77

Some peculiarities of derivative of complex function with respect to co mplex variable

S. B. Karavashkin

Special Laboratoryfor FundamentalE laboration SELF

187 apt., 38 bldg., Prospect Gagarina, Kharkov, 61140, Ukraine phone +38 (0572) 276624; e-mail: sbkarav@altavista.com

Website oflaboratorySELF: http://angelfir e. lycos.com/la3/SELFlab

Website ofour electronic journal: http://angelfire. lycos.co m/la3/selftrans

This paper was published fir st in SELF Transact ions, 1 (1994), pp.77-94 ( Eney, Ukraine, English, 118 pp.).

,W�LV�LQWURGXFLQJ�WR�

Z � cycle devoted to the new branch ofthe theoryo fcomplex var iable - non-

conformalmapping and its applicat ion to the calculat io n ofcomplex dynamical fields. It is ver ysimple

but necessar yas the basic for the fo llowing papers. As this edit ion had a smallcirculat ion, we decided to

up load this paper to our archive at http://angelfir e. lycos.com/la3/selftrans and to the mp_arc, to give the

Readers the opportunit yto look through the paper which we willo ften quote in the fo llowing papers of

this cycle. The more that we willapply this technique in other research direct ions oflaboratorySELF. We

willbe pleased ifyou visit our electronic journalSELF Transactions. We willbe the more pleased if you

find there a responce to your thoughts and research direct ions. We willbe pleased much more, receiving

your opinio n ofour results. We are willing to answer your questions and discuss with you any problems

having so mething in co mmo n with our developments.

Abstract

This paper is the introducing for a monograph devoted to the newbranch of theory of complex

variable ˘ non-conformal mapping. This neworiginal method enables to connect the mathematical

models to which the linear modelling is applicable with nonlinear mathematical models, i.e. with the

cases when the mapping function is not analytical in a conventional Caushy ˘ Riemann meaning but is

analytical in general sense and has all the necessary criterions of the analyticity, except of the direct

satisfying to the Caushy ˘ Riemann equations. As an example, the exact analytical solution of the Bessel-

type equation in the continuous range of an independent variable has been obtained.

Classification by MSC 2000: 30C62; 30C99; 30G30; 32A30.

Keywords: Theoryofco mplex var iable, Non-conformalmapping, Quasi-confor malmapping, Bessel

funct ions

Wit h all outward simplicit y and evidence ofso me statements, this paper tries looking fro mso me

unexpected standpo int at the complex plane and transformations realis ing on it. Rather, not so much the

viewpo int will be unexpected, but the concept ofa complex funct ion will be extended to the frames ofthe

most generaldefinit io ns.

Fir st ofall, statethese definit io ns:

"It is said that in the set M ofpoints belo nging to the plane z the funct ion

( ) w f z

= ( 1 )

was assigned, ifthe regular it yhas been indicated, bywhich the relation has been set up so that a definite

point or points assemblage w was placed in correspondence wit h each point z of M

" [1, p.17].

"I fone puts z = x+iy and w= u+iv , then to define the funct ion ofa complex var iable w= f ( z ) will be

the same as to define two funct ions oftwo realvariables

( ) ( )

, ; , " u u x y v v x y

= = ( 2 )

V.1 (1994), pp 77 - 94 Some peculiarities of derivative of complex function 2

[1, p.17].

As one can see fro mthe definit io ns, the most generalconcept ofthe funct ion ofa co mplex var iable is not limited byso me before-condit ioned dir ect relatio n

78 between the realvar iables u ( x , y ) and v ( x , y ). In particular, the funct ions

( ) ( )

( ) ( )

( ) ( )

, ;

;

w u x y iv x w u x iv y w u y iv x

= +

= +

= +

( 3 ) and so on are also the funct ions ofa co mplex var iable, because to set up the correspondence between (3) and (1), it is sufficient to present x and y in the form

Re ;

Im .

x z y z

=

=

Wit h it the ment ioned particular forms o fthe function ofa co mplex var iable fully sat isfy the condit ions of continuous and one-valued mapping, ifthis last was understood not in Caushy - Riemann presentation, but more generally, in the Caushyor Heine sense.

Actually, "the funct ion f ( z ) is continuous at the point z 0 ifit was assigned in so me vicinit y z 0

( including the point z 0 itself) and

( ) ( )

0 0 lim " z z

f z f z

®

= ( 4 )

[1, p.20]. "At 0 z z ® the function w = f ( z ) has the number 0 w¹ ¥ as its limit in the Caushy sense, if for each 0

e > such ( ) 0 d e> exists that the inequalit y

79

( )

0 f z w e - < ( 5 )

is true for all ( )

0 , z E C z d Î Ç " [2, p.35]. Noting this, we can wr ite (4) as

( ) ( )

( ) ( )

0 0

0 0

0 0

0 0 lim Re , Re , ;

lim Im , Im , x x y y

x x y y f x y f x y

f x y f x y

® ®

® ®

=

=

( 6 )

because the fo llowing statements are true:

( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

;

;

;

.

z z x x i y y x x x x

y y z z x x i y y i y y

w w u u i v v u u u u

v v w w u u i v v i v v d d

d d

e e

e e ü > - = - + - ³ - ì - < ï ï Þ ý í

- < > - = - + - ³ - ï ï î þ

ü > - = - + - ³ - ì - < ï ï Þ ý í

- < > - = - + - ³ - ï ï î þ

Subst ituting any function fro m(3) into (6), we yield that in case ofcont inuous funct ions ofreal

arguments u and v , the function ofco mplex var iable w is cont inuous too. And vice versa, ifat least one of

funct ions ofrealarguments u and v was discont inuous, the funct ion ofco mplex var iable w is

discontinuous too, because at least one ofequalit ies o f(6) is vio lated.

The same simplywe can prove the relation between the one-valuedness ofmapping z onto w and one-

valuedness offunct ions ofa realargument u and v .

S.B. Karavashkin 3

80

Noting the above definit io ns, consider so me co mplex funct ion f ( z ) proceeding the one-valued

mapping of d-vicinit yo fthe point z 0 ofthe complex plane Z into e-vicinit y ofthe point w 0 o fthe

complex plane W (see Fig. 1). Choose in the d-vicinit yo f z 0 two points z 1 ( x 1 , y 1 ) and z 2 ( x 2 , y 2 ). In accord

with the complex funct ion definit io n, some points w 1 ( u 1 , v 1 ) and w 2 ( u 2 , v 2 ) ofmapping on the complex

plane W correspond them. And according to the condition o fone-valued mapping, if

1 2 1 2

, then .

z z w w

¹ ¹ ( 7 )

Formthe differences between the picked points z 1 , w 1 , z 2 , w 2 , z 0 and w 0 correspondingly:

81

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1 0 1 0 1 0 1 1

1 0 1 0 1 0 1 1

2 0 2 0 2 0 2 2

2 0 2 0 2 0 2 2

;

;

;

.

z z x x i y y x i y

w w u u i v v u i v

z z x x i y y x i y

w w u u i v v u i v

- = - + - = D + D ì ï

í

- = - + - = D + D ï î

- = - + - = D + D ì ï

í

- = - + - = D + D ï î

( 8 )

Noting (7), in general case

1 2 1 2 1 2 1 2

; ; ; .

x x y y u u v v

D ¹ D D ¹ D D ¹ D D ¹ D

At the same time

1 1 1 1

2 2 2 2

; ; ; ;

; ; ; .

x y u v

x y u v d d e e

d d e e

D < D < D < D <

D < D < D < D <

Thus, even fro mthe condit ion

1 0 2 0 z z z z

- = -

generallythere does not fo llow

1 0 2 0 . w w w w

- = -

This last is caused bythe fact that (5) cannot note the equalit yof 0 w w ® subtend velocit ies, because the

e -vicinit y is usually chosen wit h respect to the most distanced point w ( z ) corresponding to z and falling

in the d-vicinit y of z 0 . But if y

x z 0 z 1

z 2 d v

u w 0 w 2

w 1 e

Fig. 1. Possible mapping ofpoints z 1 and z 2 belonging to d -vic inity of

the comple x pla ne Z into the points w 1 a nd w 2 be longing to e -vic inity

ofthe comple x pla ne W

82

we outline the realborder ofthe mapping f z w ® , then dependent ly on f ( z ) it can take anyco mplex for m

(e.g., ( ) d G in Fig. 1).

But the inconstancy of 0 w w ® subtend velocit y dependently on the subtend direction causes that the

relat ion

0 lim

z dw w

dz z D ®

D =

D

( 9 )

beco mes dependent on the 0 w w ® subtend dir ect ion.

83

As is known, (9) determines the totalder ivat ive o fthe complex funct ion f ( z ) with respect to complex

argument z. As we can see fro mthis analys is, this funct ion is a co mplex analogue ofthe der ivat ive with

respect to direct ion in vector algebra.

In order to revealthe salient features ofthe totalcomplex der ivat ive, determine the different ials o f z

and w .

To determine the different ial of z , pick on the complex plane Z the d-vicinit yo fthe point z 0 (see Fig.

2). Pick in this d-vicinit ya po int z 1 ( x 1 , y 1 ), and let

1 0 . z z r d

- = D < ( 10 )

We see fromthe construction in Fig. 2 that

1 0 1

1 0 1 cos ;

sin ;

x x x

y y y r y

r y

- = D = D

- = D = D

( 11 )

( )

1 0 1 1 cos sin .

z z x i y i r y y

- = D + D = D + ( 12 )

Tending 1 0 z z ® and noting (10), we yield in the limit

( ) ( ) ( )

1 0 1 0 lim cos sin cos sin .

z z dz z z d i dz i r y y y y

®

= - = + = + ( 13 )

84

Fig. 2. Dia gra m for calc ulation the incre ment D z on the comple x pla ne Z z 1 y

x z 0

D r y

j r

0 y 0 y 1

x 0 x 1 d

S.B. Karavashkin 5

As we see from(13), dz depends only on one realvar iable r, and at the same t ime it notes allpart ial

different ials in d-vicinit yo f z 0 . This propertyofthe different ialo f z reveals the most visually when

represent ing z in po lar form.

To show it, consider the triangle OAB (see Fig. 3) formed by the radius-vectors

0 1 0 0 1 0

; ; . i i z e z e j j r r r

= = D ( 14 )

In accord with the sine theorem

( ) 1

0

,

sin sin r r

p j y j

D =

+ - D

whence

( )

0

1 sin sin ;

r j y j

r

D D = - ( 15 )

( )

2

2

0

1 cos 1 sin .

r j y j

r æ ö D D = - - ç ÷

è ø

( 16 )

In accord with the cosine theorem,

( ) ( ) 2 2

1 0 0 0

2 cos .

r r r rr y j

= + D + D - ( 17 )

Subst ituting (17) into (16), we yield

( )

0 0

1 cos

cos .

r r y j

j

r

+ D -

D = ( 18 )

85

Noting that

( ) 0 1 1 0 0 cos sin , i i z e e i j j r r j j

= = D + D

yield

( ) ( )

0 0 0

1 0 0 0 0 cos sin .

i i i i z e e i e e j j j y r r y j y j r r

= + D - + - = + D é ù ë û ( 19 )

And fro m(19) we yield

86

Fig. 3. Geometric construction in addition to Fig. 2 for

ca l c ulation the incr e me nt D z on the complex pla ne Z z 1 y

x z 0

D r

y

j 0 r

0 r

1

j

1

D j

B

A

O j 0

0

;

lim .

i

i z e

dz z d e y

y

r r

r

D ®

D = D

= D =

( 20 )

We see fromthis der ivation that the for m itself o fwr it ing the totaldifferent ialo f dz with the fixed

value ofthe direct ion ofdifferent iat ion (the angle y) turns one ofthe independent var iables ( j) into a

non-different iable parameter depending only on the location ofa point in which this totaldifferent ialis

sought, and the second different ialo f dr does not depend on 0 z z ® subtend direct ion, so this is the

different ial in a co mmo n sense.

This der ivat ion demo nstrates also that the formoftotaldifferent ial does not depend on the way, how

z is presented.

And finally, at 0 y=

cos , dz d dx r y = =

and at / 2 y p =

sin .

dz id idy u y = =

Ifwe abstract fromthe way, how the partialdifferent ials dx and dy were compared, and subst itute

into (20) the limit s taken fro m(11), we will obtain

, dz dx idy = +

i. e. the conventional value ofthe totaldifferent ial. This fullycorroborates the validit yto identify dz with

the totaldifferent ialin the for m(20).

Now determine the different ialo f w at the point w 0 at the condit ion that there

87

exists a one-valued mapping ofthe d-vicinit y ofthe complex plane z into the e-vicinit yo fthe complex

plane w .

As we proved before, a funct ion ofa co mplex var iable can be presented the most generally as

( ) ( )

, , cos sin ; cos ; sin .

w f z x y f i r j j r j r j

= = + é ù ë û

The increment in the funct ion at the point w 0 takes the fo llowing form:

[ ] [ ] ( )

( ) ( )

0 2

0 0 0 0 0

0 0 0 0 0 0 0

; cos cos ; sin sin

cos sin ; cos ; sin .

i w f e e

f i j y r r r j r y r j r y

r j j r j r j é ù D = + D + D + D - ë û

- +

( 21 )

We see from(21) that w

D depends, as z

D, onone var iable r. Thus we can wr ite

( ) w fr

D = D

and

( ) ( ) ( )

0 lim .

dw z f df

r r r

D ®

= D = ( 22 )

Wit h the help ofobtained differentials ofan independent var iable z and complex function w ( z ) , we

can easyobtain an expressio n for the totalder ivat ive ofa co mplex funct ion. For it we willuse (9), (20)

and (22):

( ) ( ) ( )

( ) 0 0 lim lim

cos sin z dw z w z f

dz z i r r

r y y D ® D ®

D D

= = =

D D +

88

S.B. Karavashkin 7

( )

( )

( )

( )

0 lim cos sin cos sin .

f df

i i

d r r r

y y y y

r r D ®

D é ù

= - = - ê ú D ë û

( 23 )

Now find the formo fpresentation ofthe totalder ivat ive ofa complex var iable with respect to z

presented in the co-ordinate form, using (2). (23) takes the fo llowing for m:

( )

( ) ( )

cos sin cos sin

cos sin cos sin .

dw z u v

i i i

dz

u v v u

i y y y y

r r

y y y y

r r r r

¶ ¶ = - + - =

¶ ¶

æ ö æ ö

¶ ¶ ¶ ¶

= + + -

ç ÷ ç ÷

¶ ¶ ¶ ¶ è ø è ø

( 24 )

To transit in (24) fro mpartial der ivat ive wit h respect to r to those with respect to x and y , we have

to make a subst itution:

;

.

u u x u y

x y

v v x v y

x y r r r

r r r

¶ ¶ ¶ ¶ ¶ = +

¶ ¶ ¶ ¶ ¶

¶ ¶ ¶ ¶ ¶

= +

¶ ¶ ¶ ¶ ¶

( 25 )

And it follows fro m(20) that

cos and sin . x y y y

r r

¶ ¶ = =

¶ ¶

( 26 )

Subst ituting sequent ially(26) into (25) and (24), we yield

( )

( )

2 2

2 2

2 2 cos sin sin cos

cos sin sin cos

cos sin cos sin

cos sin sin cos .

dw z u v u v

dz x y y x

v u v u i

x y y x

w w i

x y

w w w w

i i i

x y x y y y y y

y y y y

y y y y

y y y y é ù æ ö ¶ ¶ ¶ ¶

= + + + + ê ú ç ÷ ¶ ¶ ¶ ¶ è ø ë û

é ù æ ö ¶ ¶ ¶ ¶

+ - + - = ê ú ç ÷ ¶ ¶ ¶ ¶ è ø ë û

æ ö ¶ ¶ = + - = ç ÷ ¶ ¶ è ø

æ ö æ ö

¶ ¶ ¶ ¶

= - - +

ç ÷ ç ÷

¶ ¶ ¶ ¶ è ø è ø

( 27 )

To the point, when Caushy - Riemann condit ions

; u v v u

x y x y

¶ ¶ ¶ ¶

= = -

¶ ¶ ¶ ¶

are true, the intermediate expressio n (27) beco mes independent on the angle y. This last is one ofthe

proofs that in their essence Caushy - Riemann condit io ns only define the class of functions ofa complex

var iable having a centralsymmetr y.

89

To write the for mofthe second totalder ivat ive for the funct ion ofa co mplex var iable, use the

pr inciple ofthe double sequent ial mapping

/ . f d dzdw z w

dz

® ® ( 28 )

Note that the different iat ion direct ions ofthe first and second der ivat ives for the function ofa co mplex

var iable can be generally not the same. So

( ) 1 2 1

2 2

2 2 i i d w d dw d dw w e e

dz dz dz dz d y y y

r r

- - - æ ö¶ æ ö = = = ç ÷ ç ÷ ¶ è ø è ø

( 29 )

To present the second der ivative in co-ordinate form, subst itute to (27) the value of dw/dz taken fro m

(27). After transfor mat ion we yield

( ) ( ) 1 2

2 2 2 2

1 2 1 2 1 2 2 2 2 cos cos sin sin sin . i d w w w w

e

dz x y x y y y y y y y y y - + é ù ¶ ¶ ¶

= + + + ê ú ¶ ¶ ¶ ¶ ë û

( 30 )

For funct ions ofco mplex var iable sat isfying Caushy - Riemann condit io ns, we can find the second

der ivat ive, noting that according to (25), the fo llowing equalit y is a complex analogue o fCaushy -

Riemann equat ions:

90

. w w i

x y

¶ ¶

=

¶ ¶

( 31 )

Different iate (31) with respect to x

2 2

2

, w w

i

x x y

¶ ¶

=

¶ ¶ ¶

( 32 )

and wit h respect to y

2 2

2

.

w w

i

y x y

¶ ¶ =

¶ ¶ ¶

( 33 )

Mult iply(33) by i and subtract it from(32):

2 2

2 2

. w w

x y

¶ ¶

= -

¶ ¶

( 34 )

Subst ituting in (30) the terms

2

2 w

y

¶

¶ and

2 w

x y

¶

¶ ¶ in accord with (32) and (34), we yield

2 2

2 2

.

d w w

dz x

¶ =

¶

( 35 )

Proceeding the same with the rest derivatives, we yield

2 2 2 2

2 2 2

. w w w d w i

z x y dxdy

¶ ¶ ¶

= = - =

¶ ¶ ¶

( 36 )

The equalit y (36) evidences that for the funct ions analyt icalafter Caushy - Riemann, the totalsecond

der ivat ive with respect to z retains its independence o fthe direction ofits calculat ion and depends neither

on

1 y nor on

2 y.

Now express w ( x , y ) in (33) through u and v . It leads us to the fo llowing system:

2 2

2 2

0 u u

x y

¶ ¶ + =

¶ ¶

( 37 )

and

2 2

2 2

0 , v v

x y

¶ ¶

+ =

¶ ¶

( 38 )

which are Laplace equat ions for two var iables. One more propertyofthe centrally symmetric funct ions of

complex var iable fo llows fro mthis:

2 2

2 2

0 .

w w

x y

¶ ¶

+ =

¶ ¶

( 39 )

It means that boththeir realand imaginar yparts must satisfy Laplace equat ions.

S.B. Karavashkin 9

Summing up, the carried out investigation shows that the theoryofco mplex var iables contains much

wider scope. And a part ofthemcan be extended to the vector algebra tool, to the theoryof functions of

severalvar iables. And some results can be used even to analyse realfunctions ofone var iable. In this

connection I hope that despite the simplicit yo fstatements, this paper will be evaluated properlyand it

willgain a proper development, the same as other areas ofmathemat ics.

91

As an example, consider an applicat ion to solving the following second-order different ial equat ion:

( ) ( ) ( ) ( ) 2

2 2 2

2

0 d w z dw z

z z z n w z

dz dz

+ + - = ( 40 )

[3, p.61].

To simplifythe so lut ion, present z in polar form:

. z ej r- = ( 41 )

Subst ituting (23), (29) and (41) into (40), we yield:

( )

( )

( )

( ) ( ) ( )

2 1 2 1 2

2

2 2 2 2

2

0 . i i i w w

e e n e w y j y y y y j r r

r r r r

r r

- + + - ¶ ¶ é ù + + - = ë û ¶ ¶

( 42 )

It is obvious fro mthe above analysis that in (42) only r is a var iable, all other var iables - j,

1 y and

2 y

- beco me the parameters. And their quantit ies are not fixed by the statement ofproblem; this can be used

when finding the so lution o f(40).

Note also that after writ ing the totalder ivat ive in the for ms (23) and (29), the obtained der ivat ives

with respect to r beco me the der ivat ives in a co mmon sense. In this connect ion the substitution

( ) 1 2 i t e y y r + =

92

is true, and (42) takes the fo llowing for m:

( )

( )

( )

( ) ( )

2 1 2

2

2 2 2 2

2

0 . i i d w t dw t

t te t n e w t

dt dt y j y y j

- + - é ù + + - = ë û ( 43 )

We willseek the solut ion of(43) in the for m

( ) ( ) , w t t t a = Q ( 44 )

where a is so me parameter independent of r. Substituting (44) into (43), we yield

( )

( )

( )

( ) ( ) ( ) ( )

2

1 2 2

2

2

2

2 2 2

2

1 0 .

i

i i d t d t

t e t

dt dt

t n e e t y j

y y j y j a

a a a

-

+ - -

Q Q é ù + + + ë û

é ù + - + - + Q = ë û

( 45 )

Take

( ) 2

1 .

2 i e y j a - = - ( 46 )

Then

( )

( ) ( )

2 1 2

2

2 2 2 2

2

1 1

0 .

2 4 i i i i d t

t t e n e e e t

dt y j y y j - Q é ù æ ö + - - + Q = ç ÷ ê ú è ø ë û

( 47 )

Ifin (47)

1 2 2 1 1 0 ,

2 4 i i i n e e e y y j - + = ( 48 )

93

then this equation beco mes a known Helmho ltz different ial equat ion having the standard so lution

( )

1 2 . it it t c e c e - Q = +

The equation (48) can be zero because of free choosing the parameters j, 1 y and

2 y given by the

statement ofproblem.

To determine the condit ions at which (48) is zero, equalise to zero the realand imaginar y parts ofthe

left-hand part ofthe equalit y:

2

1 2

2

1 2

1 1

cos cos cos 0 ;

4 2

1 1

sin sin sin 0 .

4 2 n

n y y j

y y j

+ - =

+ - =

( 49 )

The so lution ofthis systemis

2

1 2

4

2

3

arccos ;

16

5 arccos 4 .

4 n

n

n y j

y j æ ö = + + ç ÷ è ø

æ ö = + - ç ÷ è ø

( 50 )

This so lution is true in the range

1 3 3 1

; .

2 2 2 2 n n £ £ - £ £ - ( 51 )

94

Transit ing to the init ialindependent var iable, we obtain the solut ion ofdifferentialequat ion (43) in the

range of n , corresponding to (51):

( ) ( ) ( ) ( ) {

( ) }

2

1 exp 2 1 2 1 1 2

2 1 2 exp exp exp

exp exp .

i w z i c i i

c i i y j r y y r y y

r y y

- - = + + + é ù é ù ë û ë û

+ - + é ù ë û

( 52 )

Though the range (51) is so limited (but can be well widen bythe recurrence relat ions), we see that

the "field" pr inciple to present the funct ion ofco mplex var iable enables us using better the mer its ofthe

theoryof funct ions o fcomplex var iables to solve the physical and mathematicalproblems, particular ly for

seeking the solut ions ofnon-trivial differentialequat ions.

References:

1. Lavrentiev, M.A. and Shabat, B.V. The methods of theory of complex variable. Nauka, Moscow,

1973, 736 pp. (Russian)

2. Bitsadze, A.V. Foundations of the theory of analytical functions of complex variable . Nauka,

Moscow, 1969, 239 pp. (Russian)

3. Gray, A. and Mathews, G.B. Bessel functions and their applications to physics and mechanics .

Inosstrannaya literatura, Moscow, 1953, 371 pp. (russian; fro medit ion: Gray, A. and Mathews,

G.B. A treatise on Bessel functions and their applications to physics . English edit io n of1931)

1985