DISCRETE AND CONTINUOUS Website: http://AIMsciences.org DYNAMICAL SYSTEMS Volume , Number 0, Xxxx pp. 000–000

RENORMALIZATION OF ISOENERGETICALLY DEGENERATE HAMILTONIAN FLOWS AND ASSOCIATED BIFURCATIONS OF INVARIANT TORI

Denis G. Gaidashev

Department of Mathematics University of Toronto Toronto, Ontario, Canada M5S 3G3

Abstract. The paper presents a study of a renormalization group transformation acting on an appropriate space of Hamiltonian functions in two angle and two action variables. In particular, we study the existence of real invariant tori, on which the flow is conjugate to a rotation with a rotation number equal to a quadratic irrational (ω-tori). We demonstrate that the stable manifold of the renormalization operator at the “simple” fixed point contains isoenergetically degenerate Hamiltonians possessing shearless ω-tori. We also show that one-parameter families of Hamiltonians transverse to the stable manifold undergo a bifurcation: for a certain range of the parameter values the members of these families posses two distinct ω-tori, the members of such families lying on the stable manifold posses one shearless ω-torus, while the members corresponding to other parameter values do not posses any.

1. Introduction. Invariant tori appear in many physical systems — models of the atmosphere, toroidal plasma devices, fluid dynamics, celestial mechanics and others ([1]–[12]), where they play an important role as barriers to chaotic dynamics.

Mathematically, the issue of existence of such invariant tori is a subject of the KAM theory. It plays a crucial role in explaining the transition from orderly to chaotic behavior in physical systems described by maps or differential equations. Orbits of such systems may behave in a “reasonable” manner if the phase space of the system contains surfaces (tori), which are invariant under motion. The KAM theory is concerned with persistence and break-up of these invariant tori under perturbations. A crucial assumption in most KAM proofs is the isoenergetic nondegeneracy condition: a requirement that the orbits on tori wind around these invariant surfaces at a monotonically changing rate as one passes from one torus to another.

In this paper we will present a renormalization group transformation study of the existence of invariant tori for a general class of one parameter-families of twodegree of freedom Hamiltonian flows for which the isoenergetic degeneracy condition is violated for at least one value of the parameter. The invariant tori of such flows, on which this condition is violated, will be called shearless.

It has been observed that the transition to chaos and the break-up of the invariant tori exhibit universality, i.e. certain characteristics of such break-up are identical for a wide range of systems which possibly share only few common features (e.g. such as being degenerate or non-degenerate). Universality greatly simplifies the analysis of physical phenomena; indeed, if some complicated physical system is known to be

2000 Mathematics Subject Classification. 37F25, 37E45, 70H08, 37J20.

1

2 DENIS G. GAIDASHEV

in a certain universality class, many of its properties can be understood by studying a simpler system from the same class.

Another striking feature of many systems nearing a break-up is self-similarity. Self-similarity is probably best illustrated by the behavior of KAM tori as they approach a break-up under a perturbation. Such tori begin to exhibit repetitive features (shape, regularity and such) on consecutively smaller scales ad infinitum.

As it was first shown by K. Wilson and L. P. Kadanoff in a problem from condensed matter theory (see [13], [14] and, a recent review, [15]) and by M. J. Feigenbaum in [16] and [17], and later by S. Ostlund et al. in [18], D. F. Escande and F. Doveil in [19], S. J. Shenker and L. P. Kadanoff in [20], in several problems from dynamical systems, the best-suited technique for the study of universality and self-similarity is renormalization. Since then, the renormalization group transformation has been successfully used to prove the existence of invariant circles/tori both for systems nearing criticality and those close to integrable. The present paper is concerned with the second case: we will prove existence results for Hamiltonian flows close to a certain degenerate integrable flow (for renormalization of degenerate flows at criticality we refer the reader to our numerical work [21], while references [22]-[24] present a numerical study of universality and self-similarity in families of area-preserving non-twist maps at criticality).

We will start by mentioning an important result about invariant circles proved in reference [25] for a class of discrete dynamical systems relevant to this work – nontwist area-preserving maps of a cylinder, i.e. maps of the form (x^′, y^′) = f(x, y) for which ∂_yx^′ = 0 somewhere in the domain. Such maps serve as discrete analogues of isoenergetically degenerate Hamiltonian flows.

Let ω_0 be a Diophantine number. Then for every two parameter family f_{ω,ϵ} of mappings of R × T^1, where T^1 is the real torus, such that i) the map (ω, ϵ, p, q) → f_{ω,ϵ}(p, q) is analytic in a complex neighborhood of (ω_0, 0) × {0} × T^1 and takes real values when ω, ϵ, p and q are real; ii) f_{ω,ϵ} is exact symplectic; iii) f_{ω,0} = (p, q + Γ(ω, p)) with Γ(ω_0, 0) = ω_0, ∂_pΓ(ω_0, 0) = 0, ∂^2_p Γ(ω_0, 0) < 0 and ∂_ωΓ(ω_0, 0) > 0, there exists a δ > 0 and a map ϵ → ω(ϵ), analytic in a complex neighborhood of zero and real-valued for real ϵ, such that

(a) f_{ω(ϵ),ϵ} has exactly one shearless circle in [−δ, δ] × T^1 with rotation number ω_0;

(b) if ω < ω(ϵ), f_{ω,ϵ} has no invariant circles in [−δ, δ] × T^1 with rotation number ω_0;

(c) if ω > ω(ϵ), f_{ω,ϵ} has two invariant circles in [−δ, δ] × T^1 with rotation number ω_0, which are not shearless.

One of our goals will be to prove a counterpart of this result for the Hamiltonian flows. This will be done using the machinery of the renormalization group transformation and the result will be proved for any one-parameter real family of flows intersecting the stable manifold at the simple fixed point of the renormalization operator (to be defined below) transversally.

As it has been already implied in the beginning of this Introduction, natural candidates for renormalization among continuous dynamical systems are Hamiltonian flows. Recently, most of research in this area has been concentrated around Hamiltonian flows with two or more periodic degrees of freedom q = (q_1, . . . , q_d) and a Hamiltonian function H(q, p). Of particular interest is the study of invariant tori with a rotation vector ω = (1, ω_2, . . . , ω_d), for the flow (q̇, ṗ) = (∇_pH, −∇_qH). As it was shown in [41], if the components of the rotation vector span an algebraic

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 3

field of degree d, then there exists an integral d × d matrix T with the following properties:

(T1) ω is an eigenvector of T corresponding to a simple eigenvalue ϑ of modulus larger than one.

(T2) All other eigenvalues of T are simple, nonzero, and of modulus less than one. (T3) det T = ±1.

Furthermore, as it was shown in [41], the eigenvector ω of such matrix satisfies a Diophantine condition of the from |ω · ν| > c|ν|^{−γ} for all ν ∈ Z^d − {0}, where γ ≥ 1 and c is a real constant.

Approximate renormalization, utilizing such a matrix T , has been studied in [19] and [36]-[40]. In [41], the author introduced a renormalization group transformation R on a space of Hamiltonian functions, analytic on some subset of C^{2d} , constructed so that R(H) = H ∘ T_μ (mod G), (1.1) where T_μ(q, p) = (T q, μ(T^∗)^{−1}p), with μ ∈ C , and G is (ideally) a group of transformations that act on the Hamiltonian functions, preserving the rotation numbers of the orbits. The role of the map T in this transformation is simple: if a Hamiltonian H has an orbit with a rotation vector T w then R(H) has an orbit with rotation vector cw (the “group” of transformations G is allowed to include multiplication of the Hamiltonian by a constant complex number c). Obviously, if w = ω is an eigenvector of T with incommensurate components, R(H) has an invariant torus with a rotation vector cω if H has an invariant torus with the rotation vector ω. We will call an invariant torus on which the flow is conjugate to a rotation with a rotation vector ω, an ω-torus.

The group G of transformations introduced in [41] includes 1) canonical coordinate changes H → H ∘ U, homotopic to identity, 2) scaling of time and energy H → τH − ϵ with τ ≠ 0, 3) scaling of the action H → μ^{−1}H(., μ.) with μ ≠ 0. The parameter τ is chosen so that the torus average of ∂_{ω·p}R(H) is equal to 1. The parameter ϵ is taken to be equal to the average of the renormalized Hamiltonian over the real torus, the constant part of the Hamiltonian, which is irrelevant to the dynamics of the flow. The scaling parameter μ is a complex number which generally depends on the renormalized Hamiltonian, however sometimes it can be chosen to be a fixed number (see below).

As we pointed out, the matrix T has one expanding eigendirection, namely, the direction ω. This means that the norm of the terms in the Fourier–Taylor expansion of the Hamiltonian whose frequency vectors are approximately aligned along ω might grow under the map H → H ∘ T . These frequencies correspond to “fast” modes, i.e. the modes that are the main contribution to the motion along the orbit on an ω-torus. The idea is to use a canonical transformation to eliminate these terms, namely, the terms whose frequency vectors are in a certain “cone” around the vector ω and whose powers of the action variables are not too large (see the precise definition in Section 3). Another (experimental) indication to the irrelevance of these modes is the fact that the ω-torus is smooth in the direction of ω and exhibits more and more irregularity in the perpendicular direction as the perturbation increases.

The renormalization picture at criticality for generally non-degenerate Hamiltonians has been explored in [42]-[44]. This study focuses on the issue of existence of an invariant ω-torus for an even real-valued Hamiltonian flow in two angle and two action variables. In [42] the authors suggest a particular choice of vector ω = (1/θ, 1), where θ is the golden mean ( √ 5 + 1)/2, and matrix T is given by

4 DENIS G. GAIDASHEV T = [_{0 1} 1 1 ] , and present a numerical demonstration of the existence of a critical fixed point lying on a codimension two stable manifold. Finally, there has been a considerable progress in proving some of these numerical observations at criticality. We refer the reader to [44] which gives a computer assisted proof of the existence of a critical fixed point.

We want to emphasize that, apart from some modifications relevant to our study, the renormalization group transformation used here will be essentially the same as the one introduced in [41].

2. Main Results. Our overall objective is to present a renormalization picture for Hamiltonian functions in two angle variables q = (q_1, q_2) and two action variables p = (p_1, p_2) close to a certain fixed integrable degenerate Hamiltonian, which we will call a simple fixed point, and prove a series of results about the “quadratically irrational” invariant tori of families of Hamiltonians intersecting the stable manifold of the renormalization operator at the simple fixed point transversally.

Let ω = (1/θ, 1) be a vector in R^2 where θ is an algebraic number of degree two (a quadratic irrational). As we already mentioned, there exists a 2 × 2 matrix T satisfying conditions (T1)-(T3) with two eigenvectors ω = (1/θ, 1) and Ω = (1, −1/θ) corresponding to two distinct eigenvalues whose moduli are not equal to one (see [41]). Without loss of generality, one can assume that the eigenvalue corresponding to ω (of modulus larger than one) is positive, and det T = −1. The two eigenvalues will be denoted by ϑ and −1/ϑ.

The outlined task involves the study of a renormalization group transformation whose simple fixed point is the Hamiltonian H^3_+(q, p) = ω · p + γ(Ω · p)^3, where γ is some sufficiently small real positive number. The specialty of this Hamiltonian lies with the fact that it is the simplest example of a Hamiltonian for which the isoenergetic degeneracy (twist) condition on rotation numbers of orbits is violated.

Recall, that if γ is a (lifted) orbit of H, i.e. a curve from R to the domain of H satisfying γ^′ = (J∇H) ∘ γ, then its rotation vector is defined as ω(γ) = lim_{t−>∞} π_q (γ(t) − γ(0))/t, where π_q is the projection on the periodic coordinates, whenever this limit exists. One also defines the rotation number to be ω(γ)_1/ω(γ)_2.

With these definitions, it is easy to see that the rotation number of orbits of the Hamiltonian H^3_+ is minimal and equal to θ^{−1} on the invariant ω-torus passing through the point p = 0, while the rotation numbers of all other orbits are larger than θ^{−1}.

It is a well-known fact that KAM proofs of existence of invariant tori are significantly more difficult for isoenergetically degenerate Hamiltonians (see e.g. [25]). We will avoid these difficulties by using the renormalization group transformation, a non-perturbative technique, to obtain such existence results in the vicinity of the fixed point H^3_+, in particular, we will carry out a construction of the invariant ωtori for Hamiltonians on the codimension one stable manifold of the renormalization operator at H^3_+.

The Hamiltonians considered here will have a common domain Q×P, where Q is an open neighborhood of the real torus T^2(R) in C^2 , and P is an open neighborhood of zero in C^2 .

An invariant ω-torus for such a Hamiltonian H is a differentiable map Γ_H : T^2(R) → Q × P satisfying

(J∇H) ∘ Γ_H = c ω · ∇Γ_H (2.1)

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 5

for some (possibly complex) number c. Here, J =

[_{0 I} −I 0 ] . A torus map Γ_H is said to be real if it takes real values when restricted to real arguments.

We will also consider one-parameter families α → F (α) of Hamiltonians, where α is restricted to a ball D_δ = {α ∈ C : |α| < δ} of some fixed radius δ > 0. A family F is said to be real if the map (α, q, p) → F (α)(q, p) takes real values when restricted to real arguments. We will also consider a special family F^∗_+, defined by the equation F^∗_+(α)(q, p) = H^3_+ + α Ω · p.

Main Theorem. There exists an open disk D_δ in C , an open neighborhood U of F^∗ in some space of analytic one-parameter families of Hamiltonians, and an analytic function F → α_F with values in D_δ, such that the following holds for every F ∈ U and α ∈ D_δ.

(a) F (α) possess invariant ω-tori Γ^0_{F (α)} and Γ^1_{F (α)} which are distinct for α ≠ α_F and coincide if α = α_F . The maps (α, F ) → Γ^i_{F (α)}, i = 0, 1, are analytic on D_δ × U \ {(α_F , F ) : F ∈ U}. Moreover, given a family F ∈ U the map α → Γ^i_{F (α)} is continuous at α_F .

(b) For α = α_F the torus Γ^0_{F (α)} is shearless (in some exact sense described later). (c) If F is real and α belongs to the interval (−δ, α_F ], then the tori Γ^i_{F (α)} are real.

(d) If F is real and α belongs to the interval (α_F , δ), then the tori Γ^i_{F (α)} are not real, and F has no real ω-tori with range in a certain domain D = D(α, F ) ⊂ Q × P containing the ranges of the maps Γ^i_{F (α)}, i = 0, 1.

Remark 2.1. Although there are indications that the claim of part (b) of the Theorem is true in its full generality (its counterpart for area-preserving maps has been proved in [25]), in this paper, we present a proof of this claim only for Hamiltonians with a trivial dependence on the variable ω · p. The discussion of the difficulties involved in the proof for general Hamiltonians, together, with the very definition of ’shearlessness’ is postponed until Section 8. In the above statement of our main result we have also avoided the use of technical definitions of relevant spaces and domains: the precise formulation of the theorem can be found in Section 9. This theorem parallels the result of [25] about the non-twist maps, mentioned in the Introduction.

3. Definitions and Preliminaries. We will build on the ideas described in the Introduction by giving some rigorous definitions. In our following exposition, we will use the variables (x, y, u, z) = (ω^′ · q, Ω^′ · q, ω · p, Ω · p), where ω^′ and Ω^′ are the constant multiples of ω and Ω such that ω^′ · ω = 1 and Ω^′ · Ω = 1, whenever convenient, together with the standard variables (q, p). The next two definitions describe the space of analytic Hamiltonian functions which will be the objects of renormalization. Definition 3.1.

• Given a real positive number ρ, define D_ρ = {z ∈ C : |z| < ρ}. • Given a pair ρ = (ρ_1, ρ_2) of real positive numbers ρ_1 and ρ_2, define D_1(ρ) = { (x, y) ∈ C^2 : |ℑ(x)| < ρ_1, |ℑ(y)| < ρ_2, } . We shall also use an alternative notation D_1(ρ_1, ρ_2).

• Given a pair ρ = (ρ_3, ρ_4) of real positive numbers ρ_3 and ρ_4, define D_2(ρ) = D_{ρ3} × D_{ρ4} = { (u, z) ∈ C^2 : |u| < ρ_3, |z| < ρ_4, } . We shall also use an alternative notation D_2(ρ_3, ρ_4).

6 DENIS G. GAIDASHEV

• Given a quadruple ρ = (ρ_1, ρ_2, ρ_3, ρ_4) of real positive numbers ρ_1, ρ_2, ρ_3 and ρ_4, define D(ρ) = D_1(ρ_1, ρ_2) × D_2(ρ_3, ρ_4). We shall also use an alternative notation D(ρ_1, ρ_2, ρ_3, ρ_4). The numbers in the quadruple ρ will be also referred to as “components”.

Definition 3.2.

• Given a quadruple ρ of four real positive numbers, define A(ρ) to be the Banach space of all analytic functions on D(ρ), which extend continuously to the boundary of D(ρ), of the form H(x, y, u, z) = ∑ ν∈Z^2,k∈N,n∈N H_{(ν,k,n)}e^{i(ν·ωx+ν·Ωy)}u^kz^n (3.1) for which the norm ‖H‖_ρ = ∑ ν∈Z^2,k∈N,n∈N | H_{(ν,k,n)} | e^{|ν·ω|ρ1+|ν·Ω|ρ2} ρ^k_3 ρ^n_4 (3.2) is finite.

• Given a quadruple ρ of four real positive numbers, define A^′(ρ) to be the vector space of all analytic functions on D(ρ) whose partial derivatives lie in A(ρ). For every ϕ ∈ A^′(ρ) define two seminorms: ‖ϕ‖^′_ρ = max_{i=1..4} {‖∂_iϕ‖_ρ} and |ϕ|^′_ρ = 4∑ i=1 ‖∂_iϕ‖_ρ. (3.3) • Given a quadruple ρ of four real positive numbers, define a product space A^4(ρ) = A(ρ)×A(ρ)×A(ρ)×A(ρ) and, for every ϕ = (ϕ_1, ϕ_2, ϕ_3, ϕ_4) ∈ A^4(ρ), a norm ‖ϕ‖_ρ = max_{i=1..4} {‖ϕ_i‖_ρ}.

In some cases, we will want to disregard the constant part of the Hamiltonians, i.e. we will consider two Hamiltonians H and H^′ to be equivalent if H^′ = H +const. On the space of equivalence classes, A(ρ)/ ∼, introduce a norm ‖H‖^∗_ρ = ∑ ν∈Z^2,k∈N,n∈N | H_{(ν,k,n)} | e^{|ν·ω|ρ1 +|ν·Ω|ρ2} ρ^k_3 ρ^n_4 − | H_{((0,0),0,0)} | . (3.4)

Below, we will not always explicitly distinguish between the space A(ρ) and its quotient space. Since all Hamiltonian functions in an equivalence class define one and the same flow, we will use the norm on the quotient space mostly for Hamiltonians, while the norm on space A(ρ) will be often used in estimates of derivatives of the Hamiltonian functions. The norm on the quotient space A^4(ρ)/ ∼ will be defined as ‖ · ‖^∗_ρ = max_{i=1..4} { ‖(·)_i‖^∗_ρ } . Open balls (and neighborhoods) in spaces A(ρ) and A^′(ρ) will be denoted by B and B^′ respectively, their radii, when necessary, will be indicated in parentheses. We will always specify the center of these open balls explicitly.

In what follows we will be using the notion of differentiability of maps on some Banach spaces over the complex numbers. If X and Y are Banach spaces over the complex numbers we denote by L (X , Y ) the Banach space of all continuous linear operators from X to Y . Here, for completeness, we state the following

Theorem 3.3. Let X and Y be Banach spaces over the complex numbers, and let F be a locally bounded map from some open set D ⊂ X to Y . Then the following properties are equivalent.

(a) F is Gateaux differentiable on D. (b) F is of class C^∞.

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 7

(c) F is complex analytic on D. That is for every x ∈ D, h ∈ X and l ∈ L (Y, C ), the function z → l (F (x + zh)) is analytic in a neighborhood of zero.

Such map F will be referred to as “differentiable” or “analytic”.

We also want to mention several straightforward facts about the functional space A(ρ) and its derivative spaces. The basic estimates from the following Proposition will play a fundamental role in the proofs of practically all results of this work. The proof of this Proposition, however, is elementary and will be omitted here.

Proposition 3.4. Let ρ and δ be quadruples of real positive numbers and denote δ̄ = (δ_3, δ_4, δ_1, δ_2). Consider f, g ∈ A(ρ), (X, Y, U, Z) ∈ A^4(ρ) and h ∈ A(ρ+δ̄). Define U(x, y, u, z) = (x + X(x, y, u, z), y + Y (x, y, u, z), u + U(x, y, u, z), z + Z(x, y, u, z)) for all (x, y, u, z) ∈ D(ρ). Then (a) |f(x, y, u, z)| ≤ ‖f‖_ρ for all (x, y, u, z) ∈ D(ρ), (b) fg ∈ A(ρ) and ‖fg‖_ρ ≤ ‖f‖_ρ‖g‖_ρ, (c) δ̄_i‖∂_ih‖_ρ ≤ ‖h‖_{(...,ρi+}¯_{δi,..)}, i = 1, 2, 3, 4, where (..., ρ_i + δ̄_i, ..) stands for a quadruple, different from ρ only in the i-th component, (d) min_{i=1..4} {δ_i} ‖h‖^′_ρ ≤ ‖h‖_{ρ+}¯_δ, (e) h ∘ U ∈ A(ρ) and ‖h ∘ U‖_ρ ≤ ‖h‖_{ρ+}¯_δ, if ‖X‖_ρ ≤ δ_3, ‖Y ‖_ρ ≤ δ_4, ‖U‖_ρ ≤ δ_1, ‖Z‖_ρ ≤ δ_2.

Finally, we want to specify the notion of irrelevant degrees of freedom in the Fourier–Taylor expansion of the Hamiltonian functions. Let σ, κ_3 and κ_4 be fixed positive real numbers, additional conditions on which will be specified later. These numbers will be called projection parameters and will be used in the following definitions of resonant (slow) and non-resonant (fast) index sets I^±.

Definition 3.5. Given real numbers σ, κ_3 and κ_4 define the non-resonant index set I^− = { (ν, k, n)∈Z^2×N×N :|ω·ν|>σ |Ω·ν| , |ω·ν|>κ_3k and |ω·ν|>κ_4n } . (3.5)

Define the resonant index set I^+ to be the complement of I^− in Z^2 × N × N. We will also denote the restriction of the sum in (3.1) to the index sets I^± by I^±H.

4. Renormalization of Hamiltonians Close to the Fixed Point H^0. We will start by adopting some of the results of [41] to our setting. In particular, as a first step we would like reproduce the construction of the renormalization operator with a simple fixed point H^0 = u. This renormalization group transformation, although not suitable for the studies of the shearless ω-tori, will be used in our proof of the main result; of particular importance will be the existence of the invariant ω-tori for Hamiltonians on the stable manifold at the simple fixed point H^0. We want to emphasize that although the results of this Section are not new, the estimates of individual theorems and propositions are, since our definitions of the relevant functional spaces differ from those in [41]. In the next Definition, we assume for a moment the existence of a canonical transformation U_H which eliminates the irrelevant degrees of freedom in the Hamiltonians, sufficiently close to H^0; the exact statement about the existence and analyticity property of this transformation is contained in Theorem 4.2. In the next Definition and throughout the rest of the paper we will denote the average of a Hamiltonian in A(ρ) over the real torus by EH and its value at a point (u, z) by E_{(u,z)} H.

8 DENIS G. GAIDASHEV

Definition 4.1. Define the operator R_μ on A(ρ) by setting

R_μ(H) = 1 ξ(H) [ H̃ − E_0 H̃ ] , (4.1)

where H̃ = (ϑ/μ)H ∘ U_H ∘ T_μ and ξ(H) = E_0 ∂_uH̃.

The role of the factor ξ(H) is to normalize the component (0, 0, 1, 0) of the Hamiltonian to one. This normalization does not change the rotation numbers of the orbits of the Hamiltonian and is introduced for convenience.

The renormalization operator (4.1) has a fixed point H^0(x, y, u, z) = u. Although the scaling parameter μ is generally H-dependent (this dependence is always nontrivial for critical fixed points), for a renormalization group analysis around the fixed point H^0 almost any choice of μ will do (see [41]). Our immediate objective will be to demonstrate the analyticity and compactness of the renormalization operator R_μ.

The first step to proving the analyticity of this renormalization operator is showing the existence of a canonical change of coordinates that eliminates the non-resonant components of the Hamiltonians. Define Ĥϕ = {H, ϕ} = ∇_{(x,y)}H · ∇_{(u,z)}ϕ − ∇_{(u,z)}ϕ · ∇_{(x,y)}H. Given two quadruples ρ and r such that ρ > r componentwise, denote by ρ−r the minimum of ρ_i −r_i, i = 1..4. As we already mentioned, the next theorems are adaptations of the similar results from [41] and [45]. We will not give their proofs here: an interested reader is referred to [41], [45] and [30].

Theorem 4.2. Let ρ be a quadruple of real positive numbers, c > 0 and H be some non-empty set of Hamiltonians H ∈ A(ρ), such that ‖H‖_ρ < c. Also, let I^− be a projection operator on A(ρ^′), where ρ^′ is a quadruple of real positive numbers, such that ρ^′ < ρ componentwise. Assume that I^− satisfies the following non-resonant conditions.

There is a choice of ϱ^′ ∈ (ρ^′, ρ) componentwise, and constants a > 0 and e satisfying 0 < e < 68[1 + 3 max{(ρ − ϱ^′)_3/(ρ − ϱ^′)_4, (ρ − ϱ^′)_4/(ρ − ϱ^′)_3}]^{−1}, such that for all r ∈ [ϱ^′, ρ − (ρ − ϱ^′)/4] the following holds: (a) if f ∈ A(r), then I^−f ∈ A(r) and ‖I^−f‖_r ≤ a‖f‖_r; (b) ‖I^−H‖_ρ < e^2ac/(4(34 + e)) for all H ∈ H;

(c) for all H ∈ H, the operator I^−Ĥ maps I^−A^′(r) onto I^−A(r), and if ϕ ∈ I^−A^′(r) is non-zero, then ‖I^−Ĥϕ‖_r > aec/(ρ − ϱ^′)‖ϕ‖^′_r.

Then there exists a map N that assigns to each H ∈ H a canonical transformation U_H from D(ϱ^′) to D(ϱ), where ϱ = ϱ^′ + (ρ − ϱ^′)/6 componentwise, such that H ∘ U_H ∈ A(ϱ^′), I^−H ∘ U_H = 0. (4.2) The map N : H → H ∘ U_H is analytic from H to A(ϱ^′). Furthermore, if H ∈ H satisfies I^−H = 0, then U_H = I and DN (H) = I^+ − I^+Ĥ(I^−ĤI^−)^{−1}I^−, where I^+ = I− I^−.

Define U_ϕ to be the canonical transformation generated by ϕ, i.e. U_ϕ(x, y, u, z) = (x + X, y + Y, u + U, z + Z), where (X, Y, U, Z)(x, y, u, z) = (J∇ϕ)(x, y, u + U(x, y, u, z), z + Z(x, y, u, z)). (4.3) The next Theorem associates a generating function with the canonical transformation U_H .

Theorem 4.3. Let ρ^′, ρ and H ⊂ A(ρ) be as in Theorem 4.2, and let I^− be a projection operator on A(ρ^′), satisfying conditions of Theorem 4.2.

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 9

Then there exists a quadruple ρ^{′′}, ρ^{′′} < ϱ^′ componentwise, and a differentiable map ψ from H to B^′ ((ρ − ϱ^′)/16) ∈ A^′(ρ^{′′}), such that U_{ψ(H)} = U_H , where U_H is the canonical transformation, described in Theorem 4.2 . Furthermore, ‖ψ (H) ‖^′_ρ′′ ≤ 4 3 ρ − ϱ^′ aec ‖I^−H‖_ρ. (4.4) An important ingredient for proving the compactness property of the renormalization operator is compactness of the map H → H ∘ T_μ. The next lemma shows the importance of the elimination of the non-resonant modes: informally, the action of the map T_μ on the resonant subspace of A(ρ^′) is not a singular operation, unlike on the whole of A(ρ^′).

Lemma 4.4. Let quadruples ρ^′ and ρ be given, such that 0 < ρ^′ < ρ componentwise. Assume, that there exist real positive numbers σ, κ_3, κ_4 and a complex number μ, such that

(ϑρ_1 − ρ^′_1)σ < ( ρ^′_2 − ρ_2 ϑ ) , |μ| ϑ e^{κ3(ϑρ1 −ρ′1)} < ρ^′_3 ρ_3 , |μ|ϑe^{κ4(ϑρ1 −ρ′1 )} < ρ^′_4 ρ_4

. (4.5)

Then, every H ∈ I^+A(ρ^′) extends analytically to T_μD(ρ), and H → H ∘ T_μ is a compact linear map from I^+A(ρ^′) to A(ρ) of norm less than or equal to one.

For any vector v = (v_1, v_2) ∈ C^2 define a translation of coordinates J_v by setting J_v(x, y, u, z) = (x + v_1, y + v_2, u, z) and a map J_v on A(ρ) by J_vH = H ∘ J_v. Also, define a scaling transformation S_ζ (x, y, u, z) = (x, y, ζu, ζz) and a scaling map S_ζ on A(ρ) by setting S_ζ H = ζ^{−1}H ∘ S_ζ .

Lemma 4.5. Let ρ^′, ϱ^′, ϱ and ρ be the quadruples of real positive numbers as in Theorem 4.2 and let δ be a pair of positive numbers, such that δ_1 < ϱ^′_1 − ρ^′_1, δ_1 < ρ_1 − ϱ_1 and δ_2 < ϱ^′_2 − ρ^′_2, δ_2 < ρ_2 − ϱ_2. There exists a real b > 0, such that for all v ∈ D_1(δ) and all H in an open ball B(b) around H^0 in A(ρ) the following identity holds on D(ρ^′_1, ρ^′_2, ϱ^′_3, ϱ^′_4):

J_v ∘ U_{Jv H} = U_H ∘ J_v. (4.6)

Theorem 4.6. Given ρ^′ and ρ, such that ρ^′ < ρ componentwise, let real positive numbers σ, κ_3, κ_4 and a complex number μ satisfy conditions (4.5) and, additionally, let min {κ_3ρ_3, κ_4ρ_4} < σ < 1. Then there exists an open neighborhood B_0 around H^0, such that the operator R_μ is well-defined, analytic, and compact, as a map from B_0 to A(ρ).

The same holds for the map R_μ ∘J_v = J_T −1_vR_μ, if the imaginary part of v ∈ C^2 is sufficiently small. Moreover, R_μ maps B_0 ∩ S_ζ B_0 to A(ρ) ∩ S_ζ A(ρ), for any nonzero complex number ζ, and S_ζ ∘ R_μ = R_μ ∘ S_ζ on B_0 ∩ S_ζ B_0.

To better understand the action of the operator R_μ near the fixed point H^0, one can look at the derivative of this operator. A relatively straightforward computation gives

DR_μ(H^0)h = L_μh − E_0 L_μh − (E_0 ∂_uL_μh)H^0, L_μh = ϑ μ (I^+h) ∘ T_μ, (4.7)

where h is an element of the tangent space at the point H^0. The corresponding eigenvectors e_{(k,n)} and eigenvalues λ_{(k,n)} are given by

e_{(k,n)} = u^kz^n, λ_{(k,n)} = (−1)^nμ^{k+n−1}ϑ^{n−k+1}, (4.8)

for all k, n ≥ 0, (k, n) ≠ (0, 0), (1, 0). The eigenvalues corresponding to the constant eigenvector and eigenvector u are equal to zero. Below, we will always assume that

10 DENIS G. GAIDASHEV

μ satisfies |μ| < ϑ^{−3}, then all eigenvalues are of modulus less then one except for that corresponding to (k, n) = (0, 1). For any h ∈ A(ρ) we will define a projection on the subspace spanned by e_{(0,1)} as

P^uh = (E_0 ∂_zh)e_{(0,1)}, (4.9)

and we will also denote P^s = I− P^u. This projection operator is used in the next

Definition 4.7. Define A^s(ρ) to be the affine space of all functions of the form H^0 + h where h ∈ P^sA(ρ). Define A^u(ρ) = P^uA(ρ).

Given any two sets A, C contained in the domain of the renormalization operator R_μ, define W^0_s (A, C) to be the set of all functions H ∈ A, such that R^n(H) ∈ C for all n ≥ 1. Also define W^0_u(A, C) to be the set of all functions H ∈ A, such that for each n ≥ 1 there exists a function H_{−n} ∈ C satisfying R^n_μ(H_{−n}) = H.

By the local stable manifold theorem, there exists an open neighborhood B of H^0 in A(ρ), such that W^0_s (B, B) is the graph of an analytic map W^0_s : B ∩ A^s(ρ) → A^u(ρ), whose derivative vanishes at H^0 and is of norm less than one everywhere in its domain.

Similarly, there exists an open neighborhood A of H^0 in A(ρ), such that W^0_u(A, A) is the graph of an analytic map W^0_u : A ∩ A^u(ρ) → A^s(ρ) whose derivative vanishes at H^0 and is of norm less than one everywhere in this domain.

Definition 4.8.

• Define the local stable manifold of the renormalization operator R_μ at the fixed point H^0 to be W^0_s = W^0_s (B, B).

• Define the local unstable manifold of the renormalization operator R_μ at the fixed point H^0 to be W^0_u = W^0_u(A, A).

• Define the projection Π in the direction of A^u(ρ) from B onto W^0_s as Π(H) = P^sH + W^0_s (P^sH). We will also use the notation H^s = Π(H).

We want to finish this Section with a result about the existence of invariant ω-tori for Hamiltonians in W^0_s (see [30] for the proof).

Theorem 4.9. Let the quadruples ρ^′, ϱ and ρ be as in Theorem 4.2. Given a real χ > 1 sufficiently close to 1, let r be a pair of real positive numbers, such that (1 − χ^{−1})ρ_1 > r_1 and ρ_2 − ϱ_2 > r_2. Then, there exists an open neighborhood B^Γ_0 of H^0, and for every H ∈ B^Γ_0 ∩ W^0_s a complex number ξ^′(H) and an analytic map Γ_H from D_1(r) to D(ϱ_1, ϱ_2 + r_2, ϱ_3, ϱ_4) ⊂ D(ρ), such that the following equation holds on D_1(r):

(J∇H) ∘ Γ_H = ξ^′(H) ∂_xΓ_H . (4.10) If H depends on (u, z) only, then ξ^′(H) = E_0 ∂_uH and Γ_H (x, y) = (x, y, 0, 0) for all (x, y) ∈ D_1(r). Furthermore, the maps H → ξ^′(H^s) and H → Γ_Hs − Γ_H0 are analytic from B^Γ_0 to, respectively, C and some Banach space of analytic maps from D_1(r) to D(ρ), 2π-periodic in variables ω · (x, y) and Ω · (x, y).

Finally, if γ is any closed contour on the real torus T^2(R), then ∮ γ (ω^′ · JΓ_H, Ω^′ · JΓ_H) (x, y) · d (ω · Γ_H , Ω · Γ_H ) (x, y) = 0 (4.11)

for any H ∈ B^Γ_0 ∩ W^0_s .

We want to remark that although is is relatively easy to demonstrate that the Hamiltonians on the stable manifold W^0_s satisfy the equation 4.11, the converse, although probably true (as suggested by Hans Koch in a private communication),

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 11

is highly non-trivial and difficult to prove. Here we will state it in a form of a conjecture whose proof will be the subject of our future work.

Conjecture 4.10. The local stable manifold W^0_s consists of all Hamiltonians H ∈ B^Γ_0 ⊂ A(ρ) which posses a torus map Γ_H analytic from D_1(r), where r is some pair of real positive numbers, to D(ρ) and satisfying the equations (4.10) and (4.11).

5. The Modified Renormalization Group Transformation R. In this section we shall carry out a construction of a renormalization operator with a simple period two fixed point (H^3_+, H^3_−), where H^3_±(u, z) = u ± γz^3 and γ is some real positive number. The rotation vector, ω_H3_± (z), of orbits on invariant tori of the integrable Hamiltonian H^3_± is given by ω_H3_± (z) = ω ± 3γz^2Ω, while the rotation number is equal to (1 ± 3γz^2θ)/(θ ∓ 3γz^2) (recall, that the rotation number of an orbit with the rotation vector ω is defined as ω_1/ω_2). One can see right away that the rotation number of the ω-torus of these flows passing through (u, z) = 0 is minimal for the plus sign and maximal for the minus sign. In this case the degeneracy is local, which, however, is the generic situation. Globally degenerate dynamical systems are known to be structurally unstable: any globally degenerate Hamiltonian flow becomes locally degenerate under a small perturbation (see e.g. [22]).

The renormalization operator constructed here will be used in one of the steps of the proof of our main result. The fact that iterates of a Hamiltonian in a certain neighborhood of the simple fixed point H^3_+ approach under renormalization the one-parameter families F^∗_± = H^3_± + αz of integrable Hamiltonians, whose tori can be easily described, will be of crucial importance in our construction. However, it can be easily seen that if one fixes the scaling μ in the renormalization operator R_μ so that (H^3_+, H^3_−) is the period two fixed point of R_μ, one necessarily obtains two expanding eigenvectors for the derivative of such renormalization operator at H^3_±. Hence, for Hamiltonians to approach the abovementioned one-parameter families, it is imperative to reduce the dimension of the unstable manifold of the renormalization operator to one. This will be done by complementing the three ingredients of renormalization described in the Introduction with the fourth one, elimination of the components of Hamiltonians in the second unstable direction, namely, direction spanned by z^2.

To this end, define a map R_t(x, y, u, z) = (x, y, u, z + t) and let t(H) denote the solution of the equation [ H ∘ R_{t(H)} ] ((0,0),0,2) = 0, which is the same as requiring

that E_{(0,t(H))} ∂^2_z H = 0. (5.1) In the rest of this paper we will denote H̃ = H ∘ U_H , Ĥ = H̃ ∘ R_{t(H̃)} and H̄ = Ĥ ∘ T_{ϑ−2} .

Proposition 5.1. Let U_H be the canonical transformation from D(ρ^′) to D(ϱ) described in Theorem 4.2. Assume that γ is sufficiently small, so that H^3_± ∈ H, the set described in Theorem 4.2. Then there exist a sufficiently small positive number b, and a quadruple ρ̃ = (ρ^′_1, ρ^′_2, ρ^′_3, ρ̃_4), 0 < ρ̃_4 < ρ^′_4, such that for any H in an open ball B_±(b) ⊂ A(ρ), centered at H^3_±, the equation E_{(0,t(H̃ ))}∂^2_z H̃ = 0 has a unique solution, and the transformation V_H = U_H ∘ R_{t(H̃)} is canonical from D(ρ̃) to D(ϱ).

Furthermore, the map H → H ∘ V_H is analytic from B_±(b) to A(ρ̃).

Proof. Simultaneously with proving the claim of the Proposition we will provide a bound on the number t(H̃) in terms of the norm of the difference H̃ − H^3_±. This bound will be used later for sharper estimates on the size of translation t(H̃), after

12 DENIS G. GAIDASHEV

we establish convergence of families of Hamiltonians to a period two fixed family α → (F^∗(α)_+, F^∗(α)_−).

Define Φ : B_±(b) × C → C by setting Φ(H, t) = E_{(0,t)} ∂^2_z H̃. The equation Φ(H^3_±, t) = 0 has the unique solution t(H^3_±) = 0. Moreover, D_2Φ(H^3_±, t)|_{t=0} = ±6γ and the function Φ satisfies the assumptions of the Implicit Function Theorem. Hence, there exists a constant b, such that the equation Φ(H, t) = 0 has a unique solution for any Hamiltonian H in an open ball B_±(b) ⊂ H centered at H^3_±, and this solution depends analytically on H.

For any H ∈ B_±(b) write H̃ = H^3_± +(P^sH̃ −H^3_±)+P^uH̃, where P^sH̃ = (I−P^u)H̃ and P^u is the projection on the unstable subspace spanned by z. Then E_{(0,t)} ∂^2_z H̃ = ±6γt+E_{(0,t)} ∂^2_z (P^sH̃−H^3_±) for any t ∈ C . Therefore, if t(H̃) is a solution of the equation (5.1), then |t(H̃)| ≤ (1/(6γ))‖E_{(0,z)} ∂^2_z (P^sH̃ − H^3_±)‖_r for any quadruple r with positive components such that t(H̃) ≤ r_4. Now, assume that we can choose r_4 ≤ ρ^′_4/2, then |t(H̃)| ≤ (1/(3γ)) ∑ n≥2 n(n − 1)2^{1−n} | | |(P^sH̃ − H^3_±)_{((0,0),0,n)} | | | (ρ^′_4)^{n−2}. It is easily checked that max_{n≥2}{n(n − 1)2^{1−n}} = 3/2, and, since by Theorem 4.2 the transformation U_H is canonical from D(ρ^′) to D(ϱ), one gets the following bound on t(H̃): |t(H̃)| ≤ 1 2γ(ρ^′_4)^2 ‖E(P^s H̃ − H^3_±)‖_ρ′ ≤ 1 2γ(ρ^′_4)^2 ‖P^sH − H^3_±‖_ρ ≤ b 2γ(ρ^′_4)^2

. (5.2)

If b is sufficiently small then our assumption |t(H̃)| ≤ ρ^′_4/2 is verified a posteriori. For all H ∈ B_± ⊂ H, where the set H is as in Theorem 4.6, the transformation V_H = U_H ∘R_{t(H̃)} is canonical, being a composition of two canonical transformations, from D(ρ̃) to D(ϱ), where ρ̃ = (ρ^′_1, ρ^′_2, ρ^′_3, ρ̃_4) is such that ρ̃_4 ≤ ρ^′_4 − b/(2γ(ρ^′_4)^2).

Finally, let B̃_± = {H ∘ U_H ∈ A(ρ^′) : H ∈ B_± ⊂ A(ρ)}. The analyticity of the map H → H ∘ V_H from B_± to A(ρ̃) follows from the analyticity of the map H → H ∘ U_H from B_± to B̃_± and the analyticity of the map H → H ∘ R_{t(H̃)} from B̃_± ⊂ A(ρ′) to A(ρ̃).

We will always assume that b < γ(ρ_4)^3 which ensures that the open balls B_+ and B_− from Prop. 5.1 do not intersect. Now, we are ready to define the modified renormalization operator.

Definition 5.2. Given a quadruple ρ, define for all H ∈ B_±(b)

R(H) = ϑ^3 ξ(H)η(H) [ Ĥ ∘T_{ϑ−2} ∘S_{η(H)} − E_0 ( Ĥ ∘T_{ϑ−2} ∘S_{η(H)} )] , (5.3)

where Ĥ = H ∘ V_H , ξ(H) = E_0 ∂_uĤ, η(H) = [ (±6γE_0 ∂_uĤ)/(E_0 ∂^3_z Ĥ) ]_{1/2} . The purpose of the complex parameter ξ(H) is to normalize the component ((0, 0), 1, 0) of the Hamiltonian R(H) to one, while the complex parameter η(H) serves the role of normalizing the ((0, 0), 0, 3)-component of the Hamiltonian R(H) to −γ, if H is in B_+, and to γ, if H is in B_−.

As it can be easily checked, this operator has a fixed point of period two: (H^3_+, H^3_−). For these fixed points V_H3_± = I and η(H^3_±) = ξ(H^3_±) = 1.

The following theorem describes the properties of this operator. Theorem 5.3. There exists a sufficiently small b > 0, such that the operator R is well-defined, analytic and compact from an open ball B_±(b) ⊂ A(ρ), centered at H^3_±, to A(ρ).

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 13

The same holds for the map R ∘ J_v = J_T −1_v ∘ R, if the imaginary part of v is sufficiently small.

Proof. By Prop. 5.1 the map V : H → H ∘ V_H is analytic from B_±(b) to A(ρ̃). By Lemma 4.4 the linear operator L_ϑ−2 (H) = ϑ^3(I^+H) ∘ T_ϑ−2 is compact from A(ρ^′) to A(ρ) and is certainly compact from A(ρ̃) to A(ρ).

Let B̂_± = {H ∘ V_H ∈ A(ρ̃) : H ∈ B_± ⊂ A(ρ)}. The set B̂_± is clearly open since the map V is analytic on B_±. Define the functionals F_0, F_1 and F_2 on B̂_± by setting F_0(H) = E_0 H, F_1(H) = E_0 ∂_uH and F_2(H) = [ (±6γE_0 ∂_uH)/(E_0 ∂^3_z H) ]_{1/2} . Then, for any H ∈ B_±(b)

|F_1(H ∘ V_H ) − 1 = | |E_0 ∂_u(H ∘ V_H − H^3_±) | | ≤ 1 ρ̃_3 ‖E(H − H^3_±)‖_ρ ≤ b ρ̃_3

. (5.4)

The bound (5.4) implies that the analytic map H → ξ(H) is bounded on B_±(b), in particular, one obtains for all H ∈ B_±(b): |ξ(H)| ≤ 1 + b ρ̃_3

. (5.5)

Next, for any H in the open ball B_±(b) centered at H^3_± | |E_0 ∂^3_z H ∘V_H ∓ 6γ | | = | |E_0 ∂^3_z (H ∘V_H − H^3_±) | | ≤ 1 (ρ̃_4)^3 ‖E(H − H^3_±)‖_ρ ≤ b (ρ̃_4)^3

. (5.6)

In its turn, this bound, together with the bound (5.5) and the fact that the map V : H → H ∘ V_H is analytic on B_±(b), implies that the map H → η(H) is analytic and bounded on B_±(b), in particular, ( 1 −^b_{ρ̃3} 1 +^b_{6γ(ρ̃4 )3} )_{1/2} ≤ |F_2(H ∘ V_H )| = |η(H)| ≤ ( 1 +^b_{ρ̃3} 1 −^b_{6γ(ρ̃4)3} )_{1/2} , (5.7)

and |F_2(H ∘ V_H )| is bounded away from zero if b is sufficiently small.

The analyticity of the map H → F_0(H) together with the bounds (5.5) and (5.7) implies that the map F : H → (H −F_0(H))/(F_1(H)F_2(H)) is analytic and bounded from B̂_± to A(ρ). The scaling map S : H → H ∘ S_{η(V} −1_{∘F} −1_{(H))} is also analytic on B^′_± = {F (H ∘ V_H ) ∈ A(ρ̃) : H ∈ B_±} since the map H → η(H) is analytic on B_±. Finally, the map R = L_ϑ−2 ∘ S ∘ F ∘ V is analytic and compact from B_± to A(ρ).

The claim about the analyticity of the operator R ∘ J_v for a complex v is proved word-by-word as in [41].

A lengthy but relatively straightforward computation (see [30]) gives the following expression for the derivative of the renormalization operator R at the fixed point H^3_±:

DR(H^3_±)h = (I− E_0 )L_ϑ−2 h − uE_0 ∂_uL_ϑ−2 h − z^2 2 E_0 ∂^2_z L_ϑ−2h + z^3 6 E_0 ∂^3_z L_ϑ−2 h. (5.8)

The eigenvalues of DR(H^3_±) are the same as those of the linear operator L_ϑ−2 with the exception of eigenvectors 1, u, z^2 and z^3, which correspond to the eigenvalue zero. The rest of eigenvectors and eigenvalues are given by

e_{(k,n)} = u^kz^n, λ_{(k,n)} = (−1)^nϑ^{−3k−n+3}. (5.9)

The derivative of the renormalization operator at the point H^3_± has one eigenvalue of modulus larger then one, namely λ_{(0,1)} = −ϑ^2. At the point H^3_± the one-dimensional local unstable manifold of the operator R^2 coincides with the unstable subspace spanned by z, while the stable manifold is codimension one. The

14 DENIS G. GAIDASHEV

local stable and unstable manifolds of the operator R^2 at the fixed point H^3_+ will be denoted by W^3_s and W^3_u respectively, while the analytic maps, whose graphs these manifolds are, will be denoted by W^3_s and W^3_u . Their precise definitions are analogous to Definition 4.8, which will not be repeated here.

The next lemma is a restatement of a similar result from [41]. Again, the proof of the claim about the contraction rate on a stable manifold of some renormalization operator is independent of the particular choice of the operator and the simple fixed point. The only fact used in the proof presented in [41], specific to this choice, is the largest contracting eigenvalue of the derivative of the renormalization operator at the fixed point of interest. In our case, this is the eigenvalue λ_{(0,4)} = λ_{(1,1)} whose absolute value is equal to ϑ^{−1}. We want to emphasize that the open ball B_± appearing in the following Lemma is, possibly, smaller than that appearing in Theorem 5.3. Here, however, we chose to keep the same symbol not to make our notation unnecessary cumbersome. In all following sections we will only use the open ball B_± from Lemma 5.4.

Lemma 5.4. Let ζ ∈ R be given, satisfying 0 < ϑ^{−1} < ζ < 1. Then there exists an open neighborhood B_+ of H^3_+ in A(ρ), three constants K, a > 0 and c > 1, and a non-negative integer N, such that

‖R^m(H) − H^3_{(−)}m ‖_ρ ≤ Kζ^m‖H − H^3_+‖_ρ, (5.10)

‖(I− E)R^n (H)‖ ≤ e^{−acn} ‖H − H^3_+‖_ρ + ζ^{2n}‖H − H^3_+‖^2_ρ, (5.11)

whenever m ≥ 0, n ≥ N, and H ∈ W^3_s ∩ B_+.

In the rest of this paper we will consider the number ζ to be fixed together with the the open ball B_+ and its image B_− under the scaling I(x, y, u, z) = (x, y, u, −z).

6. Invariant Tori for Hamiltonians Close to the Fixed Family F^∗_+. As it can be easily seen the members of the family F^∗_+ undergo a bifurcation of its ω-tori as the family passes through the degenerate Hamiltonian H^3_+. Specifically, let α be the real parameter along the family, then, if α ≠ 0, each member of F^∗_+, F^∗_+(α), has precisely two constant torus maps Γ^i_F ∗_{+(α)}(x, y) = (x, y, 0, t_i( ~F^∗_+(α))), i = 0, 1,

satisfying equation (4.10). Here, t_i( ~F^∗_+(α)) are the two square roots of −α/3γ. We, notice, however, that for a real α the restriction of the maps Γ^i_F ∗_{+(α)} to R^2 is real-valued for α ≤ 0 and complex-valued for α > 0 (we recall that γ is a real positive number). Thus, the ω-tori of F^∗_+(α), viewed as a real parameter family, undergo a bifurcation: for α < 0 there are exactly two maps Γ^i_F ∗_{+(α)} form T^2(R) to T^2(R) × R^2 , for α = 0 there is only one such map, namely Γ_H3_+ (x, y) = (x, y, 0, 0), and for α > 0 there are none. Furthermore, the rotation number of orbits on torus Γ_H3_+ is minimal. The same bifurcation happens along the family F^∗_− with the parameter regions of existence and non-existence of real tori reversed.

Our goal is to show that a similar result holds for any real-parameter family of Hamiltonians in the vicinity of F^∗_+(α). This is a statement about some universal property of transversal families and it is quite natural that we shall use a renormalization group construction to prove this result. Before we start, however, we need to give a rigorous definition of the space of transversal one-parameter families.

Recall, that A^u(ρ) = P^uA(ρ) is the one-dimensional unstable subspace of the renormalization operator R at the fixed point H^3_+. Specifically, if H ∈ A(ρ) then P^uH = αz, where α = E_0 ∂_z H. The isomorphism P^uH → α allows one to identify

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 15

A^u(ρ) with the complex plain C . Below we will abuse notation by writing α ∈ A^u(ρ), keeping in mind the mentioned identification.

Definition 6.1. Given δ > 0, let D_δ = {α ∈ A^u(ρ) : |α| < δ}. Define F^ρ_δ to be the Banach space of all analytic one-parameter families F : D_δ → A^u(ρ) ⊕ A^s(ρ), that extend continuously to the boundary of D_δ , equipped with the norm ‖F ‖_δ = sup_{α∈Dδ} ‖F (α)‖_ρ. (6.1)

We will denote an open ball in F^ρ_δ centered at F^∗_+ by U. Its radius will be indicated in parentheses if necessary. We want to mention that if the radius of U is sufficiently small, all families in this ball, being analytic and close to the transversal fixed family F^∗_+, are automatically transversal to the stable manifold W^3_s .

The following Proposition shows that Hamiltonians, sufficiently close to the fixed family F^∗_+ and lying outside of some neighborhood of H^3_+ posses two analytic tori on which the flow is conjugate to the rotation with a rotation vector ω. Such members of the families correspond to the values of parameter α lying outside of some neighborhood of zero. We will denote such annulus by D_{δ,α}′ , i.e. D_{δ,α}′ = {α ∈ A^u(ρ) : α^′ < |α| < δ}. Proposition 6.2. Let the quadruples ρ^′, ϱ and ρ be as in Theorem 4.2, and let r be a pair of real positive numbers, such that r_1 < (1 − χ^{−1})ρ^′_1 and r_2 < ρ_2 − ϱ_2. Then, if B_+(b), the neighborhood from Lemma 5.4 is sufficiently small, there exists a real positive number δ, and for each 0 < α^′ < δ, a real positive β = β(α^′, δ), such that the following holds for every F ∈ U(β) ⊂ F^ρ_δ and α ∈ D_{δ,α}′ .

(a) There exist two distinct complex numbers t_i( ~F (α)), i = 0, 1, such that the Hamiltonians F (α) ∘ R_{ti ( ~F (α))}, i = 0, 1, are distinct and lie in B_+(b) ∩ W^0_s ⊂ A(ϱ). (b) There exist two distinct maps Γ^i_{F (α)}, i = 0, 1, analytic from D_1(r) to D(ρ) and satisfying (J∇F (α)) ∘ Γ^i_{F (α)} = ξ^′(F (α) ∘ R_{ti( ~F (α))})∂_xΓ^i_{F (α)} (6.2)

on D_1(r), where ξ^′(H) is the analytic function on B(b)_+ described in Theorem 4.9.

Proof. Let δ be some real positive number, to be specified later, such that F^∗_+(α) ∈ B_+(b) for all α ∈ D_δ. Consider F^∗_+(α) for some non-zero α. Let t_i( ~F^∗_+(α)), i = 0, 1, be the two distinct square roots of −α/(3γ). Then F^∗_+(α) ∘ R_{ti( ~F ∗+(α))} ∈ W^0_s . To be more specific,

F^∗_+(α) ∘ R_{ti ( ~F ∗+(α))} = u + 3γt_i( ~F^∗_+(α))z^2 + γz^3 + γt^3_i ( ~F^∗_+(α)) + αt_i( ~F^∗_+(α)), (6.3)

and a simple computation shows that ‖F^∗_+(α) ∘ R_{ti ( ~F ∗+(α))} − H^3_+‖^∗_ρ < b if δ <

b^2/(3γ(ρ_4)^4), thus F^∗_+(α) ∘ R_{ti( ~F ∗+(α))} is in B_+(b) in the norm ‖ · ‖^∗_ρ.

Fix some δ < b^2/(12γ(ρ_4)^4) (this ensures that F^∗_+(α) ∘ R_{ti( ~F ∗+(α))} ∈ B_+ (b/2) in the norm ‖ · ‖^∗_ρ) and some real positive α^′ < δ. Equation (6.3) shows that for any α ∈ D_{δ,α}′ ‖F^∗_+ ∘ R_{t0 ( ~F ∗+(α))} − F^∗_+ ∘ R_{t1 ( ~F ∗+(α))}‖^∗_ρ > 2(3γα^′)^{12} ρ^2_4. (6.4)

Since F^∗_+ ∘ R_{t0 ( ~F ∗+(α))} and F^∗_+ ∘ R_{t1 ( ~F ∗+(α))} belong to the stable manifold of the

renormalization operator R_μ and, for our choice of δ, are contained in B_+(b) ⊂ B^Γ_0 ,

16 DENIS G. GAIDASHEV

for each of these two Hamiltonians there exists an analytic torus map, satisfying equation (4.10). Then, given a pair r as in the condition of the Theorem, the maps Γ^i_F ∗_{+(α)} = R_{ti( ~F ∗+(α))} ∘ Γ_F ∗_{+(α)∘Rti( ~F ∗+ (α)} = (x, y, 0, t_i( ~F^∗_+(α)), i = 0, 1, are obviously analytic from D(r) to D(ρ) and satisfy

(J∇F^∗_+(α))Γ^i_F ∗_{+ (α)} = ξ^′(F^∗_+(α) ∘ R_{ti( ~F ∗+(α))}) ∂_xΓ^i_F ∗_{+(α)}, i = 0, 1. (6.5)

As it can be easily checked, the family F^∗_+(α) ∘ R_t is transversal to W^0_s at points F^∗_+(α) ∘ R_{ti( ~F ∗+(α))}. By the stability of transversality, there exists a real positive β, such that all families F (α) ∘ R_t with F ∈ U(β) and α ∈ D_{δ,α}′ also intersect W^0_s only at two points and are transversal to the stable manifold at those points. By the Implicit Function Theorem, for a fixed α, the intersection points are continuous (in fact analytic) functions of the parameter F , i.e. maps F → F (α) ∘ R_{ti( ~F (α))}, i = 0, 1, are continuous and bounded on U(β), and so are the maps τ_i : (F, α) → t_i( ~F (α)), i = 0, 1, on U × D_{δ,α}′ . Then, for each ε there is a β, such that |t_i( ~F (α)) − t_i( ~F^∗_+(α))| < ε, whenever F ∈ U(β). Choose β so that |t_i( ~F (α)) − t_i( ~F^∗_+(α))| < |α^′/12γ|^{1/2}, then t_0( ~F (α)) ≠ t_1( ~F (α)) for all F ∈ U(β) and α ∈ D_{δ,α}′ . Moreover, for each ε there exists a β, such that sup_{F ∈U,α∈Dδ,α′} ||t_i( ~F (α))| − |δ/γ|^{1/2}| < ε for all F ∈ U(β). Therefore, it is possible to reduce δ and β, so that sup_{F ∈U,α∈Dδ,α′} {|t_i( ~F (α))|} < ρ_4 − ϱ_4 for all U(β) ∈ F^ρ_δ .

Reduce β, if necessary, so that ‖F^∗_+(α) ∘ R_{ti( ~F ∗+(α))} − F (α) ∘ R_{ti( ~F (α))}‖^∗_ρ < (1/2) min { b, (3γα^′)^{1/2}ρ^2_4 } . This condition, together with our choice of δ and the condition (6.4), ensures that F (α) ∘ R_{ti( ~F (α))} ∈ B_+(b) and ‖F ∘ R_{t0( ~F (α))} − F ∘ R_{t1( ~F (α))}‖^∗_ρ > (3γα^′)^{12} ρ^2_4. Thus, if β is chosen sufficiently small, as described above, for every F ∈ U(β) and α ∈ D_{δ,α}′ the family F (α)∘R_t intersects the stable manifold W^0_s transversally at two distinct points, lying within B_+(b). Therefore, by Theorem 4.9, there exist two maps Γ^i_{F (α)} = R_{ti ( ~F (α))} ∘ Γ_{F (α)∘Rti (~F (α))} , analytic from D_1(r) to D(ρ_1, ρ_2, ϱ_3, ϱ_4 + ϵ) ⊂ D(ρ) by our choice of δ and satisfying (6.2). Let t → c(t) = (x(t), y(t)) be any closed contour on T^2(R), such that the winding number of the projection of the curve t → Γ^i_{F (α)∘Rti(~F (α))} (c(t)) on its y-component is some non-zero integer k. Denote P_H = (ω^′ · JΓ_H, Ω^′ · JΓ_H), Q_H = (ω · Γ_H , Ω · Γ_H ) and t_i = t_i( ~F (α)), then, by Theorem 4.9

I^i = ∮ c P^i_{F (α)}(x, y) · dQ^i_{F (α)}(x, y) = ∮ c R_{ti} ∘ P_{F (α)∘Rti} (x, y) · dQ_{F (α)∘Rti} (x, y) = ∮ c (P_{F (α)∘Rti} (x, y) + t_iΩ) · dQ_{F (α)∘Rti} (x, y) = t_i ϑ^2 + 1 ϑ^2

2πk. (6.6)

By our choice of β, t_0( ~F (α) ≠ t_1( ~F (α), and, therefore, I^0 ≠ I^1. Hence, Γ^0_{F (α)} ≠ Γ^1_{F (α)}, i.e. the two torus maps are distinct.

The next Corollary shows that there exists a subset of D_δ on which the families from the neighborhood U(β) do not posses any real ω-tori. Define for every real and positive α^′ < δ the set D^+_{δ,α}′ = {α ∈ A^u(ρ) : |α| < δ, ℜ(α) > α^′}.

Corollary 6.3. Let F ∈ U(β), α ∈ D^+_{δ,α}′ be as in Prop 6.2, and let r be a pair of real positive numbers, such that r_1 < (1−χ^{−1})ρ^′_1 and r_2 < ρ_2 −ϱ_2 . If α^′ > β/(ρ_4 −ϱ_4),

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 17

then any analytic torus map Γ_{F (α)} : D_1(r) → D(ϱ), satisfying equation (4.10), is

such that its imaginary part ℑ(Γ_F (α) is non-zero on some non-empty subset of

T^2(R).

Proof. Let F = F^∗_+ + f be in U(β) and α in D^+_{δ,α}′ , and let Γ_{F (α)} be an analytic

map from D_1(r) to D(ρ), periodic in variables ω · (x, y) = q_1 and Ω · (x, y) = q_2 and

satisfying equation (4.10).

Consider a linear flow with the generator ω on T^2(R). The scalar product s =

ω^′ · (q − q(0)) can be chosen as a parameter along an orbit of such flow, starting

at the point q(0) (in the following exposition we prefer to use periodic variables

(q_1, q_2) which serve the purpose of clarity of our argument better). Since a linear

orbit of this flow γ : R → T^2(R), starting at an arbitrary point γ(0) ∈ T^2(R)

and, hence, given by equation γ(s) = (ϑs/2 + γ_1(0), s/2 + γ_2(0)) mod 2π, has an

irrational slope and, thus, covers the real torus T^2(R) densely, for any initial point

γ(0) and real ϵ > 0 there is a real positive number s_ϵ such that |γ(0) − γ(s_ϵ)| < ϵ

(here and in the rest of this Corollary we will use the l_1-norm for vectors in R^n ).

We want to emphasize that such s_ϵ is independent of the initial point of the orbit

γ(0).

Furthermore, since the map Γ_{F (α)} is analytic and bounded on D_1(r), it is cer-

tainly continuous, in fact uniformly continuous on compact T^2(R). Hence, there is

a positive real constant c^′, such that |Γ_{F (α)}(q) − Γ_{F (α)}(q^′)| < c^′|q − q^′| for any two

points q and q^′ in T^2(R), in particular, |Γ_{F (α)}(γ(0)) − Γ_{F (α)}(γ(s_ϵ))| < c^′ϵ. For the

sake of brevity in the computations below, we will denote the z-component of the

torus map Γ_{F (α)} by Z_{F (α)}, and we will also abuse notation by writing ξ^′ in place

of ξ^′(F (α)). |ξ^′|c^′ϵ > | | | ∫_{sϵ} 0 ξ^′ω · ∇_q Γ_{F (α)}(γ(s)) ds | | | = | | | | ∫_{sϵ} 0 ω + [α + 3γZ^2_{F (α)}(γ(s))]Ω + ∇_pf(α) ∘ Γ_{F (α)}(γ(s)) ds | | | | ≥ | | ||γ(s_ϵ)−γ(0)|− | | | ∫_{sϵ} 0 [α+3γZ^2_{F (α)}(γ(s))]Ω+∇_pf(α)∘Γ_{F (α)}(γ(s))ds | | | | | | , (6.7)

consequently, | | | ∫_{sϵ} 0 [α + 3γZ^2_{F (α)}(γ(s))]Ω + ∇_pf(α) ∘ Γ_{F (α)}(γ(s)) ds | | | < [|ξ^′|c^′ + 1]ϵ. Define ϕ(q) = ℜ[ω^′ · ∇_pf ∘ Γ_{F (α)}(q)] and ψ(q) = ℜ[Ω^′ · ∇_pf ∘ Γ_{F (α)}(q)] for all

q ∈ T^2(R). Assume that ℑΓ_{F (α)}(q) = 0 everywhere on T^2(R), then one gets for

every F ∈ U(β), α ∈ D^+_{δ,α}′ and γ(0) ∈ T^2(R): | | | | ∫_{sϵ} 0 [α + 3γZ^2_{F (α)}(γ(s))]Ω + ∇_pf(α) ∘ Γ_{F (α)}(γ(s)) ds | | | ≥ | | | ∫_{sϵ} 0 ℜ[α + 3γZ^2_{F (α)}(γ(s))]Ω + ϕ(γ(s))ω + ψ(γ(s))Ω ds | | | ≥ | | | ∫_{sϵ} 0 [α^′ + 3γ(ℜZ_{F (α)}(γ(s)))^2 + ψ(γ(s))]Ω + ϕ(γ(s))ω ds | | | ≥ | | | | ∫_{sϵ} 0 [α^′ + ψ(γ(s))]Ω + ϕ(γ(s))ω ds | | | | ≥ | | | | | | ∫_{sϵ} 0 [α^′ + ψ(γ(s))]Ω ds | | | − | | | ∫_{sϵ} 0 ϕ(γ(s))ω ds | | | | | | . (6.8)

18 DENIS G. GAIDASHEV

In the second inequality we have explicitly used the fact that ℑZ_{F (α)} is assumed to be zero everywhere on T^2(R). In particular, the inequality (6.8) implies

[|ξ^′|c^′ + 1]ϵ + | | | ∫_{sϵ} 0 ϕ(γ(s))ω ds | | | > | | | ∫_{sϵ} 0 α^′Ω + ψ(γ(s))Ω ds | | | . (6.9)

Since sup_{q∈T} 2_{(R)} |ϕ(q)|≤sup_{q∈T} 2_{(R)} | (ω · ∇_pf) ∘ Γ_{F (α)}(q)|<‖∂_uf‖_ϱ <‖f‖_ρ/(ρ_3 − ϱ_3)<β/(ρ_3 − ϱ_3) and, similarly, sup_{q∈T} 2_{(R)} |ψ(q)| < ‖∂_zf‖_ϱ < β/(ρ_4 − ϱ_4), one can weaken the condition (6.9) as | | | | ∫_{sϵ} 0 [α^′ + ψ(γ(s))]Ω ds | | | | < |ξ^′|c^′ϵ + ϵ + βϵ ρ_3 −ϱ_3

. (6.10)

On the other hand, if β is sufficiently small, in particular, if α^′ > β/(ρ_4 − ϱ_4), then | | | | ∫_{sϵ} 0 [α^′ + ψ(γ(s))]Ω ds | | | | > [ α^′ − β ρ_4 − ϱ_4 ] | | | ∫_{sϵ} 0 Ω ds | | | | = [ α^′ − β ρ_4 − ϱ_4 ] |γ̃(s_ϵ) − γ̃(0)|, (6.11)

where we have denoted the linear curve s → ((ϑ^2s/2), −(s/2ϑ)) mod 2π by γ̃. The difference of curves γ and γ̃ is again a linear curve from R to T^2(R) with an irrational slope. Then, for each sufficiently small ϵ there exists a real positive s_ϵ, such that |γ(s_ϵ) − γ(0)| < ϵ, while |γ̃(s_ϵ) − γ̃(0)| > ϵ[(|ξ^′|c^′ + 1)(ρ_4 − ϱ_4) + β]/[α^′(ρ_4 − ϱ_4) − β], which contradicts the inequality (6.10).

Thus, if β is sufficiently small, ℑZ_{F (α)} is non-zero on a subset of the line γ(s) of non-zero measure. Since this must be true for any linear orbit γ(s) originating at an arbitrary initial point γ(0) ∈ T^2(R), there exists some non-empty set in T^2(R) on which ℑΓ_{F (α)} is non-zero.

7. One-Parameter Families. Denote the parameter value for which a family intersects the stable manifold by α_F , i.e. F (α_F ) ∈ W^3_s . This parameter depends analytically on F as can be seen from the following argument.

Define the map Φ(F, α) : U × D_δ → A^u(ρ) by setting Φ(F, α) = (Π − I)F (α), where Π is the projection on the stable manifold given by ΠH = (W^3_s + I)P^sH. Then, the parameter α_F is a solution of equation Φ(F, α) = 0. Since the equation Φ(F^∗_+, α) = 0 has a unique solution α_F = 0 and D_2Φ(F^∗_+, α)|_{α=0} = 1, the function Φ(F, α) satisfies the assumptions of the Implicit Function Theorem, and there exists a sufficiently small neighborhood U, such that the equation Φ(F, α) = 0 has a unique solution α_F in D_δ for every F ∈ U, which depends on F analytically.

We will continue with a technical lemma, which will be used in our next result about a contraction mapping on the Hamiltonian families. The proof of this lemma will not be included here: an interested reader is referred to [41] for details.

Lemma 7.1. The eigenvectors e_{k,n} of the operator L_ϑ−2 , defined by L_ϑ−2 h = ϑ^3(I^+h) ∘ T_ϑ−2 , span a dense subspace of EA(ρ). The spectral projection corresponding to the eigenvalue zero of L_ϑ−2 is I − E. In particular, there are real positive constants a and s > 1, such that for every positive integer m, ‖L^{m+1}_{ϑ−2} (I− E) ‖ ≤ |ϑ^3|e^{−asm} ‖L^m_ϑ−2 (I− E) ‖. (7.1) In the next Proposition we introduce a contraction mapping on this space of families. We will denote the image of a family F in U(β) under reflection in the

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 19

last variable F (α) → F (α) ∘ I, where I(x, y, u, z) = (x, y, u, −z), by I(F ), i.e. I(F )(α) = F (α) ∘ I.

Proposition 7.2. Let a real positive number δ be sufficiently small, and let a real positive ζ be such that ϑ^{−1} < ζ < 1. Define the maps M on F^ρ_δ and Y_F on A^u(ρ) by setting

M(F ) = R ∘ F ∘ Y_F , (7.2)

Y_F = (P^u ∘ R ∘ F )^{−1}. (7.3)

Then there exists a real positive number β, such that J ∘ M is a contraction mapping on an open neighborhood U(β), centered at F^∗_+, with a fixed point F^∗_+ and a contraction rate c/ϑ < ζ for some fixed positive real 1 < c < ζ/ϑ.

In particular, there exist real positive constants c_1 and d < ϑ^2, such that

‖M^n(F ) − F^∗_{(−)}n ‖_δ ≤ c_1 ( c ϑ )_n ‖F − F^∗_+‖( d_{ϑ2} )n_δ, (7.4)

‖M^n(F )(α) − F^∗_{(−)}n (α)‖_ρ ≤ c_1 β ( c ϑ )_n (7.5)

for all n ≥ 0 and all F ∈ U(β) . Furthermore, there exist a positive integer N and real positive constants c_2, c_3, a and s > 1, such that for all F ∈ U(β) and n ≥ N ‖(I− E)M^{2n} (F )‖_δ ≤ ( c_2e^{−as2n} + c_3ζ^{4n} ) β (7.6)

where the averaging projection E is defined by (EF )(α) = EF (α).

Proof. The map P^u ∘ R ∘ F^∗_+ agrees with the restriction of DR to the unstable subspace, thus the operator norm of its derivative is larger than one, and certainly bounded away from zero. The map Y_F ∗_+ is linear and contracting: Y_F ∗_+ (α) = −ϑ^{−2}α. By the inverse function theorem F → Y_F is well-defined and analytic near F^∗_+. In particular, there exists a neighborhood U^′ of F^∗_+ and a real positive d < ϑ^2, such that, for all F ∈ U^′, the map Y_F is a contraction on D_δ of rate d/ϑ^2. Denote the map F → Y_F by Y . Then, as the calculation below shows, the operator norm of DM(F^∗_+) is less than one.

(DM(F^∗_+)f)(α) = DR(F^∗_+(Y_F ∗_+ (α))) [ f(Y_F ∗_+ (α)) + DF^∗_+(Y_F ∗_+ (α))(DY_F ∗_+ f)(α) ]

= DR(F^∗_+(Y_F ∗_+ (α))) [ f(Y_F ∗_+ (α)) + (DY (F^∗_+)f)(α)z ]

= DR(H^3_+) [ f(Y_F ∗_+ (α)) − Y_F ∗_+ (P^uDR(H^3_+)f(Y_F ∗_+ (α)))z ]

= DR(H^3_+) [ f(Y_F ∗_+ (α)) − P^uf(Y_F ∗_+ (α)) ]

= P^sDR(H^3)f ( − α ϑ^2 ) , (7.7)

and, again, there exist a real positive c < ϑ and a neighborhood U^{′′} of F^∗_+, on which J∘M is a contraction of rate c/ϑ. Let U(β) ⊂ U^′ ∩U^{′′}. The claim of the Proposition and the bound (7.4) follow immediately from the above argument, while the bound (7.5) from the following estimate:

‖M^n(F )(α) − F^∗_{(−)}n (α)‖_ρ ≤ ‖M^n(F ) − F^∗_{(−)}n ‖_δ ≤ c_1 ( c ϑ )_n β. (7.8)

To obtain the bound (7.6), choose a real positive ϑ^{−1} < ζ < 1 and fix β, so that c/ϑ < ζ. Consider F^′ = F^∗_+ + f^′ ∈ U(β) and write F^{′′} = M^2(F^′) = F^∗_+ + f^{′′} =

20 DENIS G. GAIDASHEV

F^∗_+ + h^{′′} + g^{′′}, where

h^{′′} = DM^2(F^∗_+)f^′, g^{′′} = M^2(F^∗_+ + f^′) − DM^2(F^∗_+)f^′. (7.9)

As we have shown above ‖h^{′′}‖_δ ≤ (_c ϑ )_2 ‖f^′‖_δ. Also, since M^2 is a differentiable map, being a composition of such, there exists a real positive constant b, such that ‖M^2(F^∗_+ + f) − DM^2(F^∗_+)f‖_δ ≤ b‖f‖^2_δ for all F = F^∗_+ + f in U(β), then ‖g^{′′}‖_δ ≤ b‖f^′‖^2_δ . At the next step, define F^{′′′} = M^2(F^{′′}) = F^∗_+ + f^{′′′} = F^∗_+ + h^{′′′} + g^{′′′}, where h^{′′′} = DM^2(F^∗_+)h^{′′} = [DM^2(F^∗_+)]^2f^′ and g^{′′′} = M^2(F^∗_+ + f^{′′}) − DM^2(F^∗_+)f^{′′} + DM^2(F^∗_+)g^{′′}, then ‖h^{′′′}‖_δ ≤ ( c ϑ )_2 ‖h^{′′}‖_δ, ‖g^{′′′}‖_δ ≤ b‖h^{′′} + g^{′′}‖^2 + ( c ϑ )_2 ‖g^{′′}‖_δ. (7.10)

Now, since DM^2(F^∗_±)f(α) = [DR(H^3_±)]^2P^sf(ϑ^{−4}α), and (I − E)L_ϑ−2 = (I − E)DR(H^3_± ), by Lemma 7.1, there exist constants a > 0 and s > 1, a sufficiently large integer N, and a sequence of integers k_n < ϵn (a real positive number ϵ will be specified later), such that n − k_n − 1 > 0 and

‖(I− E)[DM^2 (F^∗_±)]^{kn} ‖ ≤ e^{−as2n} , (7.11)

whenever n ≥ N.

Next, given such n and an arbitrary F ∈ U, consider F^′ = M^{2m}(F ), where m = n − k_n − 1. As we have already shown, there exists a positive real constant c_1, such that ‖f^′‖_δ ≤ c_1(c/ϑ)^{2m}β = ε. Then, the pair (h^{′′}, g^{′′}) given by the equations (7.9) satisfies ‖h^{′′}‖_δ ≤ ε and ‖g^{′′}‖_δ ≤ bε^2. Now, iterate k_n times applying the inequalities (7.10). At each step, if ‖g^{′′}‖_δ ≤ bε^2, then ‖g^{′′′}‖_δ ≤ bε^2 + (c/ϑ)^2bε^2 ≤ (1 + (c/ϑ)^2)bε^2, and we obtain after k_n iterations

h^{kn} = [DM^2(F^∗_+)]^{kn} h^{′′}, ‖g^{kn} ‖ ≤ (1 + (c/ϑ)^2)^{kn} bε^2. (7.12)

Choose ϵ, so that ζ^4 ≥ (1+(c/ϑ)^2)^ϵ(c/ϑ)^{4(1−ϵ)}, then (1+(c/ϑ)^2)^{kn} ε^2 = (c_1β)^2(1+ (c/ϑ)^2)^{kn} (c/ϑ)^{4(n−kn)} ≤ ζ^{4n}. Finally, notice, that M^{2n} = F^∗_+ + h^{kn} + g^{kn} , then one can find real positive constants c_2 and c_3 such that for all n > N ‖(I− E)M^{2n} (F )‖_δ ≤ ‖(I− E)h^{kn} ‖_δ + ‖(I− E)g^{kn} ‖_δ ≤ ( c_2e^{−as2n}+ c_3ζ^{4n} ) β. (7.13)

Corollary 7.3. Let ρ^′ and ρ be as in Theorem 4.3, and let c_1, c, d and U(β) ⊂ F^ρ_δ be as in Prop 7.2. For every n ≥ 0, denote δ_n = δ ( d/ϑ^2 )_n . Let t(H) be the solution of the equation (5.1), then for every F ∈ U and every α ∈ D_{δn}

|t(R^n(F (α)) ∘ U_Rn_{(F (α))})| ≤ 1 2γ c_1 (ρ^′_4)^2 β ( c ϑ )_n . (7.14)

Proof. Let, as before, H̃ = H ∘ U_H . Then, by Prop. 5.1, we must have |t(H̃)| ≤ (1/(2γ(ρ^′_4)^2))‖E(P^s H − H^3_±)‖_ρ for all H ∈ H. For any n ≥ 0, F ∈ U and α ∈ D_{δn} , denote F_n = M^n(F ) and (α)_n = (Y_{F0} ∘ Y_{F1} ∘ . . . ∘ Y_{F(n−1)} )^{−1}α. By Prop. 7.2, (α)_n ∈ D_δ . Furthermore, |t(R^n( ~ F (α))| ≤ 1 2γ(ρ^′_4)^2

‖E(P^s R^n(F (α)) − H^3_{(−)}n ‖_ρ ≤ 1 2γ(ρ^′_4)^2

‖P^s[M^n(F )((α)_n) − F^∗_{(−)}n ((α)_n)]‖_ρ

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 21 ≤ c_1β 2γ(ρ^′_4)^2 ( c ϑ )_n , (7.15)

where we have again used Prop. 7.2.

8. Invariant Tori for Hamiltonians on the Stable Manifold at the Fixed Point H^3_+. This Section presents a construction of the invariant tori for the isoenergetically degenerate Hamiltonians on the stable manifold W^3_s at the fixed point H^3_+.

Definition 8.1. Consider a Hamiltonian H ∈ B_+. Let H_k = R^n(H) and H̃_k = H_k ∘ U_{ψ(Hk )}. For every k ≥ 0 and n ≥ 1 define

W_k (H) = T^k_ϑ−2 ∘ U_{ψ(Hk )} ∘ R_{t(H̃k )} ∘ T^{−k}_{ϑ−2} ∘ S_{η(Hk )}, (8.1) W^′_n(H) = W_0(H) ∘ W_1(H) ∘ . . . ∘ W_{n−1}(H). (8.2)

We will continue with a series of results about the properties of the transformation T^k_{ϑ−2} ∘U_{ψ(Hk )} ∘T^{−k}_{ϑ−2} . First, however, we will mention the following fundamental result concerning canonical transformations in A^4(ρ).

Proposition 8.2. Let r and δ be quadruples of real positive numbers, ϵ — a real number, such that 0 < ϵ < 2/3 [1 + max {δ_1/δ_2, δ_2/δ_1}]^{−1}. Denote, as before, δ̄ = (δ_3, δ_4, δ_1, δ_2). Also, denote by B^′ the set of all functions ϕ ∈ A^′(r), such that ‖∂_i(ϕ)‖_{r+}¯_δ < ϵδ_i, 1 ≤ i ≤ 4. Then for ∀ϕ ∈ B^′ the equation (X, Y, U, Z) (x, y, u, z) = J∇ϕ(x, y, u + U(x, y, u, z), z + Z(x, y, u, z)) (8.3) has a unique solution (X, Y, U, Z) (x, y, u, z), satisfying ‖X‖_r ≤ ϵδ_3, ‖Y ‖_r ≤ ϵδ_4, ‖U‖_r ≤ ϵδ_1, ‖Z‖_r ≤ ϵδ_2. The corresponding canonical transformation U_ϕ is analytic from D(r) to D(r + δ̄).

Proof. See [30].

We will use the notation T_μ(r) = (ϑr_1, ϑ^{−1}r_2, |μ|ϑ^{−1}r_3, |μ|ϑr^′_4) and T̂_μ(r) = (r_1, ϑ^{−1}r_2, |μ|ϑ^{−1}r_3, |μ|ϑr_4) in the next Lemma.

Lemma 8.3.

(a) The linear operator ϕ → ϕ∘T^{−1}_μ is continuous from A(r) to A(r^′) if r^′ ≤ T_μ(r) componentwise. It is also continuous from A^′(r) to A^′(r^′) of norm ϑ/|μ|. Furthermore, if ϕ ∈ A^′(r) is such that ‖∂_iϕ‖_r < δ_i, then ‖∂_iϕ^′‖_r′ < δ^′_i, where δ^′ = (|μ|δ_1/ϑ, |μ|ϑδ_2, ϑδ_3, δ_4/ϑ) and ϕ^′ = μϕ ∘ T^{−1}_μ , and one has the following identity on D(r^′ − 3δ̄^′):

T_μ ∘ U_ϕ ∘ T^{−1}_μ = U_ϕ′ . (8.4)

(b) If r^{′′} ≤ T̂_μ(r) componentwise, then the linear operator ϕ → ϕ ∘ T^{−1}_μ is continuous from I^−A^′(r) to A^′(r^{′′}) of norm (ϑ/|μ|)e^{c0(ϑ−1−1)r1} , where c_0 = σ(θ+θ^{−1})/(1+σθ). Furthermore, if ϕ ∈ I^−A^′(r) is such that ‖∂_iϕ‖_r < δ_i then ‖∂_iϕ^′‖_r′′ < e^{c0(ϑ−1−1)r1} δ^′_i, and one has the following identity on D(r^{′′} − 3e^{c0(ϑ−1−1)r1}δ̄^′): T_μ ∘ U_ϕ ∘ T^{−1}_μ = U_ϕ′ . (8.5)

22 DENIS G. GAIDASHEV

Proof.

(a) Continuity follows from the estimate: ‖ϕ ∘ T^{−1}_μ ‖_r′ = ∑ (ν,k,n) |ϕ_{(ν,k,n)}e^{|ω·ν|ϑ−1r′1+|Ω·ν|ϑr′2} ( ϑr^′_3 |μ| )_k ( r^′_4 ϑ|μ| )_n ≤ ‖ϕ‖_r. (8.6) To prove the second part of the claim, we obtain the following bounds on derivatives:

‖∂_x(ϕ ∘ T^{−1}_μ )‖_r′ = ‖ϑ^{−1}∂_xϕ ∘ T^{−1}_μ ‖_r′ ≤ ϑ^{−1}‖∂_xϕ‖_r, (8.7) ‖∂_y(ϕ ∘ T^{−1}_μ )‖_r′ = ‖ϑ∂_yϕ ∘ T^{−1}_μ ‖_r′ ≤ ϑ‖∂_yϕ‖_r, (8.8) ‖∂_u(ϕ ∘ T^{−1}_μ )‖_r′ = ‖ ϑ μ ∂_uϕ ∘ T^{−1}_μ ‖_r′ ≤ ϑ |μ| ‖∂_uϕ‖_r, (8.9) ‖∂_z(ϕ ∘ T^{−1}_μ )‖_r′ = ‖ 1 ϑμ ∂_zϕ ∘ T^{−1}_μ ‖_r′ ≤ 1 ϑ|μ| ‖∂_zϕ‖_r, (8.10)

and ‖∂_iϕ^′‖_r′ ≤ δ^′_i as claimed. By Prop. 8.2 the generating functions ϕ and ϕ^′ correspond to the canonical transformations U_ϕ : D(r − 3δ̄) → D(r) and U_ϕ′ : D(r^′ − 3δ̄) → D(r^′). T^{−1}_μ maps the domain of U_ϕ into the domain of U_ϕ′ . (b) If (ν, k, n) ∈ I^−, then |ω · ν| > σ|Ω · ν|, |ω · ν| > κ_3k and |ω · ν| > κ_4n. A simple computation using the first of these conditions shows that |ω · ν| is bounded away from zero: |ω ·ν| > σ(θ + θ^{−1})/(1 + σθ) for any (ν, k, n) ∈ I^−. Now, the claim follows from the argument of part (a) and the following estimate for any function f ∈ I^−A(r): ‖f ∘ T^{−1}_μ ‖_r′′ = ∑ (ν,k,n)∈I^− |f_{(ν,k,n)}|e^{|ω·ν|ϑ−1r′′1 +|ν·Ω|ϑr′′2} ( ϑr^{′′}_3 |μ| )_k ( r^{′′}_4 ϑ|μ| )_n

≤ ∑ (ν,k,n)∈I^− |f_{(ν,k,n)}|e^{|ω·ν|ϑ−1r1+|ν·Ω|r2} r^k_3 r^n_4 ≤ ∑ (ν,k,n)∈I^− |f_{(ν,k,n)}|e^{|ω·ν|(ϑ−1−1)r1} e^{|ω·ν|r1+|ν·Ω|r2} r^k_3 r^n_4 ≤ e^{c0(ϑ−1−1)r1} ‖f‖_r. (8.11)

Remark 8.4. The bounds on the generating function ϕ will play an important role in our construction of analytic torus maps for the Hamiltonians on the stable manifolds at the fixed point H^3_+. Although transformation (8.4) is naturally defined on D(T_μ(r)), in what follows below we shall restrict it to D(T̂_μ(r)) for the purpose of obtaining estimates on domains which do not expand.

In the next Proposition, and throughout the rest of this Section, the following symbols will be used for the sake of brevity of our exposition: r_{(n)} = (ϑ^nr_1, ϑ^{−n}r_2, ϑ^{−3n}r_3, ϑ^{−n}r_4), (8.12) r_{{n}} = (r_1, ϑ^{−n}r_2, ϑ^{−3n}r_3, ϑ^{−n}r_4), (8.13) r_{{n,η̃}} = (r_1, ϑ^{−n}r_2, ϑ^{−3n}η̃^{−1}r_3, ϑ^{−n}η̃^{−1}r_4), (8.14)

and we will also denote e^{c0(ϑ−1−1)ρ′′1} by ϖ.

Proposition 8.5. Let ρ̃, ρ^′, ρ^{′′} and ρ be as in Theorem 4.3 and Prop. 5.1. We will say that the canonical transformation U_ψ ∘ R_t is associated with the pair (ψ, t).

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 23

Then, for every H ∈ B_+, T^k_{ϑ−2} U_{ψ(H)} ∘ R_{t(H̃)} ∘ T^{−k}_{ϑ−2} is a canonical transformation from D(ρ̃_{{k}}) to D(ϱ_{(k)}) associated with a pair (ψ_k(H), t^′(H)), where ψ_k(H) = ϑ^{−2k}ψ(H) ∘ T^{−k}_{ϑ−2} and t^′(H̃) = −ϑ^{−k}t(H). Moreover, if ψ(H) ∈ A^′(ρ^{′′}) is such that ‖ψ(H)‖^′_ρ′′ < δ, then, if δ is sufficiently small, ψ_k(H) ∈ A^′(ρ^{′′}_{{k}}) and is such that ‖∂_iψ_k(H)‖^′_ρ′′_{{k}} < ϖ^k(δ_k)_i, where δ_k = (ϑ^{−3k}δ, ϑ^{−k}δ, ϑ^kδ, ϑ^{−k}δ). Proof. Observe, that if t(H̃) is a solution of the equation E_{(0,t(H̃ ))}∂^2_z H̃ = 0, then t^′(H̃) = −ϑ^{−k}t(H̃) is a solution of E_{(0,t}′_{(H̃))}∂^2_z H̃ ∘ T^{−k}_{ϑ−2} = 0. Since by Prop. 5.1, U_{ψ(H)} ∘ R_{t(H̃)} is a canonical transformation from D(ρ̃) to D(ϱ), the following two identities hold on D(ρ̃_{(k)}), and on D(ρ̃_{{k}}) which is a subset of D(ρ̃_{(k)}): H ∘ U_{ψ(H)} ∘ R_{t(H̃)} ∘ T^{−k}_{ϑ−2} = H ∘ U_{ψ(H)} ∘ T^{−k}_{ϑ−2} ∘ R_{−ϑ}−k_{t(H̃)}, (8.15) T^k_ϑ−2 U_{ψ(H)} ∘ R_{t(H̃)} ∘ T^{−k}_{ϑ−2} = T^k_ϑ−2 U_{ψ(H)} ∘ T^{−k}_{ϑ−2} ∘ R_{−ϑ}−k_{t(H̃)}. (8.16)

By Lemma 8.3, T^k_{ϑ−2} U_{ψ(H)} ∘ T^{−k}_{ϑ−2} is a canonical transformation on D(ρ^{′′}_{{k}} − 3ϖ^kδ̄_k) and is generated by ψ_k(H) = ϑ^{−2k}ψ(H) ∘ T^{−k}_{ϑ−2} . If δ is sufficiently small and ρ^{′′}_1 is sufficiently large, then D(ρ^′_{{k}}) ⊂ D(ρ^{′′}_{{k}} − 3ϖ^kδ̄_k). Then for every H ∈ B_+, T^k_{ϑ−2} U_{ψ(H)} ∘ T^{−k}_{ϑ−2} is a well-defined canonical transformation from D(ρ^′_{{k}}) to D(ϱ_{(k)}). By Prop. 5.1, for every H ∈ B_+ the translation R_{−ϑ}−k_{t(H̃)} is canonical from D(ρ̃_{{k}}) to D(ρ^′_{{k}}) which implies that U_{ψk (H)} ∘ R_{−ϑ}−k_{t(H̃)} is canonical from D(ρ̃_{{k}}) to D(ϱ_{(k)}).

The claim of the Proposition about the bounds on the derivative of the generating function is also a direct consequence of Lemma 8.3.

The ”natural” domain of the transformation W_k(H) is S^{−1}_{η(Hk )}D(ρ̃_{{k}}). However, to make these domains H_k-independent we shall reduce them to S^{−1}_{η̃} D(ρ̃_{{k}}), where η̃ = sup_{H∈B+} |η(H)|. By Theorem 5.3 η̃ ≤ (1 + (b/ρ̃_3))^{1/2}/(1 − (b/6γ(ρ̃_4)^3))^{1/2}.

The next two Propositions prepare the proof of the existence of the torus maps for Hamiltonians F (α_F ) by providing the bounds on the transformation W_k(F (α_F )) for F in the neighborhood U(β) of the fixed family F^∗_+.

Proposition 8.6. Let ρ̃, ρ^′ and ρ^{′′} be as in Theorem 4.3 and Prop. 5.1, the real positive number ζ < 1 be as in Lemma 5.4, and let an open ball U(β) be as in Prop. 7.2. Then, for every F ∈ U(β) the maps F → W_k (F (α_F )) − I and F → ξ(R^k(F (α_F ))) are analytic from U(β) to A^4(ρ̃_{{n,η̃}}) and C respectively. Furthermore, there are real positive constants c_4, c_5 and c_6 such that the following bounds hold:

‖ [W_k(F (α_F ))]_x − I‖_{ρ̃{k,η̃}} ≤ c_4(ζϑϖ)^k ‖F (α_F ) − H^3_+‖_ρ, (8.17) ‖ [W_k(F (α_F ))]_y − I‖_{ρ̃{k,η̃}} ≤ c_4 ( ζ ϑ ϖ )_k ‖F (α_F ) − H^3_+‖_ρ, (8.18) ‖ [W_k(F (α_F ))]_u − I‖_{ρ̃{k,η̃}} ≤ [ c_4ϖ^k + c_5ρ̃_3 ] ( ζ ϑ^3 )_k ‖F (α_F ) − H^3_+‖_ρ, (8.19) ‖ [W_k (F (α_F ))]_z − I‖_{ρ̃{k,η̃}} ≤ [ c_4ϖ^k + c_5ρ̃_4 ] ( ζ ϑ )_k ‖F (α_F ) − H^3_+‖_ρ, (8.20)

|ξ(R^k(F (α_F ))) − 1| ≤ c_6ζ^k‖F (α_F ) − H^3_+‖_ρ. (8.21)

24 DENIS G. GAIDASHEV

Proof. Denote, for brevity, H_k = R^k(F (α_F )) and ψ_k(H_k) = ϑ^{−2k}ψ(H_k) ∘ T^{−k}_{ϑ−2}. One can use Prop. 8.5 to get ‖ [W_k (H_0)]_x − I‖_{ρ̃{k,η̃}} ≤ ‖ ‖ ‖ [ T^k_ϑ−2 U_{ψ(Hk )} ∘ R_{t(H̃k )} ∘ T^{−k}_{ϑ−2} ] x − I ‖ ‖ ‖_{ρ̃{k}} ≤ ‖ ‖[U_{ψk (Hk )} ∘ R_{−ϑ−k t(H̃k )}] x − I ‖ ‖ ρ̃_{{k}} ≤ ‖ ‖[U_{ψk (Hk )}]_x − I ‖ ‖_{ρ′{k}} ≤ ‖∂_uψ_k(H_k)‖_ρ′′_{{k}} ≤ ϖ^kϑ^k‖ψ(H_k)‖^′_ρ′′ . (8.22) Moreover, by Theorem 4.3, there is a positive real constant c^′, such that ‖ψ(H_k)‖^′_ρ′′ ≤ c^′‖I^−H_k‖_ρ = c^′ ‖ ‖ ‖I^− [ R^k(F (α_F )) − H^3_{(−)}k ]‖ ‖_ρ ≤ c^′Kζ^k‖F (α_F ) − H^3_+‖_ρ, (8.23)

where we have used Lemma 5.4. Combining estimates (8.22) and (8.23), we obtain the bound (8.17). The bound (8.18) follows by a similar argument (see [30] for details).

Next, we proceed to obtain the bound (8.21). Notice, that by Theorem 5.3 |ξ(H_k) − 1| ≤ 1 ρ̃_3

‖E(H_k − H^3_{(−)}k )‖_ρ ≤ bK ρ̃_3 ζ^k‖F (α_F ) − H^3_+‖_ρ, (8.24)

which, in particular, implies the bound (8.21). The analyticity of the function ξ on B_+ is a simple consequence of its definition. Combined with the analyticity of the map F → α_F on U, the analyticity of the renormalization operator R on B_+ and the fact that R^k(F (α_F )) ∈ B_+, it gives the analyticity of the map F → ξ(R^k(F (α_F ))) on U.

Since η(H_k) = ( γξ(H_k)/[Ĥ_k]_{((0,0),0,3)} )_{1/2} , the estimates (8.24) and (5.6) imply that there exists a real positive constant c_5, such that

|1 − |η(H_k )|| ≤ | | | ||γξ(H^K )|^{12} − | | |[Ĥk]_{((0,0),0,3)} | | | 1 2 | | | | | | |[Ĥk]_{((0,0),0,3)} | | | 1 2 ≤ c_5η̃ζ^k ‖F (α_F ) − H^3_+‖_ρ. (8.25)

This estimate on η(H_k ) combined with a calculation similar to that leading to (8.17) can be used to obtain the bound (8.19):

‖ [W_k(H_0)]_u − I‖_{ρ̃{k,η̃}} ≤ ‖ [W_k(H_0)]_u − (S_{η(Hk )})_u‖_{ρ̃{k,η̃}} + ρ̃_3 ϑ^{3k} c_5ζ^k‖F (α_F ) − H^3_+‖_ρ ≤ ϖ^k ϑ^{3k} c^′‖I^−H_k‖_ρ + c_5ρ̃_3 ( ζ ϑ^3 )_k ‖F (α_F ) − H^3_+‖_ρ ≤ ϖ^k ϑ^{3k} c^′ ‖ ‖ ‖I^− [ H_k − H^3_{(−)}k ]‖ ‖_ρ + c5ρ̃3 ( ζ ϑ^3 )_k ‖F (α_F ) − H^3_+‖_ρ ≤ [ c_4ϖ^k +c_5ρ̃_3 ] ( ζ ϑ^3 )_k ‖F (α_F )−H^3_+‖_ρ. (8.26)

The bound (8.20) follows by a similar computation (see [30] for details).

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 25

As we already pointed out, the size of the domains S^{−1}_{η̃} D(ρ̃_{{k}}), which we used above, is constant in the variable x. The fact that these domains were not expanding in the first variable was essential in our argument: it allowed us to introduce an additional factor, of an absolute value less than one, into the bounds, namely, the factor ϖ = e^{c0(ϑ−1−1)ρ′′1} . Although not important for the convergence of the estimates (8.18)–(8.20) as k increases, where this convergence is guaranteed because the factors ζ/ϑ^3 and ζ/ϑ are less than one, the factor ϖ is necessary to overcome the exponential growth of (ζϑ)^k in estimate (8.17) . In the next result we will consider domains D(r_{{n,η̃,χ}}), where r_{{n,η̃,χ}} = ( r_1 ∑_{n−1} i=0 χ^{−i} , ϑ^{−n}r_2, ϑ^{−3n}η̃^{−1}r_3, ϑ^{−n}η̃^{−1}r_4 ) . (8.27)

These domains shrink in the variable x to a strip |ℑ(x)| < (1 − χ^{−1})ρ̃_1 of some non-zero width.

Proposition 8.7. Let ρ̃, ρ^′ and ρ^{′′} be as in Theorem 4.3 and Prop. 5.1, the real positive number ζ < 1 be as in Lemma 5.4, and let the open ball U(β) be as in Prop. 7.2. If β is sufficiently small and ρ^{′′}_1 is sufficiently large, then for every F ∈ U(β) and an arbitrary fixed χ > 1 the maps F → W^′_n(F (α_F )) − I and F → ξ^′_n(F (α_F )) = ∏_{n−1} i=0 ξ ( R^i(F (α_F )) ) are analytic from U(β) to A^4(ρ̃_{{n−1,η̃,χ}}) and C respectively, while the transformation W^′_n(F (α_F )) is analytic from D(ρ̃_{{n−1,η̃,χ}}) to D(ϱ). Furthermore, there are real positive constants c_7, c_8, c_9 and c_{10} such that the following bounds hold for all F ∈ U(β): ‖W^′_{n+1}(F (α_F ))−W^′_n(F (α_F ))‖_{ρ̃{n,η̃,χ}} ≤ [ c_7 + c_8 χ^n ] (ζϑχϖ)^n‖F (α_F ) − H^3_+‖_ρ, (8.28)

‖W^′_{n+1}(F (α_F )) − I‖_{ρ̃{n,η̃,χ}} ≤ c_9‖F (α_F ) − H^3_+‖_ρ, (8.29)

|ξ^′_n(F (α_F )) − 1| ≤ c_{10}‖F (α_F ) − H^3_+‖_ρ. (8.30)

Proof. Define

G_n(z, F ) = z [W_n(F (α_F )) − I], (8.31) G_k (z, F ) = W_k(F (α_F ))∘. . .∘W_{n−1}(F (α_F ))∘(I+z [W_n(F (α_F ))−I])−I. (8.32)

As it was shown in the previous Proposition, the map F → W_n(F (α_F )) − I is analytic from U(β) to A^4(ρ̃_{{n,η̃}}). Notice, that D(ρ̃_{{n,η̃,χ}}) ⊂ D(ρ̃_{{n,η̃}}). Then, the map G_k is analytic from D_{ϵn} × U(β) to A^4(ρ̃_{{n,η̃,χ}}) for some real positive ϵ_n, if the range of I+ z[W_n(F (α_F )) − I] is contained in the domain of W_{n−1}(F (α_F )) for all z ∈ D_{ϵn} , in particular, if the following conditions hold: ρ̃_1 ∑_{n−2} i=0 χ^{−i} ≥ ρ̃_1 ∑_{n−1} i=0 χ^{−i} + |z| ‖(W_n(F (α_F )))_x − I‖_{ρ̃{n,η̃,χ}} (8.33) ρ̃_2 ϑ^{n−1} ≥ ρ̃_2 ϑ^n + |z| ‖(W_n(F (α_F )))_y − I‖_{ρ̃{n,η̃,χ}} , (8.34) ρ̃_3 η̃ϑ^{3(n−1)} ≥ ρ̃_3 η̃ϑ^{3n} + |z| ‖(W_n(F (α_F )))_u − I‖_{ρ̃{n,η̃,χ}} , (8.35) ρ̃_4 η̃ϑ^{n−1} ≥ ρ̃_4 η̃ϑ^n + |z| ‖(W_n(F (α_F )))_z − I‖_{ρ̃{n,η̃,χ}} . (8.36) Since D(ρ̃_{{n,η̃,χ}}) ⊂ D(ρ̃_{{n,η̃}}), by Prop. 8.6, it is enough to ensure that ρ̃_1 ∑_{n−2} i=0 χ^{−i} ≥ ρ̃_1 ∑_{n−1} i=0 χ^{−i} + |z|c_4β(ζϑϖ)^n, (8.37)

26 DENIS G. GAIDASHEV

ρ̃_2 ϑ^{n−1} ≥ ρ̃_2 ϑ^n + |z|c_4β ( ϖ ζ ϑ )_n , (8.38)

ρ̃_3 η̃ϑ^{3(n−1)} ≥ ρ̃_3 η̃ϑ^{3n} + |z|β [c_4ϖ^n + c_5ρ̃_3] ( ζ ϑ^3 )_n , (8.39)

ρ̃_4 η̃ϑ^{n−1} ≥ ρ̃_4 η̃ϑ^n + |z|β [c_4ϖ^n + c_5ρ̃_4] ( ζ ϑ )_n , (8.40)

or require an even stronger set of conditions on |z|: |z| ≤ χ(1 − χ^{−1})^2ρ̃_1

c_4β (ζϑχϖ)^{−n} , |z| ≤ (ϑ − 1)ρ̃_2

c_4β

(ζϖ)^{−n} , (8.41) |z| ≤ (ϑ^3 −1)ρ̃_3 βη̃(c_4ϖ+c_5ρ̃_3) ζ^{−n}, |z| ≤ (ϑ−1)ρ̃_4 βη̃(c_4ϖ+c_5ρ̃_4) ζ^{−n}. (8.42)

Let c^′ = β^{−1}min{χ(1−χ^{−1})^2ρ̃_1c^{−1}_4 , (ϑ−1)ρ̃_2c^{−1}_4 , (ϑ^3−1)ρ̃_3η̃^{−1} [c_4ϖ+c_5ρ̃_3]^{−1}, (ϑ− 1)ρ̃_4η̃^{−1}[c_4ϖ + c_5ρ̃_4]^{−1}}, and let ϵ_n = c^′ (ζϑχϖ)^{−n}. Then, the map G_k is analytic from D_{ϵn} × U(β) to A^4(ρ̃_{{n,η̃,χ}}) for all k ≥ 0. If β is sufficiently small, and ρ^{′′}_1 is sufficiently large, so that {z = 1} ∈ D_{ϵn} for all n ≥ 1, then the analyticity of the map F → W^′_n(F (α_F ))−Ifrom U(β) to A^4(ρ̃_{{n−1,η̃,χ}}) is an immediate consequence of the identity W^′_{n+1}(F (α_F )) − I = G_0(1, F ).

To prove the bounds (8.28)–(8.29) we use the identity

G_k(z, F ) = [W_k(F (α_F )) − I] ∘ [I+ G_{k+1}(z, F )] + G_{k+1}(z, F ), (8.43) and the following inductive estimate on G_k(z, F ) for all z ∈ D_{ϵn} : ‖G_k(z, F )‖_{ρ̃{n,η̃,χ}} ≤ ‖W_k(F (α_F )) − I‖_{ρ̃{n,η̃,χ}} + ‖G_{k+1}(z, F )‖_{ρ̃{n,η̃,χ}} ≤ n−1∑ i=k ‖W_i(F (α_F )) − I‖_{ρ̃{n,η̃,χ}} + |z|‖W_n(F (α_F )) − I‖_{ρ̃{n,η̃,χ}}

≤ c_4 [_{n−1} ∑ i=k (ζϑϖ)^i + c^′χ^{−n} ] ‖F (α_F ) − H^3_+‖_ρ

< c_4 [ (ζϑϖ)^k − (ζϑϖ)^n 1 − ζϑϖ + c^′ χ^n ] ‖F (α_F )−H^3_+‖_ρ, (8.44)

which implies (8.29). The bound (8.28) can be obtained from the following Cauchy estimate: ‖W^′_{n+1}(F (α_F ))−W^′_n(H)‖_{ρ̃{n,η̃,χ}} = ‖G_0(1, F ) − G_0(0, F )‖_{ρ̃{n,η̃,χ}} ≤ ‖ ‖ ‖ ‖ 1 2πi ∮ w=ϵ_n G_0(w, F )dw (w − 1)ζ ‖ ‖ ‖ ‖_{ρ̃{n,η̃,χ}} ≤ c_4 ( 1 1 − ζϑϖ + c^′ χ^n ) ‖F (α_F ) − H^3_+‖_ρ

ϵ_n − 1 ≤ c_7 ( 1+ c_8 χ^n ) (ζϑχϖ)^n‖F (α_F ) − H^3_+‖_ρ. (8.45)

Finally, the analyticity of the map F → ξ^′_n(F (α_F )) on U(β) follows from the analyticity of the maps F → ξ(R^k(F (α_F ))) on U(β) (by Prop. 8.6 ) and the definition of ξ^′_n(F (α_F )). We notice that ∏_{n−1} k=0 [ 1−c_6ζ^k‖F (α_F ) − H^3_+‖_ρ ] ≤ |ξ^′_n(H_0)| ≤ ∏_{n−1} k=0 [ 1+c_6ζ^k‖f(α_F ) − H^3_+‖_ρ ] by Prop. 8.6, which immediately gives the bound (8.30).

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 27

Our next goal is to show that the transformation W^′_n(F (α_F )) is, in a sense, an approximation of the desired torus map, specifically, we want to show that it satisfies the equation (4.10) ”approximately”. Observe, that from the definition of the operator R

H_0 ∘ W^′_n(H) = ∏_{n−1} i=0 ξ(H_i)η(H_i) ϑ^{3n} H_n ∘ T^{−n}_{ϑ−2} + E_0 H_0 ∘ W^′_n(H). (8.46)

This representation will be used in the next

Proposition 8.8. Let ρ̃ be as in Theorem 4.6, and let a real χ > 1. Define ε_n = (χ^{−n}ϵ_1, ϑ^{−n}ϵ_2, η̃^{−1}ϑ^{−3n}ϵ_3, η̃^{−1}ϑ^{−n}ϵ_4), where the real positive ϵ_i are such that (1 − χ^{−1})ρ̃_1 ≥ ϵ_1 and ρ_i > ϵ_i, i = 2..4. Then, given a real ζ > 0 as in Lemma 5.4, there exist real positive numbers c_{11} and c_{12}, such that the following holds for all F ∈ U(β) and n ≥ 1: ‖{I, F (α_F )} ∘ W^′_n(F (α_F )) − ξ^′_n(F (α_F )){W^′_n(F (α_F )), H^3_+}‖_{ρ̃{n−1,η̃,χ}−εn−1} ≤ c_{11} (χ^n + c_{12}) ζ^n‖F (α_F ) − H^3_+‖_ρ. (8.47)

Proof. Let H_n = R^n_η (F (α_F )). Notice, that the number ϵ_1 is chosen so that ρ̃_1/ ∑_{n−1} i=0 χ^{−i} − ϵ_1/χ^n > (1 − χ^{−1})ρ̃_1 for any ϵ_1 ≤ (1 − χ^{−1})ρ̃_1. Also, notice, that by Prop. 8.7, |ξ^′_n(H_0)| ≤ 1 + c_{10}β. Using this together with the identity (1/ϑ^3)H^3_+ ∘ T^{−1}_{ϑ−2} = H^3_−, the bound (8.29) and Lemma 5.4, one gets the following estimate: ‖{I, H_0} ∘ W^′_n(H_0) − ξ^′_n(H_0){W^′_n(H_0), H^3_+}‖_{ρ̃{n−1,η̃,χ}−εn−1} ≤ ξ^′_n(H_0) ϑ^{3n} ‖ ‖ ‖{W^′_n(H0), [ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} } ‖ ‖ ‖_{ρ̃{n−1,η̃,χ}−εn−1} ≤ ξ^′_n(H_0) ϑ^{3n} [‖ ‖ ‖{W^′_n(H0) − I, [ H_n − H^3_{(−)}n ] ∘T^{−n}_{ϑ−2} } ‖ ‖ ‖_{ρ̃{n−1,η̃,χ}−εn−1} + ‖ ‖∇ [ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} ‖ ‖_{ρ̃{n−1,η̃,χ}−εn−1} ]

≤ 2(1+c_{10}β)η̃ min{ϵ_1ϵ_3, ϵ_2ϵ_4} ( χ^n + 1 ϑ^n ) ‖W^′_n(H_0)−I‖_{ρ̃{n−1,η̃,χ}}‖H_n−H^3_{(−)}n ‖_{ρ̃} + 1 + c_{10}β ϑ^{3n} min_{i=1..4} ϵ_i ( χ^n + ϑ^n + ϑ^{3n}η̃ + ϑ^nη̃ ) ζ^n‖H_0 − H^3_+‖_ρ ≤ 2(1 + c_{10}β)η̃ min{ϵ_1ϵ_3, ϵ_2ϵ_4} ( χ^n + 1 ϑ^n ) c_9ζ^n‖H_0 − H^3_+‖^2_ρ + 1 + c_{10}β ϑ^{3n} min_{i=1..4} ϵ_i ( χ^n + ϑ^n + ϑ^{3n}η̃ + ϑ^nη̃ ) ζ^n‖H_0 − H^3_+‖_ρ

≤ c_{11}(χ^n + c_{12})ζ^n‖H_0 − H^3_+‖_ρ, (8.48)

where 1/ϑ < ζ < 1 is as in Lemma 5.4.

Now we are ready to give an explicit construction of invariant ω-tori for members of the Hamiltonian families in U(β). First, we stop to define the functional space in which the expression {I, F (α_F )} ∘ W^′_n(F (α_F )) − ξ^′_n(F (α_F )) { W^′_n(F (α_F )), H^3_+ } converges.

Definition 8.9. Denote D(r) = {z ∈ C : |ℑ(z)| < r}. For any triple l = (l_2, l_3, l_4) of non-negative integers denote C^l_r(T^2) the vector space of all functions from D(r)× R^3 to C^4 that are a) analytic on D(r) in the first variable; b) l_2, l_3 and l_4-times continuously differentiable in variables y, u and z respectively; c) 2π-periodic in

28 DENIS G. GAIDASHEV

variables ω · (x, y) and Ω · (x, y) and constant in variables u and z. If g ∈ C^l_r(T^2), define its norm by ‖g‖_{(l,r)} = max_{ki ≤li} { sup x∈D(r),y∈R | |(∂^k2_y ∂^k3_u ∂^k4_z g)(x, y, 0, 0, ) | | } . (8.49)

If G is some function in A(r), then the restriction of G ∘ S_0 to C × R^3 , where S_0 is defined by S_0(x, y, u, z) = (x, y, 0, 0), is in C^l_{r1} (T^2) for any l. Moreover, ∂^{k2}_y ∂^{k3}_u ∂^{k4}_z G ∘ S_0 = ∑ ν∈Z^2 G_{(ν,k3 ,n4)}∂^{k2}_y e^{i(ν·ωx+ν·Ωy)}k_3!k_4!, (8.50)

and for any 0 < ϵ < r_2 the restriction of G ∘ S_0 to C × R^3 satisfies the following bound: ‖G ∘ S_0‖_{(l,r1)} ≤ l_3! l_4!

(r_3)^{l3} (r_4)^{l4} ‖∂^{l2}_yG‖_{(r1,ϵ,r3,r4)} ≤ (l_2)^{l2} l_3! l_4!

(r_2 − ϵ)^{l2} (r_3)^{l3} (r_4)^{l4}

‖G‖_r. (8.51)

Since this inequality holds for any real positive ϵ, we must have ‖G ∘ S_0‖_{(l,r1)} ≤ (l_2)^{l2} l_3! l_4!

(r_2)^{l2} (r_3)^{l3} (r_4)^{l4}

‖G‖_r. (8.52)

In particular, since the transformation W^′_n(H) ∈ A^4(ρ̃_{{n−1,η̃,χ}}), the restriction of W^′_n(H) ∘ S_0 to C × R^3 is in C^0_{(1−χ−1)ρ}′_1 × C^0_{(1−χ−1 )ρ}′_1 × C^0_{(1−χ−1 )ρ}′_1 × C^0_{(1−χ−1)ρ}′_1 for all n ≥ 0, and ‖W^′_n(H) ∘ S_0‖_{(0,(1−χ}−1_{)ρ}′_{1 )} ≤ ‖W^′_n(H)‖_ρ′_{{n−1,η̃,χ}} .

In most of the following results we will not need to consider norms with l different from zero, however some of the results can and will be proved for spaces C^l_r(T^2) with a non-zero triple l.

Proposition 8.10. Let a real positive ρ^{′′}_1 , sufficiently large, and a real χ > 1, sufficiently close to one, be given. Then for every F ∈ U(β) the limits W^′(F (α_F )) = S_0 + lim_{n→∞} [W^′_n(F (α_F )) − I] ∘ S_0 (8.53) ξ^′(F (α_F )) = lim_{n→∞} ξ^′_n(F (α_F )) (8.54)

converge uniformly in C^0_{(1−χ−1)ρ̃1} (T^2) and C , respectively. The maps F → ξ^′(F (α_F )) and F → W^′(F (α_F )) − S_0 are analytic on U(β). Furthermore, there exist real positive numbers c_{13} and c_{14}, such that ‖W^′(F (α_F )) − S_0‖_{(0,(1−χ}−1_{)ρ̃1 )} ≤ c_{13}‖F (α_F ) − H^3_+‖_ρ, (8.55) |ξ^′(F (α_F )) − 1| ≤ c_{14}‖F (α_F ) − H^3_+‖_ρ, (8.56) and, moreover, J∇H ∘ W^′(F (α_F )) = ξ^′(F (α_F ))∂_xW^′(F (α_F ). (8.57) Proof. The uniform convergence and the analyticity follow from Prop. 8.8 and inequality (8.52), and so do the bounds (8.55) and (8.56).

Define, r_n = ((1 − χ^{−1})ρ̃_1, ϑ^{−n}ρ̃_2, η̃^{−1}ϑ^{−3n}ρ̃_3, η̃^{−1}ϑ^{−n}ρ̃_4). Then, one can use the bound (8.28) and Prop. 3.4 to obtain the following estimate:

‖∂_x[W^′_{n+1}(F (α_F ))−W^′_n(F (α_F ))]‖_{rn}≤ χ^{n+1} (χ−1)ρ̃_1 ‖W^′_{n+1}(F (α_F ))−W^′_n(F (α_F ))‖_{ρ̃{n,η̃,χ}} ≤c_7 χ+^{c8}_{χn−1} (χ−1)ρ^′_1 ( χ^2ζϑϖ )_n ‖F (α_F )−H^3_+‖_ρ, (8.58)

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 29

and, therefore, if χ > 1 is chosen sufficiently close to one and ρ^{′′}_1 is sufficiently large, the sequence {L_n} = { ξ^′_n(F (α_F )) ( ∂_xW^′_n(F (α_F )) + 3γz^2∂_yW^′_n(F (α_F )) )} , converges in C^0_{(1−χ−1 )ρ̃1} (T^2) to ξ^′(F (α_F )) ∂_xW^′(F (α_F )), while, by Prop. 8.7, {R_n} = {J∇F (α_F ) ∘ W^′_n(F (α_F ))} converges in C^0_{(1−χ−1 )ρ̃1} (T^2) to J∇F (α_F )∘W^′(F (α_F )). The bounds (8.47) and (8.51) show that L_n −R_n → 0 in C^0_{(1−χ−1)ρ̃1} (T^2) and, hence, (8.57) holds.

For any quadruple r with positive components define the evaluation functional E_{(x,y,u,z)} on A^4(r) by setting E_{(x,y,u,z)}G = G(x, y, u, z) for any G ∈ A^4(r). Lemma 8.11. Let ρ̃, ϱ and ρ be as in Theorem 4.2 and Prop. 5.1, and let r be a pair of real positive numbers, such that (1 − χ^{−1})ρ̃_1 > r_1 and ρ_2 − ϱ_2 > r_2. Then, there exists an open neighborhood U^′ of F^∗_+ in F^ρ_δ , such that for every F ∈ U^′ and any (x, y) ∈ D_1(r), and (u, z) ∈ C^2 the equation

W_F (x, y, u, z) = E_{(x,0,0,0)}J_{(0,y)} ∘ W^′(J_{(0,y)}F (α_F )) (8.59)

defines an analytic map W_F on D_1(r) × C^2 whose restriction to R^4 coincides with W^′(F (α_F )). Furthermore, the map F → W_F − S_0 is analytic from U^′ to a space of analytic functions from D_1(r) × C^2 to D(ϱ_1, ϱ_2 + r_2, ϱ_3, ϱ_4) ⊂ D(ρ).

Proof. Choose a number r^′_2, so that r_2 < r^′_2 < ρ_2 − ϱ_2. The map J_{(0,y)} : A(ϱ_1, ϱ_2 + r^′_2, ϱ_3, ϱ_4) → A(ϱ) is bounded, of norm less or equal to one, for all y ∈ D(r^′_2) = {y ∈ C : |ℑy| < r^′_2}. Furthermore, for any function G ∈ A(ϱ_1, ϱ_2 + r^′_2, ϱ_3, ϱ_4) we have ‖∂_iG‖_{ϱ1,ϱ2 +r2,ϱ3 ,ϱ4} ≤ ‖G‖_{ϱ1 ,ϱ2+r}′_{2,ϱ3 ,ϱ4} /(r^′_2 − r_2), and differentiation is bounded from A(ϱ_1, ϱ_2 + r^′_2, ϱ_3, ϱ_4) to A(ϱ_1, ϱ_2 + r_2, ϱ_3, ϱ_4). Then, for any H ∈ A(ρ), in particular for F (α_F ) with F ∈ F^ρ_δ , the map (y, H) → J_{(0,y)}H is differentiable from D(r^′_2) × A(ρ) to A(ϱ).

Define W : F^ρ_δ → C^0_{(1−χ−1 )ρ̃1} (T^2) by setting W(F ) = W^′(F (α_F )) − S_0 for all F ∈ U(β) ⊂ F^ρ_δ . By Prop. 8.10 W is analytic from U(β) ⊂ F^ρ_δ to C^0_{(1−χ−1 )ρ̃1} (T^2). Since J_{(0,y)} is bounded from A(ϱ_1, ϱ_2 + r^′_2, ϱ_3, ϱ_4) to A(ϱ) for all y ∈ D(r^′_2), there is an open neighborhood U^′ ⊂ F^ρ_δ of F^∗_+ such that for all F ∈ U^′, both F and J_{(0,y)}F belong to U(β) ⊂ F^ρ_δ . Here, J_vF is defined by (J_v F )(α) = J_v F (α) for any v ∈ C^2 . Now, since the map W is analytic on U(β) ⊂ F^ρ_δ , and since the evaluation functional E_{(x,0,0,0)} is bounded on C^0_{(1−χ−1)ρ̃1} (T^2), the map ((x, y), F ) → E_{(x,0,0,0)}J_{(0,y)} ∘ W(J_{(0,y)}F ) is analytic from D_1(r_1, r^′_2) × U^′, to C^0_{(1−χ−1 )ρ̃1} (T^2). The analyticity of the transformation W_F on D_1(r) × C^2 follows from the fact that the identity [W_F − S_0] (x, y, u, z) = E_{(x,0,0,0)}J_{(0,y)} ∘ W(J_{(0,y)}F ) holds for every (x, y, u, z) ∈ D_1(r) × C^2 . Since J_{(0,y)}F (α_F ) is periodic in the variables ω·(0, y) and Ω·(0, y) , E_{(x,0,0,0)}J_{(0,y)}∘ W(J_{(0,y)}(F (α_F )) is periodic in q_1 = ω · (x, y) and q_2 = Ω · (x, y), and for all F ∈ U^′ the transformation W_F −S_0 belongs to a space of analytic functions from D_1(r)×C^2 to D(ϱ_1, ϱ_2 + r_2, ϱ_3, ϱ_4) with the mentioned periodicity. All derivatives with respect to the second argument of the map ((x, y), F ) → E_{(x,0,0,0)}J_{(0,y)} ∘ W(J_{(0,y)}F (α_F )), at any F ∈ U^′, are bounded uniformly in (x, y) in the sup-norm on the space of analytic functions from D_1(r)×C^2 to D(ϱ_1, ϱ_2 +r_2, ϱ_3, ϱ_4), hence the map F → W_F −S_0 is analytic on U^′.

Lastly, we prove the claim about the restriction of the map W_F . Consider an arbitrary but fixed real x and y. Since J_{(0,y)} is an isometry on A(ρ), given any open neighborhood U^{′′} ∈ F^ρ_δ around F^∗_+, the Hamiltonians F^′(α_F ) = R^k(J_{(0,y)}F (α_F )) and F_k(α_F ) = R^k(F (α_F )) belong to U^{′′} for all k ≥ 0, if ‖F − F^∗_+‖_δ is sufficiently

30 DENIS G. GAIDASHEV

small. By Theorem 5.3, F^′_k(α_F ) = J_T −k_{(0,y)}F_k(α_F ). By the definition of the space F^ρ_δ , the Hamiltonians F (α_F ), for all F ∈ U, are contained in the neighborhood of Lemma 4.5, where J_{(0,y)} ∘ U_{J(0,y) F (αF )} = U_{F (αF )} ∘ J_{(0,y)}. Combining this with the identity T^k_{ϑ−2} ∘J_T −k_{(0,y)} = J_{(0,y)}∘T^k_{ϑ−2} we obtain W_k (F^′(α_F )) = J^{−1}_{(0,y)}∘W_k(F (α_F ))∘ J_{(0,y)} for all k ≥ 0. Repeating the argument of Prop. 8.10 we see that the limit W^′(F^′(α_F )) = S_0 + lim_{n→∞} [W^′_n(F^′(α_F )) − I] ∘ S_0

= S_0 + lim_{n→∞} [W_0(F^′(α_F )) ∘ W_1(F^′(α_F )) ∘ . . . ∘ W_{n−1}(F^′(α_F ))−I] ∘ S_0

= S_0 + lim_{n→∞} [ J^{−1}_{(0,y)} ∘W_0(F (α_F ))∘. . .∘W_{n−1}(F (α_F ))∘ J_{(0,y)} −I ] ∘S_0 = S_0 + J^{−1}_{(0,y)} ∘ lim_{n→∞} [W_n(F (α_F )) − I] ∘ S_0 ∘ J_{(0,y)}

= J^{−1}_{(0,y)} ∘ W^′(F (α_F )) ∘ J_{(0,y)} (8.60)

converges in C^0_{(1−χ−1 )ρ̃1} (T^2), which means that for all real x,y,u and z W^′(F (α_F ))(x, y, u, z) = E_{(x,y,0,0)}W^′(F (α_F )) = E_{(x,0,0,0)} ( W^′(F (α_F )) ∘ J_{(0,y)} ) = E_{(x,0,0,0)}J_{(x,y)}W^′(J_{(0,y)}F (α_F )), (8.61) and the last claim follows.

Theorem 8.12. Let the quadruples ρ̃, ϱ and ρ be as in Theorem 4.2 and Prop. 5.1, and let r be a pair of real positive numbers, such that (1 − χ^{−1})ρ̃_1 > r_1 and ρ_2 − ϱ_2 > r_2. Then, there exist an open neighborhood U of F^∗_+ in F^ρ_δ , and for every F ∈ U a complex number ξ^′(F (α_F )) and an analytic map Γ_{F (αF )} from D_1(r) to D(ϱ_1, ϱ_2 + r_2, ϱ_3, ϱ_4) ⊂ D(ρ), such that the following equation holds on D_1(r): (J∇F (α_F )) ∘ Γ_{F (αF )} = ξ^′(F (α_F )) ∂_xΓ_{F (αF )}. (8.62) The maps F → ξ^′(F (α_F )) and F → Γ_{F (αF )} − Γ_H3_+ are analytic from U to, respectively, C and some Banach space of analytic functions from D_1(r) to D(ρ), 2π-periodic in variables ω · (x, y) and Ω · (x, y). Finally, if F (α_F ) depends on the variables (u, z) only, then ξ^′(F (α_F )) = (∂_uEH)(0) and Γ_{F (αF )}(x, y) = (x, y, 0, 0) for all (x, y) ∈ D_1(r).

Proof. Define Γ_{F (αF )}(x, y) = W_F (x, y, 0, 0) for all (x, y) ∈ D_1(r) and for all F ∈ U^′ ∈ F^ρ_δ , described in Lemma 8.11. First, assume that F (α_F ) depends on (u, z) only, which means that J_{(0,y)}F (α_F ) = F (α_F ) for all x and y. Then, U_Rk_{(F (αF ))} = I for all k ≥ 0 and, therefore, by the definition of ξ^′(F (α_F )) = ξ(F (α_F )) = (∂_uEF (α_F ))(0, 0), while W^′(F (α_F )) = S_0. Thus, by Lemma 8.11, for all (x, y) ∈ D_1(r) Γ_{F (αF )}(x, y) = E_{(x,0,0,0)}J_{(0,y)} ∘ W^′(J_{(0,y)}F (α_F )) = E_{(x,0,0,0)}J_{(0,y)} ∘ S_0 = (x, y, 0, 0). (8.63) The claims about the analyticity and domains of Γ_{F (αF )} and the map F → Γ_{F (αF )} − Γ_F ∗_{+(0)} follow from Lemma 8.11.

By Lemma 8.11 the restriction of the transformation W_F to R^4 equals W^′(F (α_F )) and thus, by Prop. 8.10, satisfies equation (8.57), which means that we have on R^2 JF (α_F ) ∘ Γ_{F (αF )} = ξ^′(F (α_F )) ∂_xΓ_{F (αF )}. (8.64) Finally, since Γ_{F (αF )} is an analytic function on D_1(r), so are both sides of (8.64) and this equation holds on all of D_1(r).

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 31

The claim about the analyticity of ξ^′(F (α_F )) is just a restatement of the same claim from Prop. 8.10, possibly on a smaller neighborhood U.

We have proved constructively that the Hamiltonian functions on the stable manifold of the renormalization operator at the fixed point H^3_+ do posses analytic invariant ω-tori. One more claim, advertised in the beginning of this section, remains to be verified, specifically, the fact that the invariant ω-torus is shearless. This claim will be only demonstrated for Hamiltonians on the stable manifold, independent of the variable u. We will describe the difficulties of extending the proof to a generic Hamiltonian at the end of this Section. Although, here we will include only the proof of a partial result, we will nevertheless state the following

Conjecture 8.13. Let ρ and ρ̃ be as in Theorem 8.12. Then there exists a neighborhood U of F^∗_+ in F^ρ_δ , a quadruple r of real positive numbers, and a transformation G_{F (αF )}, analytic from D(r) to D(ρ) and satisfying G_{F (αF )}(x, y, 0, 0) = Γ_{F (α)}(x, y) for all (x, y) ∈ D_1(r_1, r_2), such that the following equation holds for all (x, y, u, z) ∈ D(r) and F ∈ U: J∇F (α_F ) ∘ G_{F (αF )}(x, y, u, z) = ξ^′(F (α_F ) (∂_x + 3γz^2∂_y)G_{F (αF )}(x, y, u, z) + O(|z|^3, |u|^3, |u|^2|z|, |u||z|^2). (8.65) We will say that the Hamiltonian F (α_F ) for which such analytic transformation exists has a shearless ω-torus Γ_{F (αF )}. Although, this definition of “shearlessness” is different from its conventional definition appearing in the KAM theory (see, for example [33]), it intuitively makes sense: the equation (8.65) means that close to the ω-torus the flow of the Hamiltonian F (α_F ) is conjugate to a rotation with a rotation number ρ_{F (αF )} = (1 + 3γz^2ϑ)/(ϑ − 3γz^2) up to terms of the third order of magnitude. In this sense, the rotation number on the torus Γ_{F (αF )} is minimal. A similar definition of a shearless torus (circle) has been used, for example, in [25] to prove the result about two-parameter families of non-twist maps, described in the Introduction. As we have already pointed out, we will prove this conjecture only for a subclass of Hamiltonians on the stable manifold.

Proposition 8.14. Conjecture 8.13 holds for all F ∈ U, such that F (α) − H^∗_+ is constant in the variable u for all α ∈ D_δ.

Proof. First, we will show that the limits of some derivatives of W^′_n (F (α_F )) − I are well-defined and analytic on D(ρ̃_{{n,η̃,χ}} − ε̃_n), where ε̃=(0, 0, 0, ϵ_4η̃^{−1}ϑ^{−n}) and ϵ_4 < ρ̃_4. ‖∂_z[W^′_{n+1}(F (α_F ))−W^′_n(F (α_F ))]‖_{ρ̃{n,η̃,χ}−ε̃n} ≤ η̃ϑ^n ϵ_4 ‖W^′_{n+1}(F (α_F ))−W^′_n(F (α_F ))‖_{ρ̃{n,η̃,χ}} ≤ c_{15}(ζϑ^2χϖ)^n ‖ ‖F (α_F )−H^3_+ ‖ ‖_ρ. (8.66)

where we have used the bound (8.28). Similarly,

‖∂^2_z [W^′_{n+1}(F (α_F ))−W^′_n(F (α_F ))]‖_{ρ̃{n,η̃,χ}−ε̃n} ≤c_{16}(ζϑ^3χϖ)^n‖F (α_F )−H^3_+‖_ρ. (8.67)

Therefore, there exist real positive constants c_{17} and c_{18}, such that ‖∂_z[W^′_{n+1}(F (α_F ))−I]‖_{ρ̃{n,η̃,χ}−ε̃n}< n+1∑ k=0 ‖∂_z[W^′_k(F (α_F ))−W^′_{k−1}(F (α_F ))]‖_{ρ̃{k,η̃,χ}−ε̃k} ≤ c_{17}‖F (α_F ) − H^3_+‖_ρ, (8.68)

32 DENIS G. GAIDASHEV

‖∂^2_z [W^′_{n+1}(F (α_F ))−I]‖_{ρ̃{n,η̃,χ}−ε̃n}< n+1∑ k=0 ‖∂^2_z [W^′_k(F (α_F ))−W^′_{k−1}(F (α_F ))]‖_{ρ̃{n,η̃,χ}−ε̃n} ≤ c_{18}‖F (α_F ) − H^3_+‖_ρ. (8.69)

Similarly, if one defines ε̆ = (0, 0, ϵ_3η̃^{−1}ϑ^{−3n}, 0) and ϵ_3 < ρ̃_3, one can also obtain an estimate on the y-derivative of W^′_n(F (α_F )) − I which will be used in a later computation:

‖∂_y[W^′_{n+1}(F (α_F )) − I]‖_{ρ{n,η̃,χ}−ε̆n} ≤ c_{19}‖F (α_F ) − H^3_+‖_ρ. (8.70)

The bounds (8.66)-(8.67) show that if ρ^{′′}_1 is large enough, then, for a given family F ∈ U, the following limits converge in C^{(1,0,0)}_{(1−χ−1)ρ̃1} (T^2):

W^′_z (F (α_F )) = lim_{n→∞} [∂_z(W^′_n(F (α_F )) − I)] ∘ S_0, (8.71)

W^′_{zz} (F (α_F )) = lim_{n→∞} [ ∂^2_z (W^′_n(F (α_F )) − I) ] ∘ S_0. (8.72)

One can analytically continue these maps to a complex neighborhood of the real torus, as in Lemma 8.11. More specifically, there exists a neighborhood U^{′′} of F^∗_+ in F^ρ_δ , such that for every F ∈ U^{′′} and any pair of real positive numbers r^′_1 < (1 − χ^{−1})ρ̃_1 and r^′_2 < ρ_2 − ϱ_2 the equations

W^z_F (x, y, u, z) = E_{(x,0,0,0)}J_{(0,y)} ∘ W^′_z(J_{(0,y)}F (α_F )), (8.73) W^{zz}_F (x, y, u, z) = E_{(x,0,0,0)}J_{(0,y)} ∘ W^′_{zz}(J_{(0,y)}F (α_F )) (8.74)

define analytic bounded maps W^z_F and W^{zz}_F on D_1(r^′) × C^2 whose restriction to R^4 coincides with W^′_z(F (α_F )) and W^′_{zz} (F (α_F )). Define Γ^z_F (α_F )(x, y) = W^z_F (x, y, 0, 0) and Γ^{zz}_F (α_F )(x, y) = W^{zz}_F (x, y, 0, 0) for all (x, y) ∈ D_1(r^′).

As we have shown in Theorem 8.12, the flow of the Hamiltonian F (α_F ) on the invariant ω- torus is a rotation with a rotation vector ω, as expressed by the equation (8.62). To show that the rotation number (if it exists) of any nearby orbit is larger than ϑ^{−1}, we want to extend the equation (8.62) to a small neighborhood of Γ_{F (α)}D_1(r^′). Specifically, we want to show that there exist a quadruple r of real positive numbers and an analytic transformation G_{F (αF )} from D(r) to D(ρ), which satisfies the equation (8.65) and coincides with Γ_{F (α)} whenever (u, z) = (0, 0).

We will show that this can be done by choosing G_{F (αF )}(x, y, u, z) = Γ_{F (αF )}(x, y)+ zΓ^z_{F (αF )}(x, y) + (z^2/2)Γ^{zz}_{F (αF )}(x, y). Recall, that by Theorem 8.12 there exists an open neighborhood U^′ of F^∗_+ in F^ρ_δ , such that for any F ∈ U^′ the torus map Γ_{F (α)} is analytic from D_1(r^′) to D(ϱ_1, ϱ_2 + r^′_2, ϱ_3, ϱ_4) for any pair r^′ of real positive numbers r^′_1 < (1 − χ^{−1})ρ̃_1 and r^′_2 < ρ_2 − ϱ_2. Since for any F ∈ U^{′′} the maps Γ^z_{F (αF )} and Γ^{zz}_{F (αF )} are analytic and bounded on D_1(r^′), there exists a quadruple r of sufficiently small positive real numbers and a neighborhood U ⊂ U^′ ∩ U^{′′}, such that for all F ∈ U the transformation G_{F (αF )} is analytic from D(r) to D(ρ). Next, J∇F (α_F ) ∘ ( Γ_{F (αF )}(x, y) + zΓ^z_{F (αF )}(x, y) + z^2 2 Γ^{zz}_{F (αF )}(x, y) ) = = J∇F (α_F ) ∘ Γ_{F (αF )}(x, y) + z(Γ^z_{F (αF )}(x, y) · ∇J∇F (α_F )) ∘ Γ_{F (αF )}(x, y) + z^2 2 ((Γ^z_{F (αF )}(x, y) · ∇)^2J∇F (α_F )) ∘ Γ_{F (αF )}(x, y) + z^2 2 (Γ^{zz}_{F (αF )}(x, y) · ∇J∇F (α_F )) ∘ Γ_{F (αF )}(x, y) + O(|z|^3). (8.75)

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 33

On the other hand

[W^′_z(F (α_F )) · ∇J∇F (α_F )] ∘ W^′(F (α_F )) =

= lim_{n→∞}[∂_z(W^′_n(F (α_F ))−I)] ∘ S_0∇{I, F (α_F )} ∘ ( S_0 + lim_{n→∞}[W^′_n(F (α_F ))−I] ∘ S_0 ) = lim_{n→∞} ∂_z[{I, F (α_F )} ∘ W^′_n(F (α_F ))] ∘ S_0, (8.76)

[ W^′_{zz}(F (α_F )) · ∇J∇F (α_F ) + (W^′_z (F (α_F )) · ∇)^2J∇F (α_F )] ∘ W^′(F (α_F )) =

= lim_{n→∞}[∂^2_z (W^′_n(F (α_F ))−I)]∘S_0 ·∇{I, F (α_F )}∘ ( S_0 + lim_{n→∞}[W^′_n(F (α_F ))−I] ∘ S_0 ) + + ( lim_{n→∞}[∂_z(W^′_n(F (α_F ))−I)] ∘S_0 ·∇

)_2 {I, F (α_F )}∘ ( S_0 + lim_{n→∞}[W^′_n(F (α_F ))−I]∘S_0 ) = lim_{n→∞} ∂^2_z [{I, F (α_F )} ∘ W^′_n(F (α_F )] ∘ S_0. (8.77)

In the string of the equalities above we were able to interchange limits and differentiation because the bounds (8.28), (8.66) and (8.67) are uniform on U and so is convergence of the corresponding transformations in C^{(1,0,0)}_{(1−χ−1)ρ̃1} (T^2). Fix real positive numbers ϵ_1, ϵ_2 and ϵ_4, such that ϵ_1 < ρ̃_1, ϵ_2 < ρ̃_2 and 3ϵ_4 < ρ̃_4, and define ε̄_n = (ϵ_1χ^{−n}, ϵ_2ϑ^{−n}, 0, 2ϵ_4η̃^{−1}ϑ^{−n}) and ε̂_n = (ϵ_1χ^{−n}, ϵ_2ϑ^{−n}, 0, 3ϵ_4η̃^{−1}ϑ^{−n}). Then, using the shorthanded notation H_n = R(F (α_F )) as before, we get ‖ ‖∂_z[{I, H_0} ∘ W^′_n(H_0) − ξ^′_n(H_0){W^′_n(H_0), H^3_+}] ‖ ‖_{ρ̃{n−1,η̃,χ}−ε̂n−1} = = ‖ ‖∂_z[{W^′_n(H_0)−I, H_0∘W^′_n(H_0)−ξ^′_n(H)H^3_+}]+{I, ∂_z(H ∘W^′_n(H))} ‖ ‖_{ρ̃{n−1,η̃,χ}−ε̂n−1} = ξ^′_n(H) ϑ^{3n} ‖ ‖ ‖∂z [ {W^′_n(H_0) − I, [ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} } ]‖ ‖_{ρ̃{n−1,η̃,χ}−ε̂n−1} + ξ^′_n(H) ϑ^3n | | |∇∂z [[ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} ]| |_{ρ̃{n−1,η̃,χ}−ε̂n−1} = I^1_n + I^2_n. (8.78) We will estimate the two norms in the above expression separately:

I^1_n = ξ^′_n(H_0) ϑ^{3n} ‖ ‖∂z [ {W^′_n(H_0) − I, [ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} } ]‖ ‖_{ρ̃{n−1,η̃,χ}−ε̂n−1} ≤ (1 + c_{10}β)η̃

ϵ_4ϑ^{2n} ‖ ‖{W_{′n}(H_0) − I, [H_n − H_{3(−)n} ] ∘ T_{−nϑ−2} } ‖ ‖ ρ̃_{{n−1,η̃,χ}}−ε̄_{n−1} ≤ (1 + c_{10}β)η̃

ϵ_4ϑ^{2n} ‖ ‖ ‖∂y [ W^′_n(H_0) − I]∂_z [ [H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} ]‖ ‖_{ρ̃{n−1,η̃,χ}−ε̄n−1} + (1 + c_{10}β)η̃

ϵ_4ϑ^{2n} ‖ ‖ ‖∂z [W^′_n(H0) − I]∂y [[ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} ]‖ ‖_{ρ̃{n−1,η̃,χ}−ε̄n−1} ≤ 2(1 + c_{10}β)η̃^2 ϵ_2ϵ^2_4 ‖W^′_n(H_0) − I‖_{ρ̃{n−1,η̃,χ}} ‖H_n − H^3_{(−)}n ‖_ρ < 2c_9(1 + c_{10}β)η̃^2 ϵ_2ϵ^2_4 ζ^n ‖ ‖F (α_F ) − H^3_+ ‖ ‖^2_ρ , (8.79)

for some real positive ζ, such that 1/ϑ < ζ < 1.

I^2_n = ξ^′_n(H) ϑ^3n | |∇∂_z [[H_n − H_{3(−)n} ] ∘ T_{−nϑ−2} ] | | ρ̃_{{n−1,η̃,χ}}−ε̂_{n−1} = ξ^′_n(H) ϑ^3n [‖ ‖ ‖∂^2_z [[ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} ]‖ ‖_{ρ̃{n−1,η̃,χ}−ε̂n−1} + ‖ ‖ ‖∂x∂z [[ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} ]‖ ‖_{ρ̃{n−1,η̃,χ}−ε̂n−1}

34 DENIS G. GAIDASHEV + ‖ ‖ ‖∂y∂z [[ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} ]‖ ‖_{ρ̃{n−1,η̃,χ}−ε̂n−1} ]

≤ ξ^′_n(H) ϵ_4ϑ^n [ η̃^2 ϵ_4 + η̃χ^n ϵ_1ϑ^n + η̃ ϵ_2 ] ‖ ‖ ‖Hn − H^3_{(−)}n ‖ ‖_ρ < c_{20} ϑ^n [ χ^n ϑ^n + c_{21} ] ζ^n‖F (α_F ) − H^3_+‖_ρ. (8.80)

Similarly, ‖ ∂^2_z [ {I, H_0} ∘ W^′_n(H_0) − ξ^′_n(H_0){W^′_n(H_0), H^3_+} ]‖ ρ̃_{{n−1,η̃,χ}}−ε̂_{n−1} = ξ^′_n(H) ϑ^{3n} ‖ ‖ ‖∂^2_z [ {W^′_n(H_0) − I, [ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} } ]‖ ‖_{ρ̃{n−1,η̃,χ}−ε̂n−1} + ξ^′_n(H) ϑ^3n | |∇∂^2_z [[ H_n − H^3_{(−)}n ] ∘ T^{−n}_{ϑ−2} ]| |_{ρ̃{n−1,η̃,χ}−ε̂n−1} = J^1_n + J^2_n. (8.81) Again, consider the two norms separately. Then a computation similar to those for I^1_n and I^2_n gives the following bounds:

J^1_n ≤ ( 2c_{17}(1 + c_{10}β)η̃^2

ϵ_2ϵ^2_4 + 2c_{19}(1 + c_{10}β)η̃^3

ϵ^3_4 ) ζ^n‖F (α_F ) − H^3_+‖^2_ρ, (8.82)

J^2_n < c_{22} ( χ^n ϑ^n + c_{23} ) ζ^n‖F (α_F ) − H^3_+‖_ρ. (8.83)

The bounds above show that the expression ∂_z [{I, F (α_F )}∘W^′_n(F (α_F ))]∘S_0 converges to [W^′_z (F (α_F )) · ∇J∇F (α_F )] ∘ W^′(F (α_F )) in C^0_{(1−χ−1 )ρ̃1} (T^2) on one hand, and to ξ^′(F (α_F ))∂_xW^′_z(F (α_F )) on the other, also in C^0_{(1−χ−1 )ρ̃1} (T^2). At the same time, the expression ∂^2_z [{I, F (α_F )} ∘ W^′_n(F (α_F ))] ∘ S_0 converges in C^0_{(1−χ−1 )ρ̃1} (T^2) to [ W^′_{zz} (F (α_F )) · ∇J∇F (α_F ) + (W^′_z(F (α_F )) · ∇)^2 J∇F (α_F ) ] ∘ W^′(F (α_F )) and to ξ^′(F (α_F ))∂_xW^′_{zz} (F (α_F )) + ξ^′(F (α_F ))6γ∂_yW^′(F (α_F )). Therefore, the equation (8.75) can be rewritten in R^4 as J∇F (α_F ) ∘ ( W^′(F (α_F )) + zW^′_z(F (α_F )) + z^2 2 W^′_{zz} (F (α_F )) ) (x, y) = =ξ^′(F (α_F)) [ (∂_x+3γz^2∂_y)W^′(F (α_F ))+z∂_xW^′_z (F (α_F ))+ z^2 2 ∂_xW^′_{zz}(F (α_F )) ] (x,y)+O(|z|^3) =ξ^′(F (α_F ))(∂_x+3γ∂_y) [ W^′(F (α_F ))+zW^′_z (F (α_F ))+ z^2 2 W^′_{zz}(F (α_F )) ] (x,y)+O(|z|^3), (8.84)

and the same equation should hold for the analytic continuations of the maps W^′(F (α_F )), W^′_z (F (α_F )) and W^′_{zz} (F (α_F )): J∇F (α_F ) ∘ ( Γ_{F (αF )} + zΓ^z_{F (αF )} + z^2 2 Γ^{zz}_{F (αF )} ) (x, y) = = ξ^′(F (α_F ))(∂_x + 3γ∂_y) ( Γ_{F (αF )} + zΓ^z_{F (αF )} + z^2 2 Γ^{zz}_{F (αF )} ) + O(|z|^3). (8.85)

Remark 8.15. The difficulty of extending this proof to the general case of F (α_F ) = F (α_F )(x, y, u, z) is proving the bounds (8.79) -(8.83). In particular, one has to estimate the u-derivatives of the transformation W^′_n(F (α_F )) − I and the Hamiltonian

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 35

H_n −H^3_{(−)n} . In doing so, one acquires additional powers of ϑ^n which can not be suppressed by the rate of convergence of either R^n(F (α_F )) to H^3_{(−)n} or ∂_uR^n(F (α_F )) to one.

9. Bifurcations and Shearless Invariant Tori. In this Section we will proof our main bifurcation result. We will start by showing that the transformation W^′_n(F (α)) for every family F ∈ U and an arbitrary α ∈ D_δ, is analytic from D(ρ̃_{{n−1,η̃,χ}}) to D(ρ) as long as all iterates R^k(F (α)), 0 ≤ k ≤ n, are in the domain of the analyticity of the renormalization operator R, and not only in the case of α = α_F which has been already considered. Recall the definitions of the contraction mappings Y_F and M on D_δ and U, respectively, from Prop. 7.2: Y_F = (P^u ∘ R ∘ F )^{−1} and M(F ) = R∘F ∘Y_F . Given a positive integer n, define, as in Prop. 7.2, F_n = M^n(F ) and (α)_n = ( Y_{F0} ∘ Y_{F1} ∘ ... ∘ Y_{Fn−1} )_{−1} (α).

Proposition 9.1. Let ρ̃, ρ^′ and ρ^{′′} be as in Theorem 4.3 and Prop. 5.1, and let an open ball U(β), an open disk D_δ and a real positive number c be as in Prop. 7.2. Then, if β is sufficiently small and ρ^{′′}_1 is sufficiently large, the following holds for every F ∈ U(β) and α ∈ D_δ, such that α_k ∈ D_δ for all 1 ≤ k ≤ n. (a) The map (α, F ) → W_k (F (α)) − I is analytic from D_δ × U(β) to A^4(ρ̃_{{k,η̃}}), and there exists a real positive constant c_{24}, such that ‖W_k(F (α)) − I‖_{ρ̃{k,η̃}} ≤ c_{24}βc^k ϖ^k. (9.1) (b) The map (α, F ) → W^′_n(F (α))−I is analytic from D_δ ×U(β) to A^4(ρ̃_{{n−1,η̃,χ}}), while the transformation W^′_n(F (α)) is analytic from D(ρ̃_{{n−1,η̃,χ}}) to D(ϱ).

Proof. The proof follows those of Prop. 8.6 and Prop. 8.7 and will be omitted here. An interested reader is referred to [30] for details.

The above result will be used to prove that a Hamiltonian F (α), where F and α satisfy the assumptions of Prop. 9.1, has an invariant ω-torus if and only if its n-th image under the renormalization operator does.

Proposition 9.2. Let the quadruples ρ̃, ρ, ϱ and a pair r be as in Theorem 8.12, and let the neighborhood U(β) and the disk D_δ be as in Prop. 7.2. Then, the following holds for all F ∈ U(β) and all α ∈ D_δ , such that (α)_k ∈ D_δ for all 1 ≤ k ≤ n. (a) Let Γ_Rn_{(F (α))} be a torus map, analytic from D_1(r) to D((ϑ^n ∑_{n−2} i=0 χ^{−1})^{−1}ρ^′_1, ρ_2, ρ_3, ρ_4) and satisfying the equation

J∇R^n(F (α)) ∘ Γ_Rn_{(F (α))} = c ∂_xΓ_Rn_{(F (α))} (9.2)

on D_1(r), where c is some complex number. Then there exist a torus map Γ_{F (α)} = W^′_n(F (α)) ∘ T^n_{ϑ−2} Γ_Rn_{(F (α))} ∘ T^{−n}_{ϑ−2} analytic from T^n_{ϑ−2} D_1(r) to D(ρ) and satisfying

J∇F (α) ∘ Γ_{F (α)} = c ξ^′_n(F (α)) ∂_xΓ_{F (α)}, (9.3)

where W^′_n(F (α)) is the transformation described in Prop. 9.1 and ξ^′_n(H) is the function, defined in Prop. 8.7.

(b) Let Γ_{F (α)} be a torus map, analytic from D_1(r) to the image of the domain D(( ∑_{n−2} i=0 χ^{−i})^{−1}ρ^′_1, ρ_2ϑ^{−n}, ρ_3ϑ^{−3n}, ρ_4ϑ^{−n}) under W^′_n(F (α)) and satisfying the equation J∇F (α) ∘ Γ_{F (α)} = c ∂_xΓ_{F (α)} (9.4)

36 DENIS G. GAIDASHEV

on D_1(r), where c is some complex number. Then, there also exists a torus map Γ_Rn_{(F (α))} = T^{−n}_{ϑ−2} W^{′−1}_n (F (α)) ∘ Γ_{F (α)} ∘ T^n_{ϑ−2} , analytic from T^{−n}_{ϑ−2} D_1(r) to D((ϑ^n ∑_{n−2} i=0 χ^{−i})^{−1}ρ^′_1, ρ_2, ρ_3, ρ_4) and satisfying

J∇R^n(F (α)) ∘ Γ_Rn_{(F (α))} = c ξ^′_n(F (α))

∂_xΓ_Rn_{(F (α))}. (9.5)

Proof.

(a) Denote H_n = R^n_η (F (α)). Let Γ_{Hn} be a torus map, analytic from D_1(r) to D(ρ) and satisfying J∇H_n ∘ Γ_{Hn} = c ∂_xΓ_{Hn} , (9.6) and let W^′_n(H) be the transformation described in Prop. 9.1, analytic from the domain D(ρ̃_{{n−1,η̃,χ}}) to D(ϱ). Notice that JT^{−n}_{ϑ−2} = ϑ^{2n}T^n_{ϑ−2} J and that W_k(H) ∘ S^{−1}_{η(H̄k )} = T^k_{ϑ−2} U_{ψ(Hk )} ∘ R_{t(H̃k )} ∘ T^{−k}_{ϑ−2} , is a canonical transformation for all 1 ≤ k ≤ n. We use this together with the identity (8.46) and the fact, that {f, g} ∘ u = {f ∘ u, g ∘ u} for any two analytic maps f and g and a canonical transformation u, to obtain the following equation: J∇H_0 ∘ W^′_n(H_0) = {I, H_0} ∘ W^′_n(H_0) = {I, H_0} ∘ U_{ψ(H0)} ∘ R_{t(H̃0 )} ∘ S_{η(H0 )} ∘ W_1(H_0) ∘ . . . ∘ W_{n−1}(H_0) = 1 η(H_0)

{W_0(H_0), H_0 ∘ W_0(H_0)} ∘ W_1(H_0) ∘ . . . ∘ W_{n−1}(H_0) = n−1∏ i=0 1 η(H_i) {W^′_n(H_0), H_0 ∘ W^′_n(H_0)} = ξ^′_n(H_0) ϑ^{3n} { W^′_n(H_0), H_n ∘ T^{−n}_{ϑ−2} }

= ξ^′_n(H_0) ϑ^{3n} JT^{−n}_{ϑ−2}∇H_n ∘ T^{−n}_{ϑ−2} · ∇W^′_n(H_0) = ξ^′_n(H_0) ϑ^n T^n_ϑ−2 J∇H_n ∘ T^{−n}_{ϑ−2} · ∇W^′_n(H_0). (9.7)

Thus,

J∇H_0 ∘ W^′_n(H_0) ∘ T^n_ϑ−2 Γ_{Hn} ∘ T^{−n}_{ϑ−2} =

= ξ^′_n(H_0)ϑ^{−n}T^n_ϑ−2 J∇H_n ∘ Γ_{Hn} ∘ T^{−n}_{ϑ−2} · (∇W^′_n(H_0)) ∘ T^n_ϑ−2 Γ_{Hn} ∘ T^{−n}_{ϑ−2} = cϑ^{−n}ξ^′_n(H_0)T^n_ϑ−2 ∂_xΓ_{Hn} ∘ T^{−n}_{ϑ−2} · (∇W^′_n(H_0)) ∘ T^n_ϑ−2 Γ_{Hn} ∘ T^{−n}_{ϑ−2} = cξ^′_n(H_0)∂_x ( T^n_ϑ−2 Γ_{Hn} ∘ T^{−n}_{ϑ−2} ) · (∇W^′_n(H_0)) ∘ T^n_ϑ−2 Γ_{Hn} ∘ T^{−n}_{ϑ−2} = c ξ^′_n(H_0) ∂_x(W^′_n(H_0) ∘ T^n_ϑ−2 Γ_{Hn} ∘ T^{−n}_{ϑ−2} ). (9.8)

Notice that, if Γ_{Hn} is as in the condition of the Proposition, then T^n_{ϑ−2} Γ_{Hn} ∘T^{−n}_{ϑ−2} maps T^n_{ϑ−2} D_1(r) to D(( ∑_{n−2} i=0 χ^{−1})^{−1}ρ^′_1, ρ_2ϑ^{−n}, ρ_3ϑ^{−3n}, ρ_4ϑ^{−n}). Also, by Prop. 8.7 the transformation W^′_n(F (α)) − I is well-defined and analytic on D(ρ̃_{{n−1,η̃,χ}}). Assume that the neighborhood B_+(b) is sufficiently small (and so is |1 − η̃|), so that ϑη̃ > 1, then D(( ∑_{n−2} i=0 χ^{−1})^{−1}ρ^′_1, ρ_2ϑ^{−n}, ρ_3ϑ^{−3n}, ρ_4ϑ^{−n}) ⊂ D(ρ̃_{{n−1,η̃,χ}}), and W^′_n(F (α)) ∘ T^n_{ϑ−2} Γ_{Hn} ∘ T^{−n}_{ϑ−2} is analytic from T^n_{ϑ−2} D_1(r) to D(ρ). (b) First, notice that U_{ψ(H}3_) = I and, by Theorem 4.2, DN (H^3_+) = I^+, where N : H → H ∘ U_H . Then, there exists an open neighborhood B^′ of H^3_+ such that for every H ∈ B^′ the inverse of the transformation U_{ψ(H)} exists and is analytic and bounded on the image of D(ϱ^′) under U_{ψ(H)}. Assume that b is small enough, so

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 37

that B_+(b) ∈ B^′. Then, the inverse of the transformation W^′_n(F (α)) exists and is analytic on the image of D ( ρ̃_{{n−1,η̃,χ}} ) under W^′_n(F (α)). Therefore,

(J∇H_n) ∘ T^{−n}_{ϑ−2} W^{′−1}_n (H_0) = {I, H_n} ∘ T^{−n}_{ϑ−2} W^{′−1}_n (H_0) = n−1∏ i=0 η(H_i)ϑ^{−2n} { T^{−n}_{ϑ−2} W^{′−1}_n (H_0), H_n ∘ T^{−n}_{ϑ−2} W^{′−1}_n (H_0) }

= ξ^′_n(H_0)^{−1}ϑ^n { T^{−n}_{ϑ−2} W^{′−1}_n (H_0), H_0 } = ξ^′_n(H_0)^{−1}ϑ^nJ∇H_0 · ∇(T^{−n}_{ϑ−2} W^{′−1}_n (H_0)), (9.9)

and, finally, we obtain

(J∇H_n) ∘ T^{−n}_{ϑ−2} W^{′−1}_n (H_0) ∘ Γ_{H0} ∘ T^n_ϑ−2 = = ϑ^n ξ^′_n(H_0)

(J∇H_0) ∘ Γ_{H0} ∘ T^n_ϑ−2 · ∇(T^{−n}_{ϑ−2} W^{′−1}_n (H_0)) ∘ Γ_{H0} ∘ T^n_ϑ−2 = cϑ^n ξ^′_n(H_0)

∂_xΓ_{H0} ∘ T^n_ϑ−2 · ∇(T^{−n}_{ϑ−2} W^{′−1}_n (H_0)) ∘ Γ_{H0} ∘ T^n_ϑ−2 = c ξ^′_n(H_0)

∂_x(T^{−n}_{ϑ−2} W^{′−1}_n (H_0)∘Γ_{H0} ∘T^n_ϑ−2 ). (9.10)

By assumption, the torus map Γ_{H0} is analytic from D_1(r) to the image of the domain D(( ∑_{n−2} i=0 χ^{−i})^{−1}ρ^′_1, ρ_2ϑ^{−n}, ρ_3ϑ^{−3n}, ρ_4ϑ^{−n}) ⊂ D(ρ̃_{{n−1,η̃,χ}}) under W^′_n(F (α)).

The inverse transformation W^{′−1}_n (F (α)) is analytic from this image back to the domain D(( ∑_{n−2} i=0 χ^{−i})^{−1}ρ^′_1, ρ_2ϑ^{−n}, ρ_3ϑ^{−3n}, ρ_4ϑ^{−n}), whose image under T^{−n}_{ϑ−2} is equal to D((ϑ^n ∑_{n−2} i=0 χ^{−i})^{−1}ρ^′_1, ρ_2, ρ_3, ρ_4).

Our main result will be stated for one-(real-)parameter families of Hamiltonians, which are real-valued, when evaluated at real arguments. Such families will be called real. We will also call a torus map Γ_H real, if it is real-valued on T^2(R). Obviously, if H is a member of a real family, then H_{(ν,k,n)} = H^∗_{(−ν,k,n)}. We will denote the subset of such Hamiltonians in B_+ by B_+. We want to emphasize several simple consequences of this property of the Hamiltonians in B_+. First, the generating function ϕ(H_n), introduced in Theorem 3.3 is real-valued when restricted to the real arguments, if H_n ∈ B_+. A consequence of this real property of the generating functions ϕ(H_n) is the fact that the canonical transformation U_H is also real-valued when restricted to real arguments. Second, the image H^′ of a Hamiltonian H from B_+ under both the renormalization operator R_μ, defined in (4.1), and the operator R, introduced in (5.3), is also a Hamiltonian with H^′_{(ν,k,n)} = H^{′∗}_{(−ν,k,n)}. This follows from the abovementioned real property of U_H , the fact that T_ϑ−2 maps R^4 to itself and the fact that the normalizing functions ξ(H) and η(H), given by certain combinations of (real) coefficients of the Hamiltonian H, are also real-valued. Third, the transformations W_n(H), W^′_n(H) and W^′(H) are similarly real-valued when restricted to real arguments, if H ∈ B_+. The function ξ^′(H), introduced in (8.53)–(8.54), is also real. Lastly, for every H ∈ B_+ the torus map, described in Theorem 8.12, coincides with the transformation W^′(H) ∘ S_0 when restricted to real arguments, and, hence, is real, and so is the torus map from Theorem 4.9.

Theorem 9.3. There exists an open disk D_δ around zero in C , a neighborhood U of the family F^∗_+ in F^ρ_δ , and an analytic function F → α_F from U to D_δ , such that the following holds for every F ∈ U and α ∈ D_δ .

38 DENIS G. GAIDASHEV

(a) There exists a pair r of real positive numbers, and two torus maps Γ^0_{F (α)} and Γ^1_{F (α)}, analytic from D_1(r) to D(ρ) and satisfying

(J∇F (α)) ∘ Γ^i_{F (α)} = c ∂_xΓ^i_{F (α)} (9.11)

for some complex number c.

The torus maps are distinct if α ≠ α_F and coincide if α = α_F . The maps (α, F ) → Γ^i_{F (α)} are analytic on D_δ × U \ {(α_F , F ) : F ∈ U}. Moreover, given a family F ∈ U the map α → Γ^i_{F (α)} is continuous at α_F , and there exist real positive constants C and d, such that sup (x,y)∈D(r) | |Γ^i_{F (α)}(x, y) − Γ_{F (αF )}(x, y) | | < C |α − αF |^d . (9.12) (b) If Conjecture 8.13 is assumed to hold for every F ∈ U, or the assumption on F (α_F ) of Prop. 8.14 is satisfied, then the torus Γ^0_{F (αF )} is shearless.

(c) If F is real and α belongs to the interval (−δ, α_F ] the torus maps Γ^i_{F (α)} are real.

(d) If F is real and α belongs to the interval (α_F , δ) the torus maps Γ^i_{F (α)} are not real. Furthermore, for every such F and α there exists a set D = D(α, F ) ⊂ D(ρ), such that the range of both Γ^0_{F (α)} and Γ^1_{F (α)} is contained in D and there exist no real torus map satisfying the equation (9.11) with the range in D.

Proof.

(a) Let δ be the minimum of the δ’s appearing in Prop. 7.2 and Prop. 6.2. Then, the map Y^{−1}_F = P^u ∘ R ∘ F is well-defined and analytic on D_δ for every F ∈ U(β). Given a positive integer n, define F_n = M^n(F ) and (α)_n = ( Y_{F0} ∘ Y_{F1} ∘ ... ∘ Y_{Fn−1} )_{−1} (α) as in Prop. 7.2. The linear map Y^{−1}_F ∗_+ is an expansion of rate ϑ^2 on D_δ \ {0} and (α)_n(α, F^∗_+) = (−ϑ^2)^nα. By the argument in the beginning of Section 7, for each F ∈ U(β) there exists a unique point α = α_F ∈ D_δ, such that the sequence {(α)_n} converges in D_δ (to the point α = 0), and the map F → α_F is analytic from U(β) to D_δ. The map Y^{−1} : F → Y^{−1}_F is clearly analytic and bounded on U(β). Therefore, there exists a real positive b < ϑ^2, such that |(α)_n − (α_F )_n| < (ϑ^2/b)^n|α − α_F | for all α ∈ D_δ \ {α_F } and every F ∈ U(β).

Now, fix a family F ∈ U(β) and let α ∈ D_δ \ {α_F }. By the definition of Y^{−1}_F , for every such α and every real positive α^′, there exists a positive integer N^′ = N^′(α, α^′, F ), such that |(α)_{2N} ′ | > α^′. Choose α^′ < (b/ϑ^2)^2δ, then for every F ∈ U(β) and every α ∈ D_δ \ {α = α_F } there exists an integer N ≥ N^′, such that (α)_{2N} ∈ D_{δ,α}′ = {α ∈ A^u(ρ) : α^′ < |α| < δ}. Choose a β ≤ β(δ, α^′) as in Prop. 6.2. If N = 0, then the claim of part (a) follows immediately from Prop. 6.2. Assume, N ≥ 1, and consider the two distinct torus maps Γ^i_{R2N (F (α))} = R_{ti( ~R2N (F (α)))} ∘ Γ_R2N_{(F (α))∘Rti( ~R2N (F (α)))} , i = 0, 1, whose

existence is again guaranteed by Prop. 6.2. Let Q_H signify the projection of the torus map Γ_H on the coordinates (x, y), let χ > 1 be as in Theorem 4.9, and let | · | be the max-norm for vectors in C^d or R^d . Then, given a pair r of real positive numbers r_1 < (1 − χ)ρ_1 and r_2 < ρ_2 − ϱ_2, by Theorem 4.9 there exists a constant c^′, such that sup (x,y)∈D_1(r^′) | |ℑQ_{iR2N(F (α))}(x, y) | |= sup (x,y)∈D_1(r^′) | | |ℑQ^i_{R2N (F (α))∘Rt} i( ~ R2N (F (α))) (x, y) | | | <|r^′|+c^′ ‖ ‖ ‖(I−E)R^{2N}(F (α))∘R_{ti ( ~R2N (F (α)))} ‖ ‖ ‖_{(ρ1 ,ρ2 ,ρ3,ϱ4 )}

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 39 < |r^′| + c^′ ‖ (I− E)R^{2N} (F (α)) ‖ ρ , (9.13)

where we have used that by Prop. 6.2 the map H → H ∘ R_{t(H̃)} is bounded of norm less or equal to one from A(ρ) to A(ρ_1, ρ_2, ρ_3, ϱ_4) for our choice of δ. By Prop. 7.2, for any ζ, such that ϑ^{−1} < ζ < 1, there exists a β^′ = β^′(ζ), a positive integer K and real positive constants c_2, c_3, a and s > 1 such that ‖ ‖(I− E)M^{2n} (F )((α)_{2n}) ‖ ‖_ρ < ( c_2e^{−as2n} + c_3ζ^{4n} ) β^′, (9.14)

for all n ≥ K. Choose ζ, so that ϑζ^2 < 1, and increase c_2 and c_3, so that the inequality (9.14) holds for all n ≥ 1. Reduce β, so that it is smaller than the minimum of the numbers β(δ, α^′) and β^′(ζ) described above. Then, sup (x,y)∈D_1(r^′) | | |ℑQ^i_R2N_{(F (α))}(x, y) | | |<|r^′|+c^′ ( c_2e^{−as2N}+c_3ζ^{4N} ) β < ρ^′_1 ϑ^{2N} ∑_{2N−2} i=0 χ^{−1} (9.15)

for an arbitrary fixed N ≥ 1, if the numbers r^′_1 and r^′_2 and β are chosen sufficiently small. Therefore, Γ^i_{R2N (F (α))} is analytic from D_1(r^′) to D((ϑ^n ∑_{n−2} i=0 χ^{−i})^{−1}ρ^′_1, ρ_2, ρ_3, ρ_4). Then, by part a) of Prop. 9.2, there exist two distinct torus maps Γ^i_{F (α)}, i = 0, 1, analytic from D_1(r) to D(ρ) for any r ≤ (r^′_1ϑ^{2N} , r^′_2ϑ^{−2N} ) and satisfying the equation (9.11).

Next, we proceed to demonstrate that under the conditions of the Theorem the torus maps constructed above are independent of N; i.e. we want to show that if Ñ is another integer (without loss of generality, ~N > N), such that (α)_{2Ñ} ∈ D_{δ,α}′ then the torus maps ~Γ^i_{F (α)} = W^′_{2 ~N} (F (α)) ∘ T^{2 ~N}_{ϑ−2} Γ^i_{R2 ~N (F (α))} ∘ T^{−2 ~N}_{ϑ−2} coincide (up to a possible reparametrization of the periodic coordinates q and a reordering of indices i) with the maps Γ^i_{F (α)} = W^′_{2N} (F (α)) ∘ T^{2N}_{ϑ−2} Γ^i_{R2N (F (α))} ∘ T^{−2N}_{ϑ−2} on the intersection of their analyticity domains. As it was the case with the proof of Conjecture 8.13, we will show this independence only for the Hamiltonians in A(ρ) linear in the variable u. We notice that if an integer ~N described above exists, then the condition (9.15) with N substituted by ~N is satisfied automatically and the existence of the torus maps ~Γ^i_{F (α)}, analytic from D_1(r^{′′}) to D(ρ) for any r^{′′} ≤ (r^′_1ϑ^{2Ñ} , r^′_2ϑ^{−2Ñ} ) and satisfying the equation (9.11), is guaranteed. To demonstrate the claim, it is enough to show that Γ^i_{R2N (F (α))} =

W^′_{2( ~N−N)}(R^{2N} (F (α))) ∘ T^{2( ~N−N)}_{ϑ−2} Γ^i_{R2 ~N (F (α))} ∘ T^{−2( ~N−N)}_{ϑ−2} (up to a possible reordering and a reparametrization) on D_1(r). Assume the contrary, then by Prop. 9.2 R^{2N} (F (α)) posses four torus maps: the two distinct maps Γ^i_{R2N F (α)}, analytic from D_1(r^′) to D((ϑ^n ∑_{n−2} i=0 χ^{−1})^{−1}ρ^′_1, ρ_2, ρ_3, ρ_4), and the two distinct maps Γ̃i_{R2N (F (α))} = W ′_{2( ~N−N)}(R2N (F (α))) ∘ T^{2( ~N−N)}_{ϑ−2} Γi_{R2 ~N (F (α))} ∘ T^{−2( ~N−N)}_{ϑ−2} , analytic

from D_1(r^′_1ϑ^{2(Ñ−N)}, r^′_2ϑ^{−2(Ñ−N)}) to D(ρ). By Prop. 6.2 there exist two distinct numbers t_i( ~

R^{2N} (F (α)) such that the maps R_{−ti ( ~R2N (F (α))} ∘ Γ^i_{R2N F (α)} are centered at zero, while R^{2N} (F (α)) ∘ R_{ti ( ~R2N (F (α))} ∈ W^0_s . Obviously, there also exist two

translations t̃_i( ~

R^{2N} (F (α)) such that the maps R_{−t̃i( ~R2N (F (α))} ∘ ~Γ^i_{R2N F (α)} are centered at zero and, hence, if Conjecture 4.10 is assumed to be true, R^{2N} (F (α)) ∘ R_{t̃i( ~} R^{2N} (F (α)) ∈ W 0 s . The last two translations t̃_i( ~R^{2N} (F (α)) must be distinct

and different from t_i( ~R^{2N} (F (α)): for if any of the two coincide, for example,

40 DENIS G. GAIDASHEV

t̃_0( ~

R^{2N} (F (α)) = t_1( ~

R^{2N} (F (α)), then the images of the real torus under the translates R_{−t̃0( ~}

R^{2N} (F (α)) ∘

~Γ0_{R2N F (α)} and R_{−t1 ( ~R2N (F (α))} ∘ Γ1_{R2N F (α)}, viewed as two-

dimensional smooth manifolds embedded in the cylinder T^2(R) × {0} × R (recall that we consider Hamiltonians linear in u), are both centered at zero and, therefore, have to intersect. Hence, these maps, as well as, ~Γ^0_{R2N F (α)} and Γ^1_{R2N F (α)} coincide (up to a reparametrization) on the intersection of their analyticity domains, which contradicts our assumption. Therefore, there exist four distinct translations — R_{ti( ~} R^{2N} (F (α)) and Rt̃_i( ~

R^{2N} (F (α)) — putting the Hamiltonian R

2N (F (α)) on the stable manifold W^0_s . However, this is impossible, since by the Prop. 6.2 the translation families F (α) ∘ R_t intersect the stable manifold W^0_s at no more than two points, if F is in a sufficiently small neighborhood U of F^∗_+, and if α is sufficiently bounded away from zero (which our choice of β and α^′ above is assumed to guarantee).

The existence and analyticity from D_1(r) to D(ρ) of one torus map Γ^0_{F (α)} for α = α_F follows immediately from Theorem 8.12.

The maps (α, F ) → Γ^i_{F (α)}, i = 0, 4, are not analytic on the whole of D_δ × U, in particular, it is not analytic at the point (0, F^∗_+) as a straightforward application of the definition of the analyticity from Theorem 3.3 shows (with the linear functional chosen as the evaluation functional). However, the analyticity on D_δ ×U \{(α_F , F ) : F ∈ U} is easy to see: it is a consequence of the analyticity of the map (α, F ) → W^′_n(F (α))−I on D_δ ×U for all n, such that (α)_k ∈ D_δ for all 1 ≤ k ≤ n (Prop. 9.1), the analyticity of the map H → Γ_Hs − Γ_H0 on B^Γ_0 (Theorem 4.3), the analyticity of the map α → F (α) on D_δ for all F ∈ U (Definition 6.1) and the analyticity of the map (α, F ) → R_{ti( ~F (α))} on D_δ × U \ {(α_F , F ) : F ∈ U}. To show the continuity of the map α → Γ^i_{F (αF )} at α_F and the bound (9.12) we proceed as follows: sup (x,y)∈D(r) | | |Γ^i_{F (α)}(x, y) − Γ_{F (αF )}(x, y) | | | = = sup (x,y)∈D(r) | |W^′_{2N} (F (α)) ∘ T^{2N}_ϑ−2 Γ^i_R2n_{(F (α))} ∘ T^{−2N}_ϑ−2 (x, y)

− W^′_{2N} (F (α_F )) ∘ T^{2N}_ϑ−2 Γ_R2n_{(F (αF ))} ∘ T^{−2N}_{ϑ−2} (x, y) | | ≤ sup (x,y)∈D(r) | |[W^′_{2N} (F (α_F ))−W^′_{2N} (F (α))] ∘ T^{2N}_{ϑ−2} Γ_{R2N (F (αF ))} ∘ T^{−2N}_{ϑ−2} (x, y) | | + sup (x,y)∈D(r) | | |W^′_{2N} (F (α)) ∘ T^{2N}_ϑ−2 Γ^i_R2N_{(F (α))} ∘ T^{−2N}_ϑ−2 (x, y)

− W^′_{2N} (F (α)) ∘ T^{2N}_ϑ−2 Γ_R2N_{(F (αF ))} ∘ T^{−2N}_{ϑ−2} (x, y) | = I_1 + I_2. (9.16)

We will estimate the expressions I_1 and I_2 separately.

I_1 ≤ sup (x,y)∈D(r^′) | |[W^′_{2N} (F (α_F )) − W^′_{2N} (F (α))] ∘ T^{2N}_{ϑ−2} Γ_{R2N (F (αF ))}(x, y) | | ≤ ‖ ‖[W^′_{2N} (F (α_F )) − W^′_{2N} (F (α))] ∘ T^{2N}_{ϑ−2} ‖ ‖( (ϑ^{2N ∑2N −2}_{i=0} χ^{−i} )^{−1}ρ^′_1 ,ρ2,ρ3 ,ρ4^) ≤ ‖W^′_{2N} (F (α_F )) − W^′_{2N} (F (α))‖_{ρ̃{2N −1,η̃,χ}} . Since by Prop. 9.1 the map (α, F ) → W^′_n(F (α)) − I is analytic (and bounded) from D_δ ×U(β) to A^4(ρ̃_{{n−1,η̃,χ}}), there exists a real positive constant c_{25}, such that I_1 < c_{25} |α_F − α|. Next, by the same Proposition, the transformation W^′_n(F (α)) is analytic from D ( ρ̃_{{n−1,η̃,χ}} ) to D(ϱ), therefore, there exists a real positive constant

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 41

c_{26}, such that

I_2 ≤ sup (x,y)∈D(r^′) | | |[W^′_{2N} (F (α))∘T^{2N}_ϑ−2 Γ^i_R2N_{(F (α))} −W^′_{2N} (F (α))∘T^{2N}_ϑ−2 Γ_R2N_{(F (αF ))}](x, y) | | | ≤ c_{26} sup (x,y)∈D(r^′) | | | T^{2N}_ϑ−2 Γ^i_R2N_{(F (α))}(x, y) − T^{2N}_ϑ−2 Γ_R2N_{(F (αF ))}(x, y) | | | ≤ c_{26} sup (x,y)∈D(r^′) {| |T^{2N}_ϑ−2 [ Γ^i_R2N_{(F (α))} −Γ_H3_+ ] (x, y) | | |+ | | |T^{2N}_ϑ−2 [ Γ_R2N_{(F (αF ))} −Γ_H3_+ ] (x, y) | | | }

≤ c_{26} sup (x,y)∈D(r^′) { ϑ^{2N} | | | [ Q^i_R2N_{(F (α))}− I ] (x, y) | | |+ϑ^{−2N} | | |P^i_R2N_{(F (α))}(x, y)−(0, 0) | | | }

+ c_{26} sup (x,y)∈D(r^′) | | |T^{2N}_ϑ−2 [ Γ_R2N_{(F (αF ))} −Γ_H3_+ ] (x, y) | | | ≤ 2c_{26}ϑ^{2N} c^′ ( c_2e^{−as2N} + c_3ζ^{4N} ) β^′ + c_{26} max{ρ_3, ρ_4} ϑ^{2N} . (9.17)

As it was mentioned in the beginning of the proof, there exists a positive real constant b < ϑ^2, such that |(α)_{2N} − (α_F )_{2N} | < ( ϑ^2/b )_{2N} |α − α_F |, which implies N > log (α^′ − |(α_F )_{2N} |) − log |α − α_F | 2 log (_{ϑ2} b ) , (9.18)

and, therefore, there exists a c_{27} > 0, such that I_2 ≤ c_{27} |α − α_F |^d, where d = min { log ϑ, log ( ϑζ^2 )_{−1}} / log (ϑ^2/b) is positive if ζ is chosen so that ϑζ^2 < 1. Combining this with the estimate for I_1, one obtains the bound (9.12). (b) Let F be in U(β). If Conjecture 8.13 is assumed to hold, then the torus map Γ_{F (αF )} is shearless in the sense of Section 8.

Alternatively, if F (α_F ) is linear in u, then by Prop. 8.14 the map Γ_{F (αF )} is shearless.

(c) Let F be real and α ∈ (−δ, α_F ). To show, that the analytic torus maps Γ^i_{F (α)}, i = 0, 1, of part (a) are real, define a function Φ : U × D_δ × R → A^u(ρ) by setting Φ(F, α, t) = (Π − I)F (α) ∘ R_t, where Π = (I+ W^0_s ) ∘ P^s is the projection

on the stable manifold, the graph of the map W^0_s . Recall that t_i( ~F (α)) are the two distinct (generally) complex non-zero solutions of the equation Φ(F, α, t) = 0 and,

in particular, Φ(F^∗_+, α, t_i( ~F^∗_+(α))) = 0, where t_i( ~F^∗_+(α) = (−1)^i √ −α/(3γ) ∈ R, i = 0, 1. Notice, that D_3Φ(F^∗_+, α, t)|_{t=ti ( ~F ∗+(α))} = 6γt_i( ~F^∗_+(α)) = (−1)^i2 √ −3αγ and that Φ(F, α, t) ∈ R for every real F , α and t. Then, if β is sufficiently small, by the Implicit Function Theorem for every real F ∈ U(β) and α ∈ (−δ, −α^′) the equation Φ(F, α, t) = 0 has two distinct real non-zero solution (in fact, in the first

order, the two real roots are t_i( ~F (α)) = t_i( ~F^∗_+(α))+(−1)^i/(2|α|)P^u(F^∗_+(α)−F (α))). Therefore, by Prop. 6.2, F (α) ∘ R_{ti( ~F (α))} ∈ W^0_s is real for all real F ∈ U and α ∈ (−δ, −α^′). Finally, if N is the positive integer described in part (a), the maps Γ^i_{R2N (F (α))} = R_{ti ( ~R2N (F (α)))} ∘ Γ_R2N_{(F (α))∘Rti ( ~R2N (F (α)))} , i = 0, 1, are real for all real

F ∈ U and α ∈ (−δ, α_F ), and so are the two distinct torus maps Γ^i_{F (α)}, constructed in part (a).

The reality of the map Γ_{F (αF )} for a real F ∈ U is straightforward. (d) Let F be real and α ∈ (α_F , δ). Then, if N ≥ 0 is the positive integer described in part (a), (α)_{2N} ∈ D^+_{δ,α}′ = {α ∈ A^u(ρ) : |α| < δ, ℜ(α) > α^′}, and, by Cor. 6.3, the Hamiltonian F (α) has no real ω-torus maps. In particular, the torus maps

42 DENIS G. GAIDASHEV

Γ^i_{R2N (F (α))} = R_{ti( ~R2N (F (α)))} ∘ Γ_R2N_{(F (α))∘Rti( ~R2N (F (α)))} , i = 0, 1, are not real. Now, the claim follows by the contrapositive of part (b) of Prop. 9.2: there is no real torus map for the flow of the Hamiltonian F (α), analytic from a complex neighborhood of the real torus to the image of D(( ∑_{2N−2} i=0 χ^{−i})^{−1}ρ^′_1, ρ_2ϑ^{−2N} , ρ_3ϑ^{−6N} , ρ_4ϑ^{−2N} ) under W^′_{2N} (F (α)) and satisfying the equation (9.11), since there is no real ω-torus map for the flow of R^{2N} (F (α)) analytic from some complex neighborhood of the real torus to D(ρ).

This proves our main result.

As a concluding remark, we want to mention that all claims of the the Main Theorem hold in the vicinity of the fixed family F^∗_− if one interchanges the parameter intervals of existence and non-existence of the real ω-tori.

10. Conclusion. As it has been demonstrated in earlier works ([41], [45]), and as we have shown in the present paper, the renormalization group transformation can be successfully used to prove KAM-like results for Hamiltonian flows. A salient feature of the renormalization proofs is that they do not rely on various versions of the twist (non-degeneracy) conditions appearing in standard KAM-proofs, usually used to show the existence of a unique solution for a system of algebraic equations for the Fourier coefficients of a conjugating transformation. In our approach, such existence results depend on the possibility of translating a Hamiltonian onto the stable manifold of the renormalization: this manifold plays an outstanding role in the renormalization proofs.

However, it should be noted that the characterization of the stable manifold is far from trivial. It is our belief that its possible description is given by Conjecture 4.10 which will be the subject of our future work, in particular, the proof of this Conjecture would justify the uniqueness of our construction of the invariant ω-tori.

11. Acknowledgments. I would like to thank Dr. Hans Koch for many invaluable discussions and his priceless insight in the subject.

REFERENCES

[1] W. T. Kyner, Mem. of the Am. Math. Soc. 81, (1968) 1.

[2] R. M. Sinclair, J. C. Hosea and G. V. Sheffield, Rev. Sci. Instruments 41 (1970) 1552. [3] R. B. White et al., IAEA conference proceedings, IAEA-CN-41/T-3 (1982). [4] R. Balescu, Phys. Rev. E58 (1998) 3781.

[5] W. Horton, H.-B. Park, J.-M. Kwon, D. Strozzi, P.J. Morrison and D.-I. Choi, Phys. Plasma 5 (1998) 3910.

[6] S. Benkadda et al., Phys. Rev. E55 (1997) 4909.

[7] R. D. Hazeltine and J. D. Meiss, Plasma Confinement, Lecture Notes in Physics Vol. 86 (Addison-Wesley, 1992).

[8] T. H. Stix, Phys. Rev. Lett. 36 (1976) 10. [9] M. Hugon et al., Nuclear Fusion 32 (1992) 33.

[10] D. Del-Castillo-Negrete and P.J. Morrison, Phys. Fluids A5, (1993) 948. [11] D. Del-Castillo-Negrete, Dynamics and Transport in Rotating Fluids and Transition of Chaos in Area Preserving Non-twist Maps. Ph.D. Thesis, University of Texas, Austin, TX (1995).

[12] C. Chandre, D. Farrelly and T. Uzer, Phys. Rev. A65 053402 (2002) 1. [13] K. Wilson, Phys. Rev. B4 (1971) 3174. [14] K. Wilson, Phys. Rev. B4 (1971) 3184.

[15] L. P. Kadanoff, Statistical physics. Statics, dynamics and renormalization. World Scientific Publishing Co., Inc., River Edge, NJ, 2000.

[16] M. J. Feigenbaum, J. Stat. Phys. 19 (1978) 25. [17] M. J. Feigenbaum, J. Stat. Phys. 21 (1979) 669. [18] S. Ostlund et al., Physica 8D (1983) 303.

RENORMALIZATION AND BIFURCATIONS OF INVARIANT TORI 43

[19] D. F. Escande, F. Doveil, J. .Stat. Phys. 26 (1981) 257. [20] S. J. Shenker, L. P. Kadanoff, J. Stat. Phys. 27 (1982) 631. [21] D. Gaidashev and H. Koch, available at http://www.ma.utexas.edu/mp arc/ [22] D. del-Castillo-Negrette et al., Physica D91 (1996) 1. [23] D. del-Castillo-Negrette et al., Physica D100 (1996) 311. [24] A. Apte, A. Wurm and P.J. Morrison, Chaos 13 (2003) 421. [25] A. Delshams, R. De la Llave, SIAM J. of Math. Anal. 31 (2000) 1235. [26] J.P. Van der Weele, T.P. Valkering, H.W. Kapel and T. Post, Physica A153 (1988) 283. [27] J.P. Van der Weele and T.P. Valkering, Physica A169 (1990) 42. [28] H.R. Dulling et al., Nonlinearity 13 (2000) 203.

[29] J. Franks and P. Le Calvez, Erg. Theor. Dyn. Syst. 23 (2003) 111.

[30] D. Gaidashev, Renormalization of Isoenergetically Degenerate Hamiltonians, and Instability of Solitons in Shear Hydrodynamic Flows. Ph.D. Thesis, University of Texas, Austin, TX (2003).

[31] Z. Nitecki, Differentiable Dynamics, MIT press, Cambridge, Mass., 1971. [32] H. Poincare, New Methods of Celestial Mechanics, Vol. 1-3, American Institute of Physics, New York (1993).

[33] V. I. Arnold, Mathematical methods of classical mechanics, Springer-Verlag, New York (1989).

[34] R. S. MacKay, Physica D7 (1983) 283.

[35] R. S. MacKay, Renormalisation in Area Preserving Maps, Thesis, Princeton (1982). World Scientific, London (1993).

[36] A. Mehr and D.F. Escande, Physica D13 (1984) 302. [37] R. S. MacKay et al., Phys. Lett. A 190 (1994) 417. [38] C. Chandre et al., Phys. Rev 60E (1999) 5412. [39] C. Chandre et al., Phys. Rev. Lett. 79 (1997) 3881. [40] C. Chandre et al.,Phys. Rev. E57 (1998) 6612. [41] H. Koch, Ergodic Theory Dynam. Systems 19 (1999) 475. [42] J. J. Abad, Nonlinearity 11 (1998) 1185. [43] H. Koch, Discrete Contin. Dyn. Syst. 8 (2002) 633. [44] H. Koch, available at http://www.ma.utexas.edu/mp arc/ [45] J. J. Abad, H. Koch, Comm. Math. Phys. 212 (2000) 371.

E-mail address: gaidash@math.utexas.edu