THE CLASSICAL KAM THEORY AT THE DAWN OF THE TWENTY-FIRST CENTURY

MIKHAIL B. SEVRYUK

To V. I. Arnol^′d on the occasion of his 65th birthday

Abstract. We survey several recent achievements in the KAM theory. The achievements chosen pertain to Hamiltonian systems only and are closely connected with the content of Kolmogorov’s original theorem of 1954. They include the weak nondegeneracy conditions, Gevrey smoothness of families of perturbed invariant tori, the “exponential condensation” of perturbed tori, destruction mechanisms of the resonant unperturbed tori, the excitation of the elliptic normal modes of the unperturbed tori, and “atropic” invariant tori (i.e., tori that are neither isotropic nor coisotropic). The exposition is informal and nontechnical, and, as a rule, the methods of proofs are not discussed.

2000 Math. Subj. Class. Primary 37J40; Secondary 26E10, 58A10, 70H08.

Key words and phrases. KAM theory, Hamiltonian systems, invariant tori, quasiperiodic motions.

1. Introduction

The descriptive term “KAM theory” was first used in works [61, 152] for the theory of quasi-periodic motions in smooth and analytic dynamical systems founded by A. N. Kolmogorov [67], V. I. Arnol^′d [3, 4], and J. Moser [89]. The contribution of each of the three authors is vividly reviewed in [8, 9]. During almost fifty years that have elapsed since Kolmogorov’s breakthrough four-paged note [67] appeared, the KAM theory has turned a vast collection of ideas, methods, and results pertaining to quasi-periodic motions and therefore to “small divisors” in dynamical systems. It is often regarded as one of the most important attainments in the qualitative theory of ordinary differential equations over the whole second half of the twentieth century [134]. For instance, according to the KAM theory, a typical (in the sense to be made precise) Hamiltonian or reversible system admits many invariant tori of various dimensions which are organised into rather regular (although Cantor-type) multi-parameter families. This implies, in particular, that the thesis “A generic Hamiltonian system is ergodic on (almost) every compact and connected energy level hypersurface” widespread formerly is incorrect [3, 4, 6, 10, 18, 84, 92, 111, 149, 150, 152]. During the last decade and a half, a deep and versatile progress in the KAM theory has taken place, two most significant achievements being perhaps the KAM theory for infinite dimensional systems (see [73, 74, 110] and references therein) and the so called “direct methods” in proving the existence and persistence theorems for quasi-periodic motions (see [34–36, 44, 47, 48] and references therein).

The present survey, however, touches upon none of these impressive discoveries. Either it does not consider the two theories “accompanying” the KAM theory, namely, the Nekhoroshev theory [10, 11, 49, 82, 95–97] and the theory of Arnol^′d’s diffusion [5, 10, 33, 37, 78, 82, 83, 152]. Instead, our goal is to describe the most substantial results in the KAM theory of the last decade and a half that are closely connected with the content of Kolmogorov’s theorem [67] of 1954, i.e., with perturbations of completely integrable finite dimensional Hamiltonian systems. In fact, the studies of quasi-periodic motions in Hamiltonian systems constitute the main part of the KAM theory although there are also well developed theories of quasi-periodic motions in reversible (see [20–22, 60, 80, 109, 112, 119– 122, 126, 127, 144] and references therein), volume-preserving (see [19, 21, 22, 60, 129] and references therein), and dissipative [19, 21, 22, 60] systems.

The exposition is as non-technical and informal as possible, in particular, we are trying to avoid precise formulations of the statements (which are usually quite long in the KAM theory) and even precise definitions and, as a rule, confine ourselves with references to the original papers. The reader is not assumed to possess any prior knowledge of the theory. Apart from this Introduction, the paper consists of six sections, each being devoted to one of the results we are discussing or a group of close results (a “topic”).

Although the literature devoted to the KAM theory is now enormous, there are not so many monographs or expository works. One may mention relatively recent books [22, 78] and memoir [19] which treat some problems of the finite dimensional part of the theory very minutely. For the first acquaintance with the subject, manual [7], book [132], survey [18], and very recent tutorials [81, 111] are highly recommended. A detailed survey of the Hamiltonian finite dimensional KAM theory including the latest results is presented in [10] (the first Russian edition of this book of 1985 and the English editions of 1988, 1993, and 1997 are much briefer). Reviews of various special aspects of the KAM theory [21, 31, 92, 125, 127] appeared recently. Works [10, 22, 81] contain an extensive bibliography.

All the Hamiltonian systems in the sequel will be assumed to be autonomous.

2. The first topic: weak nondegeneracy

Recall the set-up of original Kolmogorov’s theorem [67] of 1954. Consider a Hamiltonian system with n ≥ 2 degrees of freedom and the Hamilton function of the form

H(I, φ) = H_0(I) + H_1(I, φ), |H_1| ≪ 1 (1)

where the “action” variable I = (I_1, . . . , I_n) ranges over a bounded and connected open domain D ⊂ R^n while the “angle” variable φ = (φ_1, . . . , φ_n) ranges over the standard n-torus T^n = (R/2πZ)^n. The symplectic structure is assumed to be dI ∧ dφ = dI_1 ∧ dφ_1 + · · ·+dI_n ∧dφ_n. The dynamics of the unperturbed system governed by the Hamilton function H_0 is very simple: the whole phase space D × T^n is smoothly foliated into invariant n-tori {I = const}, and the motion on each torus {I = I^∗} is determined by the equation

φ̇ = ω(I^∗) := ∂H_0(I^∗)/∂I.

One says that the system with the Hamilton function H_0 (which is a function of I only) is completely integrable. We will suppose that ω(I) ≠ 0 in D.

In the sequel, the following standard terms will be used. An invariant n-torus T of a given flow is said to carry conditionally periodic motions if in some coordinates ϕ ∈ T^n on this torus, the induced dynamics is afforded by the equation ϕ̇ = const = ϖ. For instance, each invariant torus {I = const} of a completely integrable Hamiltonian system carries conditionally periodic motions. The quantity ϖ ∈ R^n [defined uniquely up to an action of GL(n, Z)] is called the frequency vector, and its components ϖ_1, . . . , ϖ_n are called the frequencies. If these frequencies are incommensurable (i.e., rationally independent), the torus T in question is said to carry quasi-periodic motions.

How does a small φ-dependent perturbation H_1 affect the completely integrable dynamics? H. Poincaré called this question the main problem of dynamics [104]. It did not yield to the mathematicians’ efforts until Kolmogorov’s landmark note [67]. To put Kolmogorov’s result into a context suitable for the further discussion, introduce the following fundamental definition [122].

Definition. A function H_0 is said to be KAM-stable if it possesses the following two properties:

1) for any sufficiently small perturbation H_1, the corresponding perturbed system governed by (1) admits many invariant n-tori close to the unperturbed tori {I = const}, and these tori carry quasi-periodic motions;

2) the Lebesgue measure of the complement to the union W of the perturbed tori vanishes as the perturbation magnitude tends to zero.

As far as the author knows, the term “KAM-stable” was first used by S. B. Kuksin [72] in 1992 [in a more general context of unperturbed Hamiltonian systems of the form (18) (see Section 6 below)].

Kolmogorov’s famous theorem [67] of 1954 asserts essentially that in the analytic category (i.e., if both H_0 and H_1 are analytic and the smallness of H_1 is understood in the real analytic topology), the following condition is sufficient for the KAM-stability of H_0: det ∂^2H_0 ∂I^2 = det ∂ω ∂I ≠ 0 everywhere in D. (2)

This condition called the Kolmogorov nondegeneracy means that the unperturbed frequency map I → ω(I) is a local diffeomorphism of D. Another condition on H_0 guaranteeing KAM-stability is the so called isoenergetic nondegeneracy [3, 4]: det ( ∂^2H_0/∂I^2 ∂H_0/∂I ∂H_0/∂I 0 ) = det ( ∂ω/∂I ω ω 0 ) ≠ 0 everywhere in D. (3)

This condition means that the map

I → (ω_1(I) : ω_2(I) : . . . : ω_n(I)) ∈ RP^{n−1}

is a local diffeomorphism of each unperturbed energy level hypersurface {H_0(I) = const} in D. For isoenergetically nondegenerate H_0, perturbed systems with the Hamilton functions (1) admit many invariant tori on each energy level hypersurface {H(I, φ) = const} in D × T^n [3, 4]. The two conditions (2) and (3) are independent, i.e., there are Kolmogorov nondegenerate functions H_0 for which the determinant (3) (called sometimes the Arnol^′d determinant [22, 82]) is identically zero, and there are isoenergetically nondegenerate functions H_0 for which the determinant (2) (the Hessian of H_0) is identically zero. Explicit examples for any n are presented in, e.g., [22, 132]. Both the Kolmogorov and isoenergetic nondegeneracy conditions can be interpreted in terms of the Lie algebras of the symmetries of the unperturbed system [14–16].

The analyticity requirement in Kolmogorov’s theorem can be relaxed greatly, namely, it can be replaced by C^r-smoothness of H for r < ∞ sufficiently large [89, 91, 93, 108, 109, 117]. The best result here known by now is that any r greater than 2n is enough [91, 108]. To be more precise, J. Moser [91] and J. Pöschel [108] proved the KAM-stability of H_0 (under the Kolmogorov nondegeneracy condition) for analytic H_0 and C^r-smooth H_1 for any r > 2n, while D. Salamon [117] showed that one can allow H_0 to be C^r-smooth as well. Note that r here is not necessarily an integer, and C^r-smoothness is to be understood here and henceforth in the Hölder sense for non-integer r.

What is much more important for us is that the nondegeneracy condition (2) in Kolmogorov’s theorem can be relaxed greatly as well. The ultimate result here (essentially due to H. Rüssmann [115, 116]) is as follows:

Theorem 1. For analytic H_0, the following condition is necessary and sufficient for KAMstability: the image ω(D) ⊂ R^n of the unperturbed frequency map ω : D → R^n does not lie in any hyperplane passing through the origin.

This condition called the Rüssmann nondegeneracy is very weak: for example, the image ω(D) of an unperturbed frequency map ω nondegenerate in the sense of Rüssmann can be a smooth submanifold of R^n of any prescribed dimension s from 1 to n.

Example. For n = s one may choose H_0 to be an arbitrary Kolmogorov nondegenerate function (e.g., a nondegenerate quadratic form of I). For 1 ≤ s ≤ n − 1, denote by u = u(I_2, . . . , I_{n−s+1}) the solution of the equation n−s+1∑

i=2 (i − 1)u^{i−2}I_i = u

that is defined and analytic in I_2, . . . , I_{n−s+1} near the point I_2 = · · · = I_{n−s+1} = 0 and vanishes at that point. The local existence and uniqueness of such a solution are ensured by the Implicit Function Theorem. One has u(I_2, 0, . . . , 0) ≡ I_2. Consider the Hamilton function H_0(I) = I_1 + ∫_{I2} 0 u(x, I_3, . . . , I_{n−s+1}) dx +^1_2 n∑ i=n−s+2 I^2_i (4)

(domain D here is a neighbourhood of the origin). Since ∂u ∂I_i = (i − 1)u^{i−2} 1 − ∑_{n−s+1} j=3 (j − 1)(j − 2)u^{j−3}I_j = (i − 1)u^{i−2} ∂u ∂I_2 = ∂(u^{i−1}) ∂I_2 for each 2 ≤ i ≤ n − s + 1 and u = 0 for I_2 = 0, one sees that

ω_i(I) =

∂H_0(I) ∂I_i = [ (u(I_2, . . . , I_{n−s+1}))^{i−1} for 1 ≤ i ≤ n − s + 1 I_i for n − s + 2 ≤ i ≤ n. (5)

Thus, the Hamilton function (4) is Rüssmann nondegenerate and the image of its frequency map is of dimension s.

This example (for the particular case of s = 1, n = 3) was first presented in [25]. The case of s = 1 and arbitrary n was considered in [123]. A similar example (for any s and n) is contained in [22, 122].

As far as the sufficiency of the Rüssmann nondegeneracy condition is concerned, analyticity of H_0 cannot be relaxed to C^∞-smoothness (see below). For the necessity of the Rüssmann nondegeneracy condition, on the other hand, analyticity is not important at all. If the unperturbed Hamilton function H_0 (of any smoothness class) does not meet the Rüssmann condition then there are arbitrarily small perturbations H_1 (of the same smoothness class) that remove all the invariant n-tori of the unperturbed system [22, 122]. The corresponding perturbed systems admit no invariant n-tori (not just no invariant tori carrying quasi-periodic motions but no invariant tori at all).

Example [22, 122]. Let ⟨υ, ω(I)⟩ ≡ 0 for some vector υ ∈ R^n \ {0} (here and henceforth, ⟨·, ·⟩ denotes the standard inner product in R^N ). One can choose a matrix A ∈ GL(n, R) arbitrarily close to the identity n × n matrix in such a way that the vector Aυ will be proportional to an integer vector k ∈ Z^n \ {0}. Now set

H_1(I, φ) = H_0(A^{−1}I) − H_0(I) + ϵ cos⟨k, φ⟩ (6)

with ϵ ∈ R \ {0} arbitrarily small. Of course, this function H_1 is defined in (D ∩ AD) × T^n rather than in D × T^n , but this is of no importance if one uses the precise definition of KAM-stability [122] we would not like to dwell upon here (this definition takes care of the behaviour of the systems near the boundary of D). Denote ∂H_0(A^{−1}I)/∂I by ~ω(I), then ⟨Aυ, ~ω(I)⟩ = ⟨υ, ω(A^{−1}I)⟩ whence ⟨k, ~ω(I)⟩ ≡ 0. The Hamilton function H = H_0 + H_1 determines the equations of motion İ = ϵk sin⟨k, φ⟩, φ̇ = ~ω(I). (7) One has d⟨k, φ⟩/dt = ⟨k, ~ω(I)⟩ ≡ 0. Consequently, İ is an integral of motion, and if sin⟨k, φ(0)⟩ = c ≠ 0 then I(t) = I(0) + ϵctk. Thus, system (7) has no compact invariant manifolds containing points (I, φ) with sin⟨k, φ⟩ ≠ 0. On the other hand, function H_1 (6) can be made arbitrarily small: of course, the length of vector k, generally speaking, tends to infinity as Aυ tends to υ but we can paralyse this by a suitable choice of ϵ.

Although this argument is very simple, the necessity of the Rüssmann nondegeneracy for KAM-stability was first observed, as far as the author knows, no earlier than in 1995 [122].

Thus, for analytic functions H_0, one has the following alternative. If the image of the gradient map ω = ∂H_0/∂I does not lie in any hyperplane passing through the origin of the frequency space, then any Hamiltonian system sufficiently close to the completely integrable system with Hamilton function H_0 admits many invariant n-tori carrying quasiperiodic motions. In fact, perturbations here are allowed to be no smoother than C^r (with r large enough). On the other hand, if the image of ω lies in a hyperplane of R^n passing through the origin, then there are analytic Hamiltonian systems arbitrarily close to the completely integrable system with Hamilton function H_0 that possess no invariant n-tori at all.

For highly degenerate functions H_0, one can achieve even more. Suppose that H_0 is linear: H_0(I) = ϖ_1I_1 + ϖ_2I_2 + · · ·+ ϖ_nI_n, so that ω(I) = (ϖ_1, ϖ_2, . . . , ϖ_n) = const. A. B. Katok [65, 66] showed in 1969–73 for certain domains D that for linear H_0 with positive ϖ_i the following holds. For any r < ∞ there exist C^∞-perturbations H_1 arbitrarily small in the C^r-topology and such that the Hamiltonian system with the Hamilton function H (1) is ergodic on each energy level hypersurface (after an appropriate compactification of the phase space).

A minor modification of example (6)–(7) enables one to explain why analyticity of H_0 is essential for the sufficiency of the Rüssmann nondegeneracy condition. Let D_1 ⊂ D be an open subset of D such that the interior of D \ D_1 is not empty. It is very easy to construct a Rüssmann nondegenerate C^∞-function H_0 : D → R whose restriction to D_1 is degenerate in the sense of Rüssmann. Such a function will not be KAM-stable.

The history of the proof of the “hard” part of Theorem 1 (that Rüssmann nondegenerate analytic functions H_0 are KAM-stable) is rather dramatic, this statement was proven independently five times during a decade. The first proof was given by H. Rüssmann himself in the mid eighties, presented by him in a number of talks (e.g., in the well-known talk “On twist-Hamiltonians” at the Colloque international: Mécanique céleste et systèmes hamiltoniens in Marseille in 1990) and announced in [115]. A detailed written account of the proof, however, appeared no earlier than in a 1998 Johannes Gutenberg- Universität preprint (Mainz) which was published in 2001 [116]. In fact, memoir [116] (as well as notes [115]) treats not only the context of Kolmogorov’s theorem but also the more general context of unperturbed Hamiltonian systems of the form (18) (see Section 6 below). Another proof was found by M. R. Herman and presented in his talk at an international conference on dynamical systems in Lyons in 1990 but (as far as the author knows) has remained unpublished. The first published proof appeared in 1994 in a paper by Ch.-Q. Cheng and Y.-S. Sun [27]. Other sources are a 1994 ETH-Zürich preprint by J. Xu, J. You, and Q. Qiu (some extract from this preprint without a proof was published in 1997 [147]) and M. B. Sevryuk’s papers [122, 123] of 1995–96 (see also [128]). The proofs by Herman and Sevryuk are similar and differ drastically from other proofs (see surveys [21, 22]).

Interesting topological conditions (in terms of the so called topological Conley index) for the presence of invariant n-tori in nearly integrable Hamiltonian systems with n degrees of freedom were found by P. I. Plotnikov [103]. His results imply, in particular, the existence of invariant tori under rather weak nondegeneracy conditions on H_0 (close to the Rüssmann nondegeneracy).

Let F : H_0(D) → R be a smooth function whose derivative vanishes nowhere in the interval H_0(D). The Hamiltonian flows governed by the Hamilton functions H (1) and F (H) coincide up to a reparametrisation. The problems of looking for invariant tori in these two Hamiltonian systems are therefore equivalent. It is sometimes useful to consider the unperturbed Hamilton function F ∘H_0 with suitable F instead of H_0. If ∂H_0(I)/∂I = ω(I) then ∂F (H_0(I))/∂I = F^′(H_0(I))ω(I). Consequently, F ∘H_0 is isoenergetically (Rüssmann) nondegenerate if and only if H_0 is isoenergetically (respectively Rüssmann) nondegenerate. On the other hand, F ∘ H_0 can be Kolmogorov nondegenerate for Kolmogorov degenerate H_0. For instance, set

H_0(I) = I_1 +^1_2 n∑ i=2 I^2_i , F (H) = e^H . (8)

Then the Hessian of H_0 is identically zero whereas the Hessian of F ∘ H_0 is equal to e^{nH0(I)}. Note that H_0 in (8) is isoenergetically nondegenerate and coincides with the function (4) for s = n − 1. However, there are Rüssmann nondegenerate completely integrable Hamilton functions that cannot be reduced to Kolmogorov nondegenerate ones by this trick. For example, consider the function H_0 (4) for n ≥ 3 and any 1 ≤ s ≤ n − 2. This function is nondegenerate in the sense of Rüssmann and the image of its frequency map (5) is a smooth submanifold of the frequency space of codimension n − s ≥ 2. Both the determinants (2) and (3) for this H_0 are identically zero. The dimension of the image of the frequency map of F ∘ H_0 is no greater than s + 1 for every F . Consequently, the Hessian of F ∘ H_0 is still identically zero for any choice of F .

By the way, consider a Hamilton function of the form H_0(I) = F (ϖ_1I_1 + ϖ_2I_2 + · · · + ϖ_nI_n). For such a function, Katok’s constructions [65, 66] mentioned above are still applied while its frequency map ω is, generally speaking, no longer a constant (although it is a constant on each unperturbed energy level hypersurface {H_0(I) = const}).

Although the Rüssmann nondegeneracy condition implies KAM-stability for analytic unperturbed Hamilton functions only, it admits smooth analogues. Namely, the following condition guarantees the KAM-stability of a C^∞-function H_0 [122, 123]: for every I ∈ D, there is a positive integer N = N(I) such that the collection of the (n + N)!/(n!N!) partial derivatives ∂^{|α|}ω(I) ∂I^α , α ∈ Z^n_+, 0 ≤ |α| ≤ N, (9) span R^n [i.e., the linear hull of the vectors (9) coincides with R^n ]. Here Z_+ denotes the set of non-negative integers and |α| := α_1 + · · · + α_n.

For analytic maps ω, this condition is equivalent to the Rüssmann nondegeneracy (and is therefore also necessary for KAM-stability). But for C^∞-maps ω, this condition is much stronger than the Rüssmann nondegeneracy. Note that the Kolmogorov nondegeneracy condition (2) is tantamount to that for every I ∈ D, the collection of the n partial derivatives ∂^{|α|}ω(I)/∂I^α with |α| = 1 span R^n . The isoenergetic nondegeneracy condition (3) implies that for every I ∈ D, the collection of the n + 1 partial derivatives ∂^{|α|}ω(I)/∂I^α with 0 ≤ |α| ≤ 1 span R^n .

For any number r < ∞ large enough, there is an integer F = F(r) ≤ ⌊r⌋ − 1 such that the following condition guarantees the KAM-stability of a C^r-function H_0 [122, 123]: for every I ∈ D, the collection of the partial derivatives (9) with N = F span R^n . Here ⌊r⌋ denotes the integer part of r, and F(r) → ∞ monotonously as r → ∞.

The “optimal” (simultaneously sufficient and necessary) conditions of KAM-stability in the C^r-categories (r ≤ ∞) are not known yet.

There are two main differences in the behaviour of Hamiltonian systems close to Kolmogorov (or isoenergetically) nondegenerate completely integrable ones and the behaviour of those close to general Rüssmann nondegenerate completely integrable ones. The first difference pertains to the measure of the resonant set, i.e., the complement to the union W of the perturbed tori. Suppose that the perturbation H_1 in (1) has the form H_1(I, φ) = εh(I, φ, ε) (10) where ε ≥ 0 is a small parameter. If the unperturbed part H_0 of the Hamilton function (1) is Kolmogorov or isoenergetically nondegenerate, then the measure of the resonant set is at most of the order of ε^{1/2} in any smoothness category [94, 109]. However, for general Rüssmann nondegenerate functions H_0, the measure of the resonant set can be larger. If for some positive integer N the collection of partial derivatives (9) span R^n for every I ∈ D, then the measure of the resonant set is at most of the order of ε^{1/(2N)} [122].

The second difference concerns the set of the perturbed frequency vectors. For Kolmogorov nondegenerate Hamilton functions H_0, the set of the frequency vectors of the perturbed tori is essentially the same for all the sufficiently small perturbations H_1 and is known “beforehand”. For isoenergetically nondegenerate Hamilton functions H_0, the same is true for the set of the ratios of the frequencies of the perturbed tori on each energy level hypersurface. The point is that the frequencies of the perturbed tori in the KAM theory are not just incommensurable but strongly incommensurable (Diophantine), and families constituted by these tori are therefore Cantor-type.

Definition. Let τ > 0 and γ > 0. A vector ϖ ∈ R^n is said to be (τ, γ)-Diophantine if for each k ∈ Z^n \ {0} the inequality |⟨k, ϖ⟩| ≥ γ|k|^{−τ} (11) holds, where |k| := |k_1| + · · · + |k_n|.

For any fixed τ > n − 1 and for any bounded open domain D ⊂ R^n , the relative measure of the set of (τ, γ)-Diophantine vectors ϖ ∈ D tends to 1 as γ → 0 [135]. For some generalisations of the arithmetical condition (11) on the frequencies of quasi-periodic motions see, e.g., [115, 116].

Before formulating the second difference between Kolmogorov/isoenergetic nondegeneracy and Rüssmann nondegeneracy, remark that for φ-independent terms H_1 in (1), the perturbed system is still completely integrable and its invariant n-tori {I = const} coincide with the unperturbed n-tori (but have different frequencies). In fact, “generic” nearly integrable Hamiltonian systems are not integrable (see [10, 68, 84, 104] and references therein).

The second difference consists in the following. Let the unperturbed Hamilton function H_0 be Kolmogorov nondegenerate. Then, for any fixed τ > 0 and γ > 0, the perturbed system with Hamilton function (1) possesses invariant n-tori with all the (τ, γ)-Diophantine frequency vectors ϖ ∈ ω(D) not very close to the boundary ∂ω(D), provided that the perturbation H_1 is sufficiently small [3, 4, 67, 94, 109, 117] (the “sufficient smallness” of H_1 depends on τ and γ). This is true in any smoothness category. For isoenergetically nondegenerate unperturbed Hamilton functions H_0, an analogous statement holds for the ratios (ϖ_1 : ϖ_2 : . . . : ϖ_n) ∈ RP^{n−1} of the components of (τ, γ)-Diophantine frequency vectors ϖ ∈ ω(D) on each energy level hypersurface. On the other hand, one can choose a Rüssmann nondegenerate analytic function H_0 possessing the following two properties:

1) there are arbitrarily small analytic φ-independent perturbations H_1 for which the set of the ratios of the unperturbed frequencies and the set of the ratios of the perturbed ones are disjoint;

2) for each ϖ ∈ R^n \{0}, there is an arbitrarily small analytic φ-independent perturbation H_1 for which the perturbed system has no invariant n-torus with frequency ratio (ϖ_1 : ϖ_2 : . . . : ϖ_n).

Example. Let n ≥ 3 and consider function (4) for any 1 ≤ s ≤ n − 2. For this function, ω_1(I) ≡ 1, ω_2(I) = u, and ω_3(I) = u^2 with u = u(I_2, . . . , I_{n−s+1}) [see (5)]. Consequently, for H_1(I, φ) = εI_3, the ratio of the first three frequencies of any n-torus {I = const} is (1 : u : u^2 + ε). For any ε ≠ 0, the set of the unperturbed frequency ratios and that of the perturbed frequency ratios will be disjoint. Let now (ϖ_1 : ϖ_2 : . . . : ϖ_n) be an arbitrary point in RP^{n−1} . If ϖ_1 = 0, then the set of the perturbed frequency ratios does not contain this point for any ε. If ϖ_1 ≠ 0, then the set of the perturbed frequency ratios does not contain this point for any ε ≠ ϖ_3ϖ^{−1}_1 − ϖ^2ϖ^{−2}_1 .

Actually, in this example, the sets of the perturbed frequency ratios corresponding to ε = ε_1 and to ε = ε_2 are disjoint whenener ε_1 ≠ ε_2 (cf. [25]).

Thus, for a Rüssmann nondegenerate completely integrable Hamiltonian system, one may assert, generally speaking, just that for any sufficiently small Hamiltonian perturbation of this system, the perturbed system admits many invariant tori close to the unperturbed ones. The set of the frequency vectors of these perturbed tori and even the set of the ratios of the perturbed frequencies depend on the perturbation and cannot be predicted “beforehand”. One should not say that the unperturbed tori “survive” the perturbation or “persist”.

It would be interesting to apply the KAM theory with weak nondegeneracy conditions to the problems of planetary motions in celestial mechanics connected with the so called “wild resonance” discovered by M. R. Herman in 1997 (see [1, 10]).

The science surveyed in this section is straightforwardly carried over to Hamiltonian systems with discrete time, i.e., exact symplectic diffeomorphisms, as explained in [22, 122, 126] (of other works devoted—at least in part—to the discrete time Hamiltonian KAM theory, one may mention [6, 75–78, 89, 93, 131, 132, 137]). The analogue of the Rüssmann nondegeneracy condition for completely integrable exact symplectic diffeomorphisms (I, φ) → (I, φ + ω(I)), ω(I) = ∂H_0(I)/∂I is as follows: the image of the unperturbed frequency map ω does not lie in any affine hyperplane of the frequency space (in other words, the hyperplanes that do not pass through the origin are forbidden as well). For analytic maps ω, this condition is necessary and sufficient for KAM-stability [122]. In the discrete time case, one should consider collections of partial derivatives ∂^{|α|}ω(I)/∂I^α [cf. (9)] with 1 ≤ |α| ≤ N instead of 0 ≤ |α| ≤ N. The definition of (τ, γ)-Diophantine vectors ϖ ∈ R^n in the discrete time case involves inequalities |⟨k, ϖ⟩ − 2πk_0| ≥ γ|k|^{−τ} for any k_0 ∈ Z, k = (k_1, . . . , k_n) ∈ Z^n \ {0} instead of (11), and the set of such vectors is of full measure for any fixed τ > n [135].

For some local versions of the theorems and examples reviewed above, see [65, 66, 126] and references therein.

Theorem 1 is carried over mutatis mutandis to reversible [21, 22, 121, 122], volumepreserving [21, 22], and dissipative [21, 22] systems.

3. The second topic: Gevrey smoothness

For this topic, we will need two important concepts: Gevrey smoothness and Whitney smoothness.

Gevrey smoothness is a notion intermediate between C^∞-smoothness and analyticity. Gevrey smooth functions are C^∞-functions with a moderate growth of the Taylor coefficients. The formal definition is as follows.

Definition. Let D ⊂ R^n be an open domain. A function f : D → R^N is said to belong to the Gevrey class G^μ of index μ (μ ≥ 1 is a real number) if f is C^∞-smooth and for any compact set X ⊂ D there exists a constant c = c(X) > 0 such that | | | | ∂^{|α|}f(I) ∂I^α | | | | ≤ c^{|α|+1}(α^1!α^2! . . . α^n!)^μ

for each I ∈ X and α ∈ Z^n_+.

For the general theory of Gevrey smooth functions, see, e.g., [56]. Gevrey smooth functions of index 1 are just analytic functions. That every analytic function is Gevrey smooth of index 1 is obvious; the converse follows immediately from any explicit form of the remainder in the Taylor formula. By the way, the statement that every Gevrey smooth function of index 1 is analytic is a trivial particular case of the following deep and rather hard theorem [69]: if the convergence radii of the Taylor series of a C^∞-function at all the points are bounded away from zero then this function is analytic. The one-dimensional case (n = 1) of this theorem is called the Pringsheim–Boas theorem [12, 13, 69].

For any μ > 1, however, the space G^μ of Gevrey smooth functions of index μ contains nonzero functions vanishing on some set with non-empty interior and, in particular, nonzero functions with compact support. For 1 < μ_1 < μ_2, one has

A = G^1 ⊂ G^{μ1} ⊂ G^{μ2} ⊂ C^∞,

where A denotes the class of analytic functions D → R^N . All the inclusions here are strict. The space of Gevrey smooth functions is “negligible” (in the sense to be made precise) in the space of all the C^∞-functions [26], but it is still “rich” enough for many applications (see, e.g., [56, 69, 118]).

Gevrey-type functions and asymptotic expansions are widely used in the theory of dynamical systems (see, e.g., [82] and references therein).

Whitney smoothness is a concept of entirely different nature. Whereas Gevrey smoothness refers to the smoothness degree, Whitney smoothness refers to the regularity: it means the possibility of a smooth interpolation. We will give here an informal definition of a Whitney smooth family of invariant tori of a dynamical system (for the precise definition, see [21, 22, 121]). The general theory of Whitney smoothness (far from being confined to families of invariant tori) is expounded in, e.g., [56, 69].

Consider a dynamical system with phase space M. Suppose that this system has a family {T_ξ ⊂ M}_ξ of invariant n-tori labelled by index ξ ∈ Ξ ⊂ R^q and carrying conditionally periodic motions with frequency vectors ϖ_ξ ∈ R^n . It is assumed that Ξ is a set of positive measure. The structure of Ξ can be “bad” (e.g., Ξ may be Cantor-like). Each torus T_ξ is the image of an embedding T^n → M.

Let C be any smoothness class (C^r with r < ∞, C^∞, or G^μ with μ > 1) admitting nonzero functions with compact support.

Definition. The family {T_ξ}_{ξ∈Ξ} is said to be Whitney smooth of smoothness class C if there are an open set B such that Ξ ⊂ B ⊂ R^q and an embedding Ψ: T^n × B → M C-smooth in ξ ∈ B and such that for each ξ ∈ Ξ

a) Ψ(T^n, ξ) = T_ξ, b) the pullback dynamics on T^n × {ξ} is given by the vector field (ϖ_ξ, 0).

So, invariant n-tori T_ξ with ξ ∈ Ξ can be C-smoothly “interpolated” by the sets Ψ(T^n, ξ) with ξ ∈ (B \ Ξ). In most the cases, these sets are also n-tori but not necessarily invariant.

It turns out that Cantor-type families of invariant tori in dynamical systems carrying quasi-periodic motions with Diophantine frequencies are always Whitney smooth (at least, no counterexample is known and in almost all the settings, Whitney smoothness has been proven). This refers not only to invariant n-tori in Hamiltonian systems with n degrees of freedom but also to invariant tori of other dimensions and invariant tori of systems which are not Hamiltonian. Whitney smoothness of families of invariant tori was discovered by V. F. Lazutkin [75, 76] for the case of invariant curves of finitely smooth area-preserving mappings of an annulus and was then extensively studied by many authors in various situations, important subsequent references are [19–22, 32, 60, 70, 71, 77, 78, 105–107, 109, 121, 131, 137].

Consider a Hamiltonian system with n ≥ 2 degrees of freedom and the Hamilton function H of the form (1). Suppose that the unperturbed Hamilton function H_0 is analytic and Kolmogorov nondegenerate [i.e., that it meets condition (2)]. J. Pöschel [109] proved that, depending on how smooth H_1 (and, consequently, H) is, the smoothness class of an individual perturbed invariant n-torus and the Whitney smoothness class of the family of the perturbed tori are as follows:

H a perturbed torus the family of tori C^r, 3n − 1 < r < ∞ C^{r′} , any r^′ < r − 2n + 1 C^{r′′} , any r^{′′} < (r − 2n + 1)/n C^∞ C^∞ C^∞ A A C^∞

Note that the Whitney smoothness of the family of the perturbed tori is never higher than the smoothness of individual tori.

We would like to comment the C^r-case here. As a matter of fact, Pöschel [109] showed the following. Let τ, λ, and β be some numbers subject to the inequalities τ > n − 1, λ > τ + 1, β > 1, (12) and β ≠ iλ^{−1} + j for any integers i, j ≥ 0. (13) Then, if the unperturbed Hamilton function H_0 is analytic and Kolmogorov nondegenerate and a perturbation H_1 is C^{βλ+λ+τ} -smooth, then each perturbed invariant n-torus with the (τ, γ)-Diophantine frequency vector (for suitable γ > 0 dependent on the perturbation magnitude) is C^{βλ}-smooth while the family of such tori is C^β-smooth in the sense of Whitney. Now the data pointed out in the table above for the finite differentiable case is implied by the following simple lemma. Let τ, λ, and β satisfy (12) and let βλ + λ + τ = r, βλ = r^′, β = r^{′′}. Then r > 3n − 1, r^′ < r − 2n + 1, r^{′′} < (r − 2n + 1)/n. (14) Conversely, let r, r^′, and r^{′′} be positive numbers satisfying (14). Then there exist numbers τ, λ, and β meeting (12)–(13) and such that r = βλ + λ + τ, r^′ ≤ βλ, r^{′′} ≤ β.

However, the case most interesting for us now is the case of analytic perturbations H_1. If the Hamilton function H is analytic then each individual perturbed n-torus is also analytic and the family of these tori is infinitely differentiable (in the sense of Whitney). Pöschel noted in [109] (cf. also [10]) that “this is probably the most one can hope to get”. Indeed, the family of the perturbed tori is generically not analytic, otherwise this family would be continuous rather than Cantor-type and the perturbed system would be still completely integrable.

Nevertheless, very recently, G. S. Popov announced in [105] and showed in [106] that one does get more. Namely, he proved that if both H_0 and H_1 are analytic and H_0 is Kolmogorov nondegenerate, then the family of the perturbed tori is not just infinitely differentiable in the sense of Whitney but Gevrey smooth in the sense of Whitney. To be more precise, the last line of the table above should be corrected as follows:

H a perturbed torus the family of tori A A G^μ, any μ > max(9/2, n + 1)

As a matter of fact, Popov [106] showed that for every number τ > n − 1, the family of the perturbed n-tori with (τ, γ)-Diophantine frequency vectors (for suitable γ > 0 dependent on the perturbation magnitude) is G^μ-smooth in the sense of Whitney for any μ > max(9/2, τ + 2).

Thus, the families of invariant n-tori of analytic Hamiltonian systems with n degrees of freedom turn out to be much smoother (in the sense of Whitney) than one thought before. Gevrey smoothness of those families is important for semiclassical asymptotics of eigenvalues and eigenfunctions of Schrödinger-type operators [105–107] (for the previous results on the connection between invariant tori in classical Hamiltonian systems and short wave approximations of the corresponding quantum systems, see [77, 78] and references therein).

It would be interesting to examine the smoothness of the perturbed n-tori and the Whitney smoothness of their family in the case where the perturbation is Gevrey smooth (of some index μ > 1). Conjecturally, individual perturbed tori will be Gevrey smooth of some index μ^′ > μ in this case, whereas the family of the tori will be Gevrey smooth of some index μ^{′′} > μ^′ (in the sense of Whitney).

Actually, in the context of Kolmogorov’s theorem, a perturbed system not only admits a Whitney smooth family of invariant n-tori but also is integrable (in a certain sense) on the union of these tori. For precise formulations and the proofs of this fundamental result, see [109].

4. The third topic: “exponential condensation”

Consider again a Hamiltonian system with n ≥ 2 degrees of freedom and the Hamilton function H of the form (1). Suppose that both the unperturbed Hamilton function H_0 and its perturbation H_1 are analytic. Assume also that H_0 is Kolmogorov nondegenerate [i.e., condition (2) is satisfied] and quasi-convex. The latter means that ⟨ ∂ω(I) ∂I η, η ⟩ ≠ 0

whenever η ∈ R^n \ {0} and ⟨η, ω(I)⟩ = 0. The concept of quasi-convex Hamilton functions was introduced by N. N. Nekhoroshev [96]. Quasi-convexity of H_0 means strict convexity of the corresponding unperturbed energy level hypersurfaces {H_0(I) = const} ⊂ D. One can easily verify that the conditions of Kolmogorov nondegeneracy and quasi-convexity are independent [22] but quasi-convexity implies isoenergetic nondegeneracy [82]. In particular, the Kolmogorov degenerate and isoenergetically nondegenerate Hamilton function (8) is quasi-convex. For n = 2, quasi-convexity is equivalent to isoenergetic nondegeneracy [82, 96].

Under the hypotheses of analyticity of H_0 and H_1 together with Kolmogorov nondegeneracy and quasi-convexity of H_0, A. Morbidelli and A. Giorgilli [86] proved in 1995 the following.

Theorem 2. Let H_1 be fixed and sufficiently small. Denote by W the union of the perturbed invariant n-tori and let T be any fixed perturbed torus. Then the measure of U_ρ(T) \ W is at most of the order of exp(−c/ρ) as ρ → 0 where U_ρ(T) is the ρ-neighbourhood of T in the phase space and c is a certain constant. Moreover, if the frequency vector of torus T is (τ, γ)-Diophantine then all the trajectories starting at a distance ρ < ρ^∗ from T (ρ^∗ being a certain constant) remain close to T for an exceedingly long time of the order of exp { exp [( ρ^∗ ρ )_{1/(τ +1)}]} . One says that the perturbed tori “exponentially condense” to each of them [125] and that the rate of moving away from each torus is superexponentially small with respect to the distance from the torus (the tori are “superexponentially sticky”). For these results, analyticity of the Hamilton function is very essential.

Every torus among the perturbed tori that “condense” to T is, in turn, a “condensation point” of other perturbed tori, and so on. This hierarchy (not completely understood yet, as far as the author knows) is described and discussed in papers [49, 87, 88].

The “exponential condensation” of invariant tori proven in [86] was confirmed numerically (for a model problem of area-preserving mappings of the plane) in [46, 79].

“Exponential condensation” of invariant n-tori near elliptic equilibria (i.e., equilibria with nonzero purely imaginary eigenvalues) of analytic Hamiltonian systems with n degrees of freedom was established by A. Delshams and P. Gutiérrez [41] in 1996 (see also [42]). Here and henceforth, an eigenvalue of an equilibrium means an eigenvalue of the linearisation of the corresponding vector field around this equilibrium.

5. The fourth topic: destruction of resonant tori

This topic also concerns Hamiltonian systems with n ≥ 2 degrees of freedom and the Hamilton functions H of the form (1). If the unperturbed Hamilton function H_0 meets condition (2) (i.e., is Kolmogorov nondegenerate), then, as was explained at the end of Section 2, all the unperturbed invariant n-tori {I = I^∗} with Diophantine frequency vectors ω(I^∗) “survive” small perturbations H_1. What is the “fate” of a torus {I = I^∗} in the opposite case, where the frequencies ω_1(I^∗), ω_2(I^∗), . . . , ω_n(I^∗) are rationally dependent (such tori {I = I^∗} are said to be resonant and are foliated into invariant tori of a smaller dimension)? To be more precise, suppose that among the n components of the vector ω(I^∗) = ω^∗, there are n − l (1 ≤ l ≤ n − 1) strongly incommensurable numbers ω^∗_{i1} , ω^∗_{i2} , . . . , ω^∗_{in−l} (15) whereas the remaining l components ω^∗_{j1} , ω^∗_{j2} , . . . , ω^∗_{jl} are rational combinations of numbers (15) (so that the frequencies of the torus {I = I^∗} satisfy l independent resonance relations). Then the following statement holds.

Theorem 3. Let H_0 be Kolmogorov nondegenerate. Then for generic sufficiently small perturbations H_1, the n-torus {I = I^∗} breaks up into a finite collection of invariant (n−l)- tori carrying quasi-periodic motions.

We will not attach any exact meaning to the word “generic” here (precise formulations of Theorem 3 can be found in [30, 40, 138, 142]). Instead, let us note the following. Near the torus {I = I^∗}, a certain averaging and truncation procedure described in detail in, e.g., [10] reduces the Hamilton function (1) to ^H(K, J, χ) = ⟨^ω^∗, K⟩ + H(J, χ), H(J, χ) =^1_2 ⟨AJ, J⟩ + V (χ), where ^ω^∗ ∈ R^{n−l} is the vector with components (15), K ∈ R^{n−l} , J ∈ R^l , χ ∈ T^l , A is a real symmetric l × l matrix (det A ≠ 0), and |V | ≪ 1. It turns out that generically to each nondegenerate critical point χ^⋆ of the function V , there “corresponds” (in the sense to be made precise) an invariant (n − l)-torus (lying near {I = I^∗} and carrying quasi-periodic motions) of the system with the Hamilton function (1). The word “nondegenerate” here means that det ∂^2V (χ^⋆) ∂χ^2 ≠ 0. On the other hand, χ^⋆ ∈ T^l is a nondegenerate critical point of the potential V if and only if the point (0, χ^⋆) is a nondegenerate equilibrium of the Hamiltonian system with l degrees of freedom and the Hamilton function H (an equilibrium is said to be nondegenerate if all its eigenvalues are other than zero). The symplectic structure here is assumed to be dJ ∧ dχ = dJ_1 ∧ dχ_1 + · · · + dJ_l ∧ dχ_l. In fact, the eigenvalues of the equilibrium (0, χ^⋆) are those of the 2l × 2l matrix ( 0 −∂^2V (χ^⋆)/∂χ^2 A 0 ) . (16)

If λ is an eigenvalue of an equilibrium of a Hamiltonian system, so is −λ. Thus, a nondegenerate equilibrium of a Hamiltonian system can be elliptic (all the eigenvalues are purely imaginary), hyperbolic (all the eigenvalues lie outside the imaginary axis), and of mixed type. According to the type of equilibria (0, χ^⋆) of the system with Hamilton function H, the corresponding invariant (n − l)-tori of the original system with Hamilton function H are also said to be elliptic, hyperbolic, and of mixed type. It turns out that the case of hyperbolic (n − l)-tori in Theorem 3 is much easier than the case of nonhyperbolic tori (i.e., elliptic tori and tori of mixed type).

In particular, suppose that the perturbation H_1 in (1) has the form (10). Then V (χ) = εv(χ) + O(ε^2), and for every sufficiently small ε > 0, the original system possesses a hyperbolic invariant (n − l)-torus “emerging” from a given hyperbolic equilibrium (0, χ^⋆) of the system with the Hamilton function

lim_{ε→0} ε^{−1}H(ε^{1/2}J, χ) =^1_2 ⟨AJ, J⟩ + v(χ) (17)

(provided that h is generic). In the analytic category this torus depends on ε analytically [138]. A nonhyperbolic equilibrium (0, χ^⋆) of the system with the Hamilton function (17) gives rise to a nonhyperbolic invariant (n − l)-torus of the original system only for the most values (in the Lebesgue measure sense) of the perturbation parameter ε.

The case l = n−1 of “maximal” resonance (where the tori in question are in fact circles) in Theorem 3 was considered by H. Poincaré [104] (for a modern presentation see, e.g., [22]). This classical result is outside the KAM theory because it does not involve “small divisors”. The case of arbitrary l was proven no earlier than in 1989 by D. V. Treshchëv [138] (see also a discussion in [22, 68]). But Treshchëv treated only hyperbolic invariant (n − l)- tori. The hyperbolic l = 1 case was also examined independently in subsequent papers [28, 43, 98, 113, 139, 141]. In works [43, 98, 113, 138, 139], a special attention was paid to the n-dimensional separatrix stable and unstable manifolds (“whiskers”) of the hyperbolic invariant (n − l)-tori one looks for. Such “whiskers” are of great importance in the Arnol^′d diffusion mechanism. Nonhyperbolic invariant tori in Theorem 3 were first constructed by Ch.-Q. Cheng [29] for the case l = 1 (note that if l = 1 then the tori are either hyperbolic or elliptic). The general case of Theorem 3—an arbitrary l and arbitrary type of the invariant (n − l)-tori—was announced by Cheng and Sh. Wang [30, 142]. In fact, Cheng and Wang [30, 142] considered only the case where the eigenvalues of matrix (16) are either real or purely imaginary (quadruplets ±a ± bi of complex eigenvalues were excluded). Finally, very recently, F. Cong, T. Küpper, Y. Li, and J. You [40] proved Theorem 3 for arbitrary l and arbitrary type of the invariant (n − l)-tori (and arbitrary collections of eigenvalues). Thus, now we have got the complete picture of the destruction of resonant tori of integrable Hamiltonian systems under small perturbations.

The papers [28, 29, 40, 43, 98, 113, 138, 139, 141] cited above studied the analytic situation whereas the articles [30, 142] dealt with finitely smooth systems. Theorem 3 admits reversible analogues [80, 144]. Papers [80, 144] consider an arbitrary number of resonance relations and arbitrary type of the tori.

6. The fifth topic: excitation of elliptic normal modes

This topic pertains to a more complicated setting than before. Consider a Hamiltonian system with n + m degrees of freedom (n ≥ 2, m ≥ 1) and the Hamilton function of the form ~H_0(I, φ, z) = H_0(I) +^1_2 ⟨M(I, φ)z, z⟩ + O(|z|^3) (18) where the variables I, φ, and z range respectively over a bounded and connected open domain D ⊂ R^n , the standard n-torus T^n, and a neighbourhood of the origin in R^{2m} , while M(I, φ) is a real symmetric 2m × 2m matrix for every I and φ. The symplectic structure is supposed to be_n ∑ i=1 dI_i ∧ dφ_i + m∑ j=1 dz_j ∧ dz_{j+m}. (19) The Hamilton function (18) determines the equations of motion

İ = O(|z|^2), φ̇ = ω(I) + O(|z|^2), ż = Ω(I, φ)z + O(|z|^2) (20)

where ω = ∂H_0 ∂I , Ω = ( 0_m −E_m E_m 0_m ) M, (21)

0_m denotes the zero m × m matrix, and E_m denotes the identity m × m matrix. Thus, the 2n-dimensional surface {z = 0} is smoothly foliated into n-tori {z = 0, I = const} invariant under the flow of the system governed by the Hamilton function (18), and these tori carry conditionally periodic motions with frequency vectors ω(I). The restriction of the system to the surface {z = 0} is still Hamiltonian (with respect to the symplectic structure dI ∧ dφ) and completely integrable.

As soon as one proceeds to small Hamiltonian perturbations of the Hamilton function (18), two problems arise.

The first problem: the existence of invariant n-tori (carrying quasi-periodic motions) near the surface {z = 0} in perturbed systems.

This problem has been addressed in very many works starting with V. K. Mel^′nikov’s article [85] of 1965. An extensive bibliography is presented in [10, 22], these two books contain also detailed reviews of the results obtained. Of the most recent papers, one can mention [17, 36, 39, 57, 114, 116, 128, 148, 151] (see also the mini-survey [143]). It turns out that invariant n-tori in a perturbed system do exist under rather general conditions. To be more precise, the following statement is valid.

Theorem 4. Assume that at least one of the following two hypotheses holds:

a) for every I and φ, the matrix Ω(I, φ) [see (21)] has no purely imaginary eigenvalues, b) the matrix M (and, consequently, Ω) does not depend on φ.

Suppose also that the functions ω and Ω satisfy certain nondegeneracy and nonresonance conditions. Then any Hamiltonian system with the Hamilton function sufficiently close to ~H_0 (18) admits many invariant n-tori which are close to the unperturbed n-tori {z = 0, I = const} and carry quasi-periodic motions. The Lebesgue measure of the complement to the union of the images of the perturbed tori under the projection π : (I, φ, z) → (I, φ, 0) onto the surface {z = 0} vanishes as the perturbation magnitude tends to zero. If the hypothesis a) is valid then each perturbed n-torus is attached (n+m)-dimensional separatrix stable and unstable manifolds (“whiskers”).

The numerous versions of Theorem 4 differ mainly in the set of nondegeneracy and nonresonance conditions to be imposed on the unperturbed Hamilton function (18). Of the sources cited above, works [10, 22, 39, 116, 128, 148, 151] use Rüssmann-like nondegeneracy conditions on the map ω (21). The “optimal” nondegeneracy and nonresonance conditions on ω and Ω (like the Rüssmann nondegeneracy of analytic completely integrable Hamiltonian systems) are not known yet even in the analytic category.

Now assume that the 2m × 2m matrix Ω(I, φ) = Ω(I) is φ-independent and possesses κ pairs of purely imaginary eigenvalues for every I (1 ≤ κ ≤ m). These eigenvalues are sometimes called the elliptic normal modes of the unperturbed tori {z = 0, I = const} and yield the following problem.

The second problem: the existence of invariant (n + ν)-tori (carrying quasi-periodic motions) near the surface {z = 0} in the unperturbed system and perturbed systems for each ν, 1 ≤ ν ≤ κ.

If such tori exist one sometimes says that the elliptic normal modes of the unperturbed n-tori {z = 0, I = const} excite.

It turns out that under certain nondegeneracy and nonresonance conditions, invariant tori of all the dimensions n + 1, n + 2, . . . , n + κ do exist in the unperturbed system as well as in perturbed systems. We will not formulate the corresponding theorem even vaguely and will confine ourselves with relevant references. Up to now, the excitation of the elliptic normal modes of the unperturbed n-tori has been explored for analytic Hamiltonian systems only (although it undoubtedly takes place for C^∞- and finitely differentiable systems as well). The first excitation results were obtained in 1962–63 by V. I. Arnol^′d [2, 4] who considered the particular case ν = κ = m. In 1974, A. D. Bruno [23] examined the general case of arbitrary κ and ν and constructed analytic families of invariant (n + ν)-tori (preprints [23] were translated into English as the second part of book [24]). General theorems describing Whitney smooth Cantor-type families of invariant (n + ν)- tori (for arbitrary κ and ν) were proven independently by H. W. Broer, G. B. Huitema, and M. B. Sevryuk in 1996–97 [22, 124] and by À. Jorba and J. Villanueva in 1997 [63, 140] (see also [64]). Analytic families of tori found by Bruno are subfamilies of these Cantor-type families. Jorba and Villanueva [63, 64, 140] also established the “exponential condensation” of invariant (n + ν)-tori (which, of course, does not take place in the C^r-categories for any r ≤ ∞). The “exponential condensation” of perturbed invariant n-tori in the context of Theorem 4 was verified by Jorba and Villanueva in a separate paper [62]. Various versions of the excitation theorem have been surveyed in detail in review [125].

The phenomenon of the excitation of elliptic normal modes is also known in reversible [22, 112, 119–121, 127] and volume-preserving [129] set-ups. The works [22, 119, 121, 127] consider the excitation of elliptic normal modes in reversible flows and papers [112, 120, 121], in reversible diffeomorphisms.

7. The sixth topic: “atropic” invariant tori

This last topic concerns the most important, in the author’s opinion, and simultaneously least understood results in the Hamiltonian KAM theory for the last five years. First of all, recall the following definition.

Definition. Let M^{2N} be a symplectic manifold of dimension 2N. A smooth n-dimensional submanifold L^n of M is said to be isotropic (Lagrangian for n = N) if the tangent space T_P L to L at any point P ∈ L lies in its skew-orthogonal complement: T_P L ⊂ (T_P L)^∁, i.e., if the restriction of the symplectic structure to L vanishes. A smooth n-dimensional submanifold L^n of M is said to be coisotropic (Lagrangian for n = N) if the tangent space T_P L to L at any point P ∈ L contains its skew-orthogonal complement: (T_P L)^∁ ⊂ T_P L.

For instance, every point (n = 0) and curve (n = 1) in a symplectic manifold are isotropic, and any hypersurface (n = 2N − 1) is coisotropic. Any symplectic manifold is a coisotropic submanifold of itself (n = 2N). If L^n ⊂ M^{2N} is isotropic then n ≤ N. If L^n ⊂ M^{2N} is coisotropic then n ≥ N.

All the invariant tori of Hamiltonian systems we have spoken of by now are isotropic. The reason is the following theorem due to M. R. Herman of 1988–89 [51, 52]:

Theorem 5. Any invariant torus of a Hamiltonian system carrying quasi-periodic motions is isotropic provided that the symplectic structure is exact.

Proof. Let T be an invariant n-torus carrying quasi-periodic motions. In some coordinate ϕ ∈ T^n on this torus, the induced dynamics is given by the equation ϕ̇ = ϖ where the frequencies ϖ_1, ϖ_2, . . . , ϖ_n are rationally independent. Since a Hamiltonian flow preserves the symplectic structure, the flow g^t : ϕ → ϕ + tϖ preserves the restriction ∑ 1≤i_1<i_2≤n f_{i1i2} (ϕ) dϕ_{i1} ∧ dϕ_{i2} of the symplectic structure to T. This means that all the coefficients f_{i1i2} are constants along the orbits of the flow g^t. As any orbit of a quasi-periodic flow on a torus is everywhere dense, each coefficient f_{i1i2} is a constant on T. Now it suffices to note that the only exact differential form on a torus with constant coefficients (of any degree) is zero. □

In fact, Herman [51, 52] proved Theorem 5 for a particular case of invariant n-tori of symplectic diffeomorphisms of 2n-dimensional symplectic manifolds, but the general case (verified in [22]) of invariant tori of arbitrary dimensions is not harder at all.

A certain version of the KAM theory can nevertheless be developed also for coisotropic invariant tori of dimensions greater than the number of degrees of freedom. Of course, the symplectic structure in this case should be nonexact. Moreover, it turns out that the periods of the symplectic structure (its integrals over the two-dimensional cycles within the tori in question) should satisfy certain Diophantine-like conditions: all the theorems on coisotropic tori proven by now include such Diophantine hypotheses. The coisotropic Hamiltonian KAM theory was founded by I. O. Parasyuk [99] in 1984, see also subsequent papers [70, 71, 100–102] by Parasyuk and his co-worker A. A. Kubichka. Coisotropic invariant n-tori of Hamiltonian systems with N < n degrees of freedom were also studied by Herman [53, 54] (see also [92, 149, 150]) and by F. Cong and Y. Li [38]. The papers [53, 54] are devoted to the particular case n = 2N − 1.

In Parasyuk’s theory, one starts with an “unperturbed” Hamiltonian system with N ≥ 2 degrees of freedom whose phase space is smoothly foliated into coisotropic invariant n-tori carrying conditionally periodic motions (N + 1 ≤ n ≤ 2N − 1). Then, as in Kolmogorov’s setting, one can prove that, under certain conditions on the symplectic structure and the unperturbed Hamilton function, perturbed systems still admit many coisotropic invariant n-tori carrying quasi-periodic motions. The measure of the complement to the union of the perturbed tori vanishes as the perturbation magnitude tends to zero. The symplectic structure here is usually supposed to be fixed, as in the “conventional” isotropic Hamiltonian KAM theory. However, in their latest papers [71, 102], Kubichka and Parasyuk considered the case where the symplectic structure is perturbed as well (both the unperturbed and perturbed structures being assumed to meet certain Diophantine conditions).

The most important application of the coisotropic Hamiltonian KAM theory is counterexamples to the so called quasi-ergodic conjecture [10, 22, 92, 149, 150]. The ergodic conjecture (to be more precise, one of the versions of this conjecture) says that a generic Hamiltonian system is ergodic on (almost) every compact and connected energy level hypersurface. This conjecture is wrong [3, 4, 6, 10, 18, 84, 92, 111, 149, 150, 152]: a Hamiltonian system close to a KAM-stable completely integrable one does not possess such an ergodic property. Moreover, a system sufficiently close to an isoenergetically nondegenerate completely integrable one admits many Lagrangian invariant tori on each energy level hypersurface [3, 4] and is therefore ergodic on no energy level hypersurfaces. The quasiergodic conjecture says that on (almost) every compact and connected energy level hypersurface of a generic Hamiltonian system, there is an everywhere dense trajectory. For the case of two degrees of freedom, this second conjecture is also wrong: the two-dimensional

Lagrangian invariant tori divide the three-dimensional energy level hypersurfaces and exclude everywhere dense trajectories. But M. R. Herman noticed (see [92, 149, 150]) that for some nonexact symplectic structures, the quasi-ergodic conjecture is wrong for the case of N ≥ 3 degrees of freedom as well: (2N − 2)-dimensional coisotropic invariant tori divide the (2N − 1)-dimensional energy level hypersurfaces. Moreover, in both the cases, under appropriate conditions, everywhere dense trajectories will occur on no energy level hypersurfaces. To the best of the author’s knowledge, whether the quasi-ergodic conjecture is valid for N ≥ 3 degrees of freedom and exact symplectic structures is still an open question.

Formulate now what may be called the Hamiltonian KAM paradigm: what families of invariant tori carrying quasi-periodic motions can one expect to find in a typical Hamiltonian system with N ≥ 1 degrees of freedom? The word “typical” here means that one deals with Hamilton functions constituting an open set in the space of all the functions on a given symplectic manifold (in other words, that the Hamiltonian systems we are studying possess no additional symmetries). The answer is as follows [21, 22, 112].

Proposition 1. In a typical Hamiltonian system with N ≥ 1 degrees of freedom, there are n-parameter families of invariant isotropic n-tori for each 0 ≤ n ≤ N and, if N ≥ 2 and the symplectic structure is not exact (and meets some Diophantine conditions), also (2N − n)-parameter families of invariant coisotropic n-tori for each N + 1 ≤ n ≤ 2N − 1. For n = 0, 1, and 2N − 1 these families are smooth, otherwise they are Cantor-type and Whitney smooth.

It was widely believed until 2000 that this paradigm embraces all the possible finite dimensional Hamiltonian KAM statements (so that the tori in the Hamiltonian KAM theory should be either isotropic or coisotropic, just as the tori treated in the reversible KAM theory are invariant under the reversing involution). However, in 2000–01, Q. Huang, F. Cong, and Y. Li [58, 59] obtained some KAM-type results (in the analytic category) for invariant tori that are neither isotropic nor coisotropic. We will call such tori “atropic”. Of course, the symplectic structure in [58, 59] is not exact. Taking into account the discovery of Huang, Cong, and Li, Proposition 1 above can be supplemented as follows.

Proposition 2. In a typical Hamiltonian system with N ≥ 3 degrees of freedom, there are, if the symplectic structure is not exact (and meets some Diophantine conditions), also p-parameter families of invariant “atropic” n-tori for each 3 ≤ n ≤ 2N − 3 and 1 ≤ p ≤ min(n − 2, 2N − n − 2) such that n + p is even. These families are Cantor-type and most probably Whitney smooth.

Unfortunately, papers [58, 59] contain serious inaccuracies (see [130]; in fact, the criticism of [58] in review [130] applies mutatis mutandis to articles [38, 59] as well). The main idea of [58, 59] is nevertheless correct: perturbing a system possessing an analytic

(n + p)-dimensional invariant surface Π^{n+p}_0 smoothly foliated into invariant n-tori carrying conditionally periodic motions and coisotropic (but not isotropic) within Π_0 (one assumes that the restriction of the symplectic structure to Π_0 is a symplectic structure on Π_0). In the ambient phase space, these tori are “atropic”. Roughly speaking, Π_0 plays the rôle of the surface {z = 0} in (18). In a perturbed system, one has to find invariant n-tori carrying quasi-periodic motions and close to the unperturbed n-tori. Note that n and p in this construction should satisfy the conditions

n ≥ 3, 1 ≤ p ≤ n − 2, n + p is even, 2N ≥ n + p + 2

where N is the number of degrees of freedom. One easily sees that these conditions are equivalent to the conditions pointed out in Proposition 2: N ≥ 3, 3 ≤ n ≤ 2N − 3, 1 ≤ p ≤ min(n − 2, 2N − n − 2), n + p is even. We will conclude this section (and the whole survey) by discussing a method of the reduction of some complicated KAM settings to simpler ones.

Theorem 6. Let ( ~Π, ~ω ) be a symplectic manifold and Π_0 ⊂ ~Π a submanifold of ~Π. Suppose that the restriction ω_0 = ~ω|_{Π0} is a symplectic structure on Π_0. Let also ~H_0 : ~Π → R be a Hamilton function on ( ~Π, ~ω ) for which Π_0 is a normally hyperbolic invariant manifold of the corresponding Hamiltonian system. Assume also that the restriction H_0 = ~H_0|_{Π0} : Π_0 → R behaves as an unperturbed Hamilton function in a certain KAM-type theorem for the symplectic manifold (Π_0, ω_0). Namely, Π_0 is smoothly foliated into invariant n-tori of the Hamiltonian flow on Π_0 with the Hamilton function H_0, and any Hamiltonian system on (Π_0, ω_0) with the Hamilton function sufficiently close to H_0 admits many invariant n-tori close to the unperturbed ones. Then any Hamiltonian system on ( ~Π, ~ω ) with the Hamilton function sufficiently close to ~H_0 admits many invariant n-tori close to the unperturbed n-tori on Π_0.

Sketch of a proof. Let ~H : ~Π → R be a Hamilton function close to ~H_0. According to the general theory of normally hyperbolic invariant manifolds [45, 55, 146], the Hamiltonian system on ( ~Π, ~ω ) with the Hamilton function ~H possesses an invariant manifold Π close to Π_0. The restriction ω = ~ω|_Π is a symplectic structure on Π. Denote by H the restriction H = ~H|_Π : Π → R. So, we have the unperturbed objects ( ~Π, ~ω, ~H_0 ) , (Π_0, ω_0, H_0)

and the perturbed ones ( ~Π, ~ω, ~H ) , (Π, ω, H).

The main idea of the proof is to verify that the Hamiltonian system on (Π, ω) with the Hamilton function H admits many invariant n-tori close to the unperturbed n-tori on Π_0. This does not follow directly from the hypothesis of the theorem because Π ≠ Π_0 and ω ≠ ω_0.

Consider a diffeomorphism α : Π_0 → Π close to the identity mapping ι: Π_0 → Π_0 (the closeness of α and ι is to be understood as that of two embeddings Π_0 → ~Π). Then α^∗ω is a symplectic structure on Π_0 close to ω_0 and H ∘ α is a function on Π_0 close to H_0. Actually, ω_0 and α^∗ω are also of the same cohomology class. Indeed, let Γ be any two-dimensional cycle in Π_0, then ∫ Γ α^∗ω = ∫ α(Γ) ω = ∫ α(Γ) ~ω = ∫ Γ ~ω = ∫ Γ ω_0.

We have used here the fact that Γ and α(Γ) are close and, consequently, homologous to each other in ~Π. Now we need the following lemma (essentially due to J. Moser [90], for more recent presentations see, e.g., [133, 145]):

Lemma. Let ω_0 and ω_1 be two close symplectic structures of the same cohomology class on a certain manifold Π_0. Then there is a diffeomorphism β : Π_0 → Π_0 close to the identity transformation and such that β^∗ω_1 = ω_0.

This lemma (which will be discussed below) provides us with a diffeomorphism β : Π_0 → Π_0 close to the identity transformation and such that β^∗α^∗ω = ω_0. It suffices finally to apply the hypothesis of the theorem to the Hamiltonian system on (Π_0, ω_0) with the Hamilton function H ∘ α ∘ β. □

Of course, the power of the reduction approach described in Theorem 6 is rather limited. First of all, this approach applies to normally hyperbolic manifolds Π_0 only, but at the same time gives no tools to watch over separatrix stable and unstable manifolds (“whiskers”) of the perturbed tori. What is more serious is that the perturbed normally hyperbolic invariant manifolds are, generally speaking, finitely smooth only even in the analytic and C^∞-categories [45, 55, 136, 146]. Consequently, even if all the “input” objects (~Π, Π_0, ~ω, ~H_0, and ~H) in Theorem 6 are analytic (C∞) and the perturbed invariant tori will most probably be analytic (respectively C^∞) as well, the surface Π containing these tori will be in general finitely differentiable only, and the proof of Theorem 6 outlined above enables one to establish only finite smoothness of the perturbed tori.

Example 1 is the context of Theorem 4 in Section 6. Here ~Π is the phase space for the Hamiltonian system with the Hamilton function ~H_0 (18), ~ω is the symplectic structure (19), Π_0 is the surface {z = 0}, and ω_0 = dI ∧ dφ. The surface Π_0 considered as an invariant manifold of system (20) is normally hyperbolic if and only if for every I and φ, the matrix Ω(I, φ) [see (21)] has no purely imaginary eigenvalues. If this hyperbolicity condition is met and the function H_0 in (18) is KAM-stable in the sense of Section 2, we immediately arrive at the conclusion of Theorem 4.

That one can obtain this way invariant n-tori in the framework of Theorem 4 “gratis” was realised long ago [50] (see also [22] for a recent discussion). However, due to the reasons pointed out above, various versions of Theorem 4 are usually proven in the literature by entirely different methods. The author is aware of the only paper [57] where some particular case of Theorem 4 was established by an argument of the same kind as that of Theorem 6 (however, see also a discussion in [17]). On the other hand, Theorem 6 above in its full generality seems to be new.

Now construct “atropic” invariant tori in typical Hamiltonian systems with the help of Theorem 6.

Example 2. Let a symplectic manifold (Π_0, ω_0) and a function H_0 : Π_0 → R determine an unperturbed Hamiltonian system in the Parasyuk theory [99]. In other words, suppose that Π_0 is smoothly foliated into coisotropic invariant n-tori (of codimension p < n) of the Hamiltonian system with the Hamilton function H_0, and that any close Hamiltonian system on (Π_0, ω_0) admits many invariant n-tori close to the unperturbed ones. Of course, the symplectic structure ω_0 is not exact and n + p is even. For an arbitrary integer m ≥ 1, consider the manifold ~Π = Π_0 × O(0),

where O(0) is a neighbourhood of the origin in R^{2m} . Equip ~Π with the symplectic structure

~ω = π^∗ω_0 + m∑ j=1 dz_j ∧ dz_{j+m}

where (z_1, z_2, . . . , z_{2m}) are the coordinates in O(0) ⊂ R^{2m} and π : ~Π → Π_0 is the natural projection. On ~Π, consider an arbitrary function of the form

~H_0(ζ, z) = H_0(ζ) +^1_2 ⟨M(ζ)z, z⟩ + O(|z|^3)

where (ζ_1, ζ_2, . . . , ζ_{n+p}) are the coordinates in Π_0, while M(ζ) for every ζ is a real symmetric 2m × 2m matrix such that the matrix Ω(ζ) defined by (21) has no purely imaginary eigenvalues. Then Π_0 × {0} is a normally hyperbolic invariant manifold of the Hamiltonian system on ~Π with the Hamilton function ~H_0, and the restrictions of ~ω and ~H_0 to this manifold coincide respectively with ω_0 and H_0. Now Theorem 6 guarantees that any Hamiltonian system on ( ~Π, ~ω ) with a Hamilton function close to ~H_0 admits many invariant n-tori close to the unperturbed n-tori on Π_0 × {0}. These tori will be “atropic”.

In original papers [58, 59], the existence of “atropic” tori was proven by completely different methods. However, the argument of Example 2 shows that Proposition 2 above is valid indeed (at least in the finitely smooth category) independently of the errors in [58, 59].

Now return to Lemma in the proof of Theorem 6.

Sketch of a proof of the Lemma. Since the symplectic structures ω_0 and ω_1 are close and of the same cohomology class, their difference ω_0 − ω_1 is small and exact. Hence, in Π_0 there is a small 1-form σ such that

ω_0 − ω_1 = dσ. (22)

Consider the family of 2-forms

ω_t = (1 − t)ω_0 + tω_1, 0 ≤ t ≤ 1.

Since the forms ω_0 and ω_1 are close and nondegenerate, the form ω_t is nondegenerate for each t. Consequently, for each t, the equality i_{vt} ω_t = σ defines a vector field v_t on Π_0 which is small with σ [recall that this equality means that ω_t(v_t, ξ) ≡ σ(ξ) for any vector field ξ on Π_0]. Denote by g^t_0 the phase flow map of the nonautonomous vector field v for the time interval from 0 to t. It is not hard to verify (see [90, 133, 145]) that (g^t_0)^∗ω_t = ω_0 for each t, 0 ≤ t ≤ 1. Thus, β = g^1_0 is the desired diffeomorphism of Π_0. It is close to the identity transformation because v_t are small. □

There are two delicate points in this proof. The first one is that Π_0 in our situation is not compact. In fact, this difficulty arises throughout the proof of Theorem 6. However, all the troubles connected with the noncompactness of Π_0 are of purely technical nature and can be dealt with rather easily. The second point is more fundamental: why, after all, can the form σ be chosen to be small? This question is addressed neither in Moser’s original paper [90] nor in subsequent works I know (e.g., [133, 145], actually, all those works contain somewhat different versions of the Lemma). Note that, again, we omit all the technical issues here, in particular, we do not point out in what smoothness class the smallness of all the objects involved is to be understood. In the context of Theorem 6, Π_0 is always diffeomorphic to T^n × R^p for some p. For such Π_0, the 1-forms σ satisfying condition (22) may be explicitly expressed in terms of ω_0 −ω_1, and one can easily see that σ can be chosen to be small indeed. But, as a matter of fact, under rather general conditions, for any small exact differential form Λ (of any degree) on a smooth manifold M, a form λ subject to the equality dλ = Λ can be chosen to be small with Λ. I am grateful to M. A. Shubin who has explained to me that this statement follows from the theory of pseudodifferential operators.

Acknowledgements. I am very much obliged to V. I. Arnol^′d who acquainted me with the KAM theory in 1983 and whose help and encouragement in the subsequent years cannot be overestimated. I am grateful to H. W. Broer and G. B. Huitema for a long-term friendship and collaboration. Special thanks go to H. P. Boas, Yu. V. Chekanov, H. R. Dullin, A. B. Givental^′, Yu. S. Il^′yashenko, D. Khavinson, M. A. Shubin, and A. P. Veselov (in the alphabetical order) for useful discussions that have facilitated the preparation of this survey. The work was partially supported by grant no. 00-15-96084 from the Russia Foundation for Basic Research.

References

[1] K. Abdullah, A. Albouy, On a strange resonance noticed by M. Herman, Reg. Chaot.

Dynamics 6 (2001), 421–432.

[2] V. I. Arnol^′d, On the classical perturbation theory and the problem of stability of planetary systems, Sov. Math. Dokl. 3 (1962), 1008–1012.

[3] V. I. Arnol^′d, Proof of a theorem by A. N. Kolmogorov on the persistence of quasiperiodic motions under small perturbations of the Hamiltonian, Russ. Math. Surveys 18 (1963), no. 5, 9–36.

[4] V. I. Arnol^′d, Small denominators and problems of stability of motion in classical and celestial mechanics, Russ. Math. Surveys 18 (1963), no. 6, 85–191.

[5] V. I. Arnol^′d, On the instability of dynamical systems with many degrees of freedom, Sov. Math. Dokl. 5 (1964), 581–585.

[6] V. I. Arnol^′d, A. Avez, Ergodic problems of classical mechanics, 2nd ed., Addison- Wesley, Redwood City, 1989 (French original: 1967. The 1st English ed.: 1968).

[7] V. I. Arnol^′d, Mathematical methods of classical mechanics, 2nd ed., Springer-Verlag, New York, 1989 (Russian original: 1974. The 1st English ed.: 1978).

[8] V. I. Arnol^′d, From superpositions to the KAM theory, In: V. I. Arnol^′d. Selecta–60, PHASIS, Moscow, 1997, 727–740 (Russian).

[9] V. I. Arnol^′d, From Hilbert’s superposition problem to dynamical systems, In: The Arnol^′dfest. Proceedings of a conference in honour of V. I. Arnol^′d for his sixtieth birthday (Toronto, June 15–21, 1997), eds. E. Bierstone, B. A. Khesin, A. G. Khovanskiĭ, J. E. Marsden, Fields Inst. Comm., vol. 24, Amer. Math. Soc., Providence, RI, 1999, 1–18.

[10] V. I. Arnol^′d, V. V. Kozlov, A. I. Neĭshtadt, Mathematical aspects of classical and celestial mechanics, 2nd ed., Editorial URSS, Moscow, 2002 (Russian) (The 1st ed.: 1985).

[11] D. Bambusi, N. N. Nekhoroshev, A property of exponential stability in nonlinear wave equations near the fundamental linear mode, Physica D 122 (1998), 73–104.

[12] R. P. Boas, A theorem on analytic functions of a real variable, Bull. Amer. Math. Soc.

41 (1935), 233–236.

[13] R. P. Boas, When is a C^∞ function analytic? Math. Intelligencer 11 (1989), no. 4, 34–37.

[14] O. I. Bogoyavlenskiĭ, Necessary conditions for existence of non-degenerate Hamiltonian structures, Comm. Math. Phys. 182 (1996), 253–289.

[15] O. I. Bogoyavlenskiĭ, Conformal symmetries of dynamical systems and Poincaré 1892 concept of iso-energetic non-degeneracy, C. R. Acad. Sci. Paris, Sér. I Math. 326 (1998), 213–218.

[16] O. I. Bogoyavlenskiĭ, Necessary and sufficient conditions for two Poincaré concepts of nondegeneracy of integrable Hamiltonian systems, Dokl. Math. 57 (1998), 377–379.

[17] S. V. Bolotin, D. V. Treshchëv, Remarks on the definition of hyperbolic tori of Hamiltonian systems, Reg. Chaot. Dynamics 5 (2000), 401–412.

[18] J.-B. Bost, Tores invariants des systèmes dynamiques hamiltoniens (d’après Kolmogorov, Arnol^′d, Moser, Rüssmann, Zehnder, Herman, Pöschel, . . .), Séminaire Bourbaki, 1984–85, exp. 639, Astérisque 133–134 (1986), 113–157.

[19] H. W. Broer, G. B. Huitema, F. Takens, Unfoldings of quasi-periodic tori, Mem. Amer.

Math. Soc. 83 (1990), no. 421, 1–81.

[20] H. W. Broer, G. B. Huitema, Unfoldings of quasi-periodic tori in reversible systems, J. Dynam. Differ. Equations 7 (1995), 191–212.

[21] H. W. Broer, G. B. Huitema, M. B. Sevryuk, Families of quasi-periodic motions in dynamical systems depending on parameters, In: Nonlinear Dynamical Systems and Chaos, eds. H. W. Broer, S. A. van Gils, I. Hoveijn, F. Takens, Progress Nonlinear Differ. Equations their Appl., vol. 19, Birkhäuser, Basel, 1996, 171–211.

[22] H. W. Broer, G. B. Huitema, M. B. Sevryuk, Quasi-periodic motions in families of dynamical systems: Order amidst chaos, Lect. Notes Math., vol. 1645, Springer-Verlag, Berlin, 1996.

[23] A. D. Bruno, The sets of analyticity of a normalizing transformation. I. Main results. II. Applications and generalisations, The USSR Academy of Sciences, Moscow Institute of Applied Mathematics, preprints no. 97 and 98 (1974) (Russian).

[24] A. D. Bruno, Local methods in nonlinear differential equations, Springer-Verlag, Berlin, 1989.

[25] A. D. Bruno, On nondegeneracy conditions in Kolmogorov’s theorem, Sov. Math.

Dokl. 45 (1992), 221–225.

[26] F. S. Cater, Most C^∞ functions are nowhere Gevrey differentiable of any order, Real Anal. Exchange 27 (2001/02), 77–79.

[27] Ch.-Q. Cheng, Y.-S. Sun, Existence of KAM tori in degenerate Hamiltonian systems, J. Differ. Equations 114 (1994), 288–335.

[28] Ch.-Q. Cheng, Birkhoff–Kolmogorov–Arnol^′d–Moser tori in convex Hamiltonian systems, Comm. Math. Phys. 177 (1996), 529–559.

[29] Ch.-Q. Cheng, Lower dimensional invariant tori in the regions of instability for nearly integrable Hamiltonian systems, Comm. Math. Phys. 203 (1999), 385–419.

[30] Ch.-Q. Cheng, Sh. Wang, The surviving of lower dimensional tori from a resonant torus of Hamiltonian systems, J. Differ. Equations 155 (1999), 311–326.

[31] Ch.-Q. Cheng, J. Cheng, Dynamical stability of Hamiltonian systems, Progress Natural Sci. 10 (2000), 343–349.

[32] L. Chierchia, G. Gallavotti, Smooth prime integrals for quasi-integrable Hamiltonian systems, Nuovo Cimento B 67 (1982), 277–295.

[33] L. Chierchia, G. Gallavotti, Drift and diffusion in phase space, Ann. Institut Henri Poincaré, Phys. Théor. 60 (1994), 1–144; Erratum: 68 (1998), 135.

[34] L. Chierchia, C. Falcolini, A direct proof of a theorem by Kolmogorov in Hamiltonian systems, Ann. Sc. Norm. Super. Pisa, Sci. Fis. Mat., IV Ser. 21 (1994), 541–593.

[35] L. Chierchia, C. Falcolini, Compensations in small divisor problems, Comm. Math.

Phys. 175 (1996), 135–160.

[36] L. Chierchia, C. Falcolini, On the convergence of formal series containing small divisors, In: Hamiltonian systems with three or more degrees of freedom, ed. C. Simó, NATO ASI Series C: Math. Phys. Sci., vol. 533, Kluwer Academic, Dordrecht, 1999, 345–349.

[37] B. V. Chirikov, A universal instability of many-dimensional oscillator systems, Phys.

Rep. 52 (1979), 263–379.

[38] F. Cong, Y. Li, Existence of higher dimensional invariant tori for Hamiltonian systems, J. Math. Anal. Appl. 222 (1998), 255–267.

[39] F. Cong, Y. Li, D. Jin, Invariant hyperbolic tori for Hamiltonian systems with Rüssmann nondegeneracy conditions, Rocky Mountain J. Math. 29 (1999), 831–851.

[40] F. Cong, T. Küpper, Y. Li, J. You, KAM-type theorem on resonant surfaces for nearly integrable Hamiltonian systems, J. Nonlinear Sci. 10 (2000), 49–68.

[41] A. Delshams, P. Gutiérrez, Estimates on invariant tori near an elliptic equilibrium point of a Hamiltonian system, J. Differ. Equations 131 (1996), 277–303.

[42] A. Delshams, P. Gutiérrez, Exponentially small estimates for KAM theorem near an elliptic equilibrium point, In: Hamiltonian systems with three or more degrees of freedom, ed. C. Simó, NATO ASI Series C: Math. Phys. Sci., vol. 533, Kluwer Academic, Dordrecht, 1999, 386–390.

[43] L. H. Eliasson, Biasymptotic solutions of perturbed integrable Hamiltonian systems, Bol. Soc. Brasil. Mat. (N. S.) 25 (1994), 57–76.

[44] L. H. Eliasson, Absolutely convergent series expansions for quasi periodic motions, Math. Phys. Electronic J. 2 (1996), Paper 4, 33 pp. (the preprint appeared in 1988).

[45] N. Fenichel, Persistence and smoothness of invariant manifolds for flows, Indiana Univ. Math. J. 21 (1971), 193–226.

[46] C. Froeschlé, E. Lega, On the measure of the structure around the last KAM torus before and after its break-up, Celestial Mech. Dynam. Astron. 64 (1996), 21–31.

[47] G. Gallavotti, Lindstedt series and Kolmogorov theorem, In: Hamiltonian systems with three or more degrees of freedom, ed. C. Simó, NATO ASI Series C: Math. Phys. Sci., vol. 533, Kluwer Academic, Dordrecht, 1999, 62–71.

[48] G. Gentile, V. Mastropietro, Methods for the analysis of the Lindstedt series for KAM tori and renormalizability in classical mechanics. A review with some applications, Rev. Math. Phys. 8 (1996), 393–444.

[49] A. Giorgilli, A. Morbidelli, Invariant KAM tori and global stability for Hamiltonian systems, Z. Angew. Math. Phys. 48 (1997), 102–134.

[50] S. M. Graff, On the conservation of hyperbolic invariant tori for Hamiltonian systems, J. Differ. Equations 15 (1974), 1–69.

[51] M. R. Herman, Existence et non existence de tores invariants par des difféomorphismes symplectiques, Séminaire sur les Équations aux Dérivées Partielles, 1987–88, exp. 14, École Polytech., Centre de Math., Palaiseau, 1988, 24 pp.

[52] M. R. Herman, Inégalités “a priori” pour des tores lagrangiens invariants par des difféomorphismes symplectiques, Inst. Hautes Études Sci. Publ. Math., 1989, no. 70, 47–101.

[53] M. R. Herman, Exemples de flots hamiltoniens dont aucune perturbation en topologie C^∞ n’a d’orbites périodiques sur un ouvert de surfaces d’énergies, C. R. Acad. Sci. Paris, Sér. I Math. 312 (1991), 989–994.

[54] M. R. Herman, Différentiabilité optimale et contre-exemples à la fermeture en topologie C^∞ des orbites récurrentes de flots hamiltoniens, C. R. Acad. Sci. Paris, Sér. I Math. 313 (1991), 49–51.

[55] M. W. Hirsch, C. C. Pugh, M. Shub, Invariant manifolds, Lect. Notes Math., vol. 583, Springer-Verlag, Berlin, 1977.

[56] L. Hörmander, The analysis of linear partial differential operators, Vol. I. Distribution theory and Fourier analysis, 2nd ed., Springer-Verlag, Berlin, 1990 (The 1st ed.: 1983).

[57] D. Huang, Z. Liu, On the persistence of lower-dimensional invariant hyperbolic tori for smooth Hamiltonian systems, Nonlinearity 13 (2000), 189–202.

[58] Q. Huang, F. Cong, Y. Li, Persistence of hyperbolic invariant tori for Hamiltonian systems, J. Differ. Equations 164 (2000), 355–379.

[59] Q. Huang, F. Cong, Y. Li, Persistence of elliptic invariant tori for Hamiltonian systems, Nonlinear Anal. 45 (2001), 241–260.

[60] G. B. Huitema, Unfoldings of quasi-periodic tori, Proefschrift, Rijksuniversiteit Groningen, 1988.

[61] F. M. Izrailev, B. V. Chirikov, Stochasticity of the simplest dynamical model with divided phase space, The USSR Academy of Sciences, Novosibirsk Institute for Nuclear Physics, preprint no. 191 (1968) (Russian).

[62] À. Jorba, J. Villanueva, On the persistence of lower dimensional invariant tori under quasi-periodic perturbations, J. Nonlinear Sci. 7 (1997), 427–473.

[63] À. Jorba, J. Villanueva, On the normal behaviour of partially elliptic lower dimensional tori of Hamiltonian systems, Nonlinearity 10 (1997), 783–822.

[64] À. Jorba, J. Villanueva, The fine geometry of the Cantor families of invariant tori in Hamiltonian systems, In: European congress of mathematics (Barcelona, July 10–14, 2000), Vol. II, eds. C. Casacuberta, R. M. Miró-Roig, J. Verdera, S. Xambó-Descamps, Progress Math., vol. 202, Birkhäuser, Basel, 2001, 557–564.

[65] A. B. Katok, Ergodic flows generated by a system of weakly interacting oscillators, In:

Proceedings of the Fifth international conference on nonlinear oscillations (Kiev, 1969). Vol. 2: Qualitative methods in the theory of nonlinear oscillations, eds. Yu. A. Mitropol^′skiĭ, A. N. Sharkovskiĭ, Inst. Mat. AN USSR Press, Kiev, 1970, 216– 221 (Russian).

[66] A. B. Katok, Ergodic perturbations of degenerate integrable Hamiltonian systems, Math. USSR Izv. 7 (1973), 535–572.

[67] A. N. Kolmogorov, On the persistence of conditionally periodic motions under a small change of the Hamilton function, Dokl. Akad. Nauk SSSR 98 (1954), 527–530 (Russian); The English translation in: Stochastic behavior in classical and quantum Hamiltonian systems, eds. G. Casati, J. Ford, Lect. Notes Phys., vol. 93, Springer- Verlag, Berlin, 1979, 51–56; Reprinted in: Chaos, ed. Bai Lin Hao, World Scientific, Singapore, 1984, 81–86.

[68] V. V. Kozlov, Symmetries, topology, and resonances in Hamiltonian mechanics, Springer-Verlag, Berlin, 1996 (Russian original: 1995).

[69] S. G. Krantz, H. R. Parks, A primer of real analytic functions, Birkhäuser, Basel, 1992.

[70] A. A. Kubichka, I. O. Parasyuk, The Whitney differentiable family of coisotropic invariant tori for a nearly degenerate Hamiltonian system, Visn. Mat. Mekh., Kyïv. Univ. im. Tarasa Shevchenka, 2000, no. 4, 20–29 (Ukrainian).

[71] A. A. Kubichka, I. O. Parasyuk, Bifurcation of the Whitney smooth family of coisotropic invariant tori of a Hamiltonian system under a small deformation of the symplectic structure, Ukrain. Math. J. 53 (2001), 701–718.

[72] S. B. Kuksin, An infinitesimal Liouville–Arnol^′d theorem as a criterion of reducibility for variational Hamiltonian equations, Chaos, Solitons & Fractals 2 (1992), 259–269.

[73] S. B. Kuksin, Nearly integrable infinite-dimensional Hamiltonian systems, Lect. Notes Math., vol. 1556, Springer-Verlag, Berlin, 1993.

[74] S. B. Kuksin, Analysis of Hamiltonian PDEs, Oxford Lect. Ser. Math. its Appl., vol. 19, Oxford Univ. Press, Oxford, 2000.

[75] V. F. Lazutkin, The existence of a continuum of closed invariant curves for a convex billiard, Uspekhi Mat. Nauk 27 (1972), no. 3, 201–202 (Russian).

[76] V. F. Lazutkin, The existence of caustics for a billiard problem in a convex domain, Math. USSR Izv. 7 (1973), 185–214.

[77] V. F. Lazutkin, Convex billiard and eigenfunctions of the Laplace operator, Leningrad Univ. Press, Leningrad, 1981 (Russian).

[78] V. F. Lazutkin, KAM theory and semiclassical approximations to eigenfunctions, Springer-Verlag, Berlin, 1993.

[79] E. Lega, C. Froeschlé, Numerical investigations of the structure around an invariant KAM torus using the frequency map analysis, Physica D 95 (1996), 97–106.

[80] B. Liu, On lower dimensional invariant tori in reversible systems, J. Differ. Equations 176 (2001), 158–194.

[81] R. de la Llave, A tutorial on KAM theory, In: Smooth ergodic theory and its applications, eds. A. B. Katok, R. de la Llave, Ya. B. Pesin, H. Weiss, Proc. Sympos. Pure Math., vol. 69, Amer. Math. Soc., Providence, RI, 2001, 175–292.

[82] P. Lochak, Canonical perturbation theory via simultaneous approximation, Russian Math. Surveys 47 (1992), no. 6, 57–133.

[83] P. Lochak, Arnol^′d diffusion; A compendium of remarks and questions, In: Hamiltonian systems with three or more degrees of freedom, ed. C. Simó, NATO ASI Series C: Math. Phys. Sci., vol. 533, Kluwer Academic, Dordrecht, 1999, 168–183.

[84] L. Markus, K. R. Meyer, Generic Hamiltonian dynamical systems are neither integrable nor ergodic, Mem. Amer. Math. Soc., 1974, no. 144, 1–52.

[85] V. K. Mel^′nikov, On some cases of conservation of conditionally periodic motions under a small change of the Hamilton function, Sov. Math. Dokl. 6 (1965), 1592– 1596.

[86] A. Morbidelli, A. Giorgilli, Superexponential stability of KAM tori, J. Stat. Phys. 78 (1995), 1607–1617.

[87] A. Morbidelli, A. Giorgilli, On a connection between KAM and Nekhoroshev’s theorems, Physica D 86 (1995), 514–516.

[88] A. Morbidelli, Bounds on diffusion in phase space: Connection between Nekhoroshev and KAM theorems and superexponential stability of invariant tori, In: Hamiltonian systems with three or more degrees of freedom, ed. C. Simó, NATO ASI Series C: Math. Phys. Sci., vol. 533, Kluwer Academic, Dordrecht, 1999, 514–517.

[89] J. Moser, On invariant curves of area-preserving mappings of an annulus, Nachr.

Akad. Wiss. Göttingen, Math.-Phys. Kl. II, 1962, no. 1, 1–20.

[90] J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965), 286–294.

[91] J. Moser, On the construction of almost periodic solutions for ordinary differential equations, In: Proceedings of the international conference on functional analysis and related topics (Tokyo, April, 1969), Univ. of Tokyo Press, Tokyo, 1970, 60–67.

[92] J. Moser, Old and new applications of KAM theory, In: Hamiltonian systems with three or more degrees of freedom, ed. C. Simó, NATO ASI Series C: Math. Phys. Sci., vol. 533, Kluwer Academic, Dordrecht, 1999, 184–192.

[93] J. Moser, Remark on the paper “On invariant curves of area-preserving mappings of an annulus”, Reg. Chaot. Dynamics 6 (2001), 337–338.

[94] A. I. Neĭshtadt, Estimates in the Kolmogorov theorem on the persistence of quasiperiodic motions, J. Appl. Math. Mech. 45 (1981), 766–772.

[95] N. N. Nekhoroshev, On the behavior of Hamiltonian systems close to integrable ones, Funct. Anal. Appl. 5 (1971), 338–339.

[96] N. N. Nekhoroshev, An exponential estimate of the stability time for Hamiltonian systems close to integrable ones, I, Russian Math. Surveys 32 (1977), no. 6, 1–65.

[97] N. N. Nekhoroshev, An exponential estimate of the stability time for Hamiltonian systems close to integrable ones, II, In: Topics in modern mathematics, Petrovskiĭ seminar, No. 5, ed. O. A. Oleĭnik, Consultant Bureau, New York, 1985, 1–58 (Russian original: Trudy Sem. im. I. G. Petrovskogo, 1979, no. 5, 5–50).

[98] L. Niederman, Dynamics around simple resonant tori in nearly integrable Hamiltonian systems, J. Differ. Equations 161 (2000), 1–41.

[99] I. O. Parasyuk, Conservation of multidimensional invariant tori in Hamiltonian systems, Ukrain. Math. J. 36 (1984), 380–385.

[100] I. O. Parasyuk, Coisotropic quasi-periodic motions near the relative equilibrium of a Hamiltonian system, Nonlinear Math. Phys. 1 (1994), 340–357.

[101] I. O. Parasyuk, Perturbations of degenerate coisotropic invariant tori of Hamiltonian systems, Ukrain. Math. J. 50 (1998), 83–99.

[102] I. O. Parasyuk, Bifurcation of the Cantor set of coisotropic invariant tori of a Hamiltonian system under a perturbation of the symplectic structure, Nelin. Kolyvannya 1 (1998), no. 2, 81–89 (Ukrainian).

[103] P. I. Plotnikov, Morse theory for quasi-periodic solutions of Hamiltonian systems, Siberian Math. J. 35 (1994), 590–604.

[104] H. Poincaré, New methods of celestial mechanics, Vol. I. Periodic and asymptotic solutions, Amer. Inst. Physics, New York, 1993 (This is the latest English edition. The French original: 1892).

[105] G. Popov, KAM tori and quantum Birkhoff normal forms, Séminaire sur les Équations aux Dérivées Partielles, 1999–2000, exp. 20, École Polytech., Centre de Math., Palaiseau, 2000, 13 pp.

[106] G. Popov, Invariant tori, effective stability, and quasimodes with exponentially small error terms, I. Birkhoff normal forms, Ann. Henri Poincaré 1 (2000), 223–248.

[107] G. Popov, Invariant tori, effective stability, and quasimodes with exponentially small error terms, II. Quantum Birkhoff normal forms, Ann. Henri Poincaré 1 (2000), 249–279.

[108] J. Pöschel, Über invariante Tori in differenzierbaren Hamiltonschen Systemen, Bonn.

Math. Schr., 1980, Nr. 120, 1–103.

[109] J. Pöschel, Integrability of Hamiltonian systems on Cantor sets, Comm. Pure Appl.

Math. 35 (1982), 653–696.

[110] J. Pöschel, Small divisors with spatial structure in infinite dimensional Hamiltonian systems, Comm. Math. Phys. 127 (1990), 351–393.

[111] J. Pöschel, A lecture on the classical KAM theorem, In: Smooth ergodic theory and its applications, eds. A. B. Katok, R. de la Llave, Ya. B. Pesin, H. Weiss, Proc. Sympos. Pure Math., vol. 69, Amer. Math. Soc., Providence, RI, 2001, 707–732 (the preprint appeared in 1992).

[112] G. R. W. Quispel, M. B. Sevryuk, KAM theorems for the product of two involutions of different types, Chaos 3 (1993), 757–769.

[113] M. Rudnev, S. Wiggins, KAM theory near multiplicity one resonant surfaces in perturbations of a priori stable Hamiltonian systems, J. Nonlinear Sci. 7 (1997), 177–209.

[114] M. Rudnev, S. Wiggins, On a partially hyperbolic KAM theorem, Reg. Chaot. Dynamics 4 (1999), no. 4, 39–58.

[115] H. Rüssmann, Non-degeneracy in the perturbation theory of integrable dynamical systems, In: Number theory and dynamical systems, eds. M. M. Dodson, J. A. G. Vickers, London Math. Soc. Lect. Note Ser., vol. 134, Cambridge Univ. Press, Cambridge, 1989, 5–18; Reprinted in: Stochastics, algebra and analysis in classical and quantum dynamics, eds. S. Albeverio, P. Blanchard, D. Testard, Math. its Appl., vol. 59, Kluwer Academic, Dordrecht, 1990, 211–223.

[116] H. Rüssmann, Invariant tori in non-degenerate nearly integrable Hamiltonian systems, Reg. Chaot. Dynamics 6 (2001), 119–204 (the preprint appeared in 1998).

[117] D. Salamon, The Kolmogorov–Arnol^′d–Moser theorem, ETH-Zürich, preprint, 1986.

[118] J. Schmets, M. Valdivia, The Zahorski theorem is valid in Gevrey classes, Fund. Math.

151 (1996), 149–166.

[119] M. B. Sevryuk, Invariant tori of reversible systems of intermediate dimensions, Russ.

Acad. Sci. Dokl. Math. 47 (1993), 129–133.

[120] M. B. Sevryuk, New cases of quasiperiodic motions in reversible systems, Chaos 3 (1993), 211–214.

[121] M. B. Sevryuk, The iteration-approximation decoupling in the reversible KAM theory, Chaos 5 (1995), 552–565.

[122] M. B. Sevryuk, KAM-stable Hamiltonians, J. Dynam. Control Syst. 1 (1995), 351– 366.

[123] M. B. Sevryuk, Invariant tori of Hamiltonian systems nondegenerate in the sense of Rüssmann, Dokl. Math. 53 (1996), 69–72.

[124] M. B. Sevryuk, Excitation of elliptic normal modes of invariant tori in Hamiltonian systems, In: Topics in singularity theory. V. I. Arnol^′d’s 60th anniversary collection, eds. A. G. Khovanskiĭ, A. N. Varchenko, V. A. Vasil^′ev, Amer. Math. Soc. Transl., Ser. 2, vol. 180, Adv. Math. Sci., vol. 34, Amer. Math. Soc., Providence, RI, 1997, 209–218.

[125] M. B. Sevryuk, Invariant tori of intermediate dimensions in Hamiltonian systems, Reg. Chaot. Dynamics 3 (1998), no. 1, 39–48.

[126] M. B. Sevryuk, Invariant sets of degenerate Hamiltonian systems near equilibria, Reg.

Chaot. Dynamics 3 (1998), no. 3, 82–92.

[127] M. B. Sevryuk, The finite-dimensional reversible KAM theory, Physica D 112 (1998), 132–147.

[128] M. B. Sevryuk, The lack-of-parameters problem in the KAM theory revisited, In:

Hamiltonian systems with three or more degrees of freedom, ed. C. Simó, NATO ASI Series C: Math. Phys. Sci., vol. 533, Kluwer Academic, Dordrecht, 1999, 568–572.

[129] M. B. Sevryuk, Excitation of elliptic normal modes of invariant tori in volume preserving flows, In: Global analysis of dynamical systems. Festschrift dedicated to Floris Takens for his 60th birthday, eds. H. W. Broer, B. Krauskopf, G. Vegter, Institute of Physics Publishing, Bristol, 2001, 339–352.

[130] M. B. Sevryuk, A review of [58], Math. Reviews, 2001b:37088.

[131] Z.-j. Shang, A note on the KAM theorem for symplectic mappings, J. Dynam. Differ.

Equations 12 (2000), 357–383.

[132] C. L. Siegel, J. K. Moser, Lectures on celestial mechanics, 2nd ed., Springer-Verlag, Berlin, 1995 (The 1st ed.: 1971).

[133] A. C. da Silva, Lectures on symplectic geometry, Lect. Notes Math., vol. 1764, Springer-Verlag, Berlin, 2001.

[134] Ya. G. Sinaĭ, Some problems in the theory of dynamical systems and mathematical physics, In: GAFA 2000. Visions in mathematics. Towards 2000, eds. N. Alon, J. Bourgain, A. Connes, M. L. Gromov, V. Milman, Geom. Funct. Anal., 2000, Special Volume, Part I, 425–433.

[135] V. G. Sprindžuk, Metric theory of Diophantine approximations, John Wiley, New York, 1979 (Russian original: 1977).

[136] S. J. van Strien, Center manifolds are not C^∞, Math. Z. 166 (1979), 143–145.

[137] N. V. Svanidze, Small perturbations of an integrable dynamical system with an integral invariant, Proc. Steklov Inst. Math., 1981, no. 2, 127–151.

[138] D. V. Treshchëv, A mechanism for the destruction of resonant tori in Hamiltonian systems, Math. USSR Sbornik 68 (1991), 181–203 (Russian original: 1989).

[139] E. Valdinoci, Families of whiskered tori for a priori stable/unstable Hamiltonian systems and construction of unstable orbits, Math. Phys. Electronic J. 6 (2000), Paper 2, 30 pp.

[140] J. Villanueva, Normal forms around lower dimensional tori of Hamiltonian systems, PhD thesis, Universitat Politècnica de Catalunya, Barcelona, 1997.

[141] Sh. Wang, Ch.-Q. Cheng, Birkhoff lower-dimensional tori in Hamiltonian systems, Chinese Sci. Bull. 42 (1997), 1866–1870.

[142] Sh. Wang, Ch.-Q. Cheng, Lower-dimensional tori for generic Hamiltonian systems, Chinese Sci. Bull. 44 (1999), 1187–1191.

[143] C. E. Wayne, A review of [151], Math. Reviews, 2000c:37090.

[144] B. Wei, Perturbations of lower dimensional tori in the resonant zone for reversible systems, J. Math. Anal. Appl. 253 (2001), 558–577.

[145] A. Weinstein, Lectures on symplectic manifolds, 2nd ed., Amer. Math. Soc., Providence, RI, 1979 (The 1st ed.: 1977).

[146] S. Wiggins, Normally hyperbolic invariant manifolds in dynamical systems, Springer- Verlag, New York, 1994.

[147] J. Xu, J. You, Q. Qiu, Invariant tori for nearly integrable Hamiltonian systems with degeneracy, Math. Z. 226 (1997), 375–387.

[148] J. Xu, J. You, Persistence of lower-dimensional tori under the first Mel^′nikov’s nonresonance condition, J. Math. Pures Appl., Sér. 9 80 (2001), 1045–1067.

[149] J.-C. Yoccoz, Travaux de Herman sur les tores invariants, Séminaire Bourbaki, 1991– 92, exp. 754, Astérisque 206 (1992), 311–344.

[150] J.-C. Yoccoz, Recent developments in dynamics, In: Proceedings of the International Congress of Mathematicians (Zürich, August 3–11, 1994), Vol. 1, ed. S. D. Chatterji, Birkhäuser, Basel, 1995, 246–265; Reprinted in: Fields Medallists’ lectures, eds. M. Atiyah, D. Iagolnitzer, World Scientific, River Edge, NJ; Singapore Univ. Press, Singapore, 1997, 588–609.

[151] J. You, Perturbations of lower dimensional tori for Hamiltonian systems, J. Differ.

Equations 152 (1999), 1–29.

[152] G. M. Zaslavskiĭ, B. V. Chirikov, Stochastic instability of nonlinear oscillations, Uspekhi Fiz. Nauk 105 (1971), no. 1, 3–39 (Russian).

Institute of Energy Problems of Chemical Physics, The Russia Academy of Sciences, Leninskiĭ prospect 38, Bldg. 2, Moscow 117334, Russia E-mail address: sevryuk@mccme.ru