On complex resonance vibration systems calculation

S.B. Karavashkin and O.N. Karavashkina

SpecialLaboratoryfor FundamentalElaboration SELF

187 apt., 38 bldg., Prospect Gagarina, Kharkov 61140, Ukraine phone: +38 0572 276624; e-mail: sbkarav@altavista.com

Website ofLaboratorySELF: http://angelfire.lycos.com/la3/SELFlab

Website ofthe electronic journalSELF Transactions: http://angelfire.lycos.com/la3/selftrans

February08, 2002

This paper is one ofa large cycle ofpapers on obtaining the exact analyticalsolutions for vibrant elastic systems. This was published first in the electronic journaloflaboratorySELF ’’SELF Transa c - tions’’, vol.2, issue 1, pp.48-59. Visiting this journalfor free at http://angelfire.lycos.com/la3/selftrans you willfind manyother important results both on this subject and on manyapplications ofthis new method, as wellas on manyother subjects ofmathematicalphysics and related themes. You willalso find there that we check our results experimentallyand yield the fullcoincidence ofthe calculation and experimentalcurves. And the main, this method gives exact solutions, and this is non-matrix. A l - readynow we have solved manypracticallyimportant problems which cannot be even approached properlybyconventional methods. This is the future ofdynamics out ofwhich anydevelopment in anyarea ofbasic or applied wave physics is impossible.

You are welcomed to possess this wealth and contact us for discussions and joint further deve l - opment.

Abstract

Basing on exact analytical solutions obtained for semi-finite elastic lines with resonance su b - systems having the form of linear elastic lines with rigidly connected end elements, we will analyse the vibration pattern in systems having such structure. We will find that between the first boundary frequency for the system as a whole and that for the subsystem, the resonance peaks arise, and their number is equal to the integer part of [( n ˘ 1)/2] , where n is the number of subsystem elements.

These resonance peaks arise at the bound between the aperiodical and complex aperiodical vibr a - tion regimes. This last regime is inherent namely in elastic systems having resonance subsystems and impossible in simple elastic lines. We will explain the reasons of resonance peaks bifurcation.

We will showthat the phenomenon of negative measure of subsystems inertia arising in such type of lines agrees with the conservation laws. So we will corroborate and substantiate Professor

Skudrzyk´s concept.

We will obtain a good qualitative agreement of our theoretical results with Professor

Skudrzyk´s e x perimental results.

Keywords: Mathematicalphysics, Wave physics, Many-bodytheory, Complex resonance sy s - tems, ODE, nonlinear dyna m ics, resonance subsystems.

Classification by MSC 2000: 34A34, 34C15, 37N05, 37N15, 70E55, 70K30, 70K40, 70K75,

70J40, 74H45.

Classification by PASC 2001: 02.60.Lj; 46.25.Cc; 46.15.-x; 46.40.Fr

1. Introduction

^The classicalvibration theoryis based on solving the differentialequations and on joining the solutions for different parts ofa systemregarding continuityconditions. Anynegligible change ofthe systemform makes necessaryto calculate it allanew. But out ofanyrelation to the calculation diff i - culty, one should note that the high accuracyofclassicaltheoryis illusory. Materials never are abs o - lutelyhomogeneous or isotropic, and naturalfrequencies and vibration distributions usuallypercept i - blydiffer fromthose what the theorygives, especiallyat high frequencies~ [1, p.317].

At the same time, ^ multifrequent resonance systems are interesting bytheir applications to an a - lyticaland celestial mechanics, to Hamiltonian dynamics, theoreticaland mathematicalphysics~ [2, p.173]. Some ofthese problems are the problemofdiscrete-continualelastic system[3], oflong molecular chains vibrations [1], ofmolecules vibration level[4], oflattice oscillations [5], [6], [7], molecular acoustics [8], qua n tumsystems statisticalmechanics [9], controlproblems [10] and so on.

Among the multitude ofapproaches to the solution ofthese problems, one can mark out ^such well-known methods ofvibration theoryas perturbation theorymethods, averaging method, analyt i - cal methods ofslow and fast motions separation etc.~ [10, p.25]. Each ofthemhas an ample literary basis. Particularly, the investigation byTong Kin [11] is devoted to pure matrix methods; by Kukhta and others [3] ˘ to finding the recursive relationships; byAtkinson [12] ˘ to differential methods; by

Palis and de Melo [13] ˘ to geometrical methods, by Reiscig and others [14] ˘ to qualitative theory, etc. Mitropolskyand Homa [15] and Cherepennikov [16] gave good surveys ofsolutions obtained with asymptotic methods. Methods based on perturbation theoryare wellstated by Giacagrilia [17] and Dymentberg [18]. Approaches based on an elastic modelpresented bymechanicalresonance ci r - cuits were described quite completelybySkudrzyk [1].

Despite a broad spectrumofapproaches, allthese methods are qualitative, approximate or n u - merical. ^The presence ofsingular boundaries in most ofpracticalproblems does not offer us to co n - struct the analyticalsolution ofdifferentialequations, and numerical methods became the onlyposs i - ble means to yield quite exact and detailed results~ [19, p.12]. ^Even for a simplest case ofhydrogen

PROHFXOH�

G 2 , the exact quantum-mechanicalcalculation ofconstant quasi-elastic force is a laborious

mathematicalproblem, and for more complicated cases the force constants calculation is practically

unrealisable bymeans ofsequentialquantum-mechanicaltechniques~ [4, p.12]. ^The other difficulty

connected with the collective motions method is, it gives no possibilityto determine the collective

motion nature, proceeding fromthe formof Hamiltonian. We have to guess suitable collective var i -

ables and then to check, whether the Hamiltonian divides into collective and interior parts~ [9,

p.120].

Giacagrilia [17], Reiscig [14] and Cherepennikov [16] gave quite complete analysis ofproblems

arising with the conventionalapproaches to the multiresonance models investigation. Particularly,

^the old problem is stillopen. Up to now no available `modern´ methods make possible to calculate

the realfrequencies ofa nonlinear system. This problemstays unsolved for applications, because in

approximations byseries, converging or onlyformal, onlyfinite and, generallyspeaking, little nu m -

ber ofterms can be calculated. We stillcannot find a wayto express the common termand the sum

ofthese series~ [17, p.305]. Furthermore, ^to make the series converging, sometimes we have to

presume that the differentialequations parameters determining the degree of nonlinearityhave quite

small module. Bythis reason the indirect technique is often applicable onlyin the narrow edge d o -

main of nonlinear mechanics. The other demerit ofthese techniques is, theyenable to obtain quite

accurate information about the separate solutions, but give no idea about the structure ofsolutions

familyas a whole~ [14, p.12]. Giacagrilia confirms this last: ^The other problemofa great interest is

the better understanding ofsolution `in the near, in the far and at resonance conditions´. When we

have a realprocess ofresonance lock-in, and which definition ofthe systemresonance is preferable?~

[17, p.309]. ^Exact analyticalmethods are preferable in the analysis, however obtaining the analytical

formulas ofsolution even for comparativelysimple differentialequations entails great difficulties

sometimes~ [16, p.10].

In the light ofindicated demerits ofconventional methods, Skudrzyk has presented the most e x -

act qualitative pattern. According to his approach, ^anyhomogeneous system, either monolithic or

consisting ofhomogeneous parts and loading masses, can be rigorouslypresented in the formofc a -

nonicalscheme, specifically, ofinfinite number ofsequential(mechanical) circuits connected in pa r -

allel, one for each formofnaturalvibrations~ [1, p.317]. However Skudrzyk´s application ofmatrix methods to solve the systems ofdifferentialequations for the systems he modelled disabled himto

describe the pattern ofprocesses analytically, since, as is known, for complex elastic systems the

matrix method offers onlynumericalsolutions. The analysis in matrix writing ofvibration is pract i -

callyimpossible in analyticalform. This demerit inherent in the most ofconventional methods did not

offer Skudrzyk to develop the introduced concept for the case of multiresonance elastic subsystems,

in which the aggregate ofsubsystemresonance frequencies is determined not bythe ensemble ofm e -

chanicalresonance circuits, but bythe integral multiresonance mechanicalsubsystemthat forms all

the gamut ofsubsystem resonances.

Now having the exact analyticalsolutions presented in [20] ˘ [23], we have a scope to get over

a number ofproblems in the resonance circuits method and to determine exact analyticalsolutions

for some elastic mechanicalsystems having multiresonance subsystems.

In this paper we willconsider the simplest case ˘ a semi-finite homogeneous 1D systemwith

rigidlyfixed end elements ofresonance subsystems. Though this problemis quite particular, it is used

quite often in the engineering practice. Specifically, the problems ofvibrant elasticallyconnected

rigid blocks containing some substructure ofelements elasticallyconnected between themselves and

with the block are reduced to this case. Furthermore, we willsuppose that the described method may

be extended to the finite and heterogeneous elastic lines with resonance subsystems. The only, we

willcomplicate the subsystemstructure, presenting it as an elastic finite line with n masses equivalent

to n circuits. Again, we willsuppose that this method is easilyextended to the case ofa number of

aforesaid type subsystems connected in parallel. In this waywe willreduce the model in its generality

to that investigated bySkudrzyk, but with the higher levelofresonance su b systemstructure.

2. The method to find the exact analytical solution

In Fig. 1 there is presented the studied semi-finite 1D elastic systemwith lumped masses M and

elastic constraints s g on whose start the harmonic force F ( t ) affects. As it was said in the introdu c -

tion, the first and the last elements ofits su b systems are connected rigidly.

Before we begin studying the systemas a whole, consider a separate subsystemunder some

harmonic force F i ( t ) acting on its start. This line consisting of n masses connected byconstraints

having stiffness s s is shown in Fig. 2a. It is easyto see that this systemcan be presented byan

M M

F ( t ) s g s g s g

1- st su b system i- th su b system

Fig. 1. 1D semi-finite homogeneous elastic systemhaving resonance subsy s tems

Fig. 2. The diagramofan elastic line resonance subsystem(a) and its calculation equivalent

diagram(b) b) m

F i ( t )

m m m

1 i 2 i ( n -1) i n

i

s s s s s s s s

m

F i ( t )/2

m m m

1 i 2 i ( n -1) i n i

s s s s s s s s

F i ( t )/2 a) equivalent scheme shown in Fig. 2b, where the rigid constraint is substituted bythe second force

acting on the end ofelastic line. Note that such substitution is possible because the subsystem is

perfectlysymmetricaland the end elements are rigidlyconnected. In case ofa heterogeneous su b -

systemor imperfectlyrigid constraints ofthe end elements, the subsystemwith its main systemcan

be convenientlyconsidered as a heterogeneous line. It naturallyrequires another technique being

surplus for the present problem, so we willuse the equivalent di a gram, Fig. 2b.

To find the exact analyticalsolution for the diagramshown in Fig. 2b, it is convenient to use the

results obtained in [22] for a homogeneous finite elastic line on whose interior element an harmonic

force F ( t ) acts. In [22] three solutions were presented for forced vibrations according to the relatio n -

ship between the p a rameter 2 / 4 s s m s

b w = and the unity. This regularityhas the following form:

for the periodicalregime, b s < 1

0

cos( 2 1) cos[ 2( ) 1] ; 1 ;

cos( 2 1) cos[ 2( ) 1] ; , cos sin 2

j t s s i p s s s s s

p n k p k F e k n p k p n ms n

w t t t t w t t

- - + £ £ ì D = - ´ í - - + £ £ î

( 1 ) for the aperiodicalregime, b s > 1

( 1) 0

2 2

( 2 1) ( 2 1) [ 2( ) 1] [ 2( ) 1]

( 2 1) (2 1) [ 2( ) 1] [ 2( ) 1]

( 1)

( )( )

( )( ); 1 ;

( )( );

j t p k i p n n s s s s s p p n k n k s s s s k k n p n p s s s s

F e ms p k k p n

w w g g g g g g g g g g g g

- +

+ - + -

- - - + - +

+ - + -

- - - + - +

+ - + -

ì ï í ï î

D = - ´

- -

- - £ £

´

- - £ £

( 2 ) and for the criticalregime, b s = 1

( 1) 0

( 2 1)[2( ) 1]; 1 ;

( 1)

( 2 1)[ 2( ) 1]; , 4

j t p k i p s

p n k p k F e k n p k p n s n

w - + - - + £ £ ì D = - ´ í - - + £ £ î

( 3 ) where arcsin s s t b = ; 2 1 s s s

g b b + = + - ; 2 1 s s s

g b b - = - - ; k is the number ofelement to which the externalforce is applied; p is the studied line element number and D p is the momentarydisplacement ofthe p th el e ment ofsubsystem.

Transforming (1) ˘ (3) for the cases ofour interest k = 1 and k = n and summing the results with regard to resulting displacement equalto the half-sumofdisplacements caused byeach force, we yield:

for the periodicalregime, b s < 1

0 cos[ 2 1] ,

2 sin

j t i s p s s

F n p e ms n

w t w t

- + D = - ( 4 ) for the aperiodicalregime, b s > 1

( )

[ 2 1] ( 1) [ 2 1] 0 ( 1)

( 1)

( 1)

2 1

n p n n p i s s p j t p n n n s s s

F e ms

w

g g w g g

- + - - + + - -

+ -

é ù + - ë û D = - é ù - - ë û

( 5 ) and for that critical, b s = 1

{ } 1 0 ( 2 1)( 1) [2( ) 1]( 1)

.

8

p n p i j t p s

F p n p e s n

w

- + - - + - + -

D = ( 6 )

In (4) ˘ (6) the fullsymmetryofthe studied subsystemreflects, hence the boundaryelements displacements willbe synchronous in allthe vibration regimes. So we can present the subsystemas some rigid bodyhaving the measure ofinertia M as

( )

{ }

[ 1] ( 1) [ 1]

2 1

2 sin

; 1, cos[ 1]

2 1

; 1,

( 1)

8 ; 1.

( 1) [2 1]

s s s n n n s s s n n n s s s n

ms n n ms

M s n n

t b w t g g b w g g b w

+ -

- - - + -

-

ì

< ï - ï ï é ù - - ï ï ë û = > í é ù + - ï ë û ï ï = ï - + - ï î

( 7 )

We see from(7) that when the substructure is resonance, the measure ofinertia ofthe main line elements depends on frequencynonlinearly. When n t s = r p at r = 0, 1, � [ n /2] or ( n ˘ 1) t s = (2 r +

1) r p at r = 0, 1, � [( n ˘ 2)/2] were true, zeroes and poles correspondinglyappear in the plot M ( w ), and when co n ditions

( ) sin 0 ; cos 1 0 s s n n t t > - < or ( ) sin 0 ; cos 1 0 s s n n t t < - >

( 8 ) were true, the measure ofsubsystem inertia becomes negative. Skudrzyk also mentioned that the negative values ofmechanicalsubsystemparameters appear possible: ^In case oftransient (mechan i - cal) conductivity, it is not necessary, allthe equivalent scheme elements to be positive. In the canon i - calscheme having negative elements, the vibration phase against the excitation force is opposite to the vibration phase in the scheme having positive elements� The energetic principle does not co n - tradict it, because the excitation force work does not relate to the vibration velocityat anyother points except the excitation point. In the canonicalscheme for transition (mechanical) conductivity, some shunting circuits willconsist ofnegative elements, and due to it, mutualwave suppression will be possible~ [1, p.320]. And vice versa, ^the reason oflimited pattern ofconductivityvariation at the excitation point is the requirement, allthe elements ofequivalent canonicalscheme to be positive~

[1, p.320].

The typicalformofregularity M ( w ) plotted for odd and even numbers ofsubsystemelements n on the basis (7) is shown in Fig. 3. It fullycorroborates the above analysis. We can see fromthe co n - struction that this regularityis the succession ofresonance peaks whose densityincreases with fr e - quency, and the peaks width decreases with it. With the transition to the aperiodicalregime, the su b - system inertia gains the monotonouslyincreasing pattern with respect to frequency. We should esp e - ciallynote the pattern ofthis regularityat low frequencies. In the region preceding the first resonance peak, the subsystem inertia increases monotonously. In the considerable part ofband it is approx i - matelyequalto the subsystemelements total mass, and at w ® 0 the value M ® nm . It is easyto check it, finding the limiting value for the first expression of(7), noting the values t s and b s .

Fig. 3. The measure ofsubsystem inertia M against the frequency f with different element numbers n. The subsystemparameters: m s = 0,01 kg; s s = 100 N/m

a) b)

24 30

0,8

0,4

6 12 18 24

-0,4

0

-0,8

M , kg f ,

Hz

n = 11

12 1

8

30

M , kg f ,

Hz

0

,

8

-0,4

0

0,4

-0,8

n = 10

6

On the basis ofsubsystem inertia value, we can easydetermine the exact analyticalsolution for the whole elastic systemshown in Fig. 1. We willuse the fact that the subsystem inertia in (7) d e - pends not on time but onlyon the externalaction frequency. So, under externalharmonic force a c - tion, the measure ofsubsystems inertia maybe regarded as constant for each frequency, and the fe a - tures caused bythe subsystems resonances revealonlyin the externalaction frequencyvari a tion.

Thus we can use directlythe solutions presented in [20] for semi-finite elastic lumped line. The same as in case ofsolutions for finite elastic line, their formdepends on the relationship between the parameter 2 / 4 g g M s b w = and the unity. We should especiallymark that despite the vibration pattern ofthe elements ofelastic line as a whole and ofsubsystemelements depends on parameters b g and b s having similar functionalregularity, theybehave essentiallydifferent with respect to fr e - quency. The parameter b s depends on the subsystemelements masses that are constant for a specific line, while b g depends on the measure ofinertia ofsubsystem(7) which depends on frequencyno n - linearly, and at definite values b s becomes negative. With it b g becomes complex, which is imposs i - ble for b s . In this connection, the features appear in the vibration ofelements within the subsystem and ofthe subsystems as elements ofgeneralsystem. For the subsystems, the same as for simple elastic lines, it is typicala clear division ofthe range into the periodical, aperiodicaland criticalv i - bration regimes with the single boundaryfrequencycorresponding to the criticalvibration regime.

For the elastic line as a whole it is typicalsome other range division. At low frequencies, before the first resonance peak ofsubsystem, the considered elastic line behaves the same as a simple elastic line without anyresonance subsystems. The boundaryofthis range is the first boundaryfrequency w

0 g , which is close to the similar frequencyofa simple elastic line whose element masses are equalto the totalstatic mass ofthe subsystem. Naturally, this boundaryfrequencyis lower than that ofsubsystem w 0 s

. Higher than w

0 g , in the simple elastic line there takes place the aperiodicalregime of antiphase vibrations, damping along the line. In the line having the resonance subsystems, there reveals the i n - fluence ofsubsystem´s measure ofinertia dependentlyon frequency, which determines the vibration pattern up to the criticalfrequency w

0 s

for the resonance subsystem. Due to this feature, further we willdistinguish the concepts ofsubsystemelement and the elastic line element being the resonance su b system.

To analyse the vibration process arising in the elastic line having the resonance subsystems which is presented in Fig. 1, write the solutions in their generalform. In case of forced vibrations theyhave the following form:

for the periodicalregime at b g < 1

( ) 0 2 1 0 , g j t i i g

F j e

Ms

w t j w

é ù - - + ë û D = - ( 9 ) for the aperiodicalregime at b g > 1

( ) ( ) 0 2 1 0 1

2

i j t i i g g g

F e s

w j g b

+ -

-

D = - ( 10 ) and the for criticalregime at b g = 1

( ) ( ) 0 0 1 ,

2

i j t i g

F e s

w j + D = - ( 11 ) where arcsin g g t b = , 2 1 g g g

g b b + = + - , 2 1 g g g

g b b - = - - ; D i is the momentarydisplacement ofthe i th subsystemand j 0 is the initialphase ofexternalaction.

The presence ofthe resonance pattern ofsubsystems naturallyleads to the features appearing in solutions (9) ˘ (11). First ofall, the presence ofresonance peaks in the regularity M ( w ) makes i m - possible to divide exactlythe frequencyband into subcriticaland overcriticalregimes. The elastic line will multiplyundergo one ofthese regimes dependentlyon the value M . The more, the possibilityof negative M causes the additional, fourth vibration regime corresponding to the complex value of b g .

The solution for this regime, which we willname the complex aperiodicalregime, willbe the fo l - lowing:

( )

( ) 0 2 1 0 ,

2

j t i i g g g

F e s

w j g b

+ -

+

D = - ( 12 ) where ( )

2 1 g g g

g b b

+

= + + , 2 / 4 g g M s b w = . As we can see from(12), in the complex aperiodicalregime the vibration amplitude

( ) 2 1 0 max 2

i i g g g

F s

g b

-

+

D = ( 13 ) varies differently, dependentlyon the subsystemnumber i . For the first subsystem( i = 1) the ampl i - tude varies from F 0 / s g at ½ b g ½ ® ¥ to infinityat ½ b g ½ ® 0. For allthe following subsystems ( i >

1) this variation takes place in limits frominfinityto infinitywith the min i mumat

( ) 2 min

1 1 2 1

2 g

i b

+ + -

= . ( 14 )

It means, with the growing subsystemnumber, the value ½ b g ½ min , at which the minimalampl i - tude is achieved, increases. Skudrzyk indicated the resonance peaks bifurcation in complex vibrant systems: ^Due to damping, some resonances seemsingle, but ifwe coolthe studied specimen in o r - der to diminish the damping, then two maximums are clearlyseen~ [1, p.244]. He explained this ph e - nomenon so: ^Iftwo resonance frequencies are closelyspaced and the shape parameters ofnatural frequencies are opposite in sign, then the transfer impedance ofhomogeneous systems nearbysome oftheir resonances can resemble the bound circuits. In this case the frequencyregularityis alike the band filter characteristic~ [1, p.323]. However, as the exact analyticalsolutions show, the reason of resonance peaks bifurcation are the complex aperiodicalregime features, not the circuits conne c - tivity. We should additionallymark that the existence ofcomplex aperiodicalregime is new in the view ofelastic systems vibration. In simple elastic lines without resonance subsystems this regime is impossible. And as we said in the introduction, complex systems have been currentlystudied not so wellto revealthis r e gime.

Summing up the aforesaid, we see that the systemofsolutions (9) ˘ (12) completelydescribes the v i bration pattern in allthe range. Thus we have achieved the aimofthis item.

3. Analysis of obtained solutions and comparison with experimental r e sults

To analyse the obtained solutions, convenientlyuse the following concept ofelastic line transfer function

1 i i

K +

D =

D

( 15 ) and ofthe input resistance which in case ofexternalforce action on the start ofline is equalto

1

( ) input F t

r D = . ( 16 )

We can easydetermine from(9) ˘ (12) that for the studied model

( )

2

2

2

, for 1;

, for 1;

-1 for 1;

, for is a complex value;

g j g g g g g g

e

K

t b g b b g b

-

-

+

ì < ï

- > ï ï = í

= ï ï ï î

( 17 )

( )

0 g

0 g

0 g

0 g

, for 1;

, for 1;

2

, for 1;

2

, for is a complex value.

2

g j g g g g input g g g g

F j e

Ms

F s

F s

F s

t b w g b b r b g b b

-

-

+

ì - < ï ï ï

- > ï ï = í ï - = ï ï ï - ï î

( 18 )

We see from(17) and (18) that both parameters K and r input have the amplitude ½ K ½ , r input and phase j K , j input parts, and for different bands of b g variation theydiffer. In Figures 4 and 5 the typ i - calformofthese parameters is shown for the case when the resonance subsystems contained 10 elasticallyconnected bodies each. To visualise, under each plot we give the scale ofregimes corr e - sponding to the conditions (17) and (18). It is seen clearlythat allthese regularities consist ofs e - quentiallyalternating regions ofthe above regimes. Allthe resonance peaks locate at frequencies higher than criticalfor an elastic systemas a whole, i.e. higher than the frequencybefore which we can consider the system, disregarding the substructure ofits elements. With variation w fromzero to

b)

Fig. 4. The module | K | (a) and phase j K (b) ofan elastic line transmission coefficient against the externalforce frequency, for a semi-finite elastic line having the subsystems consisting of

10 elements

- periodicalvibration regime

- aperiodicalvibration regime

- criticalvibration regime

- complex aperiodicalvibration regime a)

,

sec ˘1

25,0 150,0

125,0

100,0

75,0

50,0 200,0

175,0 0

| K |

2

1

3

0

25,0 150,0

125,0

100,0

75,0

50,0 200,0

175,0

0

0

-3,0

-2,0

-1,0 ,

sec ˘1

K ,

rad the first maximum, the input resistance falls from F 0 /2 s g to zero. But practically, at this entire band

the transfer function modulus is equalto unity. At frequencies exceeding the boundaryfrequencyfor

the systemas a whole, in simple models the aperiodicalregime of antiphase damping vibrations is

usuallyexpected, but when taking the substructure into account, we see a resonance peaks succe s -

sion. Each peak for the parameter K is formed at the joints ofaperiodicaland complex aperiodical

vibration regimes, and for r input

˘ at the joints ofcomplex aperiodicaland periodicalvibration r e -

gimes. The number ofthese peaks depends on the subsystemsize and is equalto the integer part of

the value [( n ˘ 1)/2]. This last is determined bythe denominator ofthe first expression of(7).

The difference ofresonance frequencies for ½ K ½ ( w ) and r input

( w ) causes the double resonance

peaks appearance in fullaccordance with Skudrzyk´s experimentalobservations [1]. It is easyto ca l -

culate themon the basis of(9) ˘ (12) with respect to (15) ˘ (18). After a simple transformation we

yield

( ) 1 . i

i input

F t K r - D = ( 19 )

The typicalplot D 2 ( w ) for i = 2 is presented in Fig. 6. We see that allpair maximums are formed

in limits ofcomplex aperiodicalregime. With growing mode number, the minimumbetween the

peaks moves towards the frequencyincrease; it fullycorresponds to (14) and to the above analysis.

The phase characteristics ofinput impedance and transfer function also do not retain constant

and nonlinearlydepend on externalforce frequency. The input impedance is reactive at the entire

range. The transfer function in at the entire range is also reactive, except the section corresponding

to the complex aperiodicalregime. At this section the transfer function is active, as its phase j K va n -

ishes. We should especiallymark that the pattern ofdisplacement ofsystemelements D i ( w ), which

we can measure in the course ofexperiment, willdiffer from ½ K ½ ( w ), because, according to (19), in

(17) we did not account the influence of r input

( w ). In the plots presented in Fig. 4 and Fig. 5 we can

analyse the behaviour of ½ K ½ ( w ) and r input

( w ) separately, and this is one ofimportant merits ofe x -

act an a lyticalsolutions.

Fig. 5. The input resistance r imput

(a) and phase delay j imput

(b) against the externalforce fr e -

quency, for a complex semi-finite elastic line having the subsystems co n sisting of10 elements input ,

sec 2 /kg

0,08

0,04

a)

25,0 150,0

125,0 10

0,

0

75,0

50,0 200,0

175,0 0

0

,

sec ˘1

25,0 150,012

5,

0

100,0

75,0

50,0 200,0

0

0

-3,0

-2,0

-1,0 input ,

rad

,

sec ˘1

b)

Basing on j K ( w ) and on results presented in [22], we can determine the phase velocity v f ofthe

wave propagation along the idealline

2

f

k a v p

j

= , ( 20 )

where a is the distance between the elastic line non-excited elements, and j K is the i th element phase

delayin (17). The typicalformofthe phase velocitydependence on frequencyis shown in Fig. 7.

We can see fromFig. 7 and (20) that in the complex aperiodicalregime the phase velocityturns

to infinity, as at these bands j K is zero (see Fig. 4). At the same time, the phase delayvanishing ev i -

dences that the standing wave has produced in the line, despite its limited length. This is the cons e -

quence ofsteady-state pattern ofthe studied wave process. Ifthe line impedance was present, the

phase j K does not vanish. Similarly, ifalong the line the wave process propagated whose spectrum is

wider than one band ofcomplex aperiodicalregime, then the resulting phase delayalso does not

vanish. Thus, the obtained result is the idealisation too and can be corrected automaticallywhen

solving the practicalmodels consisting the impedance.

Going on analysing (20), we see that the phase velocityachieves its minimalvalue in aperiodical

regime, since at these bands j K is maximal. At these bands the phase velocitydependence on fr e -

quencyis linear, as the phase delayis constant and equalto p . With it, allbands ofaperiodicalregime

are located on one line coinciding with linear regularity, after which the phase velocitywould i n -

crease in absence ofresonance substructure. It corroborates additionallythe above statement that the

resonance peaks ofthe subsystemarise in the region between the periodicaland aperiodicalregimes

150 100 50 200 0

0

1

2 v f ,

m/s

,

s

e

c -

1 Fig. 7. The phase velocity of the wave propagation in a semi-finite elastic line having

the resonance subsystems

25,0 150,0

125,0

100,0

75,0

50,0 200,0

175,0 0

0

0,1

0,2

0,3

2 ,

m

w ,

sec ˘1

Fig. 6. The amplitude-frequencycharacteristic ofan elastic line 2 nd element vibr a tion for the systemas a whole.

Furthermore, it is typicalthat despite the sections having negative measure ofinertia appear, the

transfer function phase retains delaying always, and this also is in fullaccordance with the above

Skudrzyk´s statement [1] that the negative measure ofinertia ofline elements fullycorresponds to

the conse r vation laws.

This negative measure ofinertia, which we used to think stronglyassociated with the mass, does

not mean a negative mass introduction. In this case, there reacts not a separate mass but a complex

systemofelasticallyconnected masses being the parts ofa generalelastic system. So we have to

identifyjust this reaction with the negative measure ofinertia ofthe subsystem . We see that the pa t -

tern ofsubsystemreaction to the externalaction changes. With it the pattern ofprocess also changes.

And the phase with regard to the externalaction retains negative. Thus, introducing the idea of

negative measure ofinertia, we do not contradict the laws byNewton considered an accelerated

bodyas an entire rigid system.

Another important characteristic ofa wave process in a complex resistant line is the experimental

measurement ofvibration velocityofthe end elements oflumped line or ofthe end ofdistributed

line. Skudrzyk [1] has carried out this investigation. In Fig. 8 there is presented one ofregularities of

the rod end vibration velocitywith respect to frequencytaken from[1, p.244], and in Fig.9 ˘ the

similar theoreticalregularity, obtained bywayof(9) ˘ (12) time differentiation. The difference b e -

tween the theoreticaland experimentalresults is onlyin the regions oflower spikes caused bythe

aperiodicalvibration regime. This last is conditioned bythe studied model ideality. With the line r e -

sistance appearance, the transition between the periodicaland aperiodicalregimes smoothes, and

damping at the aperiodicalband decreases, while at the periodicalband it increases. The vibration

pattern transformation itselfwith the resistance appearance is veryinteresting and can be studied on

the basis ofexact analyticalsolutions obtained here. However here we will limit ourselves with the

above analysis, as this investigation far exceeds the frames ofpr e sent task.

Fig. 8. The experimentalplot oflongitudinalvibration velocityamplitude against the vibr a -

tion frequencyin polystyrene rods [1, p.244]

0,2 03 0,5 1,0 50 2 3 5 10 20

30

Fig. 9. The first element vibration velocityagainst the externalforce frequency,

for a semi-finite elastic line having the resonance su b systems

8 4 12 16 20 3228 24

2

4

0 v ,

m/s

f ,

Hz

Conclusions

Basing on exact analyticalsolutions obtained for semi-finite elastic line with resonance subsy s -

tems having the formoflinear elastic lines with rigidlyconnected end elements, we have revealed

that between the first boundaryfrequencyfor the elastic line as a whole and that for the subsystem

the resonance peaks arise, and their quantityis equalto the integer part of[( n ˘ 1)/2], where n is the

number ofelements in the subsystem. These resonance peaks arise at the boundarybetween the

aperiodicaland complex aperiodicalvibration regimes. And this last regime is typicalnamelyfor

elastic systems having resonance su b systems. In simple elastic lines its appearance is impossible.

Despite in complex aperiodicalregime the measure ofinertia ofa resonance subsystem is neg a -

tive, the phase delayofthis process does not become leading. It fullyaccords with Skudrzyk´s co n -

clusion that the negative measure ofinertia ofresonance subsystemcompletelycorresponds to the

conservation law. In this regime, with the steady-state process in the line the standing waves form,

and the wave propagation phase velocityturns to infinityfor the idealline.

We also have determined that for interior elements ofan elastic line the resonance peaks bifu r -

cate, and it fullycorresponds to Skudrzyk´s experimentalresults. However the reason ofbifurcation

is not the resonance circuits mismatch, as Skudrzyk supposed, but the features ofresonance peaks

formation for the input resistance and transfer function ofan elastic line, which causes the resonance

freque n cies for these parameters to be not the same.

The theoreticallyobtained regularities for vibration velocityofa boundaryelement ofa line are

in good agreement with Skudrzyk´s experimentalresults.

References

1. Skudrzyk, E. Simple and complex vibratory systems . Mir, Moscow, 1971, 557 pp. (Russian;

originaledition: E. Skudrzyk. Simple and complex vibratory systems . The Pennsylvania

State UniversityPress, UniversityPark and London, 1968)

2. Grebennikov, E.A. Introduction to the resonance systems theory . Moscow State University,

1987, 174 pp. (Russian)

3. Kuhta, K.Ya., Boyko, A.G. and Garmash, N.Z. Investigation of complex continouosly-

discrete systems . Naukova Dumka, Kyev, 1981, 270 pp. (Russian)

4. Volkenshtein, M.V., Eliashkevitch, M.A. and Stepanov B.I . Molecules oscillations , vol. 1:

Geometryand mechanics ofmolecules oscillations. The State Publishing ofTechnicaland

The o reticalLiterature, Moscow ˘ Leningrad, 1949, 600 pp. (Russian)

5. Slater, J.C. Insulators, semiconductors and metals . Mir, Moscow, 1969, 647 pp. (Russian;

originaledition: Slater, J.C. Insulators, semiconductors and metals. In: Quantum theory of

molecules and solids , vol.3. McGraw HillBook Company, New York ˘ St. Lous ˘ Ssan

Francisco ˘ T o ronto ˘ London ˘ Sydney, 1967).

6. Blakemore, J.S. Solid state physics . Metallurgia, Moscow, 1972, 488 pp. (Russian; original

edition: Blakemore, J.S. Solid state physics . W.B. Saunders Company, Philadelphia ˘ Lo n -

don ˘ Toronto, 1970)

7. Born, M. and Hypper-Meyer, M. Dynamical theory of lattice . The PrincipalEditorialfor

Technicaland TheoreticalLiterature, Moscow ˘ Leningrad, 1938, 364 pp. (Russian, tran s -

lated fromGerman).

8. Mikhailov, I.G., Soloviev, V.A. and Sirnikov, Yu.P. Foundations of molecular acoustics .

Nauka, Mo s cow, 1964, 514 pp. (Russian)

9. Thouless, D.J. The quantum mechanics of many-body systems . Publishing for Foreign Li t -

erature, Moscow, 1963 (Russian; originaledition: Thouless, D.J. The quantum mechanics of

many-body systems . Academic Press, New York ˘ London,1961)

10. Chernous´ko, F.L., Akulenko, L.D. and Soloviev, B.N. Control of oscillations . Nauka,

Moscow, 1980, 383 pp. (Russian).

11. Tong Kin, N. Theory of mechanical vibrations . Mashgiz, Moscow, 1963, 354 pp. (Ru s sian)

12. Atkinson, F.V. Discrete and continuous boundary problems . Mir, Moscow, 1968, 750 pp.

(Russian; originaledition: Atkinson, F.V. Discrete and continuous boundary problems .

Academic Press, new York ˘ London, 1964)

13. Palis, J. and de Melo, J.W. Geometric theory of dynamical systems . Mir, Moscow, 1986,

302 pp. (Russian; originaledition: J. Palis and J.W. de Melo. Geometric theory of dynam i -

cal systems. Springer-Verlag, New York ˘ Heide l berg ˘ Berlin, 1982) .

14. Reiscig, R., Sansone, G. and Conti, R. Qualitative theory of nonlinear diffeerential equ a -

tions . Nauka, Moscow, 1974, 318 pp. (Russian; originaledition: Reiscig, R., Sansone, G.

and Conti, R. Qualitative theorie nichtlinearer differentialleichungen . Edizioni cremonese,

Roma, 1963)

15. Mitropolsky, Yu.A. and Homa, G.P . Mathematical background of nonlinear mechanics a s -

ymptotic methods . Naukova Dumka, Kyev, 1983, 215 pp. (Ru s sian)

16. Cherepennikov, V.B . Functional parameters method in the ordinary differential equations

theory . Nauka, Novosibirsk, 1983 (Russian)

17. Giacagrilia, G.E.O. Perturbation methods in non-linear systems . Nauka, Moscow, 1979,

320 pp. (Russian; originaledition: Giacagrilia, G.E.O. Perturbation methods in non-linear

systems. Springer-Verlag, New York ˘ Heidelberg ˘ Berlin, 1972)

18. Dymentberg, M.F. Nonlinear stochastic problems of mechanical vibrations . Nauka, Mo s -

cow, 1980, 368 pp. (Russian)

19. Banerjee, P.K. and Butterfield, R. Boundary element methods in engineering science . Mir,

Moscow, 1984, 494 pp. (Russian; originaledition: Banerjee, P.K. andButterfield, R. Boun d -

ary element methods in engineering science . McGraw hillBook CompanyLtd., London ˘

New York ˘ Sydney˘ Tokyo ˘ T o ronto, 1981)

20. Karavashkin, S.B. Exact analytical solution on infinite one-dimensional elastic lumped-

parameters line vibration . Materials, Technologies, Tools. The JournalofNationalAca d -

emyofSciences of Belarus. 4 ( 1999), 3, 15-23 (Ru s sian)

21. Karavashkin, S.B. Exact analytical solution on finite one-dimensional elastic lumped-

parameters line vibration . Materials, Technologies, Tools. The JournalofNationalAca d -

emyofSciences of Belarus. 4 ( 1999), 4, 5-14 (Ru s sian)

22. Karavashkin, S.B. Some peculiarities of forced vibrations modelling in homogeneous ela s -

tic lumped-parameters lines . Materials, Technologies, Tools. The JournalofNationalAca d -

emyofSciences of Belarus, 5 ( 2000), 3, 15-23 (Ru s sian)

23. Karavashkin, S.B. Peculiarities of inclined force action upon one-dimensional homogen e -

ous elastic lumped line. arXiv, (Los Alamos) # math-ph/0006028