εŰEntropy Estimates for Driven Parabolic Equations

Jacques Rougemont

Department of Mathematics, HeriotŰWatt University, Edinburgh EH14 4AS, United Kingdom

Abstract We consider parabolic evolution equations on unbounded domains driven by additive coupling to an indeŋ pendent dynamical system. We de^ne the attractor of the combined system and estimate its Kolmogorov εŰentropy (the coarseŋgrained spatial density of active modes with mesh size ε). The total εŰentropy is at most O(log ε^{−1}) larger then the εŰentropy of the driving system. An example of a system whose εŰentropy is strictly larger than that of the driving system is constructed. Remarks on the behaviour of the entropy under spatial scaling are made.

ε–Entropy of Driven Equations 2

1. Introduction

We investigate the properties of attractors of dissipative systems de^ned on unbounded domains and driven by an external input of energy. We model them by equations of the following type:

∂_tu = νΔu + N(u)u + F , u(x, t) ∈ C . (1.1)

For simplicity we restrict ourselves to oneŋdimensional systems. Since we consider unbounded domains (without assumptions of decay at in^nity, see [BV] for a discussion of these issues), we might expect the dimension of the attractor to be in^nite. Nevertheless, as was shown by Vishik and Chepyzhov [VC] for bounded systems and by Collet and Eckmann [CE1ŰCE3] for in^nite systems, the notion of εŰentropy is wellŋde^ned and gives a convenient alternative to the dimension (see [KT] for applications to function spaces).

Loosely speaking the εŰentropy is obtained by ^rst ^xing a coarseŋgraining size ε (points on the attractor belonging to the same ball of diameter ε are identi^ed) and then computing the spatial density of these points (number of points in the attractor of the system restricted to a volume V , divided by V ). The density of dimension would be obtained by dividing this entropy by log ε^{−1} and taking the limit ε → 0. If we think of the dimension of the attractor as the number of active modes in the system, then the εŰentropy would be the spatial density of active modes that can be resolved with a precision ε. It is also related to the topological entropy [CE2,CE3] a classical concept for ^niteŋdimensional dynamical systems. Remark that the two limits involved (V → ∞ and ε → 0) do not commute and the (maybe unintuitive) order in which we take them (V → ∞ ^rst, ε → 0 then) is the only way of getting a sensible answer.

The de^nition of the attractor needs some care, see Eq.(2.8), and takes the form of a ^bre bundle. In Theorem 2.5, the εŰentropy is shown to be bounded above by the εŰentropy generated by the driving system (i.e. the εŰentropy of the base) plus a term of order at most log ε^{−1} (the ^bre entropy). We construct an example of a driven system whose εŰentropy is bounded from below by the εŰentropy of the driving system plus a positive number (Theorem 3.2).

One of the physical motivations for studying driven systems is that the driving force de^nes a natural length scale in the system: the distance over which F makes a signi^cant oscillation. A few simple consequences of that are derived in Section 4.

On a heuristic level, our results show that the coupling of a dissipative system to a smooth force can create additional active modes in the dynamics, but never more than a ^nite number of modes per unit volume. We can de^ne the integral and dissipative scales of the system (see [F] for an expository account of these notions in the context of ~uid dynamics). When the separation of these two scales tends to in^nity, the number of active modes on the dissipative scale becomes independent of the driving system (and stays bounded) whereas the number of active modes at intermediate scales diverges (Eq.(4.3)). The intermediate scales are those which are simultaneously in^nitely far from both integral and dissipative scales.

The proof of the upper bound uses a decomposition of the heat kernel into a low frequency part and a high frequency part. The latter is exponentially decaying hence ŞirrelevantŤ for large times and the former generates entire analytic functions. For such functions, the Cartwright interpolation formula makes the counting of different functions easy. The lower bound is built on a decaying equation (N(0) = −1 in Eq.(1.1)) plus a forcing F whose restriction to a bounded ε–Entropy of Driven Equations 3

interval I is almost periodic and any εŰalmost period T (ε, I) satis^es some extensive property with respect to the size of I. This example only produces more entropy than the noise itself, but not a more dimensions, although we believe that there exists systems for which the entropy generated by the dynamics beyond the entropy of the driving system is of order log ε^{−1}.

Acknowledgements. This work was supported by the Fonds National Suisse. I have bene^ted from constant help and encouragement from J.ŋP. Eckmann and from several discussions with A. Shirikyan.

2. Upper Bound on the εŰEntropy

In this section, we ^rst describe the general hypotheses and notations used throughout the paper. We de^ne the attractor in Eq.(2.8). The main result of the section is Theorem 2.5. Its proof is given later in Section 6.

The equations we consider are of the form:

∂_tu(x, t) = (1 + iα)∂^2_xu(x, t) + u(x, t)N � |u(x, t)|^2 � + F (x, t) , (2.1)

with u : R × R^+ → C and α ∈ R. The general assumptions on the nonlinearity and the external forcing are:

Assumption 2.1. The function N ∈ C^∞ satis^es: there are real q > 0 and Q_1, Q_2 such that Re �_N (y) � ≤ Q_1 − y^q , |N(y)| + y|N^′(y)| ≤ Q_2(1 + y^2) .

The smooth function F : R × R^+ → C is uniformly bounded by |F (x, t)| ≤ ρ.

A typical example of a nonlinearity is the usual GinzburgŰLandau term N(y) = 1 − (1 + iβ)y with β ∈ R. Throughout the paper we will use the following notations: f_t(x) ≡ f(x, t); |z|, z denote respectively the modulus and the conjugate of the complex number z. The norm on L^p(R) (with Lebesgue measure) is denoted by ‖ · ‖_p. In particular ‖f‖_∞ is the essential supremum of |f|. We also write [x] for the integer part of the positive real x (i.e. [x] = max{n ∈ N : n ≤ x}).

We will often use the following two families of cutoff functions,

φ_y(x) = 1 π cosh(x − y)

, ξ^{(n)}_y (x) =

Q^{(n)} (1 + (x − y)^2)^{n/2}

. (2.2)

They satisfy

e^{−|x−y|} ≤ πφ_y(x) ≤ 2e^{−|x−y|} , ξ^{(n)}_y (x) ≤ Q^{(n)}|x − y|^{−n} , ∀x, y ∈ R , (2.3)

|∂_xφ_y(x)| ≤ |φ_y(x)| , |∂_xξ^{(n)}_y (x)| ≤ n|ξ^{(n)}_y (x)| , (2.4) �_∞ −∞ φ_y(x) dx =

�_∞ −∞ ξ^{(n)}_y (x) dx = 1 , ε–Entropy of Driven Equations 4

where the last equation de^nes Q^{(n)} for n > 1.

We consider the evolution de^ned by Eq.(2.1) in the Banach space H^1_φ which is the completion of C^∞_b (bounded smooth functions) in the norm

‖f‖^2_H1_φ = sup_{y∈R} � φ_y|f|^2 + sup_{y∈R} � φ_y|f^′|^2 . (2.5)

The topology of L^∞ will also be used on that space and we recall the embedding of H^1_φ into L^∞ which follows from the Sobolev inequality:

‖f‖^2_∞ ≤ π 4 (1 + √ 5)‖f‖^2_H1_φ . (2.6)

Inequality (2.6) follows from writing |f(x)|^2 = πφ_x(x)|f(x)|^2 as the integral of its derivative and then using Eq.(2.4) and CauchyŰSchwarz inequality.

The following proposition is an adaptation of results in [C1,GV,M]:

Proposition 2.2. There exists a number R_0 = R_0(α, q, Q_1, Q_2, ρ) such that for all solutions u_t of Eq.(2.1) with ‖u_0‖_H1_φ < ∞, the following holds:

lim sup t→∞ ‖u_t‖_H1_φ ≤ R_0 .

Proof. See Section 7.

We introduce a set Σ of complex functions, which de^nes a family of possible forces F (x, t) yielding a family of semiŋ~ows generated by Eq.(2.1):

Assumption 2.3. Let Σ ⊂ {f ∈ L^∞ : ‖f‖_∞ ≤ ρ} satisfy

T_yΣ = Σ , where � T_yf � (x) = f(x + y) , y ∈ R , ∃ C_Σ(k) , k ∈ N : ∀ f ∈ Σ , |f|_Ck ≤ C_Σ(k) .

Let the time evolution on Σ be de^ned by a ~ow ϑ^t : Σ → Σ, t ∈ R, satisfying

ϑ^t(T_yf) = T_yϑ^t(f) for all y ∈ R , ‖ϑ^ε(f) − f‖_∞ → 0 when ε → 0 ,

there are n > 2, δ > 0, – ≥ 0 such that for all y ∈ R and t > 0, the following holds: min � ‖ � ξ^{(n)}y (ϑ^t(f) − ϑ^t(g))‖_2 , δ � ≤ e–^t‖ � ξ^{(n)}y (f − g)‖_2 .

Moreover, Σ is ϑ^tŰinvariant: ϑ^t(Σ) = Σ .

ε–Entropy of Driven Equations 5

We denote by Φ^t_f the semiŋ~ow in H^1_φ generated by Eq.(2.1) where F (x, t) = ϑ^t � f � (x) with f ∈ Σ. Using terminology from random dynamical systems (see [A]), we introduce the skew product S^t : H^1_φ × Σ → H^1_φ × Σ

(u, f) → (Φ^t_f (u), ϑ^t(f)) .

(2.7)

In this setup, the attractor for Eq.(2.7) is the set A = � T >0 � t>T S^t � B_R × Σ

�‖·‖_H1_φ , (2.8)

where B_R is the ball of radius R and centre 0 in H^1_φ and X^{‖·‖H1φ} is the closure of X in the norm of H^1_φ. For suf^ciently large R, Proposition 2.2 implies that A is independent of R, hence we do not specify that variable. The set A satis^es:

i It is invariant under the actions of S^t and T_y ⊗ T_y for all y ∈ R and t ∈ R^+. ii It is compact in L^∞(K) × L^∞(K) for bounded K ⊂ R (see also [MS]). iii It attracts some neighbourhood U: A ⊂ U × Σ ⊂ H^1_φ × Σ.

We next de^ne the KolmogorovŰTikhomirov εŰentropy [KT].

De�nition 2.4. Let W be a translation invariant subset of L^∞ × L^∞. Let

W_L = � (f|_{[−L,L]} , g|_{[−L,L]}) : (f, g) ∈ W � , where f|_I means the restriction of f to I ⊂ R. Let N(ε, W_L) be the minimal number of balls of radius ε > 0 (in L^∞ × L^∞) needed to cover W_L. The εŰentropy H_ε(W) of the set W is de^ned by

H_ε(W) = lim_{L→∞} log N(ε, W_L) 2L . (2.9)

Remark 1. In the case of a subset V of L^∞, we simply de^ne H_ε(V) = H_ε(V × {0}) (see, e.g., Theorem 2.5 below, where H_ε(Σ) enters).

Remark 2. The existence of the limit in Eq.(2.9) will not be discussed here since it follows from the same subŋadditivity argument as in [CE1]. The quantity lim_{ε→0} H_ε(W)/ log(1/ε) can be interpreted as the dimension per unit length of the set W. The order in which the double limit is taken is important, see [CE1,CE2] for a discussion.

We now come to the main result of the section, which is an in^nite volume version of [VC], Theorem 3.1:

Theorem 2.5. There exists C = C(R_0, ρ, –) such that for all suf^ciently small ε > 0, the following holds 0 ≤ H_ε(A) − H_ε(Σ) ≤ C log ε^{−1} .

Proof. See Section 6.

ε–Entropy of Driven Equations 6

Remark. We sketch here a relation between this result and the theory of ^nite dimensional random dynamical systems: the quantity

H_ε(A | Σ) = H_ε(A) − H_ε(Σ)

is usually called the conditional entropy (see, e.g., [KI]). It is interpreted as the entropy created by the ~ow beyond that created by the forcing alone. Authors often consider systems driven by a noise which is a random process with probability distribution given by a measure P on some space Ω. One can de^ne the ^bre entropy H_ε(A_{{f}}) (the εŰentropy of the attractor A_{{f}} for a single realisation f of the noise) which is, in reasonable situations, PŰalmost surely independent of f and equal to the conditional entropy [B2]. We conjecture that generically, the ^bre entropy of dynamical systems like Eq.(2.1) is C log ε^{−1} for some C depending on the equation.

3. Lower Bound on the εŰEntropy for Decaying Equations

In this section we restrict Eq.(2.1) to the case ρ = δ ≪ 1 and N(x) = −1 + N_1(x). Namely we consider solutions u_t(x) = u(x, t) of

∂_tu = (1 + iα)∂^2_xu − u + N_1(|u|^2)u + δF . (3.1)

We strengthen Assumption 2.1 and Assumption 2.3 with the additional

Assumption 3.1. We have 3α^2 < 1 and there are constants Q_3 > 0, Q_4 > 0 such that

sup_{x,t} δ|F (x, t)| = δ ≪ 1 ,

|N_1(x)| + x|N^′_1(x)| ≤ Q_3x for x small enough .

Furthermore, the forcing term F (x, t) satis^es:

1) For all interval I ⊂ R, |I| < ∞, the functions t → F (x, t), x ∈ I, are almost periodic.

Namely for all ε > 0, there is a Λ(ε, |I|) < ∞ such that for all t ≥ 0, there is a number T (ε, I) ∈ [t, t + Λ(ε, |I|)] for which the following holds:

sup_{s∈R} sup_{x∈I} |F (x, s + T (ε, I)) − F (x, s)| ≤ ε .

2) There are positive x^∗ and B such that the following holds: there are disjoint intervals I_n, n ∈ Z, with x^∗ < |I_n| < Bx^∗ and 2δ_{kℓ}x^∗ ≤ dist(I_k, I_ℓ) ≤ 2Bx^∗ such that for all n ∈ N and all suf^ciently large T > 0, there is a t_n > 0 such that

inf_{x∈In} � T 0 e^{−s} � F (x, T + t_n − s) − F (x, T − s) � ds � ≥^1_2 .

3) For all N ∈ N, all bounded intervals I_1, . . . , I_N with dist(I_k, I_ℓ) ≥ 2δ_{kℓ}x^∗ and all t_k > 0, k = 1, . . . , N, there is a τ > 0 such that

sup_t max_k sup_{x∈I} k |F (x, τ + t) − F (x, t_k + t)| ≤ C^{−1}ε .

ε–Entropy of Driven Equations 7

Item 1) in Assumption 3.1 is the de^nition of almost periodic functions, item 2) requires that the amplitude of the oscillations of F are of order 1 and item 3) asserts that frequencies of oscillation at different locations on R are in some sense independent of each other.

We next provide two examples of functions F that, although not written in the form required by Assumption 2.3, do satisfy Assumption 3.1. The ^rst one is inspired by [C2]:

F_1(x, t) = � k∈Z sign(−k) tanh � x − z_k(t) − 4kx^∗ � ,

where z_k(t) = x^∗ cos(ω_kt + φ_k) with {ω_k}_{k∈Z} independent over the rationals. The phases φ_k are arbitrary real numbers. Remark that F_1 is a wellŋde^ned bounded analytic function.

The second example is very similar: let f_0(x) be a C^∞ function supported by [−x^∗, x^∗], |f_0(x)| ≥ 3/4 for |x| ≤ x^∗. We de^ne

F_2(x, t) = ∞� k=−∞

cos(ω_kt + φ_k)f_0(x + 4x^∗k) ,

where again the frequencies are rationally independent.

The next theorem shows that the εŰentropy is strictly larger than the entropy of the forcing alone, although Eq.(2.1) with F = 0 would give H_ε = 0:

Theorem 3.2. Let A be de^ned by Eq.(2.8) in the case of Eq.(3.1) with Assumption 3.1 true. If x^∗ is suf^ciently large, there is a C = C(δ, x^∗, B, α) > 0 such that for all ε > 0, the following holds:

H_ε(A) − H_ε(Σ) ≥ C .

By the de^nition of the attractor (Eq.(2.8)) and the de^nition of the εŰentropy (De^nition 2.4, that uses the product topology) we see that

H_ε(A) ≥ H_ε(Σ) + inf_{T >0,f∈Σ} H_ε � � t>T Φ^t_f (0) � , (3.2)

where the initial condition is taken to be 0 for simplicity. The proof of Theorem 3.2, given in Section 5, follows from estimating this last term.

ε–Entropy of Driven Equations 8

4. Scaling Properties of the εŰEntropy

We introduce the equivalent of a ŞReynolds numberŤ Re = Λ/ν ≫ 1 where Λ is the Şintegral scaleŤ and ν is the square root of the diffusion constant (ŞviscosityŤ), de^ned as follows: let A(Λ, ν) be the attractor (in the sense of Eq.(2.8)) of the semiŋ~ows generated by the equations

∂_tu = ν^2∂^2_xu + u(x, t)N � |u(x, t)|^2 � + F_Λ . (4.1)

The scale Λ is introduced through the forcing F_Λ(x, t) = ϑ^t � f_Λ � (x), f_Λ ∈ Σ(Λ), where

Σ(Λ) = � f_Λ : x → f(x/Λ) � f∈Σ(1) , (4.2)

and Σ(1) ful^ls Assumption 2.3. From De^nition 2.4, we easily obtain the relation H_ε(Σ(Λ)) = Λ^{−1}H_ε(Σ(1)).

If we set v(x, t) = u(νx, t), then v satis^es an equation of the form Eq.(2.1) with a forcing f_{Λ/ν} ∈ Σ(Λ/ν). We believe that N and Σ(1) can be chosen such that

H_ε(A(Λ/ν, 1)) = C log ε^{−1} + ν Λ H_ε(Σ(1)) .

In that eventuality, rescaling back to u, we would get

H_ε(A(Λ, ν)) = C ν log ε^{−1} + 1 Λ H_ε(Σ(1)) . (4.3)

We interpret this result as follows: since

dim(Λ, ν) = lim_{ε→0}

H_ε(A(Λ, ν)) log ε^{−1}

can be viewed as the dimension per unit length of A(Λ, ν), we see that in the large Reynolds number regime (Re → ∞), the dimension dim(Λ, ν) measured in the inertial range (Λ → ∞ and ν → 0) diverges like ν^{−1} whereas the relative ŞexcessŤ entropy tends to 1: lim Re→∞

H_ε(A(Λ, ν)) − H_ε(Σ(Λ)) H_ε(A(Λ, ν))

= 1 .

Eq.(4.3) actually interpolates between the convergence at rate 1/Re to an entropy of the order of log(1/ε) (independent of Σ) on the dissipative scale (ν = 1, Λ → ∞) and the divergence at rate Re when the entropy is measured on the integral scale (ν → 0, Λ = 1). The ^rst asymptotic is consistent with the entropy of the unforced equation [CE1] and the second is consistent with the fact that the dimension of the attractor is in^nite (hence the entropy measured on a very large scale is very large).

We next show how this result can be connected with related works by other authors. The ^rst example comes from Kuksin [K1,K2]. He de^nes the following quantity, called the length scale exponent of the function f_ν ∈ C^∞([0, 1]) depending on the parameter ν > 0:

γ(f_ν) = lim inf_{m→∞} lim inf_{ν→0} log ‖f_ν ‖^{1/m}_Hm log ν^{−1} .

ε–Entropy of Driven Equations 9

Kuksin shows that if u_ν is a solution of (an equation similar to) Eq.(4.1) and F_Λ is ŞtypicalŤ in some sense, then γ(u_ν ) > δ > 0. An upper bound is also proved in [K2] (this follows essentially from the smoothness of the solutions to such equations). These bounds mean that the ŞtypicalŤ solutions are concentrated on Fourier modes of frequency k ∈ [0, ℓ^{−1}] ≡ [0, ν^{−δ}]. Hence the dimension of the set of typical solutions is at least ν^{−δ} , which is similar to what Eq.(4.3) states.

Such oscillation properties of solutions of Eq.(4.1) have already been observed by many authors, by means of numerical and analytical studies, see [BCD,BGO,LD,LO]. These authors consider the following type of equation:

∂_tu = (1 + iα)Δu + Ru − (1 + iβ)|u|^{2q}u , (4.4)

with α, β ∈ R, R > 0 and q ∈ N. The complex ^eld u depends on the variables x ∈ [0, 1]^d and t ∈ R^+. They show bounds on the (LyapunovŰ)dimension of the attractor that behave with R like dim_L(A) ∼ R^{d/2} ,

as well as upper bounds on the m^{th} derivative of u of the following kind: there is a γ^′ > 0 for which lim sup t→∞ ‖u_t‖_Hm ≤ R^{γ′m} .

The exact bounds actually depend on the region in the αŰβ plane. This is a crucial point in these authors’ approach to the problem of turbulence in the GinzburgŰLandau equation. They identify a region of ŞsoftŤ turbulence where the bound does not depend on the parameters and a region of ŞhardŤ turbulence, where the bounds deteriorate as αβ → +∞. These claims are supported by theorems [BCD,BGO] and numerical studies [LD]. Without discussing the αŰβ dependence problem, we show that our results have some connection with these statements. We remark that Eq.(4.4) can be written as

∂_τ v = R^{−1}(1 + iα)Δv + v − (1 + iβ)|v|^{2q}v ,

with v = R^{−1/2}u and τ = R^{−1}t. This change of scales shows that the large R limit is indeed a small viscosity limit (ν → 0). Moreover, the boundary conditions are an alternative way of ^xing an integral scale, less ŞsmoothŤ than the introduction of a forcing. In (4.4), the integral scale is 1. Thus Eq.(4.4) is roughly a rescaled form of Eq.(4.1) with ν = R^{−1/2} and Λ = 1. Eq.(4.3) would explain both the behaviour of the dimension (∼ R^{1/2} = ν^{−1}) and the behaviour of the norms, since in the variable y = x/ √ R we obtain (by an easy extension of Proposition 2.2) that all derivatives |∂^n_y v| are bounded independently of R, hence |∂^n_x u| ∼ R^{(1+n)/2}.

ε–Entropy of Driven Equations 10

5. Proof of Theorem 3.2

The strategy is to estimate the second term of Eq.(3.2) from below. We show that the solutions of the linearised equation oscillate suf^ciently often (in space and in time) and that the nonlinear equation follows that movement close enough.

We ^rst show that the solutions of Eq.(3.1) are small (of order δ) for all times if the initial condition is small (for example 0). We de^ne the function ζ(x, t) = ζ_t(x) by

ζ_t(x) = δ

�_t 0 � e^{−(t−s)}g_{t−s} ⋆ F_s � (x) ds , (5.1)

where g_t is the heat kernel:

g_t(x) = 1 2π �_∞ −∞ e^{ipx−t(1+iα)p2} dp = � 1 + α^2 4πt exp � i 2 arctan(α) + iαx^2 4t(1 + α^2) � exp � − x^2 4t(1 + α^2) � . (5.2)

More simply, ζ is the solution of the linear equation

∂_tζ = ∂^2_xζ − ζ + δF , (5.3)

with vanishing initial condition. It follows from Eq.(5.1) and Assumption 3.1 that |ζ_t(x)| ≤ δ for all (x, t). Moreover, the following holds:

Lemma 5.1. There is a C > 0 such that if δ is suf^ciently small, α < 1/ √ 3, and ‖u_0 −ζ_0‖_H1_φ ≤

Cδ^3, then ‖u_t − ζ_t‖_H1_φ ≤ Cδ^3 for all t > 0.

Proof. See at the end of this section.

By Eq.(5.2), we see that for some suf^ciently large A, we have

sup_{t≥0} sup

|x|≥A log ε^{−1}

|g_t(x)| ≤ ε .

That means that u(x, t) only depends on F (y, s) for s < t and |x−y| ≤ A log ε^{−1} up to an error O(ε). This implies that u(x_1, t) oscillate ŞindependentlyŤ of u(x_2, t) if |x_1 − x_2| ≥ 2A log ε^{−1}. The following proof is a rigorous implementation of this idea.

In the sequel we assume (suf^ciently large) T and L, and a (suf^ciently small) ε have been (arbitrarily) ^xed. We ^rst show that for all x_0 ∈ [−L, L], t → u(x_0, t) is almost periodic. Let I = [x_0 − A log ε^{−1}, x_0 + A log ε^{−1}] and let τ = T (ε, I) be an εŰperiod for F (see Assumption 3.1). De^ne

v_t(x) = u(x_0 + x, t + τ) − u(x_0 + x, t) , G(x, t) = δF (x_0 + x, t + τ) − δF (x_0 + x, t) , ε–Entropy of Driven Equations 11

and assume t > T > B log ε^{−1}. By Eq.(3.1), we have (using Eq.(2.2) and Lemma 5.1),

∂_t � φ_y|v_t|^2 ≤ −(2 + 2δ^2) � φ_y|v_t|^2 + δ � φ_y |G_t|^2 ≤ − � φ_y |v_t|^2 + Cε^2 , (5.4)

thus

|v_t(0)| = � � �e^{−t} � g_t ⋆ v_0 � (0) +

�_t 0 e^{−s} � g_s ⋆ |Ñ_{t−s}v_{t−s} + G_{t−s} � (0) ds � � � ≤ Ce^{−t} + Cδ^2

�_t 0 e^{−s} � |g_s| ⋆ |v_{t−s}| � (0) ds + Cε

≤ Cε + Cδ^2

�_t 0 e^{−s}‖g_s/ √ φ_0‖_2 � e^{− 1}2^{(t−s)} + ε^2 � ≤ Cε ,

(5.5)

where we have assumed that δ was small enough and A, B where large enough. Hence any εŰ period for F on I is an εŰperiod for t → u(x_0, t). Moreover, u(x_0, t) oscillates with amplitude O(δ^2), for ζ(x_0, T ) does (and Lemma 5.1 holds): let x_0, t^∗ > T and τ be such that

� t^∗ 0 e^{−s} � F_t∗_{+τ−s}(x) − F_t∗_{+s}(x) � ds � ≥^1_2 ,

for all x with |x − x_0| ≤ x^∗. Assume that |ζ_t∗_{+τ} (x) − ζ_t∗ (x)| <^1_4 δ for all such x. Then

|ζ_t∗_{+τ} (x) − ζ_t∗ (x)| = � � � �_t∗_{+τ} 0 e^{−s} � (1 + iα)∂^2_xζ_t∗_{+τ−s}(x) + δF_t∗_{+τ−s}(x) � ds − �_t∗ 0 e^{−s} � (1 + iα)∂^2_xζ_t∗_{−s}(x) + δF_t∗_{−s}(x) � ds � � � ≥ −Ce^{−t∗} + δ � � � �_t∗ 0 e^{−s} � F_t∗_{+τ−s}(x) − F_t∗_{+s}(x) � ds � � � − C �_t∗ 0 e^{−s} � ∂^2_x � ζ_t∗_{+τ−s}(x) − ζ_t∗_{−s}(x) �

≥^1_2 δ − ε − C

�_t∗ 0 e^{−s} � ∂^2_x � ζ_t∗_{+τ−s}(x) − ζ_t∗_{−s}(x) � . This implies that |∂^2_x(ζ_t∗_{+τ−s}(x)−ζ_t∗_{−s}(x))| has a maximum of order δ somewhere in |x−x_0| ≤ x^∗ and s < t^∗ hence |ζ_t∗_{+τ−s}(x) − ζ_t∗_{−s}(x)| ≥ Cδ^2 for some x, s nearby.

We have thus shown that for all {x_{−M} , . . . , x_M } ⊂ [−L, L] with M = [L/(2A log ε^{−1})]− 1 and |x_k−x_j | ≥ δ_{kj} A log ε^{−1}, there is a bounded function u^∗ such that for all {a_{−M} , . . . , a_M } ∈ [−Cδ^2, Cδ^2] there are t_{−M} , . . . , t_M for which u(x_k, t_k) = u^∗(x_k) + a_k. Moreover, by Asŋ sumption 3.1 there is a τ such that

sup_t max_k sup

|x|≤A log ε^{−1}

|F (x_k + x, τ + t) − F (x_k + x, t_k + t)| ≤ C^{−1}ε .

ε–Entropy of Driven Equations 12

By repeating the calculations made above (Eq.(5.4) and Eq.(5.5)) we obtain that there is a t^∗ > T such that max k=−M,...,M

|u(x_k, t^∗) − a_k − u^∗(x_k)| ≤ ε .

This proves that � t>T Φ^t_f (0) � L contains an εŰdistinguishable set Y with

card(Y) ≥ � 2δ^2 ε �_{2M}

(Y = {x_1, . . . , x_n} ⊂ X is called an εŰdistinguishable set in X if dist(x_j, x_k) > ε for all j ≠ k, see [KT]). Hence

H_ε � � t>T Φ^t_f (0) � ≥ log((2δ^2ε^{−1})^{L/(A log ε−1)−2}) 2L ≥ 1 16A . With the proof of Lemma 5.1 below, the proof of Theorem 3.2 is complete.

Proof of Lemma 5.1. Let γ = √ 1 + α^2, y ∈ R, A > 0, η > 0. De^ne v_t = u_t − ζ_t. Using the cutoff function φ_y de^ned by Eq.(2.2), we have 1 2 ∂_t � φ_y � A|v_t|^2 + |v^′_t|^2 �

= − � φ_y � |v^{′′}_t |^2 + A|v_t|^2 + (A − 1)|v^′_t|^2 � − Re � φ^′_y(1 + iα) � Av_tv^′_t + v^′_tv^{′′}_t �

+ Re � φ_y � Av_tN_1(|u_t|^2)u_t + v^′_t∂_x

�_N

1(|u_t|^2)u_t �

≤ − � φ_y � |v^{′′}_t |^2 − γ|v^{′′}_t ||v^′_t| +^1_4 γ^2|v^′_t|^2 � + � (A − 1 − γ^2 4 )|v^′_t|^2 − Aγ|v^′_t||v_t| + A|v_t|^2 �

+ Re � φ_y � Av_tN_1(|u_t|^2)u_t + v^′_t∂_x

�_N

1(|u_t|^2)u_t �

≤ −η � φ_y � A|v_t|^2 + |v^′_t|^2 � − � φ_y � (A − 1 −^3_4 γ^2 − η)|v^′_t|^2 + A(1 − η −^1_2 A)|v_t|^2 �

+ Re � φ_y � Av_tN_1(|u_t|^2)u_t + v^′_t∂_x

�_N

1(|u_t|^2)u_t � . If we choose A = (11 + 3α^2)/6 and η = (1 − 3α^2)/12 (η > 0 by Assumption 3.1), then the term in curly brackets vanishes. We obtain

∂_t � φ_y � A|v_t|^2 + |v^′_t|^2 � ≤ −2η � φ_y � A|v_t|^2 + |v^′_t|^2 � + η � φ_y � A|v_t|^2 + |v^′_t|^2 �

+ � φ_yη^{−1} � AQ^2_3|u_t|^6 + 2Q^2_3|u_t|^4|u^′_t|^2 �

≤ � 4η^{−1}‖u_t‖^4_∞Q^2_3 − η � � φ_y � A|v_t|^2 + |v^′_t|^2 �

+ 4η^{−1}‖u_t‖^4_∞Q^2_3 � φ_y � A|ζ_t|^2 + |ζ^′_t|^2 � .

(5.6) ε–Entropy of Driven Equations 13

Let P = � f ∈ L^∞ : ‖f‖^4_∞ ≤^1_8 η^2Q^{−2}_3 � . If ‖v_t‖_H1_φ = ‖u_t − ζ_t‖_H1_φ ≤ δ, then by Eq.(2.6) we have

‖u_t‖^2_∞ ≤ 2‖u_t − ζ_t‖^2_∞ + 2ρ^2δ^2 ≤ π 2 (1 + √ 5)‖u_t − ζ_t‖^2_H1_φ + 2ρ^2δ^2 ≤ Cδ^2 ,

hence there is a K = K(Q_2, Q_3, α, ρ) such that u_t ∈ P for any δ < K. In that case, Eq.(5.6) implies

∂_t � φ_y � A|v_t|^2 + |v^′_t|^2 � ≤ −^1_2 η � φ_y � A|v_t|^2 + |v^′_t|^2 � + Cδ^4 � φ_y � A|ζ_t|^2 + |ζ^′_t|^2 � , namely the ball {f : ‖f − ζ_t‖_H1_φ ≤ Cδ^3} is absorbing in P.

6. Proof of Theorem 2.5

Let N(ε, (A)_L) be the number of balls of radius at most ε needed to cover (A)_L. We have

Proposition 6.1. There are A, C > 0 such that for all L > 0 and suf^ciently small ε > 0, one has N(ε, (S^1(A))_L) N(ε, (ϑ^1(Σ))_L) ≤ N(2ε, (A)_{L+C}) N(2ε, Σ_{L+C} )

A^{L+1/ε} . (6.1)

We continue the proof of Theorem 2.5. We know from Proposition 2.2 that there is an R ≤ ρ + R_0 such that N(R, (A)_L) = 1 and N(R, Σ_L) = 1. Let T be the smallest integer larger than (log 2)^{−1} log(R/ε). By iterating T times the bound (6.1), we obtain

N(ε, (S^T (A))_L) N(ε, (ϑ^T (Σ))_L)

≤ A^L � n=1,...,T (1+nC/(εL)) .

Since N(ε, (S^T (A))_L) = N(ε, (A)_L) and N(ε, (ϑ^T (Σ))_L) = N(ε, Σ_L), we ^nd

lim_{L→∞} log N(ε, (A)_L) 2L ≤^1_2 T log A + lim_{L→∞} log N(ε, Σ_L) 2L . By De^nition 2.4, that is

H_ε(A) ≤ C(R, A) log ε^{−1} + H_ε(Σ) .

We next prove the lower bound. Fix L, ε and let {f_1, . . . , f_N } be an εŰnet for Σ_L (i.e. a set X ⊂ Σ_L such that dist(X, Σ_L) ≤ ε, see [KT]) with N = N(ε, Σ_L) ≈ exp(2LH_ε(Σ)). By the de^nition Eq.(2.8) of the attractor, one has

A ∋ x_j ≡ lim_{t→∞} � Φ^t_ϑ−t_{fj} (0), f_j � , j = 1, . . . , N .

ε–Entropy of Driven Equations 14

By our choice of the product topology in De^nition 2.4, {x_1, . . . , x_N } is an εŰnet for A.

Proof of Proposition 6.1. Let u and v be two orbits of Eq.(2.1) with initial conditions u_0 and v_0 such that (u_0, f_1) and (v_0, f_2) belong to A for some f_1, f_2 in Σ. The difference w = u − v satis^es the equation

∂_tw = (1 + iα)∂^2_xw + G^{(1)}w + G^{(2)}w + G^{(3)} , (6.2)

where (with the shorthands u = u(x, t), v = v(x, t))

G^{(1)}(x, t) =^1_2 � N(|u|^2) + N(|v|^2) + (|u|^2 + |v|^2)

�_1 0 N ′� t|u|^2 + (1 − t)|v|^2 � ) dt � , G^{(2)}(x, t) = uv

�_1 0 N ′� t|u|^2 + (1 − t)|v|^2 � dt ,

G^{(3)}(x, t) = ϑ^t � f_1 � (x) − ϑ^t � f_2 � (x) , for some f_1, f_2 ∈ Σ .

Let χ(x) be a smooth and monotone function satisfying χ(x) = 1 if x ≤ 1 and χ(x) = 0 if x ≥ 2. We de^ne two convolution operators by their kernels:

K^{(1)}_t (x) = 1 2π �_∞ −∞ e^{ipx−t(1+iα)p2} χ(|p/p^∗|) dp , (6.3)

K^{(2)}_t (x) = 1 2π �_∞ −∞ e^{ipx−t(1+iα)p2} � 1 − χ(|p/p^∗|) � dp , (6.4)

where p^∗ > 4 is a suf^ciently large real number. We write solutions w_t(x) of (6.2) as

w_t(x) = w^{(1)}_t (x) + w^{(2)}_t (x) , (6.5)

w^{(1)}_t (x) = � K^{(1)}_t ⋆ w_0 � (x) +

�_t 0 � K^{(1)}_{t−s} ⋆ (G^{(1)}_s w_s + G^{(2)}_s w_s + G^{(3)}_s ) � (x) ds , (6.6)

w^{(2)}_t (x) = � K^{(2)}_t ⋆ w_0 � (x) +

�_t 0 � K^{(2)}_{t−s} ⋆ (G^{(1)}_s w_s + G^{(2)}_s w_s + G^{(3)}_s ) � (x) ds . (6.7)

The convolution operators K^{(1)}_t and K^{(2)}_t have some regularity and decay properties that we next describe: let the Bernstein class B_{R,k} be the following set of functions:

B_{R,k} ≡ � f ∈ L^∞ : f extends to an entire function , |f(z)| ≤ Re^{k|Im z|} � . (6.8)

We have

Lemma 6.2. For all p^∗ > 4, t >^1_2 , f ∈ L^∞, K^{(1)}_t ⋆ f is in B_{R,2p}∗ with R ≤ 2C_0‖f‖_∞. Moreover, for all n ∈ N, there is a C_n > 0 such that

|K^{(1)}_t (x)| ≤

C_n √ t (1 + x^2/t)^{−n} .

|K^{(2)}_t (x)| ≤

C_n √ t e^{−(p∗ )2t/2}(1 + x^2/t)^{−n} .

ε–Entropy of Driven Equations 15

We next prove a bound on the shortŋtime growth of w_t in a local norm:

Lemma 6.3. Let n > 2, y ∈ R. Let ξ^{(n)}_y be given by Eq.(2.2). There is an M > 0 such that for all t > 0, the following holds ‖ � ξ^{(n)}_y w_t‖_2 ≤ e^{Mt}‖ � ξ^{(n)}_y w_0‖_2 +

�_t 0 � e^{M(t−s)}‖ � ξ^{(n)}_y G^{(3)}_s ‖_2 � ds .

The proofs of Lemma 6.2 and Lemma 6.3 are given at the end this section. We next complete the proof of Proposition 6.1. Remark that by Proposition 2.2, we have the following uniform bound for all x, t: max � |G^{(1)}_t (x)|, |G^{(2)}_t (x)| � ≤ 1 + 2 � 1 + β^2R^2_0 . (6.9) Let |f|_d ≡ sup_{|x|≤d} |f(x)|. Assume f_1, f_2 ∈ Σ are such that

sup_{|y|≤L} ‖ � ξ^{(n)}_y (f_1 − f_2)‖_2 = sup_{|y|≤L} ‖ � ξ^{(n)}_y G^{(3)}_0 ‖_2 ≤ 2ε .

Then by Assumption 2.3, sup_{|y|≤L} ‖ � ξ^{(n)}y G^{(3)}_t ‖_2 ≤ 2e–^tε (6.10)

if t < 2. Assume |w_0|_{L+C(ε)} ≤ 2ε. If C(ε) > ((C_n + Q^{(n)})/ε)^{1/n}, Lemma 6.3 and Eq.(6.10) imply sup_{|y|≤L} ‖ � ξ^{(n)}y w_t‖_2 ≤ 2εe^{Mt} � 1 + e–^t �

for all t < 2. We next use that Lemma 6.2 implies |K^{(1)}_1 ⋆ w_0|_L ≤ Cε and |K^{(2)}_1 ⋆ w_0|_L ≤ 2C_ne^{−(p∗)2/2}ε. Inserting those bounds into (6.6) and (6.7) gives (by CauchyŰSchwarz inequalŋ ity)

|w^{(1)}_1 |_L ≤ |K^{(1)}_1 ⋆ w_0|_L + C sup_{|y|≤L}

�_1 0 ‖K^{(1)}_{1−s}/ � ξ^{(n)}_0 ‖_2 � ‖ � ξ^{(n)}_y w_s‖_2 + ‖ � ξ^{(n)}_y G^{(3)}_s ‖_2 �

≤ Cε + 2Cε

�_1 0 C_n √ 1 − s e^{(M+}–^{)s} ds

≤ Aε , (6.11) where A depends on n but not on p^∗, and

|w^{(2)}_1 |_L ≤ |K^{(2)}_1 ⋆ w_0|_L + C sup_{|y|≤L}

�_1 0 ‖K^{(2)}_{1−s}/ � ξ^{(n)}_0 ‖_2 � ‖ � ξ^{(n)}_y w_s‖_2 + ‖ � ξ^{(n)}_y G^{(3)}_s ‖_2 �

≤ e^{−(p∗)2/2}ε + 2Cε

�_1 0 C_ne^{−(p∗ )2(1−s)/2} √ 1 − s e^{(M+}–^{)s} ds

≤ B(p^∗)ε , (6.12) ε–Entropy of Driven Equations 16

where B(p^∗) → 0 as p^∗ → ∞. We choose p^∗ so large that B(p^∗) <^1_2 .

Assume next that we have a covering of (A)_{L+C(ε)} by open sets of radius at most 2ε. If (u, f_1) and (v, f_2) belong to one of those sets, then w_0 = u − v and G^{(3)}_0 = f_1 − f_2 satisfy the hypotheses stated above that led to inequalities (6.11) and (6.12). We next use a result of Cartwright (see [KT], Eq.(191)): for all f in the Bernstein class B_{R,2p}∗ (see Eq.(6.8)), the following identity holds:

f(x) = sin(8p^∗x) 32(p^∗)^2 ∞� n=−∞

(−1)^nf(x_n) sin(4p^∗(x − x_n)) (x − x_n)^2

, (6.13)

where x_n =^{nπ}_{8p∗} . Let f, g be in B_{R,2p}∗ . A simple application of Eq.(6.13) shows that

|f − g|_L ≤ C sup

|n|≤[8p^∗L/π]+8Cp^∗/(επ)

|f(x_n) − g(x_n)| +^1_4 ε .

Hence, among all the functions in B_{R,2p}∗ that are bounded by Aε in [−L, L] (by Eq.(6.11), w^{(1)}_1 is such a function), at most (4A)^{Cp∗L}(4R/ε)^{Cp∗/ε} of them differ pairwise by more than ε/2 in [−L, L]. By taking a ball of radius ε around each of them, and repeating the operation for each element of the original covering of radius 2ε, we get a covering of (S^1(A))_L by open sets of radius ε. The number of elements in this covering is at most

(4A)^{Cp∗L}(4R/ε)^{Cp∗/ε}

N(2ε, (A)_{L+C}) N(2ε, Σ_{L+C} )

N(ε, (ϑ^1(Σ))_L) .

The proof of Proposition 6.1 is complete.

Proofs of Lemma 6.2 and Lemma 6.3. We prove the bound on K^{(1)}_t , the one on K^{(2)}_t is similar. We make the change of variable y = x/ √ t and k = √ tp in Eq.(6.3): √ t � x √ t �_n

K^{(1)}_t � x √ t � = √ ty^nK^{(1)}_t (y) = 1 2π �_∞ −∞ y^ne^{iky} e^{−(1+iα)k2} χ(|k/ √ tp^∗|) dk , = 1 2π �_∞ −∞ e^{iky} � −i∂_k

�_n �

e^{−(1+iα)k2} χ(|k/ √ tp^∗|) � dk ,

which is bounded because χ is C^∞ and exp(−k^2) decays faster than any power of k. The anŋ alyticity follows from the PaleyŰWiener Theorem using that χ has compact support, hence for complex z, | exp(ipz)χ(|p/p^∗|)| ≤ exp(2p^∗|Im z|). The decay of K^{(2)}_t follows from the fact that 1 − χ(|p/p^∗|) has support on {p > p^∗} = {k > √ tp^∗} where exp(−k^2) ≤ exp(−(p^∗)^2t/2) exp(−k^2/2) and we still get a convergent integral.

We next prove Lemma 6.3. We compute a differential inequality for the weighted norm (see Section 7), using the bound ‖(∂_xξ^{(n)}_y )/ξ^{(n)}_y ‖_∞ = n:

∂_t � ξ^{(n)}_y |w_t|^2 ≤ � ‖G^{(1)}_t ‖_∞ + ‖G^{(2)}_t ‖_∞ +^1_4 n^2(1 + α^2) � � ξ^{(n)}_y |w_t|^2 + � ξ^{(n)}_y |G^{(3)}_t |^2 , ε–Entropy of Driven Equations 17

hence using Eq.(6.9), ‖ � ξ^{(n)}_y w_t‖_2 ≤ e^{Mt}‖ � ξ^{(n)}_y w_0‖_2 +

�_t 0 � e^{M(t−s)}‖ � ξ^{(n)}_y G^{(3)}_s ‖_2 � ds .

7. Proof of Proposition 2.2

We give here a proof of Proposition 2.2 assuming existence, uniqueness, and regularity of solutions over compact intervals of time, which are standard results for smooth enough F (see [P]). The proof is essentially identical to the one given by Mielke [M].

We derive yŰindependent differential inequalities for � φ_y|u_t|^2 and � φ_y|u^′_t|^2, we integrate them (using Gronwallŋlike estimates). We ^rst compute the time derivative of the ^rst of these two integrals:

∂_t � φ_y|u_t|^2 = −2 � φ_y|u^′_t|^2 − 2Re � φ^′_y(1 + iα)u_tu^′_t + 2 � φ_y|u_t|^2Re N(|u_t|^2) + 2 � φ_yRe (u_tF_t) ≤ � φ_y |u_t|^2

�_3 2 +^1_2 α^2 + 2Q_1 − 2|u_t|^{2q} � + � φ_y|F_t|^2

≤ A − � φ_y|u_t|^2 ,

where A = A(ρ, α^2, Q_1, q). By simple integration we get � φ_y|u_t|^2 ≤ max � A , � φ_y|u_0|^2 − A � e^{−t} + A � . (7.1)

We next estimate the time derivative of the second integral described above:

∂_t � φ_y|u^′_t|^2 = −2 � φ_y |u^{′′}_t |^2 − 2Re � φ^′_y(1 + iα)u^′_tu^{′′}_t + 2 � φ_yRe (u^′_tF^′_t )

+ 2Re � φ_y � |u^′_t|^2N(|u_t|^2) + u^′_tuN^′(|u_t|^2)∂_x|u_t|^2 �

≤ − � φ_y|u^{′′}_t |^2 + (2 + α^2 + 2Q_1) � φ_y|u^′_t|^2 + � φ_y|F_t|^2

+ 2Q_2 � φ_y|u^′_t|^2|u_t|^4 .

(7.2)

The last term can be bounded by some variant of the GagliardoŰNirenberg inequalities, see [BGO,M], we also use that for all λ > 0 one has − � φ_y|f^{′′}|^2 ≤ −λ � φ_y|f^′|^2 + λ(1 + λ) � φ_y|f|^2 .

ε–Entropy of Driven Equations 18

It follows that Eq.(7.2) can be estimated by

∂_t � φ_y|u^′_t|^2 ≤ −^3_4 � φ_y|u^{′′}_t |^2 + C_1 + C_2 � φ_y|u^′_t|^2 + C_3 � sup_y � φ_y|u_t|^2

�_5

≤ − � φ_y |u^′_t|^2 + A + B � sup_y � φ_y|u_t|^2

�_5 , where C_1, C_2, C_3, A, and B are constants independent of u, t, and y. The claim is proved by inserting Eq.(7.1) and by integration.

References

[A] Arnold, L.: Random Dynamical Systems, Springer, Berlin Heidelberg (1998).

[B2] Bogenschĺutz, T.: Entropy, pressure, and a variational principle for random dynamical systems. Random Comput. Dynamics 1, 99Ű116 (1992).

[BCD] Bartucelli, M., Constantin, P., Doering, C.R., Gibbon, J.D., and Gisselfĺalt, M.: On the possibility of soft and hard turbulence in the complex GinzburgŰLandau equation. Physica D 44, 421Ű444 (1990).

[BGO] Bartucelli, M.V., Gibbon, J.D. and Oliver, M.: Length scales in solutions of the complex GinzburgŰLandau equation. Physica D 89, 267Ű286 (1996).

[BV] Babin, A.V. and Vishik, M.I.: Attractors of partial differential evolution equations in an unbounded domain.

Proc. R. Soc. Edinburgh A 116, 221Ű243 (1990).

[C1] Collet, P.: Thermodynamic limit of the GinzburgŰLandau equations. Nonlinearity 7, 1175Ű1190 (1994). [C2] Collet, P.: Sampling almostŋperiodic functions with random probes of ^nite density. Proc. R. Soc. London A 452, 2263Ű2277 (1996).

[CE1] Collet, P. and Eckmann, J.ŋP.: Extensive Properties of the Complex GinzburgŰLandau Equation. Commun.

Math. Phys. 200, 699Ű722 (1999).

[CE2] Collet, P. and Eckmann, J.ŋP.: The de^nition and measurement of the topological entropy per unit volume in parabolic PDEs. Nonlinearity 12, 451Ű473 (1999).

[CE3] Collet, P. and Eckmann, J.ŋP.: Topological entropy and εŰentropy for damped hyperbolic equations. Preprint.

(1999).

[F] Frisch, U.: Turbulence, The legacy of A.N. Kolmogorov, Cambridge Univ. Press, Cambridge (1995). [GV] Ginibre, J. and Velo, G.: The Cauchy problem in local spaces for the complex GinzburgŰLandau equation I.

Compactness methods. Physica D 95, 191Ű228 (1996).

[K1] Kuksin, S.B.: On turbulence in nonlinear Schrĺodinger equations. GAFA 7, 783Ű822 (1997). [K2] Kuksin, S.B.: Spectral properties of solutions for nonlinear pdes in the turbulent regime. GAFA 9, 141Ű184 (1999).

[KI] Kifer, Y.: Random perturbations of dynamical systems, Birkhĺauser Boston, Boston, MA (1988). [KT] Kolmogorov, A.N. and Tikhomirov, V.M.: εŰentropy and εŰcapacity of sets in functional spaces. In Selected Works of A.N. Kolmogorov, Vol III, (Shiryayev, A.N., ed.). Kluwer, Dordrecht (1993).

[LD] Luce B.P. and Doering C.R.: Scaling of turbulent spike amplitudes in the complex GinzburgŋLandau equation.

Phys. Lett. A 178, 92Ű98 (1993).

[LO] Levermore, C.D. and Oliver, M.: The complex GinzburgŰLandau equation as a model problem. In Dynamical systems and probabilistic methods in partial differential equations, (Deift, P., Levermore, C.D., and Wayne, C.E. ed.). AMS, Providence, RI (1996).

[M] Mielke, A.: Bounds for the solutions of the complex GinzburgŰLandau equation in terms of the dispersion parameters. Physica D 117, 106Ű116 (1998).

[MS] Mielke, A. and Schneider, G.: Attractors for modulation equations on unbounded domainsŮexistence and comparison. Nonlinearity 8, 743Ű768 (1995).

[P] Pazy, A.: Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer, NewŋYork (1983).

[VC] Vishik, M.I. and Chepyzhov, V.V.: Kolmogorov εŰentropy estimates for the uniform attractors of nonŋautoŋ nomous reactionŰdiffusion systems. Sbornik: Mathematics 189, 235Ű263 (1998).