Mathematical Addendum for “Infrared Catastrophe for Nelson’s Model” (mp arc 03-512) By Masao Hirokawa^∗

Abstract

In [6], the author used the kernel a(k) of annihilation operator of bosons to describe and prove several useful formulas such as the pull-through formula on ground states. So, it is somewhat formal in the light of mathematics. Indeed,it is no wonder some mathematicians think the arguments by the symbolical formulas with a(k) are so formal that they are incredulous of the arguments because of the well-known difficulty on the domain of a(k). Thus, in this addendum, we list the difficulty in Remark 1 first. In order to treat it, we restate the formulas by using the smeared annihilation operator a(f), f ∈ L^2(R^2), instead of a(k) and present mathematically rigorous proofs of them. To author’s best knowledge, the ways to prove them have not appeared in literatures yet. In this addendum, we use the same notations as in [6].

§1. Introduction

We take a Hilbert space of bosons to be the symmetric Fock space F = ⨁_∞ n=0 [ ⊗^n_s L^2(R^3) ] over L^2(R^3), where ⊗^n_s L^2(R^3) denotes the n-fold symmetric tensor product of L^2(R^3), the space of all square-integrable functions, and ⊗^0_s L^2(R^3) = C . The finite particle space F_0 is defined by F_0 = { Ψ = Ψ^{(0)} ⊕ · · · ⊕ Ψ^{(n)} ⊕ · · · ∈ F | Ψ^{(n)} = 0 for n ≥ ∃n_0 }. For every f ∈ L^2(R^3) and Ψ = Ψ^{(0)} ⊕ Ψ^{(1)} ⊕ · · ·⊕ Ψ^{(n)} ⊕ · · · ∈ F_0, the smeared annihilation operator a(f) of bosons is defined by

(a(f)Ψ)^{(n)} (k_1, · · · , k_n) = √ n + 1 ∫ R^3

f(k)^∗Ψ^{(n+1)}(k, k_1, · · · , k_n)d^3k

(1.1)

∗Department of Mathematics, Okayama University, 700-8530 Okayama, Japan.

as ⊗^{n+1}_s L^2(R^3) ∋ Ψ^{(n+1)} → (a(f)Ψ)^{(n)} ∈ ⊗^n_s L^2(R^3) for n = 0, 1, 2, · · ·, where f(k)^∗ is the complex conjugate of f ∈ L^2(R^3). Then, a(f) is closable for every f ∈ L^2(R^3), so we denote its closure by the same symbol. We define the smeared creation operator a^†(f) by the adjoint operator of a(f), i.e., a^†(f) = a(f)^∗, for every f ∈ L^2(R^3). Fix k ∈ R^3 arbitrarily. Then, the symbolic kernel a(k) of the annihilation operator is given by

(a(k)Ψ)^{(n)} (k_1, · · · , k_n) = √ n + 1Ψ^{(n+1)}(k, k_1, · · · , k_n)

(1.2)

for n = 0, 1, 2, · · ·. We note that a(k) is well-defined as an operator for Ψ ∈ D_S = { Ψ = Ψ^{(0)} ⊕ · · · ⊕ Ψ^{(n)} ⊕ · · · ∈ F_0 | Ψ^{(n)} ∈ S(R^3), n ∈ N } , where S(R^3) is the set of all functions in the Schwartz class. Namely, for arbitrarily fixed k ∈ R^3, ⊗^{n+1}_s S(R^3) ∋ Ψ^{(n+1)} → (a(k)Ψ)^{(n)} ∈ ⊗^n_s S(R^3) by regarding (a(k)Ψ)^{(n)} as an n-variables function because k is fixed in (1.2). See, for example, [1, §2.2] and [2, §8-3]. Because the mathematical meaning of a(k) is given by pointwise k, we have to pay attention to a(k) as an operator in functional analysis:

Remark 1.

(1) It is well-known that a(k)^∗ is not densely defined [10, §X.7], indeed a(k)^∗ is trivial [2, Proposition 8.2], i.e., D(a(k)^∗) = {0}, so that a(k) is not closable. Thus, we have to note that we cannot use the limiting argument for a(k). Namely, even if Ψ_n and a(k)Ψ_n converge to Ψ and Φ, respectively, in F as n → ∞, we are required another difficult argument to check whether Ψ ∈ D(a(k)) and Φ = a(k)Ψ hold or not. Usually, it is impossible to check it under the present theory.

(2) By (1.2), (a(k)Ψ)^{(n)} is defined as the boundary value of Ψ^{(n+1)} on the hypersurface { (ℓ_1, · · · , ℓ_{n+1}) ∈ R^{3(n+1)} | (ℓ_1 − k)^2 = 0 } . Thus, the problem on determining the domain in which the operator a(k) is well-defined is somewhat similar to that on the definition of the trace operator for boundary value. We have to note that a(k) cannot be defined for all elements in the finite particle space F_0. Namely, Ψ^{(n+1)}(k, k_1, · · · , k_n) cannot be uniquely determined for any fixed k ∈ R^3 because Ψ^{(n+1)} ∈ ⊗^{n+1}_s L^2(R^3) means an equivalence class of the Hilbert space ⊗^{n+1}_s L^2(R^3). Even if Ψ^{(n+1)} = Φ^{(n+1)} ∈ ⊗^{n+1}_s L^2(R^3) and both have values at k_1 = k, once we fix k ∈ R^3, Ψ^{(n+1)}(k, ·, · · · , ·) is not always equal to Φ^{(n+1)}(k, ·, · · · , ·) in ⊗^n_s L^2(R^3). Thus, we cannot designate a function as the representative element for (a(k)Ψ)^{(n)} (k_1, · · · , k_n) because we can make many candidates, i.e., √ n + 1Ψ^{(n+1)}(k, k_1, · · · , k_n), √ n + 1Φ^{(n+1)}(k, k_1, · · · , k_n), for Ψ^{(n+1)} = Φ^{(n+1)} ∈ ⊗^{n+1}_s L^2(R^3).

(3) In order to justify a(k) and a^†(k) ≡ a(k)^∗ directly and give a non-trivial meaning of a^†(k) in mathematics, there is a way by using white noise calculus

[9].

In order to treat the difficulty of the domain of a(k), by avoiding to use a(k) and by employing a(f), f ∈ L^2(R^2) instead, we restate the formulas used in [6] and prove the restated formulas.

As is well known, we have a(f) = ∫ R^3

a(k)f(k)^∗ d^3k on D_S ,

(1.3)

where the integral is Bochner’s. Using the symbolic kernel of the creation operator denoted by a^†(k), we sometimes write a^†(f) as

a^†(f) = ∫ R^3 a^†(k)f(k)d^3k symbolically. However, we have to remember the triviality of a^†(k) in operator theory as remarked in (1) of Remark 1.

§2. Restatement of [6, §5]

Let us fix 0 ≤ κ < Λ. We suppose in this section that Nelson’s Hamiltonian H^N_κ has a ground state ψ_κ. In [6, (39)], we wrote a(k)ψ_κ = −q χ_κ(k) √ 2ω(k) (H^N_κ − E^N_κ + ω(k))^{−1} e^{−ikx}ψ_κ

(2.1)

as well as (mathematical) physicists do. However, since the domain of a(k) is so narrow that a(k) is not closable as remarked in Remark 1, (2.1) itself should not be regarded as an operator equality on the ground state. When we use a(k), we have to go through the following steps. Note H^N_κ ψ ∈ D_S for ψ ∈ D_S and start with the pull-through formula for a(k)ψ in the same way as in [5, Proposition III.4]. Then, we get

(H^N_κ − E^N_κ + ω(k))^{−1}a(k)(H^N_κ − E^N_κ )ψ = a(k)ψ + (H^N_κ − E^N_κ + ω(k))^{−1}λ_{κ,x}ψ

first. We know already (1.3) and the facts that D_S is core for a(f) and that a(f) is closed. So, next, we have to check whether we can make operators,

T_1 = ∫ R^3

f(k)^∗(H^N_κ − E^N_κ + ω(k))^{−1}a(k)(H^N_κ − E^N_κ )d^3k and T_2 = ∫ R^3

f(k)^∗(H^N_κ − E^N_κ + ω(k))^{−1}λ_{κ,x}d^3k for every f in D_S , as quadratic forms on D_S × D_S like [10, Theorem X.44]. Then, we have to also show that D_S is a core for T_1 and T_2. Here we note that it is not so easy to treat T_2 in the case κ = 0 because λ_{0,x}/ω /∈ L^2(R^3) though it is easy in the case κ > 0 because T_2 is bounded. After these steps, we have to find a sequence {ψ_ν }_ν ⊂ D_S such that ψ_ν → ψ_κ, a(f)ψ_ν → a(f)ψ_κ for f ∈ D_S , and T_j ψ_ν → T_jψ_κ for j = 1, 2. These steps are nuisances for even the simple model such as Nelson’s. Therefore, in this section we give another mathematically rigorous meaning of (2.1) through an operator identity for a(f) and we consider a mathematical relation between the ground states and the function space to which f belongs.

Before we state our desired proposition, we note that ψ_κ ∈ D(H_0) by [6, Propostion 3.2], provided that ψ_κ is a ground state of H^N_κ .

We set Y = 3⋃ n=1 Y_n, (2.2)

where Y_n = { (k_1, k_2, k_3) ∈ R^3 | k_n = 0 } for each n = 1, 2, 3.

Proposition 2.1. (pull-through formula on ground states) (i) For all f ∈ C^∞_0 (R^3 \ Y ), a(f)ψ_κ (2.3)

= −q ∫ R^3 f(k)^∗ χ_κ(k) √ 2ω(k) (H^N_κ − E^N_κ + ω(k))^{−1} e^{−ikx}ψ_κd^3k.

(ii) If ψ_κ ∈ D(N^{1/2}_f ), then (2.3) holds for all f ∈ L^2(R^3).

Proof. (i) We set a_t(f) = e^{itHNκ} a(e^{−iωt}f)e^{−itHNκ} , t ∈ R. Although our λ_{κ,x} does not satisfy [4, (A.3)], we can show that a_±(f)ψ = s- lim_{t→±∞} a_t(f)ψ exists for all ψ ∈ D(H^N_κ^{1/2}) by using the concrete definition of λ_{κ,x} and the polar coordinates in the same way as in [4, Lemma 4.2] (also see [7, 8]) and it has the following equality a_±(f)ψ = a(f)ψ − iq ∫_{±∞} 0 e^{itHNκ} (∫ R^3 f(k)^∗e^{itω(k)}λ_{κ,x}(k)d^3k ) e^{−itHNκ} ψdt. Moreover, employing the similar way to [7, Theorem 2], we get a_±(f)ψ_κ = 0. By using these facts and e^{−itHNκ} ψ_κ = e^{−itENκ} ψ_κ, we get a(f)ψ_κ = iq ∫_∞ 0 e^{it(HNκ −ENκ )} (∫ R^3 f(k)^∗e^{itω(k)}λ_{κ,x}(k)d^3k ) ψ_κdt. (2.4)

Here we note that e^{it(HNκ −ENκ )} and λ_{κ,x} are noncommutative because λ_{κ,x} includes x. This is a different point from the case treated in [4]. So, for ψ ∈ D(H^N_κ ), by using Fubini’s theorem and Lebesgue’s dominated convergence theorem, we get ⟨ψ , a(f)ψ_κ⟩_H (2.5)

= iq ∫_∞ 0 ⟨ψ , ∫ R^3 f(k)^∗e^{it(HN−EN +ω(k))}λ_{κ,x}ψ_κ⟩_Hdt = ⟨ψ , iq ∫ R^3 f(k)^∗ ∫_∞ 0 e^{it(HN−EN +ω(k))}λ_{κ,x}ψ_κdtd^3k⟩_H. Moreover, for every k ∈ R^3 \ Y ∫_∞ 0 e^{it(HN−EN +ω(k))}λ_{κ,x}ψ_κdt (2.6)

= s- lim_{T →∞} s- lim_{ε↓0} ∫_T 0 e^{it(HN−EN +ω(k)+iε)}λ_{κ,x}ψ_κdt = i (H^N − E^N + ω(k))^{−1} λ_{κ,x}ψ_κ.

Then, (2.3) follows from (2.5) and (2.6).

(ii) Let ψ_κ be in D(N^{1/2}_f ) and f be an arbitrary element in L^2(R^3). Then, since C^∞_0 (R^3\Y ) is dense in L^2(R^3), we can take a sequence {f_ν }^∞_{ν=1} ⊂ C^∞_0 (R^3\ Y ) such that f_ν → f in L^2(R^3) as ν → ∞. Since ‖a(f_ν − f)ψ_κ ‖_H ≤ ‖f_ν − f‖_L2 ‖N^{1/2}_f ψ_κ‖_H, we have s- lim_{ν→∞} a(f_ν )ψ_κ = a(f)ψ_κ . By using continuity of inner product, we get for every ϕ ∈ H ⟨ ϕ , ∫ R^3

f_ν (k)^∗ χ_κ(k) √ 2ω(k) (H^N_κ − E^N_κ + ω(k))^{−1} e^{−ikx}ψ_κd^3k ⟩ H = ⟨ ϕ , ( f_ν , (H^N_κ − E^N_κ + ω(k))^{−1} λ_{κ,x}ψ_κ ) L^2 ⟩ H −→ ⟨ ϕ , ( f , (H^N_κ − E^N_κ + ω(k))^{−1} λ_{κ,x}ψ_κ ) L^2 ⟩ H = ⟨ ϕ , ∫ R^3 f(k)^∗ χ_κ(k) √ 2ω(k) (H^N_κ − E^N_κ + ω(k))^{−1} e^{−ikx}ψ_κd^3k ⟩ H as ν → ∞. Applying these limits to (2.3) for f_ν , we obtain the second statement of the proposition.

Remark 2.

(1) It could be interesting to consider what is the maximal class of f such that (2.3) holds for ψ_κ /∈ D(N^{1/2}_f ). Considering this problem, f ∈ L^2(R^3) needs certain regularity around k = 0 because we can use only ‖a(f_ν − f)ψ_κ ‖_H ≤ ‖(f_ν − f)/ √ ω‖_L2 ‖H^{1/2}_f ψ_κ‖_H instead of ‖a(f_ν − f)ψ_κ‖_H ≤ ‖f_ν − f‖_L2 ‖N^{1/2}_f ψ_κ‖_H.

(2) The method presented above to prove the pull-through formula on the ground states is useful to the other models of nonrelativistic QED. We are preparing a paper on it.

From (2.3) we have the following identity.

Proposition 2.2. Let us fix 0 ≤ κ < Λ, and suppose that H^N_κ has a ground state ψ_κ. Then, for all f ∈ C^∞_0 (R^3 \ Y ), a(f)ψ_κ = 5∑ j=1 ∫ R^3 f(k)^∗ I_j(k)ψ_κd^3k. (2.7)

§3. Restatement of [6, §6]

In this section, we assume κ > 0 and we justify the following symbolic identity

⟨ψ_κ , N_f ψ_κ⟩_H = ∫ R^3 ‖a(k)ψ_κ‖^2_Hd^3k, (3.1)

in mathematics. See Proposition 3.2 below.

First we slightly improve [3, Lemma 4.2] to meet our problem. Let R^3_{≤κ} = { k ∈ R^3 | |k| ≤ κ } and R^3_{>κ} = { k ∈ R^3 | |k| > κ } . We set N^{≤κ}_f = dΓ(1l_{[0,κ]}) and N^{>κ}_f = dΓ(1l_{(κ,∞)}) acting in ⨁_∞ n=0 ⊗^n_s L^2(R^3_{≤κ}) and ⨁_∞ n=0 ⊗^n_s L^2(R^3_{>κ}), respectively.

Before the following proposition, we note that C^∞_0 (R^3 \ Y ) is dense in L^2(R^3).

Proposition 3.1. Let κ > 0 and {f_ν }^∞_{ν=1} ⊂ C^∞_0 (R^3 \ Y ) be a complete orthonormal system of L^2(R^3_{>κ}) such that √ ω1l_{(κ,∞)}f_ν ∈ L^2(R^3_{>κ}), ν ∈ N.

Then, for all Ψ ∈ D((N^{>κ}_f )^{1/2}) ⊂ ⨁_∞ n=0 ⊗^n_s L^2(R^3_{>κ}) ≡ F_{>κ},

‖(N^{>κ}_f )^{1/2}Ψ‖^2_{F>κ} = ∞∑ ν=1 ‖a(f_ν)Ψ‖^2_{F>κ} . (3.2)

Proof. By (1.1), for each M ∈ N we get M∑ ℓ=1 ‖a(f_ν)Ψ‖^2_{F>κ} = M∑ ℓ=1 ⟨a(f_ν )Ψ , a(f_ν )Ψ⟩_{F>κ}

= ∞∑ n=0 (n + 1) ∫ R^3_{>κ} · · · ∫ R^3_{>κ} Ψ^{(n)}_M (k_1, · · · , k_n)d^3k_1 · · · d^3k_n, where

Ψ^{(n)}_M (k_1, · · · , k_n) = M∑ ν=1 ∫ R^3_{>κ} ∫ R^3_{>κ} f_ν (k)f_ν (k^′)^∗

×Ψ^{(n+1)}(k, k_1, · · · , k_n)^∗Ψ^{(n+1)}(k^′, k_1, · · · , k_n)d^3kd^3k^′. By using the Schwarz inequality on ∑_M ν=1 and the Bessel inequality for the orthogonal system {f_ν }^M_{ν=1} and noting 1 ≤ κ^{−1}ω1l_{(κ,∞)},

|Ψ^{(n)}_M (k_1, · · · , k_n)| ≤ (∫ R^3_{>κ} |Ψ^{(n+1)}(k^′, k_1, · · · , k_n)|^2d^3k^′ )_{1/2}

× (∫ R^3_{>κ} |Ψ^{(n+1)}(k, k_1, · · · , k_n)|^2d^3k )_{1/2} . It follows from the completeness of {f_ν }^∞_{nu=1} that lim M→∞ Ψ^{(n)}_M (k_1, · · · , k_n) = ∫ R^3_{>κ} |Ψ^{(n+1)}(k, k_1, · · · , k_n)|^2d^3k.

It is easy to see that ∞∑ n=0 ∫ R^3_{>κ} · · · ∫ R^3_{>κ} (n + 1) (∫ R^3_{>κ} |Ψ^{(n+1)}(k^′, k_1, · · · , k_n)|^2d^3k^′ )_{1/2}

× (∫ R^3_{>κ} |Ψ^{(n+1)}(k, k_1, · · · , k_n)|^2d^3k )_{1/2} d^3k_1 · · · d^3k_n

≤ (_∞ ∑ n=0 ∫ R^3_{>κ} · · · ∫ R^3_{>κ} (n + 1)|Ψ^{(n+1)}(k^′, k_1, · · · , k_n)|^2d^3k^′d^3k_1 · · · d^3k_n )_{1/2}

× (_∞ ∑ n=0 ∫ R^3_{>κ} · · · ∫ R^3_{>κ} (n + 1)|Ψ^{(n+1)}(k, k_1, · · · , k_n)|^2d^3kd^3k_1 · · · d^3k_n )_{1/2}

≤ ‖(N^{>κ}_f )^{1/2}Ψ‖^2_{F>κ} < ∞.

Thus, by Lebesgue’s dominated convergence theorem, we have

lim M→∞ M∑ ν=1 ‖a(f_ν )Ψ‖^2_{F>κ}

= ∞∑ n=0 (n + 1) ∫ R^3_{>κ} · · · ∫ R^3_{>κ} |Ψ^{(n)}(k, k_1, · · · , k_n)|^2d^3kd^3k_1 · · · d^3k_n

= ‖(N^{>κ}_f )^{1/2}Ψ‖^2_{F>κ} .

Namely, desired statement is obtained.

We note

D((H^{>κ}_f )^s) ⊂ D((N^{>κ}_f )^s)

(3.3)

for s > 0.

Through the unitary equivalence H^N_κ ∼= H^{≤κ}_f ⊗ I + I ⊗ H^{>κ}_N , the ground state ψ_κ of H^N_κ is represented by Ω_0 ⊗ ψ^{>κ}_κ , where ψ^{>κ}_κ is a ground state of H^{>κ}_N and Ω_0 the Fock vacuum. We note N_f ∼= N^{≤κ}_f ⊗ I + I ⊗ N^{>κ}_f . Since D(H^{>κ}_f ) ⊂ D(N^{>κ}_f ) by (3.3), ψ^{>κ}_κ has to be in D(N^{>κ}_f ), i.e., ψ^{>κ}_κ ∈ D(N^{>κ}_f ), by [6, Proposition 3.2]. Therefore, by Proposition 3.1 we obtain

Proposition 3.2. Let κ > 0 and {f_ν }^∞_{ν=1} ⊂ C^∞_0 (R^3 \ Y ) be a complete orthonormal system of L^2(R^3) such that √ ωf_ν ∈ L^2(R^3), ν ∈ N. Then,

⟨ψ_κ , N_f ψ_κ⟩_H = ‖N^{1/2}_f ψ_κ‖^2_H = ∞∑ ν=1 ‖a(f_ν )ψ_κ‖^2_H. (3.4)

Following this restatement Proposition 3.2, we have to change the proof of [6, Theorem 3.4] in the following way.

We take a normalized ground state ψ_κ. We set

K_ν = 5∑ j=2 ∫ R^3

f_ν (k)^∗I_j (k)ψ_κd^3k ∈ H

for the complete orthonormal system of L^2(R^3) in Proposition 3.2.

For each M ∈ N, by using the Fubini theorem, the Bessel inequality, the completeness of {f_ν }^∞_{ν=1}, and [6, Lemma 5.2], we get M∑ ν=1 ‖ ‖ ‖ ‖ ∫ R^3

f_ν (k)^∗I_j (k)ψ_κd^3k ‖ ‖ ‖ ‖ 2

H = M∑ ν=1 ⟨∫ R^3

f_ν (k^′)^∗I_j (k^′)ψ_κd^3k^′ , ∫ R^3

f_ν (k)^∗I_j (k)ψ_κd^3k ⟩ H = ∫ R^3 ⟨ ψ_κ , {_M ∑ ν=1 (∫ R^3

f_ν (k^′)^∗I_j(k^′)d^3k^′ ) f_ν (k) }_∗ I_j(k)ψ_κ ⟩ H d^3k ≤ ∫ R^3

‖I_j (k)ψ_κ‖^2_Hd^3k < ∞

since κ > 0 in this section. Thus, by Lebesgue’s dominated convergence theo-

rem, we have ∞∑ ν=1 ‖ ‖ ‖ ‖ ‖ ∫ R^3

f_ν (k)I_j (k)ψ_κd^3k ‖ ‖ ‖ ‖ ‖ 2

H (3.5)

= ∫ R^3 ⟨ ψ_κ , {_∞ ∑ ν=1 (∫ R^3

f_ν (k^′)I_j (k^′)d^3k^′ ) f_ν (k) }_∗ I_j(k)ψ_κ ⟩ H d^3k = ∫ R^3

‖I_j (k)ψ_κ‖^2_Hd^3k.

Applying the trigonometrical inequality to (2.7) and using (3.5), we get

⟨ψ_κ , N_f ψ_κ⟩_H = ∞∑ ν=1 ‖a(f_ν )ψ_κ‖^2_H (3.6)

≤ 2 ∞∑ ν=1 ‖ ‖ ‖ ‖ ‖ ∫ R^3

f_ν (k)^∗I_1(k)ψ_κd^3k ‖ ‖ ‖ ‖ ‖ 2

H + 2 ∞∑ ν=1 ‖K_ν ‖^2_H

≤ 2 ∫ R^3

‖I_1(k)ψ_κ‖^2_H + 8 5∑ j=2 ∫ R^3 ‖I_j(k)ψ_κ‖^2_H. By [6, (49),(51)] and (3.6), we have

⟨ψ_κ , N_f ψ_κ⟩_H ≤ 2 { q^2

4π^2 ( log Λ κ ) + 4M } . (3.7)

By (2.7) again, we get ∫ R^3

f_ν (k)^∗I_1(k)ψ_κd^3k = a(f_ν )ψ_κ − K_ν.

In the same way as above, we get ∫ R^3

‖I_1(k)ψ_κ‖^2_Hd^3k ≤ 2⟨ψ_κ , N_f ψ_κ⟩_H + 2 ∞∑ ν=1 ‖K_ν ‖^2_H (3.8)

≤ 2⟨ψ_κ , N_f ψ_κ⟩_H + 8 5∑ j=2 ∫ R^3

‖I_j (k)ψ_κ‖^2_Hd^3k.

By [6, (49),(51)] and (3.8), we have

q^2 4π^2 ( log Λ κ ) ≤ 2⟨ψ_κ , N_f ψ_κ⟩_H + 8M,

which implies { q^2 8π^2 ( log Λ κ ) − 4M } ≤ ⟨ψ_κ , N_f ψ_κ⟩_H. (3.9)

Therefore, considering ‖ψ_κ‖^{−1}_H ψ_κ is normalization for the ground state ψ_κ which is not normalized, [6, Theorem 3.4] follows from (3.7) and (3.9).

References

[1] Z. Ammari, Asymptotic completeness for a renormalized nonrelativistic Hamiltonian in quantum field theory: The Nelson model, Math. Phys., Anal. Geom. 3 (2000), 217–285.

[2] A. Arai, Fock Spaces and Quantized Field. II (in Japanese), Nihon-hyōron-sha, 2000. [3] A. Arai and M. Hirokawa, On the existence and uniqueness of ground state of a generalized spin-boson model, J. Funct. Anal. 151 (1997), 455–503.

[4] A. Arai, M. Hirokawa, and F. Hiroshima, On the absence of eigenvectors of Hamiltonians in a class of massless quantum field models without infrared cutoffs, J. Funct. Anal. 168 (1999), 470–497.

[5] C. Gérard, On the existence of ground states for massless Pauli-Fierz Hamiltonians, Ann. H. Poincaré 1 (2000), 443–459.

[6] M. Hirokawa, Infrared Catastrophe for Nelson’s Model, preprint (2003), mp arc 03-512. [7] R. Høegh-Krohn, Asymptotic fields in some models of quantum field theory, I, J. Math.

Phys. 9 (1967), 2075–2080.

[8] Y. Kato and N. Mugibayashi, Regular perturbation and asymptotic limits of operators in quantum field theory, Prog. Theor. Phys. 30 (1963), 103–133.

[9] M. Obata, White Noise Calculus and Fock Space, Lecture Notes in Mathematics 1577, Springer-Verlag, 1994.

[10] M. Reed and B. Simon, Methods of Modern Mathematical Physics II, Academic Press, 1980.