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Abstract

We consider a class of Schrodinger operators — referred to as Schrodinger opera-
tors over circle maps — that generalize one-frequency quasiperiodic Schrédinger op-
erators, with a base dynamics given by an orientation-preserving homeomorphism of
acircle T' = R/Z, instead of a circle rotation. In particular, we consider Schrédinger
operators over multicritical circle maps, i.e., circle diffeomorphisms with a finite
number of singular points where the derivative vanishes. We show that in a two-
parameter region — determined by the geometry of dynamical partitions and o —
the spectrum of Schrédinger operators over every sufficiently smooth such map, is
purely singular continuous, for every a-Hoélder-continuous potential V. For a = 1,
the region extends beyond the corresponding region for the almost Mathieu opera-
tor. As a corollary, we obtain that for every sufficiently smooth such map, with an
invariant measure p and with rotation number in a set S, and p-almost all € T,
the corresponding Schrédinger operator has a purely continuous spectrum, for every
Hoélder-continuous potential V.

1 Introduction

We consider a class of Schrodinger operators H = H(T,V,z) on a space of square-
summable sequences (%(Z), defined by

(Hu)p = Up—1 + Upy1 + V(T")uy, reT, wuel*Z), (1.1)
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where V : T! — R is a potential function on a circle T! = R/Z, and T': T* — T! is a mul-
ticritical circle map, a circle map in a particular class of orientation-preserving homeomor-
phisms of a circle. Schrodinger operators over more general circle maps, i.e., orientation-
preserving circle homeomorphisms, have been introduced in [22|. For an overview of
recent results on the spectral theory of Schrédinger operators over dynamically defined
potentials the reader is directed, e.g., to [6] (see also [17]).

A map T : T' — T! is called a multicritical circle map if it is a C"-smooth homeomor-
phisms having s > 1 critical points &, . .., &;_1 such that, in a neighborhood of each critical
point &;, in a suitable coordinate system, the map takes the form z — T'(&) + z|z|% 1,
for some [3; > 1. The real number f; is called the order of the critical point &;.

When the rotation number p of T is irrational, Schrédinger operators over circle
maps are a natural generalization of one-frequency quasiperiodic Schrodinger operators
for which 7' = R,, where R, :  + x+p mod 1 is the rigid rotation. When 7T’ is transitive,
it is topologically conjugate to the rotation, i.e., there is a homeomorphism ¢ : T* — T1,
such that T'o ¢ = p o R,. Hence, in that case, T" o ¢ = p o R7, for every n € N, and we
have H(T,V,z) = H(R,,V o ¢,y), where = = ¢(y), y € T".

In some cases, the spectral properties of H(T,V, x) can be deduced directly from the
spectral properties of the corresponding Schrodinger operator over R, using this identity.
In particular, if 7" is an analytic circle diffeomorphism with rotation number satisfying
Yoccoz’s H arithmetic condition [28], it follows from the theory of Herman [14] and Yoc-
coz [28] that ¢ is analytic, and the spectral properties of H (T, V, x), with V' analytic [16]
follow directly from Avila’s global theory of one-frequency quasiperiodic Schrodinger op-
erators over rotations [1]. Although for circle diffeomorphisms 7" with Liouville rotation
numbers the conjugacy to the corresponding rotation can even be singular, certain spec-
tral properties of H(T,V,x), with potentials of the same regularity, are still analogous
to those of the one-frequency quasiperiodic Schrédinger operators over rotations with the
same rotation numbers [16].

In [22], we initiated the study of Schrodinger operators over more general circle maps,
in particular circle maps with a break and critical circle maps. Here, we extend the work
to include Schrédinger operators over multicritical circle maps. We are interested in the
spectral phase diagram of Schrédinger operators over circle maps and, in particular, the
singular continuous phase. Such a phase diagram emerges in one of most studied examples
— the almost Mathieu family — which corresponds to ' = R, and V' (z) = Acos(27z). It
was conjectured by Jitomirskaya [15] (Problem 8 therein), and proved by Avila, You and
Zhou [2], that the almost Mathieu operator has a purely singular continuous spectrum
in the region 0 < L(E) < § of the Lyapunov exponent L(E), and that L(E) = ( is the
boundary between continuous and pure point spectrum, for almost all z € T!. Here,

B = (p) = limsup nst (1.2)

n—oo q’I’L




with k,, and Z—:, n € N, being the partial quotients and rational convergents of p € (0,1)\Q
(see section 2.2). It was shown in [16] that, in the same region, the spectrum is singular
continuous for Schrédinger operators H (T, V,x) with Lipschitz continuous potentials V
over C'BY_smooth circle diffeomorphisms 7', for almost all x € T!, suggesting that
L(E) = 8 could be the boundary between continuous and pure point spectrum, in this
case as well and more generally. The class of Schrodinger operators over multicritical
circle maps considered here provides an example where this is not the case.

Circle maps with a singularity, i.e., smooth circle diffeomorphisms with a single sin-
gular point where the derivative vanishes (critical circle maps) or has a jump discon-
tinuity (circle maps with a break) have played a central role in the rigidity theory of
circle maps — an extension of Herman’s theory on the linearization of circle diffeomor-
phisms [4,5,9,13,18-21] — over the last couple of decades. More recent focus has included
circle maps with several critical or break points |7, 8].

We begin with a few more definitions. A number p € R\Q is called Diophantine of
class D(6), for some & > 0, if there exists C > 0 such that |p — p/q| > C/¢**°, for every
p € Z and g € N. The set of all Diophantine numbers is denoted by D := Us>oD(9) and
the complement of this set in R\Q is the set of Liouville numbers. If p € D(0) N (0,1),
then limsup,,_, hllrlf’;:l < 0 and, thus, S(p) = 0. We call a Liouville number p € (0,1)
exponentially Liouville if 5(p) > 0 and super Liouville if 5(p) = oo. The set of all super
Liouville numbers will be denoted by S,.

The following theorem is a corollary of the main results of this paper. Since the
rotation number p of T is irrational, T" is uniquely ergodic [11]. We will denote by u the
unique invariant probability measure of T

Theorem 1.1 For every C"-smooth, r > 3, multicritical circle map T, with rotation
number p € Sy and the invariant measure p, and p-almost all x € T, the correspond-
ing Schrodinger operator H(T,V,x) has a purely continuous spectrum, for every Hélder-
continuous potential V : T — R.

Remark 1 For C'*#V_smooth circle diffeomorphisms and a set S = S, an analogous
claim was proved in [16]. A map is said to be C'TPV-smooth if it is C'-smooth with the
logarithm of the derivative of bounded variation.

Ergodic Schréodinger operators are intimately related to a family of cocycles — dynam-
ical systems associated with each eigen-equation Hu = Fu. In the case of Schrédinger
operators over circle maps with irrational rotation numbers, the cocycle is given by

(T,A) : (z,y) — (Tx, Az, E)y), (1.3)

where A € SL(2,R), z € T!, y € R% If u = (un)nez is a sequence satisfying Hu = Fu,



then

(“”“) — A, (x,E) < tn )  where Ay (z, E) — (E - virTe) ‘01) (1.4)

Un, Up—1

(uznl) = Pu(, B) (501) ) (1.5)

where P,(z, E) =[] Ai(x, E)=Ap_1(2, E) ... Ao(z, E).

i=n—1

is the transfer matrix. Thus,

We define the Lyapunov exponent

1

L(E):= lim [ L,(z,F)du, where L,(z,F):=—In||P,(z,E)|. (1.6)
n—o00 n

Due to submultiplicativity of P,(z, E), L(E) exists. Since T is ergodic, by Kingman’s

ergodic theorem, for almost every =,

L(E) = L(z,F) := nlgg()%ln | Pn(x, E)||. (1.7)

Different components of the spectrum of an operator H(T,V,z) are denoted by oy,

(absolutely continuous), oy, (singular continuous) and o,, (pure point). We also denote

by Spp(x) the set of eigenvalues of H(T,V,z), with o,,(x) = Sp,(x). Finally, we set H =

(*(Z), Hs.(x) the corresponding singular continuous subspace, and P4(x) the operator of
spectral projection on a Borel set A, corresponding to H(T,V, x).

The main result of this paper is the following.

Theorem 1.2 Let T : T — Tt be any C™-smooth multicritical circle map, r > 3, with
a rotation number p € (0,1)\Q, and an invariant measure p. For u-almost all x € T*,
and any a-Hdlder-continuous potential V : T — R, a € (0, 1], we have

(i) Spp(x) N{E:0< L(E) <2a8} =0,
(1) Prr.o<rn(e)y<208)(@)H C Hoe().

Remark 2 The regions in the (8, L(E)) plane with purely singular continuous spectrum
in Theorem 1.2 extend beyond the corresponding region in Theorem 1.5 of [16] for circle
diffeomorphisms and, for & = 1, beyond the corresponding region for the almost Mathieu
family (Theorem 1.1 of [2]).



The main result of this paper can be reformulated in the following way. Let

In?¢
Omax := lim sup |In n|, (1.8)

n—o0 dn

where £, = min |7,,(I)| is the length of the smallest renormalized interval of

)

1€Py 1, ICA™Y

partition P, inside the fundamental interval Aén_l of partition P, (see section 2.2).

Theorem 1.3 Let T : Tt — T! be any C"-smooth multicritical circle map, r > 3, with
a rotation number p € (0,1)\Q, and an invariant measure . For u-almost all x € T*,
and any a-Holder-continuous potential V : T — R, a € (0, 1], we have

(i) Spp(x) N{E: 0 < L(E) < amax} = 0,
(11) Pp0<L(B)<adma) (T)H C Hae().

Remark 3 An anologous theorem was proved for circle maps with a single singular crit-
ical or break point in [22].

Remark 4 It seems reasonable to expect that for Schrodinger operators over sufficiently
smooth circle maps, in a large class of maps including circle diffeomorphisms with singu-
larities, for p-almost all x € T!, and sufficiently regular potentials, the boundary between
the continuous and pure point spectrum is given by L(E) = dyax, 1.€., that the spectrum
is pure point with exponentially decaying eigenfunctions for L(E) > dpax-

The proofs of these theorems use tools of both the spectral theory of Schrédinger
operators and one-dimensional circle dynamics. In the next section, we state a sharp
version of Gordon’s theorem [16], and introduce dynamical partitions of a circle and
renormalizations of circle maps, which play an important role in our analysis. In section 3,
we define a set of full invariant measure for critical circle maps, and prove Theorem 1.2
and Theorem 1.3.

2 Preliminaries

2.1 A criterion for the absence of eigenvalues

In this section, we state a sharp version [16] of a theorem of Gordon [12]| that has been
used to prove absence of point spectra of one-dimensional operators since the pioneering
work of Avron and Simon [3]. Such a sharp version was used in [2] to establish the singular
continuous phase for the almost Mathieu operator.



Consider a Schrodinger operator H on ¢*(Z) given by the action on u € (*(Z), as
(Hu)p = tUpy1 + Up—1 + V(n)uy,. (2.1)

We can define the transfer matrix A,(F) and the n-step transfer-matrix P,(E) =
H?:n_l A;(E), as in (1.4) and (1.5), respectively. Let also P_,(E) = H:_n (A;(E))~ L

Let WP (E
AE) = hmsupw.

[n]—o0 n

Clearly, for bounded V, A(E) < oo, for every E.

(2.2)

Theorem 2.1 ( [16]) Assume that there exists B > 0, and an increasing sequence of
positive integers q, diverging to infinity, such that the sequence {V (n)}nez in (2.1) satisfies

max [V (j) = V(j £ g,)| < e %, (2.3)

0<j<qn
If B> A(E), then E is not an eigenvalue of operator (2.1).

Consider the Schrédinger operator (2.1) with V,, = V(T™z) where V : T! — R is a
bounded real-valued function on the circle and 7" is an orientation-preserving homeomor-
phism of a circle with an irrational rotation number p. Let the Lyapunov exponent L(F)
be defined as in (1.6). We then have

Theorem 2.2 Assume that for some x € TY, C > 0 and B > 0, there is a sequence of
positive integers q, — oo such that

sup |Vigg, (z) — Vi(z)] < Ce P (2.4)

0<i<gn
If L(E) < B, then E is not an eigenvalue of the Schrédinger operator H(T,V, x).

Proof. In order to apply Theorem 2.1, it suffices to prove lim SUP)| |00 w < L(E).
This follows from a result of Furman [10]. QED

For a sequence ¢, — 00, let

- ln(supOSan |z — wiianil

8= B(m) = lim inf , (2.5)

n—oo qn

where z; = T"x.
Let oy, Pa,H, Hse be as in Theorem 1.2.

Theorem 2.3 Let V : T' — R be a a-Hélder continuous real-valued function on the
circle, with o € (0,1). Then, we have



(i) Spp(z)N{E:0< L(E) < af} =9,
(i) Pipoepeapy (@)H C Hel(z).

Proof. It suffices to prove part (i) of the claim, i.e., to exclude the point spectrum.
Part (ii) of the claim then follows from Kotani’s theory [23-25], z-independence of the
absolutely continuous spectrum [26], and the minimality of 7', since the set {E : L(E) > 0}
does not support any absolutely continuous spectrum.

If L < ap, then v; = V(T"x) satisfy the assumption (2.4) of Theorem 2.2 for any 6
satisfying L < 8 < af8. The claim follows. QED

In order to prove Theorem 1.2, we need appropriate bounds on 3 (x).

2.2 Dynamical partitions of a circle and renormalization

The quantity B (x) involves information about the geometry of the dynamical partitions
of a circle. These partitions are obtained by using the continued fraction expansion of the
rotation number p € (0,1) of the circle map 7. Every irrational p € (0, 1) can be written
uniquely as .

_k1++

k2+k3+...

P = []{51,]{52,]{53,...], (26)

with an infinite sequence of partial quotients k, € N. Conversely, every infinite sequence
of partial quotients defines uniquely an irrational number p as the limit of the sequence
of rational convergents p,/q, = [k1, k2, ..., k,], obtained by the finite truncations of the
continued fraction expansion (2.6). It is well-known that p, /g, form a sequence of best
rational approximations of an irrational p, i.e., there are no rational numbers, with denom-
inators smaller or equal to ¢,, that are closer to p than p,/q,. The rational convergents
can also be defined recursively by p, = knpn_1 + pn_2 and ¢, = kn,qn_1 + ¢n_o, starting
with po=0,¢=1,p_.1=1,¢q1=0.

To define the dynamical partitions of an orientation-preserving homeomorphism 7" :
T! — T!, with an irrational rotation number p, we start with an arbitrary point zq € T!,
and consider the semi-orbit z; = Tz, with i € N. The subsequence (z, )nen, indexed
by the denominators ¢, of the sequence of rational convergents of the rotation number
p, is called the sequence of dynamical convergents. It follows from the simple arithmetic
properties of the rational convergents that the sequence of dynamical convergents (z,, )nen,
for the rigid rotation R, has the property that its subsequence with n odd approaches
xo from the left and the subsequence with n even approaches zy from the right. Since
all circle homeomorphisms with the same irrational rotation number are combinatorially
equivalent, the order of the dynamical convergents of T" is the same.



The intervals [z,,,x¢], for n odd, and [z¢, z,,], for n even, will be denoted by Aé”).
We also define AM™ = T i(A((]n)). Certain number of images of A(()n_l) and Aén), under

the iterations of a map 7', cover the whole circle without intersecting each other except

possibly at the end points, and form the n-th dynamical partition of the circle

P = {THAI ™) 0<i< g} u{T(AM): 0<i<qui). (2.7)
Intervals A(()n_l) and A(()n) are called the fundamental intervals of P,. These partitions are

nested, in the sense that intervals of partition P, ; are obtained by dividing intervals of
partition P, into finitely many intervals.

The n-th renormalization of an orientation-preserving homeomorphism 7" : T' — T*,
with rotation number p, with respect to partition-defining point zy € T!, is a function f,, :
[—1,0] — R, obtained from the restriction of 7% to A(()"fl , by rescaling the coordinates.
If 7,, is the affine change of coordinates that maps z,, , to —1 and z( to 0, then

fni=ThnoT™or 1. (2.8)

If we identify xy with zero, then 7, is just multiplication by (—1)"/ |A(()n_1)|. Here, and in
what follows, |I| denotes the length of an interval I on T'.

We use the notation f(x) = ©(g(x)), if there exist constants €, & > 0, such that
Ci9(x) < f(z) < €yg(x), for all z.

3 Multicritical circle maps and proof of the main the-
orem

3.1 Geometry of dynamical partitions

We consider a multicritical circle map 7' with s critical points. If &, is a critical point
of T', we can form dynamical partitions of the circle P, associated to it. Let s, be the
number of the critical points of 79" in A(()n_l).

Let a(()n) =0, aéﬁ) = ky4+1 and let 0 < agn) < a;n)
i of the (right-end open) intervals Aé:)_l +ig, Ccontaining the critical points of 7. These

intervals will be referred to as critical. Clearly, s, < s.

L
For each 0 < j < s,, let Fj(n) — Uit A® be the j-th “bridge” of AV,

:a;n>+1 Gn—1+1iqn
(n) (n)

(n)

Sn—1

<---<a < kp41 be the indices

consisting of max{a;,’; —a;" — 1,0} adjacent intervals between the critical ones.
() _ i pp(n) =1\ A (nH+1) _ | jsn—1 A7)
We define F};” = T"(F;"). Clearly, A;" "\A™ = Uj%, Ai+qn,1+a§”)qn U Fa;n)J.

To prove Theorem 1.2, we will use some properties of multicritical circle maps. The
following estimates have been proven by Estevez and de Faria in [7]. There exists a



constant » > 0 such that, for every C3-smooth multicritical circle map 7" with an irrational
rotation number, and sufficiently large n (depending on T'), the following holds.

(a) For every two adjacent intervals I, J € P,

%71<ﬂ§%.

(b) For every non-empty bridge Fj(f), forall 0 <i< q,and 0 < j <s,,

™
x 1< —‘ (ff_ll) < x
1A
(c) Forall 0 <i < g, and 0 < j <s,,
—1 7I+Qn71+(l]» dn
> .
Al
(d) Forall 0 <i < g, 0<k<s, and a,(cn) <j< a,(:’gl,
(n)
%—1 ]' |AZ’+QH71+]'(]7L‘ 2 ]'
. . n n . — n—1 — . . n n . :
(min{j —af”, )y = j}2 (A" (min{j — af”, a{"); — j})?

We emphasize that constant s is universal, i.e., it does not depend of the map T,
for sufficiently large n, but only on the orders of the critical points. Estimate (a) (with
non-universal constant s¢), reflecting the bounded geometry of these maps, follows from
Swiatek’s estimates [27].

3.2 Set £ of full measure

In this section, we construct a set of full invariant measure £ for which Theorem 1.2 holds,
i.e., we have appropriate control on the distances between points of an orbit and their
dynamical convergents, for multicritical circle maps.

Let 0,, n € N, be any increasing subsequence of N such that the corresponding
sequence k, .1 of partial quotients diverges to infinity. We will assume that such a
subsequence exists since if the sequence of partial quotients is bounded, then 5 = 0. Let
n, € (0,1), n € N, be any sequence converging to 1 such that (1 —m,)Ink, 1 diverges to
infinity, as n — o0o. Consider partitions P,, defined with the partitions defining point x
being a critical point z..



For each n € N, let

-1
Eo=J I, Fuo= {JePanHucAg""‘”\Ag“n“), 7o (1)] < } (3.1)

2
I€Tm0 ko

and let ‘

Eni =T"(&p), for i=1,...,¢, —1L (3.2)
We define

qd'n_l
En=J & (3.3)
i=0

and

€ :=limsupé&, = ﬂ U . (3.4)

n—00 n>1j>n

Proposition 3.1 For sufficiently largen € N, pu(&,) > (1 —23n%kgzﬂ)kUnJrlqgnu(A[(f")).

Proof. For sufficiently large n, the number of the elements I of partition P,, . inside
of AP""NAL™Y that do not belong to &, is smaller than 2sn, 2k 1. This follows
from the property (d). Since the partition P,, consists of ¢,, “large” intervals AE”"_I) =
Ti(AY™™), for i = 0,...,q,, — 1, each of which has invariant measure p(AY" ™) and
0o, -1 “small” intervals AEC’") = Ti(A((]U"))7 for i = 0,...,¢,,-1 — 1, each of which has
invariant measure ,u(A(()U")), and since the interval A(()U"_l consists of the union of k,, 1,

disjoint (except at the end points) intervals Aéj:)_IHqUn € Pyi1,fori=0,..., ks 11— 1,

each of which has invariant measure ;L(A(()U")), and A(()J”H) C AE{ZZL, we have that the
invariant measure of the complement of &, is

(ES) < 28,5k 414 (AT™) + o pt (A ) + g1 (AT, (3.5)

and, hence,

WE) = 1= u(ES) > ko 11on p(AS™) = 28,56k g 1(AF™)

¢ i (3.6)
> (1 = 265,56k™ kg 1100, (AT,

QED

Proposition 3.2 u(€) = 1.

Proof. As k0n+1qanu(Aé‘7")) — 1, and (1 —n,)Ink,, 1 — oo, u(&,) — 1, as n — oo.
Since pu(U;5,E;) > wp(&;), for any ¢ > n, and pu(&) — 1 as i — oo, it follows that
w(Uj>n€;) = 1, for any n € N. The claim follows. QED

10



3.3 Distance of dynamical convergents

We now estimate the distance between points on an orbit and their dynamical convergents
for multicritical circle maps.

Let € > 0 be the half-width of the neighborhood Ig(i) around the critical points xéi),
i=0,...,8—1, where 7" has the desired power law behavior. We assume that £ > 0 has
been chosen sufficiently small such that no two of these neighborhoods, corresponding to
different critical points, intersect. We consider partitions P, = Pn(x((;o)) defined by one
of these critical points that we will assume is, without loss of generality, 1‘((;0). Let N be
large enough such that there are intervals Jlif) consisting of the union of at most two
elements of partition Py such that xgi) e J ]E,i) C Ig(i). Such an N exists as the lengths of
the intervals of partitions Py decrease as N increases [29]. Let

T =Uu g, (3.7)

The next proposition gives an estimate on a number of “large” intervals of partition
P,, € inside of J.

Proposition 3.3 For every n > N, the cardinality

. 258G,
card {AE” Ve Jli=0,....q.—1} < ;q . (3.8)
N

Proof. The partitioning of each of the gy intervals AENﬁl) by the higher level partitions
follows the same pattern: a “large” interval of partition P; is divided into k;; “large”
intervals and a “small” interval of partition P;,1; a small interval of partition P; becomes
a “large” interval of partition P;y;. Therefore, for each n > N, the number of “large”
intervals AE"il) of partition P, inside of AENfl) is bounded by

(kni1+ Dangn < (kng1 + 1)g, <

) 3.9
(qv+1+anv)ay — gy +ay T ogn (39)

Here, we have used that qyi1 = knvi19n + gv—_1. Since each of the intervals 7, ](Vi) consists
of at most two intervals of partition Py, the claim follows. QED

Let 2, = 7Y € T! be a critical point of order 8, = 3, and Z. = Z%.
Proposition 3.4 If A C Z., and ¢ is the distance of x. from A, then

T(A)]
Al

= O((|A] + )F71). (3.10)

11



Proof. If the interval A C Z. covers the critical point z. of order ., z. divides A into
the union of two disjoint except at z. intervals A; and A,. Without loss of generality, we
can assume that |A; > |A,|. It is not difficult to see that

T(A)] _ [T(A)]+ [T (A2)] (lﬁllﬁc + !A2|56> - -
= =0 = 0(|A 7 = 6(A]*™).
NS A (8] )~ OB = OUAR)
(3.11)
If the interval A C Z. is at a distance £ > 0 from a critical point z. of order ., then
T(A)] ((IAI +0)% — €6°> -
e N INE (3.12)
A A
The claim follows. QED

The following proposition holds for all “large” intervals Iy C Aén_l) such that Iy € P11
and the corresponding intervals I; = T%(1y), i € Z.

Let V = V(N) := Varger\ ny7) In T'(§). Notice that V' — oo, as NV — oo,

Proposition 3.5 If T is a C3-smooth multicritical circle map with an irrational rotation
number, there exist § = 6(N) satisfying 6 — 0 as N — oo, such that

I; I
|n_|1 < |ﬂ1 eV (3.13)
AT Al

foralln e N and alli=0,...,q, — 1.
Proof. Fori=0,...,q, — 1, there exist (; € I; C Agn_l) and & € Agn_l) such that

‘T(Im = TI(Cz’)|Iz"7

3.14
TP =T(E)AY). S
Using these identities, we obtain that, for some (; € I; and ¢; € A;n_l),
i1 i—1 i1
I; I T'(¢; I T'(¢; T'(¢;
TR SRS TN
AP AT TG Ay TG oy TE)
A§n71)¢J A;nfl)CJ
By taking the logarithm of the first product, we obtain
i1 i—1
T/(Cj) ! /
m ] =251 ). InT'(G) -WnT'(&) <V (3.16)
o T e
A§7L71)¢L7 A§n71)¢‘7

12



Here, we have used that for j =0,...,¢q, — 1, the intervals Ag-"*l) do not overlap, except
possibly at the end points.

Using Proposition 3.3 and Proposition 3.4, the second product can be bounded as

ﬁ T,(C]) < eéqn

&) T (3.17)

Jj=0
(n—1)
A cJ

as each term in the product is bounded from above by a positive constant by Proposi-
tion 3.4. The claim follows. QED

Let 1,_1 be the length of the longest “large” interval of partition P,,.

Lemma 3.6 IfT is a C3-smooth multicritical circle map with an irrational rotation num-
ber p € (0,1), then there exist V.=V (N) >0 and 6 = 6(N) > 0, satisfying V — oo and
0 — 0, as N — 00, such that, for all x € &€, there are infinitely many n € N such that,
foralli=—qy,,...,q5,, — 1,

Vel

| T%n 2 — a;| < 21, _je¥ F0%n
n ann

on+1

(3.18)

Proof. For every x € &, there are infinitely many n, such that x € &,. Also, for
each such n, there exist j,j’ € N, such that x; = Ty € &n; and an element I; =
[xjr, T9%nxj] C Eny C Ag-a"*l) of partition P, .1, for some j = 0,...,q,, — 1, such that
x € I;. Furthermore, it follows from the definition &, and properties (c) and (d) that
Li g s divan. s Livoq,, C A;U"_l), for sufficiently large n (such that £7" ; > 3). Estimates

on—1 %
i it | < €700 | AL )|k2nn (3.19)
on+1
on the sizes of intervals I j, I;1jiq, C Agi’;fl), for i = —qy,,...,45,-1, follow from
Proposition 3.5, definition of &, ; (see (3.1) and (3.2)), and property (a). The claim
follows from the fact that [z;, T%n2;] C i1 U Iifj4q,. - QED

3.4 Proof of the main theorem

Proof of Theorem 1.2. If L(E) < 2af8, then 8 > 0, and there is an increasing
sequence o,, n € N such that § = lim,,_,, nkont1 Furthermore, there exist 6 > 0 such

on

that L < «(28 — 6) as well. Let 1, € (0,1) be any sequence converging to 1 such that
(1 — n,)Ink,, 1 diverges to infinity, as n — oco. We use these sequences to construct

13



the set &£, as in section 3.2. By Proposition 3.2, u(€) = 1. For N € N large enough, by
Lemma 3.6, there exist § = 6(N) > 0 and V = V(N) > 0, satisfying 6 — 0 as N — oo,
such that, for every « € £, there are infinitely many n, such that estimate (3.18) holds.
We assume that N > 0 has been chosen large enough such that ¢ < 5. This implies
B >28—0>20— 5. Hence, L(F) < aﬁA, and the claim follows from Theorem 2.3. QED

For C3-smooth multicritical circle maps, Theorem 1.3 follows directly from Theo-
rem 1.2, as property (d) implies that ¢, = ©(k;,7;) and, thus, dp.. = 20.
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