Sharp upper bounds on the number of resonances near the real axis for trapped systems

Plamen Stefanov^∗ Department of Mathematics

Purdue University West Lafayette, IN 47907

April 27, 2001

1 Introduction

This paper is devoted to a detailed study of the behavior of the resonances and resonant states near the real axis. We work mainly in the semi-classical setting but most results can be easily translated into the classical one. By resonances near the real axis we mean resonances in a “box” Ω(h) = [a_0, b_0] + i[−S(h), 0], where 0 < S(h) = O(h^K ), K ≫ 1. Such resonances may exist only for trapping geometries. We accept the convention here that resonances lie in the lower half-plane.

For simplicity, we consider compact perturbation P (h) of the Laplacian only. The basic properties are established in the abstract “black box scattering” setting introduced by Sjöstrand and Zworski [SjZ] (see next section). It is well known that if z(h) is a resonance, then there exists a z(h)-outgoing resonant state u(h) satisfying the equation (P (h) − z(h))u(h) = 0. By [B1], [St3], if −Im z = O(h^∞), then

u(h) = O(h^∞) for R_1 ≤ |x| ≤ R_2, (1.1)

where R_0 < R_1 < R_2 are such that the scatterer is included in the ball B(0, R_0). For simplicity, in this introduction we will assume S(h) = O(h^∞). This does not immediately imply that the same is true for the generalized “eigenfunctions”, i.e., for the solutions of (P (h) − z(h))^k u(h) = 0 with some k > 1. We call those generalized “eigenfunctions” (with infinite energy) resonant states as well. Since −Im z = O(h^∞), one can expect that (P (h) − z(h))u(h) = O(h^∞) for any resonant state. (1.2)

The estimate above has to be considered in the following sense — u is normalized in B(0, R), R > R_0 and then the r.h.s. has to be O(h^∞) in the same ball. If one tries to carry out some recursive procedure for proving those two estimates, it is quite likely to get exponentially big (with respect to 1/h) terms , because for the number of steps k we have k = O(h^{−n#} ), n^# ≥ n, where n ≥ 2 is the dimension. However obtaining such estimates even under the assumption that m(h) is uniformly bounded does not follow easily from known results. The third question we are trying to answer is about the degree of linear independence of resonant states corresponding to resonances too close to each other, for example two resonances z_1(h) and z_2(h) in Ω(h) with z_z(h) − z_2(h) = O(h^∞). In other words, can we control how small is the angle between two (or more) resonant states u_1(h), u_2(h) corresponding to such resonances? If we can, then we would know that a linear combination of u_1(h), u_2(h) satisfying (1.1) would also satisfy (1.1) for any z(h) that is O(h^∞) close to z_1(h) and z_2(h). This is also related to the stability of the property of linear independence of such resonant states and is crucial in providing link between resonances and eigenvalues of a reference operator below.

∗Supported by NSF Grant DMS-0070823 1

Instead of working with single resonances, we work with clusters of resonances. We exploit the following argument: since the number of resonances in Ω(h) is O(h^{−n#} ), we can always group the resonances in clusters of diameter d(h) = O(h^∞) with distance between two clusters at least ch^{n#} d(h) with some c > 0. Then we prove (see Proposition 3.3 and Theorem 3.3) estimates (1.1) and (1.2) for any linear combination of resonant states corresponding to resonances in such cluster. For technical reasons we work with the complex scaled operator P_θ(h). In Proposition 3.4 we give an affirmative answer to the third question above for resonant states associated with different clusters. Within a single cluster, we still cannot control the angle between resonant states corresponding to two different resonances in this cluster, but we can simply choose an orthonormal basis and our results show that we still get states satisfying (1.1) and (1.2). Note that in particular, even though we work with clusters, we get those estimates for a resonant state corresponding to any single resonance z(h).

In Theorem 3.1 and the proof of Theorem 3.2 we show that existence of resonances in Ω(h) near the real axis implies existence of at least the same number of real quasimodes on an interval slightly wider than the projection of Ω(h) on the real axis. The corresponding quasimode states are linearly independent in a stable way under small perturbation and this allows us to prove in Theorem 3.2 that they generate at least the same number of eigenvalues of a suitably chosen reference operator P^#(h). This generalizes the result in [St4], where the number of quasimodes is not estimated. In some sense, this is result, converse to that in [St1], that says that existence of asymptotically orthogonal real quasimodes implies existence of at least the same number of resonances nearby. It is implicit in [St1] that the asymptotic orthogonality can be replaced by the condition of linear independence stable under certain small perturbations. By quasimodes states we mean approximate solutions with error O(h^N ), N ≫ 1 or N = ∞ supported in a fixed compact.

In sections 4-6 we study a differential elliptic second order operator P (h) that is a compact perturbation of −h^2Δ as before and satisfies the black box assumptions. Using (1.1) and propagation of singularities arguments, we show that the wave front set of any linear combination of resonant states as above is contained in the set T of trapped bicharacteristics of P (h). In particular, this is true for any resonant state. The upper bound for N(Ω(h)) established in Theorem 3.2 in terms of upper spectral bound for a self-adjoint reference operator P^#(h) says that the number of eigenvalues of P^#(h) in a small neighborhood of [a_0, b_0] is at least the same as the number of resonances N(Ω(h)) in Ω(h). This provides us with effective ways to get sharp upper bounds of the counting function N(Ω(h)) by using suitably chosen reference operators. One obvious choice for P^#(h) is the Dirichlet realization of P (h) in the ball B(0, R), R > R_0 but it does not provide sharp bounds. We choose P^#(h) to be P (h) plus additional h-ΨDO with principal symbol that vanishes near the trapped rays and increases quickly outside some small neighborhood of them. This allows us to use known spectral asymptotics for P^#(h) to get upper bound of the type

N(Ω(h)) ≤ (2πh)^{−n} ( meas ( T ∩ p^{−1}_0 [a_0 − 0, b_0 + 0] ) + o(1) ) , (1.3)

where p_0 is the principal symbol of P (h), and S(h) = h^K , K ≫ 1 (see Theorem 5.1). In one special case in section 6 we can actually prove an asymptotic formula for N(Ω(h)). Let P (h) = −h^2Δ + V (x) and assume that p^{−1}[a_0, b_0] has a bounded component, assume also that the unbounded one is non-trapping and a_0, b_0 are non-critical values of p(h). Then the inequality above turns into asymptotics, in this case actually, T ∩ p^{−1}_0 [a_0, b_0] is the volume of the union of the compact components of p^{−1}_0 [a_0, b_0]. To prove the asymptotic formula, we use the bound (1.3) and the fact that the eigenfunctions of a suitable reference operator serve as quasimodes for P (h), therefore we get a sharp lower bound for N(Ω(h)) as well using the results in [St1]. We also prove that there is a resonance free strip O(h^∞) = S(h) ≤ −Im z ≤ Mh, ∀M > 0, 0 < h ≤ h(M), a_0 ≤ Re z ≤ b_0. This is done in Theorem 6.1.

We notice that the fact that the counting function of the resonances (not only near the real line) is essentially bounded by the spectral counting function of certain reference operator, which is P (h), modified for |x| > R_0, has been proven by Sjöstrand and Zworski [SjZ]. Sjöstrand [Sj1], under certain assumptions involving hyperbolicity of the bicharacteristic flow, showed that the resonances in a box of height δ, C_0h ≤ δ ≤ 1/C_0 is O(δ^dh^{−n}), where d is the Minkowski codimension of the trapped rays. Numerical study of this and other phenomena can be found in [LZ]. M. Zerzeri [Ze] obtained in the classical case an upper bound in a sector in C related to the measure of the trapped rays for the case of classical scattering but the notion of trapped rays that he uses is weaker than the common one, in particular, −Δ + V (x) with 0 ≠ V ∈ C^∞_0 can be trapping, also a non-trapping kidney-shaped domain is also trapping according to that definition. Lower bounds of the type ch^{−n} near the real axis can be obtained any time we have asymptotically orthogonal quasimodes with the same density [St1]. Such bound in terms of the measure of the periodic trajectories is proven in [PZ] with different methods. In obstacle classical scattering under the assumption of existence of elliptic degenerate periodic ray, one has lower bound cr^n with c equal to the measure of invariant tori up to a constant factor. One can interpret this measure as the measure of a subset of the trapped rays near the elliptic one and this well corresponds to the classical version of (1.3).

Resonances connected to potential well, considered in section 6 have been studied extensively, mainly for energy levels close to a non-degenerate minimum of V (x) (see e.g. ... [?]...). If the potential is real analytic, the convergence to the real axis is exponentially fast [CP]. In section 6 we consider however energy levels not necessarily close to the bottom of the well.

Acknowledgments. The author wants to thank Vesselin Petkov and Georgi Popov for the numerous email exchanges during the preparation of this paper.

2 Assumptions, Black-Box Scattering

We work in the general framework of black-box scattering proposed by Sjöstrand and Zworski [SjZ] (see also [Sj2], [TZ1]). In fact, we consider only compactly supported perturbations. Let H be a complex Hilbert space of the form H = H_{R0} ⊕ L^2(R^n \ B(0, R_0)), where R_0 > 0 is fixed and B(0, R_0) is the ball centered at the origin with radius R_0. We think of H_{R0} as the space where the scatterer is supported. We consider a family of self-adjoint unbounded operators P (h) in H with common domain D, whose projection onto L^2(R^n \ B(0, R_0)) is H^2(R^n \ B(0, R_0)). Denote by 1_{B(0,R0)} the orthogonal projector onto H_{R0} and similarly, we define 1_Rn_{\B(0,R0)}. Then we assume that

1_{B(0,R0)} (P (h) + i)^{−1} : H → H

is compact. Outside H_{R0} , P (h) is assumed to coincide with the semiclassical Laplacian, i.e.,

1_{B(0,R0)}P (h)u = −h^2Δ ( u|_Rn_{\B(0,R0 )} ) Finally, we assume that P (h) > −C_0, C_0 > 0. Under those assumptions, one can define (the semi-classical) resonances ResP (h) of P (h) in conic neighborhoods of the real axis by the method of complex scaling (see [SjZ] and the above cited papers). An outline of the complex scaling technique is given below. Resonances are also poles of the meromorphic continuation of the resolvent (P (h) − z)^{−1} : H_{comp} → H_{loc} from Im z > 0 into a conic neighborhood of the real line. We will denote the so continued resolvent by R(z, h). In this paper we adopt the convention that resonances lie in the lower half-plane Im z < 0. In classical scattering, we consider P as above independent of h by formally assuming that h = 1. Then P has classical resonances ResP defined as the poles of the meromorphic continuation of the resolvent (P − λ^2)^{−1} : H_{comp} → H_{loc} from Im λ > 0 to a neighborhood of the real line. For such P we then set P (h) = h^2P and define resonances z(h) as above. Then the semi-classical resonances and the classical ones are related by λ^2 = h^{−2}z.

As in [SjZ], we construct a reference selfadjoint operator P^#(h) from P (h) on H^# = H_{R0} ⊕ L^2(M \ B(0, R_0), where M = (R/RZ)^n for some R > R_0. Then for the number of eigenvalues of P^# in a given interval [−λ, λ], we assume

#{z ∈ SpecP^#(h); −λ ≤ z ≤ λ; } ≤ C(λ/h^2)^{n#/2}, λ ≥ 1,

with some n^# ≥ n. This implies (see [SjZ] and [Sj2]) that

#{z ∈ ResP (h); 0 < a_0 ≤ Re z ≤ b_0; 0 ≤ −Im z ≤ c_0} ≤ C(a_0, b_0, c_0)h^{−n#} , (2.1)

#{λ ∈ ResP ; 1 ≤ |λ| ≤ r; 0 ≤ −Im λ ≤ 1} ≤ Cr^{n#} , r > 1. (2.2)

Polynomial estimates of this type have been proved also in [M], [Z1], [SjZ], [V], [Sj2].

In this paper we will often omit the dependence on h, i.e., we will write P instead of P (h), z_0 instead of z_0(h) where it is clear from the context that we work with h-dependent objects. We denote by C various positive constants, that may change from line to line.

For any resonance z(h) there is an outgoing solution u(h) to (P (h) − z(h))u(h) = 0 and possibly “generalized eigenvectors” v(h) satisfying (P (h) − z(h))^{k(h)}v(h) = 0. We will call u and v resonant states. Given Ω(h) ⊂ C, N(Ω(h)) will denote the number of resonances in Ω(h) counted with their multiplicities defined as the rank of the residue of the cut-off resolvent at any resonance. Given a self-adjoint reference operator P^#(h) (this notion is defined later) with point spectrum, N^#([a, b]) denotes the number of eigenvalues, counting multiplicities, of P^#(h) in the interval [a, b]. With some abuse of notation and terminology, given χ ∈ C^∞_0 (R^n), we will denote the operator 1_{B(0,R0)} ⊕ χ|_Rn_{\B(0,R)} by χ. If supp ( 1_Rn_{\B(0,R0)}f ) ⊂ K, where K ⊃ B(0, R_0), we will say that supp f ⊂ K. By H^s(R^n), s = 0, 1, . . ., we denote the Sobolev space with semiclassical norm ‖f‖^2_Hs = ∑ |α|≤s ‖(hD)

αf‖^2

3 Estimates on the resonant states

In this section we obtain estimates on the resonant states in the semiclassical case corresponding to resonances z(h) in a box Ω(h) = [a(h), b(h)] + i[−c(h), 0], where 0 < b(h) − a(h) = O(h^N ), 0 < c(h) = O(h^N ), N ≫ 1. Our goal is to prove that the resonant states are essentially supported near the scatterer and solve (P (h) − z_0)f = O(h^{N1} ), where z_0 ∈ [a(h), b(h)], where N_1 ≤ N depends on N. As explained in the Introduction, instead of studying single resonances, we study clusters of them close to each other and the resonances in domains of the type Ω(h) will be considered later as such clusters. We prove those estimates for each linear combination of resonant states corresponding to resonances in Ω(h). In particular, this allows us to choose asymptotically orthogonal system of such linear combinations that form quasimode states for P (h) with quasimode z_0(h) of multiplicity equal (at least) to the total multiplicity of ResP (h) ∩ Ω(h). At the end of this section we study wider domains, where a(h) = a_0, b(h) = b_0 are independent of h by grouping them in clusters contained in “small” domains Ω_k(h) as above.

3.1 Brief review of Complex Scaling

We follow here [SjZ] and [Sj2]. Fix A < B, such that

R_0 + 1 < A < B − 1.

We will perform complex scaling for r := |x| > B. Choose a real-valued increasing C^∞- function κ(r), r ≥ 0, with the properties:

(i) κ(r) = 0 for 0 ≤ r ≤ B, (ii) κ(r) = 1 for r ≥ T_0, with some T_0 > B, (iii) 0 ≤ κ(r) ≤ 1, (iv) κ(r) = e^{−1/(r−B)2} for B ≤ r ≤ B + ϵ_0 with some ϵ_0 ≪ 1.

We would like to note that another choice in (iv) of κ(r) near r = B might influence the error term in Proposition 3.1 below. Set θ = θ(r) := θ_0κ(r), where 0 < θ_0 ≪ 1 will be chosen later. Define f_θ(r) := re^{iθ(r)}. Note that for θ_0 > 0 small enough, df_θ/dr ≠ 0. As in [SjZ], [Sj2], we perform the analytic dilation by considering the map R^n ∋ x = rω → f_θ(r)ω ∈ C^n, ω ∈ S^{n−1}. (3.1)

Under the action of the map (3.1), the operator P is transformed into an operator P_θ on H_{R0} ⊕ L^2(Γ_θ \ B(0, R_0)), where Γ_θ is the image of (3.1). We refer to the above mentioned papers for details. We will identify Γ_θ with R^n (in other words, we parameterize Γ_θ by r and ω). Then inside the ball B(0, B) := {x; |x| < B} the operator P_θ coincides with P , while outside that ball in polar coordinates we have

P_θ = P (f_θ(r), (f^′_θ (r))^{−1}D_r, D_ω), (3.2) where P (r, D_r, D_ω) is the semiclassical symbol of P in polar coordinates. Since P = −h^2Δ for |x| > R_0, equation (3.2) implies that

P_θ|_{r>R0} = ( 1 f^′_θ

D_r

)_2 − n − 1 f_θf^′_θ iD_r + 1 f^2_θ

D^2_ω. (3.3)

The operator P_θ is elliptic, closed in H_{R0} ⊕ L^2(Γ_θ \ B(0, R_0)) which we identify with H with domain D_θ that is actually the same as the domain of P after that identification. It is known that for a fixed h > 0 and z ≠ 0 with arg(z) ≠ −2θ_0, the operator P_θ is Fredholm with index 0. Moreover, for z ≠ 0 with − arg(z) < 2θ_0, we have that z is a resonance of P if and only if z is an eigenvalue of P_θ and the multiplicities coincide. Since we are going to work with resonances with Im z = o(1), for h small enough those resonances will be always eigenvalues of P_θ.

3.2 An absorption estimate, after N. Burq [B2]

Next proposition is a refinement of [B2, Prop. 6.1]. Let ρ(r) be a smooth function equal to 1 for r < A − 1/2 and equal to r^{(n−1)/2} for r > A. Set P̃ := ρP ρ^{−1}. Then P̃ is self-adjoint for the measure dμ := ρ^{−2}r^{n−1}drdω and we denote by H̃ = ρH the corresponding Hilbert space. Furthermore,

P̃ |_{r>A} = h^2 ( − ∂^2_r −

Δ_w r^2 + (n − 1)(n − 3)

4r^2 ) , dμ|_{r>A} = drdω.

Let P̃_θ be the operator obtained from P̃ by analytic dilation for r ≥ B and denote by D̃ its domain. In fact, P̃_θ = ρ(f_θ)P_θρ^{−1}(f_θ). Here, for n even, the branch of f^{1/2}_θ is chosen in an obvious way. Fix a_0 > 0.

Proposition 3.1 For h > 0 and θ_0 > 0 small enough, Re z ≥ a_0, Im z ≤ 0, and for any u ∈ D̃_θ we have C ∫ ( (θ + rθ^′)|h∂_ru|^2 + θ(|hr^{−1}∇_ωu|^2 + |u|^2) ) drdω (3.4)

≤ −Im ( e^{iθ}(P̃_θ − z)u, u ) H̃ + ( −Im z + e^{−h−1/3} ) ‖u‖^2_{H̃},

where C = min(a_0, 1)/2 and the inner product and the norm are taken in H̃.

Remark. It follows from the proof that e^{−h−1/3} ‖u‖^2_{H̃} can be replaced by e^{−h−1/3} ∫ B≤r≤B+ch^{1/6} |u|

2drdω and that e^{−h−1/3} can be replaced by e^{−h−2/3+ϵ} , ϵ > 0, by choosing κ(r) near r = B in a different way.

Proof. As mentioned earlier, we follow the proof of [B2, Prop. 6.1]. Write −Im ( e^{iθ}(P̃_θ − z)u, u ) H̃ = −Im ( e^{iθ}(P̃_θ − Re z)u, u ) H̃ − (−Im z)(cos θu, u)_{H̃}

≥ −Im ( e^{iθ}(P̃_θ − Re z)u, u ) H̃ − (−Im z)‖u‖^2_{H̃}. (3.5)

Therefore, it is enough to prove the proposition for z real. So, let z ≥ a_0. Note next that one can assume that u is supported in r > A, where in particular, dμ = drdω. Indeed, choose a smooth cut-off function 0 ≤ χ ≤ 1 such that χ(x) = 0 for |x| < A and χ(x) = 1 for |x| > A + 1/2. Since e^{iθ}(P̃_θ − z) is symmetric on supp(1 − χ), writing u = χu + (1 − χ)u we can see as in [B2] that (1 − χ)u contributes nothing to Im (e^{iθ}(P̃_θ − z)u, u)_{H̃}, so we may replace u by χu there.

For e^{iθ}P̃_θ we have

e^{iθ}P̃_θ = − 1 1 + irθ^′ h∂_r e^{−iθ} 1 + irθ^′ h∂_r − e^{−iθ} h^2Δ_ω

r^2

+ e^{−iθ}h^2

(n − 1)(n − 3) 4r^2 .

Integrating by parts we get −Im ( e^{iθ}(P̃_θ − z)u, u ) H̃ = ∫ ( Im ( − e^{−iθ} (1 + irθ^′)^2 ) |h∂_ru|^2 + sin θ|hr^{−1}∇_ωu|^2 ) drdω (3.6) + ∫ Im ( e^{iθ}z − e^{−iθ}h^2

(n − 1)(n − 3)

4r^2 ) |u|^2drdω − hIm (g(r)h∂_ru, u)

= I_1 + I_2 + I_3

with g(r) = d dr ( 1 1 + irθ^′ ) e^{−iθ} 1 + irθ^′ = −i(rθ^{′′} + θ^′)e^{−iθ} (1 + irθ^′)^3

. (3.7)

It is easy to see that if θ_0 > 0 is small enough we have

I_1 ≥ 3 4 ∫ ( (θ + 2rθ^′)|h∂_ru|^2 + θ|hr^{−1}∇_ωu|^2 ) drdω. (3.8)

For I_2 we get for h small enough,

I_2 ≥ z ∫ sin θ|u|^2drdω − Ch^2 ∫ θ|u|^2drdω ≥ 3 4 a_0 ∫ θ|u|^2drdω (3.9)

For I_3 we obtain I_3 = − h i ((Re g)h∂_ru, u)_{H̃} − h^2 2i (Re g^′u, u)_{H̃} + h^2 2 (Im g^′u, u)_{H̃}. (3.10)

Since I_3 is real, we have

I_3 = −Im h((Re g)h∂_ru, u)_{H̃} + h^2 2 (Im g^′u, u)_{H̃} = I^{(1)}_3 + I^{(2)}_3 . (3.11)

The function g admits the following estimates

|Re g| ≤ C(|θ^′| + |θ^{′′}|)(|θ| + |θ^′|) ≤ C|θ|, (3.12) |g^′| ≤ C(|θ^′| + |θ^{′′}| + |θ^{′′′}|), (3.13)

The second estimate (3.13) and the first part of (3.12) follow directly from (3.7). The second part of (3.12) holds trivially for A < r < B, where θ = 0 and for B + ϵ_0 < r, where |κ| > 1/C, and is also true for B < r < B + ε_0, where θ = θ_0e^{−1/(r−B)}. Now (3.12) implies that I^{(1)}_3 in (3.10) can be estimated by

|I^{(1)}_3 | ≤ Ch ∫ θ(|h∂_ru|^2 + |u|^2)drdω (3.14)

and for h ≪ 1 this can be absorbed by the r.h.s. of (3.8) and (3.9). Next, to estimate I^{(2)}_3 , we will show that for h ≪ 1 |g^′| ≤ e^{−h−1/3} + h^{−3/2}θ, for B ≤ r. (3.15)

Set t = r − B ≥ 0. Then, since θ = θ_0e^{−1/t2} for 0 ≤ t ≪ 1, (3.13) implies that for 0 ≤ t^2 ≤ h^{1/3}/2 we have |g^′| ≤ Ct^{−9}e^{−1/t2} ≤ e^{−1/(2t2)} ≤ e^{−h−1/3} for h ≪ 1. On the other hand, for h^{1/3}/2 ≤ t^2 ≤ ϵ^2_0 we have |g^′| ≤ Ct^{−9}e^{−1/t2} ≤ Ch^{−3/2}θ. Since (3.15) is trivially true for r > B + ε_0, this proves it for all r ≥ B. Therefore, |I^{(2)}_3 | ≤ e^{−h−1/3} ‖u‖^2_{H̃} + h^{1/2} ∫ θ|u|^2drdω (3.16)

and the integral above can be absorbed by the r.h.s. of (3.9). Combining (3.6) with (3.8), (3.9), (3.10), (3.14) and (3.16), we complete the proof. �

Remark. Estimate (3.4) remains true for Im z > 0 if we replace −Im z there by − cos θ_0Im z (see (3.5)). In particular, this implies that for θ_0 ≪ 1 and any u ∈ D̃ 1 2 ( Im z − e^{−h−1/3} ) ‖u‖^2_{H̃} ≤ −Im ( e^{iθ}(P̃_θ − z)u, u ) H̃ ≤ ‖(P̃_θ − z)u‖_{H̃}‖u‖_{H̃}

and after replacing u by ρu, we get

‖(P_θ − z)^{−1}‖ ≤ 2 Im z − e^{−h−1/3}

, Im z > e^{−h−1/3} . (3.17)

3.3 Estimates on the spectral projector

Fix 0 < a_0 < b_0. Choose some a(h), b(h) and c(h) such that

0 < a_0 ≤ a(h) ≤ b(h) ≤ b_0, b(h) − a(h) = o(1), 2e^{−h−1/3} ≤ c(h) ≤ Ch^{2n#+1}. (3.18)

and let Ω(h) := [a(h), b(h)] + i[−c(h), 0]. (3.19) Let z_1(h), . . . , z_p(h) be all distinct resonances in Ω(h) with multiplicities m_1(h), . . . , m_p(h). Set m(h) := m_1 + . . . + m_p. Assume that there are no resonances on ∂Ω. Consider the spectral projector associated with the eigenvalues of P_θ in Ω Π_Ω := 1 2πi ∮ ∂Ω (z − P_θ)^{−1}dz,

where ∂Ω is assumed to be positively oriented. Denote H_Ω := RanΠ_Ω. Then it is well known (see e.g. [K]) that P_θ acts invariantly on H_Ω that is the span of all eigenvectors and generalized eigenvectors of P_θ with eigenvalues in Ω. Generalized eigenvectors corresponding to distinct eigenvalues in Ω are linearly independent. The dimension m(h) of H_Ω is finite, bounded by Ch^{−n#} , and equal to the sum of the multiplicities of z_j ∈ Ω. Set P_Ω := P_θ|_{HΩ} . Then P_Ω is a finite rank operator (matrix) and we denote by ‖ · ‖_Ω the operator norm in H_Ω. The spectrum of P_Ω consists of {z_1, . . . , z_p} with the same multiplicities. The following estimate is due to Zworski [Z2] (in this generality, see the proof of Lemma 1 in [TZ1])

‖(z − P_θ)^{−1}‖ ≤ Ce^{Ch−n# ln(1/g)} for z ∈ Ω_0, dist(z, ResP (h) ∩ Ω_0) ≥ g(h), g(h) ≪ 1,

where Ω_0 is any simply connected precompact subset of −π < − arg z < 2θ_0 (independent of h). In our analysis we always work in the box Ω_0 := [a_0, b_0] + i[−c_0, c_0] with fixed 0 < a_0 < b_0 and fixed 0 < c_0 ≪ 1, therefore the constant C above will be uniform. As a consequence, the resolvent of P_Ω satisfies the following estimate

‖(z − P_Ω)^{−1}‖_Ω ≤ Ce^{Ch−n# ln(1/g)} for z ∈ Ω_0, dist(z, ResP (h) ∩ Ω_0) ≥ g(h), g(h) ≪ 1. (3.20)

This allows us to apply the “semiclassical maximum principle” ([TZ1], [TZ2]) as in [St3, Lemma 2] to get the following.

Proposition 3.2 Assume that c(h) ≤ S(h) ≤ h^{(3n#+1)/2}w(h), w(h) = o(1), as h → 0, where a(h), b(h) and c(h) are as in (3.18). Then ‖(z − P_Ω)^{−1}‖_Ω ≤ C S(h) on ∂Ω̃,

where Ω̃ := [a(h) − w(h), b(h) + w(h)] + [−h^{−n#} S(h), S(h)]

Sketch of the Proof: We follow closely the proof of [St3, Lemma 2]. Let

z̃_j (h) := z̄_j (h) + 2iS(h), j = 1 . . . p,

where the bar denotes complex conjugate. Then z_j and z̃_j are symmetric about the line Im z = S(h) and on that line we have ‖(z − P_Ω)^{−1}‖_Ω ≤ 4/S(h) by (3.18) and (3.17) . Set

G(z, h) :=

(z − z_1)^{m1} . . . (z − z_p)^{mp} (z − z̃_1)^{m1} . . . (z − z̃_p)^{mp} . We observe first that |G(z, h)| ≤ 1 for Im z ≤ S(h). (3.21) The function F := G(z − P_Ω)^{−1} is holomorphic below the line Im z = S(h), and in particular in Ω(h). Our goal is to apply the “semiclassical maximum principle” [TZ1] in the form presented in [St3, Lemma 1] to the function F in the domain Ω_1 := [a(h) − 5w(h), b(h) + 5w(h)] + i[−S(h)h^{−2n#−1}, S(h)]. To this end, we need to modify w(h) and S(h) to be sure that F satisfies an exponential estimate in this region with a constant independent of the region. The only obstacle to that would be existence of resonances too close to the boundary. To this end we extend Ω_1 by shifting the sides, staying in the fixed h-independent neighborhood Ω_0 of Ω(h), such that the closest resonance stays at distance at least g(h) = h^{n#+1}. This is possible in view of (2.1). Then we apply (3.20) with ln(1/g) = (n^# + 1) ln(1/h) and using (3.21), we see that ‖F ‖ = O(exp(Ch^{−n} ln h^{−1})) on the boundary of the extended domain. By the maximum principle, this is true inside it, and in particular in Ω_1. Now we are in position to apply [St3, Lemma 1]. Since by (3.17), ‖F ‖ ≤ 4/S(h) on the upper part of Ω_1,we deduce that for h small enough

‖G(z)(z − P_Ω)^{−1}‖ ≤ 2e^3/S(h), ∀z ∈ Ω̃(h). (3.22)

Next step is to show that 1/C ≤ |G(z, h)| on ∂Ω̃(h). (3.23) It is enough to estimate (z − z̃_j )/(z − z_j ) on ∂Ω̃(h). Observe first that |z_j − z̃_j | ≤ 4S(h), ∀j. Next, the distance from each z_j from the three sides Im z = −S(h)h^{−n#} , Re z = a − w, Re z = b + w of Ω̃ is bounded below by S(h)h^{−n#} /2 for h ≪ 1. Therefore, | | | z − z̃_j z − z_j − 1 | | | = | | | z_j − z̃_j z − z_j | | | ≤ 4S(h) S(h)h^{−n#} /2

= 8h^{n#} , ∀z ∈ ∂Ω̃(h) \ {Im z = S(h)}

This yields | | | z − z̃^j z − z_j | | |^{mj} ≤ (1 + 8h^{n#} )^mj , ∀z ∈ ∂Ω̃(h) \ {Im z = S(h)} (3.24)

On the fourth side Im z = S(h) of ∂Ω̃ we have |(z − z̃_j )/(z − z_j )| = 1, thus (3.24) is trivially true there. Since (1 + x)^{1/x} < e, 0 < x < ∞, we get

|1/G(z, h)| ≤ (1 + 8h^{n#} )^{m1 +...+mp} = (1 + 8h^{n#} )^m ≤ (1 + 8h^{n#} )^{Ch−n#} ≤ e^{8C} .

This proves (3.23). Estimates (3.22) and (3.23) together imply the proof of the proposition. �

This proposition allows us to estimate ‖P_Ω − z_0‖_Ω for z_0 ∈ [a(h), b(h)]. We have

z_0 − P_Ω = 1 2πi ∮ ∂Ω̃ (z_0 − P_Ω)(z − P_Ω)^{−1}dz = 1 2πi ∮ ∂Ω̃ (z_0 − z)(z − P_Ω)^{−1}dz,

therefore,

‖z_0 − P_Ω‖_Ω ≤

|∂Ω̃| 2π |z_0 − z|‖(z − P_Ω)^{−1}‖_Ω ≤ C b − a + w 2π (b − a + w) 1 S = C (b − a + w)^2 S . (3.25)

Choosing w(h) = h^{−(3n#+1)/2}S(h), estimate (3.25) implies the following

‖(P_θ − z_0)f‖ ≤ C ( (b(h) − a(h))^2 S(h)

+ h^{−3n#−1}S(h) ) ‖f‖, ∀f ∈ RanΠ_Ω. (3.26)

If c(h)h^{−(3n#+1)/2} ≤ b(h) − a(h) = o(1), then we choose S(h) = h^{(3n#+1)/2}(b(h) − a(h)) (then S(h) ≥ c(h) as required). If b(h) − a(h) ≤ c(h)h^{−(3n#+1)/2}, then we set S(h) = c(h). This choice of S(h) implies the following.

Proposition 3.3 Let Ω and Π_Ω be as above. Then for z_0 ∈ [a(h), b(h)] we have

‖(P_θ − z_0)f‖ ≤ Ch^{−(3n#+1)/2} max{b(h) − a(h), c(h)}‖f‖, ∀f ∈ RanΠ_Ω. (3.27)

In particular, we get the following.

Corollary 3.1 Let z_0(h) be a resonance with 0 < a_0 ≤ Re z_0(h) ≤ b_0 < ∞, −Im z_0(h) = o(1)h^{(3n#+1)/2}, and let f = f(h) be any generalized eigenfunction of P_θ(h) corresponding to the eigenvalue z_0(h) (a function such that (P_θ − z_0)^kf = 0 for some k ≥ 0). Then

‖(P_θ(h) − z_0(h))f‖ ≤ Ch^{−(3n#+1)/2} max{−Im z_0(h), e^{−h−1/3} }‖f‖.

Note that the r.h.s. in (3.27), measuring the “error”, is “small” only if the width of Ω(h) does not exceed h^N , N ≫ (3n^# + 1)/2. This does not allow us to control the linear independence of the generalized eigenfunctions under small perturbation by integration by parts as in Proposition 3.5 below in wider domains, for example, if a(h) and b(h) are independent of h. Next proposition plays a crucial role in proving that resonances in “wide” boxes generate at least as many eigenvalues of the reference operator nearby. It states that the spectral projectors Π_Ω related to suitably chosen clusters of resonances contained in those boxes are polynomially bounded when restricted to the generalized eigenfunctions corresponding to eigenvalues in the “wide” box, see (3.30) below. Under the additional assumption of “well separated” resonances [TZ2] or, more generally, if we assume the existence of a resonance-free strip c(h) ≤ −Im z ≤ h^{−2n#−1}c(h) below Ω(h) [St3], then the spectral projectors Π_Ω are polynomially bounded on the whole space H. In general, however, we do not know whether this is true, but fortunately, the proposition below is all we need for our purposes later. Let a_0 ≤ a(h) < b(h) ≤ b_0, 2e^{−h−1/3} ≤ c(h) ≤ o(1)h^{(5n#+1)/2} (3.28) (without the requirement that b(h) − a(h) = O(h^N ), N ≫ 1). Let Ω(h) be as in (3.19). Assume that there are no resonances on ∂Ω(h). A direct consequence from (2.1) is that one can group the resonances in Ω(h) into clusters contained in the interiors of the boxes

Ω_k(h) = [a_k(h), b_k(h)] + i[−c(h), 0], k = 1, . . . , K(h), K = O(h^{−n#} ), (3.29)

where Ω_k(h) do not intersect, moreover, dist{Ω_k, Ω_m} ≥ 4w(h) for k ≠ m and width(Ω_k) = b_k − a_k ≤ Ch^{−n#} w(h), where 0 < w(h) = o(1)h^{n#} is fixed in advance. There are no resonances in Ω outside Ω_k’s. Denote as before by Π_{Ωk} the spectral projectors related to the eigenvalues of P_θ in Ω_k and let P_Ω, H_Ω be as before.

We know that the subspaces RanΩ_k(h) are linearly independent. The following proposition basically gives us control over the lower bound of the angles between them.

Proposition 3.4 Under the assumptions above, if w(h) = h^{−(3n#+1)/2}c(h), then there exists a constant A = A(a_0, b_0), such that ‖Π_{Ωk} ‖_{HΩ} ≤ Ah^{−(5n#+1)/2}, k = 1, . . . , K. (3.30)

For any f_k ∈ RanΩ_k(h), k = 1, . . . , K, and for any k_0 we have

‖f_{k0} ‖ ≤ Ah^{−(5n#+1)/2}‖f_1 + . . . + f_K ‖,

Proof. Following the proof of Proposition 3.2, we get that

‖(z − P_Ω)^{−1}‖_{HΩ} ≤ C c(h) on ∂Ω̃_k(h), ∀k, (3.31)

where Ω̃_k(h) := [a_k(h) − w(h), b_k(h) + w(h)] + i[−h^{−n#} c(h), c(h)]. Note that Ω̃_k(h) have the same properties as Ω_k(h) concerning the distance between two such domains and their widths, with w(h) replaced by w(h)/2. To justify (3.31), it is enough to note that in the proof of Proposition 3.2 we used the fact that there are no poles of (z − P_Ω)^{−1} above Im z = c(h) only, and the fact that there might be poles to the left or right of Ω_k does not play any role as far as those poles are separated by distance 2w(h) (see also [St3]). Notice also that the constant C in (3.31) is independent of k. Since there are no eigenvalues of P_Ω in Ω̃_k \ Ω_k, one can define Π_{Ωk} |_{HΩ} as integrals of (z − P_Ω)^{−1} over ∂Ω̃_k. A direct estimation of that integral, using (3.31), yields the proof of the first part.

To prove the second part, write f_{k0} = Π_{Ωk0} (f_1 + . . . + f_K )

and use the estimate on Π_{Ωk0} . �

3.4 From resonances to quasimodes

We are ready now to formulate and prove some consequences of the estimates proven so far. The first one, roughly speaking, says that if P has m resonances in Ω, then P has m real quasimodes q_j in [a(h), b(h)] with compactly supported asymptotically orthogonal quasimode states. Note that this theorem is in some sense converse to [St1, Theorem 1] that states that locally existence of quasimodes implies existence of resonances nearby.

Theorem 3.1 Let

0 < a_0 ≤ a(h), 0 < b(h) − a(h) = o(1)h^{n#/2+1}, 2e^{−h−1/3} ≤ c(h) ≤ Ch^{2n#+1}.

and set Ω(h) = [a(h), b(h)] + i[−c(h), 0].

Suppose that P (h) has m(h) = N(Ω(h)) resonances (counting multiplicities) in Ω(h). Fix z_0(h) ∈ [a(h), b(h)]. Then z_0 is a quasimode of multiplicity m(h) for P (h), i.e., there exist m(h) quasimode states ψ_j , j = 1, . . . , m(h), such that for all i, j = 1, . . . , m(h) we have

(a) supp ψ_j ⊂ B(0, B + 1), ‖ψ_j ‖ = 1, (b) ‖(P (h) − z_0(h))ψ_j ‖ ≤ ϵ(h), (c) |(ψ_i, ψ_j ) − δ_{ij} | ≤ ϵ(h), where ϵ(h) = h^{−n#/2−1}{max{b(h) − a(h), c(h)}}^{1/3}.

Proof. Without loss of generality we can assume that there are no resonances on ∂Ω. Since we have m resonances in Ω, the spectral projector Π_Ω has rank m. Choose m mutually orthogonal normalized functions f_j , j = 1, . . . , m in RanΠ_Ω = H_Ω. Our goal next is to cut off f_j by preserving the property (P_θ − z_0)f_j = O(h^N ), N ≫ 1, such that the new functions will form an orthonormal set up to a “small” error. To this end, we will use Proposition 3.1 that says that u is “small” where −Im z + e^{−h−1/3} ≪ θ(r), so we will cut off for r such that this is true. This would give us compactly supported quasimodes for P_θ. On the other hand, we want them to be quasimodes for P as well, so we have to perform the cut-off in a set, where θ = O(h^N ), N ≫ 1, that would guarantee us that replacing P_θ by P leads to “small” error. This explains the choice of the cut off function below.

Choose ϕ ∈ C^∞, 0 ≤ ϕ ≤ 1 such that ϕ(s) = 1 for s ≤ 1 and ϕ(s) = 0 for s ≥ 2. Then χ(t) = ϕ((t − t_1)/(t_2 − t_1) + 1) vanishes for t ≤ t_1 and is equal to 1 for t > t_2, where 0 < t_1 < t_2. Fix μ(h) → 0, as h → 0 and let t_1(h) and t_2(h) be determined by the equations θ(B + t_1) = μ(h), θ(B + t_2) = 2μ(h).

Since θ(B + t) = e^{−1/t2} for 0 ≤ t < ϵ_0 (with ϵ_0 independent of h), we have t^{−2}_1 = − ln μ, t^{−2}_2 = − ln 2μ for h ≪ 1. Then we define the cut-off function χ = χ(t, h) as above. Elementary calculations imply that (ln 2/2)t^3_1 ≤ t_2 − t_1. We have therefore arranged the properties

χ(t, h) = { 1 for t ≤ t_1(h), 0 for t ≥ t_2(h), d^k dt^k χ(t, h) ≤ C_k ( ln 1 μ(h)

)_{3k/2}

, k = 0, 1, . . . , (3.32)

θ(t_1(h)) = μ(h), θ(t_2(h)) = 2μ(h).

Define ψ_j = χ(|x| − B, h)f_j . (3.33)

We claim that ψ_j have the required properties. Set ϵ_1(h) := h^{−(3n#/2+1)} max{b(h) − a(h), c(h)} (see (3.27)). First, observe that by Proposition 3.1 and Proposition 3.3,

μ(h) ∫ t_1 ≤|x|−B ( |h∇f_j |^2 + |f_j |^2 ) dx ≤ C ( ϵ_1(h) + e^{−h−1/3} ) ‖f_j ‖^2 ≤ Cϵ_1(h), ∀j = 1, . . . , m(h) (3.34)

with C > 0 independent of j (and h). Next, (P_θ − z_0)ψ_j = [P_θ, χ]f_j + χ(P_θ − z_0)f_j and using (3.32) we get

‖[P_θ, χ]f_j ‖ ≤ Ch ln^3 1 μ ( ∫ t_1 ≤|x|−B≤t_2 ( |h∇f_j |^2 + |f_j |^2 ) dx )_{1/2} ≤ Ch ( ϵ_1(h) μ(h)/ ln^6(1/μ)

)_{1/2} . Estimate (3.34) also implies that ‖f_j −ψ_j ‖_H1 can be similarly estimated by the r.h.s. above. Choose μ(h) > 0, such that μ(h) → 0 and the r.h.s. above tends to 0, as h → 0. Then we get

|(ψ_i, ψ_j ) − δ_{ij} | + ‖(P_θ − z_0)ψ_j ‖ ≤ Ch ( ϵ_1(h) μ(h)/ ln^6(1/μ)

)_{1/2} + Cϵ_1(h). (3.35)

To pass from P_θ to P , observe that for |x| ≤ B + t_2(h) the coefficients of P_θ − P are bounded by C(θ+θ^′ +θ^{′′}) ≤ Ct^{−6}θ, 0 ≤ t = r−B ≤ t_2. Arguing as in (3.15), we get that C(θ+θ^′ +θ^{′′}) ≤ e^{−h−1/3} +Ch^{−1}θ for h ≪ 1 and by (3.32), the latter can be estimated by e^{−h−1/3} + Ch^{−1}μ for t ≤ B + t_2(h). Combining this with the ellipticity of P_θ and the fact that P_θψ_j = O(1) , we see that ‖(P_θ − P )ψ_j ‖ ≤ C(e^{−h−1/3} + h^{−1}μ). We will choose below μ > e^{−h−1/3} so we may omit the exponential here. Set

ε̃(h) := h ( ϵ_1(h) μ(h)/ ln^4(1/μ)

)_{1/2}

+ ϵ_1(h) + h^{−1}μ(h). (3.36)

We have therefore ‖(P − z_0)ψ_j ‖ ≤ Cε̃(h). By minimizing ε̃(h) w.r.t. μ, we see that a convenient choice for μ is μ = h^{2/3}ϵ^{1/3}_1 . This and (3.35) prove the theorem. �

Remark. It is worth noting that the proof also implies that

‖ψ_j − f_j ‖_H1 ≤ ϵ(h). (3.37)

Theorem 3.1 implies immediately the following fact. Let P^#(h) be equal to P (h) in H_{R0} ⊕ L^2(B(0, R) \ B(0, R_0)) with Dirichlet boundary conditions on ∂B(O, R), R > R_0. Then P^#(h) has at least m(h) = N(Ω(h)) eigenvalues (counting multiplicities) in the interval [a(h)−δ(h), a(h)+δ(h)], with δ(h) ≥ Ch^{−n#} ϵ(h), C ≫ 1, if ϵ(h)h^{−n#} ≪ 1 (see [L, Proposition 32.4]). This is useful, only if the width b(h) − a(h) of Ω(h) is O(h^N ), N ≫ 1. We will generalize this in two directions. First, we will consider more general reference operators than the Dirichlet realization of P (h) in a large ball, and secondly, we will prove this property for larger domains of width that can be independent of h, for example.

Let Ω(h) and Ω_k(h) be as in Proposition 3.4. Apply Theorem 3.1 to each Ω_k. In view of the upper bound of b_k(h) − a_k(h) that we have, we see that we can replace ϵ(h) with the function ϵ(h) = Ch^{−(8n#+7)/6}c^{1/3}(h), where C depends only on the constant C(a_0, b_0, c_0) in (2.1). This gives us a system of ψ_{jk} , k = 1, . . . , K(h), j = 1, . . . , m_k(h) supported in B(0, B + 1), such that for each k it satisfies (a), (b), (c) in Theorem 3.1 with z_0(h) there replaced by z_k(h) ∈ [a_k(h), b_k(h)] and ϵ(h) as above.

Definition 3.1 Let H^# be a Hilbert space that can be expressed as H^# = H_{R0} ⊕L^2(B(0, R)\B(0, R_0))⊕H_{ext}, R > B + 1, with H_{ext} another Hilbert space, and assume that P^#(h) is a selfadjoint operator in H^# with discrete spectrum in a h-independent neighborhood of the interval [a(h), b(h)], where a_0 ≤ a(h) < b(h) ≤ b_0. We call P^#(h) a reference operator for P (h) in Ω(h) with discrepancy δ(h), if for some decomposition of Ω(h) as above one has ‖(P^#(h) − z_k(h))ψ_{jk} (h)‖ ≤ δ(h) → 0, as h → 0, where z_k(h) ∈ Ω_k(h) ∩ R.

We would like to note here that the requirements of the definition are fulfilled, if we assume that ‖(P^#(h)− z_k(h))ψ_k (h)‖ ≤ δ(h) → 0 for any f_k ∈ RanΩ_k, where ψ_k is related to f_k by (3.33).

The notion reference operator depends on the choice of the discrepancy function δ(h). The Dirichlet realization of P (h) in a large ball, considered above, is an example of a reference operator with discrepancy function δ(h) = ϵ(h). Clearly, we have a lot of freedom to choose the reference operator P^#, for example one can impose other type of selfadjoint boundary conditions on ∂B(0, R), or to extend P (h) on a perturbed torus as in [SjZ]. The more complicated definition of reference operator that we give is justified by our desire later to obtain P^# from P not only by modifying it for large x but also by modifying it outside the wave front set of the resonant states.

Next theorem is a “global” version of Theorem 3.1, i.e., it applies to resonances in wider domains Ω(h).

Theorem 3.2 Let 0 < a_0 ≤ a(h) < b(h) ≤ b_0, 2e^{−h−1/3} ≤ c(h) ≤ Ch^{2n#+1}.

and set Ω(h) = [a(h), b(h)] + i[−c(h), 0].

Let P^#(h) be a reference operator in Ω(h) with discrepancy δ(h) ≤ h^{7n#/2+1}. Then

N(Ω(h)) ≤ N^#[a(h) − δ_1(h), b(h) + δ_1(h)] for h ≪ 1,

where δ_1(h) = h^{−7n#/2−1}δ(h).

Proof. The basic argument in the proof is that the property that the resonant states corresponding to resonances in Ω(h) are linearly dependent is stable under small perturbations. For the resonant states corresponding to each Ω_k(h) this is true in a trivial way if c(h) = O(h^N ), N ≫ 1, because they can be chosen asymptotically orthogonal as in Theorem 3.1. We do not know however whether resonant states corresponding to Ω_{k1} (h) and Ω_{k1} (h), where k_1 ≠ k_2, have the same property, unless they are far enough from each other (see Proposition 3.5). Instead, we use Proposition 3.4.

Let ψ_{jk} be as in Definition 3.1. Then ψ_{jk} are cut-off functions f_{jk} ∈ RanΠ_{Ωk} as in (3.33). By (3.37), ‖f_{jk} − ψ_{jk} ‖ ≤ ϵ(h). Let Π^#(h){[a, b]} be the spectral projector of P^#(h) corresponding to the interval [a, b]. Set v_{jk} (h) = Π^#(h) { [a_j (h) − δ_1(h), b_j (h) + δ_1(h)] } ψ_{jk} (h), j = 1, . . . , m_k(h), k = 1, . . . , K(h). (3.38)

We claim that v_{jk} (h) are linearly independent. Assume the opposite. Then

α_1v_1 + . . . + α_K v_K = 0 (3.39) with at least one coefficient non-zero, where for each k, v_k = ∑ j β_{jk} v_{jk} . Then v_k can be obtained as in (3.38) as projections of ψ_k := ∑ j β_{jk} ψ_{jk}, and in turn, ψ_k are defined as in (3.33) using f_k = ∑ j β_{jk}f_{jk} ∈ RanΠ_{Ωk} .

Without loss of generality we may assume that v_k are normalized. Then ‖(P^#(h) − a_k(h))ψ_k‖ ≤ δ(h). Next, we may also assume that the largest coefficient in (3.39) by absolute value is α_1. Dividing by it, we get

v_1 = β_2v_2 + . . . + β_K v_K , |β_j | ≤ 1. (3.40)

We have as above ‖f_k −ψ_k‖ ≤ ϵ(h). Since ‖(P^#(h)−a_k(h))ψ_k‖ ≤ δ(h), we get that ‖ψ_k −v_k‖ ≤ δ(h)/δ_1(h) = h^{7n#/2+1} as in [St1, sec. 3] . Therefore, ‖f_k − v_k‖ ≤ 2h^{7n#/2+1}.

Denote by v^′_k the orthogonal projections of v_k onto the space RanΠ_Ω. Projecting (3.40) onto this space, we get v^′_1 = β_2v^′_2 + . . . + β_K v^′_K , |β_j | ≤ 1, (3.41)

and as before, ‖f_k − v^′_k ‖ ≤ 2h^{7n#/2+1} since f_k already belongs to this space. Let us apply the projector Π_{Ω1} to both sides of (3.41). Applying Proposition 3.4, we get

‖f_1‖ − 2h^{7n#/2+1}h^{−(5n#+1)/2} ≤ ‖Π_{Ω1} v^′_1‖ ≤ Ch^{−n#} max_{k≥2} ‖Π_{Ω1} v^′_k ‖

≤ Ch^{−n#} max_{k≥2} ‖Π_{Ω1} (v^′_k − f_k)‖

≤ Ch^{−n#} h^{−(5n#+1)/2}2h^{7n#/2+1} = Ch^{1/2}.

This contradicts the fact that ‖f_k‖ = 1 + o(1) for small h. �

3.5 Decay of the resonant states away from the scatterer

Next we study the behavior of the resonant states f_j before the complex scaling. Let Ω(h) be as in Theorem 3.1, and let f ∈ RanΠ_Ω, ‖f‖ = 1 and set as in (3.33), ψ = χ(|x| − B, h)f. Then ψ|_{|x|<B} = f, ‖ψ‖ = 1 + o(1) and (P − z_0)ψ = g with ‖g‖ ≤ ϵ(h). Both g and ψ are supported in B(0, B + 1) for small h. Introduce a smooth cut-off function χ_1 with the properties χ_1(x) = 1 for A < |x| and χ_1(x) = 0 for |x| ≤ A − 1/2. Set ψ_1 = ψ − χ_1R_0(z_0)χ_1g, where R_0(z) = (−h^2Δ − z_0 − i0)^{−1} is the free outgoing resolvent. Then ψ_1 ∈ D_{loc} and

(P − z_0)ψ_1 = g_1, g_1 := (1 − χ^2_1)g + [h^2Δ, χ_1]R_0(z_0)χ_1g.

The standard estimates on R_0(z) imply that ‖g_1‖ = O(ϵ(h)). Moreover, g_1 = 0 for |x| > A thus in particular, ψ_1 is an outgoing solution of (−h^2Δ − z_0(h))ψ_1 = 0 there. We will need here the Green’s formula for “black boxes”:

(P (h)u, v)_K − (u, P (h)v)_K = −h^2 ∫ ∂K ( ∂u ∂ν v̄ − u ∂v̄ ∂ν ) dS_x (3.42)

for any bounded domain K ⊃⊃ B(0, R_0) with smooth boundary. Here ν is the outward unit normal on ∂K and (u, v)_K = (u_K , v_K ), where u_K = 1_{B(0,R0)}u + 1_{K\B(0,R0)}u, and we define similarly v_K . To prove (3.42), let χ_1 + χ_2 be a smooth partition of unity such that χ_1(x) = 1 for |x| ≤ R_0 + ε, and χ_2(x) = 1 for |x| ≥ R_0 + 2ε. Set u_{1,2} = χ_{1,2}u and v_{1,2} = χ_{1,2}v. Plug u = u_1 + u_2 and v = v_1 + v_2 into the l.h.s. of (3.42). As in the proof of Proposition 3.1, since P (h) is self-adjoint and u_1, v_1 vanish near ∂K, all terms involving either u_1 or v_1 cancel out. Thus

(P (h)u, v)_K − (u, P (h)v)_K = (P (h)u_2, v_2)_K − (u_2, P (h)v_2)_K

= −h^2 ∫ K\B(0,R_0+ε)

((Δu_2)v̄_2 − u_2Δv̄_2) dx

= −h^2 ∫ ∂K ( ∂u ∂ν v̄ − u ∂v̄ ∂ν ) dS_x, where in the last step we applied the classical Green’s formula and used the fact that u_2 = v_2 = 0 on ∂B(0, R_0 + ε). This proves (3.42).

Let A ≤ a ≤ B^′ with some B^′ > A. By Green’s formula (3.42) applied for u = v = ψ_1, − ∫ |x|=a

Im (ψ̄_1∂_rψ_1)dS_x ≤ h^{−2} ∫ |x|≤a

|ψ_1(x)||g_1(x)|dx ≤ Ch^{−2}ϵ(h). (3.43)

We are going to use here Proposition 2.2 in [B1]^1: since ψ_1 is the outgoing solution to (−h^2Δ − z_0)ψ_1 = 0 for |x| > A, C h ∫ |x|=a ( |ψ_1|^2 + |h∇ψ_1|^2 ) dS_x ≤ − ∫ |x|=a

Im (ψ̄_1∂_rψ_1)dS_x + e^{−c/h} ∫ |x|=a−1/2 ( |ψ_1|^2 + |h∇ψ_1|^2 ) dS_x. (3.44)

Note that the constant above can be chosen independent of a ∈ [A, B^′]. Using the ellipticity of P , it is easy to see that the last term above can be estimated by Ce^{−c/h} which can be absorbed by ϵ(h). Combining (3.43) and (3.44), we get ∫ |x|=a ( |ψ_1|^2 + |h∇ψ_1|^2 ) dS_x ≤ Ch^{−1}ϵ(h), A ≤ a ≤ B^′. (3.45)

Integrating with respect to a^{n−1}da from a = A to a = B^′, we get a similar estimate in the annulus A ≤ |x| ≤ B^′. This immediately leads to a similar estimate on ψ, and by the remark after Theorem 3.1, we get such an estimate on f there: ∫ A<|x|<B^′ ( |f|^2 + |h∇f|^2 ) dS_x ≤ C_B′ h^{−1}ϵ(h), A < B^′. (3.46)

We are ready to formulate the following analogue of Theorem 3.1 for the (non-scaled) resolvent.

Theorem 3.3 Let Ω(h), a(h), b(h), c(h), z_0(h) and ϵ(h) be as in Theorem 3.1. Let A and B be such that R_0 < A < B. Set π_Ω := 1 2πi ∮ ∂Ω R(z, h)dz : H_{comp} → H_{loc}

where R(z, h) is the outgoing resolvent. Then for any g with supp g ⊂ B(0, B) and for 0 < h < h_0 small enough we have ∫

A≤|x|≤B ( |u|^2 + |h∇u|^2 ) dx ≤ Ch^{−1}ϵ(h)‖u‖^2_{HB} , u := π_Ωg (3.47)

where H_B = H_{R0} ⊕ L^2(B(0, B) \ B(0, R_0)), and C > 0, h_0 > 0 do not depend on Ω(h) and g.

Moreover, for any z(h) ∈ Ω(h) we have

‖(P (h) − z(h))u(h)‖_{HB} ≤ Cϵ(h)‖u‖_{HB} . (3.48)

Proof. For |x| < B we have u = Π_Ωg =: f. Estimate (3.47) then follows from (3.46), if we can show that ‖f‖ ≤ C‖u‖_{HB} . To prove the latter, write ‖f‖^2 = ‖u‖^2_{HB} + ‖f‖^2_{L2(Rn\B(0,B))}. It is enough to show that the last term is smaller than ‖f‖^2/2 for small h. For B ≤ |x| ≤ B^′ with some B^′ > B this follows from (3.46) (where ‖f‖ = 1), while for |x| > B + 1 this follows from the remark after Theorem 3.1 since ψ = 0 there.

Estimate (3.48) follows in a similar way from Theorem 3.1(b). �

Theorem 3.3 remains true for a resonant state associated with a single resonance. For any such resonance z_0(h), denote by π_{z0} the residue of R(z, h) at z = z_0 (defined as π_Ω with ∂Ω replaced by a small contour around z_0).

1The author thanks M. Zworski for pointing out that Burq’s estimate provides simpler proof than the use of a parametrix for the Neumann operator.

Corollary 3.2 Let z_0(h) be a resonance with 0 < a_0 ≤ Re z_0(h) ≤ b_0 < ∞, −Im z_0(h) = o(1)h^{(3n#+1)/2}, and let u = π_{z0} g, supp g ⊂ B(0, B) (then (P − z_0)^ku = 0 for some k = O(h^{−n#} )). Then ∫ A≤|x|≤B ( |u|^2 + |h∇u|^2 ) dx ≤ Ch^{−n#/2−2} max{−Im z_0, e^{−h−1/3} }^{1/3}‖u‖^2_{HB} , (3.49) and ‖(P (h) − z_0(h))u(h)‖_{HB} ≤ Ch^{−n#/2−1} max{−Im z_0, e^{−h−1/3} }^{1/3}‖u‖_{HB} . (3.50)

Proof. Set f := Π_{z0} g, where Π_{z0} is the scaled projector. Then Π_Ωf = f and (3.49) holds for f. Using the same arguments as above, we derive it for u as well. The proof of (3.50) is similar. �

3.6 Asymptotic orthogonality of resonant/quasimode states

Theorem 3.1 shows that one can choose m(h) “almost orthogonal”, or even orthogonal quasimodes, m(h) being the total multiplicity of resonances in Ω provided that the size of Ω is “small”. However, those quasimode states are not necessarily cut-off single resonant states, in fact they are cut-off linear combinations of such resonant states. This result is non-trivial, as explained in the Introduction, since we do not know how to control the angles between resonant states corresponding to resonances too close to each other (|z_1 − z_2| ≪ min{−Im z_1, −Im z_2}).

As mentioned in the Introduction, we do not know whether one can construct “almost orthogonal” quasimodes corresponding to Ω(h) with larger size (for example b(h) − a(h) = O(1)) by keeping their number the same as the total multiplicity of resonances in Ω. A simple argument based on integration by parts however, shows that resonant states or quasimode states, respectively, corresponding to Ω_1(h) and Ω_2(h) with dist{Ω_1, Ω_2} ≫ diamΩ_{1,2} are “almost orthogonal”. We are not going to use the proposition below in our analysis, its purpose is more to stress on the fact that for domains Ω_1(h), Ω_2(h) too close to each other, integration by parts argument does not provide asymptotic orthogonality. Note that the control that we have on the lower bound of dist{Ω_k, Ω_m} for the domains (3.29) is not enough to guarantee asymptotic orthogonality.

Proposition 3.5 Let Ω_1(h) and Ω_2(h) be two domains as in Theorem 3.1 and ϵ_1(h), ϵ_2(h) be related to Ω_1, Ω_2 as in Theorem 3.1.

(a) Let ψ_{jk}, j = 1, . . . , m_k(h); k = 1, 2 be the quasimode states whose existence is guaranteed by Theorem 3.1 corresponding to Ω_k(h), k = 1, 2. Then for h ≪ 1,

|(ψ_{i1}, ψ_{j2}| ≤ 2 ϵ_1(h) + ϵ_2(h) dist{Ω_1(h), Ω_2(h)}

(b) Let f_1 = π_{Ω1} g_1, f_2 = π_{Ω2} g_2, suppg_k ⊂ B(0, R), k = 1, 2, R > R_0. Then

|(f_1, f_2)_R| ≤ C_Rh^{−3/2} ϵ^{1/2}_1 (h) + ϵ^{1/2}_2 (h) dist{Ω_1(h), Ω_2(h)} , where (·, ·)_R is the scalar product in H_{R0} ⊕ L^2(B(0, R) \ B(0, R_0)).

Proof. (a) We have (P − z_{0k})ψ_{jk} = g_{jk} with ‖g_{jk}‖ ≤ ϵ_k(h), k = 1, 2. Therefore,

z_{01}(ψ_{i1}, ψ_{j2}) = (P ψ_{i1} − g_{j1}, ψ_{j2}) = (ψ_{i1}, P ψ_{j2}) − (g_{i1}, ψ_{j2}) = z_{02}(ψ_{i1}, ψ_{j2}) + (ψ_{i1}, g_{j2}) − (g_{i1}, ψ_{j2}).

The proof of (b) follows in a similar way from Theorem 3.3 by applying Green’s formula. �

4 Trapped geodesics and wave front set of the resonant states

In this section we will show that in some classical situations the wave front set of the resonant states is contained in the union of the trapped rays (see also [CdV] for quasimodes related to eigenfunctions on compact Riemannian manifolds).

We consider self-adjoint differential operators of the form

P (h) = n∑ i,j=1

a_{ij} (x)hD_{xi} hD_{xj} + n∑ i=1 b_i(x)hD_{xi} + V (x) + P_1(h) (4.1)

with smooth coefficients such that ∑ a_{ij} (x)ξ_iξ_j > 0 for any x ∈ R^n and a_{ij} − δ_{ij} = b_i = V (x) = 0 for |x| > R_0 with some R_0 > 0. Here P_1(h) = ∑~ b_j (x, h)hD_{xj} + Ṽ (x, h) is assumed to be a differential operator of first order the same type as P (h) but with coefficients supported in B(0, R_0), depending polynomially on h with the lowest power h, that would guarantee us that P_1(h) is of no more than first order, considered as a h-ΨDO. The operator P (h) is self-adjoint in L^2(R^n) and satisfies the black-box assumptions. Resonances of P (h) are the poles of the meromorphic extension of (P (h) − z)^{−1} : L^2_{comp} → L^2_{loc} form Im z > 0 to C, if n is odd, and to the logarithmic plane, if n is even. We are interested in the resonances near the real axis only.

We will use propagation of singularities results to get microlocal estimates of π_Ωf/‖π_Ωf‖ away from the trapping trajectories.

One can define WF^s(u) and WF(u) of a tempered u as in [I]. We note that here we will work with finite points of the semiclassical wave front set only, because we study operators with characteristic variety bounded in the ξ variable. Consider the bicharacteristics of P (h) related to its the semi-classical principal symbol p_0(x, ξ) = ∑ a_{ij} ξ_iξ_j + ∑ b_iξ_i + V . They are the integral curves of the Hamiltonian vector field H_{p0} = (∂_ξ p_0)∂_x − (∂_xp_0)∂_ξ . We call a bicharacteristic t → γ(t) non-trapped, if there exists τ (positive or negative), such that γ(τ) lies outside T^∗B(0, R_0). We call all other bicharacteristics trapped. Denote by T the trapped subset of T^∗R, i.e, (x, ξ) ∈ T if and only if the bicharacteristic passing through (x, ξ) is trapped.

Theorem 4.1 Let

0 < a_0 ≤ a(h) < b(h) ≤ b_0, b(h) − a(h) ≤ h^M , M ≥ 3n/2 + 3,

and set Ω(h) = [a(h), b(h)] + i[−h^N , 0], N ≥ 2n + 1, N ≥ M.

Let P (h) be the operator defined above and let f = f(h) ∈ RanΠ_Ω, and ‖f‖ = 1. Then for s = M/3−n/2−1, WF^s(f) is supported in the set of trapped bicharacteristics of P (h) on energy levels in p^{−1}_0 [a_0, b_0] uniformly with respect to the choice of u. More precisely, for any zeroth order symbol q(x, ξ) with support disjoint from T ∩ p^{−1}_0 [a_0, b_0] there exists C > 0 such that ‖q(x, hD)f‖ ≤ Ch^s for any f(h) as above.

If Ω(h) is as above with 0 < a_0 ≤ a(h) < b(h) ≤ b_0, N > (5n + 1)/2 but without smalness assumptions on b(h) − a(h), then the statement of the theorem is true with s = N/3 − (13n^# + 4)/2.

The proof of Theorem 4.1 is based on a propagation of singularities argument. The following lemma follows directly from [I], if the energy level z_0(h) is independent of h.

Lemma 4.1 (propagation of singularities) Let (P (h) − z_0(h))u(h) = g(h) in B(0, R) with 0 < a_0 ≤ z_0(h) ≤ b_0 < ∞, R_0 < R, and ‖u(h)‖_{HR} ≤ C. Let (x_0, ξ_0) ∈ T^∗B(0, R). Assume that (x_1, ξ_1) ∈ T^∗B(0, R) can be connected with (x_0, ξ_0) by a bicharacteristic (of finite length) lying in T^∗B(0, R) \ WF^{s+1}(g). Then, if (x_0, ξ_0) ∉ WF^s(u), we also have (x_1, ξ_1) ∉ WF^s(u) (and therefore, if (x_0, ξ_0) ∈ WF^s(u), then (x_1, ξ_1) ∈ WF^s(u)). The estimates that those inclusions imply are uniform with respect to the choice of u(h).

Proof. Let [0, T ] ∋ t → γ(t) ⊂ T^∗B(0, R) \ WF^{s+1}(g) be the bicharacteristic such that γ(0) = (x_0, ξ_0) and γ(T ) = (x_1, ξ_1). Denote by Φ^t the bicharacteristic flow. Let q_0(x, hD) be such that q_0(x, hD)u(h) = O(h^s), q_)(x, ξ) = 1 near (x_0, ξ_0). We will construct a symbol q_t(x, ξ) such that q_t = q_0 for t = 0, for each t ∈ [0, T ], the principal symbol of q_t(x, ξ) is equal to 1 near Φ^t(x, ξ) and q_t has support contained in a small neighborhood of Φ^t(x, ξ), such that supp q_t ⊂ T^∗B(0, R) \ WF^{s+1}(g). Set α(t) = ‖q_t(x, hD)u‖.

We know that α(0) = O(h^s). Our goal is to construct q_t such that α(t) = O(h^s), ∀t ∈ [0, T ]. We have d dt α^2(t) 2 = Re ( d dt q_t(x, hD)u, q_t(x, hD)u ) . Set Q_t = q_t(x, hD). We will choose q_t so that ih d dt Q_t = [P, Q_t] + R_t, Q_t|_{t=0} = Q_0, (4.2)

with R_t is of order −s − 1. Suppose that we have Q_t with those properties. Then d dt α^2(t) 2 = h^{−1}Im (([P − z_0, Q_t] + R_t)u, Q_tu)

= −h^{−1}Im (Q_t(P − z_0)u, Q_tu) + h^{−1}Im (R_tu, Q_tu) = −h^{−1}Im (Q_tg, Q_tu) + h^{−1}Im (R_tu, Q_tu).

Since supp q_t is disjoint from WF^{s+1}(g), we get

α(t) d dt α(t) ≤ Ch^sα(t) + Ch^{−1}‖R_tu‖α(t) =⇒ d dt α(t) ≤ Ch^s + Ch^{−1}‖R_tu‖.

Since ‖R_t‖ = O(h^{s+1}), d dt α(t) ≤ Ch^s =⇒ α(t) ≤ Ch^s for 0 ≤ t ≤ T .

It remains to solve (4.2). We look for q_t(x, ξ) of the form q_t = q^{(0)}_t +hq^{(1)}_t +. . .+h^{s−1}q^{(s−1)}_t . The principal symbol q^{(0)}_t of Q_t must solve the equation

(∂_t + H_{p0} ) q^{(0)}_t = 0, q^{(0)}_t |_{t=0} = q_0.

Therefore, we define q^{(0)}_t (x, ξ)) = q_0(Φ^{−t}(x, ξ)). This implies that ih d dt Q^{(0)}_t = [P, Q^{(0)}_t ] + R^{(0)}_t , Q^{(0)}_t |_{t=0} = Q_0,

where R^{(0)}_t is of order −2. Note that the symbol of R^{(0)}_t is included in the set Γ = ∪_{0≤t≤T} Φ^t(supp q_0). We next solve ih d dt Q^{(1)}_t = [P, Q^{(1)}_t ] − h^{−1}R^{(0)}_t , Q^{(0)}_t |_{t=0} = 0 (4.3)

on principal symbol level, which gives us the equation

(∂_t + H_{p0} ) q^{(1)}_t = ir^{(0)}_t , q^{(1)}_t |_{t=0} = 0,

where h^2r^{(0)}_t is the principal symbol of R^{(0)}_t . This is an ODE along the bicharacteristics of p_0 and the solution is again supported in Γ. Then Q^{(1)}_t = hq^{(1)}_t (x, hD) solves (4.3) up to a remainder R^{(1)}_t of order −3. We complete the construction of the solution to (4.2) by induction. �

Proof of Theorem 4.1. Let ψ be related to f as in (3.33). By Theorem 3.1, f solves (P (h) − a(h))f(h) = O(h^{M/3−n/2−1}) , and f = 0 for |x| > B + 1. We can therefore apply Lemma 4.1 with s = M/3 − n/2 − 1, and we have s > 0 because M > 3n/2 + 3. On the other hand, WF^s(f) is contained in p^{−1}_0 [a_0, b_0] because P (h) − a(h) is elliptic outside any neighborhood of this set. This proves the first part of the theorem.

To prove the second part, let us group all resonances in Ω in subdomains Ω_k(h) of width O(h^M ), where M = N − (5n + 1)/2 as in (3.29). Then we have the conclussion of the theorem for each normalized f_k ∈ RanΠ_{Ωk} . Let f ∈ RanΠ_Ω. Then f = f_1 + . . . + f_K , K = O(h^{−n#} ). Therefore, for q(x, hD) as in the theorem, we have by Proposition 3.4(b),

‖q(x, hD)f‖ ≤ C ∑ ‖q(x, hD)f_j ‖ ≤ Ch^sh^{−n#} max ‖f_j ‖ ≤ Ch^{s−(7n#+1)/2}‖f‖

with s = M/3 − n/2 − 1 = N/3 − 3n − 3/2. �

5 Upper bounds on the number of resonances close to the real axis

Let P (h) be the operator (4.1). In this section we are going to establish an upper bound of the resonances of P (h) in a box of width independent of h and height h^N , N ≫ 1 in terms of the measure of the trapped set T , where the measure is considered in T^∗R^n. To this end we choose a suitable reference operator P^#(h) that imposes a barrier outside a small neighborhood of the trapped set T by modifying P (h) there. Since the resonant states are “small” there, the resonant states will be quasimodes for the new operator. An application of Theorem 3.2 then will imply an upper bound and the well-known asymptotics for the eigenvalues of selfadjoint h-ΨDOs will relate this bound with meas(T ).

Fix 0 < a_0 < b_0, N ≥ (5n + 1)/2 (!) and let

Ω(h) = [a_0, b_0] + i[−h^N , 0].

The resonances in Ω(h) are contained in ∪^{K(h)}_{k=1} Ω_k(h), where Ω_k(h) are as in (3.29) and b_k −a_k ≤ h^{N−(5n+1)/2}, dist{Ω_{k1} , Ω_{k2} } ≥ 4h^{N−(3n+1)/2}. Each Ω_k satisfies the assumptions of Theorem 3.1. The corresponding discrepancy function (see the paragraph before Definition 3.1) is given by

ϵ(h) = h^{N/3−(8n+7)/6}.

Denote T^ν = T ∩ p^{−1}_0 [a_0 − ν, b_0 + ν], T^ν_μ = {ζ ∈ T^∗R^n; dist{ζ, T^ν } < μ},

where ν > 0, μ > 0 are small parameters. Fix ν > 0. Clearly, T^ν is a closed set. Assume that it is non-empty (but it may have zero measure). On the other hand, T^ν_μ is an open set of positive measure. We claim that Vol(T^ν_μ ) → meas(T^ν ), as μ → 0. Indeed, ∀ε > 0, there exists an open set U_ε ⊃ T^ν , such that Vol(U_ε) ≤ meas(T^ν ) + ε. Then T^∗R^n \ U_ε is at positive distance from T^ν and therefore for μ = μ(ε) ≪ 1 we have T^ν ⊂ T^ν_μ ⊂ U_ε which implies that meas(T^ν ) ≤ Vol(T^ν_μ ) ≤ meas(T^ν ) + ε. This proves our claim.

Denote −C_0 = min p_0(x, ξ) and let q_μ(x, ξ) be a smooth function such that q_μ = 0 on T^ν_μ , q_μ = 2b_0 + C_0 outside T^0_{2μ}, and 0 ≤ q_μ ≤ 2b_0 + C_0. Set

p_μ(x, ξ) = p_0(x, ξ) + q_μ(x, ξ).

Then P^#_μ (h) := p_μ(x, hD) has discrete spectrum in (−∞, 2b_0), because {p_μ(x, ξ) ≤ M} is compact for any M < 2b_0. Moreover, we have the following estimate for the number N^#_μ [a_0, b_0] of eigenvalues of P^#_μ (h) (see [DSj]) 1 (2πh)^n ( V^#_− ([a_0, b_0]) + o(1) ) ≤ N^#_μ [a_0, b_0] ≤ 1 (2πh)^n ( V^#_+ ([a_0, b_0]) + o(1) ) , (5.1) where V^#_± ([a_0, b_0]) = lim_{±ϵ↘0} ∫ p_μ (x,ξ)∈[a_0−ϵ,b_0+ϵ]

dxdξ. (5.2)

If a_0 and b_0 are not critical values for p_μ(x, ξ), then V^#_− ([a_0, b_0]) = V^#_+ ([a_0, b_0]) and the remainder is actually O(h). In particular,

N^#_μ ([a_0 − ν/2, b_0 + ν/2]) ≤ 1 (2πh)^n ( Vol ( p^{−1}_μ [a_0 − ν, b_0 + ν] ) + o(1) ) , as h → 0. (5.3)

Since T^ν ⊂ p^{−1}_μ [a_0 − ν, b_0 + ν] ⊂ T^ν_{2μ}, we obtain that Vol(p^{−1}_μ [a_0 − ν, b_0 + ν]) → meas(T^ν ), as μ → 0.

We claim that P^#_μ (h) is a reference operator in Ω(h) with discrepancy ϵ(h). Indeed, fix k and a normalized f_k ∈ RanΩ_k(h). Let ψ_k(h) be the corresponding cut-off resonant state given by (3.33). Then by Theorem 3.1, (P (h)−a_k(h))ψ_k = O(ϵ(h)) and by Theorem 4.1, WF^s(ψ_k) ⊂ T^0, where s = N/3−n/2−1. The latter implies that replacing P (h) by P^#_μ (h) would keep the estimate ‖(P^#_μ (h)−a_k(h))ψ_k‖ ≤ Cϵ(h) with different constant C. This constant depends on μ and ν but is independent of k and on the choice of ψ_k. Therefore, P^#_μ (h) is a reference operator with discrepancy C_{μ,ν} ϵ(h). We can therefore apply Theorem 3.2, if N > 29n/2 + 13/2 to conclude that the number of eigenvalues of P^#_μ (h) in [a_0 − δ_1(h), b_0 + δ_1(h)], where δ_1(h) = h^{N/3−29n/6−13/6}, is at least equal to the number of resonances in Ω. In particular,

N(Ω(h)) ≤ N^#_μ ([a_0 − ν/2, b_0 + ν/2]) for 0 < h ≤ h_0(μ, ν). (5.4)

Relations (5.3) and (5.4) imply

N(Ω(h)) ≤ 1 (2πh)^n ( Vol ( p^{−1}_μ [a_0 − ν, b_0 + ν] ) + o(1) ) for 0 < h ≤ h_0(μ, ν). (5.5)

Therefore, lim sup_{h→0}(2πh)^nN(Ω(h)) ≤ Vol ( p^{−1}_μ [a_0 − ν, b_0 + ν] ) and taking the limit μ → 0, ν > 0 fixed, we get by the remark after (5.3) that lim sup_{h→0}(2πh)^nN(Ω(h)) ≤ meas(T^ν ). Taking the limit ν → 0, we get that the latter converges to meas { T ∩ p^{−1}_0 [a_0 − 0, b_0 + 0] } , where p^{−1}_0 [a_0 −0, b_0+0] := ∩_{ν>0}p^{−1}_0 [a_0 −ν, b_0+ν].

We have therefore proved the following.

Theorem 5.1 Let 0 < E_1 < E_2 be fixed and N > (29n + 13)/2. Let P (h) be as in (4.1) and set

Ω(h) = [E_1, E_2] + i[−h^N , 0].

Then N(Ω(h)) ≤ 1 (2πh)^n ( meas { T ∩ p^{−1}_0 [E_1 − 0, E_2 + 0] } + o(1) ) , as h → 0,

where T is the trapped set related to P (h). If E_1 and E_2 are non-critical values of p_0, then p^{−1}_0 [E_1 −0, E_2 +0] can be replaced by p^{−1}_0 [E_1, E_2].

In the formulation of this theorem we passed to the commonly used notation E for the energy levels. We would like to make the obvious remark here that if meas{p^{−1}_0 (E_1)} = meas{p^{−1}_0 (E_2)} = 0, which is true in particular if E_1 and E_2 are non-critical values of p_0, then one can replace meas { T ∩ p^{−1}_0 [E_1 − 0, E_2 + 0] } above by meas { T ∩ p^{−1}_0 [E_1, E_2] } . 6 Asymptotic formula in the case of potential well

In this section we study the resonances of the operator

P (h) = −h^2Δ + V (x), where V ∈ C^∞_0 (R^n), with additional non-trapping assumption for the unbounded component of p^{−1}_0 [E_1, E_2]. Notice that P (h) belongs to the class (4.1). In this case we obtain an asymptotic formula for the resonances near the real line and a resonance free zone. This situation can be considered as a generalized potential well. Similar situation was studied by Shu Nakamura [N], where he obtains asymptotic for the spectral shift function. Perhaps his results, combined with the techniques developed by V. Petkov and M. Zworski [PZ] could provide different approach to proving (b) in the theorem below.

Fix two energy levels 0 < E_1 < E_2, and denote by p(x, ξ) = |ξ|^2 + V (x) the semiclassical symbol of P (h). Assume that E_1 and E_2 are non-critical values of p. Then

p^{−1}[E_1, E_2] = W_{int} ∪ W_{ext},

is a unbounded closed set in T^∗R^n with smooth boundary, where we denote by W_{ext} the unbounded connected component, and the union of the bounded ones, if exist, is denoted by W_{int}. Then W_{int} is a compact with smooth boundary and is associated with the potential well. The following assumption loosely speaking says that the system is non-trapping outside the potential well:

(H) All points in W_{ext} are non-trapping.

Notice that all points in W_{int} are trapping, therefore Theorem 5.1 provides an upper bound for the number of resonances in a box [E_1, E_2] + i[−h^N , 0], N ≫ 1 of the kind (2πh)^{−n}(Vol(W_{int}) + o(1)). In the following theorem we can actually say more.

Theorem 6.1 Under the assumptions above, for any M > 0, there exists a function 0 < S(h) = O(h^∞), and a constants h_0 = h_0(M) > 0, such that:

(a) There are no resonances in

[E_1, E_2] + i[−Mh, −S(h)] for 0 < h < h_0. (6.1)

(b) Let Ω(h) = [E_1, E_2] + i[−S(h), 0]. Then

N(Ω(h)) = 1 (2πh)^n

(Vol(W_{int}) + O(h)) , as h → 0.

Remark. The proof actually shows that the asymptotics in (b) holds if we choose S(h) = e^{−d/h}, where d > 0 is any constant less than the Agmon distance between W_{int} and W_{ext}on energy level E_2. Then for any other S(h) = O(h^∞), the number of resonances in Ω with e^{−d/h} ≤ −Im z ≤ S(h) is O(h^{1−n}).

Proof. We can always assume that W_{int} is non-empty because if it is empty, then all energy levels in [E_1, E_2] are non-trapping and then for any M > 0, there are no resonances in [E_1, E_2] + i[−Mh, 0] for 0 ≤ h ≤ h_0(M) (see [B3]), thus the theorem holds in a trivial way.

It is easy to see that our assumptions imply that E_2 < max V and moreover, the set {V (x) ≤ E_2} is not connected.

Let X_{ext} be the unbounded connected component of {x; V (x) ≤ E_2}, and let X_{int} be the union of the bounded connected components of the same set. The distance between X_{int} and X_{ext} is positive. Let χ^2_{int} + χ^2_{ext} = 1 be a partition of unity associated with those two closed sets, i.e., χ_{int} = 1 in a neighborhood of X_{int}, and χ_{ext} = 1 in a neighborhood of X_{ext}. Define

P_{int}(h) = −h^2Δ + V_{int}(x), V_{int}(x) := χ_{int}(x)V (x) + 2E_2χ_{ext}(x), P_{ext}(h) = −h^2Δ + V_{ext}(x), V_{ext}(x) := 2E_2χ_{int} + χ_{ext}V (x).

Then E_1 and E_2 are not critical values for neither symbol p_i = |ξ|^2 + V_i(x), i = int, ext, and p^{−1}_{int} [E_1, E_2] = W_{int}, p^{−1}_{ext}[E_1, E_2] = W_{ext}. Moreover, P_{int}(h) and P_{ext}(h) are selfadjoint, P_{int}(h) has discrete spectrum in [E_1, E_2], while P_{ext}(h) is non-trapping for energy levels in [E_1, E_2].

Fix M > 0 and assume that z(h) is a resonance in the domain (6.1). Then there exists an outgoing u(h) belonging locally to the domain of P (h) such that (P (h) − z(h))u(h) = 0. Let us normalize u(h) by requiring that ‖u‖_L2_{(B(0,R))} = 1 with a fixed R > R_0, where R_0 > 0 is such that supp V ⊂ B(0, R_0). Notice that P (h) − z(h) is elliptic for x ∉ X_{int} ∪ X_{ext}. This yields WF(u) ⊂ (X_{int} ∪ X_{ext}) × R^n. To prove the latter, choose a cut-off function 0 ≤ χ(x) ≤ 1 equal to 1 in a neighborhood of B(0, R_0) and having support in B(0, R). Then (P (h) − z(h))χu(h) = w(h), where w(h) = [P (h), χ]u(h) is supported in B(0, R) \ B(0, R_0) and ‖χu(h)‖ ≤ 1. Now, (P (h)−z(h))χu(h) = 0 in a neighborhood of R^n \(X_{int} ∩X_{ext}) ⊂ B(0, R_0), moreover P (h) − z(h) is elliptic there, and therefore for the wave fron set of the compactly supported χu(h) we get WF(χu) ⊂ (X_{int} ∪ X_{ext}) × R^n. This implies the same for WF(u).

Choose the smooth cut-off function χ^′_{ext} so that χ_{ext} = 1 on supp χ^′_{ext} and χ^′_{ext} = 1 in a neighborhood of X_{ext}. Then (P (h) − z(h))χ^′_{ext}u(h) = v(h), where v = [P (h), χ^′_{ext}]u(h) = O(h^∞) is supported in B(0, R) and WF(χ^′_{ext}u) ⊂ X_{ext} × R^n. Then (P (h) − z(h))χ^′_{ext}u(h) = (P_{ext}(h) − z(h))χ^′_{ext}u(h) = v(h). Since χ^′_{ext}u(h) = u(h) for large |x|, we get that χ^′_{ext}u(h) is z(h)-outgoing. Therefore, χ^′_{ext}u(h) = R_{ext}(z(h), h)v(h), where R_{ext}(z, h) is the outgoing resolvent of P_{ext}(h). By [B3, Theorem 2], ‖χ^′_{ext}u(h)‖_L2_{(B(0,R))} ≤ (C/h)‖v(h)‖ = O(h^∞). By the ellipticity of P (h) we have similar estimate for the H^2 norm of u(h) near ∂B(0, R) and by the trace theorem, the H^1 norm of u(h) on ∂B(0, R) is O(h^∞) as well. An application of the Green’s formula (3.42) in the ball B(0, R) then yields −Im z = O(h^∞). This proves part (a) of the theorem.

To prove part (b), fix Ω(h) with some 0 < S(h) = O(h^∞). We will first prove an upper bound for N(Ω). Observe that P_{int}(h) is a reference operator for P (h) with discrepancy O(h^∞). Indeed, let Ω_k(h) be as in (3.29). Since c(h) = O(h^∞) in our case, we get that the error in Theorem 3.1, applied to each Ω_k, is ϵ(h) = O(h^∞). Choose the smooth cut-off function χ^′_{int} so that χ_{int} = 1 on supp χ^′_{int} and χ^′_{int} = 1 in a neighborhood of X_{int}. Given f_k(h) ∈ RanΠ_{Ωk} with ‖f_k‖ = 1, we have WF(f_k) ⊂ W_{int} (uniformly in k) by Theorem 4.1, thus (P_{int}(h) − z_k(h))f_k = O(h^∞), where z_k(h) ∈ Ω_k(h) ∩ R. According to Definition 3.1, this means that P_{int}(h) is a reference operator in Ω(h) with δ(h) = O(h^∞). By Theorem 3.2, for h ≪ 1, N(Ω(h)) ≤ N^#([E_1 − δ_1(h), E_2 + δ_1(h)]) ≤ N^#([E_1, E_2]) + O(h^{1−n}), with δ_1(h) = O(h^∞), where N^# is the counting function of the eigenvalues of P_{int}(h). Here we used the fact that the eigenvalues of P_{int}(h) in an interval of length O(h) are O(h^{1−n}) [DSj]. Using (5.1) and the remark after it, we get

N(Ω(h)) ≤ 1 (2πh)^n

(Vol(W_{int}) + O(h)) (6.2)

In order to complete the proof of part (b) of the theorem, we have to estimate N(Ω(h)) from below. To this end, we will use the eigenfunctions of P_{int}(h) as quasimodes of P (h). Let v_j (h), j = 1, . . . , m(h) be a full system of orthonormal eigenfunctions of P_{int}(h) corresponding to all eigenvalues e_j (h) of P_{int}(h) in [E_1 +δ(h), E_2 −δ(h)], where 0 < δ = O(h^K ), K ≫ 1, will be chosen later. For small h, we have an asymptotics for m(h) as in (b) because in intervals of length δ(h) near a non-critical energy, there are only O(h^{1−n}) resonances. Moreover, v_j decay as O(e^{−c/h}) for dist(x, X_{int}) > ϵ > 0 with c = c(ϵ) in the H^1 norm (see e.g. [DSj], where the requirement that e(h) → E_2, as h → 0 for any eigenvalue for each the estimates apply, can be replaced by max{e(h), E_2} → E_2, as h → 0). Therefore, if χ_{int} is as above, then w_j := χ_{int}v_j form quasimodes for P (h), i.e., (P (h) − e_j (h))w_j = O(h^∞), (w_i, w_j ) = δ_{ij} + O(h^∞), and supp w_j ⊂ B(0, R) for any j. By [St1, Theorem 1], P (h) has at least m(h) resonances in Ω_1(h) := [E_1 − δ(h) + h^K , E_2 + δ(h) + h^K ] + i[−S_1(h), 0] with some positive S_1(h) = O(h^∞) and K ≥ 1. If δ(h) was chosen in advance so that δ(h) = h^K , then we would have N(Ω_1(h)) ≥ 1 (2πh)^n

(Vol(W_{int}) + O(h)) , Ω_1(h) := [E_1, E_2] + i[−S_1(h), 0]. (6.3)

Let S(h) be the function which existence is guaranteed by (a). If S(h) ≤ S_1(h) for h small enough, then (6.3) is true with Ω_1(h) replaced by Ω(h), because there are no resonances in Ω_1 in the strip S(h) ≤ −Im z ≤ S_1(h). If S_1(h) ≤ S(h), then we can do the same because replacing Ω_1(h) in (6.3) by Ω(h) may only increase the l.h.s. Therefore, (6.3) is true for Ω(h) as well and (6.2), (6.3) together complete the proof of Theorem 6.1. �

References

[B1] N. Burq, Décroissance de lénergie locale de l’équation des ondes pour le problème extérieur et absence de résonance au voisinage du réel, Acta Math. 180(1998), 1–29.

[B2] N. Burq, Lower bounds for shape resonances widths of long range Schrödinger operators, preprint. [B3] N. Burq, Semi-classical estimates for the resolvent in non-trappimg geometries, preprint. [BZ] N. Burq and M. Zworski, Resonance expansions in semi-classical propagation, Comm. Math.

Phys., to appear.

[CP] F. Cardoso and G. Popov, Quasimodes with exponentially small errors associated with elliptic periodic rays, preprint.

[CdV] Y. Colin de Verdière, Quasimodes sur les variétés Riemanniennes, Invent. Math. 43(1977), 15– 52. [DSj] M. Dimasssi and J. Sjöstrand, Spectral Asymptotics in the Semi-Classical Limit, London Math.

Society Lecture Notes Series, No. 268, Cambridge Univ. Press, 1999.

[H] L. Hörmander, The Analysis of Linear Partial Differential Operators, Springer-Verlag, Berlin, 1985. [I] V. Ivrii, Microlocal Analysis and Precise Spectral Asymptotics, Springer-Verlag, Berlin, 1998. [K] T. Kato, Perturbation Theory for Linear Operators. Springer-Verlag, New York, 1966. [LP] P.D. Lax and R. Phillips, Scattering Theory, New York, Academic Press, 1967. [L] V. Lazutkin, KAM Theory and Semiclassical Approximations to Eigenfunctions, Springer-Verlag, Berlin, 1993.

[LZ] K. Lin and M. Zworski, Resonances in chaotic scattering, http://www.math.berkeley.edu/~kkylin/resonances/.

[M] R. Melrose, Polynomial bounds on the distribution of poles in scattering by an obstacle, Journeés “Equations aux Dérivees Partielles”, Saint-Jean-de-Monts, 1984.

[N] S. Nakamura, Spectral shift function for trapping energies in the semiclassical limit, Commun.

Math. Phys. 208(1999), 173–193.

[PZ] V. Petkov and M. Zworski, Breit-Wigner approximation and the distribution of resonances, Comm. Math. Phys. 204(2)(1999), 329–351.

[PV] G. Popov and G. Vodev, Resonances near the real axis for transparent obstacles, Comm. Math.

Phys. 207(1999), 411–438.

[Sj1] J. Sjöstrand, Geometric bounds on the density of resonances for semiclassical problems, Duke Math. J. 60(1)(1990), 1–57.

[Sj2] J. Sjöstrand, A trace formula and review of some estimates for resonances, in Microlocal analysis and Spectral Theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Kluwer Acad. Publ., Dordrecht, 1997.

[SjZ] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, Journal of AMS 4(4)(1991), 729–769.

[St1] P. Stefanov, Quasimodes and resonances: sharp lower bounds, Duke Math. J. 99(1999), 75–92.

[St2] P. Stefanov, Lower bound of the number of the Rayleigh resonances for arbitrary body, Indiana Univ. Math. J. 49(2)(2000), 405–426.

[St3] P. Stefanov, Resonance expansions and Rayleigh waves, Math. Res. Lett., 8(1–2)(2001), 105–124. [St4] P. Stefanov, Resonances near the real axis imply existence of quasimodes, C. R. Acad. Sci. Paris, Série I, 330(2)(2000), 105-108.

[StV1] P. Stefanov and G. Vodev, Distribution of resonances for the Neumann problem in linear elasticity outside a strictly convex body, Duke Math. J. 78(1995), 677–714.

[StV2] P. Stefanov and G. Vodev, Neumann resonances in linear elasticity for an arbitrary body, Comm.

Math. Phys. 176(1996), 645–659.

[TZ1] S.-H. Tang and M.Zworski, From quasimodes to resonances, Math. Res. Lett., 5(1998), 261–272. [TZ2] S.-H. Tang and M. Zworski, Resonance expansions of scattered waves, Comm. Pure Appl. Math., to appear.

[T] M. Taylor, Rayleigh waves in linear elasticity as a propagation of singularities phenomenon, in Proc. Conf. on P.D.E. and Geometry, Marcel Dekker, New York, 1979, 273–291.

[V] G. Vodev, Sharp polynomial bounds on the number of scattering poles for perturbations of the Laplacian, Comm. Math. Phys. 146(1992), 39–49.

[Ze] M. Zerzeri, Majoration du nombre des résonances près de l’axe reél pour une perturbation, à support compacte, abstraite, du laplacien, perpint, 2000–2001, Univ. Paris 13.

[Z1] M. Zworski, Sharp polynomial bounds on the number of scattering poles, Duke Math. J. 59(1989), 311–323.

[Z2] M. Zworski, private communication, 1992.