PHASE COEXISTENCE FOR THE KAC ISING MODELS

T. BODINEAU

Abstract. We derive the Wulff construction for Kac Ising models with long but finite range interaction in dimensions d ⩾ 2. Some open problems concerning the phase coexistence for more general models are also discussed.

1. Introduction

During the last decade important progress has been made in the thorough understanding of the phase coexistence phenomenon. The most precise quantification of the different mechanisms at play and a sharp description of the phase boundaries has been obtained in the context of the 2D Ising model with nearest neighbor interactions [DKS, Pf, ACC, I1, I2, DS, ScS1, ISc, PV1, PV2, DH, Al]. For the 3D Ising model, the results are less precise and the phase segregation is characterized by the concentration in L^1 of coarse grained configurations to the equilibrium crystal shapes [ABCP, BCP, BBBP, BBP, Ce, B1, CePi1, CePi2, BIV2]. For a comprehensive survey on the topic the reader is referred to [BIV1] and the references therein.

In this paper a different approach is implemented in order to obtain the Wulff construction for Kac Ising model with finite range interactions. The motivation behind this strategy is to provide a step towards the understanding of the phase coexistence for a class of models broader than the ferromagnetic Ising models. Before stating the main results of the paper, we discuss some open problems and summarize the difficulties which hinder the extension of the L^1 theory to more general models.

As will be explained later, the actual results on phase coexistence are valid for a limited class of microscopic models, namely the random cluster model with finite range interactions. The description of more subtle phenomena which occur in everyday life, or which are observed in experiments, would require the investigation of more realistic models. One of the most current examples of phase coexistence, the liquid/vapor coexistence, has no rigorous counterpart (with the exception of the Widom Rowlinson model for which the Wulff construction should be a straightforward consequence of the FK correspondence [CCK, GLM]). In fact, even the primary issue of the liquid/vapor phase transition has been derived only for a limited class of models. A discussion on the possible implications of the recent breakthrough [LMP] on the liquid/vapor phase transition is postponed to remark 2.1. More generally, the study of models governed by the Pirogov Sinai Theory would shed light on interesting physical mechanisms which have still not been thoroughly analyzed. For example, for some multi-phase models without symmetric phases, one should

Date: January 19, 2001.

1991 Mathematics Subject Classification. 82B20, 76B45. Key words and phrases. Ising Model, Surface tension.

I am very grateful to D. Ioffe, E. Presutti, R. Fernandez, C. Pfister and Y. Velenik for many interesting discussions and suggestions. I would also like to thank the organizers of the IV-th Brazilian School of Probability and in particular V. Sidoravicius for their invitation to present this work. 1

observe between two phases the occurrence of an intermediate layer of a third phase (see [MMRS] for a discussion of this phenomenon in the case of the large q Potts model at the critical point). Nevertheless, even if the bulk properties are well understood in the context of Pirogov Sinai Theory, the surface properties and, more precisely, a microscopic derivation of the Wulff construction remain an open problem.

In the L^1 approach, the phase coexistence is analyzed by performing a series of localizations from the macroscopic level to the microscopic level in order to relate the macroscopic equilibrium crystal shapes to the surface tension, which is defined in terms of microscopic quantities. This strategy can be essentially implemented on a coarse grained level and therefore does not rely on the microscopic structure of the model. Nevertheless, it requires the validity of a coarse grained representation of the model which keeps track of the local order parameter and ensures some decoupling properties. We refer to [BIV1] for a presentation of the L^1 theory in a general framework.

This semblance of generality suffers from an important exception. Once the interface has been localized on a mesoscopic level, the precise surface tension factor should be extracted from some coarse grained information. Therefore, the structure of the coarse graining becomes essential in order to relate the mesoscopic level to the microscopic information which leads to the surface tension. The previous proofs of the phase coexistence for Bernoulli percolation [Ce]; for finite range Ising model [B1, CePi1, BIV2]; and for Potts model [CePi2] rely crucially on Pisztora’s coarse graining [Pi]. This coarse graining is a fundamental tool for the study of the Ising/Potts model in a non perturbative regime (up to the slab percolation threshold). It describes the “backbone” of the Ising/Potts spin configurations in terms of a cluster in the FK representation. Thus, in the previous proofs, the surface tension was redefined in terms of the random cluster model in order to be related to the coarse graining.

This approach would seem to limit the generalization to models for which the FK correspondence does not hold. Furthermore, the previous proofs are based upon correlation inequalities which are not satisfied by general models. Therefore, the analysis of phase coexistence for models in the Pirogov Sinai theory would need to develop different tools and to devise a more robust analysis of surface tension. It would be interesting to introduce a tractable macroscopic definition of surface tension which does not rely on correlation inequalities and on the FK representation.

In this paper more modest questions are addressed. First, an approach of the Wulff construction is presented for the Ising model without using the FK correspondence. This analysis is limited to low temperatures. Nevertheless, since it is mainly based on the Peierls condition, parts of it should be easy to transpose in other contexts. In a final section, this method is generalized in order to derive the Wulff construction for Kac Ising models.

The first step is to introduce a new coarse graining appropriate for the L^1 theory. Then we deduce from a general exponential tightness theorem the phenomenon of phase segregation, i.e. the fact that phase coexistence does not occur by the creation of many small droplets of one phase scattered in the other, but by a macroscopic phase separation. Alternatively, this phenomenon manifests itself by surface order large deviations (see [Sc, Pi]). This first part is only based upon the Peierls condition and should be straightforward to generalize (even in the case of multi-phase models).

In a second step, the equilibrium crystal shapes are derived. The proof follows the general scheme of the L^1 theory, but it is implemented with the new coarse graining directly on the spin level. At this stage, the existence of surface tension (known from correlation inequalities) and the symmetry between the phases (spin flip) come into play.

In the last part, the previous strategy is updated to the context of the Kac Ising models with long but finite range interactions. The first derivation of the Wulff construction for Kac Ising models was obtained by [ABCP, BCP] (see also [AlBe] for anisotropic interactions). In these works, the interaction was rescaled with the number of particles (N ∼ γ^{−1−ϵ}) and the phase coexistence stemmed from the proof of the Γ-convergence of functionals associated to the continuous limit of the model. The functional framework of the L^1 theory was introduced in these papers and the importance of the geometric measure theory and of related compactness properties was emphasized. In [BBBP, BBP], the prediction of the van der Waals theory of surface tension is recovered when the range of the interaction diverges to infinity. More precisely, the probabilistic cost of a macroscopic interface was proven to be exponentially small with a factor proportional to the perimeter of the interface times the van der Waals surface tension. As a consequence, the equilibrium crystal shapes converge to a sphere in the Lebowitz and Penrose limit. For finite range interaction only a rough description of the crystals was obtained. Building on the previous results, the present paper completes the Wulff construction for finite range interactions. The main ingredient is the derivation of the surface tension from an approximate expression defined only on a coarse grained level. As a consequence of [BBBP], the sequence of surface tensions defined for any range of the interaction^1_γ converges to the isotropic van der Waals surface tension.

2. Models and results

2.1. Ising model. Let Λ be a finite domain of Z^d, for d ⩾ 2. Each site i in Λ indexes a spin σ_i which takes values ±1. The spin configurations {σ_i}_{i∈Λ} have a statistical weight determined by the Hamiltonian

H^{σ̄}(σ) = − 1 2 ∑ i,j∈Λ J(i − j)σ_iσ_j − ∑ i∈Λ,j∈Λ^c J(i − j)σ_iσ̄_j , where σ̄ = {σ̄_i}_{i∈Λ}c are the boundary conditions outside Λ and J are ferromagnetic finite range coupling constants, i.e. J ⩾ 0 and there is R > 0 such that J(i) = 0 if ‖i‖_∞ > R.

The Gibbs measure associated to the spin system with boundary conditions σ̄ is ∀σ = {σ_x}_{x∈Λ}, μ^{σ̄}_{β,Λ}(σ) = 1 Z^{σ̄}_{β,Λ} exp ( −βH^{σ̄}(σ) ) , where β is the inverse of the temperature (β =^1_T ) and Z^{σ̄}_{β,N} is the partition function. If the boundary conditions are uniformly equal to 1 (resp −1), the Gibbs measure will be denoted by μ^+_{β,Λ} (resp μ^−_{β,Λ}).

Let D_N be the subset {−N, . . . , N}^d of Z^d. There is a critical value β_c above which a breaking of symmetry occurs in the thermodynamic limit

∀β > β_c, lim_N μ^+_{β,N} (σ_0) = − lim_N μ^−_{β,N} (σ_0) = m^∗_β > 0 . (2.1)

Furthermore, in the thermodynamic limit the measures μ^+_{β,N} and μ^−_{β,N} converge to two distinct Gibbs measures μ^+_β and μ^−_β which are measures on the space {±1}^{Zd}. Each of these measures represents a pure state.

We are going to define the surface tension. Let ⃗n be a vector in S^{d−1} such that ⃗n·⃗e_1 >^{1√}_d . Let Λ_N = {i = (i_1, . . . , i_d) ∈ Z^d | ∀k ⩾ 2, |i_k| ⩽ N} and Δ_N be a sequence of finite subsets of Λ_N such that {i ∈ Z^d | |⃗n · i| ⩽ f(N)} ⊂ Δ_N , for some function f such that f(N) diverges as N goes to infinity. The mixed boundary conditions σ̄ are defined as

∀i ∈ Δ^c_N , σ̄_i = { +1, if ⃗n · i ⩾ 0, −1, if ⃗n · i < 0. The partition function with mixed boundary conditions is denoted by Z^±_{β,ΔN} (⃗n) and the one with boundary conditions uniformly equal to 1 by Z^+_{β,ΔN} .

Definition 2.1. The surface tension in the direction ⃗n ∈ S^{d−1}, with ⃗n · ⃗e_1 > 0, is defined by τ_β(⃗n) = lim_{N→∞} − (⃗n, ⃗e_1) N^{d−1} log Z^±_{β,ΔN} (⃗n) Z^+_{β,ΔN} . (2.2)

For β > β_c, the surface tension is uniformly positive on S^{d−1} and its homogeneous extension on R^d ∀x ∈ R^d , τ_β(x) = ‖x‖_2 τ_β ( x ‖x‖_2 ) , τ_β(0) = 0 ,

is convex. The previous properties of surface tension, as well as its existence are derived by using ferromagnetic inequalities. The reader is referred to [MMR] for a comprehensive discussion on surface tension.

2.2. Kac Ising model. The Kac Ising model is a ferromagnetic spin system with interactions tuned by a scaling parameter γ. Let J be a non-negative smooth function supported by [−1, 1] and such that ∫ R^d J(|r|) dr = 1. For any γ > 0 the Kac potentials are defined by ∀i ∈ Z^d, J_γ (i) = γ^dJ(γ|i|) . For simplicity, γ is chosen as 2^{−g} with g ∈ N. To emphasize the dependence on the scaling parameter, the Gibbs measure on Λ at inverse temperature β and with boundary conditions σ̄ is denoted by μ^{σ̄}_{β,γ,Λ}.

For any γ > 0, a critical temperature β_c(γ) (corresponding to the non-uniqueness of the infinite Gibbs measure) is associated to the system. It is proved in [CaPr, BZ] that lim_{γ→0} β_c(γ) = β^{mf}_c = 1 ,

where β^{mf}_c denotes the critical temperature of the mean field system. For any β > 1, this implies the existence of two distinct Gibbs measures μ^+_{β,γ} and μ^−_{β,γ} for sufficiently small γ. In particular, the phase transition is characterized by a spontaneous magnetization ∀β > 1, ∃γ_β > 0, ∀γ < γ_β, μ^+_{β,γ} (σ_0) = m^∗_{β,γ} > 0 . (2.3) When γ vanishes, m^∗_{β,γ} converges to the mean field magnetization m^∗_β. In passing, notice that a stronger result has been derived in [BMP]

Theorem 2.1. For any β > 1, there is γ_β > 0 such that for any γ < γ_β , any translation invariant Gibbs measure is a convex combination of μ^+_{β,γ} and μ^−_{β,γ} .

This assertion shows that, as in the van der Waals Theory, there are only two pure phases for sufficiently long range interactions.

2.3. The functional setting. We consider a general ferromagnetic Ising model as defined in Subsections 2.1 and 2.2. In order to enforce phase coexistence, the measure μ^+_{β,N} is conditioned by the event that the averaged magnetization is atypical, i.e. { M_N = 1 (2N+1)^3 ∑ i∈D_N σi ⩽ m } , where m is a constant in ] − m^∗_β, m^∗_β[. The problem will be to characterize the typical configurations of the conditional measure μ^+_{β,N} ( · | M_N ⩽ m ) . Before stating the results, let us introduce the macroscopic setting.

On the macroscopic level, the system is confined in the cube ^D = [−^1_2 ,^1_2 ]^d of R^d and a macroscopic configuration where the pure phases coexist is described by a function v taking values {±1}. The function v should be interpreted as a signed indicator representing the local order parameter : if v_r = 1 for some r ∈ ^D , then the system should be locally at r in equilibrium in the phase m^∗_β.

To define the macroscopic interfaces, i.e. the boundary of the set {v = −1}, a convenient functional setting is the space BV(^D , {±1}) of functions of bounded variation with values ±1 in ^D and uniformly equal to 1 outside ^D (see [EG] for a review). For any v ∈ BV(^D , {±1}), there exists a generalized notion of the boundary of the set {v = −1} called reduced boundary and denoted by ∂^∗v. If {v = −1} is a regular set, then ∂^∗v coincides with the usual boundary ∂v. The Wulff functional W_β is defined in L_1 (^D ) as follows

W_β(v) = { ∫ ∂^∗v τβ( ⃗nx) dHx, if v ∈ BV( ^D , {±1}), ∞ , otherwise.

(2.4)

To any measurable subset A of ^D , we associate the function 1I_A = 1_Ac − 1_A and simply write W_β(A) = W_β(1I_A).

Let m be in ] − m^∗_β, m^∗_β[. The equilibrium crystal shapes are the solutions of the Wulff variational problem, i.e. they are the minimizers of the functional W_β under a volume constraint min { W_β(v) | | v ∈ BV(^D , {±1}), | | ∫ ^D m^∗_β v_r dr | | ⩽ m } . (2.5)

Let D_m be the set of minimizers of (2.5). The set of functions of bounded perimeter will also play an important role in the following : for any a > 0, we set C_a = { v ∈ BV(^D , {±1}) | P({v = −1}) ⩽ a } , (2.6) where P denotes the perimeter. This set is compact in the L^1 topology.

The microscopic Ising model is embedded in the continuous setting. Let ^D_N =^1_N Z^d ∩ ^D . For simplicity the microscopic size is chosen in the binary form N = 2^n and the mesoscopic scale is denoted by K = 2^k. The cube ^D is partionned into boxes ^B_{N,K} , each of them containing K^d sites of ^D_N j ∈ Z^d, x = j K N ∈ ^D_N , ^B_{N,K} (x) = x + ] − K 2N , K 2N ]_d .

Let B_K (Nx) be the microscopic counterpart of ^B_{N,K} (x), i.e. the sites of ^D_N in ^B_{N,K} (x). These boxes are centered on the sites of ^D_{N,K} =^K_N Z^d ∩ ^D .

Finally, the local magnetization is defined as a piece-wise constant function on the partition {^B_{N,K} (x)} ∀y ∈ ^B_{N,K} (x), M_{N,K} (y) = 1 K^d ∑ i∈B_K (Nx) σ_i . (2.7)

The local order parameter M_{N,K} characterizes the local equilibrium.

2.4. Main results. The following results describe the phenomenon of phase coexistence with different accuracies. The system is analyzed on a coarse grained level in the L^1 topology.

The first result implies the occurrence of phase segregation (in a weak form), i.e. without describing explicitly the limiting crystal shapes. This should be interpreted as an intermediate step on the way to the Wulff construction. Let B be the set of inverse temperatures for which the Peierls estimate holds : for any β in B, there is a constant c_β > C(d) (where C(d) is a constant large enough depending on the dimension) such that any spin contour Γ of length |Γ| has exponentially small probability (uniformly in N) μ^+_{β,N} ( Γ) ⩽ exp(−c_β|Γ|) . (2.8)

Furthermore, c_β diverges as β goes to infinity.

Theorem 2.2. Let β be in B and m be in ] − m^∗_β , m^∗_β[. There is a > 0 such that for every δ > 0, there is a scale K_0 = K_0(β, δ) and ∀K ⩾ K_0, lim_{N→∞} μ^+_{β,N} ( 1 m^∗_β M_{N,K} ∈ V(C_a, δ) | | M_N ⩽ m ) = 1 ,

where C_a has been defined in (2.6) and V(C_a, δ) is the δ-neighborhood of C_a in L^1 V(C_a, δ) = { v ∈ L^1 (^ D ) | ∃v^′ ∈ C_a, ‖v − v^′‖_1 ⩽ δ } . This result implies that on a macroscopic scale, one observes macroscopic droplets with phase boundaries of perimeter smaller than a. The proof of Theorem 2.2 is based on a general approach developed in [BIV1] and on a new coarse graining. Notice that for Kac Ising models, a similar result was already derived in [BBP].

The argument, implemented in this paper for the nearest neighbor Ising model at low temperature, is robust and should also apply to models in the Pirogov Sinai Theory (possibly containing several phases). This rough description relies on Peierls type estimates.

Another characterization of phase segregation is the occurrence of surface order large deviations (see [Sc, Pi]). This is a direct consequence of the proof of Theorem 2.2.

Corollary 2.1. Let β be in B and m in ] − m^∗_β, m^∗_β[. Then, there exists c_β > 0 such that

lim sup N→∞ 1 N^{d−1} log μ^+_{β,N} (M_N ⩽ m) ⩽ − c_β .

The computation of sharp asymptotic with the exact surface tension factor enables to go beyond the previous result and to prove the L^1 concentration of the local order parameter M_{N,K} to the minimizers of the variational problem (2.5). Let us state the result for the Kac Ising model. For a given range of the interactions^1_γ , the magnetization is denoted by m^∗_{β,γ} (2.3), the surface tension by τ_{β,γ} (2.2) and the set of the equilibrium crystal shapes D_{m,γ} (2.5).

Theorem 2.3. For any β > 1, let us fix γ ∈]0, γ_β [ and m ∈] − m^∗_{β,γ} , m^∗_{β,γ} [. For every δ > 0, one can choose a scale K_0 = K_0(β, γ, δ) such that for any K ⩾ K_0 lim N→∞ μ^{m∗β}_{β,γ,N} ( inf v∈D_{m,γ} ‖M_{N,K} − m^∗_{β,γ} v‖_1 ⩽ δ | | M_N ⩽ m ) = 1 .

The convergence of the surface tension τ_{β,γ} to the anisotropic van der Waals surface tension was proven in [BBBP]. This implies that the equilibrium crystal shapes converge to spheres as γ vanishes (when the equilibrium crystal shapes are given by the Wulff construction, i.e. for values of m close enough to m^∗_β).

Remark 2.1. In a groundbreaking work Lebowitz, Mazel, Presutti [LMP] proved the liquid/vapor transition for particles in the continuum interacting with Kac potentials. Their proof is based on a renormalization procedure which enables to reduce the system to coarse grained variables with properties similar to the ones of the coarse grained Kac Ising model. Therefore, it is natural to hope that parts of the argument developed for the Kac Ising model could be transposed in the framework investigated in [LMP]. For the moment the lack of ferromagnetic inequalities and of symmetry between the phases are major difficulties for the analysis of surface tension. These problems are also encountered for the derivation of surface tension in the Pirogov Sinai Theory. Nevertheless, the basic phase segregation phenomenon (see Theorem 2.2) follows in this context from the argument developed in [BBP].

Remark 2.2. Theorem 2.2 could also have been stated for different types of boundary conditions (free, mixed, ...).

3. The L^1 theory

In this section, the salient features of the proof are outlined. For simplicity, we focus on the Ising model with nearest neighbor interaction at low temperature and postpone the study of Kac Ising model to section 4. The basic assumption is the validity of the Peierls estimate (2.8).

3.1. Phase segregation. Theorem 2.2 and corollary 2.1 are direct consequences of the following exponential tightness theorem.

Proposition 3.1. Let β be in B. Then there exists a constant C(β) > 0 such that for all δ positive one can find K_0(δ) such that for K ⩾ K_0 ∀a > 0, lim sup_{N→∞} 1 N^{d−1} log μ^+_{β,N} ( 1 m^∗_β M_{N,K} ∉ V(C_a, δ) ) ⩽ − C(β) a, where V(C_a, δ) is the δ-neighborhood of C_a in L^1 (^D ).

This proposition tells us that only the configurations close to the compact set C_a have a contribution which is of a surface order.

Let us first deduce Theorem 2.2 and Corollary 2.1 from Proposition 3.1. There exists a constant c_d depending on the dimension such that 1 m^∗ M_{N,K} ∈ V(C_a, δ) ⇒ M_N = ∫ ^D M_{N,K} (x) dx ⩾ m^∗(1 − δ − c_da^{d/(d−1)}) .

Therefore the spin configurations in {M_N ⩽ m} for m < m^∗ belong as well to

{_1 m^∗ MN,K ∉ V(C_a, δ) } for some a > 0 and δ > 0. An application of Proposition 3.1 leads to the surface order deviations of Corollary 2.1.

To prove Theorem 2.2 it is enough to check that there is a constant c_0 such that

lim inf N→∞ 1 N^{d−1} log μ^+_{β,N} (M_N ⩽ m) ⩾ − c_0 .

This follows from the Peierls estimate and the exponential relaxation in the pure phases (for β ∈ B).

The derivation of Proposition 3.1 is based upon a coarse grained description of the system and a theorem (valid for general coarse graining) which ensures the exponential tightness (see [BIV1]).

Coarse graining :

This coarse grained description is obtained under the Peierls condition (2.8). It is valid in any dimensions d ⩾ 2 and does not require correlations inequalities or the FK representation.

The typical spin configurations are defined at the mesoscopic scale K = 2^k. Let ∂B_K = B_{K+K}α \ B_K be the enlarged external boundary of the box B_K , where α is in (0, 1). The parameter ζ > 0 will control the accuracy of the coarse graining.

Let x be in ^D_{N,K} . For any ε = ±1, the box ^B_{N,K} (x) is ε-good if the spin configuration inside the enlarged box B_{K+K}α (x) is typical, i.e.

(P1) The box B_K (x) is surrounded by at least a connected surface of spins in ∂B_K (x) with sign uniformly equal to ε.

(P2) The average magnetization M_{N,K} (x) inside B_K (x) is close to the equilibrium value εm^∗ | |M_{N,K} (x) − εm^∗ | | ⩽ ζ . (3.1)

On the mesoscopic level, each box ^B_{N,K} (x) is labelled by a mesoscopic phase label ∀x ∈ ^D_{N,K} , u^ζ_{N,K} (x) = { ε, if ^B_{N,K} (x) is ε-good , 0, otherwise.

|M_{N,K} − m^∗| ⩽ ζ +

K

K^α d ⩾ 2

Figure 1. Coarse grained configuration with overlapping + good blocks.

For large mesoscopic boxes, the typical spin configurations occur with overwhelming probability.

Theorem 3.1. Let β be in B. Then for any ζ > 0, the following holds uniformly in N ∀{x_1, . . . , x_ℓ} ∈ ^D_{N,K} , μ^+_{β,N} ( u^ζ_{N,K} (x_1) = 0, . . . , u^ζ_{N,K} (x_ℓ) = 0 ) ⩽ ( ρ^ζ_K )_ℓ , (3.2)

where the parameter ρ^ζ_K vanishes as K goes to infinity.

Notice that the mesoscopic phase labels are far from being independent variables. In particular, the enlarged boundaries of two neighboring boxes in ^D_{N,K} overlap. This implies that two neighboring boxes cannot be labelled by opposite signs. Let us first draw some consequences of this construction. The proof of Theorem 3.1 is postponed to the Appendix.

This coarse graining describes the local order parameter. Given any δ > 0, one can choose the accuracy ζ of the coarse graining and a scale K_0(δ, β) such that for any mesoscopic K ⩾ K_0 lim N→∞ 1 N^{d−1} log μ^+_{β,N} ( ‖M_{N,K} − m^∗_βu^ζ_{N,K} ‖_1 > δ ) = −∞ . (3.3)

In order to check this assertion, we first notice that the property (P2) implies ‖M_{N,K} − m^∗u^ζ_{N,K} ‖_1 ⩽ ζ + 2K^d N^d ∑ x∈^D_{N,K} 1_uζ_{N,K (x)=0} .

This estimate combined with Theorem 3.1 leads to μ^+_{β,N} ( ‖M_{N,K} − m^∗u^ζ_{N,K} ‖_1 > δ ) ⩽ μ^+_{β,N} 1 |^D_{N,K} | ∑ x∈^D_{N,K} 1_uζ_{N,K (x)=0} > δ − ζ 2

⩽ exp ( −c_1 N^d K^d log ( δ − ζ 2ρ^ζ_K )) . According to estimate (3.3) the local averaged magnetization can be controlled by the mesoscopic phase labels and in particular the Proposition 3.1 follows from

Theorem 3.2. Let β be in B and ζ > 0. For every a > 0 and δ > 0 there exists a finite scale K_0(δ), such that for all K ⩾ K_0

lim sup N→∞ 1 N^{d−1} log μ^+_{β,N} ( u^ζ_{N,K} ∉ V(C_a, 2δ) ) ⩽ − c(β, K)a , (3.4) where c(β, K) is a positive constant.

This theorem amounts to control the phase of the small contours, i.e. to prove that the macroscopic phase separation is the optimal scenario to shift the magnetization whereas the creation of many small droplets does not contribute. The above theorem has been derived in [BIV1] in an abstract setting (see also [BBP]). As the coarse graining satisfies the hypotheses of Theorem 2.2.1 of [BIV1], the conclusion follows.

Remark 3.1. It should be noted that in the proof of [BIV1] the BK inequality was invoked but a Peierls inequality for the coarse grained contours is sufficient.

As noticed in [BIV2], a theorem similar to Theorem 3.2 can also be stated for phase labels taking a finite number of values. Thus, similar results (coarse graining, exponential tightness) should be valid as well for multi-phase models which satisfy Peierls type estimates.

3.2. Equilibrium crystal shapes. We are going to prove the analogue of Theorem 2.3 for the Ising model at low temperature. The proof relies on the previous coarse graining. Nevertheless, it also uses model dependent arguments, namely the spin flip symmetry of the Ising model and the existence of the surface tension.

Theorem 3.3. Let β be in B and m be in ] − m^∗_β, m^∗_β [. For every δ > 0, one can choose a scale K_0 = K_0(β, δ) such that for any K ⩾ K_0 lim N→∞ μ^+_{β,N} ( inf_{v∈Dm} ‖M_{N,K} − m^∗_βv‖_1 ⩽ δ | | M_N ⩽ m ) = 1 .

This theorem holds also for a larger range of temperatures ([CePi1, BIV1]), where B is the domain of validity of Pisztora’s coarse graining [Pi]. It is actually conjectured that B =]β_c, ∞[. The concentration in L^1 of M_{N,K} to the solutions of the variational problem requires the derivation of precise logarithmic asymptotic. More precisely, we are going to check that the probability that M_{N,K} is close to a configuration m^∗_βv (with v ∈ BV(^D , {±1})) decays exponentially with a surface order N^{d−1}W_β(v).

Proposition 3.2. Let β be in B and let v be in BV(^D , {±1}), then one can choose δ_0 = δ_0(v), such that uniformly in δ < δ_0

lim inf N→∞ 1 N^{d−1} log μ^+_{β,N} ( ‖M_{N,K} − m^∗_βv‖_1 ⩽ δ ) ⩾ − W_β(v) − o(δ) , where the function o(·) depends only on β and v and vanishes as δ goes to 0.

Proposition 3.3. Let β be in B. For all v in BV(^D , {±1}) such that W_β(v) is finite, one can choose δ_0 = δ_0(v), such that uniformly in δ < δ_0

lim sup N→∞ 1 N^{d−1} log μ^+_{β,N} ( ‖M_{N,K} − m^∗_βv‖_1 ⩽ δ ) ⩽ − W_β(v) + o(δ) , where the function o(·) depends only on β and v and vanishes as δ goes to 0.

Theorem 3.3 can be obtained by combining Propositions 3.1, 3.2, 3.3. We recall that C_a is compact with respect to the L^1 topology (see [EG]). Thus the exponential tightness property 3.1 enables us to focus only on a finite number of configurations close to C_a. The precise asymptotic of these configurations is then estimated by Propositions 3.2, 3.3 (see [B1] for details).

In the following sections, Propositions 3.2, 3.3 are implemented in the framework of nearest neighbor Ising model at low temperature.

3.3. Lower bound. In order to derive Proposition 3.2, it is enough to consider the typical spin configurations which contain a microscopic contour in a neighborhood of the boundary of ∂^∗v.

Step 1 : Approximation procedure.

We first start by approximating the boundary ∂^∗v by a regular surface ∂ ^V . A polyhedral set has a boundary included in the union of a finite number of hyper-planes. The surface ∂^∗v can be approximated as follows (see figure 2)

Theorem 3.4. For any δ positive, there exists a polyhedral set ^V such that

‖1I_{^V} − v‖_1 ⩽ δ and | W_β( ^V ) − W_β(v) | ⩽ δ. For any h small enough there are ℓ disjoint parallelepipeds ^R^1, . . . , ^R^ℓ with basis ^B^1, . . . , ^B^ℓ included in ∂ ^V of side length h and height δh. Furthermore, the sets ^B^1, . . . , ^B^ℓ cover ∂ ^V up to a set of measure less than δ denoted by ^U^δ = ∂ ^V \ ⋃_ℓ i=1 ^Bi and they satisfy | | | ℓ∑ i=1 ∫ ^Bi τ_β(⃗n_i) dH^{(d−1)}_x − W_β(v) | | | ⩽ δ, where the normal to ^B^i is denoted by ⃗n_i.

The proof is a direct application of Reshtnyak’s Theorem and can be found in the paper of Alberti, Bellettini [AlBe].

Figure 2. Polyhedral approximation.

^U^δ

⃗ni

^B^j

^R^i

{v = −1}

Using Theorem 3.4, we can reduce the proof of Proposition 3.2 to the computation of the probability of {‖M_{N,K} − m^∗1I_{^V} ‖_1 ⩽ δ}. According to (3.3) the estimates can be restated in terms of the mesoscopic phase labels. It will be enough to show that : for any δ > 0, there exists ζ = ζ(δ) and K_0(δ) such that for all K ⩾ K_0

lim inf N→∞ 1 N^{d−1} log μ^+_{β,N} ( ‖u^ζ_{N,K} − 1I_{^V} ‖_1 ⩽ δ ) ⩾ − W_β( ^V ) − o(δ), (3.5) where the function o(δ) vanishes as δ goes to 0.

Step 2 : Localization of the interface.

In order to impose the phase segregation, we will enforce the occurrence of a microscopic interface along the boundary ∂ ^V . The images of ^V , ^R^i and ^U^δ in D_N will be denoted by V_N , R^i_N and U^δ_N . We split R^i_N into R^{i,−}_N and R^{i,+}_N which are the microscopic counterparts of ^V ∩ ^R^i and ^R^i \ ^V .

Figure 3. Microscopic interface localized close to B^i.

U^δ_N

B^{i,+}

R^{i,+}_N

A^{i,−} R^{i,−}_N

⃗ni

First, we impose the microscopic constraint that there is a + surface of spins in the upper half of R^{i,+}_N (see figure 3). Let ^Q^i be the parallelepiped included in ^R^i with basis ^Bi and height^{δh}_2 . We define the microscopic region R^{i,+}_N as R^{i,+}_N \ Qi_N . Let Ai,+ be the event that there is a surface of spins equal to 1 crossing R^{i,+}_N in the direction orthogonal to ⃗n_i. In the same way, we introduce the set R^{i,−}_N and the event A^{i,−} such that there is a crossing surface of spins equal to −1. We set A = ⋂_ℓ i=1 A^{i,+} ∩ A^{i,−}. Finally, we define B^{i,+} (resp B^{i,−}) the set of spin configurations such that the spins are equal to 1 (resp −1) on the sides of R^{i,+}_N (resp R^{i,−}_N ) parallel to ⃗n_i. In order to construct a closed contour of spins surrounding V_N , we define B as the set of configurations in B^{i,+} and B^{i,−} such that the spins on one side of U^δ_N are − and + in the other side (see figure 3).

Any spin configuration in A ∩ B contains a microscopic interface which decouples V_N from its complement. One has μ^+_{β,N} ( ‖u^ζ_{N,K} − 1I_{^V} ‖_1 ⩽ δ ) ⩾ μ^+_{β,N} ({ ‖u^ζ_{N,K} − 1I_{^V} ‖_1 ⩽ δ } ∩ A ∩ B ) . (3.6)

The spin configurations inside V_N (resp V^c_N ) are surrounded by − (resp +) boundary conditions, so that they are in equilibrium in the − (resp +) pure phase. A proof similar to the one of Theorem 3.2 implies that one can choose h small enough, ζ^′ = ζ^′(δ) and K^′_0 = K^′_0(δ) such that lim N→∞ μ^+_{β,N} (∫ ^V c |u^{ζ′}_{N,K} (x) − 1| dx ⩾ δ 2 or ∫ ^V |u^{ζ′}_{N,K} (x) + 1| dx ⩾ δ 2 | | A ∩ B ) = 0 ,

So that (3.6) can be rewritten for N large enough as μ^+_{β,N} ( ‖u^{ζ′}_{N,K} − 1I_{^V} ‖_1 ⩽ δ ) ⩾ 1 2 μ^+_{β,N} (A ∩ B) . (3.7)

Step 3 : Surface tension.

The configurations in the event A ∩ B contain + and − closed surfaces which split the domain D_N into 3 regions. Let Λ^− be the region surrounded by the − surface, Λ^+ be the region outside the + surface. To ensure the uniqueness of the decomposition, we choose the + surface (resp −) in each R^{i,+}_N (resp R^{i,−}_N ) as the closest surface from (R^i_N )^c. By definition, the configurations inside Λ^− (resp Λ^+) are surrounded by − (resp +) boundary conditions. Finally Δ = D_N \ Λ^+ ∪ Λ^−.

We proceed now to evaluate the RHS of (3.7) μ^+_{β,N} (A ∩ B) ⩾ 1 Z^+_N ∑ Λ^+,Λ^−

Z^+_{Λ+} Z^−_{Λ−} Z^{+,−}_Δ ,

where Z^ω_D denotes the partition function on the domain D with boundary conditions ω.

By using the spin flip symmetry we get

μ^+_{β,N} (A ∩ B) ⩾ min_Δ ( Z^{+,−}_Δ Z^{+,+}_Δ ) 1 Z^+_N ∑ Λ^+,Λ^−

Z^+_{Λ+} Z^+_{Λ−} Z^{+,+}_Δ . (3.8)

The minimum is taken over the sets Δ which can be obtained by the previous construction. In particular, Δ should contain the union of disjoint domains Δ^i such that Q^i_N ⊂ Δ^i ⊂ R^i_N . It remains to evaluate the two terms in the RHS.

The partition function Z^{+,−}_Δ takes into account the interaction on both sides of U^δ_N , as well as inside each Δ^i. As the former interaction involves only the spins in a neighborhood of U^δ_N , we obtain

min_Δ Z^{+,−}_Δ Z^{+,+}_Δ

⩾ exp ( − βo(δ)N^{d−1} )^ℓ∏ i=1 min_{Δi} Z^{+,−}_{Δi} Z^{+,+}_{Δi} , where the minimum is taken over the sets Δ^i such that Q^i_N ⊂ Δ^i ⊂ R^i_N . Using the definition (2.2), we know that

lim inf N→∞ 1 N^{d−1} min_{Δi} ( log Z^{+,−}_{Δi} Z^{+,+}_{Δi} ) ⩾ − ∫ ^Bi τ_β(⃗n_i) dH^{(d−1)}_x . (3.9)

We used the fact that Δ^i increases as N diverges.

In the last term in the RHS of (3.8), the constraint on the spins along the set U^δ_N and on the sides of R^i_N parallel to ⃗n_i can be released up to a small cost wrt the surface order. This comes from the fact that the event B is supported by at most c(d, δ)N^{d−1} edges where c(d, δ) vanishes as δ goes to 0. Therefore the probability of B is negligible with respect to a surface order. 1 Z^+_N ∑ Λ^+,Λ^−

Z^+_{Λ+} Z^+_{Λ−} Z^{+,+}_Δ ⩾ exp ( − βo(δ)N^{d−1} ) μ^+_{β,N} (~ A ) ,

where Ã is the event deduced from A by spin flip symmetry, i.e. such that there are in each set R^{i,+}_N and R^{i,−}_N a + surface of spins. Using the Peierls argument, we conclude that μ^+_{β,N} (Ã) is uniformly bounded from below in N.

Thus inequalities (3.7), (3.8), (3.9) imply

lim inf N→∞ 1 N^{d−1} log μ^+_{β,N} (A ∩ B) ⩾ − ℓ∑ i=1 ∫ ^Bi τ_β(⃗n_i) dH^{(d−1)}_x − o(δ) . (3.10)

This concludes the proof of Proposition 3.2.

3.4. Upper bound. The proof of Proposition 3.3 follows the general scheme of the L^1 Theory. The different steps will be recalled and modified in order to use only the spin representation. First the boundary ∂^∗v is approximated; this enables us to reduce the proof to local computations in small regions. Then in each region we localize the interface on the mesoscopic level by using the minimal section argument. Finally in the last step, the surface tension factor is computed. Step 1 : Approximation procedure.

We approximate ∂^∗v with a finite number of parallelepipeds.

Theorem 3.5. For any δ positive, there exists h positive such that there are ℓ disjoint parallelepipeds ^R^1, . . . , ^R^ℓ included in ^D with basis ^B^1, . . . , ^B^ℓ of size h and height δh. The basis ^B^i divides ^R^i in 2 parallelepipeds ^R^{i,+} and ^R^{i,−} and the normal to ^B^i is denoted by ⃗n_i. Furthermore, the parallelepipeds satisfy the following properties ∫ ^Ri |X_{^Ri} (x) − v(x)| dx ⩽ δ vol( ^R^i) and | | ℓ∑ i=1 ∫ ^Bi τ_β(⃗n_i) dH^{(d−1)}_x − W_β(v) | | ⩽ δ, where X_{^Ri} = 1_{^Ri,+} − 1_{^Ri,−} and the volume of ^R^i is vol( ^R^i) = δh^d.

The proof follows from standard arguments of geometric measure theory (see for example [Ce, B1]). Theorem 3.5 enables us to decompose the boundary into regular sets (see figure 4) so that it will be enough to consider events of the type { 1 m^∗ M_{N,K} ∈ ℓ⋂ i=1 V( ^R^i, δvol( ^R^i)) } , where V( ^R^i, ε) is the ε-neighborhood of X_{^Ri} V( ^R^i, ε) = { v^′ ∈ L^1 (^ D ) | ∫ ^Ri |v^′(x) − X_{^Ri} (x)| dx ⩽ ε } . According to (3.3), the local averaged magnetization can be replaced by the mesoscopic phase labels. Therefore Proposition 3.3 is equivalent to the following statement : for any δ positive, there exists K_0 = K_0(δ, h), ζ_0 = ζ_0(δ, h) such that uniformly in K ⩾ K_0, ζ ⩽ ζ_0

lim sup N→∞ 1 N^{d−1} log μ^+_{β,N} ( u^ζ_{N,K} ∈ ℓ⋂ i=1 V( ^R^i, δvol( ^R^i)) ) ⩽ − W_β(v) + C(β, v)δ. (3.11)

Step 2 : Minimal section argument.

Following, the notation of the subsection 3.3, we consider the partition (R^{i,+}_N , R^{i,−}_N ) of R^i_N . At a given mesoscopic scale K, we associate to any spins configuration the set of bad boxes which are the boxes B_K intersecting R^i_N with label 0 and the ones intersecting R^{i,+}_N

h

1 2 δh {v = 1} {v = −1}

⃗ni ^B^i ^R^{i,+}

^R^{i,−}

Figure 4. Approximation by parallelepipeds.

(resp R^{i,−}_N ) labeled by −1 (resp 1). For any integer j, we set ^B^{i,j} = ^B^i + j c_d^N_K ⃗n_i and define B^{i,j}_N = { j^′ ∈ R^i_N | ∃x ∈ ^B^{i,j}, ‖j^′ − Nx‖_1 ⩽ 10 } . The sections B^i_j of the parallelepiped R^i_N are defined as the smallest connected set of boxes B_K intersecting B^{i,j}_N . The parameter c_d is chosen such that the B^i_j are disjoint surfaces of boxes. For j positive, let n^+_i (j) be the number of bad boxes in B^i_j and define

n^+_i = min { n^+_i (j) : 0 < j < δh 2c_d K N } . Call j^+ the smallest location where the minimum is achieved and define the minimal section in R^{i,+}_N as B^i_{j+} . For j negative, we denote by B^i_{j−} the minimal section in R^{i,−}_N and n^−_i the number of bad boxes in B^i_{j−} (see figure 5).

bad blocks bad blocks

{v = −1}

{v = 1}

B^{j−}_i

B^{j+}_i

R^{i,+}_N^′

R^{i,−}_N^′

Figure 5. Minimal sections.

For any spins configuration such that u^ζ_{N,K} belongs to ⋂_ℓ i=1 V( ^R^i, δvol( ^R^i)), the number of bad boxes in a minimal section is bounded by

n^+_i + n^−_i ⩽ δvol( ^R^i) 2c_d δh ( N K )_{d−1} ⩽ 2c_dδh^{d−1} ( N K )_{d−1} . As ∑_ℓ i=1 | ^B^i| = ℓh^{d−1} can be controlled in terms of the perimeter of ∂^∗v, the total number of bad boxes is bounded by ℓ∑ i=1 n^+_i + n^−_i ⩽ δ C(v) ( N K )_{d−1} . (3.12)

The previous estimate implies that a mesoscopic interface is mainly located between the two minimal sections and that the fluctuations of the interface necessarily intersect the bad boxes. Using this mesoscopic information, we are going to deduce the existence of a microscopic interface crossing R^i_N in the direction orthogonal to ⃗n_i. Once the microscopic interface is localized, it will be possible to extract the surface tension factor (see Step 3). In order to achieve the localization, the previous proofs for Ising model [B1, CePi1] used the properties of the FK representation and of Pisztora’s coarse graining [Pi]. In the low temperature regime, the proof can be simplified thanks to the coarse graining introduced previously which provides a direct correspondence between the microscopic and the mesoscopic scales.

From the very construction of the coarse graining, the + spin surfaces associated to overlapping boxes with label 1 are connected. As each minimal section contains mainly + good or − good blocks, there exist, in each minimal section, surfaces of + and − spins which almost cross R^i_N . This implies that a microscopic interface is sandwiched between the two minimal sections and that the large fluctuations of this interface can occur only through the bad boxes. By modifying the spins configurations σ on the bad boxes, we will localize the interface between the minimal sections.

More precisely, we associate to any configuration σ the configuration σ̄ with spins equal to + (resp −) on the boundary of each bad box in the minimal section B^i_{j+} (resp B^i_{j−} ) and equal to σ otherwise. Let A be the image of the set { σ | | u^ζ_{N,K} (σ) ∈ ℓ⋂ i=1 V( ^R^i, δvol( ^R^i)) }

by this mapping. Inequality (3.12) implies that σ and σ̄ differ on at most δC_1(v)N^{d−1} sites, so that the cost of this surgical procedure can be estimated from above μ^+_{β,N} ( u^ζ_{N,K} ∈ ℓ⋂ i=1 V( ^R^i, δvol( ^R^i)) ) ⩽ exp ( o(δ) C_2(v, β)N^{d−1} ) μ^+_{β,N} ( A ) . (3.13)

The upper bound takes into account the energetic factor necessary to flip some spins by force, as well as the combinatorial factor which stems from the choice of the minimal sections. In a given box, there are less than N possibilities to locate the height of a minimal section. Once this height is fixed, the number of configurations with different locations of bad boxes is bounded by ( (hN/K)^{d−1} δ(hN/K)^{d−1} ) ⩽ exp ( (hN/K)^{d−1} ( δ log δ + (1 − δ) log(1 − δ) )) . Summing over all the configurations leads to the upper bound (3.13).

Remark 3.2. In the case of Kac Ising model, it is no longer possible to localize a microscopic interface. Therefore a more delicate analysis of surface tension is required (see Section 4).

Step 3 : Surface tension estimates.

As a consequence of the previous step, any spin configuration in A contains microscopic contours which cross each cube R^i_N . The statistical weight of such contours will be estimated by the surface tension factor.

lim sup N→∞ 1 N^{d−1} log μ^+_{β,N} (A) ⩽ − ℓ∑ i=1 ∫ ^B_i τ_β(⃗n_i) dH_x + C_4(β, v)δ. (3.14)

Combining the previous inequality with (3.13), we deduce (3.11). We now proceed in deriving (3.14).

Let ∂^{top}R^i_N and ∂^{bot}R^i_N be the two faces of R^i_N orthogonal to the vector ⃗n_i. The face contiguous to R^{i,+}_N will be denoted by ∂^{top}R^i_N . For any spins configuration in A, we define the set of sites γ^{i,+} as the support of the + crossing surface in R^{i,+}_N which is the closest to ∂^{top}R^i_N . In the same way, γ^{i,−} is the location of the surface of − spins crossing R^{i,−}_N which is the closest to ∂^{bot}R^i_N . Contrary to the proof of the lower bound, the localization of the interfaces has been deduced from the L^1 constraint. As a consequence of this, we have no control of the configurations outside the sets (R^i_N )_{i ⩽ ℓ}. This prevents us to conclude that all the crossing interfaces merge into contours surrounding the connected components of v as it was the case for the lower bound (see figure 6).

We first pin the interfaces on the sides of each R^i_N by imposing that the spins on the boundary of each R^{i,+}_N (resp R^{i,−}_N ) parallel to ⃗n_i are equal to 1 (resp −1). Since the height of R^i_N is δh, this procedure requires to flip at most δh^{d−1}N^{d−1} spins. Therefore this has no further impact on the evaluation of the statistical weights of the configurations because the cost of flipping these spins is bounded by exp(δC(v) N^{d−1}).

Let {Γ_j }_{j ⩽ k} (with k ⩽ ℓ) be the collection of the contours obtained by extending the microscopic interfaces outside each R^i_N (see figure 6). To each Γ_j, we associate two sets of sites (Γ^+_j , Γ^−_j ) defined as follows : If Γ_j crosses the set R^i_N then the restriction of Γ^+_j (resp Γ^−_j ) inside R^i_N coincide with γ^{i,+} (resp γ^{i,−}). Outside ∪^ℓ_{i=1}R^i_N , the sets Γ^±_j contain the sites which support the ± spins of the contour Γ_j. Thus (Γ^+_j , Γ^−_j ) should be interpreted as a modified “contour” inflated in the regions R^i_N . Let Δ^i_N be the domain in R^i_N between γ^{i,+}, γ^{i,−}.

For simplicity, we first consider the case of a single contour Γ_1. We suppose that Γ^+_1 surrounds Γ^−_1 and denote by ext(Γ^+_1 ) the exterior of Γ^+_1 and by int(Γ^−_1 ) the interior of Γ^−_1 (see figure 6). In this way, the domain D_N is partionned by (Γ^+_1 , Γ^−_1 ) into

D_N = ext(Γ^+_1 ) ⋁ int(Γ^−_1 ) ℓ⋁ i=1 Δ^i_N .

Figure 6. Decomposition into contours.

C int(Γ^−_1 ) ext(Γ^+_1 )

⃗n1 γ^{1,+}

Γ2 = (Γ^+_2 , Γ^−_2 )

Γ1 = (Γ^+_1 , Γ^−_1 )

We are going to derive an upper bound for the probability of the configurations compatible with a given set (Γ^+_1 , Γ^−_1 )

μ^+_{β,N} (Γ^+_1 , Γ^−_1 ) = 1 Z^+_{β,N} Z^+_{ext(Γ+1 )} ℓ∏ i=1 Z^±_{ΔiN} Z^−_{int(Γ−1 )} exp(−β|Γ_1|) ,

where the length of the contour Γ_1 outside the set ∪^ℓ_{i=1}R^i_N is denoted by |Γ_1|. The last term in the RHS takes into account the interaction across Γ_1 outside the sets R^i_N . Using the spin flip symmetry, we see that

μ^+_{β,N} (Γ^+_1 , Γ^−_1 ) =

Z^+_{ext(Γ+1 )} ∏_ℓ i=1 Z^+_{ΔiN} Z^+_{int(Γ−1 )} Z^+_{β,N} exp(−β|Γ_1|) ℓ∏ i=1 Z^±_{ΔiN} Z^+_{ΔiN} . (3.15)

Let Γ̃_1 be the set of spin configurations deduced from the ones compatible with (Γ^+_1 , Γ^−_1 ) by flipping the spins inside int(Γ^−_1 ). Equation (3.15) can be rewritten as follows

μ^+_{β,N} (Γ^+_1 , Γ^−_1 ) = μ^+_{β,N} (Γ̃_1) exp(−β|Γ_1|) ℓ∏ i=1 Z^±_{ΔiN} Z^+_{ΔiN} .

By the definition of the surface tension, the last term in the RHS is bounded by ℓ∏ i=1 Z^±_{ΔiN} Z^+_{ΔiN} ⩽ exp ( −N^{d−1} [_ℓ ∑ i=1 ∫ ^B_i τ_β(⃗n_i) dH_x + o(N) ]) . (3.16)

Notice that in the particular case of the Ising model, the error term o(N) does not exists (FKG property).

It remains to check that ∑ (Γ^+_1 ,Γ^−_1 )

μ^+_{β,N} (Γ̃_1) exp(−β|Γ_1|) ⩽ C(β)^ℓ , (3.17) where the summation is taken over the couples (Γ^+_1 , Γ^−_1 ) compatible with the previous construction. As the spin flip correspondence (Γ^+_1 , Γ^−_1 ) ⇒ Γ̃_1 is not a one-to-one the evaluation of (3.17) requires some care.

First we consider the restriction of the spins configurations in each R^i_N , in this case, the correspondence is a one-to-one because the spin flip occurs in regions delimited by γ^{i,+}, γ^{i,−} which are defined unambiguously. For a fixed spin configuration in ∪^ℓ_{i=1}R^i_N , we sum over the contours Γ_1 attached to the boxes R^i_N . In this case the Peierls argument is fully effective : by construction Γ_1 stems from the boundary of the boxes R^i_N which means that the contour is localized in space. Therefore the term involving |Γ_1|, i.e. the area of the contour outside ∪^ℓ_{i=1}R^i_N , is summable.

More precisely, for any σ compatible with (Γ^+_1 , Γ^−_1 ), we write σ ⇝ (Γ^+_1 , Γ^−_1 ). The image of σ by the previous mapping will be denoted by σ̃. Let R_N = ∪^ℓ_{i=1}R^i_N and set σ_{RN} (resp σ_Rc_N ) the restriction of σ on R_N (resp R^c_N ). For simplicity, γ will denote the restriction of (Γ^+_1 , Γ^−_1 ) on R_N and C the restriction on R^c_N . ∑ (Γ^+_1 ,Γ^−_1 )

μ^+_{β,N} (Γ̃_1) exp(−β|Γ_1|) = ∑ (Γ^+_1 ,Γ^−_1 ) ∑ σ⇝(Γ^+_1 ,Γ^−_1 )

μ^+_{β,N} (σ̃) exp(−β|Γ_1|) ,

⩽ ∑ C ∑ σ_Rc_N ⇝C ∑ γ ∑ σ_{RN} ⇝γ μ^+_{β,N} (σ̃) exp(−β|Γ1|) .

From the one-to-one correspondence on R_N ∑ σ_Rc_N ⇝C ∑ γ ∑ σ_{RN} ⇝γ μ^+_{β,N} (σ̃) ⩽ 1 .

Thus ∑ (Γ^+_1 ,Γ^−_1 )

μ^+_{β,N} (Γ̃_1) exp(−β|Γ_1|) ⩽ ∑ C exp(−β|Γ_1|) ⩽ C^ℓ_β .

The last bound follows from the Peierls argument and the fact that the contour C can be divided in at most ℓ interfaces.

If the contour Γ_1 is not unique, similar estimates can be performed for each contour. Indeed, up to a combinatorial factor denoted α_ℓ, we associate to each of the k contours the regions R^i_N it will cross. Then we perform the estimates independently and obtain an upper bound depending only on β and ℓ : α_ℓ(C_β)^ℓ. After renormalization, this factor vanishes in the thermodynamic limit. Combining this final estimate with (3.17), we deduce (3.14).

4. Kac Ising model

The previous strategy will be adapted to derive the phase coexistence in the Kac Ising model. This requires to set up a multiscale analysis where the spin variables are replaced by coarse grained variables. The proof relies heavily on the model-dependent estimates derived in [CaPr, BMP].

4.1. Coarse graining. The long range structure of the Kac Ising model prevents us from using directly the coarse grained estimates of subsection 3.1.

In a first step, the system is renormalized on a scale proportional to the range of the interaction γ^{−1}. On this scale, the renormalized system behaves as an Ising model with effective inverse temperature proportional to γ^{−d}. Thus, these estimates enables us to implement a second renormalization similar to the one introduced in subsection 3.1.

It should be stressed that the difficult estimates to construct this coarse graining were already obtained in [CaPr, BMP].

Level 1.

We introduce two intermediate scales depending on the range of interaction γ^{−1} = 2^g. Let L = 2^{−ℓ}γ^{−1} = 2^{g−ℓ} and H = 2^hγ^{−1} = 2^{g+h}, where ℓ, h ∈ N. In the following ℓ will be fixed and γ will go to 0 so that the condition ℓ ⩽ g will be always satisfied. By construction each box B_H is partionned into smaller boxes B_L .

The averaged magnetization in the box B_L (x) centered in x ∈ D_{N,L} was introduced in (2.7) and denoted by M_{N,L}(x). Given ε > 0 and γ > 0, the phase labels η^ε_{N,H} at the mesoscopic scale H are defined as follows : the box B_H (x) centered in x ∈ D_{N,H} is labelled by η^ε_{N,H} (x) = { ±1, if |M_{N,L}(y) ∓ m^∗_β| ⩽ ε, ∀B_L (y) ⊂ B_H (x) , 0, otherwise .

The parameter ε quantifies the deviation of the averaged magnetization from the mean field magnetization m^∗_β (and not m^∗_{β,γ} (2.3)).

Following [CaPr, BMP], we introduce the renormalized notions of boxes, contours and boundary conditions at the mesoscopic scale H.

• A box B_H (x) is correct if η^ε_{N,H} (x) = ±1 and if all the ⋆-neighboring boxes have the same labels as B_H (x).

• The support of a contour is a maximal ⋆-connected component of the incorrect boxes. A contour is defined by its support and by the specification of the phase labels on the support.

• Contrary to the low temperature Ising model, we are going to consider boundary conditions which are only statistically pure. A region Λ (measurable wrt the partition at the scale H) has + boundary conditions in averaged if the phase labels η^{ε/2}_{N,H} associated to σ_Λc are uniformly equal to 1. This set of boundary conditions is denoted by G^{+,ε}(Λ) ⊂ [−1, 1]^{Λc} . In the same way, the set of − boundary conditions in averaged is denoted by G^{−,ε}(Λ).

For the renormalized contours, a Peierls estimate of the type (2.8) has been proven in [CaPr]

Theorem 4.1. There exist functions ε^∗(β) > 0, ℓ(β, ε) ∈ N, h(β, ε) ∈ N, c(β, ε) > 0, c^′(β, ε) > 0 such that the following holds. Let γ > 0, β > 1 and ε < ε^∗. Then for any region Λ (measurable wrt the partition on the H scale) and any generalized contour Γ in Λ ∀σ_Λc ∈ G^{+,ε}(Λ), μ_{β,γ,Λ} ( Γ | |σ_{Λc} ) ⩽ c^′(β, ε) exp ( − c(β, ε) γ^d |Γ| ) , (4.1)

where |Γ| denotes the number of boxes in the contour Γ.

After the renormalization procedure, the effective temperature becomes^{c(β,ε)}_{γd} . Therefore, for γ small enough, the coarse grained system behaves as an Ising model in the low temperature regime.

A more precise description of the pure phases has been derived in [BMP] (Theorem 2.4) : the Gibbs measures with almost pure boundary conditions relax exponentially fast to the corresponding pure phase.

Theorem 4.2. [BMP] For any β > 1, ∀ε ∈]0, ε^∗(β)[ there exists γ(β, ε) > 0, c(ε) > 0 such that the following holds. For any subset Δ of Z^d, for any K ⊂ Δ, one has ∀γ ⩽ γ(β, ε), ∀σ_Δc ∈ G^{+,ε}(Δ) | |μ_{β,γ,Δ}(σ_K|σ_{Δc} ) − μ_{+β,γ} (σ_K) | | ⩽ |K| exp ( − c γ_2 dist(K, Δ_c)) .

Level 2.

The previous estimates are the building blocks for the next renormalization step. The phase labels η^ε_{N,H} quantify only the deviations of the averaged magnetization from m^∗_β instead of m^∗_{β,γ}. Furthermore, the control of these deviations (4.1) induces a dependency between the accuracy ε and the range of the interaction γ^{−1}.

By analogy with Subsection 3.1, we will define a coarse graining at the mesoscopic scale K ≫ H. The phase labels η^ε_{N,H} are going to play the role of the spins. This will enables us to strengthen the control on the deviation of the magnetization in K-boxes from its expected value m^∗_{β,γ} with an arbitrary precision.

For β > 1, the parameters γ, ε, L and H are fixed such that Theorems 4.1 and 4.2 hold and that the effective temperature is low enough. The parameter ζ > 0 will control the accuracy of the coarse graining at the scale K = 2^kH.

Let x be in ^D_{N,K} and α be in (0, 1). The box ^B_{N,K} (x) is + good if the spin configuration inside the enlarged box of side length K + 2^{αk}H is typical, i.e.

(P1) The box B_K (x) is surrounded by a surface of boxes B_H in ∂B_K (x) with mesoscopic phase labels η^ε_{N,H} uniformly equal to 1.

(P2) The averaged magnetization M_{N,K} (x) inside B_K (x) is close to the equilibrium value m^∗_{β,γ} | |M_{N,K} (x) − m^∗_{β,γ} | | ⩽ ζ . (4.2)

The − good boxes are defined in the same way.

On the mesoscopic level, each box ^B_{N,K} (x) is labelled by a mesoscopic phase label ∀x ∈ ^D_{N,K} , u^ζ_{N,K} (x) = { ±1, if ^B_{N,K} (x) is ± good , 0, otherwise.

The typical behavior follows from

Theorem 4.3. Let β > 1 and fix γ_β > 0 and ε > 0 such that the Theorems 4.1 and 4.2 are satisfied. For any γ < γ(β, ε), ζ > 0, the following holds uniformly for domains Λ (measurable wrt K-partitions) and for any σ_Λc ∈ G^{+,ε}(Λ) ∀{x_1, . . . , x_ℓ}, μ_{β,γ,Λ} ( u^ζ_{N,K} (x_1) = 0, . . . , u^ζ_{N,K} (x_ℓ) = 0 | σ_Λc ) ⩽ ( ρ^ζ_{γ,K} )_ℓ , (4.3)

where the parameter ρ^ζ_{γ,K} vanishes as K goes to infinity.

The proof goes along the lines of Theorem 3.1; the Peierls argument is implied by Theorem 4.1 and the decay of correlations by Theorem 4.2.

4.2. Structure of the proof. As explained in Section 3, the proof of Theorem 2.3 is based upon coarse grained estimates. Therefore, the same strategy can be transposed to the Kac Ising model by using the mesoscopic representation described above. The first part of the proof is very similar to the approach introduced in [BBBP, BBP] and therefore, we do not repeat the arguments of Section 3. Nevertheless, the derivation of the precise surface tension factor requires further analysis.

In the case of nearest neighbor Ising model at low temperature, the localization of the interface at the mesoscopic level by the minimal section argument implied directly, thanks to the coarse graining, the localization at the microscopic level. Therefore the ratio of partition functions^{Z±}_{Z+} (see (3.9) or (3.16)) arises from the very construction of the coarse graining. This is no longer the case, both for the lower and the upper bound. Indeed, the localization at the scale K implies only the occurrence of circuits of ± good boxes at the intermediate scale H. As a consequence, the surface tension factor should now be related to the asymptotic of the ratio of partition functions with statistically pure boundary conditions at the scale H.

Let us give now a precise mathematical formulation of the problem. For N ∈ N and δ > 0, we define Λ^δ_N = {i ∈ Z^d | |i_1| ⩽ δN, k = 2, . . . , d, |i_k| ⩽ N}. Let G^{±,ε}(Λ^δ_N ) be the set of mixed boundary conditions (σ^+, σ^−) such that the configuration σ^+ is supported by the domain {i_1 > δN} and contains mesoscopic phase labels η^ε_{N,H} uniformly equal to 1. Similarly, σ^− is supported by the domain {i_1 < −δN} and contains mesoscopic phase labels η^ε_{N,H} uniformly equal to −1. The partition function with boundary conditions in

G^{±,ε}(Λ^δ_N ) is denoted by Z^{σ+,σ−}_{γ,ΛδN} . Let σ̃^− be the configuration deduced from σ^− by spin flip. In the derivation of the lower and the upper bounds, the surface tension should be related to the following approximate quantities

log Z^{σ+,σ−} γ,Λ^δ_N Z^{σ+,σ̃−} γ,Λ^δ_N (4.4)

Ultimately the parameter δ will vanish and therefore the boundary conditions on the faces of Λ^δ_N parallel to ⃗e_1 can be chosen arbitrarily. For convenience we fix these conditions to be equal to m^∗_β.

The surface tension is defined for arbitrary directions and general domains (see (2.2)). To simplify the notation, we will consider only the direction ⃗n = ⃗e_1 and domains Δ^δ_N . In fact, the results also hold for arbitrary directions ⃗n and domains.

Remark 4.1. Notice that the mesoscopic phase labels on the scale K are now built with blocks of spins at the scale H = 2^hγ^{−1}. Therefore the mesoscopic surgery involves blocks of spins and the error term is of order exp(^1_γ ). This is actually not a problem because γ is fixed and these terms disappear in the limit (δ → 0).

4.3. Lower bound.

Proposition 4.1. Let β > 1 and fix γ_β > 0, ε > 0 such that Theorems 4.1 and 4.2 hold. For all γ < γ_β,

lim_{δ→0} lim inf N→∞ 1 N^{d−1} inf_{σ+,σ−} log Z^{σ+,σ−} γ,Λ^δ_N Z^{σ+,σ̃−} γ,Λ^δ_N ⩾ − τ_{β,γ} , (4.5) where the infimum is taken over the boundary configurations such that (σ^+, σ^−) belong to G^{±,ε}(Λ^δ_N ).

Proof. If the boundary conditions are σ^+ = 1 and σ^− = −1 then, by definition of the surface tension, (4.5) holds. We are going to interpolate between the boundary conditions (σ^+, σ^−) and (1, −1). For simplicity, the dependency on γ and δ will be omitted in the notation and the partition function will be denoted by Z^{σ+,σ−}_N .

First we are going to check that

lim inf N→∞ 1 N^{d−1} inf_{σ+,σ−} [ log Z^{σ+,σ−} N Z^{σ+,σ̃−} N − log Z^{+,σ−}_N Z^{+,σ̃−}_N ] ⩾ 0 . (4.6)

For a given boundary condition σ^+, we define Λ^{δ,+}_N as the subset of {i_1 > δN} containing the sites i such that σ^+_i = −1. For any i ∈ Λ^{δ,+}_N , we set ∀s ∈ [0, 1], σ^+_i (s) = (1 − σ^+_i )s + σ^+_i and by integrating log Z^{+,σ−}_N Z^{+,σ̃−}_N − log Z^{σ+,σ−} N Z^{σ+,σ̃−} N = ∑ i∈Λ^{δ,+}_N ,j∈Λ^δ_N ∫_1 0 ds J_γ (i, j) ( μ^{σ+(s),σ−} β,γ,N (σj ) − μ σ^+(s),σ̃^− β,γ,N (σj ) ) . The RHS can be split into two terms. The first one is non positive by FKG inequality ∑ i∈Λ^{δ,+}_N ,j∈Λ^δ_N ∫_1 0 ds J_γ (i, j) ( μ^{σ+(s),σ−} β,γ,N (σj ) − μ σ^+(s),+ β,γ,N (σj) ) ⩽ 0 . The second term ∑ i∈Λ^{δ,+}_N ,j∈Λ^δ_N ∫_1 0 ds J_γ (i, j) ( μ^{σ+(s),+} β,γ,N (σj ) − μ σ^+(s),σ̃^− β,γ,N (σj) ) (4.7)

will be evaluated by using the exponential decay of correlations. We need to state a result slightly stronger than Theorem 4.2, whose proof is implicitly contained in [BMP]. For a given domain Δ, the extended set of boundary conditions G^{+,ε}(Δ) contains the configurations σ_Δc such that ∀B_L (y) ⊂ Δ^c, M_{N,L}(y) − m^∗_β ⩾ − ε 2 . In particular, the boundary conditions uniformly equal to 1 belong to this set.

Theorem 4.4. For any β > 1, there exists γ_β > 0 and ε^∗_β such that for ε ∈]0, ε^∗_β [ the following holds. For any subset Δ of Z^d, let (σ, σ^′) be two configurations in G^{+,ε}(Δ^c) then for K ⊂ Δ, one has ∀γ ⩽ γ_β, | |μ^σ_{β,γ,Δ}(σK) − μ^{σ′}_{β,γ,Δ}(σK) | | ⩽ |K| exp ( − c(ε)γ^2 dist(K, S) ) , where S is the subset of Δ^c where σ and σ^′ differ and c(ε) is a positive constant.

The boundary conditions (σ^+(s), σ̃^−) and (σ^+(s), +) differ only in the lower part of (Λ^δ_N )^c, thus the exponential relaxation enables us to evaluate (4.7) log Z^{+,σ−}_N Z^{+,σ̃−}_N ⩽ log Z^{σ+,σ−} N Z^{σ+,σ̃−} N + N^{d−1} γ^d exp(−cγ^2 δN) . This estimate holds uniformly over the boundary conditions. Letting N go to infinity, we derive (4.6) .

It remains to check that ∀σ^−, Z^{+,σ−}_N Z^{+,σ̃−}_N ⩾ Z^{+,−}_N Z^{+,+}_N . (4.8)

This follows from FKG inequality. By interpolating, we get log Z^{+,σ−}_N Z^{+,σ̃−}_N − log Z^{+,−}_N Z^{+,+}_N = ∑ i∈Λ^{δ,−}_N ,j∈Λ^δ_N ∫_1 0 ds J_γ (i, j) ( μ^{+,σ−(s)} β,γ,N (σj) + μ +,σ̃^−(s) β,γ,N (σj) ) ,

where Λ^{δ,−}_N is defined in a similar way as Λ^{δ,+}_N . The spin flip symmetry enables us to rewrite the RHS. As FKG inequality implies that the magnetization is increasing wrt the boundary fields ∑ i∈Λ^{δ,−}_N ,j∈Λ^δ_N ∫_1 0 ds J_γ (i, j) ( μ^{+,σ−(s)} β,γ,N (σj) − μ −,σ^−(s) β,γ,N (σj) ) ⩾ 0 . Therefore the proposition is complete. □

Remark 4.2. A proof of the lower bound without using FKG inequality can be done along the lines of the proof of the upper bound. Nevertheless, this would involve more technicalities because another argument would be required to replace (4.10). This can be achieved by considering rough minimal sections (S^+, S^−) instead of rigid ones.

4.4. Upper bound. For some boundary conditions in G^{±,ε}(Λ^δ_N ), the quantity (4.4) is a bad approximation of the surface tension. Some boundary conditions interact with the interface and one should expect the following lower bound

lim_{δ→0} lim sup N→∞ 1 N^{d−1} sup (σ^+,σ^−)∈G^{±,ε}(Λ^δ_N ) log Z^{σ+,σ−} γ,Λ^δ_N Z^{σ+,σ̃−} γ,Λ^δ_N > −τ_{β,γ} . In order to screen the influence of the boundary conditions, one is lead to introduce a different approximation of the surface tension. This is done by localizing the interface away from the boundary with the help of two extra minimal sections which decouple the interface and the boundary conditions.

Mimicking the argument used for the derivation of the upper bound (subsection 3.4), we can find 4 minimal sections in each cube R^i_N of height δhN. Let us denote by Q^i_N (s) the parallelepiped included in R^i_N with basis B^i and height sN. There is a minimal section in R^{i,+}_N ∩ Q^i_N (^{δh}_4 N) and another in R^{i,+}_N \ Q^i_N (^{3δh}_2 N). By symmetry, there exist also 2 minimal sections in R^{i,−}_N .

By applying the surgical procedure, we deduce from the L^1 constraint the existence of 2 surfaces of + good blocks (resp −) at the mesoscopic scale H crossing the domains R^{i,+}_N (resp R^{i,−}_N ). After conditioning wrt the ± surfaces which are the closest to (R^i_N )^c, it remains to consider a partition function with mixed boundary conditions and with the constraint that there are also ± crossing surfaces in R^{i,±}_N ∩ Q^i_N (^{δh}_4 N).

For simplicity, let us define the new constrained partition function on the domain Λ^δ_N . Let S be the event such that there exist two crossing surfaces of good H-blocks. For any spin configuration in S, the surface of + blocks included in {i ∈ Λ^δ_N | 0 ⩽ i_1 ⩽^δ_4 N} which is the closest to {i_1 = 0} is denoted by S^+. In the same way, the surface of − blocks included in {i ∈ Λ^δ_N | −^δ_4 N ⩽ i_1 ⩽ 0} which is the closest to {i_1 = 0} is denoted by S^−. The constrained partition function with mixed boundary conditions (σ^+, σ^−) ∈ G^{±,ε}(Λ^δ_N ) is defined by Z^{σ+,σ−} γ,Λ^δ_N (S) = ∑ σ 1_S (σ) exp ( −βH_γ ( σ| (σ^+, σ^−) )) . The constraint S implies that the mesoscopic interface is localized inside the stripe {i ∈ Λ^δ_N | |i_1| ⩽^δ_4 N}. Thus, uniformly over the boundary conditions in G^{±,ε}(Λ^δ_N ) the system will relax to equilibrium in each region outside this stripe.

Proposition 4.2. Let β > 1 and fix γ_β > 0, ε > 0 such that the Theorems 4.1 and 4.2 hold. Then, for all γ < γ_β,

lim_{δ→0} lim sup N→∞ 1 N^{d−1} sup σ^+,σ^− log Z^{σ+,σ−} Λ^δ_N (S) Z^{σ+,σ̃−} Λ^δ_N ⩽ − τ_{β,γ} , (4.9)

where the supremum is taken over the boundary configurations such that (σ^+, σ^−) belong to G^{±,ε}(Λ^δ_N ).

Proof. As before, the proof is based upon an interpolation which enables us to compare the statistically pure boundary conditions with the mixed boundary conditions (1, −1). Nevertheless, the method is quite different because it relies on the relaxation of the spin configurations in the domains outside the stripe {i | |i_1| ⩽^δ_4 N}. Notice that

lim sup N→∞ 1 N^{d−1} log ( Z^{+,−}_N (S) Z^{+,+}_N ) ⩽ lim sup N→∞ 1 N^{d−1} log ( Z^{+,−}_N Z^{+,+}_N ) = −τ_{β,γ} . We define 2 regions

B^+ = { i, i_1 ∈ [ δ 2 N, δ 2 N + 10 γ ] } , B^− = { i, i_1 ∈ [− δ 2 N − 10 γ , − δ 2 N] } . The spins configurations inside (B^+, B^−) are interpolated by the constant configuration (m^∗, −m^∗) ∀s ∈ [0, 1], ∀i ∈ B^+, σ_i(s) = sσ_i + (1 − s)m^∗_β , ∀i ∈ B^−, σ_i(s) = sσ_i − (1 − s)m^∗_β .

Outside (B^+, B^−), the spins are unchanged. Let Z^{σ+,σ−}_{N,s} (S) be the partition function depending on the spins σ(s). The configurations of the partition function in the denominator are interpolated in (B^+, B^−) with the configuration (m^∗_β, m^∗_β ) and the corresponding

partition function is denoted by Z^{σ+,σ̃−}_{N,s} .

For given boundary conditions (σ^+, σ^−) ∈ G^{±,ε}(Λ^δ_N ), we introduce

Φ(s) = log Z^{+,−}_{N,s} (S) Z^{+,+}_{N,s} − log Z^{σ+,σ−} N,s (S) Z^{σ+,σ̃−} N,s . (4.10)

When s = 0, the spin configurations in B^+ and B^− decouple the configurations into three independent systems.

Φ(0) = log ( Z^{+,m∗}_N Z^{+,m∗}_N Z^{m∗,−m∗} N (S) Z^{m∗,m∗} N Z^{−m∗,−} N Z^{m∗,+}_N ) − log ( Z^{σ+,m∗} N Z^{σ+,m∗} N Z^{m∗,−m∗} N (S) Z^{m∗,m∗} N Z^{−m∗,σ−} N Z^{m∗,σ̃−} N ) . The symmetries of the model imply the cancellation of all the terms Φ(0) = 0.

All what remains to do is to control the derivative Φ^′(s). We encounter two types of terms in the sections B^±

Φ^′(s) = ∑ i∈B^+,j∈Λ^δ_N Jγ (i, j) [( μ^{+,−}_{β,γ,N,s} ( σ_j (σ_i − m^∗)|S ) − μ^{+,+}_{β,γ,N,s} ( σ_j (σ_i − m^∗) )) − ( μ^{σ+,σ−} β,γ,N,s ( σ_j(σ_i − m^∗)|S ) − μ^{σ+,σ̃−} β,γ,N,s ( σ_j(σ_i − m^∗) ))] + ∑ i∈B^−,j∈Λ^δ_N Jγ (i, j) [( μ^{+,−}_{β,γ,N,s} ( σ_j (σ_i + m^∗)|S ) − μ^{+,+}_{β,γ,N,s} ( σ_j (σ_i − m^∗) )) − ( μ^{σ+,σ−} β,γ,N,s ( σ_j(σ_i + m^∗)|S ) − μ^{σ+,σ̃−} β,γ,N,s ( σ_j(σ_i − m^∗) ))] . By using the exponential decay of correlations (Theorem 4.4), we obtain ∑ i∈B^+,j∈Λ^δ_N J_γ (i, j) | |μ+,+_{β,γ,N,s}(σ_j(σ_i − m_∗)) − μσ^+,σ̃^−_{β,γ,N,s}(σ_j(σ_i − m_∗)) | | ⩽ N^{d−1} γ^d exp(−cγ^2 δN) .

This estimate holds uniformly over the boundary conditions (σ^+, σ̃^−) ∈ G^{+,ε}(Λ^δ_N ).

Remark 4.3. Notice that Theorem 4.4 holds also for the interpolated measures (μ^{σ+,σ̃−}_{β,γ,N,s})_{s∈[0,1]}. This fact was pointed to us by E. Presutti. The interpolation by more regular configurations can only improve the properties of the measure, thus modifying the interactions on (B^+, B^−) does not alter the conclusion of the Theorem.

The minimal section becomes effective in order to estimate the other terms. We consider the spin correlations in B^+ (the same argument holds with B^−). Theorem 4.4 provides estimates for boundary conditions which are in G^{+,ε}(Λ^δ_N ) and therefore cannot be applied directly for mixed boundary conditions. Nevertheless the section S^+ screens the effect of the − boundary conditions. Thus the configurations in B^+ relax to the + pure phase. Let Δ^+_S be the domain above the surface S^+. By conditioning, wrt the configuration σ_S+ in the section S^+, we have μ^{+,−}_{β,γ,N,s} ( σ_j σ_i|S ) = 1 μ^{+,−}_{β,γ,N,s}(S) μ^{+,−}_{β,γ,N,s} ( 1_S μ^{+,σS+} β,γ,Δ^+_S ,s(σj σi) ) .

According to Theorem 4.4 the previous expression can be replaced by the expectation in the infinite stripe {i, |i_j | ⩽ N, j = 2, . . . , d}. | |μ^{+,−}_{β,γ,N,s} ( σ_jσ_i|S ) − μ^{m∗}_{β,γ,s}(σ_j σ_i) | | ⩽ sup_σ S+ | |μ^{+,σS+} β,γ,Δ^+_S ,s ( σ_jσ_i ) − μ^{m∗}_{β,γ,s}(σ_j σ_i) | | ⩽ exp(−cγ^2δN) , where μ^{m∗}_{β,γ,s} is the measure on the infinite stripe. The same identity holds for μ^{σ+,σ−}_{β,γ,N,s} ( σ_jσ_i|S ) , therefore ∑ i∈B^+,j∈Λ^δ_N J_γ (i, j) | |μ^{+,−}_{β,γ,N,s}(σ_j(σ_i − m^∗) | S) − μ^{σ+,σ−}_{β,γ,N,s}(σ_j(σ_i − m^∗) | S) | |

⩽ N^{d−1} γ^d exp(−cγ^2 δN) . This concludes the proposition. □

Remark 4.4. The proof of theorem 4.2 does not use correlation inequalities.

5. Appendix : Theorem 3.1

The proof of the domination bound for the 0-blocks (3.2) is divided into 3 steps.

Step 1. Let us start with a single box. If ^B_{N,K} (x) is not a good box then either there is a contour of length at least K^α crossing the enlarged boundary or conditionally on the event that the box B_K (x) is surrounded by a surface of spins of sign ε_x, the magnetization M_{N,K} (x) is atypical. These two occurrences can be estimated separately. Applying the Peierls estimate (2.8), we get μ^+_{β,N} ( there is a contour crossing ∂B_K (x) ) ⩽ K^{d−1} exp(−c_β K^α) . (5.1)

Conditionally on the occurrence of a connected surface S of ε_x-spins surrounding the box B_K (x), the configurations inside B_K (x) are decoupled from the exterior. We first use Tchebyshev inequality μ^+_{β,N} ( {|M_{N,K} (x) − ε_xm^∗| ⩾ ζ} | | S) ⩽ 1 ζ^2K^{2d} μ^{εx}_{β,int(S)} ( ∑ i∈B_K (x) σ_i − ε_xm^∗ )_2 . where int(S) is the region surrounded by S. As S has been chosen as the closest surface to (B_{K+K}α )^c, the magnetization inside the box B_K (x) is measurable after the conditioning . As a consequence of the Peierls estimates (low temperature expansions), the correlations decay exponentially in the ε_x-pure phase, so that we obtain μ^{εx}_{int(S)} ({|M_{N,K} (x) − ε_xm^∗| ⩾ ζ}) ≤ 1 ζ^2K^d χ , (5.2)

where the susceptibility χ = ∑ i∈Z^d μ + β (σ_0; σ_i) is finite.

Step 2. In order to evaluate the probability of the event { u^ζ_{N,K} (x_1) = 0, . . . , u^ζ_{N,K} (x_ℓ) = 0 }

the lattice ^D_{N,K} is partionned into c_d sub-lattices (^D^{(i)}_{N,K} )_{i ⩽ cd} such that two cubes of size

K + K^α centered on two sites of D^{(i)}_{N,K} are disjoint. By applying Hölder inequality, the estimate (3.2) is reduced to cubes which are not nearest neighbors. μ^+_{β,N} ( u^ζ_{N,K} (x_1) = 0, . . . , u^ζ_{N,K} (x_ℓ) = 0 ) ⩽ c_d∏

i=1 μ^+_{β,N} ( ∀x_j ∈ ^D^{(i)}_{N,K} , u^ζ_{N,K} (x_j ) = 0 ) 1_{cd} . Step 3. The event { u^ζ_{N,K} (x_1) = 0, . . . , u^ζ_{N,K} (x_ℓ) = 0 } can be decomposed into 2 terms :

on ℓ^′ boxes the density is atypical, whereas there are contours crossing the ℓ − ℓ^′ enlarged boundaries of the remaining boxes.

For a given collection of j boxes, we define

A_j = {The j boxes are surrounded by ± surfaces, but their averaged magnetizations are non typical} B_j = {There are contours crossing the j enlarged boundaries of the boxes} .

The probabilities of both events can be evaluated as follows. As the j boxes are disjoint and the surfaces of spins decouple the configurations inside each box

μ^+_{β,N} (A_j) ⩽ ( μ^+_{β,N} (A_1) )_j ⩽ ( α_K )_j , where the constant α_K =^χ_{ζ2Kd} was introduced in (5.2).

μ^+_{β,N} (B_j ) = j∑ i=1 μ^+_{β,N} ( {∃ i contours crossing the j enlarged boundaries} ) . We choose i blocks as starting points of these contours. Then we have to evaluate ∑ |Γ_1|+···+|Γ_i| ⩾ jK^α μ^+_{β,N} (Γ_1, . . . , Γ_i) ,

where the contours (Γ_1, . . . , Γ_i) have also to cross each boundaries of the j cubes.

Let n_r be the number of boundaries crossed by the contour r ∑ |Γ_1|+···+|Γ_i| ⩾ jK^α μ^+_{β,N} (Γ_1, . . . , Γ_i) ⩽ ∑ n_1+···+n_i=j ∑ (Γ_r ,n_r )

μ^+_{β,N} (Γ_1, . . . , Γ_i) .

If a contour crosses n_r boundaries then it has a length at least n_rK^α + (n_r − 1)K because the distance between the boxes is at least K. Thus ∑ |Γ_1|+···+|Γ_i| ⩾ jK^α μ^+_{β,N} (Γ_1, . . . , Γ_i) ⩽ ∑ n_1+···+n_i=j i∏ r=1 exp(−c_β n_rK^α − c_β(n_r − 1)K)

⩽ exp(−c_β jK^α) (_∞ ∑ n=1 exp(−c_β (n − 1)K) )_i

⩽ C^i exp(−c_β jK^α) .

μ^+_{β,N} (B_j) ⩽ j∑ i=1 ( j i ) K^{(d−1)i}C^i exp(−c_βjK^α) ⩽ exp(−c_β jK^α)(1 + CK^{d−1})^j = (α^′_K )^j .

where the constant α^′_K vanishes as K goes to infinity.

Combining both estimates, we obtain μ^+_{β,N} ( u^ζ_{N,K} (x_1) = 0, . . . u^ζ_{N,K} (x_ℓ) = 0 ) ⩽ ℓ∑ ℓ^′=1 ( ℓ ℓ^′ ) μ^+_{β,N} (A_ℓ′ )^{1/2}μ^+_{β,N} (B_{ℓ−ℓ}′ )^{1/2} ⩽ ( α_K + α^′_K )_ℓ . This completes the proof.

References

[Al] K. Alexander, Cube-Root Boundary Fluctuations for Droplets in Random Cluster Models, preprint (2000).

[AlBe] G. Alberti, G. Bellettini, Asymptotic behavior of a non local anisotropic model for phase transition, J. Math. Ann., 310, No. 3, 527-560, (1998).

[ABCP] G. Alberti, G. Bellettini, M. Cassandro, E. Presutti, Surface tension in Ising system with Kac potentials, J. Stat. Phys. 82, 743–796 (1996).

[ACC] K. Alexander, J.T. Chayes, L. Chayes, The Wulff construction and asymptotics of the finite cluster distribution for the two–dimensional Bernoulli percolation, Comm. Math. Phys. 131, 1–50 (1990).

[BCP] G. Bellettini, M. Cassandro, E. Presutti, Constrained minima of non local free energy functionals, J. Stat. Phys. 84, 1337–1349 (1996).

[BBBP] O. Benois, T. Bodineau, P. Butta, E. Presutti, On the validity of van der Waals theory of surface tension, Mark. Proc. and Rel. Fields 3, 175–198 (1997).

[BBP] O. Benois, T. Bodineau, E. Presutti, Large deviations in the van der Waals limit, Stoch. Proc. and Appl. 75, 89–104 (1998).

[B1] T. Bodineau, The Wulff construction in three and more dimensions, Comm. Math. Phys. 207, 197– 229 (1999).

[B2] T. Bodineau, A microscopic derivation of 3D equilibrium crystal shapes, ICMP proceedings (2000). [BIV1] T. Bodineau, D. Ioffe, Y. Velenik, Rigorous probabilistic analysis of equilibrium crystal shapes, J.

Math. Phys. 41, No.3, 1033–1098 (2000).

[BIV2] T. Bodineau, D. Ioffe, Y. Velenik, Winterbottom construction for finite range ferromagnetic models : a L^1 -approach, preprint (2000).

[BZ] A. Bovier, M. Zahradnik, The low-temperature phase of Kac Ising models, J. Stat. Phys. 87, No.1-2, 311–332 (1997).

[BMP] P. Buttà, I. Merola, E. Presutti, On the validity of the van der Waals theory in Ising systems with long range interactions, Mark. Proc. and Rel. Fields 3, No.1, 63–88 (1997).

[CCK] J. Chayes, L. Chayes, R. Kotecký : The analysis of the Widom-Rowlinson model by stochastic geometric methods, Comm. Math. Phys. 172, No.3, 551–569 (1995).

[CaPr] M. Cassandro, E. Presutti, Phase transitions in Ising systems with long but finite range, Mark.

Proc. and Rel. Fields 2, 241–262 (1996).

[Ce] R. Cerf, Large deviations for three dimensional supercritical percolation, Astérisque 267 (2000). [CePi1] R. Cerf, A. Pisztora, On the Wulff crystal in the Ising model, to appear in Ann. Prob (2000). [CePi2] R. Cerf, A. Pisztora, Phase coexistence in Ising, Potts and percolation models, Preprint (2000). [DOPT1] A. De Masi, E. Orlandi, E. Presutti, L. Triolo, Stability of the interface in a model of phase separation, Proceedings Royal Soc. Edinburgh 124A, 1013–1022 (1994).

[DOPT2] A. De Masi, E. Orlandi, E. Presutti, L. Triolo, Uniqueness and global stability of the instanton in non local evolution equations, Rendiconti di Matematica 14, 693–723 (1994).

[DH] R.L. Dobrushin and O. Hryniv, Fluctuations of the phase boundary in the 2D Ising ferromagnet, Comm. Math. Phys. 189, 395–445 (1997).

[DKS] R.L. Dobrushin, R. Kotecký, S. Shlosman, Wulff construction: a global shape from local interaction, AMS translations series, vol 104, Providence R.I. (1992).

[DS] R.L. Dobrushin and S. Shlosman, Large and moderate deviations in the Ising model, Advances in Soviet Math. 20, 91–220 (1994).

[EG] L. Evans, R. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press, London (1992). [F] I. Fonseca, The Wulff theorem revisited, Proc.Royal London Soc. Sect. A, 432, 125-145 (1991). [FM] I. Fonseca, S. Mueller, A uniqueness proof of the Wulff Theorem, Proc. Roy. Soc. Edinburgh; Sect A, 119, 125–136 (1991).

[GLM] G. Giacomin, J. Lebowitz, C. Maes, Agreement percolation and phase coexistence in some Gibbs systems., J. Stat. Phys. 80, No 5-6, 1379–1403 (1995).

[I1] D. Ioffe, Large deviations for the 2D Ising model : a lower bound without cluster expansions, J. Stat.

Phys. 74, 411–432 (1994).

[I2] D. Ioffe, Exact deviation bounds up to Tc for the Ising model in two dimensions, Prob. Th. Rel. Fields 102, 313–330 (1995).

[ISc] D. Ioffe, R. Schonmann, Dobrushin-Kotecký-Shlosman theory up to the critical temperature, Comm.

Math. Phys. 199, 117–167 (1998).

[LMP] J. Lebowitz, Mazel, Presutti, Liquid-vapor phase transitions for systems with finite-range interactions., J. Stat. Phys. 94, No.5-6, 955–1025 (1999).

[MMR] A. Messager, S. Miracle-Solé, J. Ruiz, Surface tension, step free energy and facets in the equilibrium crystal, J. Stat. Phys. 79, (1995).

[MMRS] A. Messager, S. Miracle-Solé, J. Ruiz, S. Shlosman, Interfaces in the Potts model. II. Antonov’s rule and rigidity of the order disorder interface, Comm. Math. Phys. 140, No.2, 275–290 (1991).

[Pf] C.E. Pfister, Large deviations and phase separation in the two dimensional Ising model, Helv. Phys.

Acta 64, 953–1054 (1991).

[PV1] C.-E. Pfister, Y. Velenik, Mathematical theory of the wetting phenomenon in the 2D Ising model, Helv. Phys. Acta 69, 949-973 (1996).

[PV2] C.-E. Pfister, Y Velenik, Large deviations and continuum limit in the 2D Ising model, Prob. Th.

Rel. Fields 109, 435–506 (1997).

[Pi] A. Pisztora, Surface order large deviations of Ising, Potts and percolation models, Prob. Th. Rel.

Fields 104, 427–466 (1996).

[Sc] R.H. Schonmann, Second order large deviation estimates for ferromagnetic systems in the phase coexistence region, Comm. Math. Phys. 112, No.3, 409–422 (1987).

[ScS1] R.H. Schonmann, S. Shlosman, Complete analyticity for the 2d Ising model completed, Comm.

Math. Phys. 170, 453–482 (1996).

[Ta] J. Taylor, Crystalline variational problems, Bull. Am. Math. Soc. 84, 568–588 (1978).

Laboratoire de Probabilités et Modèles Aléatoires, CNRS-UMR 7599, Université Paris VI et VII, UFR de Mathématiques, case 7012, 2 place Jussieu, Paris 75251, France.

E-mail address: bodineau@gauss.math.jussieu.fr