Gibbs measures for Brownian paths under the effect of an external and a small pair potential

József Lőrinczi Zentrum Mathematik, Technische Universität München Gabelsbergerstr. 49, 80290 München, Germany lorinczi@mathematik.tu-muenchen.de

Robert A. Minlos Dobrushin Mathematics Laboratory Institute for Information Transmission Problems Bolshoy Karetny per. 19, 101447 Moscow, Russia minl@iitp.ru

Abstract We consider Brownian motion in the presence of an external and a weakly coupled pair interaction potential and show that its stationary measure is a Gibbs measure. Uniqueness of the Gibbs measure for two cases is shown. Also the typical path behaviour and some further properties are derived. We use cluster expansion in the small coupling parameter.

KEYWORDS: Brownian motion, Gibbs measures, cluster expansion

1 Introduction

The investigation of certain models in quantum field theory involves the study of Gibbs probability measures on Brownian paths under the effect of some potentials. One example is provided by the case of a charged spinless particle coupled to a Bose field. If F is the Fock space for the boson field, then in the form of second-quantization the Hamiltonian on L^2(R^d ) × F describing this situation is

H_{pf} = H_p ⊗ 1 + 1 ⊗ H_f + ϕ(x) (1.1)

The first term accounts for the energy contribution of the free particle H_p = −^1_2 Δ + V subjected to the external potential V : R^d → R. The second term is given by H_f =

∫ ω(k)a^†(k)a(k)dk corresponding to the contribution of the free scalar Bose field. The field itself is described by the usual creation and annihilation operators {a(k), a^†(k) :

k ∈ R^d } satisfying the commutation relations [a(k), a^†(k^′)] = δ(k − k^′), [a(k), a(k^′)] = 0 =

[a^†(k), a^†(k^′)]. Here ω(k) = √ m^2 + |k|^2 is the dispersion-relation, and m > 0 if the bosons are massive, othervise m = 0. Finally, the third term comes from the coupling between the particle and the field given by ϕ(x) = β (2π)^{d/2} ∫ ( ϱ̂(k) √ 2ω(k) e^{ikx} ⊗ a^†(k) + ϱ̂(−k) √ 2ω(k) e^{−ikx} ⊗ a(k) ) dk (1.2)

Here x ∈ R^d is the position of the particle, ϱ̂ denotes the Fourier transform of its charge distribution and β ∈ R is the coupling constant. For more details on the definition and use of the model, and for recent results we refer to [2, 8] and the appropriate references therein. By studying its properties one is led to evaluate certain “matrix elements” given by the left hand side of the formula below. This formula is known since Nelson’s work [10] and it says that these matrix elements can be obtained by computing an expectation over a Brownian motion under an external potential V and pair interaction potential W : (f ⊗ Ω, e^{−tH} g ⊗ Ω) = ∫ f(X_0)g(X_t)e^− R_{t0 V (Xs)ds+β2} R_{t0} R_{t0 W (Xs−Xs′ ,s−s′)dsds′ d Wξ(X)dξ} (1.3) with W (X_s − X_s′ , s − s^′) = 1 4 ∫ |ϱ̂(k)|^2 ω(k) cos (k · (X_s − X_s′ )) e^{−|s−s′|ω(k)}dk (1.4) Ω stands for the vacuum state in Fock-space, and f and g are suitable test functions on R^d . The integration in (1.3) is made with respect to the Wiener measure d W_ξ on the space of continuous paths X_t ∈ C(R_+ , R^d ), X_0 = ξ, and the scalar product at the left hand side is taken on the joint particle-field space L^2(R^d ) × F. This remarkable formula is obtained by representing the field as a Gaussian Markov-field over S^′(R^{d+1} ), and integrating over the field variables which in this case can be done explicitly. W is an effective action for the particle resulting from this procedure. After normalization in (1.3) the right hand side can be interpreted as an expectation with respect to a finite time Gibbs measure on path space for the potentials (V, W ) and with Wiener measure as reference measure. One basic question is then if this remains true in the t → ∞ limit. As it turns out [2, 8], having an infinite time Gibbs measure at hand brings about interesting informations on the system as a number of relevant quantities can be obtained as Gibbs averages of suitable functions.

In this context the existence of infinite time Gibbs measures was investigated in [11, 1, 2, 8] before, however the understanding of Gibbs measures on path space for general potentials is nowhere near complete and the available results were obtained under various restrictions. In particular, in [11] certain monotonicity, convexity and smoothness conditions are drawn on the potentials. [1] looked at the case of P (ϕ)_1-processes in which only an external potential was present. In [2] the problem is considered for the potentials quoted above.

Here we address the question whether infinite time Gibbs measures exist for a larger class of pair potentials than in the above example. In order to show existence more generally we however restrict here to sufficiently weak couplings and use a cluster expansion. By taking this approach no prior knowledge on the existence of a ground state is needed. We choose the pair potential in two ways: One is allowing it to grow at most quadratically in the space component and decay with a power larger than 2 of time, the other is choosing it uniformly bounded in the spatial variable and falling off in time with a power larger than 1. The external potential will be assumed sufficiently strong-binding so that the associated Schrödinger operator defines an intrinsically ultracontractive semigroup.

The paper is organized as follows. In the next section we define the Gibbs measure as a perturbation with a weakly coupled pair interaction of a given Markovian reference process. For simplicity we use free boundary conditions. In Section 3 we derive the cluster representation of the partition function. Section 4 contains the cluster estimates. We give a detailed proof for the growing pair potential and indicate how it becomes simpler for the bounded pair potential. In the first subsection we establish the estimates on the weigths of clusters, and in the second we derive another fundamental cluster estimate that will lead up to showing the convergence of the cluster expansion. In Section 5 we look at the typical path behaviour and derive a logarithmic estimate on paths. In the concluding Section 6 we restrict attention to bounded pair potentials and show uniqueness and some further properties of the Gibbs measure (this material being closely related in particular with Nelson’s scalar field model).

2 Gibbs measure for the external and pair potential

Let X = C(R, R^d ) be the space of continuous functions from R to R^d , endowed with the σfield A = σ(π_t : t ∈ R) generated by the point evaluations π_t : X → R^d , X → π_t(X) = X_t. (X , A) is the measurable space we will use in what follows. For a subset [T_1, T_2] ⊂ R we put X_{[T1,T2]} = C([T_1, T_2], R^d ) and for the corresponding σ-field we write A_{[T1,T2]} = σ(π_t : t ∈ [−T, T ]) ⊂ A. For the interval [−T, T ] we will use the notations X_T respectively A_T . The Lebesgue measure on R^d will be denoted dλ^d.

Next, consider two functions V : R^d → R and W : R^d × R^d × R → R called respectively external potential and pair interaction potential, subject to the following conditions:

(A1) External potential

V is bounded from below and continuous, moreover V (x) = a|x|^{2s} + o(|x|^{2s}), with some s > 1 and a > 0.

(A2) Classes of pair interaction potential

W (x_1, x_2, t − s) = W (x_1, x_2, |t − s|), and it is symmetric with respect to interchanging x_1 with x_2. Moreover,

(A2-1) There is R > 0 and α > 2 such that |W (x_1, x_2, t − s)| ≤ R |x_1|^2 + |x_2|^2 |t − s|^α + 1 (2.1)

for every x_1, x_2 ∈ R^d and t, s ∈ R.

(A2-2) There is R > 0 and α > 1 such that |W (x_1, x_2, t − s)| ≤ R |t − s|^α + 1 (2.2)

for every s, t ∈ R and uniformly in x_1, x_2 ∈ R^d .

Under assumption (A1) for the associated Schrödinger operator H = − 1 2 Δ + V (x) (2.3)

we have that C^∞_0 (R^d ) is a form core on which the operator is essentially self-adjoint and bounded from below. The bottom of the spectrum E_0 of H is a simple eigenvalue, and the corresponding eigenfunction ψ_0 (ground state) is strictly positive. The semigroup {exp(−tH), t ≥ 0} exists on L^2(R^d , dλ^d), and it is an integral operator with positive, continuous, uniformly bounded kernel G_t(x, y). Moreover, the semigroup is intrinsically ultracontractive meaning the following (see [3]). Take the probability measure dν = ψ^2_0dλ^d

on R^d , and define the isometry j : L^2(R^d , dν) → L^2(R^d , dλ^d), f → ψ_0f. Take now in

L^2(R^d , dν) the operator H_ν with Dom H_ν = j^{−1}(Dom H) and

H_νf = (j^{−1}(H − E_0)j)f = 1 ψ_0

(H − E_0)(ψ_0f) = − 1 2 Δf − ( ∇ψ_0 ψ_0 , ∇f ) R^d

(2.4)

for every f ∈ Dom H_ν. Then the associated semigroup e^{−tHν} f = 1 ψ_0 e^{−t(H−E0)}ψ_0f (2.5)

exists for all f ∈ L^2(R^d , dν) and t ≥ 0. Intrinsic ultracontractivity of e^{−tH} means that e^{−tHν} is ultracontractive, i.e. it maps L^2(R^d , dν) into L^∞(R^d , dν) continuously, or, equiv- alently, ||e^{−tHν} ||_{2,∞} < ∞, ∀t ≥ 0. Consider now a Markov process with stationary measure dν = ψ^2_0dλ^d and transition probability density g_t(x|y) = G_t(x, y) ψ_0(x)ψ_0(y)e^{−E0t}

(2.6)

Denote the probability distribution of this process by dP , and by dP_{[T1,T2]} its restriction to the field A_{[T1,T2]}. We take this as reference process for constructing the finite time Gibbs specification μ_{[T1,T2]} on X_{[T1,T2]} with free boundary conditions dμ_{[T1,T2]}(X) = 1 Z_{[T1,T2]} e^{−λ} R T_{2T1} R T_{2T1 W (Xs,Xt,s−t)dsdtdP (X) (2.7)} for every X ∈ X_{[T1,T2]}, T_1 < T_2 ∈ R, and with parameter λ ∈ R. Here Z_{[T1,T2]} is the partition function

Z_{[T1,T2]} = ∫ e^{−λ} R T_{2T1} R T_{2T1 W (Xs,Xt,s−t)dsdtdP (X) (2.8)} turning μ_{[T1,T2]} into a probability measure.

Our main result is

Theorem 2.1 Suppose V and W satisfy assumptions (A1) respectively either (A2-1) or (A2-2). Take an arbitrary decreasing sequence T^{(n)}_1 and an increasing sequence T^{(n)}_2 of real numbers, T^{(n)}_1 < T^{(n)}_2 , such that T^{(n)}_1 → −∞, T^{(n)}_2 → ∞, and |λ| ≤ λ^∗ with λ^∗ small enough. Then the weak local limit lim_{n→∞} μ_{[T} (n)_{1 ,T} (n)_{2 ]} = μ exists and it is a Gibbs probability measure on (X , A). Moreover, μ does not depend on the sequences T^{(n)}_1 , T^{(n)}_2 .

3 Cluster expansion for the partition function

For simplicity, from now on we take the symmetric interval [−T, T ], and simplify the corresponding subscripts to T . Consider a division of [−T, T ] into disjoint intervals τ_k = (t_k, t_{k+1}), k = 0, ..., N − 1, with t_0 = −T and t_N = T , each of length b, i.e. fix b = 2T/N; for convenience we choose N to be even so that the origin is endpoint to some intervals. Denote by X_{τk} the piece of the path X obtained by restriction to interval τ_k. The energy contribution of the pair interaction can be written in terms of the sum

W_T := ∫_T −T ∫_T −T W (X_t, X_s, s − t)dsdt = ∑ 0≤i<j≤N−1 W_{τi,τj} (3.1) where with the notation J_{ij} = ∫ τ_i dt ∫ τ_j W (X_s, X_t, s − t)ds (3.2) we have

W_{τi,τj} = J_{ij} + J_{ji} if |i − j| ≥ 2 1 2 (J_{ii} + J_{jj}) + J_{ij} + J_{ji} if |i − j| = 1, and i ≠ 0, j ≠ N − 1 J_{ij} + J_{ji} +^1_2 J_{00} if i = 0 and j = 1 J_{ij} + J_{ji} +^1_2 J_{N−1 N−1} if i = N − 1 and j = N − 2

(3.3)

We prove here an estimate on the double integrals to be used below.

Lemma 3.1 For j − i ≥ 1 we have ∫ τ_i dt ∫ τ_j W (X_t, X_s, s − t)ds ≤ C_1b R_{τi X2τi (t)dt+}R_{τj X2τi (s)ds} ((j−i−1)b)^α+1 (A2-1) case C_2b^2 ((j−i−1)b)^α+1 (A2-2) case

(3.4)

with some C_1, C_2 > 0 in each case respectively.

Proof : Take the (A2-1) case; clearly it suffices to consider one term of the sum. We have ∫ τ_i dt ∫ τ_j X^2_{τi} (t) |t − s|^α + 1 ds = ∫ τ_i (∫ τ_j ds |t − s|^α + 1 ) X^2_{τi} (t)dt (3.5)

Furthermore (since i < j) ∫ τ_j ds |t − s|^α + 1 ≤ ∫_{b(j+1)} bj ds |s − (i + 1)b|^α + 1 = ∫_{b(j−i−1)} b(j−i) du |u|^α + 1 ≤ 1 α − 1 (1 + 1/k)^{α−1} − 1 (b(k + 1))^{α−1}

where k = j − i. Since (1 + 1/k)^{α−1} − 1 ≤ C/k with some number C > 0, we obtain ∫ τ_j ds |t − s|^α + 1 ≤ C_1b (b(k − 1))^α + 1

(3.6)

with a suitable number C_1 > 0. From this the statement follows. For the case (A2-2) the result is obtained in the same way. 2 By using (3.1) we have e^{−λWT} = ∏ 0≤i<j≤N−1 (e^{−λWτi,τj} + 1 − 1) = 1 + ∑ R≠∅ ∏ (τ_i,τ_j )∈R (e^{−λWτi,τj} − 1) (3.7)

Here the summation is performed over all nonempty sets of different pairs of intervals, i.e. R = {(τ_i, τ_j) : (τ_i, τ_j) ≠ (τ_i′ , τ_j′ ) whenever (i, j) ≠ (i^′, j^′)}.

In order to keep this and the forthcoming summations in hand we need a few more notations. Two distinct pairs of intervals (τ_i, τ_j) and (τ_i′ , τ_j′ ) are called directly connected and denoted (τ_i, τ_j) ∼ (τ_i′ , τ_j′ ) if one interval of the pair (τ_i, τ_j) coincides with one interval of the pair (τ_i′ , τ_j′ ). A set of connected pairs of intervals is a collection {(τ_{i1} , τ_{j1} ), ..., (τ_{in} , τ_{jn} )} in which each pair of intervals is connected to another through a sequence of directly connected pairs, i.e., for any (τ_i, τ_j) ≠ (τ_i′ , τ_j′ ) there exists {(τ_{k1} , τ_{l1} ), ..., (τ_{km} , τ_{lm} )} such that (τ_i, τ_j) ∼ (τ_{k1} , τ_{l1} ) ∼ ... ∼ (τ_{km} , τ_{lm} ) ∼ (τ_i′ , τ_j′ ). A set of connected pairs of intervals is called a contour and denoted by γ. We denote by γ̄ the set of all intervals that are elements of the pairs of intervals belonging to a contour γ, and by γ^∗ the set of time-points of intervals appearing in γ̄. Clearly, R can be decomposed into maximal connected components, i.e. contours: R = {γ_1, ..., γ_r} with γ̄_i ∩ γ̄_j = ∅, i ≠ j; i, j = 1, ..., r.

The sum in (3.7) is then further expanded as ∑ R≠∅ ∏ (τ_i,τ_j )∈R (e^{−λWτi,τj} − 1) = ∑ r≥1 ∑ γ_1,...,γr r∏ k=1 ∏ (τ_i,τ_j )∈γ_k (e^{−λWτi,τj} − 1) (3.8)

where now summation goes over collections {γ_1, ..., γ_r} of contours such that γ̄_k ∩ γ̄_k′ = ∅ unless k = k^′.

A collection of consecutive intervals {τ_j, τ_{j+1}..., τ_{j+k}}, j ≥ 0, j + k ≤ N − 1 is called a chain. As in the case of contours, ϱ̄ and ϱ^∗ mean the set of intervals belonging to the chain ϱ and the set of time-points in ϱ, respectively. We call two contours γ_1, γ_2 disjoint if they have no intervals in common, i.e. γ̄_1 ∩ γ̄_2 = ∅. Two chains ϱ_1, ϱ_2 are called disjoint if they have no common timepoints, i.e. ϱ^∗_1 ∩ ϱ^∗_2 = ∅. Take now a non-ordered set of disjoint contours and disjoint chains, Γ = {γ_1, ..., γ_r; ϱ_1, ..., ϱ_s}, with some r ≥ 1 and s ≥ 0. Note that such contours and chains may have common timepoints. We use the notation Γ^∗ = (∪_iγ^∗_i ) ∪ (∪_jϱ^∗_j ) for the set of all timepoints appearing as beginnings or ends of intervals belonging to some contour or chain in Γ. Also, we put Γ̄ = (∪_iγ̄_i) ∪ (∪_jϱ̄_j) for the set of intervals appearing in Γ through entering some contours or chains. Denote by ∂^−γ resp. ∂^+γ the leftmost resp. rightmost timepoints belonging to γ, and the similar objects for ϱ. Γ is called a cluster if {γ^∗_1 , ..., γ^∗_r ; ϱ^∗_1, ..., ϱ^∗_s} is a connected collection of sets and for every ϱ ∈ Γ we have that ∂^−ϱ_l, ∂^+ϱ_l ∈ ∪^r_{j=1}γ^∗_j . This means that in a cluster chains have no loose ends.

Next we fix the positions of path X at the time-points of the division, i.e we put X_{tk} = q_k, for all k = 0, ..., N, with −T = t_0 < t_1 < ... < t_N = T . The distribution of path X in interval [−T, T ] conditional on the positions attained at the fixed times becomes dP_T (X_{τ0} , ..., X_{τN−1} |X_{t0} = q_0, X_{t1} = q_1, ..., X_{tN} = q_N ) = N−1∏ k=0 dP_{τk} (X_{τk} |q_k, q_{k+1}) (3.9)

We use the shorthand at the right hand side for the corresponding conditional probabilities for easing the notation. Let p_{t0,...,tN} (q_0, ..., q_N ) be the density with respect to the measure ∏_N k=0 dν_k(q_k) of the joint distribution of positions of path X measured at the time-points t_0, ..., t_N . Here we mean by dν_k a copy of dν for k = 0, ..., N. We have then by the Markov property p_{t0,...,tN} (q_0, ..., q_N ) = N−1∏ k=0 g_b(q_{k+1}|q_k) = N−1∏ k=0 (g_b(q_{k+1}|q_k) − 1 + 1)

= 1 + ∑ M ∏ k:τ_k∈M ((g_b(q_{k+1}|q_k) − 1)

The summation is extended over all nonempty sets M = {τ_k = (t_k, t_{k+1})} of different pairs of consecutive time-points. In a similar way as before, we rewrite the latter formula in the form ∑ M ∏ k:τ_k∈M (g_b(q_{k+1}|q_k) − 1) = ∑ s≥1 ∑ ϱ_1,...,ϱs s∏ j=1 ∏ k:τ_k∈ϱ_j (g_b(q_{k+1}|q_k) − 1) (3.10)

Here {ϱ_1, ...ϱ_s} is a collection of connected sets of intervals τ_k such that ϱ^∗_k ∩ ϱ^∗_k′ = ∅ unless k = k^′, i.e. disjoint chains, and this formula explains the way we defined them before.

For every cluster Γ = {γ_1, ..., γ_r; ϱ_1, ..., ϱ_s} define the function

κ_Γ = r∏ l=1 ∏ (τ_i,τ_j )∈γ_l (e^{−λWτiτj} − 1) s∏ i=1 ∏ k:τ_k∈ϱ_i (g_b(q_{k+1}|q_k) − 1) (3.11)

Also, introduce the auxiliary probability measure on X_T

d P_T (X) = N−1∏ k=0 dP_{τk} (X_{τk} |q_k, q_{k+1}) N∏ k=0 dν_k(q_k) (3.12)

and look at K_Γ = E_{PT} [κ_Γ] (3.13)

Note that ∫ (g_b(q_{k+1}|q_k) − 1)dν(q_{k+1}) = ∫ (g_b(q_{k+1}|q_k) − 1)dν(q_k) = 0. This is the reason why from a cluster we rule out chains having loose ends; for any such chain E_{PT} [κ_Γ] = 0.

By putting (2.8), (3.8), (3.9), (3.10), (3.11) and (3.13) together we obtain on the partition function the following

Proposition 3.2 For every T > 0 the cluster representation for the partition function is given by the sum

Z_T = 1 + ∑ n≥1 ∑ {Γ_1,...,Γn} n∏ l=1 K_{Γl} (3.14)

Here the summation is performed over non-ordered collections of clusters {Γ_1, ..., Γ_n} ≠ ∅ for which Γ^∗_i ∩ Γ^∗_j = ∅ whenever i ≠ j.

As soon as the the cluster representation for Z_T is established, the existence of the weak limit measure μ := lim_{T →∞} μ_T follows by the cluster estimates below and the general arguments of [9], Chapter 3.

4 Cluster estimates

The first crucial estimate for the cluster expansion is given by

Proposition 4.1 For every cluster Γ we have the bound |K_Γ| ≤ ∏ ϱ∈Γ (c_1|λ|^{1/3})^{|ϱ̄|} ∏ γ∈Γ ∏ (τ_i,τ_j )∈γ c_2|λ|^{1/3} (|i − j − 1|b)^δ + 1 := E_Γ(λ, δ) (4.1)

with some constants c_1, c_2, Λ > 0 and exponent δ > 1.

The details of proof of Proposition 4.1 depend on the particular assumptions we make on the pair interaction potential. We give below the proof for the more complicated case and indicate how it becomes simpler for the other one.

4.1 Proof of cluster estimate

We start with potentials V and W satisfying to assumptions (A1) and (A2-1), respectively.

The cluster estimate (4.1) is based on the following generalized version of the Hölder inequality.

Lemma 4.2 Let (Y_i, Y_i, φ_i), i = 1, ..., n be a collection of probability spaces and take the product (Y, Y, φ) = ×^n_{i=1}(Y_i, Y_i, φ_i). Let {β_1, ..., β_m}, β_k ⊂ [1, ..., n] := N_n, be a collection of subsets of the interval N_n. Suppose {f_{βi} , i = 1, ..., m} are functions on (Y, Y, φ) measurable with respect to the sub-σ-field Y_{βk} = ×_{i∈βk} Y_i ⊂ Y. Furthermore, let {n_{β1} , ..., n_{βm} } be numbers larger than 1, i = 1, ..., m, such that for any i ∈ N_n ∑ β_k:i∈β_k 1 n_{βk} ≤ 1 (4.2)

Then | ∫ Y m∏ j=1 f_{βk} dφ| ≤ m∏ j=1 (∫ Y_{βk} |f_{βk} |^{nβ}k dφ_{βk} )_{1/nβk} (4.3)

with (Y_{βk} , φ_{βk} ) = ×_{i∈βk} (Y_i, φ_i).

For a proof see [4].

First we estimate the integrals in (3.13) for the X_{τk} under fixed q_0, ..., q_N . We take in the lemma above Y_i = C(τ_i, R^d ), i.e. the space of Brownian paths defined on interval τ_i with the field A_{τi} = Y_i, and dφ_i = dP_{τi} ( · |q_i, q_{i+1}), the conditional distribution on C(τ_i, R^d ) appearing in (3.12). Then we write β_k = (i, j) if (τ_i, τ_j) ∈ γ_l, γ_l ∈ Γ, and f_{βk} = e^{−λWτi,τj} − 1. Choose n_{βk} = n_{ij} = A|i − j|^Δ, with some α > Δ > 1 to be specified below, and A ∈ N such that ∑ β_k:i∈β_k 1 n_{βk} ≤ ∑ j: j≠i 1 n_{ij} = 1 A ∑ j: j≠i 1 |i − j|^Δ ≤ 2 A ∞∑ k=1 1 k^Δ ≤ 1 4 (4.4)

Then use Lemma 4.2 to get for any γ_l ∈ Γ, l = 1, 2, ... | ∫ ∏ (τ_i,τ_j )∈γ_l (e^{−λWτi,τj} − 1) N∏ i=0 dP_{τi} (X_{τi} |q_i, q_{i+1})| ≤ (4.5) ∏ (τ_i,τ_j )∈γ_l (∫ |e^{−λWτi,τj} − 1|^{nij} dP_{τi} (X_{τi} |q_i, q_{i+1})dP_{τj} (X_{τj} |q_j, q_{j+1}) )_{1/nij}

As a shorthand for ∫ |e^{−λWτi,τj} − 1|^{nij} dP_{τi} (X_{τi} |q_i, q_{i+1})|dP_{τj} (X_{τj} |q_j, q_{j+1}) (4.6) we write F_{ni,j} (q_i, q_{i+1}, q_j, q_{j+1}) if j > i + 1, and F_{ni,i+1} (q_i, q_{i+1}, q_{i+2}) if j = i + 1. Thus for Γ = {γ_1, ..., γ_r; ϱ_1, ..., ϱ_s}, |K_Γ| ≤ | ∫ N∏ k=0 dν_k(q_k) s∏ l=1 ∏ τ_k∈ϱ_l (g_b(q_{k+1}|q_k) − 1) × (4.7) × ∏ γ_l∈Γ ∏ (τ_i,τ_{i+1})∈γ_l ( F_{ni,i+1} (q_i, q_{i+1}, q_{i+2}) )_{1/ni,i+1} ∏ (τi,τj )∈γl j>i+1 ( F_{ni,j} (q_i, q_{i+1}, q_j, q_{j+1}) )_{1/nij} | follows. Now we apply again Lemma 4.2 to this integral. Take Y_i = R^d , dφ_i = dν, and pick β_k according to the following classes. Put β^{(2)}_k = {i, i + 1}, β^{(3)}_k = {i, i + 1, i + 2} and β^{(4)}_k = {i, i + 1, j, j + 1}, j > i + 1. Take, moreover, f_β(2)_k = g_b(q_{i+1}|q_i) − 1, f_β(3)_k = F_{ni,i+1} (q_i, q_{i+1}, q_{i+2}) and f_β(4)_k = F_{ni,j} (q_i, q_{i+1}, q_j, q_{j+1}). By choosing the corresponding Hölder exponents n_β(2)_k = 4, n_β(3)_k = A = n_{j,j+1}, and n_β(4)_k = A|j − i|^Δ, and applied with the correct multiplicities we have then by (4.4) 2 4 + 3 A + ∑ j;j>i+1 4 A|i − j|^Δ ≤ 1 2 + 4 A ∞∑ k=1 1 k^Δ

≤ 1 (4.8)

so Lemma 4.2 is applicable. We thus obtain |K_Γ| ≤ s∏ l=1 ∏ (τ_k∈ϱ_l (∫ |g_b(q_{k+1}|q_k) − 1|^4dν_{k+1}(q_{k+1})dν_k(q_k) )_{1/4} × (4.9) r∏ l=1 ∏ (τ_i,τ_{i+1})∈γ_l ( F_{ni,i+1} (q_i, q_{i+1}, q_{i+2})dν_i(q_i)dν_{i+1}(q_{i+1})dν_{i+2}(q_{i+2}) )_{1/A} × ∏ (τi,τj )∈γl j>i+1 ( F_{nij} (q_i, q_{i+1}, q_j, q_{j+1})dν_i(q_i)dν_{i+1}(q_{i+1})dν_j(q_j)dν_{j+1}(q_{j+1}) )_{1/nij}

We are going to estimate now each factor separately.

Lemma 4.3 For sufficiently large b > 0 there exist constants C > 0 and Λ > 0 independent of b such that |g_b(q|q^′) − 1| ≤ Ce^{−Λb} (4.10) uniformly in q, q^′.

Proof : As discussed in the previous section, for a potential V satisfying assumption (A1) the associated Schrödinger semigroup exp(−tH) is intrinsically ultracontractive. By the semigroup property e^{−bHν} = e^{−Hν} e^{−(b−2)Hν} e^{−Hν} we have then that |g_b(q|q^′) − 1| = | ∫ ∫ g_1(q|x)(g_{b−2}(x|y) − 1)g_1(y|q^′)dν(x)dν(y)| ≤ N^2_1 (∫ ∫ (g_{b−2}(x|y) − 1)^2dν(x)dν(y) )_{1/2}

= N^2_1 e^{−Λ(b−2)} ( 1 + ∞∑ n=2 e^{−2(En−E1)(b−2)} )_{1/2}

≤ Ce^{−Λb} (4.11)

By taking b large enough, C > 0 can be chosen independently of b. Here N_1 = ||e^{−Hν} ||_{2,∞}, E_0 < E_1 ≤ E_2 ≤ ... are the eigenvalues, and Λ = E_1 − E_0 is the spectral gap of H. We used that the integral ( ∫ ∫ (g_{b−2}(x|y) − 1)^2dν(x)dν(y))^{1/2} is the Hilbert-Schmidt norm of g_{b−2}(x|y) − 1, moreover that the infinite sum ∑ n e^{−(En−E1)t} converges for every t > 0; for details see [12]. 2 Next we deal with the second factor in (4.9). We have by (3.4) |e^{−λWτi,τi+1 (Xτi ,Xτi+1 )} − 1|^A ≤ ( |λ||W_{τi,τi+1} | )_A e^{|λ||Wτi,τi+1 |A} ≤ (4.12) (c_1b|λ|)^A (∫ τ_i X_{τi} (t)^2dt + ∫ τ_{i+1} X_{τi+1} (t)^2dt )_A e^{Ac1b|λ|(} R_{τi Xτi (t)2dt+}R_{τi+1 Xτi+1 (t)2dt)} with some c_1 > 0. By using (4.11) we get for sufficiently large b that |g_b(q|q^′) − 1| ≤ Ce^{−Λb} ≤ C^′ < 1, and thus g_b(q|q^′) ≥ C^{′′} > 0, with some C^′, C^{′′}. Hence we also obtain p_{ti,ti+1,ti+2} (q_i, q_{i+1}, q_{i+2}) = g_b(q_{i+1}|q_i)g_b(q_{i+2}|q_{i+1}) > const (4.13) where the bound is independent of q_i, q_{i+1}, q_{i+2} and b, and this leads to the estimate ∫ F_{ni,i+1} (q_i, q_{i+1}, q_{i+2}) p_{ti,ti+1,ti+2} (q_i, q_{i+1}, q_{i+2}) p_{ti,ti+1,ti+2} (q_i, q_{i+1}, q_{i+2})dν(q_i)dν(q_{i+1})dν(q_{i+2}) ≤ const (|λ|b)^AE_P [ (∫_{2b} 0 X^2_t dt )_A e^{Ac1b|λ|} R_{2b0 X2t dt] (4.14)}

Take now the case j > i + 1 and write for a shorthand I_j(X) = ∫ τ_j X 2 t dt. By using (3.4) we arrive at

|F_{nij} (q_i, q_{i+1}, q_j, q_{j+1})| ≤ (4.15) ∫ ( |λ|c_1b (I_i(X) + I_j(X)) (|i − j − 1|b)^α + 1 )_{nij} e c1b|λ|nij (Ii(X)+Ij (X)) (|i−j−1|b)α+1 dPb(Xτ i |q_i, q_{i+1})dP_b(X_{τj} |q_j, q_{j+1}) ≤ 1 2 ( 2|λ|C_1b (|i − j − 1|b)^α + 1 )_{nij} × × [ ∫ I_i(X)^{nij} e^{|λ|bIi(X)}dP_b(X_{τi} |q_i, q_{i+1}) ∫ e^{|λ|bIj (X)}dP_b(X_{τj} |q_j, q_{j+1}) + + ∫ I_j(X)^{nij} e^{|λ|bIj (X)}dP_b(X_{τj} |q_j, q_{j+1}) ∫ e^{|λ|bIi(X)}dP_b(X_{τi} |q_i, q_{i+1})] Here we used the notation

D = max{Ac_1, c_1n_{ij} (|i − j − 1|b)^α + 1 = c_1A|i − j|^Δ (|i − j − 1|b)^α + 1 } < ∞ (4.16)

and the inequality for any x_1, x_2 ≥ 0, n ≥ 1 (x_1 + x_2)^n ≤ 2^{n−1}(x^n_1 + x^n_2 ) (4.17) Thus for j > i + 1 we obtain ∫ F_{nij} (q_i, q_{i+1}, q_j, q_{j+1})dν(q_i)dν(q_{i+1})dν(q_j)dν(q_{j+1}) ≤ (4.18)

const ( 2|λ|c_1b (|i − j − 1|b)^α + 1 )_{nij} E_P [( ∫_b 0 X^2_t dt)^{nij} e^{|λ|Db} R_{b0 X2t dt] E P [e|λ|Db} R_{b0 X2t dt]}

The constant prefactor comes about by dividing and multiplying with the densities as in the estimate leading up to (4.14).

We now turn to estimating the P -averages appearing above. Consider the complex function h with parameter m ∈ R

h(z; m) = E_P [e^z

R_{m0 X2t dt] =}^∞∑ n=0 z^n n! E_P [( ∫_m 0 X^2_t dt)^n] (4.19)

for z ∈ C . We have

E_P [( ∫_m 0 X^2_t dt)^n] ≤ m^{n−1}E_P [ ∫_m 0 X^{2n}_t dt] (4.20) = m^n ∫ R^d |x|^{2n}dν(x) ≤ m^nc ∫ R^d |x|^{2n}e^{−ϵ|x|s+1/(s+1)}dλ^d(x) = 2m^nC_d s + 1 ( s + 1 ϵ )_{(2n+d)/(s+1)} Γ ( 2n + d s + 1 )

Here C_d > 0 is a constant dependent on the dimension coming from integrating over d − 1 angular coordinates, and in the inequality above we used the bound for the ground state

|ψ_0(x)|^2 ≤ ce^{−ϵ|x|s+1/(s+1)} (4.21)

with appropriate constants c, ϵ > 0, see [4]. From here and an application of Stirling’s formula to the Gamma-function it follows that h(z; m) is an entire function of order (s + 1)/(s − 1) [7], and |h(z; m)| ≤ c_1e^{c2(m|z|)(s+1)/(s−1)} (4.22) with appropriate constants c_1, c_2 > 0. Thus E_P [e^{|λ|Db} R_{kb0 X2t dt] ≤ c1ec2(kb2|λ|D)(s+1)/(s−1) (4.23)} for both k = 1 and k = 2. By (4.22) we get also

E_P [( ∫_{kb} 0 X^2_t dt)^ne^{|λ|Db} R_{kb0 X2t dt] =}^(_dn dz^n h(z; kb) ) z=|λ|Db = n! 2πi ∫ |ϖ−|λ|Db|=b √_{|λ|} h(ϖ; kb) (|λ|Db − ϖ)^{n+1} dϖ ≤ c_1n! (|λ|b^2)^{n/2} e^{c2(kb(|λ|Db+b} √_{|λ|))(s+1)/(s−1)}

≤ c_1n! (|λ|b^2)^{n/2} e^{c̄2(b2} √_{|λ|)(s+1)/(s−1)} (4.24) for both k = 1 and k = 2. In the latter bound we used that |λ| is small enough. Combining (4.14) with (4.24) we find (since b > 1) (∫ F_{ni,i+1} (q_i, q_{i+1}, q_{i+2})dν(q_i)dν(q_{i+1})dν(q_{i+2}) )_{1/A} ≤ B √ |λ|e^{c̄2(b2} √_{|λ|)(s+1)/(s−1)} (4.25)

where B > 0 is a constant. Similarly, by putting together (4.18), (4.23) and (4.24) we find (∫ F_{nij} (q_i, q_{i+1}, q_j, q_{j+1})dν_(q_i)dν(q_{i+1})dν(q_j)dν(q_{j+1}) )_{1/nij} ≤ (4.26)

c_1 √ |λ|(n_{ij}!)^{1/nij} (|i − j − 1|b)^α + 1 e^{c2(b2} √_{|λ|)(s+1)/(s−1)} ≤ B̄b^2 √ |λ| |i − j|^Δ (|i − j − 1|b)^α + 1 e^{c2(b2} √_{|λ|)(s+1)/(s−1)}

with some constant B̄ > 0. Take Δ > 1 such that δ := α − Δ > 1. Finally, choose b = 1 3Λ log 1 |λ| (4.27)

From Lemma 4.3 we then have s∏ l=1 ∏ τ_k∈ϱ_l (∫ |g_b(q_{k+1}|q_k) − 1|^4dν_{k+1}(q_{k+1})dν_k(q_k) )_{1/4} ≤ s∏ l=1 (Ce^{−Λb})^{|ϱ̄l|} (4.28)

≤ s∏ l=1 (c_1|λ|^{1/3})^{|ϱ̄l|}

with |ϱ̄_l| denoting the number of intervals τ_k ∈ ϱ_l. Thus moreover b^2 √ |λ| ≤ |λ|^{1/3} for small |λ|. This and estimates (4.25), (4.26) and (4.28) combined complete then the proof of Proposition 4.1. 2 For pair potentials of type (A2-2) the proof becomes simpler. In particular, Lemma 4.3 holds unchanged, and the estimates following (4.9) become more straightforward as the pair potential is uniformly bounded in the path.

4.2 Convergence of the cluster expansion The second fundamental estimate leading up to the proof of Theorem 2.1 and based on (4.1) is

Proposition 4.4 There is a constant c > 0 independent of λ, and a number 0 < η(λ) < 1 (with η → 0 as λ → 0) such that ∑ Γ:Γ∗∋0 |Γ̄|=n |K_Γ| ≤ c η^n (4.29)

Proof : In this section we put for a shorthand

ε = c_1|λ|^{1/3} and D(γ) = ∏ (τ_i,τ_j )∈γ ε |i − j − 1|^δ + 1 (4.30)

Consider the complex function H(z; λ) = ∑ Γ:Γ^∗∋0

K_Γz^{|Γ̄|} = ∑ Γ:Γ∗∋0 Γ⊃ one contour

K_Γz^{|Γ̄|} + ∑ Γ:Γ∗∋0 Γ⊃ more than one contour

K_Γz^{|Γ̄|} (4.31)

We show that for sufficiently small |λ| this is an analytic function of z in a large circle of radius R(λ), with R(λ) → ∞ as λ → 0. Moreover, we show that within this circle H(z; λ) is uniformly bounded in λ. This will then imply (4.29) by choosing η(λ) = 1/R(λ).

Let us start by estimating the second sum. Let V = {γ_1, ..., γ_r}, r ≥ 2 be a collection of pairwise disjoint contours. We view V as a fixed vertex set and consider all possible connected graphs G associated with it. Then by Proposition 4.1 the estimate becomes | ∑ Γ:Γ∗∋0 Γ⊃ more than one contour

K_Γz^{|Γ̄|}| ≤ (4.32) ∑ r≥2 ∑ {γ_1,...,γr} ∑ G ∑ s≥0 ∑ {ϱ̂1,...,ϱ̂s} compatible with G and 0 ∈ ∪iγ�i ∪ ϱ̂�i r∏ i=1 ((|z|(1 + ε |z|))^{|γ̄i|}D(γ_i) s∏ j=1 (ε |z|)^{|^̄ϱj |}

The sum over G is meant to be taken over all connected graphs with vertex set V and set of edges {(γ_i, γ_j) : γ_i, γ_j ∈ G; i, j = 1, ..., r}; connected graphs are those for which either γ^∗_i ∩ γ^∗_j = ∅ or there exists ϱ_l ∈ Γ such that ϱ^∗_l ∩ γ^∗_i ≠ ∅ ≠ ϱ^∗_l ∩ γ^∗_j . We denoted by {ϱ̂_1, ..., ϱ̂_s} the collection of chains satisfying to the conditions below:

1. for every pair (γ_i, γ_j) ∈ G, γ^∗_i ∩ γ^∗_j = ∅, there is at least one chain ϱ̂_l of this collection connecting γ_i and γ_j (i.e. ^̄ϱ_l ∩ γ̄_i = ∅ = ^̄ϱ_l ∩ γ̄_i and ϱ̂^∗_l ∩ γ^∗_i ≠ ∅ ≠ ϱ̂^∗_l ∩ γ^∗_j ), and for any pair (γ_i, γ_j) ∉ G such a chain does not occur;

2. the sets ∪_iγ̄_i and ∪_j^̄ϱ_j are disjoint, and ∪_j{∂^−ϱ̂_j, ∂^+ϱ̂_j} ⊂ ∪_iγ^∗_i ;

3. 0 ∈ (∪_iγ^∗_i ) ∪ (∪_jϱ̂^∗_j );

4. each chain ϱ̂_k connects some pair (γ_i, γ_j) ∈ G (we refer to this event by γ_i ↔ γ_j), or fills a gap within some contour γ_i (referred to as γ_i ↔ γ_i).

Note that each ϱ̂ can join only one pair of contours. The collection {ϱ̂_1, ..., ϱ̂_s} of chains is then constructed in the following way:

1. first remove all chains ϱ_l ∈ Γ for which ϱ̄_l ⊂ ∪^r_{i=1}γ̄_i;

2. for all remaining chains ϱ_k ∈ Γ, ϱ̄_k ⊄ ∪^r_{i=1}γ̄_i remove all intervals from the set ϱ̄_k ∩ (∪^r_{i=1}γ̄_i);

3. of the remaining intervals form all possible collections of nonempty chains denoted by {ϱ̂_1, ..., ϱ̂_m}. Note that for fixed {γ_1, ..., γ_r} the collection {ϱ̂_1, ..., ϱ̂_m} can be obtained from many possible collections of chains {ϱ_1, ..., ϱ_s}. This fact accounts for the factor (1+ε |z|)^{|γ̄|} appearing at the right hand side of (4.32).

Thus we get that for any graph G with vertex set V ∑ s ∑ {ϱ̂1,...,ϱ̂s} compatible with G and 0 ∈ ∪iγ�i ∪ ϱ�i s∏ j=1 (ε |z|)^{|^̄ϱj |} ≤ ∏ (γ_i,γ_j )∈G f_2(γ_i, γ_j) ∏ γ_i∈V f_1(γ_i)(ε |z|)^{dist(0,{γ})/3} (4.33) with dist(0, {γ_i}) = min_i dist(0, γ_i), dist(0, γ) = min_{τ∈γ} dist(0, τ), and dist(0, τ_i) = N/2 − i − 1 if N/2 − 1 ≥ i, and dist(0, τ_i) = i − N/2 if N/2 ≤ i (remember, N is even). Moreover

f_2(γ_i, γ_j) = ∑ {ϱ̂1,...,ϱ̂s′ }γi↔γj (∪k^̄ϱk)∩(γ̄i∪γ̄j )=∅

s^′∏ l=1 (ε |z|)^{2|^̄ϱl|/3} (4.34)

f_1(γ_i) = ∑ {ϱ̂1,...,ϱ̂s′′ }γi↔γi (∪k^̄ϱk)∩γ̄i=∅

s^{′′}∏ l=1 (ε |z|)^{2|^̄ϱl|/3} (4.35)

In case no such collections of chains appear we put

f_2(γ_i, γ_j) = 1 (4.36)

In (4.33) we also used that 0 ∈ (∪^s_{l=1}ϱ̂^∗_l ) ∪ (∪_iγ^∗_i ) and ∑_s l=1 |^̄ϱ_l| ≥ dist(0, {γ_i}).

Lemma 4.5 For every collection of disjoint contours {γ_1, ..., γ_r}, r ≥ 2 we have the estimate ∑ G ∏ (γ_i,γ_j )∈G f_2(γ_i, γ_j) ≤ 2P^{ri=1 |γ̄i|} ∑ T ∏ (γ_i,γ_j )∈T f_2(γ_i, γ_j) (4.37)

Here the sum at the right hand side is taken over all trees T constructed by using the vertex set V.

Proof : Use Lemma 8 in Chapter 2, Section 4 of [9] to get ∑ G ∏ (γ_i,γ_j )∈G f_2(γ_i, γ_j) ≤ ∏ (i,j) (1 + f_2(γ_i, γ_j)) ∑ T ∏ (γ_i,γ_j )∈T f_2(γ_i, γ_j) (4.38)

The product ∏ (i,j) is taken over all pairs (i, j), i, j = 1, ..., r.

For every pair (γ_i, γ_j) denote by σ^{(i,j)}_1 , ..., σ^{(i,j)}_m , m = m(i, j) the chains of ‘free’ intervals adjacent to some interval in γ̄_i respectively γ̄_j. We have then

1 + f_2(γ_i, γ_j) = ∑ S⊂[1,...,m] ∏ l∈S (ε |z|)^{2|σ(i,j)l |/3} = m(i,j)∏

k=1 (1 + (ε |z|)^{2|σ(i,j)k |/3}) ≤ 2^{m(i,j)} (4.39) whenever ε |z| ≤ 1. From here ∏ j≠i_0 (1 + f_2(γ_{i0} , γ_j)) ≤ 2 P_{j≠i0 m(i0,j) ≤ 22|γ̄i0 | (4.40)} since the number of chains adjacent to contour γ_0 does not exceed twice the number of intervals in γ_0. In the case (4.36) 1 + f_2(γ_i, γ_j) = 2, but estimate (4.40) above stays valid. (4.38) and (4.40) then imply the lemma. 2 In a similar way we prove also that r∏ i=1 f_1(γ_i) ≤ 2P^{i |γ̄i|} (4.41)

Denote dist(γ, γ^′) = min_{τ∈γ,τ} ′_{∈γ}′ dist(τ, τ^′), dist(τ_i, τ_j) = |j − i − 1|, j ≥ i. For every collection {ϱ̂_1, ..., ϱ̂_s′ } entering the sum in f_2(γ_i, γ_j) we have s^′∑ l=1 |ϱ̄_l| ≥ dist(γ_i, γ_j) (4.42)

From here we have f_2(γ_i, γ_j) ≤ (ε |z|)^{dist(γi,γj )/3}f̃_2(γ_i, γ_j) (4.43)

where f̃_2 is defined similarly to f_2 with (ε |z|)^{2/3} replaced by (ε |z|)^{1/3}. Repeating the arguments from the proof of Lemma 4.5 and estimates (4.41) and (4.43) we get for any tree T ∏ (γ_i,γ_j )∈T f_2(γ_i, γ_j) r∏ i=1 f_1(γ_i) ≤ 2^4 P^{ri=1 |γ̄i|} ∏ (γ_i,γ_j )∈T (ε |z|)^{dist(γi,γj )/3} (4.44)

Thus we arrive at the estimate ∑ Γ:Γ∗∋0 Γ⊃ more than one contour

|K_Γ||z|^{|Γ̄|} ≤ (4.45) ∞∑ r=2 ∑ {γ_1,...,γr} r∏ i=1 (16|z|(1 + ε |z|))^{|γ̄i|}D(γ_i)(ε |z|)^{dist(0,{γi})/3} ∑ T ∏ (γ_i,γ_j )∈T (ε |z|)^{dist(γi,γj )/3}

Next we pass to summation over trees. First, we take the trees constructed from the vertex set {1, ..., r} obtained through γ_k → k, ∀k = 1, ..., r, and denote them by T̃ . Then we resum in (4.45):

r.h.s. (4.45) ≤ (4.46) ∑ r≥2 1 r! ∑ T̃ ∑ (γ_1,...,γr) r∏ i=1 (16|z|(1 + ε |z|))^{|γ̄i|}(ε |z|)^{dist(0,{γi})/3}D(γ_i) ∏ (i,j)∈T̃ (ε |z|)^{dist(γi,γj )/3}

The third sum here is performed over all ordered collections of contours {γ_i} such that γ̄_i ∩ γ̄_j = ∅ whenever i ≠ j. Since (ε |z|)^{dist(0,{γi})/3} ≤ r∑ i=1 (ε |z|)^{dist(0,γi)/3} (4.47)

we get that the right hand side of (4.46) is less than ∞∑ r=2 1 r! ∑ T̃ r∑ i_0=1 ∑ {γ_1,...,γr} r∏ i=1 (16|z|(1 + ε |z|))^{|γ̄i|}(ε |z|)^{dist(0,γi0 )/3}D(γ_i) ∏ (i,j)∈T̃ (ε |z|)^{dist(γi,γj )/3} (4.48) Fix T̃ and i_0, and estimate first ∑ {γ_1,...,γr} r∏ i=1 (16|z|(1 + ε |z|))^{|γ̄i|}D(γ_i) ∏ (i,j)∈T̃ (ε |z|)^{dist(γi,γj )/3} (4.49)

Let j_0 ≠ i_0 be an extremal vertex of tree T̃ being joint only with vertex k_0. Then ∑ γ_{j0} (16|z|(1 + ε |z|))^{|γ̄j0 |}D(γ_{j0} )(ε |z|)^{dist(γk}0^{,γj0 )/3} ≤ (4.50) ∑ τ^{′′}∈γ̄_{k0} ∑ γ_{j0} ∑ τ^′∈γ̄_{j0} (ε |z|)^{dist(τ ′,τ ′′)/3}(16|z|(1 + ε |z|))^{|γ̄j0 |}D(γ_{j0} ) ≤ ∑ τ^{′′}∈γ̄_{k0} ∑ τ^′ (ε |z|)^{dist(τ ′,τ ′′)/3} ∑ γ_{j0} :τ^′∈γ̄_{j0} (16|z|(1 + ε |z|))^{|γ̄j0 |}D(γ_{j0} )

Here we used the estimate (ε |z|)^{dist(γ,γ′)/3} ≤ ∑ τ∈γ,τ^′∈γ^′ (ε |z|) dist(τ,τ^′)/3, obtained similarly

as in (4.47).

Lemma 4.6 There exists a constant C̄ > 0 such that for any interval τ and number k ≥ 2 ∑ γ:γ̄∋τ |γ̄|=k D(γ) ≤ (C̄ ε)^{k−1} (4.51)

Proof : ∑ γ:τ∈γ̄ |γ̄|=k D(γ) = ∑ τ_1,...,τ_k ∑ G ∏ (τ_i,τ_j )∈G ε |i − j − 1|^δ + 1 (4.52)

Here G = G(τ_1, ..., τ_k) denotes connected graphs with vertices τ_1, ..., τ_k. Note that for fixed i_0 ∑ τ_j :j≠i_0 ε |i_0 − j − 1|^δ + 1

= 2 ε +2 ∞∑ k=1 ε k^δ + 1

≤ 2 ε +2 ε ∞∑ k=1 1 k^δ ≤ C̄ ε (4.53) with some C̄ > 0. Thus by using (4.38) we find ∑ G ∏ (τ_i,τ_j )∈G ε |i − j − 1|^δ + 1 ≤ e^{kC̄ ε} ∑ T ∏ (τ_i,τ_j )∈T ε |i − j − 1|^δ + 1 (4.54)

Now order the collection {τ_1, ..., τ_k} to get further ∑ {τ_1,...,τ_k} ∑ T = 1 k! ∑ T̃ ∑ (τ_1,...,τ_k) ∏ (i,j)∈T̃ ε |i − j − 1|^δ + 1 (4.55)

At the right hand side the summation goes over all trees T̃ constructed on the vertices {1, ..., k}. By the same argument as before we then obtain ∑ (τ_1,...,τ_k) ∏ (τ_i,τ_j )∈T ε |i − j − 1|^δ + 1 ≤ (C̄ ε)^{k−1} (4.56)

Since the number of trees having k vertices is k^{k−2} [9], by using Stirling’s formula, (4.54) and (4.55) we get the result. This completes the proof of the lemma. 2 From (4.51) we obtain that (4.50) is less than ∑ τ^{′′}∈γ̄_{k0} ∑ τ^′ (ε |z|)^{dist(τ ′,τ ′′)/3} ∞∑ k=2 (16|z|(1 + ε |z|))^k(C̄ ε)^{k−1} ≤ (4.57)

|γ̄_{k0} | 16C̄ ε |z|(1 + ε |z|)^2 (1 − (ε |z|)^{1/3})(1 − 16C̄ ε |z|(1 + ε |z|)) From now on we choose z such that 16C̄ ε |z|(1 + ε |z|) < 1.

Next we go on by taking the next vertex of T̃ , say j_1 ≠ i_0 connecting with k_1 (that is, we repeat the procedure for the new tree obtained by deleting from T̃ the vertex j_0 and edge (j_0, k_0). If j_1 ≠ k_0, we get again an estimate of the type (4.57). If j_1 = k_0, then we estimate ∑ τ^{′′}∈γ_{k1} ∑ τ^′ (ε |z|)^{dist(τ ′,τ ′′)/3} ∑ γ_{j1} :τ^′∈γ |γ̄_{j1} |(16|z|(1 + ε |z|))^{|γ̄j1 |}D(γ) ≤ 2|γ̄_{k1} | 1 − (ε |z|)^{1/3} ∞∑ k=2 (16|z|(1 + ε |z|))^kk(C̄ ε)^{k−1} Continuing this procedure inductively we get that after summation over γ_{jm} , j_m ≠ i_0, connected with γ_{km} , that its net contribution is 2|γ̄_{km} | 1 − (ε |z|)^{1/3} ∞∑ k=1 (16|z|(1 + ε |z|))^kk^{ljm −1}(C̄ ε)^{k−1} ≤ 2|γ_{km} | 1 − ε |z| ∞∑ k=2 (Ĉ|z|)^kk^{ljm −1}(C̄ ε)^{k−1}

≤ const |γ_{km} |Ĉ|z| ∞∑ k=2 (C̃ ε |z|)^{k−1}k^{lj1 −1} where l_{jm} is the degree of vertex j_m, i.e. the number of edges of T̃ incident to j_m, and C̃ = C̄Ĉ.

Lemma 4.7 We have the bound ∞∑ k=2 (C̃ ε |z|))^{k−1}k^m ≤ 2^mC̃e ε |z|m! 1 − C̃e ε |z| (4.58)

Proof : With the notation x = − ln(C̃ ε |z|) to be used below we have ∞∑ k=2 (C̃ ε |z|)^{k−1}k^m ≤ 2^m ∞∑ k=1 (C̃ ε |z|)^kk^m

= 2^m(− d dx )^m ∞∑ k=1 e^{−kx} = 2^m m! 2πi ∫ |x−ϖ|=1 e^{−ϖ} 1 − e^{−ϖ} dϖ (ϖ − x)^{m+1} ≤ 2^mC̃ ε |z|em! 1 − C̃e ε |z| (4.59)

In the first inequality above the bound k + 1 ≤ 2k for k ≥ 1, and in the second equality Cauchy’s integral formula has been used. 2 By using Lemma 4.7 above we estimate (4.49) further for fixed γ_{i0} and T̃ ∑ γk: k≠i0 k=1,...,r ∏ (i,j)∈T̃ (ε |z|)^{dist(τi,τj )/3} ∏ i≠i_0 D(γ_i)(16|z|(1 + ε |z|))^{|γ̄i|} ≤

|γ̄_{i0} |^{li0} ∏ k≠i_0 2^{lj}k (l_{jk} − 1)! (k_3 ε |z|^2)^{r−1}

where we used that ε |z| ≤ 1/(C̃e). Thus we need to estimate (see (4.48)) ∑ γ_{i0} |γ̄_{i0} |^{li0} D(γ_{i0} )(16|z|(1 + ε |z|))^{|γi0 |}(ε |z|)^{dist(0,γi0 )/3} ≤ ∑ τ_k (ε |z|)^{dist(0,τ)} ∑ γ_i:τ∈γ_{i0} |γ̄_{i0} |^{li0} D(γ_{i0} )(16|z|(1 + ε |z|))^{|γi0 |}

By repeating the arguments above we get ∑ γ_{i0} :τ∈γ_{i0} |γ̄_{i0} |^{li0} D(γ_{i0} )(16|z|(1 + ε |z|))^{|γi0 |} ≤ ∞∑ k=2 k^{li0} (C̄ ε)^{k−1}(16|z|(1 + ε |z|))^k ≤ k̄_32^{li0} l_{i0} ! ε |z|^2

Summation over τ gives ∑ τ (ε |z|)^{dist(0,τ)} ≤ const (4.60) hence we finally obtain for fixed T̃ and i_0

2^{li0} l_{i0} ! ∏ j_k≠i_0 2^{lk} (l_{jk} − 1)!c(k_3 ε |z|^2)^{r−1} ≤ c(2^2k_3 ε |z|^2)^{r−1} r∏ k=1 l_{jk} !

where we used the fact that ∑_r k=1 l_{jk} = 2(r − 1) holding for trees. An upper bound of the number of trees with vertices {1, ..., r} and incidence numbers {l_1, ..., l_r} is [9]

2^{r−2}(r − 2)! ∏_r j=1 l_j!

(4.61)

Moreover we have that the number of collections {l_1, ..., l_r} such that l_i > 0 and ∑ i l_i = 2(r − 1) is bounded from above by 2^{2(r−1)}. By summing over i_0 and putting this estimate together with (4.61), we get ∑ Γ:Γ∗∋0 Γ⊃ more than one contour

K_Γ|z|^{|Γ̄|} ≤ c ε |z|^2 (4.62)

with some constant c > 0.

Note that the first term appearing in (4.31) can be handled in a similar way than the one leading up to Lemma 4.6, and the same result is obtained. We see then that by choosing z such that ε |z|^2 ≤ const, the sum ∑ Γ K_Γz^{|Γ̄|} converges and is bounded. Hence we get that H(z) is an analytic function within a circle of radius R(λ) with R(λ) → ∞ as λ → 0, and is bounded by a constant independent of λ. Thus ∑ Γ:Γ∗∋0 |Γ̄|=n |K_Γ| ≤ const R(λ)^{−n} := const η(λ)^n (4.63)

with appropriate constants. This completes the proof of Proposition 4.4 and thus of Theorem 2.1. 2

5 Typical path behaviour

An important aspect of the problem is to understand what a typical path configuration looks like under the Gibbs measure. This is answered by the following theorem

Theorem 5.1 With μ-probability 1 we have

|X_t| ≤ (C log |t| + 1)^{1/(s+1)} + Q(X) (5.1)

with a suitable number C > 0 and a functional Q(X), independent of t.

The strategy of proving Theorem 5.1 is to transfer the typical behaviour for the reference process to the level of the Gibbs measure.

Lemma 5.2 Take an arbitrary a > 0. Then there exist C > 0 and θ > 0 such that P ( {X ∈ X : max_{0≤t≤1} |X_t| ≥ a} ) ≤ C e^{−θa} (5.2)

Proof : For the reference process we have the Dirichlet operator on L^2(R^d , dν)

Lf = −Δf + 2(∇ log ψ_0, ∇f) (5.3)

The corresponding Dirichlet form is E(f, f) = − ∫ fΔfdν + 2 ∫ f(∇ log ψ_0, ∇f)dν (5.4)

Now, by using Lemma 1.12 in [6] we have for an arbitrary function f ∈ L^2(dν) and every N > 0 P ( {X ∈ X : max_{0≤t≤1} |f(X_t)| ≥ N} ) ≤ 3 N √ E(f, f) + (f, f) (5.5)

Choose f in the form of convolution f := f_a = 1_{{x∈}Rd_{:|x|≥a}} ∗ φ (5.6) by picking a mollifier φ (with ||φ||_∞ < ∞) such that the edges of the indicator function become smooth enough so that the above convolution falls in the domain of L. The mollifier can be chosen so that the smoothing actually takes place around some sphere S(a) of radius a centred at the origin. More precisely, we choose it such that with a suitable ε > 0 we have f_a(x) = 1 for x ∈ R^d r S(a + ε), f_a(x) = 0 for x ∈ S(a − ε), and f_a is some smooth enough function f̃_a otherwise. Denote these three domains by I, II and III, respectively. Moreover, put N = 1 in (5.5); this corresponds to the situation of the path having gone beyond the given level set some time within the given time interval. Thus

P ( max_{0≤t≤1} |X_t| ≥ a) ≤ 3 √ ||f_a||^2_{L2(dν)} + (f_a, Lf_a)_L2_{(dν)} (5.7)

We have ||f_a||^2_L2_{(dν)} = ∫ f^2_a (x)ψ^2_0(x)dλ = ∫ I ψ^2_0(x)dλ + ∫ III f̃^2_a (x)ψ^2_0 (x)dλ (5.8)

By using the bound (4.21) of the ground state, we estimate (and similarly for III) ∫ I ψ^2_0(x)dλ ≤ ce^{−θa1/(s+1)} (5.9)

where c, θ > 0 are independent of a. On the other hand since f̃_a is smooth enough and max_{III} {|∇f̃_a|, |Δf̃_a|, Δf̃^2_a } ≤ m < ∞, we get (f̃_a, Lf̃_a) ≤ c^′e^{−θa1/(s+1)} (5.10)

with suitable c^′ > 0. A similar estimate is obtained also for the other two domains. 2 Theorem 5.1 will be proven once we will have shown

Lemma 5.3 Suppose there exist some numbers c, θ > 0 such that for any a > 0 P ({X ∈ X : max_{0≤t≤1} |X_t| ≥ a}) ≤ c e^{−θa1/(s+1)} (5.11) Then there exist c^′ > 0 and θ^′ > 0 such that for any a > 0 μ({X ∈ X : max_{0≤t≤1} |X_t| ≥ a}) ≤ c^′e^{−θ′a1/(s+1)} (5.12) Proof : Note that μ({X ∈ X : max_{0≤t≤1} |X_t| ≥ a}) = ∫ χ_a(X)dμ(X) := M(a) (5.13)

where χ_a(X) = { 0 if max_{0≤t≤1} |X_t| < a 1 if max_{0≤t≤1} |X_t| ≥ a

(5.14)

On the other hand

M(a) = lim_{T →∞} ∫ e^{−λ} R_{T−T} R_{T−T W (Xt,Xs,t−s)dtdsχa(X)d P(X)} ∫ e^{−λ} R_{T−T} R_{T−T W (Xt,Xs,t−s)dtdsd P(X)} := lim_{T →∞}^{ZT (χa)}_{ZT} (5.15) Here P is the measure introduced by (3.12). By the cluster expansion we have

Z_T (χ_a) = E_P [χ_a](1 + ∑ r≥1 ∑ Γ1,...,Γr Γ∗i ∩Γ∗j =∅, i≠j τN/2∉∪iΓ̄i

r∏ i=1 K_{Γi} )

+ ∑ Γ_0:Γ̄_0∋τ_{N/2}

E_P [κ^a_Γ](1 + ∑ n≥1 ∑ Γ1,...,Γr Γ∗i ∩Γ∗j =∅, i≠j Γ∗0∩(∪iΓ∗i )=∅

r∏ i=1 K_{Γi} )

= E_P [χ_a]Z^τ_T + ∑ Γ:Γ̄∋τ_{N/2} E_P [κ^a_Γ]Z^Γ_T (5.16)

where τ_{N/2} = [0, b] and κ^a_Γ = χ_aκ_Γ. Here Z^τ_T and Z^Γ_T mean the partition functions over [−T, T ] r τ_{N/2} and [−T, T ] r (Γ̄ ∪ Γ̄^∂), respectively. Here we denoted by Γ̄^∂ the union of intervals having a common time-point with intervals of Γ̄. From (5.16)

E_μ [χ_a] = E_P [χ_a] Z^{τT}Z_T + ∑ Γ_0:Γ̄_0∋τ_{N/2}

E_P [κ^a_{Γ0} ]

Z^{Γ0}_T Z_T (5.17)

follows. By general results in [9] the limits lim_{T →∞} Z^τ_T /Z_T respectively lim_{T →∞} Z^{Γ0}_T /Z_T exist, and moreover they are estimated by Z^τ_T Z_T < 2^3,

Z^{Γ0}_T Z_T ≤ 2^{|Γ̄0∪Γ̄∂0 |} ≤ 2^{3|Γ̄0|} (5.18)

The latter estimate comes from the fact that with every interval in Γ̄_0 at most two intervals from Γ̄^∂_0 can be connected. Hence

E_μ [χ_a] ≤ 2^3E_P [χ_a] + ∑ Γ_0:Γ̄_0∋τ_{N/2}

2^{3|Γ̄0|}E_P [κ^a_{Γ0} ] (5.19)

On the other hand we have

E_P [χ_a] = ∫ χ_a dP (X_{τ0} |q_0, q_1) g_b(q_0|q_1) g_b(q_0|q_1)dν(q_0)dν(q_1) ≤ const E_P [χ_a] (5.20)

where we used that g_b(q_1|q_0) ≥ const in the similar way as at Lemma 4.6. Furthermore,

E_P [κ^a_{Γ0} ] ≤ (E_P [χ_a])^{1/2} ( E_P [κ^2_{Γ0} ] )_{1/2} (5.21)

By the same arguments as in Section 4.3 before we obtain the bound ∑ Γ_0:Γ̄_0∋τ_{N/2}

E_P [κ^2_{Γ0} ]^{1/2} 2^{3|Γ̄0|} ≤ const (5.22)

with some constant. Hence we get that

E_μ [χ_a] ≤ const_1 E_P [χ_a] + const_2 E_P [χ_a]^{1/2} (5.23)

Lemma 5.2 then implies (5.12). 2 We have thus for the stationary measure μ that μ ( max n≤t≤n+1 |X_t| ≥ (k log n)^{1/(s+1)} ) ≤ const 1 n^{sθ′} (5.24)

Now choose k so that sθ^′ > 1. An application of the Borel-Cantelli lemma implies then that μ-almost surely |X(t)| ≤ (k log t)^{1/(s+1)} (5.25) for t ≥ T^∗, with T^∗ = T^∗(X) sufficiently large. Then put Q(X) = max_{|t|≤T} ∗ |X(t)|. This then completes the proof of the theorem. 2

Remark: It may be conjectured that a result similar to Theorem 5.1 can be obtained from the following fact proven in [1] on the reference measure. The set of paths satisfying

lim inf |t|→∞ |t|^δψ_0(X_t) > 0, ∀δ > 1 (5.26)

has P -measure 1. Then we expect that a similar property holds also for the Gibbs measure μ.

6 Some additional properties of Gibbs measures for bounded pair potentials

We devote this final section to proving some further properties of the Gibbs measure for (A2-2) type pair potentials. This case in particular covers Nelson’s scalar field model which is discussed further in [8, 2]. In the first subsection we discuss certain properties of the Gibbs measure like its single-time distributions, conditional distributions and covariances. In the second subsection we discuss its uniqueness separately for the cases of α > 2 with no restriction on the coupling constant, respectively α > 1 with sufficiently weak couplings.

6.1 Some further properties of the Gibbs measure Theorem 6.1 Consider the Gibbs measure μ on (X , A) for V satisfying assumption (A1) and W satisfying (A2-2). Then the following hold:

1. μ is invariant with respect to time shift and time reflection, i.e.

μ ∘ τ_t = μ, ∀t ∈ R, where (τ_sX)_t = X_{s+t} μ ∘ ϑ = μ, where (ϑX)_t = X_{−t}

2. The distributions φ_T of positions X_0 at time t = 0 generated μ_T are absolutely continuous with respect to ν, i.e. there exist C_1, C_2 ∈ R, independent of T and X such that C_1 ≤ d φ_T dν (q) ≤ C_2 (6.1)

for every q ∈ R^d and T > 0. Moreover lim_{T →∞}(d φ_T /dν)(q) = (d φ /dν)(q) exists pointwise.

3. The conditional distributions μ_T ( · |X_0 = q) converge locally weakly to μ( · |X_0 = q), for all q ∈ R^d.

4. For any bounded functions F^{(1)}, F^{(2)} on R^d we have the estimate on the covariance

cov_μ(F^{(1)}_s ; F^{(2)}_t ) = E_μ [F^{(1)}_s F^{(2)}_t ] − E_μ [F^{(1)}_s ] E_μ [F^{(2)}_t ]

| cov_μ (F^{(1)}_s ; F^{(2)}_t )| ≤ const sup |F^{(1)}_s | sup |F^{(2)}_t | |t − s|^β + 1 where β > 0, F^{(1)}_s := F^{(1)}(X_s), F^{(2)}_t := F^{(2)}(X_t), and the constant prefactor is independent of s, t and F^{(1)}, F^{(2)}.

Proof : (1) The invariance properties are obvious; they carry over from the reference process and the invariance properties of the pair interaction:

W_{[T1,T2]}(X) = W_{[T1+t,T2+t]}(τ^{−1}_t X) W_{[T1,T2]}(X) = W_{[−T2,−T1]}(ϑX) with arbitrary T_1 < T_2, t. Indeed, look at the measures μ_{[T1+t,T2+t]} and μ_{[−T2,−T1]}; since the limits T_1 → −∞, T_2 → ∞ yield the same measure μ, the statements follow.

(2) Notice that d φ_T dν (q) =

Z_T (q) Z_T (6.2)

where Z_T (q) = ∫ e^− R_{T−T} R_{T−T W (Xt,Xs,s−t)dsdtd PT (X|X0 = q) (6.3)} By the cluster expansion we obtain

Z_T (q) = 1 + ∑ n≥1 ∑ Γ1,...,Γn 0∉∪iΓ∗i n∏ i=1 K_{Γi} + ∑ Γ_0:0∋Γ^∗_0

K_{Γ0} (q)(1 + ∑ p≥1 ∑ Γ1,...,Γp Γ∗0∩(∪iΓ∗i )=∅ p∏ i=1 K_{Γi} ) (6.4)

The first term gives the contribution of all clusters disjoint from t = 0. In the second we take Γ_0 containing t = 0 and sum over all collections of clusters disjoint from Γ_0. The weight for Γ_0 is obtained like in (3.11) by integration with respect to all variables {X_{τi} } and {q_k} except for q_0 = q. Evidently, for all q ∈ R, estimate (4.1) for K_{Γ0} (q) stays true. Next we use the general representation for the logarithm of the partition function (see [9]):

log Z_T = ∑ n≥1 ∑ ηn:={Γ_1,...,Γn} D_{ηn} ∏ Γ∈ηn K_Γ (6.5)

The second summation is performed over all connected collections of n clusters. The coefficients D_η are such that (6.5) is absolutely convergent whenever the clusters satisfy estimate (4.1). Moreover, for any fixed m ∈ [−N, N] ∑ n≥1 ∑ ηn m∈η∗n |D_{ηn} | ∏ Γ∈ηn |K_Γ| ≤ C (6.6)

holds, with some number C > 0. (We denoted η^∗ = ∪_{Γ∈η}Γ^∗.) Let η^0 denote the collection of all possible Γ_0 containing the origin; the corresponding weights are K_{Γ0} . Hence we obtain from(6.5)

log Z_T (q) − log Z_T = ∑ n≥1 ∑ ηn:ηn∩η0≠∅ η∗n⊂[−N,N] D_{ηn} ∏ Γ∈ηn K̂_Γ − ∑ n≥1 ∑ ηn:ηn∩η0≠∅ η∗n⊂[−N,N] D_{ηn} ∏ Γ∈ηn K_Γ (6.7)

where K̂_Γ = { K_Γ if Γ^∗ ∌ 0 (Γ ∉ η^0) K_Γ(q) if Γ^∗ ∋ 0 (Γ ∈ η^0)

(6.8)

Clearly, ∑ n≥1 ∑ ηn:ηn∩η0≠∅ η∗n⊂[−N,N] D_{ηn} ∏ Γ∈ηn K̂_Γ = ∑ n≥1 ∑ ηn:η∗n∋0 η∗n⊂[−N,N] D_{ηn} ∏ Γ∈ηn K̂_Γ (6.9) and by (6.6) we get | ∑ n≥1 ∑ ηn:ηn∩η0≠∅ η∗⊂[−N,N] D_{ηn} | ∏ Γ∈ηn |K̂_Γ| ≤ C (6.10)

A similar estimate is obtained for the second term appearing in (6.7). Hence (6.1) follows.

The existence of the limit claimed in (2) follows by (6.7) and ∑ n≥1 ∑ ηn:ηn∩η0≠∅ η∗n⊂[−N,N] D_{ηn} ∏ Γ∈ηn K̂_Γ → ∑ n≥1 ∑ ηn:ηn∩η^0≠∅ D_{ηn} ∏ Γ∈ηn K̂_Γ as N → ∞ (6.11)

The convergence above comes about by combining (6.6) with (6.9). The second term in (6.7) can be treated completely similarly.

(3) The convergence of μ_T ( · |X_0 = q) to μ( · |X_0 = q) is proved in a similar way as the convergence of μ_T to μ was proven above. In this case K_Γ has to be changed for K̂_Γ, and as established before, K̂_{Γ0} (q_0) satisfies estimate (4.1).

(4) First note that for any bounded function F on R^d

E_μ [F_0] = E_ν [F_0]f_{{0}} + ∑ Γ_0:0∋Γ^∗_0

K_{Γ0} (F_0)f_{{Γ}∗_{0}} (6.12)

and K_{Γ0} (F_0) = E_P [F_0κ_{Γ0} ] (6.13)

where F_0 = F (X_0), see (3.11) and (3.13). Furthermore, f_A = lim_{T →∞} Z^A_T /Z_T , and is estimated as before like |f_A| ≤ 2^{|A|}. For A_1 ∩ A_2 = ∅ we moreover have

|f_{A1∪A2} − f_{A1} f_{A2} | ≤ const 2^{|A1|+|A2|} dist(A_1, A_2)^ζ

(6.14)

with some ζ > 0. This estimate can easily be obtained by the general results from [9]. Now we can write

E_μ [F^{(1)}_s F^{(2)}_t ] = E_ν [F^{(1)}_s ] E_ν [F^{(2)}_t ]f_{{s,t}} + ∑ Γ1 Γ∗1∋s,Γ∗1∌t E_P [F^{(1)}_s κ_{Γ1} ] E_ν [F^{(2)}_t ]f_{{t∪Γ}∗_{1 }} + ∑ Γ2 Γ∗2∋t,Γ∗2∌s E_ν [F^{(1)}_s ] E_P [F^{(2)}_t κ_{Γ2} ]f_{{s∪Γ}∗_{2}} + ∑ Γ1,Γ2:Γ∗1∩Γ∗2=∅ Γ1:Γ∗1∋s,Γ2:Γ∗2∋t E_P [F^{(1)}_s κ_{Γ1} ] E_P [F^{(2)}_t κ_{Γ2} ]f_{{Γ}∗_{1∪Γ}∗_{2}}

+ ∑ Γ:Γ^∗∋s,t E_P [F^{(1)}_s F^{(2)}_t κ_Γ]f_{{Γ}∗_}

From this formula and (6.12) we obtain

cov_μ(F^{(1)}_s ; F^{(2)}_t ) = E_ν [F^{(1)}_s ] E_ν [F^{(2)}_t ](f_{{s,t}} − f_{{s}}f_{{t}}) + ∑ Γ1 Γ∗1∋s,Γ∗1∌t E_ν [F^{(2)}_t ] E_P [F^{(1)}_s κ_{Γ1} ](f_{{t∪Γ}∗_{1 }} − f_{{t}}f_{{Γ}∗_{1}}) + ∑ Γ2 Γ∗2∋t,Γ∗2∌s E_ν [F^{(1)}_s ] E_P [F^{(2)}_t κ_{Γ2} ](f_{{s∪Γ}∗_{2}} − f_{{s}}f_{{Γ}∗_{2}}) + ∑ Γ1,Γ2:Γ∗1∩Γ∗2=∅ Γ∗1∋s,Γ∗2∋t E_P [F^{(1)}_s κ_{Γ1} ] E_P [F^{(2)}_t κ_{Γ2} ](f_{{Γ}∗_{1 ∪Γ}∗_{2}} − f_{{Γ}∗_{1}}f_{{Γ}∗_{2}})

+ ∑ Γ:Γ^∗∋s,t E_P [F^{(1)}_s F^{(2)}_t κ_Γ]f_{{Γ}∗_} − ∑ Γ_2:Γ^∗_2∋s,t

E_ν [F^{(1)}_s ] E_P [F^{(2)}_t κ_{Γ2} ]f_{{s}}f_{{Γ}∗_{2}} − ∑ Γ_1:Γ^∗_1∋s,t

E_ν [F^{(2)}_t ] E_P [F^{(1)}_s κ_{Γ1} ]f_{{t}}f_{{Γ}∗_{1}} − ∑ Γ1,Γ2:Γ∗1∩Γ∗2≠∅ Γ∗1∋s,Γ∗2∋t E_P [F^{(1)}_s κ_{Γ1} ] E_P [F^{(2)}κ_{Γ2} ]f_{{Γ}∗_{1 }}f_{{Γ}∗_{2}}

For estimating the first four terms at the r.h.s. of the above sum we use (6.14) together with the bound

|E_P [F^{(i)}κ_{Γi} ]| ≤ sup |F^{(i)}|

(diam Γ^∗)^{ζ′} + 1

E_{Γi} (δ^′, λ^′) (6.15)

i = 1, 2, where E_{Γi} (δ^′, λ^′) is the function appearing at the r.h.s. of estimate (4.1) with slightly modified entries (δ^′, λ^′ instead of δ, λ; δ^′ > 1) so that (4.29) still holds. Here ζ^′ = δ − δ^′ > 0, and we used in addition that 1 (diam Γ^∗)^{ζ′} + 1 1 dist(s, Γ^∗)^ζ + 1 ≤ 1 |s − t|^β + 1 (6.16)

whenever t ∈ Γ^∗ (and similarly for s ∈ Γ^∗), and 1 (diam Γ^∗_1)^{ζ′} + 1 1 (diam Γ^∗_2)^{ζ′} + 1 1 dist(Γ^∗_1, Γ^∗_2)^ζ ≤ 1 |s − t|^β + 1 (6.17)

for s ∈ Γ^∗_1, t ∈ Γ^∗_2, and β = min{ζ, ζ^′} > 0.

Next, in the fifth term above we used that diam Γ^∗ ≥ |t − s|, if s, t ∈ Γ^∗, and that

|E_P [F^{(1)}_s F^{(2)}_t κ_Γ]| ≤ sup |F^{(1)}_s | sup |F^{(2)}_t | E^Γ(δ^′, λ^′)

(diam Γ^∗)^{ζ′} + 1

(6.18)

For the remaining three terms in the sum above we apply the same argument. Thus for the full sum the corresponding bounds become

const sup |F^{(1)}_s | sup |F^{(2)}_t | |s − t|^β + 1 E_{Γ1} (δ^′, λ^′)E_{Γ2} (δ^′, λ^′) 2^{|Γ∗1|+|Γ∗2|} (6.19)

whenever s ∈ Γ^∗_1, t ∈ Γ^∗_2, respectively

const sup |F_1| sup |F_2| |s − t|^β + 1 E_Γ(δ^′, λ^′) 2^{|Γ∗|} (6.20)

s ∈ Γ^∗_1 or t ∈ Γ^∗_2 or s, t ∈ Γ^∗. Then by summing over Γ_1, Γ_2 respectively Γ, we finally obtain the similar results as in Section 4.3. 2

6.2 Uniqueness of the Gibbs measure

In this section we prove uniqueness of the Gibbs measure for two cases. One is for pair potentials of (A2-2) type with exponent α > 2 in which case we apply a general argument involving no restriction on the coupling constant. The other is for the same class of pair potentials with exponent α > 1 in which case we use cluster expansion and need to restrict to sufficiently small values |λ|.

First we deal with the α > 2 case. Consider μ_T ( · |Y ) given by dμ_T (X|Y ) = 1 Z_T (Y ) e^{−λWT (X|Y )}d P_T (X|Y ) (6.21) Here W_T (X|Y ) = W_T (X) + W^Y_T (X) (6.22)

is the interaction energy in configuration X ∈ X_{[−T,T ]} given the boundary configuration Y = Y^− ∪ Y^+, with Y^− ∈ X_{(−∞,−T ]} resp. Y^+ ∈ X_{[T,∞)}. W_T is as given by the integral in (3.1), and

W^Y_T (X) = 2 ∫_{−T} −∞ dt ∫_T −T ds W (Y^−_t , X_s, t − s) + 2 ∫_∞ T dt ∫_T −T ds W (Y^+_t , X_s, t − s) (6.23)

PT ( · |Y ) = PT ( · |Y^−_{−T} , Y^+_T ) is the conditional distribution of the reference measure for the given boundary condition Y which depends only on the positions attained at ±T since P is Markovian. ZT (Y ) is the partition function for μT ( · |Y ). It is easily checked that {μ_T ( · |Y )}, with Y ∈ C(R r [−T, T ], R^d ), 0 < T < ∞, is a compatible and regular family of conditional probability measures defining a specification in the sense of DLR theory. The limiting Gibbs measure μ on X is well defined also in DLR sense and it is consistent with this specification (see [5] for terminology and details).

Theorem 6.2 Suppose V is of (A1) class and W is of (A2-2) class with α > 2. Then whenever the Gibbs measure μ exists, it is unique in DLR sense.

Proof : We show that there exists a number L > 0 such that for any cylinder function f on C(R, R^d ) and any pair of Gibbs measures μ_1 and μ_2 consistent with (6.21)

E_{μ1} [f] ≤ L E_{μ2} [f] (6.24)

First we show that once having (6.24), uniqueness follows. Indeed, suppose that the set of Gibbs measures consistent with (6.21) contains at least two elements. Then, since the set of Gibbs measures consistent with a given specification is convex [5], by the Krein-Milman theorem it would then follow that at least two extremal Gibbs measures μ_1 ≠ μ_2 existed. Then some event E ∈ A would separate them (see [5]), i.e. we would have μ_1(E) = 1 and μ_2(E) = 0. Equivalently, for any ε > 0 a cylinder event E^′ would exist such that μ_1(E^′) > 1 − ε and μ_2(E^′) < ε. Now choose f above to be the indicator function of this event. Then putting ε < 1/(L + 1) would contradict (6.24).

We now turn to proving (6.24). By using estimate (2.2) with α > 2 it is easy to obtain that |W^Y_T (X)| ≤ c_1 (6.25) uniformly in T and in configurations X and Y , with some constant c_1 > 0. Now take T^′ = T − τ, with some τ > 0 to be specified later on. We take an arbitrary path X ∈ X and break it up into X̄_τ = X|_{[−T} ′_{,T} ′_], X^−_τ = X|_{(−T,−T} ′_) and X^+_τ = X|_{[T} ′_{,T ]}. We have then

W_T (X) = W_T ′ (X̄_τ ) + W^{X−τ ∪X+τ}_{T ′} (X̄_τ ) (6.26)

where in the second term integration is made over [−T, T ]^2 r [−T^′, T^′]^2 ⊂ R^2 using the pieces X^−_τ , X^+_τ of path X. Again, by estimate (2.2) we get |W^{X−τ ∪X+τ} T^′ (X̄τ )| ≤ c2τ (6.27)

uniformly in the pieces of X, with some c_2 > 0.

Lemma 6.3 There is a number M = M(τ) > 0 such that for any Y and T > 0 1 M ≤ Z_T (Y ) Z_T ′ ≤ M (6.28)

where Z_T ′ is defined by (2.8).

Proof : By (6.25) and (6.27) we obtain

Z_T (Y ) = ∫ e^{−λWT (X|Y )}d P_T (X|Y ) (6.29) ≤ e^{|λ|c1} ∫ e^{−λWT (X)}d P_T (X|Y ) ≤ e^{|λ|c1+|λ|c2τ} ∫ e^{−λWT ′ (X̄τ )}d P_T (X|Y )

Put for a shorthand q^± = (X̄_τ )_{±T} ′ , i.e. the positions of X̄_τ at the endpoints of the interval [−T^′, T^′]. Then by using the Markov property of the reference measure we have furthermore ∫ e^{−λWT ′ (X̄τ )}d P_T (X|Y ) = ∫ e^{−λWT ′ (X̄τ )}d P_T ′ (X̄_τ |q^−, q^+)g_τ (q^−|Y^−_{−T} )g_τ (q^+|Y^+_T )dν(q^−)dν(q^+) (6.30)

with g_τ as under (2.6). Using now (4.11) we get that 1 2 ≤ 1 − Ce^{−Λτ} ≤ g_τ (q^±|Y^±_{±T} ) ≤ 1 + Ce^{−Λτ} ≤ 2 (6.31)

for large enough τ. Fixing now such a τ we obtain by (6.29), (6.30) and (6.31) that

Z_T (Y ) ≤ 2e^{|λ|(c1+c2τ)}Z_T ′ (6.32)

Similarly, we get the converse inequality

Z_T (Y ) ≥ 1 2 e^{|λ|(c1+c2τ)}Z_T ′ (6.33)

(6.32) and (6.33) taken together imply then (6.28) with M = 2e^{|λ|(c1+c2τ)}. 2 Now we return to showing (6.24). Let f = f_T ′ be the cylinder function f_T ′ = f_T ′ (X|_{[−T} ′_{,T} ′_]). By using the DLR equation we obtain

E_{μ1} [f_T ′ ] = ∫ f_T ′ (X̄_τ )e^{−λWT (X|Y )} Z_T (Y ) d P_T (X|Y )dμ_1(Y ) ≤ M 1 Z_T ′ ∫ f_T ′ (X̄_τ )e^{−λWT (X|Y )}d P_T (X|Y )dμ_1(Y ) By the same arguments as above we obtain furthermore ∫ f_T ′ (X̄_τ )e^{−λWT (X|Y )}d P_T (X|Y )dμ_1(Y ) ≤ M ∫ f_T ′ (X̄_τ )e^{−λWT ′ (X̄τ )}d P_T ′ (X̄_τ ) (6.34)

and from here

E_{μ1} [f_T ′ ] ≤ M^2E_{μT ′} [f_T ′ ] (6.35)

This completes the proof of the theorem. 2 Now we turn to the α > 1 case.

Theorem 6.4 Suppose V is of class (A1) and W is of class (A2-2) with α > 1. Then for sufficiently small |λ| the limiting Gibbs measure μ is unique.

Proof : We consider the class of bounded local functions F_S on C(R, R^d ) indexed by finite intervals S ⊂ R (that is, F_S is measurable with respect to A_S). For the uniqueness of the Gibbs measure it suffices to prove that for any increasing sequence {T_n}, T_n → ∞, and any corresponding sequence of boundary conditions {Y_n}

lim_{n→∞} E_{μTn ( · |Yn)}[F_S] = E_μ [F_S] (6.36)

for arbitrary F_S of the above class. In order to show this we express the conditional expectations appearing above in terms of the cluster representation. We suppose without loss of generality that S consists of a finite union of intervals of the partition of [−T, T ].

From now on we follow the steps of the cluster expansion we explained in Sections 3 and 4 before. Take the same partition of the interval [−T, T ] into disjoint segments as before. The interaction energy can then be written as W_T (X|Y ) = ∑ 0≤i<j≤N W_{τi,τj} (X_{τi} , X_{τj} ) + ∑ 0≤i≤N−1 W^Y_{τi,T} (X_{τi} ) (6.37)

with the same notations as before, and with

W^Y_{τi,T} (X_{τi} ) = 2 ∫_T −∞ ds ∫ τ_i dt W (X_t, Y^−_s , s − t) + 2 ∫_∞ T ds ∫ τ_i dt W (X_t, Y^+_s , s − t) (6.38)

By (2.2) the estimate |W^Y_{τi,T} | ≤ Cb (dist(τ_i, [−T, T ]^c) + 1)^{α−1}

(6.39)

easily follows. (Here [−T, T ]^c = Rr[−T, T ] and dist(τ_k, [−T, T ]^c) = min{kb, (N −k−1)b}.) We fix the positions X_{t0} = Y^−_{−T} = q_0, X_{t1} = q_1, ..., X_{tN−1} = q_{N−1}, X_{tN} = Y^+_T = q_N . Similarly to (3.12) we introduce the auxiliary measure

d P^Y_T = N−1∏ k=0 e^{−W Yτ}k^{,T (Xk)} Z^T_{τk} (Y |q_k, q_{k+1}) dP_b(X_{τk} |q_k, q_{k+1}) N−1∏ k=1 dν_k(q_k) (6.40)

where Z^T_{τk} (Y |q_k, q_{k+1}) = E_{Pb ( · |qk,qk+1)} [ e^{−W Yτ}k^{,T (Xτk )} ] (6.41)

Also, for every cluster Γ we consider the function κ^Y_Γ defined similarly to (3.11) by changing the measure P_T for P^Y_T . If ±T ∉ Γ^∗ then κ^Y_Γ does not depend on Y . If −T ∈ Γ^∗ and/or T ∈ Γ^∗ then κ^Y_Γ depends on Y^−_{−T} = q_0 and/or Y^+_T = q_N , respectively. Next we define the weights like under (3.13):

K^Y_Γ = E_P Y_T [κ^Y_Γ ] (6.42) The partition function Z_T (Y ) can be expressed then similarly to (3.14) with these adapted objects. Since Lemma 4.3 holds unchanged and gives a uniform estimate in paths, κ^Y_Γ is estimated in the same way as κ_Γ. Combining thus (6.39) with (4.27) we obtain

exp ( − C|λ|^{1/3} (dist(τ_k, [−T, T ]^c) + 1)^{α−1} ) ≤ exp ( −W^Y_{τk,T} (X_{τk} ) ) Z^Y_{τk} (Y |q_k, q_{k+1}) (6.43)

≤ exp ( C|λ|^{1/3} (dist(τ_k, [−T, T ]^c) + 1)^{α−1} )

This implies then that |K_Γ| ∏ τk∈∪γ̄ γ∈Γ exp ( − C|λ|^{1/3} (dist(τ_k, [−T, T ]^c) + 1)^{α−1} ) ≤ |K^Y_Γ | (6.44)

≤ |K_Γ| ∏ τk∈∪γ̄ γ∈Γ exp ( C|λ|^{1/3} (dist(τ_k, [−T, T ]^c) + 1)^{α−1} )

At this point it is useful to make two remarks:

1. For sufficiently small |λ| the bound |K^Y_Γ | ≤ 2^{|Γ̄|}|K_Γ| (6.45) holds (the factor 2 can actually be replaced by any number larger than 1). Thus the cluster estimate (4.29) obtained in Proposition 4.4 stays essentially valid: ∑ Γ:Γ∗∋0 |Γ̄|=n |K^Y_Γ | ≤ cη^′(λ) (6.46)

with η^′(λ) = 2η(λ), going to zero as λ → 0. 2. For any fixed Γ we have lim_{T →∞} κ^Y_Γ = κ_Γ (6.47) as noted before, and thus lim_{T →∞} K^Y_Γ = K_Γ (6.48) both converging uniformly in Y .

Then in (6.36) we have

E_{μT} [F_S|Y ] = E_P Y_T [F_S ] Z^{ST} (Y )Z_T (Y ) + ∑ n≥1 ∑ {Γ1,...,Γm}:Γ∗i ∩Γ∗j ≠∅ Γ∗i ∩S≠0,Γi⊂[−T,T ],i=1,...,m E_P Y_T [ F_S m∏ i=1 κ^Y_T ] Z^{∪Γ̄}_T (Y ) Z_T (Y )

(6.49) with the same notations as in (5.16), and specifically Z^{∪Γ̄}_T = Z_{[−T,T ]}r_∪m_{i=1}¯_{Γi} .

Take now a collection of intervals {τ_i} = U; the partition function Z_{[−T,T ]}r_{∪τi∈U τi} (Y ) ≡ Z^U_T (Y ) can then be written like in (3.14) only by changing K_Γ for K^Y_Γ and summing over collections of clusters lying inside [−T, T ] r ∪_{τi∈U} τ_i (i.e., Γ^∗ ∩ ∂U = ∅).

Lemma 6.5 For sufficiently small |λ| we have the following properties of f^U_T (Y ) :=^{ZUT (Y )}_{ZT (Y )} . On the one hand, |f^U_T (Y )| ≤ 2^{|U|} (6.50) |U| denoting the number of intervals contained by U. On the other hand, lim_{T →∞} f^U_T (Y ) = f^U (6.51)

uniformly in Y . Moreover, f^U also satisfies (6.50) above.

Proof : The estimate (6.50) follows by the same token as explained around (5.18). To obtain (6.51) we use a similar decomposition as in (6.5) to write

f^U_T (Y ) = 1 + ∑ η={Γ} Γ∗⊂[−T,T ] D̃_U (η) ∏ Γ∈η K^Y_Γ (6.52)

and f^U = 1 + ∑ η={Γ} D̃_U (η) ∏ Γ∈η K_Γ (6.53)

where both summations go over nonempty collections of clusters η = {Γ} for which ∪_{Γ∈η}Γ^∗ ∩ U^∗ ≠ ∅ (U^∗ is the set of all time points occurring in U), and moreover in the first term the clusters are required to lie inside [−T, T ]. The coefficients appearing in both sum are such that the series (6.53) is absolutely convergent whenever for the K_Γ occurring there (4.29) is satisfied with some small enough bound η(λ). Hence by (6.45) we see that the series (6.52) is term by term dominated by ∑ η |D̃(η)| ∏ Γ∈η 2^{|Γ̄|}|K_Γ| (here summation goes over all collections of clusters crossing U). Then by putting

K̂^Y_Γ = { K^Y_Γ if Γ lies inside [−T, T ] 0 otherwise

(6.54)

and using Lebesgue’s dominated convergence theorem we obtain that f^Y_U → f_U uniformly as T → ∞. 2 We now return to the expression (6.49). By the ergodicity of the reference measure

lim_{T →∞} E_P Y_T [F_S ] → E_P [F_S] (6.55)

and hence the first term of (6.49) converges to E_P [F_S]f_S. By the same argument as above we obtain also

lim_{T →∞} E_P Y_T [ F_S m∏ i=1 κ^Y_{Γi} ] = E_P [ F_S m∏ i=1 κ_{Γi} ] (6.56)

uniformly in Y , and we also have

|E_P Y_T [F_S m∏ i=1 κ^Y_{Γi} ]| ≤ max |F_S | m∏ i=1 2^{|Γi|}|K_{Γi} | (6.57)

By (6.57) we then obtain ∑ {Γ1,...,Γm} Γ∗j ∩S∗=∅,j=1,...,m m∏ i=1 2^{|Γ̄i|}|K_{Γi} |2^{|∪iΓ̄i|}2^{|S∗|} ≤ 2^{|S∗|} |S^∗|∑

m=1 ( |S^∗| m ) ( ∑ Γ:Γ∋0

4^{|Γ̄|}|K_Γ| )_m

≤ 2^{|S∗|} |S^∗|∑

m=1 ( |S^∗| m ) (_∞∑ n=2 4^ncη(λ)^n )_m < ∞

Here S^∗ denotes the time points occurring in S. By using now this estimate together with (6.56), and applying Lebesgue’s dominated convergence theorem once again we arrive to

E_P [F_S]f_S + ∞∑ m=1 ∑ {Γ1,...,Γm} Γ∗i ∩S∗≠∅,i=1,...,m E_P [ F_S m∏ i=1 κ_{Γi} ] f_{S∪(∪i}¯_{Γi)} = E_μ [F_S] (6.58)

This completes the proof of the theorem. 2

Acknowledgments: J.L. is supported by Deutsche Forschungsgemeinschaft within Schwerpunktprogramm “Interagierende stochastische Systeme von hoher Komplexität”. R.A.M. thanks Zentrum Mathematik of Technische Universität München for warm hospitality and financial support. He also thanks the Russian Fundamental Research Foundation (grant 99-01-00284) for financial support. We both thank Carlo Boldrighini for kind hospitality at Università La Sapienza in Rome, where part of the manuscript has been prepared. J.L. is grateful also to Enzo Olivieri for discussions and an additional travelling grant to Università Tor Vergata, Rome. Valuable discussions with Herbert Spohn and Volker Betz are also gratefully acknowledged.

References

[1] Betz, V. and Lőrinczi, J.: A Gibbsian description of P (ϕ)_1-processes, 1999, submitted for publication

[2] Betz, V., Hiroshima, F., Lőrinczi, J., Minlos, R.A. and Spohn, H: Ground state properties of a particle coupled to a scalar quantum field — A Gibbs measure-based approach, TU München preprint, 2000

[3] Davies, E.B. and Simon, B.: Ultracontractivity and the heat kernel for Schrödinger operators and Dirichlet Laplacians, J. Func. Anal. 59, 335-395, 1984

[4] Faris, W.G. and Minlos, R.A.: A quantum crystal with multidimensional anharmonic oscillators, J. Stat. Phys. 94, 365-388, 1999

[5] Georgii, H.O.: Gibbs Measures and Phase Transitions, Walter de Gruyter, 1988

[6] Kipnis, C. and Varadhan, S.R.S.: Central limit theorem for additive functionals of reversible Markov processes and applications for simple exclusions, Commun. Math. Phys. 104, 1-19, 1986

[7] Levin, B.Ya.: Distribution of Roots of Entire Functions, Gostechisdat, Moscow, 1956 (in Russian)

[8] Lőrinczi, J., Minlos, R.A. and Spohn, H.: The infrared behaviour in Nelson’s model of a quantum particle coupled to a massless scalar field, TU-München preprint, 2000

[9] Malyshev, V.A. and Minlos, R.A.: Gibbs Random Fields, Kluwer Academic Publishers, 1991 [10] Nelson, E.: Interaction of nonrelativistic particles with a quantized scalar field, J.

Math. Phys. 5, 1190-1197, 1964 [11] Osada, H. and Spohn, H.: Gibbs measures relative to Brownian motion, Ann. Probab.

27, 1183-1207, 1999 [12] Simon, B.: Schrödinger semigroups, Bull. AMS 7, 447-526, 1982