Contemporary Mathematics

The Anderson metal-insulator transport transition

François Germinet and Abel Klein

Abstract. We discuss a new approach to the metal-insulator transition for random operators, based on transport instead of spectral properties. It applies to random Schrödinger operators, acoustic operators in random media, and Maxwell operators in random media. We define a local transport exponent β(E), and set the metallic transport region to be the part of the spectrum with nontrivial transport (i.e., β(E) > 0). The strong insulator region is taken to be the part of the spectrum where the random operator exhibits strong dynamical localization in the Hilbert-Schmidt norm, and hence no transport. For the standard random operators satisfying a Wegner estimate, these metallic and insulator regions are shown to be complementary sets in the spectrum of the random operator, and the local transport exponent β(E) provides a characterization of the metal-insulator transport transition. If such a transition occurs, then β(E) has to be discontinuous at a transport mobility edge: if the transport is nontrivial then β(E) ≥^1_{2bd} , where d is the space dimension and b ≥ 1 is the power of the volume in Wegner’s estimate. We also examine the transport transition for random polymer models, where the random dimer models provide explicit examples of the transport transition and of a transport mobility edge.

1. Introduction

In this survey we discuss a new approach to the metal-insulator transition for random operators based on transport instead of spectral properties, introduced in [GK3]. This new point of view, in addition to being closer to the physical meaning of a “metal-insulator” transition, is shown to give a better understanding of the transition.

By a random operator we always mean a Z^d -ergodic random self-adjoint operator H_ω on either L^2(R^d , dx; C^n ) or ℓ^2(Z^d ; C^n ), where ω belongs to a probability set Ω with a probability measure P and expectation E . Note that ergodicity implies the existence of a nonrandom set Σ, such that σ(H_ω) = Σ with probability one, where σ(A) denotes the spectrum of the operator A. In addition, there are nonrandom sets Σ_{pp}, Σ_{ac}, and Σ_{sc}, which are the pure point spectrum, absolutely continuous spectrum, and singular continuous spectrum of H_ω, respectively, with probability one (see [KM]).

2000 Mathematics Subject Classification. Primary 82B44; Secondary 47B80, 60H25. A.K. was supported in part by NSF Grant DMS-0200710.

© 0000 (copyright holder) 1

For a Schrödinger operator with a random potential and spectrum of the form [E_0, ∞), the following picture of a metal-insulator transition has emerged (e.g., [LGP, Section 4.2]): Near the bottom of the spectrum E_0 the spectrum is controlled by large fluctuations of the potential, with the corresponding states localized primarily in the regions of such fluctuations. But in three or more dimensions, at very large energies the kinetic term should dominate the fluctuations of the potential to produce extended states. Thus a transition must occur from an insulator regime, characterized by localized states, to a very different metallic regime characterized by extended states. The energy E_{me} at which this metal-insulator transition occurs is called the mobility edge. The medium should have zero conductivity in the insulator region [E_0, E_{me}] and nonzero conductivity in the metallic region [E_{me}, ∞).

The standard mathematical interpretation of the metal-insulator transition is as a spectral transition: the random Schrödinger operator should have pure point spectrum with exponentially decaying eigenstates in the interval [E_0, E_{me}] and absolutely continuous spectrum on the interval [E_{me}, ∞).

The existence of exponential localization (i.e., pure point spectrum with exponentially decaying eigenstates) is by now well established (e.g., [GMP, KS, FS, HM, FMSS, CKM, vDK, AM, Ai, CH1, Klo2, KSS, FLM, ASFH, Wa2, GK1, Klo3, Klo4, U, GK4]). But there are no mathematical results on the existence of continuous spectrum and a metal-insulator transition. (Except for the special case of the Anderson model on the Bethe lattice, where one of us has proved that for small disorder the random operator has purely absolutely continuous spectrum in a nontrivial interval [Kle1] and nontrivial transport [Kle2].)

In [GK3] we proposed a new approach to the metal-insulator transition based on transport instead of spectral properties, which we describe in this survey. It relies on a local transport exponent β(E); the metallic transport region is set to be the part of the spectrum with nontrivial transport (i.e., β(E) > 0). The strong insulator region is defined as the part of the spectrum where the random operator exhibits strong dynamical localization in the Hilbert-Schmidt norm, and hence no transport. There is a natural definition of a transport mobility edge between the strong insulator and the metallic transport regions. (See Section 2.)

For the standard random operators satisfying a Wegner estimate, these metallic and insulator regions are shown to be complementary sets in the spectrum of the random operator. (This rules out the possibility of trivial transport, i.e., transport with β(E) = 0.) Thus the local transport exponent β(E) provides a characterization of the metal-insulator transport transition. Moreover, β(E) is discontinuous at a transport mobility edge: if the transport is nontrivial then β(E) ≥^1_{2bd} , where d is the space dimension and b ≥ 1 is the power of the volume in Wegner’s estimate. (See Section 3.)

We illustrate these concepts in the case of random polymer models. They may have critical energies, and Jitomirskaya, Schulz-Baldes and Stolz [JSBS] showed that critical energies creates transport. We extend their results to local tranport exponents, proving that critical energies must be in the metallic transport region. For the special case of the random dimer model, we combine this fact with the results of De Bièvre and Germinet [DBG] to give a complete description of the transport transition and exhibit tranport mobility edges. (See Section 4.)

2. The transport transition

Let H_ω be a random operator on L^2(R^d , dx; C^n ) (or ℓ^2(Z^d ; C^n )). By χ_x we denote the characteristic function of the the cube of side 1 centered at x ∈ R^d . If x ∈ R^d we write ⟨x⟩ = √ 1 + |x|^2, and let ⟨X⟩ denote the operator given by multiplication by the function ⟨x⟩. Given an open interval I ⊂ R , we denote by C^∞_c (I) the class of real valued infinitely differentiable functions on R with compact support contained in I, with C^∞_{c,+}(I) being the subclass of nonnegative functions. The Hilbert-Schmidt norm of an operator A is written as ‖A‖_2, i.e., ‖A‖^2 = tr A^∗A.

The (random) moment of order n ≥ 0 at time t for the time evolution in the Hilbert-Schmidt norm, initially spatially localized in the cube of side one around the origin, and “localized” in energy by the function X ∈ C^∞_{c,+}(R ), is given by M_ω(n, X , t) = ‖ ‖ ‖⟨X⟩^{n2} e^{−itHω} X (Hω)χ0 ‖ ‖ ‖^2 , (1) its expectation by M(n, X , t) = E {M_ω(n, X , t)} , (2) and its time averaged expectation by M(n, X , T ) = 2 T ∫_∞ 0 e^{− 2tT} M(n, X , t) dt. (3) These quantities are finite for the usual random operators, including random Schrödinger operators, random Landau Hamiltonians, and acoustic and Maxwell operators in random media. (The required properties are a trace estimate and a kernel polynomial decay estimate as stated in [GK3, Lemmas A.4 and A.5]; they hold in great generality.) If X (H_ω) ≠ 0 (X (H_ω) is either = 0 or ≠ 0 with probability one) we have [GK3, Proposition 3.1]:

0 ≤ M_ω(0, X , 0) ≤ M_ω(n, X , t) ≤ C_{d,X ,n} ⟨t⟩[^{n+ 3d2} ]^{+3} for P-a.e. ω , (4) 0 < M(0, X , 0) ≤ M(n, X , t) ≤ C_{d,X ,n} ⟨t⟩[^{n+ 3d2} ]^{+3} , (5) 0 < M(0, X , 0) ≤ M(n, X , T ) ≤ C^′_{d,X ,n}⟨T ⟩[^{n+ 3d2} ]^{+3}, (6) where [u] denotes the largest integer ≤ u.

To measure the rate of growth of moments of initially spatially localized wave packets under the time evolution, “localized” in energy by X ∈ C^∞_{c,+}(R ) with X (H_ω) ≠ 0, we compute the (lower) transport exponent

β(n, X ) = lim inf_{T →∞} log M(n, X , T ) n log T . (7) If X (H_ω) = 0 we set β(n, X ) = 0. We define the n-th transport exponent in an open interval I by

β(n, I) = sup X ∈C^∞_{c,+} (I) β(n, X ) , (8) and the n-th local transport exponent at the energy E by β(n, E) = inf_{I∋E} β(n, I) . (9)

(β(n, E) provides a measure of the rate of transport for which E is responsible.) The exponent β(n, E) is increasing in n and satisfy the ballistic bound 0 ≤ β(n, X ), β(n, I), β(n, E) ≤ 1 , (10) as shown in [GK3, Proposition 3.2]. Note that β(n, E) = 0 if E /∈ Σ.

The local (lower) transport exponent may be now defined by β(E) = lim_{n→∞} β(n, E) = sup_n β(n, E) ,

(11)

and we have 0 ≤ β(E) ≤ 1, with β(E) = 0 if E /∈ Σ. Note that β(E) > 0 if and only if β(n, E) > 0 for some n > 0.

This motivates the following definition.

Definition 2.1. The metallic transport region Σ_{MT} for H_ω is defined as the set of energies with nontrivial transport: Σ_{MT} = {E ∈ R , β(E) > 0} = {E ∈ Σ, β(E) > 0} . (12) Its complementary set in the spectrum will be called the trivial transport region Σ_{TT} (note that logarithmic transport is not excluded a priori): Σ_{TT} = Σ\Σ_{MT} = {E ∈ Σ, β(E) = 0} .

(13)

To make the connection with the absolutely contimuous spectrum, we recall that the Guarneri-Combes-Last bound [Gu, Co, La] says that β(E) ≥^1_d if E ∈ Σ_{ac}. (While the Guarneri-Combes-Last bound is stated for a fixed self-adjoint operator, the same bound follows for random operators using Fatou’s Lemma and Jensen’s inequality.) Thus

Σ_{ac} ⊂ { E ∈ Σ, β(E) ≥ 1 d } ⊂ Σ_{MT} .

(14)

But the converse to the Guarneri-Combes-Last bound is not true, a lower bound on the local transport exponent does not specify the spectrum (e.g., [DRJLS, La, DBF, BGT, CM, GKT]).

The trivial transport region should be connected to localization, and indeed it is, but to the right kind of localization. Pure point spectrum does not imply trivial transport, there are counterexamples [DRJLS, JSBS, GKT]. The right notion of localization is dynamical localization (which implies pure point spectrum).

Definition 2.2. The random operator H_ω exhibits strong HS-dynamical localization in the open interval I if for all X ∈ C^∞_{c,+}(I) we have E { sup_{t∈R} M_ω(n, X , t) } < ∞ for all n ≥ 0 .

(15)

The random operator H_ω exhibits strong HS-dynamical localization at the energy E ∈ R if there exists an open interval I, with E ∈ I, such that there is strong HS-dynamical localization in the open interval I.

The intuitive idea behind the last definition is that the moments of an initially localized wave packet remain uniformly bounded under time evolution “localized” in an open interval around the energy E. The Hilbert-Schmidt norm takes into account all possible wave packets localized in a given bounded region.

Definition 2.3. The strong insulator region Σ_{SI} for H_ω is defined as Σ_{SI} = {E ∈ Σ ; H_ω exhibits strong HS-dynamical localization at E} .

We clearly have Σ_{SI} ⊂ Σ_{TT} .

(16)

Definition 2.4. An energy E ∈ Σ_{MT} ∩ Σ_{SI} will be called a transport mobility edge.

Since the strong insulator region is a relatively open subset of the spectrum Σ, we have Σ_{SI} = {⋃_N j=1 I_j } ∩ Σ , where the I_j ’s are disjoint open intervals; N may be either finite or infinite. A transport mobility edge must be an edge of one of the intervals I_j .

3. A characterization of the transport transition Instead of giving a technical definition of the relevant class of random operators, let us simply say that in this section by a standard random operator we mean one of the following:

The Anderson model: H_ω = −Δ + V_ω on ℓ^2(Z^d ) ,

(17)

where Δ is the finite difference Laplacian and {V_ω(x); x ∈ Z^d } are independent identically distributed bounded random variables. (E.g., [FS, FMSS, CKM, vDK, AM, Ai, ASFH, Wa2].)

Random Schrödinger operators (Anderson Hamiltonians): H_ω = −Δ + V_{per} + V_ω on L^2(R^d , dx),

(18)

where Δ is the Laplacian operator, V_{per} is a periodic potential (by rescaling we take the period to be one) of the form V_{per} = V^{(1)}per + V^{(2)}per , with V^{(i)}per, i = 1, 2, periodic with period one, 0 ≤ V^{(1)}per ∈ L^1_{loc}(R^d , dx), V^{(2)}per relatively form-bounded with respect to −Δ with relative bound < 1, and V_ω a random potential of the form

V_ω(x) = ∑ i∈^1_q Z^d ω_i u(x − i), (19)

where q ∈ N , ω = {ω_i; i ∈^1_q Z^d } are independent identically distributed bounded random variables, u is a real valued measurable function with compact support, u ∈ L^p(R^d , dx) with p >^d_2 if d ≥ 2 and p = 2 if d = 1. (See [CH1, Klo2, KSS, GK3, GK4].)

Random Landau Hamiltonians: H_ω = H_0 + V_ω on L^2(R^2 , dx),

(20)

where H_0 = (−i∇ − A)^2, A =^B_2 (x_2, −x_1), and the random potential V_ω is as in (19) with q = 1 and u(x) bounded. (See [CH2, Wa1, GK4].)

Maxwell operators in random media:

H_ω = 1 √ μ_ω(x) ∇× 1 ε_ω(x) ∇× 1 √ μ_ω(x) on L^2 ( R^3 , dx; C^3 ) (21) where ∇× is the operator given by the curl, ε_ω(x) is the random dielectric constant and μ_ω(x) is the random magnetic permeability. We take

ε_ω(x) = ε_0(x)γ_ω(x) , with γ_ω(x) = 1 + ∑ i∈^1_q Z^3 ω_iu(x − i), (22)

μ_ω(x) = μ_0(x)β_ω(x) , with β_ω(x) = 1 + ∑ i∈^1_q Z^3 ω_iv(x − i), (23)

where q ∈ N , ω = {ω_i; i ∈^1_q Z^d } are independent identically distributed bounded random variables taking values in the interval [−1, 1], ε_0(x) and μ_0(x) are periodic measurable functions (by rescaling we take the period to be one), such that 0 < ε_− ≤ ε (x) ≤ ε_+ < ∞ and 0 < μ_− ≤ μ (x) ≤ μ_+ < ∞ for some constants ε_± and μ_±, u(x) and v(x) are nonnegative measurable real valued functions with compact support, such that 0 ≤ U_− ≤ U(x) ≡ ∑ i∈^1_q Z^3 u_i(x) ≤ U_+ < ∞, (24) 0 ≤ V_− ≤ V (x) ≡ ∑ i∈^1_q Z^3 v_i(x) ≤ V_+ < ∞, (25)

for some constants U_± and V_±, with U_− + V_− > 0 and max{U_+, V_+} < 1. (See [FK2, Kle3, KK2].)

Acoustic operators in random media:

H_ω = − 1 √ κ_ω(x) ∇ · 1 ρ_ω(x) ∇ 1 √ κ_ω(x) on L^2(R^d , dx),

(26)

where ∇ is the gradient operator, and, the random compressibility κ_ω(x) and the random mass density ϱ_ω(x) are of the same form as ε_ω(x) and μ_ω(x) in (22) and (23). (See [FK1, KK2]).

These random operators satisfy all the requirements for the bootstrap multiscale analysis [GK1] in appropriate intervals, with the possible exception of a Wegner estimate. They also satisfy an appropriate interior estimate [GK3, Lemma A.2], and the kernel polynomial decay estimate of [GK2, Theorem 2] with nonrandom constants. (To be precise, a standard random operator is a random operator satisfying Assumptions SLI, EDI, IAD, NE, and SGEE in [GK1], the interior estimate of [GK3, Lemma A.2], and the Assumptions of [GK4] with nonrandom constants; these properties are routinely verified for the usual random operators.)

Although we frame our discussion for random operators on the continuum, our results apply also to random operators on the lattice.

In our results a Wegner estimate in an open interval (Assumption W in [GK1]) will be an explicit hypothesis. To state it we need to consider the restriction of a random operator H_ω to a finite box. By Λ_L(x) we denote the open box (or cube) of side L > 0: Λ_L(x) = {y ∈ R^d ; ‖y − x‖ < L/2}, (27)

and by Λ_L(x) the closed box, where ‖x‖ = max{|x_i|, i = 1, . . . , d} . (We will use |x| to denote the usual Euclidean norm.) We will also use the notation

χ_{x,L} = χ_{ΛL(x)} , in particular χ_x = χ_{x,1} = χ_{Λ1(x)} .

(28)

The operator H_{ω,x,L} is defined as an appropriate restriction of H_ω to the box Λ_L(x) (e.g., to the open box Λ_L(x) with Dirichlet boundary condition, or to the closed box Λ_L(x) with periodic boundary condition). We write R_{ω,x,L}(z) = (H_{ω,x,L} − z)^{−1} for the finite volume resolvent.

We say that the random operator H_ω satisfies a Wegner estimate in an open interval I if there exist constants b ≥ 1, 0 < η_I ≤ 1, and Q_I , such that P {dist(σ(H_{ω,x,L}), E) ≤ η} ≤ Q_I ηL^{bd} , (29)

for all E ∈ I, 0 < η ≤ η_I , x ∈ Z^d , and L ∈ 2N .

Wegner estimates have been proven for a large variety of random operators [Weg, HM, CKM, CH1, Klo2, CH2, CHM, Ki, FK1, FK2, Wa1, KSS, St, CHN, HK, CHKN, KK2], under certain assumptions. (E.g., for random Schrödinger operators the probability distribution of the random variable ω_i is assumed to have a bounded density, and u(x) ≥ 0.) Usually b = 1 or 2.

If we have a Wegner estimate, we can prove a lower bound on the local transport exponent in the mettalic transport region [GK3, Theorem 2.10], which may be compared to the Guarneri-Combes-Last bound (see the paragraph containing (14)). We use the notation B^I = B ∩ I for a subset B of R .

Theorem 3.1. Let H_ω be a standard random operator satisfying a Wegner estimate in an open interval I. If β(E) > 0 for some E ∈ I then β(E) ≥^1_{2bd} , i.e. the metallic transport region in I is given by

Σ^I_{MT} = { E ∈ I, β(E) ≥ 1 2bd } . (30)

In fact, if E ∈ Σ^I_{MT}, then β(n, E) ≥^1_{2bd} −^{9b+2}_{2bn} for all n ≥ 0.

If the standard random operator satisfies a Wegner estimate we have equality in (16) [GK3, Theorem 2.8]:

Theorem 3.2. Let H_ω be a standard random operator satisfying a Wegner estimate in an open interval I. Then Σ^I_{SI} = Σ^I_{TT} .

(31) In particular, the strong insulator region and the metallic transport region are complementary sets in the spectrum Σ^I of H_ω in I, i.e., Σ^I_{SI} ∩ Σ^I_{MT} = ∅ and Σ^I_{SI} ∪ Σ^I_{MT} = Σ^I .

(32)

Theorem 3.2 shows that the local transport exponent β(E) provides a characterization of the metal-insulator transport transition. Theorem 3.1 says that if this transition occurs, β(E) has to be discontinuous at a transport mobility edge.

The existence of a nontrivial strong insulator region is now proven for standard random operators. It is a consequence of well established results on Anderson localization and of the bootstrap multiscale analysis [GK1, Theorem 3.4] that yields strong HS-dynamical localization [GK1, Corollary 3.10]. (See also [GDB, DS]. On the lattice strong HS-dynamical localization turns out to be the same as strong dynamical localization (of wave packets) and was originally proven by Aizenman [Ai, ASFH].) The relevant results, adapted for this article, will now be stated.

Given x ∈ Z^d , L ∈ N , we set

Γ_{x,L} = ∑ y∈Υ_L (x) χ_y , where Υ_L(x) = { y ∈ Z^d ; ‖y − x‖ =^L_2 − 1 } . (33)

Given θ > 0, E ∈ R , x ∈ Z^d , and L ∈ 6N , we say that the box Λ_L(x) is (θ, E)- suitable for H_ω if E /∈ σ(H_{ω,x,L}) and ‖Γ_{x,L}R_{ω,x,L}(E)χ_{x,L/3}‖ ≤ 1 L^θ . (34)

Theorem 3.3. Let H_ω be a standard random operator satisfying a Wegner estimate in an open interval I. Given θ > d, for each E ∈ I there exists a finite scale L_θ(E) (depending on θ, E, Q_I , d), bounded in compact subintervals of I, such that, if for some E ∈ Σ ∩ I we can verify at some finite scale L > L_θ(E) that

P{Λ_L (0) is (θ, E)-suitable} > 1 − 1 841^d , (35)

then there exists an open interval I ∋ E, such that H_ω has pure point spectrum in I, with exponentially decaying eigenfunctions, and exhibits strong HS-dynamical localization in I. In particular, E ∈ Σ_{SI}.

Theorem 3.3 suggests the following definition.

Definition 3.4. The multiscale analysis region Σ_{MSA} is defined as the set of energies where we can perform the bootstrap multiscale analysis:

Σ_{MSA} = {E ∈ Σ ; the hypotheses of Theorem 3.3 hold at E} .

(Note that if Σ_{AM} denotes the set of energies in the spectrum satisfying the starting hypothesis of the Aizenman-Molchanov method [AM, Ai, ASFH], we have Σ_{AM} = Σ_{MSA}.)

It follows that

Σ_{MSA} ⊂ Σ_{SI} ⊂ Σ_{TT} .

(36)

With a Wegner estimate we have equality in (36) [GK3, Theorem 2.8]:

Theorem 3.5. Let H_ω be a standard random operator satisfying a Wegner estimate in an open interval I. Then Σ^I_{TT} ⊂ Σ^I_{MSA} and hence

Σ^I_{MSA} = Σ^I_{SI} = Σ^I_{TT} .

(37)

The equality (37) shows that the strong insulator region is canonical in the sense that it may be defined by three equivalent conditions or properties, all very natural. In fact the number of such conditions/properties is actually much larger [GK3, Theorem 4.2]. In the analogy with classical statistical mechanics the strong insulator region corresponds to the region of complete analyticity [DoSh1, DoSh2].

Theorem 3.2 is a corollary of Theorem 3.5. Theorems 3.1 and 3.5 are consequences of the fact that slow transport cannot take place for random operators satisfying our assumptions [GK3, Theorem 2.11]. (A weaker form of this result has been discussed by Martinelli and Scoppola [MS, Section 8] for the discrete Anderson model.)

Theorem 3.6. Let H_ω be a standard random operator satisfying a Wegner estimate in an open interval I. Let X ∈ C^∞_{c,+}(R ), with X ≡ 1 on some open interval J ⊂ I, α ≥ 0, and n > 2bdα + (9b + 2)d. If

lim inf T →∞ 1 T^α M(n, X , T ) < ∞ , (38)

then J ∩ Σ ⊂ Σ_{MSA}, and hence J ∩ Σ ⊂ Σ_{SI}.

Theorem 3.6 has the following immediate corollary, which can be read as follows: if the transport at an energy E is too slow (i.e., β(n, E) <^1_{2bd} −^{9b+2}_{2bn} for some n > (9b + 2)d), then strong HS-dynamical localization has to hold at E.

Corollary 3.7. Let H_ω be a standard random operator satisfying a Wegner estimate in an open interval I. If E ∈ I ∩ Σ and β(n, E) <^1_{2bd} −^{9b+2}_{2bn} for some n > (9b + 2)d, then E ∈ Σ_{MSA} ⊂ Σ_{SI}.

Theorem 3.5 follows immediately from Corollary 3.7, since β(E) = 0 ⇒ β(n, E) = 0 for all n ≥ 0. The same is true for Theorem 3.1, since if β(n, E) <^1_{2bd} −^{9b+2}_{2bn} for some n > (9b + 2)d, it follows from Corollary 3.7 that E ∈ Σ_{SI} and hence β(E) = 0.

Some comments on the proof of Theorem 3.6 are in order. Its main hypothesis, condition (38), is formulated in terms of the dynamics, but the starting hypothesis of the bootstrap multiscale analysis, condition (35), is stated in terms of resolvents. The first step is to reformulate condition (38) in terms of resolvents. To do so, we used the Hilbert-Schmidt norm when we defined the moments in (1), so we can use Plancherel Theorem to get M(n, X , T ) = 1 πT ∫ R E ‖ ‖⟨X⟩^n2 R_ω(E + i^1_T )X (H_ω)χ_0 ‖ ‖^2 dE , (39)

for any n > 0, T > 0, and X ∈ C^∞_{c,+}(R ), where R_ω(z) = (H_ω − z)^{−1}. Thus, if we set Ω_ε(n, X , E) = E (‖ ‖⟨X⟩^n2 R_ω(E + iε)X (H_ω)χ_0‖^2 ) , (40)

condition (38) in Theorem 3.6 is the same as

Ω ≡ lim inf ε→0^+ ε^{1+α} ∫ R Ω_ε(n, X , E) dE < ∞ . (41)

The proof of Theorem 3.6 requires that we obtain the finite volume condition (35) for the bootstrap multiscale analysis out of the infinite volume condition (41). The kernel polynomial decay estimate from [GK2] plays an important role in the proof, as well as the Wegner estimate. We refer to [GK3] for the details.

4. Transport transition in random polymer models

Following Jitomirskaya, Schulz-Baldes and Stolz [JSBS], we define a random polymer model by

H_ω = −Δ + V_ω on ℓ^2(Z) ,

(42)

where Δ is the centered discrete Laplacian and the random potential V_ω is defined as follows: Let v̂_± = (v̂_±(1), · · · , v̂_±(L_±)) be two finite sequences of real numbers, where L_± ∈ N . A discrete one dimensional random polymer is constructed by randomly juxtaposing blocks of sign + and sign −: let ω = {ω_i ; i ∈ Z} be a sequence of independent identically distributed random variables taking the value + with probability p ∈ (0, 1) and − with probability 1 − p; {V_ω(x); x ∈ Z} is the sequence of blocks (. . . , v̂_{ω0} , v̂_{ω1} , . . . ). Note that H_ω is a Z-ergodic self-adjoint random operator [JSBS].

The spectrum of a random polymer model is always pure point with exponentially decaying eigenfunctions, so there is no spectral transition. Moreover, they exhibit strong HS-dynamical localization on energy intervals not containing a discrete set of special energies. (See [DBG] for the random dimer model, for random polymer models these results can be proven by the methods of [DSS].) Nevertheless, random polymer models may exhibit a transport transition, as we shall see.

Random polymer models are similar to Bernoulli models (i.e., L_± = 1); they do not satisfy a Wegner estimate as stated in Section 2, only a subexponential Wegner estimate (i.e., with η ≤ e^{−Lβ} with 0 < β < 1 in (29), see [CKM, Theorem 4.1]) on appropriate intervals. The bootstrap multiscale analysis can still be performed with this subexponential Wegner estimate [GK3, Remark 3.13], and it gives pure point spectrum with exponentially decaying eigenfunctions, and strong HS-dynamical localization. But Theorem 3.6 (and hence Theorems 3.1 and 3.2) is not established for these models, since the proof relies on the polynomial decay estimates of [GK2], which can only beat polynomial bounds obtained by using the Wegner estimate (i.e., η = L^{−s}, s > 0 in (29)). Nevertheless, we can say a lot about the metal-insulator tranport transition for random polymer models.

Random polymer models may have critical energies, which we now define following [JSBS]. The transfer matrices associated to the blocks ± at the energy E ∈ R ae given by:

T^E_± = i=1∏ L_± T (v̂_±(i) − E) , where T (v) = ( v −1 1 0 ) . (43)

An energy E_c ∈ R is said to be critical for the random operator H_ω if the matrices T^{Ec}_± are either elliptic (i.e., | | |TrT^{Ec}_± | | | < 2) or equal to ±I, and they commute (i.e., [ T^{Ec}_+ , T^{Ec}_− ] = 0).

Critical energies may or may not exist. An example is given by the random dimer model: L_± = 2, v̂_±(i) = ±λ for i = 1, 2, with 0 < λ. De Bièvre and Germinet [DBG] proved:

(i): If 0 < λ ≤ 1 there are exactly two critical energies: ±λ. (ii): If 1 < λ there are no critical energies.

Dunlap, Philipps and Wu [DWP] found numerically an interesting phenomenon of delocalization for the random dimer model at the critical energies, due to the absence of reflection at these energies (and thus perfect transmission). Such a phenomenon has been contested by physicists (e.g., see [LGP]). De Bièvre and Germinet [DBG] showed that energies that are not critical cannot contribute to this delocalization, and strong dynamical localization holds outside the critical energies (if λ ≠^{1√}_2 , √ 2). Jitomirskaya, Schulz-Baldes and Stolz [JSBS] confirmed by a rigorous proof the numerical computations of [DWP].

The transport exponents for random polymer models are defined as in Section 2. Note that in the lattice χ_0 is simply the orthogonal projection on the vector δ_0, the element of ℓ^2(Z) taking the value 1 at site 0 and the value 0 everywhere else. Thus (1) may be rewritten as M_ω(n, X , t) = ‖ ‖ ‖⟨X⟩^{n2} e^{−itHω} X (Hω)δ0 ‖ ‖ ‖^2 .

(44)

Since the ramdom operator H_ω is bounded, uniformly in ω, we may remove the restriction of X having compact support; in particular we may calculate moments and exponents with X ≡ 1. It follows from [JSBS, Main Theorem], using Fatou’s

Lemma and Jensen’s inequality, that if H_ω has a critical energy E_c we have β(n, X ≡ 1) ≥ 1 − 1 n for all n ≥ 0 .

(45)

We can extend this result to local transport exponents, proving that critical energies lie in the metallic transport region, and hence the existence of the transport transition.

Theorem 4.1. Let H_ω be a random polymer Hamiltonian as in (42). If E_c is a critical energy, then β(n, E_c) ≥ 1 − 1 n for all n ≥ 0 .

(46)

In particular, β(E_c) = 1 and E_c ∈ Σ_{MT}.

The proof of Theorem 4.1 is given at the end of this section. Under an extra hypothesis on the transfer matrices T^{Ec}_± , the bound (45) can be improved to β(n, X ≡ 1) ≥ 1 −^1_{2n} [JSBS, Theorem 4]; such a derivation requires a large deviation estimate for products of transfer matrices. In this case the proof of Theorem 4.1 yields β(n, E_c) ≥ 1 −^1_{2n} .

We may summarize the results on a transport transition for random polymer models in the following theorem

Theorem 4.2. Let H_ω be a random polymer Hamiltonian as in (42). Then Σ\Σ_{SI} is a discrete set containing the critical energies (and hence Σ_{SI} ≠ ∅). Moreover, the set of critical energies is contained in Σ_{MT}, so if there are critical energies we have Σ_{MT} ≠ ∅ and there is a transport transition.

For the special case of the random dimer model, we may use the results of [DBG] to get more detailed information.

Theorem 4.3. Let Let H_ω be a random dimer Hamiltonian i.e., H_ω is as in (42) with L_± = 2, v̂_±(i) = ±λ for i = 1, 2, with 0 < λ. Then

(i): If 0 < λ ≤ 1, we have a transport transition and ±λ are transport mobility edges. Moreover,

Σ_{MT} = {−λ, λ} , Σ_{SI} = Σ\Σ_{MT} if λ ≠ 1 √ 2 , (47)

Σ_{MT} ⊃ { −^{1√}_2 ,^{1√}_2 } , Σ_{SI} ⊃ Σ\ { −^{3√}_2 , −^{1√}_2 ,^{1√}_2 ,^{3√}_2 } if λ = 1 √ 2 . (48)

(ii): If 1 < λ, λ ≠ √ 2, we do not have a transport transition:

Σ_{MT} = ∅ and Σ_{SI} = Σ .

(49)

(iii): If λ = √ 2 we have

Σ_{SI} ⊃ Σ\{0} .

(50)

Proof of Theorem 4.1. Let E_c be a critical energy, and consider open bounded intervals I, I^′, with E_c ∈ I ⊂ I^′, δ = dist(I, R \I^′ ) > 0, and X ∈ C^∞_{c,+}(R ) with X ≡ 1 on I^′.

As in [JSBS, Proposition 1], it is an immediate consequence of the definition of a critical energy that T^{Ec}_± can be represented as two rotations in some appropriate basis, and thus, there exists a constant C > 0 such that, for z ∈ C with |z − E_c| small enough, we have ‖ ∏_l i=k T^z_{ωi} ‖ ≤ C exp(C|z − E_c| |k − l|). Following [JSBS, Section 6, Proof of Theorem 1], or [DT, Section 2, Proof of Theorem 1.2], it implies that there exists a constant C > 0 such that, for all ω ∈ Ω, 2π T ∫ I ‖ ‖ ‖⟨X⟩^{n/2}Rω ( E + iT^{−1} ) δ_0 ‖ ‖ ‖^2 dE ≥ CT^{n−1} . (51)

We exploit this lower bound together with the kernel decay estimate of [GK2, Theorem 2] to get a lower bound on M_ω(n, X , t), which is defined as in (3) but without taking the expectation. Using Plancherel’s Theorem as in [GK3, Lemma 6.3], writing X = 1 − (1 − X ), and using the inequality (a − b)^2 ≥^1_2 a^2 − b^2, for a, b real, we get 1 T ∫_∞ 0 e^{−2t/T} M_ω(n, X , t) dt (52) = 2π T ∫ R ‖ ‖⟨X⟩n/2R_ω (E + iT_{−1})X (H_ω)δ_0 ‖ ‖^2 dE, (53) ≥ 1 2T ∫ I ‖ ‖⟨X⟩^{n/2}Rω ( E + iT^{−1} ) δ_0 ‖ ‖^2 dE

(54) − 1 T ∫ I ‖ ‖ ‖⟨X⟩^{n/2}Rω ( E + iT^{−1} ) (1 − X (H_ω)) δ_0 ‖ ‖ ‖^2 dE .

(55)

Proceeding as in [GK3, Eq. (6.34)], using [GK2, Theorem 2], we get

sup_{E∈I} sup_{T >0} ‖ ‖ ‖⟨X⟩^{n/2}Rω ( E + iT^{−1} ) (1 − X (H_ω)) δ_0 ‖ ‖ ‖^2 ≤ C(n, δ). (56)

where δ = dist(I, R \I^′ ) > 0, and the finite constant C(n, δ) does not depend on ω. Combining (51) and (56), we get that there exists a constant C^′ > 0, depending only on the constants of the polymer, I, I^′, and X , such that, for all ω ∈ Ω, 1 T ∫_∞ 0 e^{−2t/T} M_ω(n, X , t) dt ≥ C^′T^{n−1} (57)

for all T > 0. Taking the expectation, we obtain M(n, X , T ) ≥ C^′T^{n−1} (58)

for all T > 0. It follows that β(n, I) ≥ 1 −^1_n , and since I ∋ E_c is arbitrary, β(n, E_c) ≥ 1 −^1_n . The theorem follows.

References

[Ai] Aizenman, M.: Localization at weak disorder: some elementary bounds. Rev. Math.

Phys. 6, 1163-1182 (1994) [AM] Aizenman, M., Molchanov, S.: Localization at large disorder and extreme energies: an elementary derivation. Commun. Math. Phys. 157, 245-278 (1993) [ASFH] Aizenman, M., Schenker, J., Friedrich, R., Hundertmark, D.: Finite volume fractionalmoment criteria for Anderson localization. Commun. Math. Phys. 224, 219-253 (2001) [An] Anderson, P.: Absence of diffusion in certain random lattices. Phys. Rev. 109, 1492- 1505 (1958) [BGT] Barbaroux, J-M., Germinet, F., Tcheremchantsev, S. : Fractal dimensions and the phenomenon of intermittency in quantum dynamics. Duke Math. J. 110, 161-193 (2001) [CKM] Carmona, R., Klein, A., Martinelli, F.: Anderson localization for Bernoulli and other singular potentials. Commun. Math. Phys. 108, 41-66 (1987) [Co] Combes, J.M.: Connection between quantum dynamics and spectral properties of time evolution operators in Differential Equations and Applications in Mathematical Physics, Eds. W.F. Ames, E.M. Harrel, J.V. Herod, Academic Press, 59-69 (1993)

[CH1] Combes, J.M., Hislop, P.D.: Localization for some continuous, random Hamiltonian in d-dimension. J. Funct. Anal. 124, 149-180 (1994) [CH2] Combes, J.M., Hislop, P.D.: Landau Hamiltonians with random potentials: localization and the density of states. Commun. Math. Phys. 177, 603-629 (1996) [CHKN] Combes, J.M., Hislop, P.D., Klopp, F. Nakamura, S.: The Wegner estimate and the integrated density of states for some random operators. Preprint [CHM] Combes, J.M., Hislop, P.D., Mourre, E.: Spectral averaging, perturbation of singular spectra, and localization. Trans. Amer. Math. Soc. 348, 4883-4894 (1996) [CHN] Combes, J.M., Hislop, P.D., Nakamura, S.: The L^p-theory of the spectral shift function, the Wegner estimate and the integrated density of states for some random operators. Commun. Math. Phys. 218, 113-130 (2001) [CM] Combes, J.M., Mantica, G.: Fractal dimensions and quantum evolution associated with sparse potential Jacobi matrices. Long time behaviour of classical and quantum systems (Bologna, 1999), 107–123, Ser. Concr. Appl. Math., 1, World Sci. Publishing, River Edge, NJ, 2001 [CFKS] Cycon, H.L., Froese, R.G., Kirsch, W., Simon, B.: Schrödinger operators. Heidelberg:

Springer-Verlag, 1987 [DSS] Damanik, D., Sims, R., Stolz, G.: Localization for one dimensional, continuum, Bernoulli-Anderson models. Duke Math. J. To appear [DS] Damanik, D., Stollmann, P.: Multi-scale analysis implies strong dynamical localization.

Geom. Funct. Anal. 11, 11-29 (2001) [DT] Damanik, D., Tcheremchantsev, T.: Power-law bounds on transfer matrices and quantum dynamics in one dimension. Preprint.

[DBF] De Bièvre, S., Forni, G.: Transport properties of kicked and quasiperiodic Hamiltonians.

J. Statist. Phys. 90, 1201-1223 (1998) [DBG] De Bièvre, S., Germinet, F.: Dynamical localization for random dimer Schrödinger operator. J. Stat. Phys. 98, 1135-1147 (2000) [DRJLS] Del Rio, R., Jitomirskaya, S., Last, Y., Simon, B.: Operators with singular continuous spectrum IV: Hausdorff dimensions, rank one pertubations and localization. J. d’Analyse Math. 69, 153-200 (1996) [DoSh1] Dobrushin, R., Shlosman, S.: Completely analytical Gibbs fields. Prog in Phys. 10, 347-370 (1985) [DoSh2] Dobrushin, R., Shlosman, S.: Completely analytical interactions. J. Stat. Phys. 46, 983-1014 (1987) [vDK] von Dreifus, H., Klein, A.: A new proof of localization in the Anderson tight binding model. Commun. Math. Phys. 124, 285-299 (1989) [DWP] Dunlap, D.H., Wu, H.-L., Phillips, P.W.: Absence of localization in random-dimer model. Phys. Rev. Lett. 65, 88-91 (1990) [FK1] Figotin, A., Klein, A.: Localization of classical waves I: Acoustic waves. Commun.

Math. Phys. 180, 439-482 (1996) [FK2] Figotin, A., Klein, A.: Localization of classical waves II: Electromagnetic waves. Commun. Math. Phys. 184, 411-441 (1997) [FLM] Fischer, W., Leschke, H., Müller, P.: Spectral localization by Gaussian random potentials in multi-dimensional continuous space. J. Statist. Phys. 101 935–985 (2000) [FMSS] Fröhlich, J., Martinelli, F., Scoppola, E., Spencer, T.: Constructive proof of localization in the Anderson tight binding model. Commun. Math. Phys. 101, 21-46 (1985) [FS] Fröhlich, J., Spencer, T.: Absence of diffusion with Anderson tight binding model for large disorder or low energy. Commun. Math. Phys. 88, 151-184 (1983) [GDB] Germinet, F., De Bièvre, S.: Dynamical localization for discrete and continuous random Schrödinger operators. Commun. Math. Phys. 194, 323-341 (1998) [GKT] Germinet, F., Kiselev, A., Tcheremchantsev, S.: Transfer matrices and transport for 1D Schrödinger operator with singular spectrum. In preparation [GK1] Germinet, F., Klein, A.: Bootstrap Multiscale Analysis and Localization in random media. Commun. Math. Phys. 222, 415-448 (2001) [GK2] Germinet, F, Klein, A.: Decay of operator-valued kernels of functions of generalized Schrödinger and other operators. Proc. Amer. Math. Soc. In press [GK3] Germinet, F., Klein, A.: A characterization of the Anderson metal-insulator transport transition. Preprint

[GK4] Germinet, F., Klein, A.: Explicit finite volume criteria for localization in random media and applications. Preprint [GMP] Gol’dsheid, Ya., Molchanov, S., Pastur, L.: Pure point spectrum of stochastic one dimensional Schrödinger operators. Funct. Anal. Appl. 11, 1-10 (1977) [Gu] Guarneri, I., Spectral properties of quantum diffusion on discrete lattices, Europhys.

Lett. 10 (1989), 95-100; On an estimate concerning quantum diffusion in the presence of a fractal spectrum, Europhys. Lett. 21, 729-733 (1993).

[HK] Hislop, P.D., Klopp, F.: The integrated density of states for some random operators with nonsign definite potentials. Preprint [HM] Holden, H., Martinelli, F.: On absence of diffusion near the bottom of the spectrum for a random Schrödinger operator. Commun. Math. Phys. 93, 197-217 (1984) [JSBS] Jitomirskaya, S., Schulz-Baldes, H., Stolz, G.: Delocalization in random polymer models. Preprint [JiL] Jitomirskaya, S., Last, Y.: Anderson localization for the almost Mathieu equation, III.

Semi-uniform localization, continuity of gaps, and measure of the spectrum. Commun. Math. Phys. 195, 1-14 (1998) [Ki] Kirsch, W.: Wegner estimates and Anderson localization for alloy-type potentials.

Math. Z. 221, 507–512 (1996) [KM] Kirsch, W., Martinelli, F. : On the ergodic properties of the spectrum of general random operators. J. Reine Angew. Math. 334, 141-156 (1982) [KSS] Kirsch, W., Stolz, G., Stollmann, P.: Localization for random perturbations of periodic Schrödinger operators. Random Oper. Stochastic Equations 6, 241-268 (1998) [Kle1] Klein, A.: Extended states in the Anderson model on the Bethe lattice. Adv. Math.

133, 163–184 (1998) [Kle2] Klein, A.: Spreading of wave packets in the Anderson model on the Bethe lattice.

Commun. Math. Phys. 177, 755–773 (1996) [Kle3] Klein, A.: Localization of light in randomized periodic media. In Diffuse Waves in Complex Media, J.-P. Fouque, ed., pp. 73-92, Kluwer, The Netherlands, 1999 [KK1] Klein, A., Koines, A.: A general framework for localization of classical waves: I. Inhomogeneous media and defect eigenmodes. Math. Phys. Anal. Geom. 4, 97-130 (2001) [KK2] Klein, A., Koines, A.: A general framework for localization of classical waves: II.

Random media. In preparation.

[Klo1] Klopp, F.: Localization for semiclassical continuous random Schrödinger operators. II.

The random displacement model. Helv. Phys. Acta 66, 810–841 (1993) [Klo2] Klopp, F.: Localization for continuous random Schrödinger operators. Commun. Math.

Phys. 167, 553-569 (1995) [Klo3] Klopp, F.:Weak disorder localization and Lifshitz tails. Preprint [Klo4] Klopp, F.: Weak disorder localization and Lifshitz tails: continuous Hamiltonians.

Preprint [KS] Kunz, H., Souillard, B.: Sur le spectre des operateurs aux differences finies aleatoires.

Commun. Math. Phys. 78, 201-246 (1980) [La] Last, Y: Quantum dynamics and decompositions of singular continuous spectra. J.

Funct. Anal. 142, 406-445 (1996) [LGP] Lifshits, I.M., Gredeskul, A.G., Pastur, L.A.: Introduction to the Theory of Disordered Systems, Wiley-Interscience, New York, 1988.

[MS] Martinelli, F., Scoppola, E.: Introduction to the mathematical theory of Anderson localization. Riv. Nuovo Cimento 10, 1-90 (1987) [St] Stollmann. P.: Wegner estimates and localization for continuum Anderson models with some singular distributions. Arch. Math. (Basel) 75, 307-311 (2000) [U] Ueki, N.: Wegner estimates and localization for Gaussian random potentials. Preprint [Wa1] Wang, W.-M.: Microlocalization, percolation, and Anderson localization for the magnetic Schrödinger operator with a random potential. J. Funct. Anal. 146, 1-26 (1997) [Wa2] Wang, W.-M.: Localization and universality of Poisson statistics for the multidimensional Anderson model at weak disorder. Invent. Math. 146, 365-398 (2001) [Weg] Wegner, F.: Bounds on the density of states in disordered systems. Z. Phys. B 44, 9-15 (1981)

Université de Lille 1, UMR 8524 CNRS, UFR de Mathématiques, F-59655 Villeneuve d’Ascq Cédex, France E-mail address: germinet@agat.univ-lille1.fr

University of California, Irvine, Department of Mathematics, Irvine, CA 92697- 3875, USA

E-mail address: aklein@uci.edu