition and proved the result also holds. Siegel’s theorem was also proved by Arnold [3], Moser [29], and Zehnder [50]. A simple proof of Poincaré’s theorem was given by Meyer [28].

For diffeomorphisms of the circle, there are rich results on smooth linearization, see the works of Arnold[4], Herman [16], Yoccoz[48], Katznelson and Ornstein [19], Sinai and Khanin [43], and

Date: June 30, 2003.

1991 Mathematics Subject Classification. Primary: 60H15; Secondary: 34C35, 58F11, 58F15, 58F36. Key words and phrases. Multiplicative Ergodic Theorem, random dynamical systems, Sternberg’s Theorem, Chen’s Theorem, normal forms.

This work was partially supported by NSF0200961 (K. Lu) and the 973 Project of the Ministry of Science and Technology of China (W. Li). 1

their references therin. Linearization results for diffeomorphisms of (C, 0) may be found in the celebrated paper by Yoccoz[49]. For more recent work, we refer to the article by Pérez-Marco [33] and its reference therein.

The study of reducibility of a general local deterministic differentiable dynamical system to a linear normal formal was initiated by Sternberg [44, 45]. He proved that for a local diffeomorphism ϕ(x) with a fixed point x = 0 and for each integer k > 0, there is an integer N = N(k) such that if ϕ is C^N and the eigenvalues of its linearization A = Dϕ(0) satisfy the nonresonant conditions up to order N, then there is a C^k local diffeomorphism h(x) = x + O(|x|^2) such that ϕ is conjugate to A, i.e. h ∘ ϕ ∘ h^{−1} = A. If ϕ is C^∞ and the nonresonant conditions hold for all orders, then h is C^∞. There is an extensive literature on the problem of finding better conditions for higher regularity. We do not attempt to give an exhaustive list of references. Some classical results may be found in Nagumo and Isé [31] , Chen [10], Hartman [14, 15], and Nelson [21]. For more delicate conditions such that the nonlinear system admits a C^k-smooth linearization we refer to Sell [39, 40] and Beleskii [6, 7]. A result which preserves the geometric structure of the original equation was recently obtained by Banyaga, de la Llave, and Wayne [5]. A C^0 linearization (A Hartman-Grobman Theorem) associated with the local structural stability may be found in Grobman[13], Hartman [14], Pugh [36], and Palmer[32].

In this paper, we study the conjugacy problem for random dynamical systems and extend the Sternberg theorems in deterministic cases to random dynamical systems and settle an open problem raised by L. Arnold. Our results are based on Lyapunov exponents. We also present a stable and unstable manifold theorem of Pesin type for random dynamical systems which play a key role in the construction of conjugacy.

Let (Ω, F, P) be a probability space and (θ^n)_{n∈Z} be a measurable P-measure preserving dynamical system on Ω. A random dynamical systems (or a cocycle) on the space R^d over the dynamical system θ^n is a measurable map

ϕ : Z × Ω × R^d → R^d, (n, ω, x) → ϕ(n, ω, x),

such the map ϕ(n, ω) := ϕ(n, ω, ·) : R^d → R^d forms a cocycle over θ^n:

ϕ(0, ω) = Id, for all ω ∈ Ω,

ϕ(n + m, ω) = ϕ(n, θ^mω) ∘ ϕ(m, ω), for all m, n ∈ Z, ω ∈ Ω.

A typical example is the solution operator for a stochastic differential equation:

dx_t = f_0(x_t)dt + d∑ k=1 f_k(x_t) ∘ dB^k_t

where x ∈ R^d, f_k, 0 ≤ k ≤ d, are smooth vector fields, and B_t = (B^1_t , · · · , B^d_t ) is the standard ddimensional Brownian motion defined on the probability space (Ω, F, P) and dB^k_t is the Stratonovich differential. Here, (Ω, F, P) is the classic Wiener space, i.e. Ω = {ω : ω(·) ∈ C(R, R^d), ω(0) = 0} endowed with the open compact topology and P is the Wiener measure. Define a measurable dynamical system θ^t on the probability space (Ω, F, P) by (θ^tω)(·) = ω(t + ·) − ω(t) for t > 0. It is well-known that P is invariant and ergodic under θ^t.

When ϕ(n, ω, ·) is differentiable for each n and ω, ϕ is called a differentiable random dynamical system. We write the time-one map ϕ(1, ω, x) as φ(ω, x) := ϕ(1, ω, x). Then φ(ω, ·) is the so-called random diffeomorphism that generates the random dynamical system ϕ(n, ω, x)

ϕ(n, ω, ·) = φ(θ^{n−1}ω, ·) ∘ · · · ∘ φ(ω, ·), n > 0 I, n = 0 ( φ(θ^nω, ·)

)_{−1} ∘ · · · ∘ ( φ(θ^{−1}ω, ·)

)_{−1} , n < 0.

We consider C^N , 1 < N ≤ ∞, random diffeomorphisms φ(ω, x) in R^d with a fixed point^1 x = 0, i.e. φ(ω, 0) = 0 for all ω ∈ Ω. We assume that φ(ω, x) is a locally tempered C^N random diffeomorphism, that is, there is a tempered ball U(ω) = B_{ρ(ω)}(0) = {x | |x| < ρ(ω)}, where ρ(ω) is a random variable tempered from below (i.e. lim_{n→±∞}^1_n log^− ρ(θ^nω) = 0, P − a.s.), such that each sup x∈U(ω)

‖D^i_xφ(ω, x)‖ = C_i(ω), 0 ≤ i ≤ N

is tempered from above (i.e. lim_{n→±∞}^1_n log^+ C_i(θ^nω) = 0, P − a.s.). The size of a tempered ball may decrease as ω varies, but these changes along each orbit θ^nω are at a subexponential rate. The upper bound of C(ω) may grow to infinity as ω varies. But along each orbit θ^nω, it may increase only at a subexponential rate. This nonuniform behavior is one of the intrinsic features of random dynamical systems.

Two local tempered random diffeomporhisms φ and ψ with fixed point x = 0 are C^k locally conjugate for 1 ≤ k ≤ ∞ if there exists an C^k random diffeomorphism h(ω, x) defined in a tempered ball V (ω) with h(ω, 0) = 0 such that

h(θω, φ(ω, x)) = ψ(ω, h(ω, x)) for x ∈ V (ω), a. s. ω ∈ Ω

This conjugacy relationship implies that h carries orbits of φ to orbits of ψ, when the orbits stay in the corresponding domains.

We write φ(ω, x) as φ(ω, x) = A(ω)x + F (ω, x),

where A(ω) = Dφ(ω, 0) ∈ Gl(d, R), F (ω, 0) = 0 and DF (ω, 0) = 0. We assume that the conditions of the Multiplicative Ergodic Theorem hold, that is,

log^+ ||A(·)|| ∈ L^1(Ω, F, P) and log^+ ||A^{−1}(·)|| ∈ L^1(Ω, F, P).

Then, by the celebrated Oseledets’ Multiplicative Ergodic Theorem (see Theorem 2.4), there exists an invariant set Ω̃ ⊂ Ω of full measure such that for each ω ∈ Ω̃, Φ(n, ω) (the linear random dynamical system generated by A(ω)) has p(ω) Lyapunov exponents:

λ_1(ω) > · · · > λ_{p(ω)}(ω).

Furthermore, p(ω), λ_i(ω) are θ^n invariant functions, i.e., p(θω) = p(ω) and λ_i(θω) = λ_i(ω). When θ^n is ergodic, p(ω) and λ_i(ω) are independent of ω.

A fixed point of φ is said to be hyperbolic if the linearized system Dφ at the fixed point has no zero Lyapunov exponents.

Our main results may be summarized as

1A large class of random dynamical systems may be converted into this case. See [1], page 310

Theorem. Assume that φ is a C^∞ locally tempered random diffeomorphism with a hyperbolic fixed point x = 0 and its linearization A(ω) satisfies the conditions of the Multiplicative Ergodic Theorem. Then,

(i) Conjugacy in Jet Class: For any integer k > 0, there exists a θ-invariant F-measurable integer function N_0(ω) = N_0(α(ω), β(ω), k) given by (58) such that any C^∞ locally tempered random diffeomorphism ψ with φ−ψ = O(|x|^{N0} ) is C^k locally conjugate to φ, where α(ω) = max{|λ_i(ω)| | 1 ≤ i ≤ p(ω)} and β(ω) = min{|λ_i(ω)| | 1 ≤ i ≤ p(ω)}. Any C^∞ locally tempered diffeomorphism ψ with φ − ψ = C^∞ flat is C^∞ locally conjugate to φ.

(ii) Sternberg Type: For each integer k > 0, if the Lyapunov exponents satisfy the nonresonant conditions up to order N_0(ω),

λ_i(ω) ≠ (τ, λ(ω)), for all 1 ≤ i ≤ p(ω), 2 ≤ |m| ≤ N_0(ω).

where (τ, λ) =

∑_{p(ω)} j=1 τ_jλ_i, (τ_1, · · · , τ_{p(ω)}) ∈ N^{p(ω)}, λ(ω) = (λ_1(ω), · · · , λ_{p(ω)}(ω)), and |m| = ∑_{p(ω)}

j=1 m_j, then φ is C^k locally conjugate to its linear part. If φ is a C^∞ locally tempered random diffeomorphism and the Lyapunov exponents satisfy the nonresonant conditions for all orders, then φ is C^∞ locally conjugate to its linear part.

(iii) Chen Type: If two locally tempered C^∞ random diffeomorphisms with hyperbolic fixed point 0 are formally tempered conjugate, then they are C^∞ locally conjugate.

(iv) If all Lyapunov exponents have the same sign, then φ is C^∞ locally conjugate to a random polynormial.

(v) C^k Normal Form: If φ has a diagonal linear part (this is the case when the Lyapunov exponents are distinct), then, for any k > 0, φ is C^k locally conjugate to a random polynomial of degree N_0(ω) which consists of resonant monomials only. Moreover, if the fixed point 0 is stable or unstable,i.e., all Lyapunov exponents have the same sign, then φ is C^∞ locally conjugate to a polynomial which consists of resonant monomials only.

Remark: The nonresonant conditions here are in terms of Lyapunov exponents, which reflects the limit behavior of the system. That the Lyapunov exponents satisfy a nonresonant condition does not imply that the eigenvalues of the linearized system A(ω) satisfy a nonresonant condition and vice versa. The linearized system is nonuniformly hyperbolic in the sense of Pesin for deterministic systems (see Lemma 2.6). When the dynamical system θ^n is ergodic, the Liapunov exponents are constant, the nonresonant conditions hold uniformly in ω and N_0(α(ω), β(ω), k) is independent of ω ∈ Ω. For C^k conjugacy in (i) and (ii), both φ and ψ may be required only to be C^{N0} . When θ^n is not ergodic, qualities such as the dimensions of the stable and unstable Oseledets subspaces may vary as ω changes. The degrees of random polynomials in (iv) and (v) may change as ω varies but do not change along each orbit θ^nω. Ω may be decomposed into a union of countably many disjoint θ-invariant measurable sets Ω̃_i such that on each Ω̃_i, N_0(ω) is constant. In Section 4, we will see that the construction of conjugacy is carried out independently over each invariant set Ω_i. Patching them together gives the conjugacy over the whole Ω. To have a C^k conjugacy in (i) and (ii), we actually need only φ and ψ to be C^N locally tempered over Ω_i. Ω may also be divided into a union of nested invaraint sets on which the regularity of the congugacy may vary. To see this, we assume that the random dynamical system is C^∞ and set for each m ≥ 2

Ω̃_m = {ω | λ_i(ω) ≠ (τ, λ(ω)), 1 ≤ i ≤ p(ω), 2 ≤ |τ| ≤ m}.

Clearly, each Ω̃_m is invariant for θ and {Ω̃_m}_{m≥2} is a non-increasing sequence. If Ω̃_∞ ≠ ∅, then h is C^∞ for ω ∈ Ω_∞. The smoothness of h may vary from set to set.

The proof of this theorem involves a stable manifold and unstable manifold theorem of Pesin type for the random dynamical systems which are nonuniformly hyperbolic systems. The stable manifold theorem for nonuniformly hyperbolic diffeomorphisms was first established by Pesin in his celebrated paper [34]. The Pesin’s theorem was later extended to Hilbert space by Ruelle [37] for not only deterministic dynamical systems but also random dynamical systems. The stable and unstable manifold theorems we present in this paper are very close to Ruelle’s results. Most of the properties of stable and unstable manifolds we prove here can be found in Ruelle’s theorems. However, for our purpose, we take a weaker assumption on the nonlinearity than Ruelle’s. Furthermore, we need to establish the measurability of the stable and unstable manifold with respect to ω in the probability space and to obtain the tempered upper bounds for all derivatives of the stable and unstable manifolds, which are used in establishing the smooth conjugacy. We also prove that if the random dynamical system is C^N , where 1 < N ∈ N ∪ {∞}, then the stable and unstable manifolds are C^N submanifolds. In order to construct the random conjugacy, we also establish the existence of the stable foliation and the unstable foliation for the random dynamical system. Our results are also related to Wanner [47] and Arnold [1].

Random dynamical systems arise in the modeling of many phenomena in physics, biology, climatology, economics, etc. when uncertainties or random influences, called noises, are taken into account. These random effects are not only introduced to compensate for the defects in some deterministic models, but also are often rather intrinsic phenomena. The need for studying random dynamical systems was pointed out by Ulam and von Neumann [46] in 1945. It has flourished since 1980’s due to the discovery that stochastic ordinary differential equations generate random dynamical systems through the efforts of Harris, Elworthy, Baxendale, Bismut, Ikeda, Kunita, Watanabe, and others. There are many works on this subject for both independent and identically distributed random transformations and stationary random dynamical systems and for which we refer to [1], [20], [21, 22], [38], [26], and [27] and the references therein. Here we simply limit ourselves to the conjugacy problem. For random dynamical systems, Wanner [47] proved a Hartman-Grobman theorem, also see [1] and [12] for topological conjugacy. A structural stability theorem for deterministic dynamical systems under random perturbations was obtained by P-D. Liu [25]. In [2], also see [1], Arnold and Xu gave a theorem on formal linearization of random diffeomorphisms. In [23], we established theorems of Poincaré type for random dynamical systems. A theorem of Siegel type for random dynamical systems was presented in [24].

In Section 2, we introduce basic concepts on random dynamical systems, the Multiplicative Ergodic Theorem, and some basic lemmas; In Section 3, we establish the stable manifold and unstable manifold theorem of Pesin type for random dynamical systems. A theorem on the stable foliation and unstable foliation will also be given. Finally, a theorem of Sternberg type and the related results will be given in Section 4.

Acknowledgement. Authors are benefited greatly from the wonderful book, Random Dynamical Systems, by L. Arnold and appreciate his help. The first author also would like to thank the Department of Mathematic at Michigan State University for the support and hospitality during the period this paper was written.

2. Random Dynamical Systems

In this section, we review some of the basic concepts and results on random dynamical systems, which are taken from [1]. We first introduce the basic concepts on random dynamical systems.

Then, we state the multiplicative ergodic theorem and related results for random dynamical systems.

Let (Ω, F, P) be a probability space. Let T = R or Z. T is endowed with its Borel σ-algebra B(T).

Definition 2.1. A family (θ^t)_{t∈T} of mappings from Ω into itself is called a metric dynamical system if (1) (ω, t) → θ^tω is F ⊗ B(T) measurable;

(2) θ^0 = id_Ω, the identity on Ω , θ^{t+s} = θ^t ∘ θ^s for all t, s ∈ T; (3) θ^t preserves the probability measure P.

Definition 2.2. A map ϕ : T × Ω × R^d → R^d, (t, ω, x) → ϕ(t, ω, x), is called a random dynamical system (or a cocycle) on the space R^d over a metric dynamical system (Ω, F, P, θ^t) if

(1) ϕ is B(T) ⊗ F ⊗ B(R^d)-measurable;

(2) The mappings ϕ(t, ω) := ϕ(t, ω, ·) : R^d → R^d form a cocycle over θ^t: ϕ(0, ω) = Id, for all ω ∈ Ω,

ϕ(t + s, ω) = ϕ(t, θ^sω) ∘ ϕ(s, ω), for all t, s ∈ T, ω ∈ Ω.

In this paper, we consider time-discrete random dynamical systems. We assume that 0 is a fixed point of ϕ(n, ω, ·), i. e., ϕ(n, ω, 0) = 0 for any n ∈ Z and ω ∈ Ω. Then, we rewrite ϕ(n, ω, x) as ϕ(n, ω, x) = Φ(n, ω)x + f(n, ω, x), where Φ(n, ω) ∈ Gl(d, R), f(n, ω, 0) = 0, and Df(n, ω, 0) = 0. Here, Df is the derivative of f with respect to x.

We write the time-one map ϕ(1, ω, x) as ϕ(ω, x) := ϕ(1, ω, x) = A(ω)x + F (ω, x) where A(ω) = Φ(1, ω) ∈ Gl(d, R), and F (ω, x) = f(1, ω, x). Note that F (ω, 0) = 0 and DF (ω, 0) = 0. Let {x_n} be an orbit of ϕ(n, ω, x) with initial point x_0, i. e., x_n = ϕ(n, ω, x_0). Then, {x_n} satisfies the equation x_{n+1} = A(θ^nω)x_n + F (θ^nω, x_n).

Conversely, a solution of the above equation is also an orbit of ϕ(n, ω, x_0).

The next concept is of fundamental importance in the study of random dynamical systems. Definition 2.3. (i) A random variable R : Ω → (0, ∞) is called tempered with respect to a metric dynamical system θ^n if lim t→±∞ 1 n log R(θ^nω) = 0 P − a.s.

(ii) R : Ω → [0, ∞) is called tempered from above if lim n→±∞ 1 n log^+ R(θ^nω) = 0 P − a.s.

(iii) R : Ω → (0, ∞) is called tempered from below if 1/R is tempered from above.

The following theorem is the Multiplicative Ergodic Theorem from [1], pages 134 and 153. Theorem 2.4. (Multiplicative Ergodic Theorem) Let Φ be a linear random dynamical system with two-side time over the metric dynamical system (Ω, F, P, θ^n). Let

Φ(n, ω) =

A(θ^{n−1}ω) · · · A(ω), n > 0 I, n = 0 A^{−1}(θ^nω) · · · A^{−1}(θ^{−1}), n < 0 be generated by A : Ω → Gl(d, R) and assume log^+ ||A(·)|| ∈ L^1(Ω, F, P) and log^+ ||A^{−1}(·)|| ∈ L^1(Ω, F, P).

Then there exists an invariant subset Ω̃ ⊂ Ω of full measure such that for each ω ∈ Ω̃ (i) The limit lim_{n→∞} ( Φ(n, ω)^∗Φ(n, ω)

)_{1/2n}

=: Ψ(ω) > 0 exists;

(ii) Let e^{λp(ω)(ω)} < · · · < e^{λ1(ω)} be the different eigenvalues of Ψ(ω) and let U_{p(ω)}(ω), · · · , U_1(ω) be the corresponding eigenspaces with multiplicities d_i(ω) := dim U_i(ω). Then p(θω) = p(ω) λ_i(θω) = λ_i(ω) for all i ∈ {1, · · · , p(ω)}, d_i(θω) = d_i(ω) for all i ∈ {1, · · · , p(ω)}, R^d = U_1(ω) ⊕ · · · ⊕ U_{p(ω)}.

(iii) If (Ω, F, P, θ^n) is ergodic, then the functions p(ω), λ_i(ω), and d_i(ω) are constant on Ω̃; (iv) For each ω ∈ Ω̃, there exists a splitting R^d = E_1(ω) ⊕ · · · ⊕ E_{p(ω)} of R^d into random subspaces E_i(ω) with dimension d_i(ω). Moreover, if Π_i(ω) : R^d → E_i(ω) denotes the corresponding projection onto E_i(ω), then A(ω)Π_i(ω) = Π_i(θω)A(ω), equivalently A(ω)E_i(ω) = E_i(θω).

(v) We have lim n→±∞ 1 n log ||Φ(n, ω)x|| = λ_i(ω) ⇐⇒ x ∈ E_i(ω) \ {0}.

(vi) Measurability: The functions ω → p(ω) ∈ {1, · · · , d}, ω → λ_i(ω) ∈ R, ω → d_i(ω) ∈ {1, · · · , d}, ω → E_i(ω), and ω → Π_i(ω) are measurable.

Here λ_i(ω) are the so-called Lyapunov exponents and E_i(ω) are the so-called Oseledets spaces. For the remainder of this paper, we will denote Ω̃ by Ω and assume these statements are true for all ω ∈ Ω.

Definition 2.5. A fixed point x = 0 of random dynamical system ϕ(n, ω, x) is called to be hyperbolic if Dϕ(n, ω, 0) = Φ(n, ω) has no zero Lyapunov exponents.

For the remainder of this paper, we assume

Hypothesis A:

(i) ϕ(n, ω, x) is a C^N random dynamical system for 2 ≤ N ≤ ∞ and Φ(n, ω) = Dϕ(n, ω, 0) satisfies the conditions of the Multiplicative Ergodic Theorem;

(ii) x = 0 is a hyperbolic fixed point of ϕ.

Thus, Φ(n, ω) has no zero Lyapunov exponents. We may divide the all Lyapunov exponents into two group based their signs. Let

σ_u(ω) := {λ_i(ω) > 0} and σ_s(ω) := {λ_i(ω) < 0}

and denote E_u(ω) := ⨁ λ_i(ω)∈σ_u(ω)

E_i(ω) and E_s(ω) := ⨁ λ_i(ω)∈σ_s(ω)

E_i(ω).

Then R^d = E_u(ω) ⊕ E_s(ω).

We call E_u(ω) the unstable Oseledets subspace and E_s the stable Oseledets subspace. Let Π_u(ω) and Π_s(ω) be the corresponding projections and let d_u(ω) and d_s(ω) denote the dimensions of E_u(ω) and E_s(ω), respectively. From the Multiplicative Ergodic Theorem 2.4, both d_u(ω) and d_s(ω) are measurable functions from Ω to {1, 2, · · · , d}. Thus, Ω can be decomposed into a union of l disjoint θ-invariant measurable sets: Ω = l⋃ i=1 Ω_i,

where on each Ω_i, d_u(ω) and d_s(ω) = d − d_u(ω) are constant. In the next section, we will build the stable manifold and unstable manifolds over Ω_i. We may patch them together to get dimensionvarying stable and unstable manifolds over the whole Ω. In the case of ergodic metric dynamical system, d_u(ω) and d_s(ω) are constant over Ω.

The next lemma is a consequence of the Multiplicative Ergodic Theorem 2.4 and its proof follows the same lines as Theorem 4.3.4 in [1].

Lemma 2.6. There are random variables α, β : Ω → (0, ∞) and a tempered random variable K(ω) : Ω → [1, ∞) such that α(θω) = α(ω), β(θω) = β(ω) for all ω ∈ Ω, which are constant when θ^n is ergodic, and

||Φ(n, ω)Π_s(ω)|| ≤ K(ω)e^{−β(ω)n} for n ≥ 0 (1) ||Φ(n, ω)Π_u(ω)|| ≤ K(ω)e^{β(ω)n} for n ≤ 0 (2) ||Φ(n, ω)|| ≤ K(ω)e^{α(ω)|n|} for n ∈ Z. (3) Here α(ω) is chosen to be larger than the maximum of the absolute values of all Lyapunov exponents and β(ω) is chosen to be smaller than the absolute values of all Lyapunov exponents. For example, one may choose α(ω) = 2 max{|λ_i(ω)||i = 1, · · · , p(ω)} and β(ω) = 1 2 min{|λ_i(ω)||i = 1, · · · , p(ω)}.

K(ω) can be chosen such that e^{− 1}5^{β(ω)|n|}K(ω) ≤ K(θ^nω) ≤ e^15^{β(ω)|n|}K(ω) which follows from the next lemma. As ω varies, β(ω) may be arbitrarily small and K(ω) may be arbitrarily large. However, along each orbit θ^nω, β(ω) is a constant and K(ω) can increase only at a subexponential rate, which together with conditions (1) and (2) imply that the linear system Φ(n, ω) is nonuniformly hyperbolic in the sense of Pesin.

Lemma 2.7. Let f : Ω → (0, ∞) be tempered and γ : Ω → (0, ∞) be a θ-invariant random variable. Then, there is a tempered random variable R(ω) such that

(i)^1_{R(ω)} ≤ f(ω) ≤ R(ω) (ii) e^{−γ(ω)|n|}R(ω) ≤ R(θ^nω) ≤ e^{γ(ω)|n|}R(ω) This lemma is a consequence of Proposition 4.3.3 ([1], page 187). In fact, letting for k ∈ N Ω̃_k = { ω ∈ Ω | | 1 k ≤ γ(ω) < 1 k − 1 } . then, by Proposition 4.3.3, on each Ω̃_k there is a 1/k-slowly varying random variable R_{1/k}(ω), i.e., e^{− 1}k^{|n|}R_{1/k}(ω) ≤ R_{1/k}(θ^nω) ≤ e^1k^{|n|}R_{1/k}(ω), such that 1 R_{1/k}(ω)

≤ f(ω) ≤ R_{1/k}(ω).

Clearly, e^{−γ(ω)|n|}R_{1/k}(ω) ≤ R_{1/k}(θ^nω) ≤ e^{γ(ω)|n|}R_{1/k}(ω) since 1/k ≤ γ(ω) and γ(θω) = γ(ω). Define a random variable R : Ω → (0, ∞) as R(ω) = R_{1/k}(ω) for ω ∈ Ω̃_k. Then, R(ω) satisfies Lemma (2.7).

The invariant splitting of R^d = E_1(ω) ⊕ · · · ⊕ E_{p(ω)(ω)} gives a random coordinate system with axes E_i(ω). Following Corollary 4.3.12 in [1], one may choose a new coordinate system such that the corresponding Oseledets spaces are deterministic. Lemma 2.8. There is a measurable map P : Ω → Gl(d, R) such that

(1) Φ(n, ω) is conjugate to a block diagonal random dynamical system Ψ(n, ω) by P (ω): P (θ^nω)Φ(n, ω)P^{−1}(ω) = Ψ(n, ω) = diag(Ψ_1(n, ω), · · · , Ψ_p(n, ω)), where Ψ_i(n, ω) are cocycles of size d_i.

(2) The random transformation P preserves the Lyapunov spectrum {(λ_i(ω), d_i(ω)) | 1 ≤ i ≤ p(ω)} and the corresponding Oseledets spaces are given by Ẽ_i(ω) = {0} × · · · × {0} × R^di^{(ω)} × {0} × · · · × {0} ⊂ R^d (3) Both ||P (ω)|| and ||P^{−1}(ω)|| are tempered.

Thus, the unstable and stable Oseledets subspaces for Ψ are given by Ẽ_u(ω) = ⨁ λ_i(ω)∈σ_u(ω)

Ẽ_i(ω) and Ẽ_s(ω) = ⨁ λ_i(ω)∈σ_s(ω)

Ẽ_i(ω) and R^d = Ẽ_u(ω) ⊕ Ẽ_s(ω).

is an orthogonal decomposition. We again use Π_u(ω) and Π_s(ω) denote the corresponding projections.

Lemma 2.8 together with Lemma 2.6 gives Proposition 2.9. There are random variables α, β : Ω → (0, ∞) and a tempered random variable K(ω) : Ω → [1, ∞) such that

(i) α(θω) = α(ω), β(θω) = β(ω) for all ω ∈ Ω, which are constant when θ^n is ergodic, and K(θ^nω) ≤ K(ω)e^15^{β(ω)|n|};

(ii) For any ω ∈ Ω, ||Ψ(n, ω)Π_s(ω)|| ≤ K(ω)e^{−β(ω)n} for n ≥ 0 ||Ψ(n, ω)Π_u(ω)|| ≤ K(ω)e^{β(ω)n} for n ≤ 0 (4) (iii) For each ω ∈ Ω, ||Ψ(n, ω)|| ≤ K(ω)e^{α(ω)|n|}, for all n ∈ Z.

The random linear transformation P (ω) transforms the random dynamical system ϕ(n, ω, x) to ψ(n, ω, x) = P (θ^nω)ϕ(n, ω, P^{−1}(ω)x) = Ψ(n, ω)x + f̃(n, ω, x), where f̃(n, ω, x) = P (θ^nω)f(n, ω, x)P^{−1}(ω).

3. Stable and Unstable Manifolds Lemma 2.6 implies that the random dynamical systems we study are nonuniformly hyperbolic since K(ω) may grow to infinity at a subexponential rate and β(ω) may decrease to zero as ω varies. Thus, the size of stable and unstable manifolds may decrease as ω varies even along an orbit. However, these vary at a subexponential rate. Our proof of the existence of stable and unstable manifolds and the existence of stable and unstable foliations are based on the Lyapunov- Perron’s approach.

By Proposition 2.8, it suffices to consider a random dynamical system of the block diagonal form ϕ(n, ω, x) = Φ(n, ω)x + f(n, ω, x), where Φ(n, ω) is a linear random dynamical system of block diagonal form which can be written as (5) Φ = [ Φ_u 0 0 Φ_s ]

and satisfies Proposition 2.9, f(n, ω, 0) = 0, and Df(n, ω, 0) = 0.

For the nonlinear term f(1, ω, x) we assume that

Hypothesis B: There is a ball, U(ω) = B(0, ρ_0(ω)) = {x ∈ R^d | |x| < ρ_0(ω)}, where ρ_0 : Ω → (0, ∞) is tempered from below, such that sup x∈U(ω)

|D^kf(1, ω, x)| ≤ B̃_k(ω), for all 0 ≤ k ≤ N, ω ∈ Ω,

where B̃_k(ω) are tempered from above. When N = ∞, the above holds for all k ≥ 0. We call such U(ω) a tempered ball and such ϕ(n, ω, x) a local tempered random dynamical system.

In order to construct stable and unstable manifolds, we use the standard cut-off function to modify the nonlinearity f(1, ω, x).

Let σ(s) be a C^∞ function from (−∞, ∞) to [0, 1] with σ(s) = 1 for |s| ≤ 1, σ(s) = 0 for |s| ≥ 2, sup_{s∈R} |σ^′(s)| ≤ 2.

Let ρ : Ω → (0, ∞) be a tempered random variable such that 2ρ(ω) < ρ_0(ω). We consider a modification of f(1, ω, x). Let

F (ω, x) = σ_{ρ(ω)}(|x|)f(1, ω, x), where σ_{ρ(ω)}(|x|) = σ ( |x| ρ(ω) )

with a trivial extension on the outside of U(ω). An elementary calculation gives Lemma 3.1. (i) F (ω, x) = f(1, ω, x), for |x| ≤ ρ(ω);

(ii) ||DF (ω, x)|| ≤ 10B̃_2(ω)ρ(ω) for all ω ∈ Ω and x ∈ R^d;

(iii) sup_{x∈R}d ||D^kF (ω, x)|| ≤ B_k(ω) for 2 ≤ k ≤ N and all ω ∈ Ω. Here B_k(ω) are random variables tempered from above.

We choose ρ(ω) such that

(6) ρ(ω) ≤ min

{ β(ω)

60K(θω)K(ω)B̃_2(ω) , 1 20K(θω)e^{α(ω)}B̃_2(ω) } . The choice of the numbers here is not optimal, but is for the convenience. Clearly, ρ(ω) is tempered from below. By the choice of ρ(ω), we have

(7) ||DF (ω, x)|| ≤ min

{ β(ω) 6K(θω)K(ω) , 1 2K(θω)e^{α(ω)} } . We use B_1(ω) to denote the right hand side of the above inequality. The condition

||DF (ω, x)|| ≤ 1 2K(θω)e^{α(ω)} implies that ψ(ω)x := Φ(1, ω)x + F (ω, x) is a C^N diffeomorphism on R^d. ψ(ω) generates a C^N random dynamical system

ϕ̃(n, ω, x) = ψ(θ^{n−1}ω) ∘ · · · ∘ ψ(ω), n > 0 I, n = 0 ( ψ(θ^nω)

)_{−1}

∘ · · · ∘ ( ψ(θ^{−1}ω)

)_{−1} , n < 0.

We note that for each sequence x_n ∈ B(0, ρ(θ^nω)), x_n = ϕ(n, ω, x_0) if and only if x_n satisfies x_n = ϕ̃(n, ω, x_0). Equivalently, (8) x_{n+1} = Φ(1, θ^nω)x_n + F (θ^nω, x_n).

Thus, for the remainder of this section, we consider equation (8) and use ϕ(n, ω, x) instead of ϕ̃(n, ω, x) to denote the modified random dynamical system.

We first recall that a multifunction M = {M(ω)}_{ω∈Ω} of nonempty closed sets M(ω), ω ∈ Ω, contained in R^d is called a random set if ω → inf_{y∈M(ω)} ||x − y||

is a random variable for any x ∈ R^d.

Definition 3.2. A random set M(ω) is called an invariant set for a random dynamical system ϕ(t, ω, x) if we have ϕ(t, ω, M(ω)) ⊂ M(θ^tω) for t ≥ 0.

We define for the modified random dynamical system ϕ the stable set W^s(ω) = {x_0 ∈ R^d | x_n = ϕ(n, ω, x_0) → 0, as n → +∞} and the unstable set W^u(ω) = {x_0 ∈ R^d | x_n = ϕ(n, ω, x_0) → 0, as n → −∞}.

Clearly, both W^s(ω) and W^u(ω) are invariant for the random dynamical system ϕ(n, ω, x).

Let γ : Ω → (0, ∞) be a random variable with γ(θω) = γ(ω). We define the following Banach spaces C^−_{γ(ω)} = { x = {x_n}_{n≤0} | x_n ∈ R^d, sup_{n≤0} |x_n|e^{−γ(ω)n} < ∞ } with the norm |x|_C−_{γ(ω)} = sup_{n≤0} |x_n|e^{−γ(ω)n} and C^+_{γ(ω)} = { x = {x_n}_{n≥0} | x_n ∈ R^d, sup_{n≥0} |x_n|e^{γ(ω)n} < ∞ } with the norm |x|_C−_{γ(ω)} = sup_{n≥0} |x_n|e^{γ(ω)n}.

As we mentioned in Section 2, Ω may be decomposed into a union of l disjoint θ-invariant measurable sets: Ω = l⋃ i Ω_i,

where on each Ω_i, d_u(ω) and d_s(ω) = d − d_u(ω) are constant. Thus, on Ω_i R^d has an invariant splitting R^d = E_u ⊕ E_s with the unstable and stable Oseledets spaces of independent of ω. For each x ∈ R^d, we may write it as x = x^u + x^s, for some x^u ∈ E_u, x^s ∈ E_s.

Our construction of the stable and unstable manifolds and the smooth conjugacy will be carried out over Ω_i. Patching them together gives the conjugacy over Ω. When θ^n is ergodic, d_u(ω) and d_s(ω) = d − d_u(ω) are constant over Ω. For simplicity, we will use Ω to denote Ω_i. Theorem 3.3. (Unstable Manifold Theorem) Assume that Hypotheses A and B hold. Then, the unstable set W^u(ω) is a C^N manifold given by W^u(ω) = { η + h^u(η, ω) | η ∈ E_u } where h^u : E_u × Ω → E_s satisfies

(i) h^u(η, ω) is measurable in (η, ω) and is C^N in η with Lip h^u(·, ω) < 1, h^u(0, ω) = 0, Dh^u(0, ω) = 0.

(ii) |D^ih^u(η, ω)| ≤ K_i(ω) for each 0 ≤ i ≤ N when N < ∞ and for all i ≥ 0 when N = ∞, where K_i(ω) are random variables tempered from above.

(iii) W^u_{loc}(ω) = {x ∈ W^u(ω) | x ∈ B(0, ρ(ω))} is a local unstable manifold for the original system.

Moreover, for each x_0 ∈ W^u(ω), the orbit x = {x_n}_{n≤0} of ϕ with the initial point x_0 satisfies x ∈ C^−_{β/5}, which means that x_n → 0 exponentially as n → −∞.

The proof of this theorem is based on the following lemma and proposition. Let {x_n}_{n≤0} be an orbit of ϕ(n, ω, x). Then for each k < n, using equation (8) and induction, {x_n}_{n≤0} satisfies the discrete variation of constant formula (9) x_n = Φ(n − k, θ^kω)x_k + n−1∑ i=k Φ(n − 1 − i, θ^{i+1}ω)F (θ^iω, x_i).

Lemma 3.4. Let γ(ω) be a random variable such that 0 ≤ γ(ω) ≤ β(ω)/5 and γ(θω) = γ(ω). Then x = {x_n}_{n≤0} ∈ C^−_{γ(ω)} is an orbit of ϕ(n, ω, x) if and only if {x_n}_{n≤0} ∈ C^−_{γ(ω)} and satisfies the following equations x_n = Φ_u(n, ω)x^u_0 − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)F_u(θ^iω, x_i)

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω)F_s(θ^iω, x_i), for n ≤ −1;

x_0 = x^u_0 + −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω)F_s(θ^iω, x_i),

(10)

where Φ_u = Φ|_{Eu} , Φ_s = Φ|_{Es} , F_u = Π_uF , and F_s = Π_sF .

Proof. Consider x = {x_n}_{n≤0} ∈ C^−_{γ(ω)}. Suppose that {x_n}_{n≤0} is an orbit of ϕ(n, ω, x). Then, by equation (9), we have x_n = Φ(n − k, θ^kω)x_k + n−1∑ i=k Φ(n − 1 − i, θ^{i+1}ω)F (θ^iω, x_i).

Letting n = 0 and using the fact Φ(−k, θ^kω) = Φ^{−1}(k, ω), we have for k ≤ −1. x_k = Φ(k, ω)x_0 − −1∑ i=k Φ(k − 1 − i, θ^{i+1}ω)F (θ^iω, x_i).

Switching index k back to n gives x_n = Φ(n, ω)x_0 − −1∑ i=n Φ(n − 1 − i, θ^{i+1}ω)F (θ^iω, x_i).

Its unstable component satisfies (11) x^u_n = Φ(n, ω)x^u_0 − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)F_u(θ^iω, x_i).

Applying the stable projection Π_s to equation (9) gives (12) x^s_n = Φ_s(n − k, θ^kω)x^s_k + n−1∑ i=k Φ_s(n − 1 − i, θ^{i+1}ω)F_s(θ^iω, x_i).

Since {x_k}_{k≤0} ∈ C^−_{γ(ω)}, using Proposition 2.9, we have

|Φ_s(n − k, θ^kω)x^s_k| ≤ K(θ^kω)e^{−β(ω)(n−k)}e^{γ(ω)k}|x|_C−_γ → 0, as k → −∞, where the fact that K(ω) is tempered is used. Thus, letting k → −∞ in equation (12), we obtain

(13) x^s_n = n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω)F_s(θ^iω, x_i).

Adding equation (11) to equation (13), we get equation (10). The converse follows from a straightforward computation. This completes the proof. □

Proposition 3.5. Assume that Hypotheses A and B hold. Then for each random variable γ(ω) ∈ [0, β(ω)/5] with γ(θω) = γ(ω), equation (10) has a unique solution x(η, ω) = {x_n(η, ω)} ∈ C^−_{γ(ω)} with x^u_0 = η for each η ∈ E_u. Furthermore,

(i) The solution x(η, ω) is independent of γ(ω) ∈ [0, β(ω)/5]; (ii) x(η, ω) is B(E_u) ⊗ F_i measurable;

(iii) For each ω ∈ Ω, x(·, ω) is C^N from E_u to C^−_{β(ω)/(5+2N)}, x(0, ω) = 0, and Dx(0, ω) = 0; (iv) There are random variables tempered from above K_i(ω), 1 ≤ i ≤ N when N < ∞ and i ≥ 1 when N = ∞, such that ||D^ix(η, ω)|| ≤ K_i(ω).

Proof. We prove this proposition in three steps. Step 1. The Existence of a Lipschitz Continuous Solution.

Let γ(ω) be a random variable such that 0 ≤ γ(ω) ≤ β(ω)/5 and γ(θω) = γ(ω). Let η ∈ E_u. For each x = {x_n}_{n≤0} ∈ C^−_{γ(ω)} with x^u_0 = η, we define a map y = {y_n}_{n≤0} = J^u(x, η, ω) by

y_n = Φ_u(n, ω)η − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)F_u(θ^iω, x_i)

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω)F_s(θ^iω, x_i), for n ≤ −1;

y_0 = η + −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω)F_s(θ^iω, x_i).

We first show that J^u(·, η, ω) maps C^−_{γ(ω)} into C^−_{γ(ω)}. For each x ∈ C^−_{γ(ω)}, using (7) and Proposition 2.9, we have for n ≤ −1

e^{−γ(ω)n}|y_n| ≤ K(ω)e^{(β(ω)−γ(ω))n}|η| + 1 6 ( β(ω) β(ω) − γ(ω) + β(ω) β(ω) + γ(ω) ) |x|_C−_{γ(ω)} and |y_0| ≤ |η| + 1 6 β(ω) β(ω) + γ(ω)

|x|_C−_{γ(ω)}

which implies that

|J^u(x, η, ω)|_C−_{γ(ω)} ≤ K(ω)|η| + 1 6 ( β(ω) β(ω) − γ(ω) + β(ω) β(ω) + γ(ω) ) |x|_C−_{γ(ω)} .

Next, we show that J^u(x, η, ω) is a uniform contraction in x with respect to η. For each x, x̄ ∈ C^−_{γ(ω)}, we have

|J^u(x, η, ω) − J (x̃, η, ω)|_C−_{γ(ω)} ≤ 1 6 ( β(ω) β(ω) − γ(ω) + β(ω) β(ω) + γ(ω) ) |x − x̃|_C−_{γ(ω)} ≤ 9 24 |x − x̃|_C−_{γ(ω)}

(14)

Hence, J^u(x, η, ω) is a contraction in x uniformly in (η, ω). By the contraction principle, for each η ∈ E_u, J^u(·, η, ω) has a unique fixed point x(η, ω) ∈ C^−_{γ(ω)}, which satisfies equation (10). Clearly, x(0, ω) = 0. Since C^−_{γ2(ω)} ⊂ C^−_{γ1(ω)} for any 0 ≤ γ_1(ω) ≤ γ_2(ω), a fixed point in C^−_{γ2(ω)} must be in C^−_{γ1(ω)}. By the uniqueness, x(η, ω) is independent of γ(ω) ∈ [0, β(γ)/5]. Furthermore, we have for η, η_0 ∈ E^u that

(15) |x(η, ω) − x(η_0, ω)|_C−_{β(ω)/5} ≤ 24 15 K(ω)|η − η_0|.

Since x(η, ω) is the ω-wise limit of iteration of contraction mapping J^u starting at 0 and J^u maps a F-measurable function to a measurable function, x(η, ·) is F-measurable. On the other hand, since x(·, ω) is Lipschitz continuous, by Castaing and Valadier [9], Lemma III.14, x(η, ω) is measurable with respect to (η, ω). Step 2. x(·, ω) is C^1.

In order to show that x(η, ω) is C^N , we show by induction that x(·, ω) is C^i for any 1 ≤ i ≤ N from E_u to C^−_{β(ω)/(5+2i)}. In this step, we show that x(·, ω) is C^1 from E_u to C^−_{β(ω)/7}. We first show that x(·, ω) is differentiable from E_u to C^−_{β(ω)/6}. Then, we prove that Dx(·, ω) : E_u → L(E_u, C^−_{β(ω)/7}) is continuous, where L(E_u, C^−_{β(ω)/7}) is the space of all bounded linear operators from E_u to C^−_{β(ω)/7}.

For each η ∈ E_u, we define a linear operator G : C^−_{β(ω)/6} → C^−_{β(ω)/6} by ( Gv ) n = − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)DF_u(θ^iω, x_i(η_0, ω))v_i

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω)DF_s(θ^iω, x_i(η_0, ω))v_i, for n ≤ −1; ( Gv ) 0 = −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω)DF_s(θ^iω, x_i(η_0, ω))v_i,

(16)

where v = {v_n}_{n≤0} ∈ C^−_{β(ω)/6} and define a bounded linear operator S from E_u to C^−_{β(ω)/6} by S(η) = {S_n(η)}_{n≥0}, where S_n(η) = Φ(n, ω)η.

Then, G is a bounded linear operator from C^−_{β(ω)/6} into itself and its norm is bounded

||G|| ≤ 12 35 , which implies that (Id − G) has a bounded inverse in C^−_{β(ω)/6}. For η, η_0 ∈ E_u, we set

I_n = − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω) ( F_u(θ^iω, x_i(η, ω)) − F_u(θ^iω, x_i(η_0, ω))

− DF_u(θ^iω, x_i) ( x_i(η, ω) − x_i(η_0, ω) ))

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω) ( F_u(θ^iω, x_i(η, ω)) − F_u(θ^iω, x_i(η_0, ω))

− DF_u(θ^iω, x_i(η_0, ω)) ( x_i(η, ω) − x_i(η_0, ω) )) , for n ≤ −1

I_0 = −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω) ( F_u(θ^iω, x_i(η, ω)) − F_u(θ^iω, x_i(η_0, ω))

− DF_u(θ^iω, x_i(η_0, ω)) ( x_i(η, ω) − x_i(η_0, ω) )) . We claim that |I|_C−_{β(ω)/6} = o(|η − η_0|) as η → η_0. Using this claim, we obtain

x(η, ω) − x(η_0, ω) − G ( x(η, ω) − x(η_0, ω) ) = S(η − η_0) + I = S(η − η_0) + o(|η − η_0|), as η → η_0,

(17)

which yields x(η, ω) − x(η_0, ω) = (Id − G)^{−1}S(η − η_0) + o(|η − η_0|).

Hence, x(η, ω) is differentiable in η and its derivative satisfies Dx(η, ω) ∈ L(E_u, C^−_{β(ω)/6}) and Dx_n(η, ω) = Φ_u(n, ω) − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)DF_u(θ^iω, x_i(η, ω))Dx_i(η, ω)

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω)DF_s(θ^iω, x_i(η, ω))Dx_i(η, ω), for n ≤ −1; Dx_0(η, ω) = Id + −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω)DF_s(θ^iω, x_i(η, ω))Dx_i(η, ω).

(18)

Furthermore, ||Dx(η, ω)||_{L(Eu,C}−_{β(ω)/6)} ≤ 35 23 K(ω) which yields that ||Dx(η, ω)||_{L(Eu,C}−_{β(ω)/6)} is tempered from above. The fact ||G|| ≤^{12}_{35} implies that Dx(η, ω) is the unique solution of (18). Thus, Dx(0, ω) = 0 since DF (ω, 0) = 0 and x(0, ω) = 0.

We now prove that |I|_C−_{β(ω)/6} = o(|η − η_0|) as η → η_0. In order to estimate I, we introduce the following summations. Let N^∗ be a negative integer to be chosen later and let

I^u_1 = e^{− β6 n} { − N^∗∑

i=n Φ_u(n − 1 − i, θ^{i+1}ω) ( F_u(θ^iω, x_i(η, ω)) − F_u(θ^iω, x_i(η_0, ω))

− DF_u(θ^iω, x_i(η_0, ω)) ( x_i(η, ω) − x_i(η_0, ω) ))} for n ≤ N^∗ and I^u_1 = 0 for N^∗ < n ≤ 0;

I^u_2 = e^{− β6 n} { − −1∑ i=N^∗+1

Φ_u(n − 1 − i, θ^{i+1}ω) ( F_u(θ^iω, x_i(η, ω)) − F_u(θ^iω, x_i(η_0, ω))

− DF_u(θ^iω, x_i(η_0, ω)) ( x_i(η, ω) − x_i(η_0, ω) ))} . Let Ñ be another negative number to be chosen later. For Ñ < n ≤ 0, we set

I^s_1 = e^{− β6 n}

{^{n−1}∑

i=Ñ+1

Φ_s(n − 1 − i, θ^{i+1}ω) ( F_s(θ^iω, x_i(η, ω)) − F_s(θ^iω, x_i(η_0, ω))

− DF_s(θ^iω, x_i(η_0, ω)) ( x_i(η, ω) − x_i(η_0, ω) ))} ;

I^s_2 = e^{− β6 n}

{^Ñ∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω) ( F_s(θ^iω, x_i(η, ω)) − F_s(θ^iω, x_i(η_0, ω))

− DF_s(θ^iω, x_i(η_0, ω)) ( x_i(η, ω) − x_i(η_0, ω) ))} . For n ≤ Ñ, we set

I^s_3 = e^{− β6 n}

{^{n−1}∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω) ( F_s(θ^iω, x_i(η, ω)) − F_s(θ^iω, x_i(η_0, ω))

− DF_s(θ^iω, x_i(η_0, ω)) ( x_i(η, ω) − x_i(η_0, ω) ))} . It is sufficient to show that for any ϵ > 0, there is a δ > 0 such that if |η − η_0| ≤ δ, then |I|_C−_{β(ω)/6} ≤ ϵ|η − η_0|. Note that

|I|_C−_{β(ω)/6} ≤ sup_{n≤0} |I^u_1 | + sup_{n≤0} |I^u_2 | + sup_~

N<n≤0

|I^s_1 | + sup_~

N<n≤0

|I^s_2 | + sup

n≤Ñ

|I^s_3 |.

For I^u_1 , we have

sup_{n≤0} |I^u_1 | ≤ 5 12 e^{β30 N ∗} |x(η, ω) − x(η_0, ω)|_C−_{β/5} ≤ 2 3 K(ω)e^{β30 N ∗} |η − η_0|.

Choose a negative integer N^∗ large enough that 2 3 K(ω)e^{β30 N ∗} ≤ 1 4 ϵ. Then, for such N^∗ we have that sup_{n≤0} I^u_1 ≤ 1 4 ϵ.

Fix such N^∗, for I^u_2 we have that for each n ≤ 0

|I^u_2 | ≤ −1∑ i=N^∗+1

K(θ^{i+1}ω) ( e^{(α(ω)+ β(ω)6 )(|N ∗|+1+|i|)} + e^{−i 5β6} ) { | ∫_1 0 ( DF_u(θ^iω, τx_i(η, ω) + (1 − τ)x_i(η_0, ω))

− DF_u(θ^iω, x_i(η_0, ω)) ) d τ } |x_i(η, ω) − x_i(η_0, ω)|_C−_{β/6} .

Since the above summation contains only −N^∗ − 1 terms and DF is continuous in x, using (15), there is δ_1 > 0 such that if |η − η_1| ≤ δ_1, then

|I^u_2 | ≤ 1 4 ϵ|η − η_1|, for all n ≤ 0.

Therefore, if |η − η_1| ≤ δ_1, then

sup_{n≤0} I^u_1 + sup_{n≤0} I^u_2 ≤ 1 2 ϵ|η − η_1|.

Similarly, by choosing Ñ < 0 to be sufficiently large, we have

sup Ñ<n≤0

I^s_2 + sup

n≤Ñ

I^s_3 ≤ 1 4 ϵ|η − η_1|.

For the fixed Ñ, as we did for I^u_2 , there exists δ_2 > 0 such that if |η − η_1| ≤ δ_2, then

sup Ñ<n≤0

I^s_1 ≤ 1 4 ϵ|η − η_1|.

Taking δ = min{δ_1, δ_2}, we have that if |η − η_1| ≤ δ, then

|I|_C−_{β(ω)/6} ≤ ϵ|η − η_0|.

Therefore, |I|_C−_{β(ω)/6} = o(|η − η_0|) as η → η_0. We now prove that Dx(·, ω) is continuous from E_u to L(E_u, C^−_{β/7}). For η, η_0 ∈ E_u, using (18), we have Dx_n(η, ω) − Dx_n(η_0, ω) = − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω) ( DF_u(θ^iω, x_i(η, ω))Dx_i(η, ω)

− DF_u(θ^iω, x_i(η_0, ω))Dx_i(η_0, ω) )

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω) ( DF_u(θ^iω, x_i(η, ω))Dx_i(η, ω)

− DF_u(θ^iω, x_i(η_0, ω))Dx_i(η_0, ω) ) , for n ≤ −1;

Dx_0(η, ω) − Dx_0(η, ω) = −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω) ( DF_u(θ^iω, x_i(η, ω))Dx_i(η, ω)

− DF_u(θ^iω, x_i(η_0, ω))Dx_i(η_0, ω) ) . Let Ī_n = − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω) ( DF_u(θ^iω, x_i(η, ω)) − DF_u(θ^iω, x_i(η_0, ω) ) Dx_i(η_0, ω)

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω) ( DF_u(θ^iω, x_i(η, ω)) − DF_u(θ^iω, x_i(η_0, ω) ) Dx_i(η_0, ω) Ī_0 = −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω) ( DF_u(θ^iω, x_i(η, ω)) − DF_u(θ^iω, x_i(η_0, ω) ) Dx_i(η_0, ω).

Using the same argument we used for proving |I|_C−_{β(ω)/6} = o(|η − η_0|) as η → η_0, we have that |Ī|_{L(Eu,C}−_{β/7)} = o(1) as η → η_0. Hence,

|Dx(η, ω) − Dx(η_0, ω)|_{L(Eu,C}−_{β/7)} ≤ 144 95 |Ī|_{L(Eu,C}−_{β/7)} → 0 as η → η_0 Therefore, Dx(·, ω) is continuous from E_u to C^−_{β/7}. Step 3. x(η, ω) is C^N .

Letting 2 ≤ m ≤ N, by the induction hypothesis, we have that x(·, ω) is C^j from E_u to C^−_{β/(5+2j)} for all 1 ≤ j ≤ m − 1, and there are random variables K_j (ω) tempered from above such that (19) ||D^jx(η, ω)||_{Lj (Eu,C}−_{β/(5+2j))} ≤ K_j(ω),

(20) ||D^jx(η, ω) − D^jx(η_0, ω)||_{Lj (Eu,C}−_{β/(5+2j))} ≤ K_j(ω)|η − η_0|.

Here L^j(E_u, C^−_{β/(5+2j)}) is the usual space of bounded j linear forms. In the case there is no confusion, we simply use || · || denote the operator norm. We want to show that x(·, ω) is C^m from E_u to C^−_{β/(5+2m)} and D^mx(·, ω) is Lipschitz continuous from E_u to L^m(E_u, C^−_{β/(5+2m)}) if m < N. Note that D^{m−1}x(·, ω) satisfies the following equation

D^{m−1}x_n(η, ω) = − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)DF_u(θ^iω, x_i(η, ω))D^{m−1}x_i(η, ω)

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω)DF_s(θ^iω, x_i(η, ω))D^{m−1}x_i(η, ω)

− −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)R^u_{m−1,i}(η, ω)

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω)R^s_{m−1,i}(η, ω), for n ≤ −1;

D^{m−1}x_0(η, ω) = −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω)DF_s(θ^iω, x_i(η, ω))D^{m−1}x_i(η, ω)

+ −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω)R^s_{m−1,i}(η, ω)

(21)

where

R^τ_{m−1,i}(η, ω) = m−3∑ l=0 ( m − 2 l ) D^{m−2−l} η ( D_xF_τ (θ^iω, x_i(η, ω)) ) D^{l+1}x_i(η, ω),

for τ = u, s. We note that after applying the chain rule to

D^{m−2−l} η ( D_xF_τ (θ^iω, x_i(η, ω)) ) , each term in R^τ_{m−1,i}(η, ω) contains factors: D^{l1}_x F_τ (θ^iω, x_i(η, ω)) for some 2 ≤ l_1 ≤ m−1 and at least two derivatives D^{l2}_η x_i(η, ω)) and D^{l3}_η x_i(η, ω)) for some l_2, l_2 ∈ {1, · · · , m − 2}. Since D^l_ηx(η, ω) ∈ C^−_{β/(5+2l)} for l = 1, · · · , m − 1 and F is C^N , R^u_{m−1,i}(·, ω) : E_u → L^{m−1} ( E_u, E_u ) and R^s_{m−1,i}(·, ω) :

E_u → L^{m−1} ( E_u, E_s ) are C^1. Furthermore, using (19), we have for τ = u, s

||D_ηR^τ_{m−1,i}(η, ω)|| ≤ B̃_m(θ^iω)K̃_m(ω)e^{25+2(m−1) β(ω)i}

where B̃_m(ω) = max_{1≤i≤m} B_i(ω) and K̃_m(ω) is m-th order polynomial of K_1(ω), · · · , K_{m−1}(ω) with positive integer coefficients, which are tempered from above. If m < N, we have that for τ = u, s

||D_ηR^τ_{m−1,i}(η, ω) − D_ηR^τ_{m−1,i}(η_0, ω)|| ≤ B̃_{m+1}(θ^iω)K̃_{m+1}(ω)e^{25+2(m−1) β(ω)i}.

Set J(η, ω) = {J_n(η, ω)}_{n≤0} with

J_n(η, ω) = − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)R^u_{m−1,i}(η, ω)

(22)

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω)R^u_{m−1,i}(η, ω), for n ≤ −1,

(23)

J_0(η, ω) = −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω)R^s_{m−1,i}(η, ω).

(24)

Note that for n ≤ i ≤ −1 ||Φ_u(n − 1 − i, θ^{i+1}ω)D_ηR^u_{m−1,i}(η, ω)||

≤ K(θ^{i+1})B̃_{m+1}(θ^iω)K̃_{m+1}(ω)e^{β(ω)(n−1−i)}e^{2β(ω)5+2(m−1) i} = ( K(θ^{i+1}ω)B̃_{m+1}(θ^iω)e^{β(ω)5+2(m−1) i} ) K̃_{m+1}(ω)e^{β(ω)(n−1−i)}e^{β(ω)}5+2(m−1)^{β(ω)i},

(25)

here ( K(θ^{i+1})B̃_{m+1}(θ^iω)}e^{15+2(m−1) β(ω)i} ) is bounded by a tempered from above random variable K^∗(ω) independent of i. Similarly, for i ≤ n − 1 ||Φ_s(n − 1 − i, θ^{i+1}ω)D_ηR^s_{m−1,i}(η, ω)||

≤ K^∗(ω)K̃_{m+1}(ω)e^{−β(ω)(n−1−i)}e^{15+2(m−1) β(ω)i}.

(26)

Estimates (25) and (26) yield that J_n(η, ω) is C^1 for all n ≤ 0. We consider a linear operator G from L^{m−1}(E_u, C^−_{β(ω)/(5+2m−1)}) into itself that is given by (16) with v ∈ L^{m−1}(E_u, C^−_{β(ω)/(5+2m−1)}) and set I^m = {I^m_n }_{n≤0} with

I^m_n = − −1∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω) ( F_u(θ^iω, x_i(η, ω)) − F_u(θ^iω, x_i(η_0, ω)) ) D^{m−1}x_i(η, ω)

+ n−1∑

i=−∞

Φ_s(n − 1 − i, θ^{i+1}ω) ( F_u(θ^iω, x_i(η, ω)) − F_u(θ^iω, x_i(η_0, ω)) ) D^{m−1}x_i(η, ω)

I^m_0 = −1∑ −∞ Φ_s(−1 − i, θ^{i+1}ω) ( F_u(θ^iω, x_i(η, ω)) − F_u(θ^iω, x_i(η_0, ω)) ) D^{m−1}x_i(η, ω).

Then, equation (21) is equivalent to ( D^{m−1}x(η, ω) − D^{m−1}x(η, ω) ) − G ( D^{m−1}x(η, ω) − D^{m−1}x(η, ω) ) = J(η, ω) − J(η_0, ω) + I^m.

(27)

Since ||G||_{Lm−1(Eu,C}−_{β(ω)/(5+2(m−1)+1))} ≤

(5 + 2m − 1)^2 3(5 + 2m − 2)(5 + 2m) < 2 3 , the bounded linear operator (Id − G) has a bounded inverse in L^{m−1}(E_u, C^−_{β(ω)/(5+2m−1)}).

Thus, ( D^{m−1}x(η, ω) − D^{m−1}x(η, ω) ) = ( Id − G

)_{−1}

DJ(η_0, ω)(η − η_0) + ( Id − G )_{−1}{( J(η, ω) − J(η_0, ω) − DJ(η_0, ω)(η − η_0) ) + I^m } . (28)

Using the same argument that we used to show that |I|_C−_{β(ω)/6} = o(|η − η_0|) as η → η_0, we have ||( J(η, ω) − J(η_0, ω) − DJ(η_0, ω)(η − η_0) ) + I^m || L^{m−1}(E_u,C^−_{β(ω)/(5+2m−1)})

= o(|η − η_0), as η → η_0, which implies that D^mx(η, ω) exists and D^mx(η, ω) ∈ L^m(E_u, C^−_{β(ω)/(5+2m−1)}).

Furthermore, D^mx(·, ω) : E_u → L^m(E_u, C^−_{β(ω)/(5+2m)}) is continuous and (19) holds form j = m and (20) hold for m < N. This completes the proof. □ Proof of Theorem 3.3: We define h^u : E_u × Ω → E_s by

h^u(η, ω) = x^s_0(η, ω) = −1∑ i=−∞

Φ_s(−1 − i, θ^{i+1}ω)F_s(θ^iω, x_i(η, ω)).

By Lemma 3.4 and Proposition 3.5 (i), we see that W^u(ω) = {x_0(η, ω) | η ∈ E_u} = {η + h^u(η, ω) | η ∈ E_u}.

(ii) and (iii) in Proposition 3.5 imply that (i) and (ii) in Theorem 3.3 hold except of the estimate of the Lipschitz constant of h^u. For each η, η_0 ∈ E_u, we have |h^u(η, ω) − h^u(η_0, ω)| ≤ −1∑ i=−∞

e^{−β(ω)(−1−i)}K(θ^{i+1})B_1(θ^iω) (24 15 K(θ)e^{β(ω)5 i}|η − η_0| )

≤ 24 15 −1∑ i=−∞

e^{−β(ω)(−1−i)}K(θ^{i+1})B_1(θ^iω)K(θ^iω)|η − η_0| ≤ 4 15 |η − η_0|

here (15) and the fact K(ω) ≤ K(θ^iω)e^{β(ω)}5^{|i|} and (7) are used in the above estimates. (iii) in the theorem is obvious.

Finally, for each x_0 ∈ W^u(ω), since there exists η ∈ E_u such that x_0 = η+h^u(η, ω), by Proposition 3.5, the orbit x = {x_n}_{n≤0} = x(η, ω). Hence, x ∈ C^−_{β/5},

which means that x_n → 0 exponentially as n → −∞.

In order to see that W^u(ω) is a random set we need to show that for each x ∈ R^d

(29) ω → inf_{y∈Rd} |x − (y^u + h^u(y^u, ω))|

is measurable, see Castaing and Valadier [9], Theorem III.9. Let Q be the set of all rational points in R^d. Then the right hand side of (29) is equal to

(30) inf_{y∈Q} |x − (y^u + h^s(y^u, ω))|

which follows immediately by the continuity of h^u(·, ω). The measurability of an expression under the infimum of (29) follows since ω → h^u(y^u, ω) is measurable for any y ∈ R^d. This completes the proof of the theorem. □

Theorem 3.6. (Stable Manifold Theorem) Assume that Hypotheses A and B hold. Then, the stable set W^s(ω) is a C^N manifold given by

W^s(ω) = { ξ + h^s(ξ, ω) | ξ ∈ E_s } where h^s : E_s × Ω → E_u satisfies

(i) h^s(ξ, ω) is measurable in (ξ, ω) and is C^N in ξ with

Lip h^s(·, ω) < 1, h^s(0, ω) = 0, Dh^s(0, ω) = 0.

(ii) |D^ih^s(ξ, ω)| ≤ K_i(ω) for each 0 ≤ i ≤ N when N < ∞ and for all i ≥ 0 when N = ∞, where K_i(ω) are random variables tempered from above.

(iii) W^s_{loc}(ω) = {x ∈ W^s(ω) | x ∈ B(0, ρ(ω))} is a local unstable manifold for the original system. Moreover, for each x_0 ∈ W^s(ω), the orbit x = {x_n}_{n≥0} of ϕ with the initial point x_0 satisfies

x ∈ C^+_{β/5},

which means that x_n → 0 exponentially as n → ∞.

There are two ways to prove this theorem. The first approach is considering the inverse of the random dynamical system ϕ and applying the unstable manifold theorem to the inverse. The unstable manifold of the inverse is the stable manifold of ϕ. The key here is to find a new tempered neighborhood of 0 such that all derivatives of the nonlinearity of the inverse under consideration are bounded by random variables tempered from above. Then, use a cut-off function to modify the nonlinearity such that the properties in Lemma 3.1 and (7) hold. The second approach is proving it like the unstable manifold.

Generally, a few modifications are needed to adapt the proofs presented for the unstable manifolds to the case of stable manifold. The most significant differences are the difference equation and the associated function space. We shall outline the proofs and leave the details to the interested reader.

Corresponding to space C^−_{γ(ω)}, we consider space C^+_{γ(ω)} and the stable set

W^s(ω) = {x_0 ∈ R^d | x_n = ϕ(n, ω, x_0) → 0, as n → +∞}

which is invariant. In order to show that W^s(ω) is given by the graph of a C^N (or Lipschitz) function, one needs to prove for each 0 ≤ γ(ω) ≤ β(ω)/5, x = {x_n}_{n≥0} ∈ C^+_{γ(ω)} is an orbit of ϕ(n, ω, x) if and only if {x_n}_{n≥0} ∈ C^+_{γ(ω)} and satisfies the following equations

x_n = Φ_s(n, ω)x^s_0 + n−1∑ i=0 Φ_s(n − 1 − i, θ^{i+1}ω)F_s(θ^iω, x_i)

− ∞∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω)F_u(θ^iω, x_i), for n ≥ 1,

x_0 = x^s_0 − ∞∑ i=0 Φ_u(−1 − i, θ^{i+1}ω)F_u(θ^iω, x_i).

(31)

The next step is to show that for any given ξ ∈ E_s, equation (31) with x^s_0 = ξ has a unique solution in C^+_{γ(ω)}. To see this, letting J^s_n (x, η, ω) denote the right hand side of equation (31), one may show that J^s(x, η, ω) = {J_n(x, η, ω)}_{n≥0} is a unform contraction. Hence, by the uniform contraction mapping principle, we have that for each ξ ∈ E_s, the mapping J^s(·, ξ, ω) has a unique fixed point x(ξ, ω) ∈ C^+_{β(ω)/5} and x(·, ω) is Lipschitz from E_s to C^+_{β(ω)/5}. Thus, x(ξ, ω) ∈ C^+_{β(ω)/5} is a solution of equation (31).

Let h^s(ξ, ω) = x^u_0 (ξ, ω). Then

h^s(ξ, ω) = − ∞∑ i=0 Φ_u(n − 1 − i, θ^{i+1}ω)F (θ^iω, x_i)

and h^s(0, ω) = 0.

Therefore, W^s(ω) = {ξ + h^s(ξ, ω)|ξ ∈ E_s}.

In the same fashion as the case for smoothness of stable manifold, one may show that h^s is C^k and all properties in the theorem hold.

Next, we prove the existence of a stable foliation. Let x = {x_n}_{n≥0} be a positive orbit of ϕ. Define the following set M^s(x_0, ω) = { y_0 | y − x ∈ C^+_{β/5} } , where y = {y_n}_{n≥0} is a positive orbit of ϕ.

Theorem 3.7. Assume that Hypotheses A and B hold. Then there exists a mapping g^s : E_s × R^d × Ω → E_u such that

(i) g^s(ξ, x_0, ω) is measurable in (ξ, x_0, ω) and is Lipschitz continuous in ξ with Lip_ξ g^s < 1.

(ii) M^s(x_0, ω) is the graph of φ_s M^s(x_0, ω) = { x_0 + ξ + φ_s(ξ, x_0, ω) | ξ ∈ E_s } . (iii) W^u(ω) ∩ M^s(x_0, ω) contains a single point x̄_0 and

|x_n − x̄_n| ≤ 24 15 K(ω)|x^s_0 − x̄^s_0|e^{− β(ω)5 n}.

Furthermore, R^d = ∪_{x0∈W} u_{(ω)}M^s(x_0, ω).

Remark: Each leaf M^s(x_0, ω) is in fact a C^N submanifolds and is Hölder continuous in x_0. M^s(0, ω) is the stable manifold W^s(ω).

Proof. Let x = {x_n}_{n≥0} be an orbit of ϕ and x̃ = {x̃_n}_{n≥0} be a sequence and let z = x̃ − x. Then, x̃ is an orbit of ϕ and x̃ − x ∈ C^+_{β/5} if and only if z ∈ C^+_{β/5} and satisfies

z_n = Φ_s(n, ω)ξ + n−1∑ i=0 Φ_s(n − 1 − i, θ^{i+1}ω) ( F_s(θ^iω, z_i + x_i) − F_s(θ^iω, x_i) )

− ∞∑ i=n Φ_u(n − 1 − i, θ^{i+1}ω) ( F_u(θ^iω, z_i + x_i) − F_u(θ^iω, x_i) ) , for n ≥ 1,

z_0 = ξ − ∞∑ i=0 Φ_u(−1 − i, θ^{i+1}ω) ( F_u(θ^iω, z_i + x_i) − F_u(θ^iω, x_i) ) (32)

with ξ = x̃^s_0 − x^s_0. Let J^s_n (z, ξ, x_0, ω) denote the right hand side of the above equation. We first note that J^s : C^+_{β/5} × E_s × R^d × Ω → C^+_{β/5}. Next, for each z, z̄ ∈ C^+_{β/5}, we have

|J^s(z, ξ, x_0, ω) − J^s(z̄, ξ, x_0, ω)|_C+_{β/5} ≤ 9 24 |z − z̄|_C+_{β/5} .

Thus, J^s is a contraction in z uniformly with respect to (ξ, x_0, ω). Therefore, by the uniform contraction principle, J^s has a unique fixed point z(ξ, x_0, ω) ∈ C^+_{β/5} which satisfies equation (32). Furthermore,

(33) |z(ξ, x_0, ω) − z(ξ̃, x_0, ω)|_C+_{β/5} ≤ 24 15 K(ω)|ξ − ξ̃|. Let g^s(ξ, x_0, ω) = z^s_0(ξ, x_0, ω) = − ∞∑ i=0 Φ_u(−1 − i, θ^{i+1}ω) ( F (θ^iω, z_i(ξ, x_0, ω) + x_i) − F (θ^iω, x_i) )

Then, |g^s(ξ, x_0, ω) − g^s(ξ̃, x_0, ω)| ≤ ∞∑ i=0 e^{−β(ω)(i+1)}K(θ^{i+1}ω)B_1(θ^iω)e^{− 15 β(ω)i}|z(ξ, x_0, ω) − z(ξ̃, x_0, ω)|_C+_{β/5}

≤ 24 15 ∞∑ i=0 e^{−β(ω)(i+1)}K(θ^{i+1}ω)B_1(θ^iω)K(θ^i(ω))|ξ − ξ̃| ≤ 4 15 |ξ − ξ̃| and M^s(x_0, ω) = { x_0 + ξ + φ_s(ξ, x_0, ω) | ξ ∈ E_s } . Since Lip_η h^u < 1 and Lip_ξ g^s < 1, g^s(h^u(·, ω) + x^s_0, x_0, ω) is a contraction, which implies that W^u(ω) ∩ M^s(x_0, ω) contains a single point. Other properties follow immediately. This completes the proof. □ Similarly, we have a unstable foliation

Theorem 3.8. Assume that Hypotheses A and B hold. Then there exists a mapping g^u : E_u × R^d × Ω → E_s such that

(i) g^u(η, x_0, ω) is measurable in (η, x_0, ω) and is Lipschitz continuous in η with Lip_η g^u < 1 (ii) M^u(x_0, ω) is the graph of g^u M^u(x_0, ω) = { x_0 + η + g^u(η, x_0, ω) | η ∈ E_u } (iii) W^s(ω) ∩ M^u(x_0, ω) contains a single point x̄_0 and

|x_n − x̄_n| ≤ 24 15 K(ω)|x^u_0 − x̄^u_0 |e^{β(ω)5 n}, for n ≤ 0.

Furthermore, R^d = ∪_{x0∈W} u_{(ω)}M^s(x_0, ω).

4. Smooth Conjugacy

We first give a general theorem (Theorem 4.2) on smooth conjugacy in a jet class. Then, we present the implications of this theorem including a theorem of Sternberg type, a theorem of Chen type, and a theorem on normal forms. An example of normal forms for two dimensional random dynamical system over an ergodic metric dynamical system is also given.

As we mentioned before, the random dynamical systems are of certain nonuniform features. First, the linearized systems at hyperbolic fixed points are nonuniformly hyperbolic as ω varies no matter the metric dynamical system θ^n is ergodic or not. Second, when θ^n is not ergodic, the quantities such the dimensions of stable and unstable spaces may vary as ω changes. In this section, we will encounter two θ-invariant measurable functions with integer values: the dimension of the stable subspace d^s(ω) (Note that the dimension of the unstable subspace is d^u(ω) = d − d^s(ω)) and a conjugacy order function N_0(ω) = N_0(α(ω), β(ω), k). When the metric dynamical system θ^n is ergodic, by the Multiplicative Ergodic Theorem, the dimension of stable subspace d^s(ω) and N_0(ω) are constant, thus the conjugacy enjoys certain uniform properties for all ω ∈ Ω. When the metric dynamical system θ^n is not ergodic, these properties may changes from one part of Ω to another part. Since d^s(ω) takes finitely many values and N_0(ω) takes only countably many values, we may decompose Ω into a union of countably many disjoint θ-invariant measurable sets Ω̃_i, i ∈ N: Ω = ∪_{i≥1}Ω̃_i.

On each Ω̃_i, both d^s(ω) and N(ω) are constant. We solve the conjugacy equation (34) on Ω̃_i for a solution h_i(ω, x), where ω ∈ Ω̃_i, x ∈ U(ω) = a tempered ball. Patching all h_i(ω, x) together gives a solution h(ω, x) of equation (34) over Ω̃. In fact, define h(ω, x) = h_i(ω, x), ω ∈ Ω̃_i, x ∈ U(ω).

Then, h(ω, x) is well-defined for all ω ∈ Ω, x ∈ U(ω) since Ω is a union of disjoint sets Ω_i and is measurable since Ω is a union of countably many disjoint measurable sets. Furthermore, if h_i is a C^k random diffeomorphism, then h is a C^k random diffeomorphism. Finding h_i(ω, x) is independence of finding others. The conjugacy equation (34) actually is a θ-pathwise equation. For each fixed ω ∈ Ω, h(ω, x) is determined only by the random dynamical system along the orbit θ^nω.

To solve for h_i(ω, x) (to prove Theorem 4.2), we first use the stable and unstable manifolds obtained in Section 3 as new coordinate planes to transform the random dynamical systems ϕ and ψ to the equivalent systems ϕ̂ and ψ̂ whose stable and unstable manifolds are flat. Then, we establish the basic estimates on the nonlinearities and on the orbits of the random dynamical systems and their derivatives. The difference of ϕ̂ and ψ̂ is decomposed into two parts, one part is dominated by a power of the stable variable and another is controlled by a power of the unstable variable. These estimates are very crucial to the construction of the transformation. We use a homotopy approach to convert the conjugacy problem to a recurrent linear equation. Based on its recurrence, we construct two formal infinite series solutions of the equation, one is forward in time and another is backward in time. These solutions, in general, may diverge. However, the formal solutions associated with the stable part and the unstable part converge smoothly when the order N is large enough.

Definition 4.1. Two random dynamical systems ϕ(n, ω, x) and ψ(n, ω, x) with a fixed point x = 0 are said to be C^k conjugate locally if there exists a C^k random diffeomorphism h(ω, x) from a tempered ball U(ω) to a tempered ball V (ω) with h(ω, 0) = 0 such that

(34) h(θω, ϕ(1, ω)x) = ψ(1, ω)h(ω, x) for x ∈ U(ω), a.s. ω ∈ Ω.

The conjugacy relationship (34) implies that h(θ^nω, ϕ(n, ω)x) = ψ(n, ω)h(ω, x) when the orbits stay in the corresponding domains.

The next theorem gives a smooth conjugacy in a jet class.

Theorem 4.2. Let ϕ be a random dynamical system satisfying Hypothesis A and B. Then (i) For any integer k > 0, there exists a θ-invariant measurable integer function N_0(ω) = N_0(α(ω), β(ω), k) such that (i_1) if ϕ | Ω̃_i (the restriction of ϕ to Ω̃i) is C

N_0 locally tempered, ψ is a random dynamical

system in R^d with ϕ − ψ = O(|x|^{N0} ) for ω ∈ Ω̃_i and ψ | Ω̃_i is C

N_0 locally tempered, then ϕ | Ω̃_i and ψ | Ω̃_i are C

k locally conjugate.

(i_2) if ϕ is a C^∞ locally tempered random dynamical system, then any C^∞ tempered random dynamical system ψ in R^d with ϕ − ψ = O(|x|^{N0} ) is C^k locally conjugate to ϕ.

(ii) Any C^∞ tempered random dynamical system ψ with ϕ−ψ = C^∞ flat is C^∞ locally conjugate to ϕ.

The proof of this theorem is based on the following lemmas and proposition. As we did in section 3, since d^s : Ω → {1, · · · , d} is a measurable function, Ω may be decomposed into a union of l > 0 disjoint θ-invariant measurable sets: Ω = ∪^l_{i=1}Ω_i.

On each Ω_i, d^s(ω) is constant. In the following, we will restrict our discussions to Ω_i. For simplicity, we use Ω to denote the Ω_i. We first applying the unstable manifold theorem (Theorem 3.3) and the stable manifold theorem (Theorem 3.6) to ϕ. Then, ϕ has a C^N (resp. C^∞) local unstable manifold W^u_{loc}(ω) = {η + h^u(η, ω) | η ∈ E_u, |η| ≤ ρ(ω)} and a C^N (resp. C^∞) local stable manifold

W^s_{loc}(ω) = {ξ + h^s(ξ, ω) | ξ ∈ E_s, |ξ| ≤ ρ(ω)}

We may identify E_u and E_s with R^{du} and R^{ds} , respectively. Next, we use the stable and unstable manifolds as new axes to rewrite ϕ. Consider the coordinate random transformation defined on

B_{r(ω)}(0) y = η − h^s(ξ, ω), z = ξ − h^u(η, ω).

(35)

It also follows from Theorem 3.3 and 3.6 that this transformation is a C^N (resp. C^∞) random diffeomorphism. By this transformation, the random diffeomorphism ϕ(1, ω) is locally conjugate to a C^N (resp. C^∞) random diffeomorphism ϕ̂(1, ω) : x = (y, z)^T → A(ω)x + F_1(ω, x) where A(ω) = Dϕ(1, ω) is written as diag(A^s(ω), A^u(ω)), F_1(ω, x) satisfies Hypothesis B, and F_1(ω, 0) = 0, DF_1(ω, 0) = 0. Furthermore,

F_1 = ( F_{1,s}(ω, y, z) F_{1,u}(ω, y, z) ) , F_{1,s}(ω, 0, z) = 0, F_{1,u}(ω, y, 0) = 0,

which implies that y = 0 is the stable manifold and z = 0 is the unstable manifold for the new random dynamical system.

Similarly, ψ(1, ω) is C^N (resp. C^∞) conjugate to ψ̂(1, ω) : x = (y, z)^T → A(ω)x + F_2(ω, x) where F_2(ω, x) satisfies Hypothesis B, and F_2(ω, 0) = 0, DF_2(ω, 0) = 0. Furthermore,

F_2 = ( F_{2,s}(ω, y, z) F_{2,u}(ω, y, z) ) , F_{2,s}(ω, 0, z) = 0, F_{2,u}(ω, y, 0) = 0. Let R = ( R_s(ω, y, z) R_u(ω, y, z) ) = F_1 − F_2 = ( F_{1,s}(ω, y, z) − F_{2,s}(ω, y, z) F_{1,s}(ω, y, z) − F_{2,s}(ω, y, z) ) . Then R_s(ω, 0, z) = 0, R_u(ω, y, 0) = 0. When ϕ − ψ = O(|x|^N ), the order of the difference between the corresponding stable manifolds and order of the difference between unstable manifolds are O(|x|^N ), thus ϕ̂ − ψ̂ = O(|x|^N ). When ϕ − ψ = C^∞ flat, ϕ̂ − ψ̂ = C^∞ flat.

In the following, we will decompose R into two parts, one part is dominated by a power of y while another is dominated by a power of z.

Lemma 4.3. The function R can be written as R = R_1 + R_2, where R_i(ω, x) are measurable and R_i(ω, ·) are C^{[N/2]}(resp. C^∞) tempered functions satisfying Π_sR_2(ω, 0, z) = 0, Π_uR_1(ω, y, 0) = 0,

(36) |R_1| ≤ C_0(ω)|y|^{[N/2]}, |R_2| ≤ C_0(ω)|z|^{[N/2]}, x ∈ U(ω) if jet^N_{x=0}R = 0, and (37) |R_1| ≤ C_m(ω)|y|^m, |R_2| ≤ C_m(ω)|z|^m, for all integers m > 0, x ∈ U(ω) if jet^∞_{x=0}R = 0, where C_m(ω), m ≥ 0, are tempered from above.

Proof. We first consider the case jet^N_{x=0}R = 0. Consider the Taylor expansion of R of order [N/2] with respect to the variable y:

R(ω, y, z) =

[N/2]∑

i=0 a_i(ω, y, z) + R_{[N/2]}(ω, y, z), where R_{[N/2]} = O(|y|^{[N/2]}) and a_i is a homogeneous polynomial of variable y of degree i whose coefficients are the measurable functions of (ω, z) and C^{[N/2]} with respect to the variable z. Since jet^N_{x=0}R = 0, we have ‖a_i‖ = O(‖z‖^{[N/2]}). Let R_1 = R_{[N/2]} and R_2 =

∑_{[N/2]} i=0 a_i(ω, y, z). Then (36) holds. Other properties of R_1 and R_2 follows from the properties of F_1 and F_2.

Next, we consider the case jet^∞_{x=0}R = 0. Let χ(r) : R^+ → [0, 1] be a C^∞ cut-off function with the following properties:

χ(r) = { 1, 0 ≤ r ≤^1_2 , 0, r > 1

For k = (k_1, · · · , k_{ds} ) ∈ Z^{ds}_+ , we denote

k! = k_1! k_2! · · · k_{ds} !, |k| =

d_s∑

i=1 k_i. Let μ_k(ω) = sup

x∈U(ω),0≤i≤2|k|

‖D^iR(ω, x)‖ + k!.

Then μ_k are tempered from above. Let

R_2(ω, x) = ∞∑ k∈Z^{ds}_+ ,|k|=0

y^k k! ∂^k ∂y^k

R(ω, 0, z)χ(μ_k(ω)|y|) and R_1 = R − R_2.

For each l = (l_1, · · · , l_{ds} ) ∈ Z^{ds}_+ and m = (m_1, · · · , m_{du} ) ∈ Z^{du}_+ , since 1 k! ∂^l ∂y^l ( y^kχ(μ_k(ω)|y|)

) ∂^m ∂z^m

( ∂^k ∂y^k

R(ω, 0, z) ) = O ( 1 ( μ_k(ω)

)_{|k|−|l|−1} ) = O ( 1 ( k! )_{|k|−|l|−1} )

we have ∂^l ∂y^l

∂^m ∂z^m

R_2(ω, x) = ∞∑ k∈Z^{ds}_+ ,|k|=0 1 k! ∂^l ∂y^l ( y^kχ(μ_{2k}(ω)|y|)

) ∂^m ∂z^m

( ∂^k ∂y^k

R(ω, 0, z) )

that is tempered from above. This together with R being C^∞ flat gives (39) for R_2. Since R_1 = R − R_2 and^{∂l}_{∂yl} R_1(ω, 0) = 0, R_1 is a C^∞ tempered function and (37) holds for R_1. This completes the proof of this lemma. □ Next, we use the cut-off procedure introduced at the beginning of Section 3 to modify the functions, F_1, F_2, R_1, and R_2. We set for i = 1, 2 F̃_i(ω, x) = σ_{ρ1(ω)}(|x|)F_i(ω, x),

R̃_i(ω, x) = σ_{ρ1(ω)}(|x|)R_i(ω, x).

We choose a random variable ρ_1(ω) tempered from below such that ρ_1(ω) ≤ ρ(ω) and satisfies the corresponding estimate (6) for each F_i and R_i. Then, F̃_1 and F̃_2 are C^N (resp. C^∞) tempered function on R^d and R̃_1 and R̃_2 are C^{[N/2]} (resp. C^∞) tempered function on R^d. Moreover, the following hold:

(38) |R̃_1| ≤ C_0(ω)|y|^{[N/2]}σ_{ρ1(ω)}(|y|), |R̃_2| ≤ C_0(ω)|z|^{[N/2]}σ_{ρ1(ω)}(|z|), for x ∈ R^d, if jet^N_{x=0}R = 0; and (39) |R̃_1| ≤ C_m(ω)|y|^mσ_{ρ1(ω)}(|y|), |R̃_2| ≤ C_m(ω)|z|^mσ_{ρ1(ω)}(|z|), for x ∈ R^d, for all m > 0, if jet^∞_{x=0}R = 0.

Let ϕ̃ = A(ω)x + F̃_1 and ψ̃ = A(ω)x + F̃_2. Then ϕ̂ = ϕ̃, ψ̂ = ψ̃, for |x| < ρ_1(ω).

Let ϕ_τ (m, ω, x) and ψ_τ (m, ω, x), τ ∈ [0, 1], be the families of random dynamical systems whose time-one maps have the forms ϕ_τ (1, ω, x) = ϕ̃(ω, x) + τR̃_1 and ψ_τ (1, ω, x) = ϕ̃(ω, x) + R̃_1 + τR̃_2 respectively.

Lemma 4.4. For any given integer k > 0, there exist a θ-invariant measurable function M_k(ω) = M_k(α(ω), β(ω)) and a random variable d_k(ω) tempered from above such that max 1≤|α|≤k

sup_{x∈Rd} ‖D^α_{(x,τ)}ϕ^{±1}_τ (n, ω, x)‖ ≤ d_k(ω)M_k(ω)^{|n|}, n ∈ Z,

(40) max 1≤|α|≤k

sup_{x∈Rd} ‖D^α_{(x,τ)}ψ^{±1}_τ (n, ω, x)‖ ≤ d_k(ω)M_k(ω)^{|n|}, n ∈ Z.

(41)

Proof. We only prove (40) since (41) can be proved in the same fashion. We prove this lemma by induction on k. We first consider positive orbits. Denote by x_n = ϕ_τ (n, ω, x), x_0 = x. Since x_n satisfies the constant of variation formula

(42) x_n = Φ(n, ω)x + n−1∑ i=0 Φ(n − 1 − i, θ^{i+1}ω)(F̃_1(θ^iω, x_i) + τR̃_1(θ^iω, x_i)).

Using (42),

‖D_x(x_n)‖ ≤ e^{α(ω)n}K(ω) + n−1∑ i=0 e^{α(ω)(n−1−i)}K(θ^{1+i}ω) ( ||DF̃_1(θ^iω, ·)|| + τ||DR̃_1(θ^iω, ·)|| ) ‖D_x(x_i)‖.

Using (7), we obtain

e^{−α(ω)n}‖D_x(x_n)‖ ≤ K(ω) + β(ω) 3 n−1∑ i=0 e^{−α(ω)i}‖D_x(x_i)‖.

It follows from the Discrete Time Gronwall-Bellman Lemma ([1], page 327) that ‖D(x_n)_x‖ ≤ K(ω)|x_0|e^{α(ω)n}(1 + β(ω) 3 )^n.

Taking the derivative with respect to τ on both sides of (42), we obtain

D_τ (x_n) = n−1∑ i=0 Φ(n − 1 − i, θ^{i+1}ω)R̃_1(θ^iω, x_i)

+ n−1∑ i=0 Φ(n − 1 − i, θ^{i+1}ω) ( DF̃_1((θ^iω, x_i)) + τD(R̃_1(θ^iω, x_i) ) D_τ x_i,

(43) which implies

‖D_τ x_n‖ ≤ n−1∑ i=0 e^{α(ω)(n−1−i)}K(θ^{i+1}ω)||R̃_1(θ^iω, ·)||

+ n−1∑ i=0 e^{α(ω)(n−1−i)}K(θ^{i+1}ω) ( ||DF̃_1(θ^iω, ·)|| + τ||DR̃_1(θ^iω, ·)|| ) ‖D_τ x_i‖.

(44)

Since K(ω) is tempered from above and R̃_1(θ^iω, ·) is bounded by a random variable tempered from above, by Lemma 2.7, then

K(θ^{i+1}ω)||R̃_1(θ^iω, ·)|| ≤ K̃_0(ω)e^i, for some random variable K̃_0(ω), which together with (44) implies

e^{−α(ω)n}‖D_τ x_n‖ ≤ n−1∑ i=0 K̃_0(ω)e^{−(1+i)α(ω)+i} + β(ω) 3 n−1∑ i=0 e^{−α(ω)i}‖D_τ x_i‖.

It follows from the Discrete Time Gronwall-Bellman Lemma that

‖D_τ x_n‖ ≤ e^{α(ω)n} n∑ i=1 (1 + β(ω) 6 )^{n−i}K̃_0(ω)e^{−(1+i)α(ω)+i}

≤ e^{α(ω)(n−1)}K̃_0(ω)(1 + β(ω) 6 + e^{1−α(ω)})^n

= K̃_0(ω)e^{−α(ω)}(e^{α(ω)} + e^{α(ω)} β(ω) 6 + e)^n.

Next, we use induction to show the estimation of derivatives of any order hold for ϕ_τ (n, ω, x), n > 0. We assume that it holds for all derivatives of order ≤ m. Taking the derivative of order m + 1 on the both sides of (42), we obtain

(45) D^{m+1}x_n = n−1∑ i=0 Φ(n − 1 − i, θ^{i+1}ω) ( DF̃_1(θ^iω, x_i) + τDR̃_1(θ^iω, x_i) ) D^{m+1}x_i + ∑ (·),

where ∑ (·) consists of the terms with derivatives of order ≤ m. Using the induction assumption, there exist a θ-invariant function a_m = a_m(α(ω), β(ω)) and a random variable K̃_m(ω) tempered from above such that ‖ ∑ (·)‖ < K̃_m(ω)a_m(ω)^n,

which, together with (45), implies

||D^{m+1}x_n|| ≤ n−1∑ i=0 K(θ^{i+1}ω)e^{(n−1−i)α(ω)} ( ||DF̃_1(θ^iω, ·)|| + τ||DR̃_1(θ^iω, ·)|| ) ||D^{m+1}x_i|| + K̃_m(ω)a_m(ω)^n or e^{−α(ω)n}|D^{m+1}x_n| ≤ β(ω) 3 n−1∑ i=0 e^{−iα(ω)}|D^{m+1}x_i| + K̃_m(ω)(a_m(ω)e^{−α(ω)})^n.

By using the Discrete Time Gronwall-Bellman Lemma again, we have

e^{−α(ω)n}|D^{m+1}x_n| ≤ K̃_m(ω) ( 1 + β(ω) 3 )_n + n∑ i=1 ( 1 + β(ω) 3 )_{n−i}

K̃_m(ω)(a_m(ω)e^{−α(ω)})^i

≤ K̃_m(ω) [( 1 + β(ω) 3 )_n + ( 1 + β(ω) 3 + a_m(ω)e^{−α(ω)}

)_n]

≤ 2K̃_m(ω) ( 1 + β(ω) 3 + a_m(ω)e^{−α(ω)}

)_n . Hence,

|D^{m+1}x_n| ≤ 2K̃_m(ω) ( e^{α(ω)} + e^{α(ω)}β(ω) 3 + a_m(ω)

)_n . Letting d_{m+1} = max{d_m(ω), 2K̃_m} and M_{m+1} = max { M_m, ( e^{α(ω)} +^{eα(ω)β(ω)}_3 + a_m(ω) )} , we have that (40) holds for k = m + 1 and n ≥ 0. Since a_m(ω) = a_m(α(ω), β(ω)), M_{m+1} depends only on α(ω) and β(ω).

For the negative orbit x_n, n < 0, we first choose ρ_1(ω) smaller such that (7) holds for the nonlinearity for ϕ_τ (−1, ω, x). Then the negative orbits of ϕ_τ are the positive orbits of ϕ^{−1}_τ . So the above results may be applied and the estimations of the derivatives of ϕ_τ (n, ω, x) hold for all n ≤ 0.

Finally, we show the estimations for ϕ^{−1}_τ (n, ω, x). By the cocycle properties,

‖D^mϕ^{−1}_τ (n, ω, x)‖ = ‖D^mϕ_τ (−n, θ^nω, x)‖ ≤ d̂(θ^nω)(M̂_m(ω))^n < d̃_m(ω)(M̂_m(ω)e)^n, here again Lemma 2.7 is used. This completes the proof. □ The next lemma states that one may reduce the problem of C^k conjugacy (34) to a problem of solving a linear recurrent functional equation. This idea is based on the so-called homotopy method which was used in [17] and [18] for finitely smooth normal forms of deterministic dynamical systems. Here we extend it further so that it can be applied to random dynamical systems where the hyperbolicity is nonuniform. Our modified approach also allow us to establish theorems of Poincaré type [23].

Lemma 4.5. Let ϕ_τ (n, ω), τ ∈ [0, 1], n ∈ Z, be a family of C^1 random dynamical systems in R^d with fixed point 0 whose time-one mapping has the form ϕ_τ (1, ω)x = φ_τ (ω, x) = φ(ω, x) + τR(ω, x).

If there exists a measurable mapping r : Ω × R^d × [0, 1] → R^d such that

(i) r(ω, ·, ·) is C^k and satisfies (46) |r(ω, x, τ)| ≤ a(ω)|x|^2, for |x| ≤ 1,

where a(ω) is a tempered function from above; (ii) r satisfies the following equation (47) Dφ_τ (ω, x)r(ω, x, τ) − r(θω, φ_τ (ω, x), τ) = −R(ω, x), then ϕ_0 and ϕ_1 are C^k locally conjugate.

Proof. To prove this lemma, we first introduce in R^d × [0, 1] a family of diffeomorphisms: ψ_ω : (x, τ) → (φ_τ (ω, x), τ) and a family of vector fields: V_ω = (r(ω, x, τ), 1).

Here, ω is regarded as a parameter. Then, from (47) it follows that

(48) Dψ_ωV_ω = V_{θω} ∘ ψ_ω.

Denote by g^t_ω the local flow generated by V_ω, which is a C^k random diffeomorphism. Then (48) implies that ψ_ω ∘ g^t_ω = g^t_{θω} ∘ ψ_ω.

Using(46), we have that g^t_ω is well-defined for x ∈ B_{ρ(ω)}, ρ(ω) =^1_{1+a(ω)} , and t ∈ [0, 1]. Write g^1_ω(x, 0) = (h(ω, x), 1). Then we have

ψ_ω ∘ g^1_ω(x, 0) = ψ_ω(h(ω, x), 1) = (ϕ_1(ω, h(ω, x)), 1) = ((φ + R)(ω, h(ω, x)), 1) and g^1_{θω} ∘ ψ_ω(x, 0) = g^1_{θω}(ϕ_0(ω, x), 0) = g^1_{θω}(φ(ω, x), 0) = (h(θω, ϕ(ω, x)), 1).

Therefore, h(θω, φ(ω, x)) = (φ + R)(ω, h(ω, x)). Clearly, h(ω, x) is a C^k random diffeomorphism. This completes the proof. □

Next, we construct formal solutions of linear functional equation (47) in terms of an infinite series. We will prove later that they are convergent for R being R_1 and R_2.

For simplicity, we set (f_∗R)(x) := (Df R) ∘ f^{−1}(x) for a diffeomorphism f : R^d → R^d and a vector field R in R^d. Notice that f_∗(g_∗R) = (f ∘ g)_∗R. Then, we have two formal solutions to equation (47).

Lemma 4.6. The functions

(49) r_1(ω, x, τ) = − ∞∑ m=1 (( ϕ^{−1}_τ (m, ω) ) ∗R ( θ^{m−1}ω, φ^{−1}_τ (θ^{m−1}ω, ·) )) (x) and (50) r_2(ω, x, τ) = ∞∑ m=0 (( ϕ^{−1}_τ (−m, ω) ) ∗R ( θ^{−m−1}ω, φ^{−1}_τ (θ^{−m−1}ω, ·) )) (x) are formal solutions of (47).

Proof. The proof of this lemma is quite straightforward. Let R̃(ω, x, τ) = R(ω, φ^{−1}_τ (ω, x)). Then, equation (47) is equivalent to

(51) ( (φ_τ )_∗r(ω, ·, τ) ) (x) = r(θω, x, τ) − R̃(ω, x, τ).

Note that φ_τ (ω, ·) = ϕ_τ (1, ω). We calculate

(φ_τ )_∗r_1 = − ∞∑ m=1 ( (ϕ_τ (1, ω)ϕ_τ (m, ω)^{−1})_∗R̃(θ^{m−1}ω, ·, τ) ) (x)

= − ∞∑ m=1 ( (ϕ_τ (m − 1, θω)^{−1})_∗R̃(θ^{m−1}ω, ·, τ) ) (x)

= −R̃(ω, x, τ) − ∞∑ m=1 ( (ϕ_τ (m, θω)^{−1})_∗R̃(θ^mω, ·, τ) ) (x) = −R̃(ω, x, τ) + r_1(θω, x, τ).

Similarly, for the second function we obtain

(ϕ_τ )_∗r_2 = ∞∑ m=0 ( (ϕ_τ (1, ω)ϕ_τ (−m, ω)^{−1})_∗R̃(θ^{−m−1}ω, ·, τ) ) (x) = −R̃(ω, x, τ) + r_2(θω, x, τ).

This completes the proof. □ We are now ready to show the convergence of the formal series solutions. Let R̄_1(ω, x, τ) = R̃_1(ω, ϕ^{−1}_τ (1, ω, x)), R̄_2(ω, x, τ) = R̃_2(ω, ψ^{−1}_τ (1, ω, x)),

then R̄_1 and R̄_2 are C^{[N/2]} (resp. C^∞) tempered and satisfy

(52) |R̄_1(ω, x, s)| ≤ { C̄_0(ω)|y|N/2σ_{ρ1(ω)}(|y|), if jetN_{x=0}R = 0 C̃_m(ω)|y|mσ_{ρ1(ω)}(|y|) for all m ∈ N, if jet∞_{x=0}R = 0

(53) |R̄_2(ω, x, s)| ≤ { C̄_0(ω)|z|N/2σ_{ρ1(ω)}(|z|), if jetN_{x=0}R = 0 C̄_m(ω)|z|mσ_{ρ1(ω)}(|z|) for all m ∈ N, if jet∞_{x=0}R = 0

where functions C̄_m, m ≥ 0, are tempered from above.

The next lemma gives two smooth solutions of (47) with R = R̄_1 and R̄_2. We will encounter a C^k-conjugacy order function N_0(ω) = N_0(α(ω), β(ω), k) depending only on α(ω), β(ω), and k, which is θ-invariant and has integer values. Recall that we may decompose Ω into a union of countably many disjoint θ-invariant measurable sets: Ω = ∪_{i≥1}Ω̃_i. On Ω̃_i, N_0(ω) is a constant.

Lemma 4.7. (i) For any given integer k > 0, there exists a θ-invariant measurable integer function N_0 = N_0(α(ω), β(ω), k) such that if N ≥ N_0(ω) for ω ∈ Ω̃_i and jet^N_{x=0}R = 0, then the functions r_1(·, ·, ·) and r_2(·, ·, ·) defined by

(54) r_1(ω, x, s) = − ∞∑ n=1 (( ϕ^{−1}_τ (n, ω) ) ∗ R̄_1(θ^{n−1}ω, ·, τ) ) (x) and (55) r_2(ω, x, τ) = ∞∑ n=0 (( ψ^{−1}_τ (−n, ω) ) ∗ R̄_2(θ^{−n−1}ω, ·, τ) ) (x) are measurable from Ω̃_i × R^d × [0, 1] to R^d and are C^k smooth with respect to (x, τ) for each fixed ω ∈ Ω̃_i and satisfy (46).

(ii) If jet^∞_{x=0}R = 0, then r_1(ω, ·, ·), r_2(ω, ·, ·) : R^d × [0, 1] → R^d are C^∞ for all ω ∈ Ω.

Proof. We only prove the lemma for r_1. The proof for r_2 is the same as r_1. We first prove (i). First, by Theorem 3.7, we have

(56) |Π_sϕ_τ (n, ω, x)| ≤ 2K(ω)e^{−β(ω)n/5}|y|.

The proof for r_1 is based on the following key arguments. First, from (56), the y component of ϕ_τ decays along its orbits at at the least exponential rate e^{−β(ω)n/5}. Hence, from (52) the composition R̄_1 ∘ ϕ_τ (n, ω, x) decays not slower than the exponential function exp(−Nβ(ω)n/10), where N may be chosen arbitrarily large. On the other hand, from (40) the norm ‖Dϕ^{−1}_τ (n, ω, x)‖ is dominated by d_1(ω)M_1(ω)^n. Hence, by choosing N sufficiently large, the terms in the series (54) goes to zero exponentially, and the series converges. The same arguments work for the derivatives of r_1 up to order k.

Now, we look at how the arguments work exactly. We first show that r_1 is well defined and (46) holds for N > 10 +^{10}_{β(ω)} ln M_1(ω). From Lemma 4.4 and inequality (56) and (52), we have

|r_1(ω, x, τ)| ≤ ∞∑ n=1 | (( ϕ^{−1}_τ (n, ω) ) ∗ R̄_1(θ^{n−1}ω, ·, τ) ) (x)|

≤ ∞∑ n=1 d_1(ω)M_1(ω)^nC̄_0(θ^{n−1}ω)‖Π_sϕ_τ (n, ω, x)‖^{N/2}

≤ ∞∑ n=1 d_1(ω)M_1(ω)^nC̄_0(θ^{n−1}ω)(2K(ω)e^{−β(ω)n/5}|y|)^{N/2}

≤ ∞∑ n=1 d_1(ω)C̄_0(θ^{n−1}ω)(2K(ω))^{N/2} [ M_1(ω)e^{−β(ω)N/10}

]_n

|y|^{N/2}

≤ ∞∑ n=1 d_1(ω)(2K(ω))^{N/2}C̃(ω) [ M_1(ω)e^{β(ω)−β(ω)N/10}

]_n

|y|^{N/2}

≤ d_1(ω)(2K(ω))^{N/2}C̃(ω)/(1 − M_1(ω)e^{β(ω)−β(ω)N/10})|y|^{N/2}

≤ a(ω)|x|^{N/2} < ∞

(57)

where Lemma 2.7 is used to bound C̄(θ^{n−1}ω) by C̃(ω)e^{β(ω)n} and a(ω) = d_1(ω)(2K(ω))^{N/2}C̃(ω)/(1− M_1(ω)e^{β(ω)−β(ω)N/10}) which is a tempered function from above.

Next, we show r_1(ω, ·, ·) is C^k smooth if N is large enough. It follows from (40) that the derivatives of ϕ^{−1}_τ of order no greater than k + 1 are bounded by max_{1≤i≤k+1}{d_i(ω)M_i(ω)^n}. On the other hand, each term of the derivatives D^kϕ^{−1}_τ (n, ω, x)_∗R̄_1(θ^{n−1}ω, x, τ) has the factor (D^mR̄_1)∘ ϕ_τ (n, ω, x) for some m ≤ k, which decays faster than exp((−N + 2k)β(ω)n/10). All other factors (the maximum number of them are k + 1) are bounded by max_{1≤i≤k+1}{d_i(ω)M_i(ω)^n}. Thus, we choose N_0 to be

(58) N_0(α(ω), β(ω), k) = ( 10 + 2k +

[ 10 β(ω) ln ( max 1≤i≤k+1

M_i(α(ω), β(ω))

)_{k+1}]) + 1,

where [a] is the usual notation for the integer part of a. Then, for N ≥ N_0(α(ω), β(ω)),

D^kϕ^{−1}_τ (n, ω, x)_∗R̄_1(θ^{n−1}ω, x, τ)

decays exponentially as n → ∞ and the corresponding series converges. Furthermore, we have

‖D^kr_1(ω, x, s)‖ ≤ a_k(ω)|x|^{N/2−k},

where a_k(ω) is a random variable tempered from above. Hence, the series (54) converges in C^k. Since N_0(α(ω), β(ω), k) is constant on Ω̃_i, for fixed N ≥ N_0, the series (54) converges in C^k for every ω ∈ Ω_i. Clearly, r_1 is measurable from Ω̃_i × R^d × [0, 1] to R^d. Next, we prove the conclusion (ii). Since jet^∞_{x=0}R = 0, applying (i) to each Ω̃_j, we have that r_1 is C^∞ for each ω ∈ Ω and r : Ω × R^d × [0, 1] → R^d is measurable since Ω is the union of countably many disjoint measurable sets Ω̃_i. This completes the proof of the lemma. □

Summarizing the above discussions gives

Proposition 4.8. (i) For each k ∈ N, there exists an integer N_0 = N_0(α(ω), β(ω), k) such that (i_1) if ϕ̃ | Ω̃_i and ψ̃ | Ω̃_i are C

N_0 and (38) holds with N = N

0 for ω ∈ Ω̃_i, then ϕ̃ | Ω̃_i and

(ϕ̃ + R̃_1) | Ω̃_i , (ϕ̃ + R̃1) | Ω̃_i and (ϕ̃ + R̃1 + R̃2) | Ω̃_i = ψ̃Ω̃_i are C

k locally conjugate;

(i_2) if ϕ and ψ are C^∞ locally tempered and (38) holds with N = N_0 for ω ∈ Ω, then ϕ̃ and (ϕ̃ + R̃_1), (ϕ̃ + R̃_1) and (ϕ̃ + R̃_1 + R̃_2) = ψ̃ are C^k locally conjugate;

(ii) if ϕ and ψ are C^∞ locally tempered and (39) holds, then ϕ̃ and ϕ̃ + R̃_1, ϕ̃ + R̃_1 and ϕ̃ + R̃_1 + R̃_2 = ψ̃ are C∞ locally conjugate.

This proposition together with Lemma 4.3 and the random tranformation (35) gives Theorem 4.2.

Now, we give the corollaries of Theorem 4.2. We first introduce a concept called formal conjugacy.

Definition 4.9. Two C^∞ random diffeomorphisms ϕ and ψ with fixed point 0 in R^d are said to be formally tempered conjugate if there exists a formal random coordinate transformation h(ω, x) ∼ x+ ∑ n≥2 h_n(ω, x) where all coefficients of the homogeneous polynomials h_n of degree n for all n ≥ 2 are tempered from above such that

(59) jet^∞_{x=0}ψ(ω) = jet^∞_{x=0}h(θω)^{−1} ∘ ϕ(ω) ∘ h(ω).

The next theorem is analog to Chen’s theorem in deterministic case [10].

Theorem 4.10. (Chen’s theorem for random diffeomorphisms) If two locally tempered C^∞ random diffeomorphisms in R^d with hyperbolic fixed point x = 0 are formally tempered conjugate, then they are C^∞ locally congugated.

To prove this theorem, we need the following lemma.

Lemma 4.11. Given a formal random Taylor series h(ω, x) with tempered coefficients, there exists a C^∞ locally tempered random mapping h̃(ω, x) whose formal random Taylor series expansion is equal to h.

Proof. All notations used here are the same as in the proof of Lemma 4.3. Suppose that

h(ω, x) ∼ ∑ k∈Z^d_+

x^k k! h_k(ω).

Let μ_k(ω) = (|h_k(ω)| + 1)k!.

Then μ_k are tempered from above. Let

h̃(ω, x) =^∞ ∑ k∈Z^d_+

x^k k! h_k(ω)χ(μ_k|x|).

Then h̃ is a C^∞ tempered mapping with the prescribed formal random power series h. □

The proof of Theorem 4.10. Theorem 4.10 is just a corollary of the conclusion (ii) in Theorem 4.2 and Lemma 4.11. Indeed, suppose that two C^∞ diffeomorphisms ϕ and ψ are formally tempered conjugate, i.e., there is a formally tempered random coordinate transformation h such that (59) hold. By Lemma 4.11, there exists a locally tempered C^∞ random diffeomophism h̃ such that the Taylor series expansion of h̃ is equal to h. Let

(60) ψ̃(ω) = h̃(θω)^{−1} ∘ ϕ(ω) ∘ h̃(ω).

Then, ψ and ψ̃ have the same Taylor series expansion at x = 0. By the conclusion (ii) of Theorem 4.2, they are C^∞ locally conjugate. By (60), ϕ and ψ C^∞ locally conjugate. The proof is completed. □ Theorem 4.12. (Sternberg Type) Let ϕ be a locally tempered random diffeomorphism in R^d with a hyperbolic fixed point x = 0. Then,

(i) for any k ∈ N ∪ {∞}, there exists a θ-invariant measurable integer function N_0(ω) = N_0(α(ω), β(ω), k) given by (58) such that (i_1) if ϕ | Ω̃_i is C

N_0 tempered and the Lyapunov exponents of linear random dynamical system

generated by Dϕ(ω, 0) satisfy the nonresonant conditions of orders N_0, i.e.

λ_i ≠ (λ, τ), 2 ≤ |τ| < N_0,

then ϕ | |_{Ω̃i} is Ck locally conjugate to its linear part Dϕ(ω, 0) | |_{Ω̃i} .

(i_2) if ϕ is C^∞ locally tempered and the Lyapunov exponents satisfy the nonresonant conditions of orders N_0, then ϕ is C^k locally conjugate to its linear part Dϕ(ω, 0).

(ii) if ϕ is C^∞ locally tempered and the Lyapunov exponents satisfy the nonresonant conditions of any orders, then ϕ is C^∞ locally conjugate to its linear part Dϕ(ω, 0).

Remark: (ii) in this theorem settles an open problem raised by L. Arnold in [1].

Proof. We first look at the case k < ∞ and limit ourselves to Ω̃_i. Suppose ψ | |_{Ω̃} is CN0 locally tempered. Thus, restricting θ to Ω_i and using Corollary 8.2.10 in [1], page 419, we obtain a unique near-identity polynomial transformation H_{i,N0} (ω, x) = x +

∑_{N0} n=2 h_{i,n}(ω, x) over Ω̃_i with tempered coefficients such that ϕ is transformed by H_{i,N0} to ψ, whose N_0-jet in the Taylor expansion of order N is linear, ψ_i(ω, x) = A(ω)x + O(|x|^{N0} ). By Theorem 4.2, ψ | |_{Ω̃} is Ck locally conjugate to its linear part A(ω) | Ω̃. This proves (i_1). If ϕ is C^∞ locally tempered, then the above statements are true for all Ω̃_i. Since Ω is the union of countably many disjoint θ-invariant measurable sets Ω_i, patching H_{i,N0} and ψ_i together, respectively, we obtain a near-identity random polynomial H(ω, x) and a C^∞ random diffeomorphism ψ with the form ψ(ω, x) = A(ω)x + O(|x|^{N0} ) such that ϕ is C^∞ locally conjugate to ψ through H(ω, x). By Theorem 4.2, ψ is C^k conjugate to its linear part in some tempered ball. This completes the proof of (i_2).

For the case k = ∞, by the assumption, the linear cocycle generated by A(ω) is nonresonant of any order n ≥ 2. By Theorem 8.2.11 in [1], page 419, ϕ is formally tempered conjugate to its linear part. Thus, Sternberg’s theorem follows from Theorem 4.10. □

Theorem 4.13. Let ϕ be a C^∞ tempered random diffeomorphism in R^d with a fixed point x = 0. If all Lyapunov exponents of the linear cocycle generated by A = Dϕ(·, 0) have the same sign, then ϕ is C^∞ locally conjugate to a polynomial random diffeomorphism.

Proof. Since all Lyapunov exponents λ_1(ω), · · · , λ_d(ω) have the same sign,

λ_i(ω) ≠ (λ(ω), τ), for n = |τ| > max |λ_i(ω)|/ min |λ_i(ω)|, which implies A is nonresonant of order n for n large enough. Let

N_1(ω) = [max |λ_i(ω)|/ min |λ_i(ω)] + 1.

Clearly, N_1(ω) is a θ-invariant measurable function with integer values. Thus we may decompose Ω into a union of countably many disjoint invariant measurable sets

Ω = ∪_iΩ^∗_i

such that N_1(ω) is constant on each Ω^∗_i . Restricting θ to Ω^∗_i and using Proposition 8.2.9 in [1],page 418, ϕ | |_{Ω∗i} is formally tempered conjugate to a polynomial random diffeomorphism. Patching them

together gives ϕ is formally tempered conjugate to a polynomial random diffeomorphism. Then the theorem follows from Theorem 4.10. □

Finally, we give the theory of normal forms for random diffeomorphisms with diagonal linear part. We follow Arnold[1]. Let ϕ be a C^∞ random diffeomorphism in R^d with fixed point x = 0, i.e. ϕ(ω)0 = 0. The idea of the normal form theory is to find a smooth random coordinate transformation h such that the conjugate random diffeomorphism ψ(ω) = h^{−1}(θω) ∘ ϕ(ω) ∘ h(ω) has the simplest possible form, which is equivalent to

(61) h(θω, ψ(ω, x)) = ϕ(ω, h(ω, x)), a.s. ω ∈ Ω.

Such the simplest form is easier to be studied and provides useful information for investigating the original system. Theorem 4.12 means that if the linear cocycle generated by A(ω) = Dϕ(ω, 0) is nonresonant, ϕ is smoothly conjugate to is linear part A(ω), i.e. its normal form is a linear form. We now consider the resonant case. We assume that there is a random basis S(ω) = (u_1(ω), . . . , u_d(ω)) of R^d so that in the S(ω), S(θω) bases the matrix representation A(ω) of Dϕ(ω, 0) is diagonal and the change from the standard basis to the random basis S(ω) is a Lyapunov cohomology( this is possible if the Lyapunov exponents of A(ω) are distinct, see[1]). We denote by H_{n,d} the vector space of homogeneous polynomials of degree n in d variables with values in R^d and let

H_{n,d} := {f : Ω → H_{n,d} measurable}

be the vector space of random homogeneous polynomials of degree n ≥ 2 in d variables with values in R^d. Let A(ω) = diag(a_1(ω), . . . , a_d(ω)) and λ(ω) = (λ_1(ω), . . . , λ_d(ω)) be the Lyapunov exponents of the linear cocycle generated by A(ω).

Definition 4.14. The vector-valued monomial x^mu_i(ω) is said to be resonant if λ_i(ω) = (m, λ(ω)) and |m| ≥ 2.

We now expand the three mappings ϕ, h and ψ in equation (61) as formal Taylor series at 0:

ϕ(ω, x) ∼ A(ω)x + ∞∑ n=2 ϕ_n(ω, x),

ψ(ω, x) ∼ A(ω)x + ∞∑ n=2 ψ_n(ω, x), and h(ω, x) ∼ x + ∞∑ n=2 h_n(ω, x),

where ϕ_n, ψ_n, h_n ∈ H_{n,d}. Inserting these expansions into equation (61), equating coefficients yields the following result. The terms of order n of the formal power series expansion of ψ are successively given by the terms of order n of ϕ and h and lower order terms. More specifically, ψ_1(ω) = ϕ_1(ω) = A(ω) and

(62) A(ω)h_n(ω, x) − h_n(θω, A(ω)x) = ψ_n − γ_n, n ≥ 2.

Here γ_n(ω) = T_n((ϕ(ω) − A(ω)) ∘ S_{n−1}h(ω) + S_{n−1}h(θω) ∘ S_{n−1}ψ(ω)), where T_n(f) denotes the terms of order n in the formal Taylor expansion of f and S_N (f) := ∑_N

n=1 T_n(f) is the N-jet of f.

Let h^i_m(ω), ψ^i_m(ω), and γ^i_m(ω) denote the coefficients of x^mu_i(ω) of functions h_n, ψ_n and γ_n, respectively. For m = (m_1, . . . , m_d) ∈ Z^d, let a(ω)^m = a_1(ω)^{m1} · · · a_d(ω)^{md} . Then the homological equation (62) gives a_i(ω)h^i_m(ω) − a(ω)^mh^i_m(θω) = ψ^i_m(ω) − γ^i_m(ω), which has a tempered solution for ψ^i_m(ω) = 0 :

h^i_m(ω) =

−a_i(ω)^{−1}γ^i_m(ω) − a_i(ω)^{−1}

∑_∞ k=1 ∏_k j=1(a(θ^{j−1}ω)^ma_i(θ^jω)^{−1})γ^i_m(θ^kω), if λ_i(ω) > (m, λ(ω)) ∑_∞

k=0(

∏_k

j=0 a_i(θ^{−j}ω)a(θ^{−j−1}ω)^{−m})γ^i_m(θ^{−k−1}ω), if λ_i(ω) < (m, λ(ω))

and has a solution h^i_m(ω) = 0 for ψ^i_m(ω) = γ^i_m(ω) if λ_i(ω) = (m, λ(ω)). Thus, together with Lemma 4.11, we have the following

Theorem 4.15. Any C^∞ tempered random diffeomorphism in R^d with a fixed point x = 0 and a diagonal linear part is formally tempered conjugate to a C^∞ random diffeomorphism whose formal random Taylor series expansion has resonant monomials only.

As a corollary of Theorem 4.2, 4.15, and 4.13 we have the following

Theorem 4.16. Let ϕ be a C^∞ random diffeomorphism in R^d with a hyperbolic fixed point 0 and with a diagonal matrix of linear part. Then, for each k > 0, there exists a number N_0(ω) = N_0(α(ω), β(ω), k) such that ϕ is C^k locally conjugate to a random polynomial mapping of degree N_0(ω) which consists of resonant monomials only. Moreover, if the fixed point 0 is stable or unstable,i.e., all Lyapunov exponents have the same sign, then ϕ is C^∞ conjugate to a polynomial mapping which consists of resonant monomials only.

Example. Let ϕ be a C^∞ tempered random diffeomorphism in R^2 with a hyperbolic fixed point x = 0 over an ergodic metric dynamical system {θ^nω}_{n∈Z}. Let λ_1, λ_2 with |λ_1| ≥ |λ_2| be the Lyapunov exponents of ϕ. Then we have

(i) When λ_1λ_2 > 0,

(i_1) if λ_1/λ_2 /∈ N \ {1}, then ϕ is C^∞ locally conjugate to its linear part. (i_2) if λ_1/λ_2 = n ∈ N \ {1}, then ϕ is C^∞ locally conjugate to

ψ(ω, x) = ( a_1(ω)x_1 + c(ω)x^n_2 a_2(ω)x_2 ) . (ii) When λ_1λ_2 < 0,

(ii_1) if λ_1/λ_2 /∈ Q, then ϕ is C^∞ locally conjugate to its linear part.

(ii_2) if λ_1/λ_2 = −m/n ∈ Q, then for any k > 0, there is a number N = N(k), ϕ is C^k locally conjugate to the following polynomial random diffeomorphism

ψ(ω, x) = ( x_1(a_1(ω) +

∑_N i=1 c_i(ω)(x^n_1 x^m_2 )^i) x_2(a_2(ω) +

∑_N i=1 d_i(ω)(x^n_1 x^m_2 )^i) ) . Remark. The theorem of Sternberg type holds for continuous time random dynamical systems. For simplicity, consider a C^∞ continuous time random dynamical system ϕ(t, ω, x) with a hyperbolic fixed point x = 0, ϕ(t, ω, 0)=0. Assume that Dϕ(t, ω, 0) satisfies the conditions of the Multiplicative Ergodic Theorem and their Lyapunov exponents satisfy the resonant conditions for all orders. Then by Theorem 4.12, the random diffeomorphism ϕ(1, ω, ·) is C^∞ locally conjugate to its linear part Dϕ(1, ω, 0) through a random diffeomorphism h(ω, x). Furthermore, one can show that h(θ^tω, x) is continuous in t. Using the standard transformation modified from the deterministic case

H(ω, x) =

∫_1 0 Dϕ(s, θ^sω, 0)h ( θ^s, ϕ(s, ω, x) ) ds, we have H ( θ^tω, ϕ(t, ω, x) ) = Dϕ(t, ω, 0)H(ω, x).

References

[1] L. Arnold. Random Dynamical Systems. Springer, New York, 1998.

[2] L. Arnold and K. Xu. Normal forms for random differential equations. Journal of Differential Equations, 116 (1995), 484–503.

[3] V. I. Arnold. Geometric Methods in the Theory of Ordinary Differential. Equations, Springer-Verlag, New York, 1983.

[4] V. I. Arnold. Small denominators I. One the mapping of a circle into itself. Izv. Akad. Nauk. Math., 25 (1961), 21-86.

[5] A. Banyaga, R. de la Llave, and C. E. Wayne. Cohomology equations near hyperbolic points and geometric versions of Sternberg linearization theorem. J. Geom. Anal., 6 (1996), no. 4, 613–649.

[6] G. R. Beliskii. Functional equations and the conjugacy of diffeomorphism of finite smoothness class. Functional Anal. Appl., 7 (1973), 268–277.

[7] G. R. Beliskii. Equivalence and normal forms of germs of smooth mappings. Russian Math. Surveys, 33 (1978) 107–177.

[8] A. D. Brjuno. Analytic form of Differential Equations I, II. Trans. Mosc. Math. Soc. 25 (1971), 119-262, 26 (1972), 199-239.

[9] C. Castaing and M. Valadier. Convex Analysis and Measurable Multifunctions. LNM 580. Springer–Verlag, Berlin– Heidelberg–New York, 1977.

[10] K. T. Chen. Equivalence and decomposition of vector fields about an elementary critical point. Amer.J. Math., 85 (1963), 693–722.

[11] S-N. Chow, K. Lu, and Y-Q. Shen. Normal form and linearization for quasiperiodic systems. Trans. Amer. Math.

Soc. 331 (1992), 361–376.

[12] N. D. Cong. Topological Dynamics of Random Dynamical Systems, Orford Mathematical Monographs, Clarendon Press, Oxford, 1997.

[13] D.M. Grobman. Topological classification of the neighborhood of a singular point in n-dimensional space. Mat.

Sb., 56 (1962), 77–94.

[14] P. Hartman. On local homeomorphisms of Euclidean spaces. Bol. Soc. Mat. Mexican, 5 (1960), 220–241. [15] P. Hartman. On the local linearization of differential equations. Proc. Amer. Math. Soc., 16 (1963), 568–573. [16] M. R. Herman. Sur la conjugaison differentielle des difféomorphismes du cercle á des rotations, Publ. Math. I.

H. E. S., 49(1979), 5-234.

[17] Yu. S. Ilyashenko and W. Li. Nonlocal bifurcations. Mathematical Surveys and Monographs. 66 (1999), American Mathematical Society, Providence, RI.

[18] Yu. S. Ilyashenko and S. Yu. Yakovenko. Finitely smooth normal forms of local families of diffeomorphisms and vector fields. (Russian) Uspekhi Mat. Nauk, 46 (1991), 3–39; translation in Russian Math. Surveys 46 (1991), 1–43.

[19] Y. Katznelson and D. Ornstein. The differentiability of the conjugation of certain diffeomorphism of the circle, Ergod. Th. and Dyn. Sys., 9 (1989), 643-680.

[20] Y. Kifer. Random perturbations of dynamical systems, Progress in Probability and Statistics, 16, Birkhuser Boston, Inc., Boston, MA, 1988.

[21] F. Ledrappier and L-S. Young. Dimension formula for random transformations. Comm. Math. Phys. 117 (1988), 529–548.

[22] F. Ledrappier and L-S. Young. Entropy formula for random transformations. Probab. Theory Related Fields, 80 (1988), 217–240.

[23] W. Li and K. Lu. Poincaré theorems for random dynamical systems. submitted, 2003. [24] W. Li and K. Lu. A Siegel theorem for random dynamical systems. preprint, 2003. [25] P-D. Liu. Random perturbations of Axiom A basic sets. J. Statist. Phys. 90 (1998), 467–490. [26] P-D. Liu. Dynamics of Random perturbations: smooth ergodic theory. Ergod. Th. & Dynam. Sys. 21 (2001), 1279–1219.

[27] P. Liu and M. Qian. Smooth ergodic theory of random dynamical systems, Lecture Notes in Mathematics, 1606.

Springer-Verlag, Berlin, 1995.

[28] K. R. Meyer. The implicit function theorem and analytic differential equations. Lect. Notes in Math., Springerverlag, 468 (1975), 191–208.

[29] J. K. Moser. A rapidly covergent iteration method and nonlinear differential equations II. Ann. Scuo. Norm.

Sup. Pisa. 20 (1966), 499–535 [30] E. Nelson. Topics in Dynamics I. Flows. Princeton University Press, 1969.

[31] M. Nagumo and K. Isé. On the normal forms of differential equations in the neighborhood of an equilibrium point [32] K. Palmer. Qualitative behavior of a system of ODE near an equilibrium point, A generalization of the Hartman- Grobman Theorem. Technical Report, Institute fuer Angewandte Mathematik, University Bonn. 1980.

[33] R. Pérez-Marco. Linearization of holomorphic germs with resonant linear part, , preprint. [34] Ya. Pesin. Characteristic Lyapunov exponents, and smooth ergodic theory. Russian Math. Surveys. 32 (1977), no 4, 55-144.

[35] H. Poincaré Sur le probléme des trois corps et les équations de la dynamique Acta Math., 13 (1890), 1–270. [36] C. Pugh. On a theorem of P. Hartman. Amer. J. Math. 91 (1969), 363–367.

[37] D. Ruelle. Characteristic exponents and invariant manifolds in Hilbert space. Ann. of Math. 115 (1982), no. 2, 243–290.

[38] D. Ruelle. Random Smooth Dynamical Systems. Lecture Notes in Rutgers, 1996. [39] G. R. Sell. Smooth linearization near a fixed point Amer. J. Math. 107 (1985), 1035–1091. [40] G. R. Sell. Obstacles to linearization. Diff. Urav. 10 (1984), 341–345. [41] C. L. Siegel. Iteration of analytic functions. Ann. Math. 43 (1942), 607–612.

[42] C. L. Siegel. Ober die Normalform analytischer Differentialgleichungen in der Nahe einer Gleichgewichtslosung.

Nachr . Akad. Wiss. Gottingen, Math.-phys. 1952, 21–30.

[43] Ya. G. Sinai and K. M. Khanin. Smoothness of conjugacies of diffeomorphisms of the circle with rotations, Russ.

Math. Surv., 44 (1989), 69-99.

[44] S. Sternberg. On the behavior of invariant curves near a hyberbolic point of a surface transformation. Amer. J.

Math. 77 (1955), 526–534.

[45] S. Sternberg. Local contractions and a theorem of Poincaré Amer. J. Math. 79 (1957), 809–824. [46] S. M. Ulam and J. von Neumann. Random ergodic theorems. Bull. Amer. Math. Soc. 51 (1945), 660. [47] T. Wanner. Linearization of random dynamical systems. In C. Jones, U. Kirchgraber and H. O. Walther, editors, Dynamics Reported, Vol. 4, 203-269, Springer-Verlag, New York, 1995.

[48] J.-C. Yoccoz. Conjugaison differentielle des difféomorphismes du cercle dont le nombre de rotation vérifie une condition Diophantienne, Ann. Sci. Ec. Norm. Sup., 17 (1984), 333-361.

[49] J.-C. Yoccoz. Théoréme de Siegel, polynômes quadratiques et nombres de Bryuno, Astérisque, 231 (1995), 3-88. [50] E. Zehnder. A simple proof of a generalization of a theorem by C. L. Siegel Lect. Notes in Math., 597, Springer- Verlag, 1977, 855-866.

(Weigu Li) School of Mathematics, Peking University, Beijing 100871, P.R. China E-mail address, W. Li: weigu@math.pku.edu.cn

(K. Lu) Department of Mathematics, Brigham Young University, Provo, Utah 84602, USA, and, Department of Mathematics, Michigan State University, East Lansing, Michigan 48824, USA E-mail address, K. Lu: klu@math.byu.edu or klu@math.msu.edu