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ABSTRACT. We consider state-dependent delay equations (SDDE) ob-
tained by adding delays to a planar ordinary differential equation with
a limit cycle. These situations appear in models of several physical pro-
cesses, where small delay effects are added. Even if the delays are small,
they are very singular perturbations since the natural phase space of an
SDDE is an infinite dimensional space.

We show that the SDDE admits solutions which resemble the solu-
tions of the ODE. That is, there exist a periodic solution and a two
parameter family of solutions whose evolution converges to the periodic
solution (in the ODE case, these are called the isochrons). Even if the
phase space of the SDDE is naturally a space of functions, we show that
there are initial values which lead to solutions similar to that of the
ODE.

The method of proof bypasses the theory of existence, uniqueness,
dependence on parameters of SDDE. We consider the class of functions
of time that have a well defined behavior (e.g. periodic, or asymptotic
to periodic) and derive a functional equation which imposes that they
are solutions of the SDDE. These functional equations are studied using
methods of functional analysis. We provide a result in “a posteriori” for-
mat: Given an approximate solution of the functional equation, which
has some good condition numbers, we prove that there is true solution
close to the approximate one. Thus, we can use the result to validate
the results of numerical computations. The method of proof leads also
to practical algorithms. In a companion paper, we present the imple-
mentation details and representative results.

One feature of the method presented here is that it allows to ob-
tain smooth dependence on parameters for the periodic solutions and
their slow stable manifolds without studying the smoothness of the flow
(which seems to be problematic for SDDEs, for now the optimal result
on smoothness of the flow is C*).
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1. INTRODUCTION

Many causes in natural sciences take some time to generate an effect.
If one incorporates this delay in the models, one is lead to descriptions
of systems in which the derivatives of states are functions of the states at
previous times. These are commonly called delay differential equations.

In the case that the delay is constant (say 1), one can prescribe the data
in an interval [—1,0] and then propagate the differential equation. This
leads to a rather satisfactory theory of existence and uniqueness and even
a qualitative theory Hal77, HVL93, DvGVLW95]. Note that the
natural phase space is a space of functions on [—1,0]. This is an infinite
dimensional space.

When the delay is not a constant and depends on the state, one needs to
consider State-Dependent Delay Equations (SDDE for short). In contrast
with the constant delay case, the mathematical theory of SDDE has com-
plications. The paper [Wal03] made important progress for the appropriate
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phase space for SDDE. We refer to [HKWWO06|] for a very comprehensive
survey of the mathematical theory and the (rather numerous) applications.

In this paper, we consider a simple model (two-dimensional ordinary dif-
ferential equation with a limit cycle) and show that all solutions close to the
limit cycle present in this model persist (in some appropriate sense) when we
add a state-dependent delay perturbation. Models of the form considered
in this paper appear in several concrete problems in the natural sciences
(circuits, neuroscience, and population dynamics), see [HKWWO06].

The result is subtle to formulate since the perturbation of adding a state-
dependent delay is very singular, it changes the nature of the equation:
the unperturbed case is an ODE and the perturbed case is an infinite-
dimensional problem. The basic idea is that we establish the existence
of some finite-dimensional families of solutions (in the phase space of the
SDDE), which resemble (in an appropriate sense) the solutions of the orig-
inal ODE. This allows to establish many other properties (e.g. dependence
on parameters) which may be false for general solutions of SDDE. We hope
that the method can be extended in several directions. For example, we
hope to produce higher dimensional families, families with other behaviors,
and more complicated models. The conjectural picture that appears is that
in SDDESs, even if the dynamics in a full Banach space of solutions is prob-
lematic, one can find a very rich set of solutions organized in families even
if the families may not fit together well and leave gaps, so that a general
theory may have problems [CJS63].

1.1. Overview. Let us start by an informal overview of the method. It is
known that in a neighborhood of a limit cycle of a 2-dimensional ODE, we
can find K : T x [—1,1] — R2, and wp and Ag in such a way that for any
0, s, the function given by

z(t) = K (6 + wot, se*?) (1.1)

solves the ODE, see [HdIL13|. The fact that all the functions of the form
are solutions of the original ODE is equivalent to a functional equa-
tion for K, wg and Ag. Efficient methods to study the resulting functional
equation were presented in [HAIL13]. We will, henceforth, assume that K,
wp, Ag are known.

Similarly, for the perturbed case, when we impose that for fixed 0, s the
function of the form

z(t) = K o W(0 + wt, se*) (1.2)

is a solution of our delay differential equation, we obtain a functional equa-
tion for W, w, A (see (12.6))), which we call “invariance equation”. Note that
the unknowns in ([2.6)) are the embedding W and the numbers w, A.

Our goal will be to solve using techniques of functional analysis.
The equation is rather degenerate and our treatment has several steps. We
first find some asymptotic expansions in powers of s to a finite order, and
then, we formulate a fixed point problem for the remainder. Due to the
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delay, information at previous times is needed. We anticipate a technical
problem is that the domain of definition of the unknown have to depend
on the details of the unknown. Similar problems appear in the theory of
center manifolds [Car81]. Here we have to resort to cut-offs and extensions.
After this process, we get a prepared equation, (2.7]), which has the same
format as equation , and agrees with equatio in a neighborhood.
Solutions of the prepared equation which stay in the neighborhood will be
solutions of the original problem.

The main results of this paper is Theorem which establish that with
respect to some condition numbers of the problem, verified for small enough
g, given an approximate solution of the extended invariance equation of
the problem, one obtain a true solution nearby. (This is sometimes referred
as “a posteriori” format.)

As in the case of center manifolds, the family of solutions found to the
original problem may depend on the extension considered.

1.2. Some comments on the results. In a geometric language, we can
describe our procedure as saying that we are finding an embedding of the
phase space of the ODE into the phase space of the SDDE in such a way
that the range of the embedding is foliated by solutions of the SDDE and
that the flow in this manifold is similar to the flow of the ODE. Note that
this bypasses the need of developing a general theory of solutions of the
SDDE. We only construct a 2-D manifold of solutions of the SDDE. For these
solutions, it is possible to discuss comfortably many desirable properties such
as smooth dependence on the model, etc.

Philosophies similar to that of this paper (finding solutions of functional
equations that inply the existence of solutions of special kinds) have already
been used in [HAIL17, [HDILI16l [CCdIL19] to study quasi-periodic solutions
of SDDE. For constant delay equations, we can find [LesI0 [KL12] for the
study of periodic solutions. The paper [KL17] studies specific models similar
to ours for constant delay perturbations. The paper [LdIL09] studies quasi-
periodic solutions analytically, [GMJI7] studies numerically unstable man-
ifolds near fixed points. The papers [Siel7], [CHKI7], [HBC™16, MKW14]
study normal forms and numerical computations of periodic and quasi-
periodic solutions of SDDEs and obtain bifurcations and numerical solu-
tions. Even if the evolutions of the SDDESs considered above are difficult to
define as smooth evolutions, we believe that the results above can be un-
derstood as suggesting the existence of a subsystem of the evolution which
indeed experiences bifurcations. The careful numerical solutions of [CHK17]
can presumably be validated.

By solving the invariance equation, , one actually obtains a param-
eterization of the limit cycle and its isochrons (2-dimensional slow stable
manifold of the limit cycle). In other words, K o W (6,0) parameterizes the
limit cycle, and for fixed 8, we have K oW (6, s) parameterizes the local slow
stable manifold of the point K o W (#,0) on the limit cycle. We remark that
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in some previous work, Chapter 10 of [HVL93], persistence of limit cycles
were studied with a different method in the setting of retarded functional
differential equations(RFDE). They have also studied infinite-dimensional
stable manifolds of periodic orbits of RFDE. In this paper, we study SDDE,
and get a parameterization of the submanifold of the infinite-dimensional
stable manifold, which corresponds to the eigenvalue of the time-T map
with largest modulus. In this sense, we think that the manifold in this pa-
per is practically more relevant than the infinite-dimensional manifolds. For
a more detailed comparison of the results of this paper with the study of
SDDE as evolutionary equations, see Section [4.3]

Of course, the notions of approximate solutions and that of solutions close
to the approximate ones, requires to specify a norm in space of functions. In
[HdIL13], it was natural to specify analytic norms. In this paper, however,
we use spaces of finitely differentiable functions. Indeed, we conjecture that
the solutions we produce are not more than finitely differentiable.

The a-posteriori format of Theorem [10] allows us to validate approximate
solutions produced even by non-rigorous methods. In that respect, we note
that the related paper [GYdIL19] develops numerical methods that produce
approximate solutions. Some papers that study formal expansions in the de-
lay are [CE80| for periodic solutions and bifurcations, mostly with constant
delay, and [CCdIL19] which studies periodic and quasiperiodic solutions for
SDDE (and even more general models such as those appearing in electrody-
namics).

Using Theorem we obtain that the numerical solutions produced in
[GYdIL19], have true solutions nearby and that the formal expansion pro-
duced in [CCdIL19] are not just formal expansions but are asymptotics to
a true solution. For an earlier example or related philosophies, we mention
that asymptotic expansions for equations with small constant delay was
produced and validated in the paper [Chi03].

A rather subtle point is that we do not obtain uniqueness of the solution.
The reason is that the nature of the problem involves cutting off the pertur-
bation and the solution produced may depend on the cut-off function used.
Both the finite regularity and the lack of uniqueness due to the introduction
of a cut-off are reminiscent to effects found in the study of center manifolds
[Car81l [Lan73]. Of course, since one of the goals of the paper is to remedy
the paucity of solutions of SDDEs, having many solutions is a feature not a
bug. The dependence of the solutions in the cut-off has to be small as the
delay tends to zero (note that the asymptotic expansions in [CCdIL19] do
not depend on the cut-off), but we expect that they are small in other senses
similar to the situation in center manifolds [Sij85]. We will not formulate
here results making precise this intuition.

We hope that the methods of this paper can be extended to prove the
existence of other finite-dimensional families of solutions that are not close
to families of solutions of the unperturbed ODE.
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1.3. Organization of the paper. We introduce the problem and formu-
late the equations to be solved in section [2 In Section [3| we present some
notations and some classical results in functional analysis which will be used
in the proof. We state our main results in section[d We give an overview of
the proof in section [5} Detailed proofs of the results are given in section [6]

2. FORMULATION OF THE PROBLEM

We consider an ordinary differential equation in the plane
i(t) = Xo(x(t)), (2.1)

where z(t) € R, X : R? — R? is analytic. We assume above equation
admits a limit cycle. Clearly, there is a two dimensional family of solutions
to this ordinary differential equation. This family can be parameterized
e.g. by the initial conditions, but as we will see, there are more efficient
parameterizations near the limit cycle.

The goal of this paper is to study a state-dependent delay equation that
is a “small” modification of equation in which we add some small term
for the derivative that depends on some previous time. Adding some depen-
dence on the solution at previous times, arises naturally in many problems.
Limit cycles appear in feedback loops and if the feedback loops have a de-
layed effect, which depends on the present state, to incorporate them in the
model, we are lead to:

z(t) = X(x(t),ex(t —r(z(t)))), 0<exl (2.2)
Where z(t) € R?, X : R? x R? — R? is analytic, the state-dependent delay
function 7 : R? — [0,h] is as smooth as we need. The equation (2.2) is
formally a perturbation of (2.1 with X (x,0) = Xo(z).
We can rewrite (2.2)) as

z(t) = X(x(t),0) + eP(x(t),z(t — r(z(t))), ), (2.3)
where we define,
eP(z(t),z(t —r(z(t))),e) = X(z(t),ex(t — r(x(t))) — X (x(t),0).

The question we want to address in this paper is to find a two dimensional
family of solutions of , which resembles the two dimensional family
of solutions of . This is a much simpler problem than developing a
general theory of existence of solutions of an SDDE, which is a rather difficult
problem. Nevertheless, persistence of some family of solutions is of physical
interest.

Note that, when € > 0 the equation is an SDDE, which is an equation
of a very different nature from the equation when € = 0, which is an ODE.
Hence, we are facing a very singular perturbation in which the nature of
the problem changes drastically from an ODE — whose phase space is R? to
an SDDE — whose natural phase space is a space of functions. The precise
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meaning of the continuation of the unperturbed solutions into solutions of
the perturbed problem is somewhat subtle.

2.1. Limit cycles and isochrons for ODEs. Under our assumption,
there exists a limit cycle in the unperturbed equation . In a neigh-
borhood of the limit cycle (stable periodic orbit), points have asymptotic
phases(see [Win75l, IGuc75]). The points sharing the same asymptotic phase
as point p on the limit cycle is the stable manifold for point p. The stable
manifold of the limit cycle is foliated by the stable manifolds for points on
the limit cycle (sometimes referred as stable foliations). The stable man-
ifolds for points on the limit cycle are also called isochrons in the biology
literature, see [Guc75], [Win75|.

According to [HdIL13], we can find a parameterization of the limit cycle
and the isochrons in a neighborhood of the limit cycle. More precisely, there
exists real numbers wy > 0, A\g < 0, and an analytic local diffeomorphism
K : T x [~1,1] — R2, such that

Xo(K(0,s)) = DK(6, s) ( ;;08> , (2.4)

where K is periodic in 6, i.e. K(6 + 1,s) = K(0,s). Saying that K solves
is equivalent to saying that for fixed parameters 6 and s, the function
z(t) = K(0 + wot, se’?) solves for all ¢ such that |se*!| < 1. Notice
that when s = 0, K(6,0) parameterizes the limit cycle, and for a fixed 6
with varying s, we get the local stable manifold of the point K(6,0).

Note that geometrically, K can be viewed as a change of coordinates, un-
der which the original vector field is equivalent to the vector field X((0, s) =
(wo, Aos) in the space T x [—1,1]. We could have started with this vector
field X{, and then added some perturbation to it. However, to keep contact
with applications, we decided not to do this.

Remark 1. As pointed out in [HAIL13|, the K solving can never be
unique. If K(0,s) is a solution of , then for any 6y, b # 0, K(0+ 0o, bs)
will also be a solution of . [HAIL13] also shows that this is the only
source of non-uniqueness. We will call such b scaling factor, and such 6y
phase shift. Note that by using a different b, we can change the domain of
K. However, no matter how the domain changes, s has to lie in a finite
interval.

In this paper, for the equation after perturbation , we will show if € is
small enough, the limit cycle and its isochrons persist as limit cycle and its
slow stable manifolds of the delayed model. We will use the name isochrons
to denote the slow stable manifolds and distinguish them from the infinite
dimensional stable manifolds similar to the one established by [HVL93].
Meanwhile, we will find a parameterization of them. More precisely, we will
find w > 0, A < 0, and W which maps a subset of T x R to a subset of
T x R, such that for small s, K o W (6, s) gives us a parameterization of the
limit cycle as well as of its isochrons in a neighborhood. We assume that
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W can be lifted to a function from R? to R? (we will use the same letter to
denote the function before and after the lift) which satisfies the periodicity
condition:

W +1,s)=W(b,s)+ ({)- (2.5)

We remark that K o W being a parameterization of the limit cycle and
its isochrons is the same as for given #, and s in domain of W, z(t) =
K o W (0 + wt, se*) solving (2.2)) for t = 0.

2.2. The invariance equation and the prepared invariance equation.
Substitute z(t) = K o W (6 +wt, se*) into (2.3)), let ¢ = 0, with the fact that
DK is invertible, we get x(t) = K o W (6 + wt, se*) solves equation if
and only if W satisfies

DW (0, 5) (ﬁ) = (AOW‘;’((’Q, 8)> +eY(W(0,s), W(0,s),e), (2.6)

where Wa(6, s) is the second component of W (6, s), W is the term caused
by the delay:

W(@, s)=W(l —wroK((W(b,s)), se_’\TOK(W(QvS))%
and
Y(W(0,5), W (0,s),e) = (DK(W(8,s) " P(K(W(8,s)), K(W(,s)),e).

Note that even if W is typographically convenient, Wis a very compli-
cated function of W, it involves several compositions.

Now we need to look at equation more closely and specify the domain
and range of W. One cannot define W on T x [—b,b], where b > 0 is
a constant. Indeed, observing the second component in expression of W,
se AroKW(0:5) " one will note that |se »KW(E:)| > |5|. This will drive
us out of the domain of W if W is defined for second component lying in a
finite interval. Therefore, W has to be defined for s on the whole real line.
Sowelet W:T xR — T x R. There is another technical issue as pointed
out in the following Remark 2]

Remark 2. When ¢ is small, we expect W to be close to the identity map.
Then for s far from 0, W(6,s) does not lie in the domain of K, thus the
invariance equation is not well defined.

Similar to the study of center manifolds. We will use cut-off functions to
resolve the above issues.

We transform our original equation into a well-defined equation of
the same format:

DW (0, s) <;”S) = (AOWZ"EQ, S)> +eY(W(0,s), W (0,s),e), (2.7)
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where Y is defined on (T x R)? x R, and r o K is defined on T x R, with
slight abuse of notation, we still denote the term caused by the delay as W:

W(@, s)=W(l —wroK((W(b,s)), se_MoiK(W(g’s)))'

Following standard practice in theory of center manifolds of differential
equations, see [Car81]. We introduce the extensions as follows:

e For r o K which is defined only on T x [—1,1], we define a function
ro K on T x R, which agrees with r o K on T x [—%, %], and is zero
outside of T x [—1,1].

o For Y : (Tx[-1,1])2xR; — R?, we defineY : (TxR)? xR, — R?
which agrees with Y on the set (Tx[—1, 1])2xR, and is zero outside
(T x [-1,1])% x R.

To achieve above extensions, let ¢ : R — [0, 1] be a C® cut-off function:

1 if |z < i
= 2.8
9(@) {o if |z > 1. (28)
We define
roK(0,s) =roK(,s)p(s),
and,

Y(W(0,5), W (0,s),6) = Y(W(0,s),W(0,s),)s(Wa(0, 5))d(Wa(6, 5)).

After these extensions, the main equation (2.6)) is turned into the well-
defined equation (2.7). Note that, Y, r o K defined above have bounded
derivatives in their domain up to any order.

Remark 3. In the definition of cut-off function, one can let ¢ to vanish for
|x| > ¢1 where the constant ¢; < 1, and let ¢ = 1 for |x| < ¢y where the
constant co < cy.

Remark 4. The use of the cut-off function here is very similar to the use
of cut-offs in the study of the center manifolds in the literature, if we choose
a different cut-off function ¢, we will possibly end up with a different W,
which solves with the new cut-off function ¢.

Remark 5. If instead of having a stable periodic orbit, the unperturbed ODE
has an unstable periodic orbit, then Ag in is positive. Analogous results
to Theorems[9 and [10 will give us the parameterization of the periodic orbit
and the unstable manifold for small €. The same proof, only with minor
modifications, will work. At the same time, the invariance equation
will be well-defined for a suitably chosen domain for W, we do not need to do
extensions. Similarly, the idea here will also work for advanced equations,
which have the same format as equation , with r : R? — [~h,0]. We

omit the details for these cases.
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2.3. Representation of the unknown function. In order to study the
functional equation ({2.7]), we consider W of the form:

N-1
W(0,5) = >, WI(0)s’ + W7 (0,s), (2.9)
j=0

solving (2.7). Where W°() is the zeroth order term in s, W7(6)s’ is the
j-th order term in s, W= (0, s) is of order at least N in s. W/ : T — T x R,
and W” : Tx R — T x R. From now on, we will use superscripts to
denote corresponding orders, and subscripts, as we did before, to denote
corresponding components.

We consider lifts of W(#), W7 (), and W= (0, s), which will be functions
from R — R? or R? — R?. We will not distinguish notations for the func-
tions before or after lifts. According to the periodicity condition for W in
, the lifted functions satisfy the following periodicity conditions:

WO +1)=w0) + (1), (2.10)
W76 +1) =W, (2.11)
W=(0+1,s)=W~(0,s). (2.12)

Based on the form of W in , we can match coefficients of different
powers of s in the invariance equation . Thus, the invariance equation
is equivalent to a sequence of equations. As we will see, the equations
for W9 and W' are special. The equation for W9 is very nonlinear, the
equation for W1 is a relative eigenvector equation. The equations for WJ’s
are all similar. The equation for W= is hard to study, it has 2 variables. As
we will see later, for small enough e, W~ is the only case where we need the
cut-off.

2.3.1. Invariance equation for zero order term. Matching zero order terms
of 5 in (2.7)), we obtain the equation for the unknowns w and W9:
d

w@WO(G) - (AOWO;E)(GD = Y (WO(0), WO(6; w), e), (2.13)

where
WO(0;w) = WO (0 — wro K(WO(8)))

is the function caused by delay.

2.3.2. Invariance equation for first order term. Equating the coefficients of
s in equation (2.7)), we obtain the equation for the unknowns A and W1:

0

d 1 1 _ ! 0 1171
W@W (@) + AW (0) — <A0W§(9)> =eY (0, \,W°, W+ ¢), (2.14)
where ?1(49, A, WO W1 ¢)is the coefficient of s in Y. ?1(0, A\ WO W e)is

linear in W'. We will specify it later in (6.20]).
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2.3.3. Invariance equation for the j-th order term. For 2 < j < N — 1,
matching the coefficients of s7, the equation for the unknown W7 is:

0

win(G)Jr/\jo(H)— <AOW2J-(0)

5 ) =Y (0,\, WO, W7 &)+ RV (), (2.15)
where Y7 (0, W° W7 ¢) is the coefficient of s/ in Y. Y’(0, W°, W7, ¢) is
linear in WJ. We will specify it later in (6.32). and R’ is a function of 6
which depends only on W9 Wt .. Wi-l

Having WO, ... , W™~ we are ready to consider W>. As we will see, the
truncation number N could be chosen as any integer larger than 1 to obtain
the main result of this paper.

2.3.4. Invariance equation for higher order term. For W= (6, s), it solves the
equation:

0

(wdp + sAIs)W = (0, s) — <A0W2>(0, 5)

) =Y (W~™,0,s,¢) (2.16)
where Y= (W= ,0,s,¢) is the term of order at least N in s of Y, which will
be specified later in (6.40]).

3. SOME BASIC DEFINITIONS AND BASIC RESULTS ON FUNCTION SPACES

In this section, we collect some standard results on the spaces of contin-
uously differentiable functions that we will use.

We will denote by C*(Y,X) the space of all functions from (an open
subset of) a Banach space Y to a Banach space X, with uniformly bounded
continuous derivatives up to order L. We endow C*(Y, X) with the norm

I flce = 2%, SUp 1D £(&)|lyes-x

so that CF(Y, X) is a Banach space.

Note that we include in the definition that the derivatives are uniformly
bounded. This is not the same as the Whitney topology on spaces of L
times differentiable functions in a o-compact manifold |[GG73| p. 40], which
is a Fréchet topology. Even more general definitions appear in [KM97].

We use CE(Y, X) to denote the closed subset of C*(Y, X) which consists
of functions with | - | -z norm bounded by constant B.

We will also denote CE+LP(Y, X) the space of C* functions with L-th
derivative Lipschitz. We define

Lip(D"f) = sup 127 &) =D f(©)lyerx
&1#&2 €1 — &y

and the norm | - [cr+riv(y,x) as the maximum of the | - ||cz norm and
Lip(D* f).
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Define CéJrLip(Y, X) to be the closed subset of the space CL+LP(Y, X)
consisting of all functions of norm | - |cr+zin(y,x) bounded by the constant
B.

3.1. Closure of C" balls in weak topology. We quote proposition A2
in [Lan73], as it will be used several times throughout this paper. It can be
interpreted as C’IL +Lip (Y, X) is closed under pointwise weak topology on X.
A related notion, Quasi-Banach space, was used in [HT97].

Lemma 6 (Lanford). Let (up)nen be a sequence of functions on a Banach
space Y with values on a Banach space X. Assume that for all n, y

|IDMu, ()| <1 j=0,1,2,... k,

and that each D¥u,, is Lipschitz with Lipschitz constant 1. Assume also that
for each y, the sequence (uy,(y)) converges weakly(i.e., in the weak topology
of X) tou(y). Then,

(a) u has a Lipschitz k-th derivative with Lipschitz constant 1;

(b) Diu,(y) converges weakly to Diu(y) for ally and j = 1,2,... k.

Note that the assumption of weak convergence of (u,(y)), and part (b)
in the conclusion implies that |[D7u(y)| < 1 for all y and j = 0,1,2,...,k.

As mentioned in [Lan73], if X and Y are finite dimensional, the above
lemma is just an application of Arzela-Ascoli Theorem. This is actually the

only case we need. For the proof of above lemma in the general case, we
refer to [Lan73].

3.2. Faa di Bruno formula. We also quote Faa di Bruno formula, which
deals with the derivatives of composition of two functions.

Lemma 7. Let g(x) be defined on a neighborhood of ° in a Banach space
E, and have derivatives up to order n at z°. Let f(y) be defined on a
neighborhood of y° = g(z°) in a Banach space F, and have derivatives up to
order n at y°. Then, the nth derivative of the composition h(z) = f[g(x)]
at 2° is given by the formula

n n i
By = 1% 3.1
;1 f’“p(%:k)” 11 ENIE (3.1)

In the above expression, we set

hyn = wh(x )7 Jr = dTka(y ), gi = @9(50 )7
and
p(n, k) = {(Al,...,)\n):)\ieN,Z)\i =k, )i :n}.
=1 =1

This can be proved by the Chain Rule and induction. See |[AR67| for a
proof.
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3.3. Interpolation. The interpolation inequalities will also be used many
times. One can refer to [Had98| [Kol49, [dILO99| for some related work. We
quote the following result from [dILO99]:

Lemma 8. Let U be a convex and bounded open subset of a Banach space
E, F be a Banach space. Let r, s, t be positive numbers, 0 < r < s < t, and
p = =2 There is a constant My, such that if f € C*(U, F), then

1—
[fles < Mrdl eI f e

4. MAIN RESULTS

4.1. Results for prepared equations. Under the assumption that the
map Y : (T x R)?2 x R, — R? has bounded derivatives up to any order,
ro K :T x R — [0, h] has bounded derivatives up to any order, we have:

Theorem 9 (Zero Order). For any given integer L > 0, there is ey > 0 such
that when 0 < € < gg, there exist an w > 0 and an L times differentiable
map WO : T — T x R, with L-th derivative Lipschitz, which solve equation
2-13).

Moreover, for initial guess w®, and W°9(0) satisfying the periodicity con-
dition . If they satisfy the invariance equation with error E°(9),
then there exist unique w, WO(0) (satisfying the periodic condition )

closed by solving the same equation exactly, with
_ 1
WO — WO <CIE | o, O<1<L (4.1)
jw® —w| <C|E| o, (4.2)

for some constant C, where C may depend on €, wg, Ao, |, L, and prior
bound for |[W00 L+Lip- In fact, WO has derivatives up to any order.

Moreover,

Theorem 10 (All Orders). For any given integers N =2, and L > 2+ N,
there is €9 > 0 such that when 0 < £ < g¢, there exist w > 0, A < 0, and
W:T xR —T xR of the form

N-1
W(0,5) = > WI(0)s’ + W(0,s) (4.3)
J=0

which solve the equation in a neighborhood of s = 0.

Where W9 : T — T x R is L times differentiable with Lipschitz L-th
derivative. For1 <j < N—1, W7 : T — TxR is (L—1) times differentiable
with Lipschitz (L — 1)-th derivative, and W~ is of order at least N in s and
is jointly (L — 2 — N) times differentiable in 6 and s, with (L —2 — N)-th
derivative Lipschitz.

Moreover, if w°, W9(9), \°, WL0(9), W39(0), and W>°(0, s) satisfy the
invariance equations (2.13), (2.14), (2.15), and (2.16), with errors E°(6),
EY(0), E/(0), and E> (0, s), respectively, then there are w, W°(9), X\, W1(8),
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W(0), and W= (0, s) which solve equations (2.13)), (2.14)), (2.15)), and (2.16)).
Therefore, equation (2.7)) is solved by w, X, and W (60, s) of above form (4.3)).
For0<I<L-—2-— N, we have

N-1
|[W(0,s) — Z Wi0(0) s — W>0(0, )| e
7=0
N-1 (4.4)
j j o
< C( Z HE] ”CO’SV + HE>“0,N’3’N)1 T—2-N)
7=0
jw =W’ < C(IE o),
A =X < C(|E o), (4.5)
or some constant epending on €, wg, Ao, N, I, L, prior bounds for
t C depend X, N, I, L jor bound
[woo | L+ Lips ”W]’OHL—HLz‘p; j=1,...,N —1, and derivatives of W>.

Remark 11. In Theorem@ WO(0) is unique up to a phase shift.

Remark 12. The above Theorems are in a-posteriori format. The main
input needed is some function that satisfies the invariance equation approz-
imately. This can be numerical computations (that indeed produce good ap-
proxzimate solutions) or Lindstedt series, see for example [CCdIL19].

Notice that with these Theorems, we do not need to analyze the procedure
used to produce the approximate solutions. The only thing that we need to
establish is that the solutions produced satisfy the invariance equation up to
a small error.

The a-posteriori format of the theorem leads to automatic Holder depen-
dence of the solutions W° on € and Y.

It suffices to observe that if we consider W9 solving the invariance equa-
tion for some £1, Y7, it will solve the invariance equation for 2, Y2 up to an
error which is bounded in the C! norm by C (|e; — &2 + V1 — YQ”CO)l_%

As a matter of fact, one of the advantages of our approach is that it leads
very easily to smooth dependence on parameters.

Theorem 13. Consider a family of functions Y;,r, as above, where n lies
in an open interval I < R. Assume thatY;, and r, are smooth in their inputs
as well as in 1, with bounded derivatives.
Then for any positive integer L, there is an €y small enough such that
when € < g9, for each n € I we can find wy,, W,? solving .
Furthermore, the Wg(@) is jointly CETEP jnn, 6.

Theorem 14. Under assumption of Theorem for any given integers
N =2, and L =22+ N, there is an g9 small enough such that when e < &g,
for eachn € I, we can find wy, W,g, Ay Wi, j=1,...,N—=1, and W7 (0, s),
which solve the invariance equations (2.13), (2.14)), (2.15)), and .

Furthermore, W,?(@) is jointly CTHLP in n, 0; Wg(@), j=1,...,N—1,
are jointly CL=1HLP in p 0, W7 (0, ) is jointly CL=2=N+Liv inn, 0, and
s.
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Note that the regularity conclusions of Theorem can be interpreted
in a more functional form as saying that the mapping that to n associates
W,? is C*1P when the space of embedding W is given the C*~¢ topology.
Similar interpretation can be made for Theorem This functional point
of view is consistent with the point of view of RFDE where the phase space
is infinite dimensional.

4.2. Results for original problem in a neighborhood of the limit
cycle. Note that to find the low order terms, W9, ..., W7, for small ¢, the
extensions are not needed. Heuristically, the low order terms are infinites-
imals. Hence, to compute them, it suffices to know the expansion of the
vector field.

More precisely, if we take the initial guess for zero order term as W90(9) =
(8), the error for this initial guess is of order . Then by theorem (9| the
true solution W is within a distance of order ¢ from W%°(9). Therefore,
with small choice of €, we can have supger [W9 ()| < 3, we are reduced to
the case without extension, since

ro K(W(6)) = ro K(W°(8)),
Y(WO(0), WO(0;w),e) = Y(WO(B), WO(8;w), ).
where,
WO(0;w) = W0 — wr o K(WO(6))).
Then we can rewrite the invariance equation for W9, , as:

wiwo(e) - <A0v°;;3)(9)> — Y(WO(0), WO(6; w), e). (4.6)

Similar arguments apply for the equations for W' and W7’s if we look at
expressions of v'in 6.20: .Y in , and form of R/.

We can find 0 < so < 5, such that W(T x [—so,s0]) = T x [—3, 1], and
W(']I‘ X [=s0,50]) = T x [—%, %] Therefore, the original problem is solved

in a neighborhood of the limit cycle by applying the results in section
For the original problem in section [2, we have

Corollary 15 (Limit Cycle). When € < g in Theorem[9 is so small that
supger [WH(0)| < 1, equation (2.2) admits a limit cycle close to the limit
cycle of the unperturbed equation. If w, W9 solve the invariance equation

[4.6), then K oW?9(0) gives a parameterization of the limit cycle of equation
(2.2), i.e. for any 0, K o W°(6 + wt) solves equation (2.2)) for all t.

We can also find a 2-parameter family of solutions close to the limit cycle:

Corollary 16 (Isochrons). For smalle as in previous Corollary there are
isochrons for the limit cycle of equation . Ifw, X\, and W : TxR — TxR
solve the extended invariance equation , then there exists 0 < s < %,
such that K o W (0,s), |s| < so gives a parameterization of the limit cycle
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with its isochrons in a neighborhood, i.e. for any 6, and s, with |s| < so,
K oW (0 + wt, seM) solves equation (2.2) for all t = 0.

Dependence on parameters results in Theorem [13] and [14] apply.

4.3. Comparison with Results on RFDE based on time evolution.
The persistence of a periodic solution under perturbation for retarded func-
tional differential equation (RFDE) is presented in Chapter 10 of [HVL93],
notably Theorem 4.1. In this section, we present some remarks that can help
the specialists to compare our results with those obtainable considering the
time evolution of RFDEs.

The set up presented there does not seem to apply to our case since the
phase space considered in [HVL93] is the space of continuous functions on
an interval, namely, C°[—h,0], and they require differentiability properties
of the equation which are not satisfied in our case. Note also that we can
obtain smooth dependence on parameters (see Theorem. Obtaining such
smooth dependence using the methods based on the evolutionary approach
would require obtaining regularity of the evolution operator, which does not
seem to be available.

More precisely, if we employ the notation x; as a function defined on
[—h,0], with

xi(s) = x(t + s)
for s € [—h, 0], we can write our SDDE (2.2) as
x(t) = F(xt7€)7

where we define F(¢,e) = X(¢(0),ep(—r(¢(0)))). For e = 0, we have
an ODE, which can be viewed as a delay equation, with a non-degenerate
periodic orbit (see [HVL93]). However, above F' cannot be continuously
differentiable in ¢ if ¢ is only continuous. This obstructs application of
Theorem 4.1 for RFDE in [HVL93].

It is very interesting to study whether a similar method to the one in
[HVLI3] can be extended to our case with some variations of the phase
space (solution manifold, see [Wal03]). However, since only C'! regularity of
the evolution has been proved([Wal03]), (higher regularity of the evolution
in SDDE seems problematic), one cannot hope to obtain the dependence on
parameters to be more regular than C'. On the other hand, the method
in this paper allows to get rather straightforwardly higher smoothness with
respect to parameters. See Theorem We mention that some progress in
continuation of periodic orbits is in [MPNP94].

Considering RFDE’s as evolutions in infinite dimensional phase spaces,
[HVL.93] establishes the existence of infinite-dimensional strong stable man-
ifolds for periodic orbits corresponding to the Floquet multipliers smaller
than a number.

Again, we remark that there are some technical issues of regularity of evo-
lutions in phase space of SDDE to define stable manifolds and even stability.
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We hope that these regularity issues of the evolution can be made precise
(using techniques as in [Wal03, MNnO17, [MPNT11]).

Nevertheless, there is a very fundamental difference between the manifolds
we consider and those in [HVL93].

If we consider the unperturbed ODE as an RFDE in an infinite dimen-
sional phase space, the Floquet multipliers are 1 with multiplicity 1, exp (i—g)
with multiplicity 1, and 0 (with infinite multiplicity). With C'-smoothness
of the evolution as in [Wal03], under small perturbation, we would have the
Floquet multipliers be similar to those (one exactly 1, one close to exp( 3—8)
and infinitely many near 0).

The theory developed in [HVL93] attaches an infinite-dimensional man-
ifold to the most stable part of the spectrum. That is the strong stable
manifold.

The manifold that we consider here, in the infinite-dimensional phase
space, is attached to the least stable Floquet multiplier, hence it is a slow
stable manifold from the infinite-dimensional point of view.

We think that the finite-dimensional manifold we obtain are more prac-
tically relevant than the strong stable manifold. We expect that infinitely
many modes will die out the fastest and, therefore, be hard to observe.
All the solutions of the full problem will be asymptotically similar to the
solutions we consider. In summary, solutions close to the limit cycle will
converge to the limit cycle tangent to the slow stable manifolds described
here. One problem to make all this precise is that the evolution is only
known to be C!.

Our motivation is to obtain solutions which resemble solutions of the
ODE, in accordance with the physical intuition that the solutions in the
perturbed problem — in spite of the singular nature of the perturbation —
look similar to those of the unperturbed problem (this is the reason why
relativity and its delays were hard to discover).

One of the features of the formalism in this paper is that it allows to
describe in a unified way the solutions of the SDDE in an infinite dimensional
space and the finite dimensional solutions of the unperturbed ODE problem.

Of course in this paper, we only deal with models of a very special kind
(we indeed have the hope that the range of applicability of the method can
be expanded; the models considered in this paper are a proof of concept)
but we obtain rather smooth invariant manifolds and smooth dependence
on parameters with high degree of differentiability. Furthermore, the proof
presented here leads to algorithms to compute the limit cycles and their
manifolds. These algorithms are practical and have been implemented, see
[GYdIL19].

It is also interesting to investigate whether evolution based methods lead
to computational algorithms |[Gim19] and compare them with the algorithms
based on functional equations as in [GYdIL19].
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5. OVERVIEW OF THE PROOF

In equation , w and WO are unknowns. Under a choice of the phase,
we define an operator such that its fixed point solves . We will show
that when ¢ is small enough, the operator is a “C%” contraction and maps
a CLTLP ball to itself. Then one obtains the existence of the fixed point
(w, W?), and that WY in the fixed point has some regularity. Therefore,
equation is solved.

In equation , A and W1 are unknowns. We will impose an appro-
priate normalization when defining the operator to make sure the solution
is uniquely found, and that W is close to the identity map with appropriate
scaling factor. Then similar to above case, for small enough ¢, this operator
has a fixed point (A, W) in which W' has some regularity.

In equation , W3 is the only unknown. We define an operator
which is a contraction for small enough . The operator has a fixed point
with certain regularity solving the equation.

In equation , W= is an unknown function of 2 variables. We will
define an operator on a function space with a weighted norm, then prove for
small €, this operator has a fixed point in this function space, which solves
the equation .

We emphasis again that for small enough ¢, the equation for W= is the
only place where extension is needed. (Recall section

There are finitely many smallness conditions for €, so there are €’s which
satisfy all the smallness conditions.

Same idea will be used for proving the smooth dependence on parameters.

6. PROOF OF THE MAIN RESULTS

6.1. Zero Order Solution. In this section, we prove our first result, The-
orem [0

Recall , invariance equation for w and W9, as in section which
is obtained by setting s = 0 in equation .

Componentwise, W0 = (W2, WY), and Y = (Y1,Y3), we have the equa-
tions as:

W@W;)(e) —wy =Y (WO(0), WO(0;w), 2), (6.1)
and
w%vvg(e) — XW(0) = Y o(WO(8), WO(6;w), €). (6.2)
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Taking periodicity condition (2.10) into account, we define an operator
I'Y as follows:

a 'Y(a, 2)
T 21 |(6) = | T9(a, 2)(6)
Z I'Y(a, Z)(9)

wo + £ §o Y1(2(0), Z(6; 0), £)do (6.3)

0 ~
a7 (@08 + € §0 V1(Z(0), Z(0:a). <)do)
e SSO e)\ot?Q(Z(e — at), Z(9 — at; a)’ E)dt

Notice that if ' has a fixed point (a*, Z*), then (2.13) are solved by a*
and Z*, at the same time, periodic condition (2.10) is satisfied.

Y

Remark 17. As we can see, the operator 'O will depend on e, however, to
simplify the expression, we will not include € in the notation of the operator

o,

Remark 18. Similar to Remark[1, we will not have uniqueness of the so-
lution to invariance equation . Once we have a solution WO(0) to the
equation, for any 0y, W°(0 + 0o) will also solve the equation, which is called
phase shift. This is indeed the only source of non-uniqueness.

By considering the operator (6.3)), we fiz a phase by T'(a, Z)(0) = 0.

For the domain of I'’, we consider a closed interval I° = {a : [a—wo| < 4}
For a fixed positive integer L, define a subset of the space of functions which
are L times differentiable, with Lipschitz L-th derivative as follows:

C§+Lip ={f| f:T—TxR,f can be lifted to a function from R to R?,
still denoted as f, which satisfies f(6 + 1) = f(0) + ({),
fl(o) = 07 Hf”LJrL’L'p < BO}: (64)

where
(k) . p(L)
o ( 3 ( )
£+ Lip 121’21171611)67.”714{92}317)1] If;(0)], Lip(f;™)}

Define D° = 10 x Cé’JrLip, then I'? is defined on D°. We have the following:
Lemma 19. There exists €° > 0, such that when ¢ < €%, T9(D°) < DV.

Proof. For (a,Z) € D°, by assumption, we have that Y1(Z(6), Z(6;a),¢) is
bounded by a constant which is independent of choice of (a, Z) in D°. Then,
one can choose ¢ small enough such that I')(a, Z) = wo+¢ S(l) Y1(Z(0), Z(0;a),¢)do
is in 1°.

Now consider TY(a, Z)(0) = W(w[ﬂ + 5S3 Y1(Z(o), Z(o; a),e)do).
First we observe that

(a,Z2)(0+1) =TY(a, Z2)(#) + 1.
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Then we need to check bounds for the derivatives

%Fg(a, Z)(0) = F?(i,Z)(wO +eY1(Z(0), 2(9;@),5)).

By Fad di Bruno’s formula in Lemma (7} for 2 <n < L, anan(a, Z)(0) will

be a polynomial of a common factor m, each term will contain products
1\,

of derivatives of Y1, Z, and r o K up to order (n — 1). By assumption on
Y1 and r o K, for (a,Z) € D, if we choose B? to be larger than 2, then for
small enough ¢, I'Y(a, Z)() on [0, 1] has derivatives up to order L bounded
by BY and L — th derivative Lipschitz with Lipschitz constant less than BP°.
For TY(a, Z)(0) = € §3 MY 5(Z(0 — at), Z(0 — at; a),€)dt. Tt satisfies

(a, Z)(6 + 1) = T%(a, Z)().

To establish bounds for the derivatives of I'}(a, Z)(6), we apply a similar
argument as above. Notice that for n < L, %YQ(Z(G —at), Z(0 — at; a), €)
will be a polynomial with each term a product of derivatives of Yo, Z,
and 7 o K up to order n. With regularity of Y, and r o K, for (a, Z) € D°,
%YQ(Z(Q—CLt)7 Z(0—at), )| will be bounded. Therefore, for small enough
e, I'Y(a, Z) has derivatives up to order L bounded by BY and its L — th
derivative is Lipschitz with Lipschitz constant less than B°.

If we take € such that above conditions are satisfied at the same time,
then for ¢ < &%, we have I'°(D%) = D°. O

We now define a distance on D, which is essentially C° distance. Under
this distance, the space D is complete. For (a, Z) and (a’, Z') in D°,

d((a,2),(d",2)) = la—d|+ |2 = 2|, (6.5)

where

1Z ~ 7/ = max {sup 121(9) — Z1(6)]. sup | Z(0) — stn} . (66)
0 [/

Lemma 20. There exists ° > 0, such that when e < €°, under above choice
of distance (6.5) on DO, the operator T° is a contraction.

Proof. We will show that for e small enough,(the explicit form of smallness
conditions will become clear along the proof), we can find a constant pp < 1
such that for distance defined above in (6.5|)

d(I'%a, 2),T°%d, Z2') < pod((a, Z), (d', Z")). (6.7)
Note that
d(I(a,2),1°%d’, 2") =|1(a, 2) - TY(d’, Z")]

+[(T5(a, 2),T3(a, Z)) — (T5(d’, Z2),T3(d’, Z"))|
(6.8)
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More explicitly, above distance is

3

f Y1(2(0), 2(0: a), £)d6 f Y1(Z(0), 7 (0; a’),a)d@‘
0 0

1 o _ ~
———(wpf Yi(Z Z(o; d
+ max{sgp (0, 2) (wob + EJ;) 1(Z(0), Z(03a),€)do)
1 o ~
— = (wol Y (Z' Z'(o;d d 6.9
F(l)(a/7 Z") (WO + ‘C:L 1(Z'(0),Z' (03 a’),€) U) ) (6.9)
0
€ sup J MY 5 (Z(0 — at), Z(0 — at;a),€)dt
0 0

0
- f MYy (20 — d't), 2 (0 — d't; d)), 8)dt‘}
0

Now we consider each term of above expression . Note that in the
above expression, it suffices to take the supremums for § € [0,1], which

follows from periodicity condition (2.10). By adding and subtracting terms,
we have

By the mean value theorem, and the fact that (a,Z) and (a/, Z’) are in
DY, we have
V1(2(0),2(0:0).€) = Y1(Z'(9), Z'(6:.0'), )
<2|DYA[|Z - Z'| + | DY A[|DZ||r o K[[|a — o]
+ DY || DZ'||d||D(r o K)[1Z — 27| (6.10)
<[DY1| (2+ BYld||D(roK)|) |2 - Z'|
+ |DY1|B°|r o K| |a — d|.

Where all the norms are the usual supremum norms on R or R? (defined as

above in (6.6)), with
|DY 1| = max{ | Dy Y1, | D}, (6.11)

where |D;Y 1|, i = 1,2 is the supremum of the operator norm corresponding
to the infinity norm defined on R2.
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Then,

Y(a, Z) = TY(d’, Z2)| < | DY || (2 + B°|d'|| D(r o K)|) [ Z - Z']

— 6.12
+eBY|DY |||r o K||a — d| (6.12)

Now consider the first component of the maximum, for 6 € [0,1], by
adding and subtracting terms, we have:

’Fg(av Z) - Fg(a’/a Z/)‘

~

1 ~ _
< IF‘B(ZZ)\L VA(2(6), 2(6), €)d0 — V1 (2(6), 70), )|

=50 [71(2/(6). Z(6;), )| o
T9(a, )% (@, 27)
|wol

(0. 2. 2"

+

T9(a, 2) — T(d’, Z')]
(6.13)

I 1%(a, 2) - TY(d', Z")|

1 ~ _— ~
< g |, [FA(200).200). )00 - 71(2/9). Z10) o)

|wol + &Y
% (a, Z)TY(a’, Z’

T 1%(a, 2) —T(d, Z')].

By (6.10) and (6.12)), with T'V(a, Z2), T9(d’, Z') € I°, we have,

1%(a, 2) - T9(d, 2")|
elwo| + 2V + e[T0(a, ')
(e, 2)09(a!, 27

X

(Vs Rlla -l 1y

+|DY 1| (2 + B%d'[[D(r o K)]) | Z - Z’H)

For the third term, similar to what we have done before, we add and
subtract terms, then use the mean value theorem to get the estimate

Yo Z(0 —at), Z(0 — at; a),e) — Ya(Z'(0 — a't), Z(6 — d't; d), 5)‘
<2|DY:||Z — Z'| + 2t| DY o||DZ'||a — d'| + | DY o|| DZ'||r 0 K ||a — o]
+ | DY 2| |DZ'||'||D(r o K| Z — Z|
+t| DY o |[DZ' ||| D(r o K)||a — d'|
< [DYs| (2 + B|d||D(ro K)|)|Z - Z'|

+ BY|DYs||ro K|a — a/| + tBY| DY (2 + B°|d'||D(r o K)|)|a — a|.
(6.15)
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Where | DY 3| is defined similarly to (6.11]). Then,
05(a, Z), —T§(d, Z’)y

[ro K]

< | DY B (= (2+B°|a/|HD(roK)H>—T)la—a’l (6.16)

3
S
- *HDY2H(2 + B%ld||D(ro K)|)|Z - Z'|.

With above estimates for each terms , g, and (| -, we have

that for the distance defined in d Z’ is smaller than
the sums of the right hand sides of (|6 12|) (]6 14|) and (|6 16|) More precisely,

d(M%(w, 2),T(ws, ")) < cila—d'| + 2| Z — Z'|
Where
|wo| + ][ YV1] + T8 (e, Z’)I) | DY,
1% (a, Z)T9(d, Z")] Ao

¢y =eB|ro K| (DY1 (1+

BY -
+ ET%HDyzH(Q + B%d'||D(ro K)|)

and

— B D S wol + Y] + |Io(a’,Z’)| | DY,
6( ’a |H (To )H) <‘ IH( + |F(1)( ’ ) (1)( /7 ,)| ) — )\0

Since a, a’, T'{(a, Z), and T'Y(a’, Z’) are all in I°, we have

Alwo| + 4]V + 6|<JJ0|) _ DY2’>
Ao

1 <eBlroK (DY1 1+
7o K| 1DV ( o

BY —
ez DY) (2 + B%[d'|| D(r o K)]),
0

and

_ 4 4| V1| + 6 DY
(Bl (107 1+ AT L Bl [DFT)

Ao
Because ¢; and ¢y are bounded by € multiplied by some constants, they can

be made small with € small. Therefore, if ¢ is sufficiently small, we can find
a po < 1, such that (6.7) is true, we have I'’ a contraction . O

|wol?

Taking any initial guess (w®, W%9(#)) € D°. For example, one can take
w = wo, W(#) = (§). Iterations of this initial guess under I'” will have
a limit by Lemma Then by Lemma we can apply Lemma [6] then
we know that the limit is in D°. Therefore, we have a fixed point of '’ in
DY, that is, there exist w > 0 and W0 in COLJrLip such that is solved.
Moreover, by the contraction argument, we know that the solution is unique.

L+Lip

Therefore, w is unique. WP is unique in the Co space under the fixed

phase W7 (0) 0.
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To prove the a-posteriori estimation part of Theorem EL using IV is a
contraction on D°, we know that

d((WO7 WO’O), (w, WO)) _ ICIEEO d(<w0’ WO’O), (FO)k(WO’ WO’O))

< 3% (uo) (W0, W), T, W)
k=0

1
< —
1 — o
It remains to estimate d((w? W?),T9(w®, W°9)) by |E°|, where the norm
is the maximum norm defined in (6.6). We have
0 d
df

d((w, W), T, Wo0)).  (6.17)

E0(0) = 0 Lp00(g) - ( o ) Y (WO(0), OO (6;0). ),

AWy (6)
that is,
(Eg@) [ P EWPO0) = wo — VL (WO(0), WOO(6;00), )
E3(0) WO LW (0) — AWy *(0) — ¥ o(WOO(9), WOO0(8;00),¢) )’
and,

d((wo’ WO’O), FO(WO’ WO’O))

<

S

1
wo + ef V1 (W00(0), WO0(9: ), £)df — o
0

1

+ sup 71“0@0 WO) (

0
wofl + ef Y1(W%a), WO (0;00), )do) — W{*O(e)’
0

+ sup

f V(WO — w't), WO (0 — Ot w0), e)dt — WQO’O(Q)‘

f EY(0 d@‘

MU EY (9 — wot)dt‘

1 0 1
+|F0(w°WO< f EY(0)do| + |[W J E?(&)d@’)
2B0 A
EO 0)do| + —— EO )do| + ol — Ot)dt
!wo\ \wo| ?

For 6 € [0,1], we have

2 4+ 2BY 1
d((w, W), T, W) < <1 o ) 1] = 5 B2

Combine this with the inequality (6.17)), we have

1 2+ 280 1
d((w°, w0 wo [<1+ ) Ec, — —| ES ]
(( (w0, W0) < ool ) 1EVles = 5-1Blcy
(6.18)
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By definition of the norm, (4.2) and [ = 0 case of (4.1)) are true for a constant
C, which depends on ¢, BY, wg, Ao.

For other values of [, one can use interpolation inequality in Lemma [8] to
get,

0,0 0,0 -4 0,0 i
W2 =Wl < e(l, L)W = WP o “ W7 = WP & (6.19)

0,0 01— o 0y L
<c(l, L)Wy =Wyl qo (2B7)T.

Similar estimates can be done for the second component, this finishes the
proof of the estimations in theorem [0
For solution of the equation (2.13)), note that K o W9(6 + wt) solves the

equation (2.2):

%KOWO(Hert) X (KoWO(0+wt), KoWO(0+w(t—r(KoW(0+wt)))).

If W0 is L times differentiable, then right hand side of above equation is
L times differentiable, so is the left hand side. Using the fact that K is
an analytic local diffeomorphism, one can conclude that W9 is (L+1) times
differentiable. A bootstrap argument can be used to see W9 is differentiable
up to any order.

6.2. Proof of Theorem With Theorem@ w and W are known to us.
To prove Theorem we have to consider the equations for the first order
term, j-th order term, and then higher order term in s. We will obtain A,
W1 solving the first order equation , W solving , and then find
W= which solves equation .

6.2.1. First-order Equation. Recall that for the first order term, we got an
invariance equation ([2.14)), see also below:

0

d W) + \W(9) — (Aowg(e)

1 0 1
i =Y wo w
wd& > € (ea)H ) 75)7

where

Y (0,0 WO, W e) = A(O)W(0) + B(6; VW (0 —wr o K(WO(6))), (6.20)

A(0) = —wDY (WO(8), W0(8),e) DW(0 — wr o K(W°(8)))D(r o K)(W°(8))
+ DY (WO(0), WO(6), ) (6.21)
and s B N
B(0; \) = e MeEWVEO) Dy (w0(0), WO(6), €).
Note that in the expression of A and B above, we suppressed the w in the

expression of WO, We do this to simplify the notation, since w is already
known from Theorem [

Remark 21. Since ?1(9, N WO W1 e), as in (6.20), is linear in W', equa-
tion ([2.14)) for W', is linear and homogenous in Wt. Hence if W'(0) solves
[2.14)), so does any scalar multiple of W1(6).
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Componentwise, we have the following two equations:

jewl (0) + AWL(6) = 7 (0, ), WO, W, =), (6.22)
d 7
W W3 (0) + (A= o) W3 (0) = Y50\ WO, W &) (6.23)

As already pointed out, for the unperturbed case, W could be chosen as
the identity map. So after we add a small perturbation, W1(8) ~ (). We
will be able to find a unique W* close to () solving above equation (2.14)),

by considering the following normalization:

fl W3 (0)do = 1. (6.24)
0

Remark 22. [t is natural to choose above normalization (6.24)), since under
small perturbation, we have W(0) ~ (V). Meanwhile, we believe that \ does

not depend on the choice of normalization as long as Sé W1(0)do # 0.

From now on, since W0 is already known to us, we will omit W° from
?1(9, A\ WO WL ¢), and denote it as 71(0, A, W1 ). We define an operator
I'! as follows:

b I'i(b, F)
I By | (0) = | T3, F)(0)
I (b, F)(9)

)\0+5S0Y2 (0,b, F,e)df
= eggo MY (9+wtbF€)dt
C(b, F) + £ §0V5(0,b, Fe) — (1, Y36, b, F,)d6) Fy(0)do
(6.25)

where

1 p6
Cb,F)=1- 5f J Yy(o,b, F,)dodd
wJo Jo

(6.26)
g

(JO1 V3(6,b, F,)d6) fol Jj Fy(0)dodd

w

is a constant chosen to ensure that I'i(b, F) also satisfies the normalization

condition (6.24), i.e. §, T4(b, F)(0)d6 = 1.
Similar to previous section, section for the domain of I'', we consider
a closed interval I'' = {b: |b— \o| < 0 }, as well as the function space

CL Lrlip ={f| f:T—>TxR, fcan be lifted to a function from R to R?,
still denoted as f, which satisfies f(0 + 1) = f(0),

1
I lL-14zip < Bl,andf f2(0)do = 1},
0
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where

iLip = Lip(f&*-Y
Wla-sesin = mas s 1576 Lin(r ),

Where L is as in Theorem @ and B! is a positive constant.
Define D' = I! x CL L then T'! is defined on D!. We have the
following:

Lemma 23. If ¢ is small enough, T1(D') = D!,

Proof. Since ?;(9, b, F,¢) is bounded, for small &, we have I'} (b, F) € I'.
Now consider I'}(b, F')(6), we first have to show that

Li(b, F)(6 + 1) = Ti(b, F)(6).

This follows from the fact that 7}(9 + 1,b,F,¢e) = 71(0,(), F,e), which is
true by periodicity of W° as in equation (2.10)), of F', and of r o K with
respect to its first component.

Now we check dcénn I'i(b, F)(0),0<n < L—1,is bounded. Notice that

dTL

o0
;0"
—7T F — t v F .
GEA0.PN6) = = [T+ n b P

By dominated convergence theorem, it suffices to check that %?1(0 +
wt, b, F,e) is bounded. If one uses Faa di Bruno’s formula, as in Lemma

boundedness of ;Tnn?} (6 +wt, b, F,¢) is ensured by assumptionson Y, 7o K,
and WO(0), as well as F € ClL ~1HLP Then for & small enough the derivatives

could be bounded by B!. Bound for Lipschitz constant of -2 aL 1I‘l(b F)(0)
also follows.
For T4(b, F)(6), we will first show that it is periodic. Notice that

d

1
—T3(b.F)(0) = g?é(e,b, Fe)— 2 ( L Y4(0,b, F, s)de) R(0) (6.27)

is periodic. Hence, to show periodicity of T'3(b, F)(0), it suffices to see
that T3(b, F')(0) = T'(b, F)(1), which is true because S(l] F»(0)df = 1. The
choice of the constant C(b, F') ensures that the normalization condition

So Ti(b, F)(0)do = 1 is also verified.
Take derivatives of -, we have for2<n <L -1

an d(n H_, dn—1)

which will be £ multiplied by bounded functions due to the assumptions on
Y, ro K, and WO(0), as well as F € CL_HLZp When ¢ is small they could

all be bounded by B'. Similar for Lipschitz constant of -2 de = 1F3 (b, F)(0).
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Hence for ¢ small enough, where the smallness condition depends on
bounds of the derivatives of Y, 7o K, BY, and B!, but not on the spe-
cific choice of (b, F) € D', we have that (I'i(b, F),T(b, F)) € CcL™1HEP,
This finishes the proof. O

Recall the distance introduced in (6.5)):
d((a7 Z)? (CLI, Z/)) = ’CL - CL/‘ + HZ - ZlH?

where
12~ 2| = max {sup |23(6) - Z4(6)]sup |22(6) ~ Z30)] .

Lemma 24. Under above defined distance on D', for small enough e, T'* is
a contraction.

Proof. We will show that for € small enough, we can find a constant 0 <
u1 < 1 such that

d(L'Y(b, F),TY(, F")) < pad((b, F), V', F")). (6.28)
Note that
d(I'Y (b, F),TY(¥, F"))

1
<e J Y;(Q,b,F,s)—Yé(@,b’,F’,s)dQ’
0

o0
+ e sup J Y0 + wt, b, Fe) — V(0 + wt, b, F, s)dt‘
7 0
£ - g
- s J Vi(oh Fe) — (J Y1(0,b, F,)d8) Fy(0)do
6 0 0

6 1
—f Yi(o, b, Fe) + (f Yo(0,0, ' e)d0) Fy(0)do
0 0

+ |C(Fa b) - C(Flvb/)|
(6.29)
As before, we will consider each term of the right hand side of the above
inequality (6.29)).
Recall that ¥ has the form, (6.20)
Y'(0,\ W e) = A@O)WLO) + B(O; VW0 — wr o K(WO(0))).
If we use notation:

_ (An(9) A1) . 0; \) 0; \)
A(9) = <A§<9> AZ(e))  Bl:A) = <B21<9; \) Baslt: A)) :

then

+ BH(H; A
+ 312(9; A

)
YWEHO —wroK
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and
Va0, 0, W', e) =Agy ()WL (0) + Asa(6)W3(6)
+ B (0; W0 — wr o K(W(9)))
+ B (0; AW (6 — wr o K(W°(6))).

(
(
We estimate
|B(6;b)| < e=52l™Kl| D,y
and
1B(6;b) — B(6; V)| < |DoY e 5Kl |m oK |b— b/).

Also, if we define | Al = maxg | A(0)]||, where |A(9)| is the operator norm
corresponding to the maximum norm |- || defined as in equation (6.6). Then,

V1(6,b, F,e) = Y1(0,6, F',¢)|
< |A||F = F'| + |B(6; b)[||F — F'| + |B(6;b) — B(6;1)[|F|
< (JA] + 32Kl DoY) | F = F'| + BY| DoY e 3Kl m o K b — ),

and similarly,
V5(0,b, F,e) — Yy(0,V, F, )
< (A + e K DY )| F = F| + B DY e 3% K7 oK | |b — .
Note also that
V1(0,b, F, )| < BY(JA| + e~ 37Kl Dyy)),
similarly,
V5(0,b, F, )| < BY(|A| + e~ a7kl Dyy)).
Now for the first term in , we have

P16, F) = LV, F)| < el A + =52 K I D, Y| |F - F/|
+ B! DoY e 3K K| 1b — )
For the second term in , we have for all 6,
ID5(b, F) — TV, F')| <

3¢ _4)\ oK =
~ o Al e MRl DoY) | B — F|

3Ble (0l okl 7 (Fo T — o) — 3 /
PRI DY (ro K| — =) — = A] ) [b—b
s (¢ PRIDYI (7o K] = 53 = 5111 -b]
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For the third term in (6.29)), we have

€ _4y 17 —
T30, F) ~ T30 )] <1 (L4 2B + e K D,¥ )7 — £

Ble

ot BY)| Dy e~ 32Kl 7oK b — |
w

Similar holds for the last part in (6.29)),

€ _4y I —
|C(F,b) — C(F', V)] <m(1 +2BY)(JA|| + e~ 32Kl DY) | F - F|
B! — — —
N ﬁgﬂ + BY | DY e~ 30Kl 7o K b — v
w

Combine all the estimations above, we can find constants ¢y, cg such that,
AT (b, F), TV, F')) < e(ca|b — V| + ca| F — F')).

Therefore, for small enough e, we will have a contraction, so that we can
find a pp such that equation ([6.28) is true. O

Taking any initial guess (A%, W'Y) € D! we could take \° = )\g and
WO(9) = (9), the sequence (I'')*(A%, W19) has a limit in D!, we denote it
by (A, W1). (A, W!) is a fixed point of operator I'!, hence it solves equation
(2.14)). Since the operator is a contraction, \ is unique, W' is unique in C°
sense under the normalization condition ((6.24)).

Similar to what we have done in estimation in section notice
that

d((\°, W), (A, W) < 11Md((AO,Wl’O),Fl(AO,WLO)). (6.30)
- M1

We will estimate d((A%, W0),TY (A0, W10)) by |EY|. If we write E'(6)

in matrix form, we have

<E11<9>> o wdw00) + AW (0) — V(0,00 WO ¢)
E}(0) wLWIO(8) + (A0 — M)Wy 0 () — V5 (6, \0, W0 ¢) |
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Therefore,
0 1171,0y 11,30 1771,0
d((A°, WhE) T, WD)

1
<o + gf Ya(0,\0, W0, £)dg — \|
0

0
+ sup W11,0(0> + EJ e)‘OtY}(G +wt, A0, W0, e)dt‘
0

0

6
+sup ’C(AO, whoy 4+ ZL Va(o, A0, W0 ¢)

1
- ( f Y5 (6, /\O,Wl’o,a)d9> Wi(o)do — ngo(e)‘

0
1 0 2 2Bl
< f E%(H)de‘ + J e*OtEll(eert)dt‘ +7|1E21
0 0 w
1 2 +2B!
<—|E! 1 E!
solEil+ (1+ 225 ) s
3 2 +2B!
<—||EH| + <1+ ) EL.
Then
1 3 2 4+ 2B!
d((\, W0, (A W) < [ Fi +(1+> El].
(( ), ( ) 1~ 2|A0||| 1l o] 1B |

(6.31)
Therefore, we can find a constant C, depending on ¢, B!, w and \g such
that |\ — A°| < C| EY||. This proves (4.5)).

6.2.2. Equation for jth order terms. For each j > 2, we can proceed in a
similar manner to find W7. With w, A, WO and W' known, Equations for
W’s are easier to analyze.

Remark 25. As we will see, for theoretical result, we can stop at order 1
and start to deal with the higher order term. We include here the discussion
for W1’s for numerical interests.

Assume now that we have already obtained W0, ..., W71 and w, \, we
are going to find W7(f). To obtain the invariance equation satisfied by
W3, which was in equation . We consider the j-th order terms in the
equation (2.7). Note that the coefficient for s/ in W(9,s), is

—wDW( — wro K(W°(0))D(r o K)(W°(9))W7(0)
Therefore, Y is of the form:

Y7 (0, WO, Wi, e) = A(0)WI(0), (6.32)
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where A(6) is the same as in (6.21)),
A(0) = —wDY(W°(0), W(6),e)DW°(0 — wr o K(W°(6))D(r o K)(W°(6))
+ DY (W°(0), W (), ).

We also note that R’(#) will be some expression in the derivatives of Y’
evaluated at (WO(0), W (6),e), multiplied with WO, ..., W41, Therefore,
R7(6) will have the same regularity as W7~!. We will see inductively by the
following argument that W7 is (L — 1) times differentiable with (L — 1)-th
derivative Lipschitz. ‘ ‘

From now on, we will write Y’ as Y’ (6, W7,¢), for that A and W° are
known to us. Componentwisely, W7 should satisfy

d ) iy ) )
W@W](G) + NW(0) = eY7(0, W7 ) + R](0), (6.33)
M%Wj(ﬁ) (N — o)WV (6) = V50, W7, 2) + RI(6). (6.34)

For functions in the space
CJL WL — (| T — T xR, f can be lifted to a function from R to R?
still denoted as f, which satisfies f(0 + 1) = f(0),
|1+ < B’}

where
o £
Wlaosesip = i, s 1550 Lin(r ),
Similar to what we have done above, define an operator on space CL L+Lip
A —e {7 et (YJ(G +wt,G,e) + R0 + wt)) dt
IV(G)(0) = y (6.35)
—e [ i)t (Y (0 + wt, G, ) + Ry(0 +wt)> dt
Assume that we have already obtained W* in C,f*HLip fork=0,...,5—1,

we have the following:

(CL 1+sz) - CLflJrLip'

Lemma 26. For small enough ¢, we have I'J g

This follows from A < 0 and (Aj — Ag) < 0 for j > 2 and the regularity

of WO, ..., WJ, Y’ and R’. Moreover, we have ¢ in front of the expression.
Since this is very similar to the analysis of W° and W', we will omit the
detailed proof here.

We also know that I'V is a C¥ contraction for small €.

Lemma 27. For small enough ¢, IV is a contraction in C° distance.

This follows easily from that A < 0 and (Aj — Ag) < 0 for j > 2, and v’
is linear in WJ.
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If we define norm as before
1G] = max{sgp !G1(9)!7Sgp |G2(0)]},

above lemma tells us that, if ¢ is small enough, then one can find 0 < p; < 1,
such that
IN(G) = T(&)] < G - &)

Taking any initial guess W7 e CJI-:_HLW, we would take W70() = (),
the sequence (I'V)*(W7?) has a limit in CjL_HLip , we denote it by WJ. W7
is a fixed point of operator I'/, so it solves equation (2.15]). W/ close to the
initial guess, is unique in the sense of CY by the contraction argument. We

will see quantitative estimates below.
We know that

1 . . .
< —— W0 — I (W) (6.36)
L= py

With similar argument as in the error estimation of W° and W', we have

W7 = w0

. . . 1 .
W{°(6) — T{(W70)(0)] < —5IEl

1
JA—= Ao

W3(8) = TH(W70)(9)] < |23

Therefore, we have

1 1, 1 . .
——|El| — ———|EL| ) < C|E|. 6.37
1_Mj( S = 5 2|) IE7]. - (6.37)

We stress that above C' depends on j, €, BI and the SDDE, however, it does
not depend on choice of W7 in space C]L—1+sz.

W7 — W70 <

6.2.3. Equation of Higher Order Term. Now we have already found w, A,
WO, ..., WN=1 It remains to consider the higher order term. We will solve
equation ED locally in this section, which will establish the existence in
Theorem [10] From now on, we will write:

W(0,s) =WS(0,s) + W= (0,s), (6.38)

where WS(6,s) = Zj-V:—Ol W7(#)s’. To make the analysis feasible, we do a
cut-off to the equation satisfied by W~ in ([2.16)):

(g + sAO) W™ (6, 5) = </\0WB(9 S)> F YT (W™ ,0,5,6)6(s),  (6.39)
2 )
where
N N-1
YZ(W=,0,s,e) =Y (W(0,s), W(0,s),e) — Y'(0)s', (6.40)
=0
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and recall the C* cut-off function ¢ : R — [0,1] as introduced in (2.8)):

1 if o] < 3,
W:)_{o it 2| > 1.

Remark 28. Cut-off is needed in our method. We note that similar to
before, the boundaries for cut-off function above(% and 1) could be changed
to any positive numbers a1 < as.

Adding a cut-off is not too restrictive. Indeed, we only get local results for
the original problem mear the limit cycle. Since we have used extensions to
get the prepared equation , what happens for s with large absolute value
will not matter.

Now let ¢(t) = (0 + wt, seM) be the characteristics, we define an operator
as follows:

> (H)(0,5) = —¢ JO N <(1) e_OAOt> Y (H, clt), ) p(se™)dt.  (6.41)

If there is a fixed point of I'” which has some regularity, it will solve the
modified invariance equation . For the domain of I'”, assume L~ is a
positive integer, we consider D~ the space of functions H : T x R — T x R,
where 04,0 H;(0,s), i = 1,2, exists if [ + m < L>, with | - [1> x norm
bounded by a constant B:

Hlon e max P00 B HL0,8)]s- O i m < N,
) l+m<L>i=1,2 SUP(g,5)eT xR ‘696221{1(9, 3)‘ i oms N
(6.42)

Under above notations in (6.38]), we have

~

W(8,s) = W(0 —wroK(W(8,s)), se MKWO9))
— WS — wr o K(W(8, 5)), se oKW (0:)))
+ W (0 —wro K(W(0,s)), se oKW @)
We define

W>(0,5) = W™ (6 — wi s K((WS + W™)(6,5)), se oK VSHW)60.9))
(6.43)

Lemma 29. If e is small enough, = (D~) c D~.

Proof. For H € D~ , we need to prove that for ¢ = 1,2, and I + m < L7,
dL0mT'7 (H)(0, s) exists, also that |[>(H)|L> n is bounded by B. Using
definition in equation (6.43])

H(9,s) = H(O —wro K(WS + H)(0,s)), Se—AW((W<+H)(9,s)))

We first claim that for |H|.> y < B, we can find C, which does not
depend on the choice of H, such that for [ + m < L~, i = 1,2, (0,s) €
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T x [-1,1]:
I Am 17T, < (N—m) <
ya?as Hy(0,5)] < Cls| it m <N, (6.44)
dhorHy(9,5)| < C it m >N

Note that within the proof of this lemma, C' may vary from line to line.
Finally, we will take C' to be the maximum of all C's appear in this proof.
To prove above claim, notice that |H|r> y < B implies that

|oLbomH;(0,5)| < Bls|V=™) if m < N,

|ohomH;(0,s)| < B if m > N.
forl+m< L7, i=1,2,and (f,s) € T x R. Then

|ﬁl(9 S)| < B|S|N6—AN7~07K((W<+H)(0,S)).

By boundedness of 7 o K, we have that |H;(6, s)| < C|s|". Note that

CH(0,5) = Q0 (0 wr SR ((WS 4+ H)(0, 5)), se RV 0

(1 —wDFo K)(WS + H)(0,5))(W< + H)(6, 5))
+0uH; (0= wr o K (WS + H)(0,5)), se K OVTHD0D)

S(=ND( s K) (WS + H)(0,5))0p(W= + H) (0, 5)e KW=M 0.9)
Then, we have

0

5 0.5) <Blsl e I 4 ol DEE R a0V + 1)

+ Bls|N e ANEDIE 5| X[ D(r o K [e MK og (WS + H)J.

By boundedness of W<, H, r o K, and their derivatives, we have

0 ~

N
20 H;(0,s)| < Cls|™.

Above C depends on B, but it will not depend on the choice of H € D~.
Similarly,

0 ~

2 Hil0,5) = QpHi(0 — wr o K((WS + H)(6,5)), se” oK IVZH0D),
(—w)D(ro K)((WS + H)(0,5))0,(WS + H)(0, s)
+0,Hi (0 — wr o K(WS + H)(0, 5)), se XK (WS+H)(0:9))).

(14 s(~=ND(ro K)(W= + H)(6,5))0s(WS + H)(0,5)) e AR (WSH)(0:5)),
Then,

‘ 0
0s

ﬁz(ea 3)

<Bs| V1AMV (1 4|5 |A Do K e R oy (W= + )] )

+ Bls|Ne MRl |D(r oK) [|0s(WS + H)J.
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Since we have |s| < 1, regularity of WS and H we have

‘aiﬁi(e, s)| < C|s|N L

The C will not depend on the choice of H as long as |H| >y < B. The
proof of the claim is then finished by induction.
Now we observe that we can bound the integrand in the operator I'~.
Claim: There exists constant C, such that |Y(H,0,s,€)¢(s)|>n < C
when ||H| > y < B.
Note that by definition of the cut-off function ¢, it suffices to consider s €
[—1,1].

N-1
Y7 (H,0,5.¢) = Y(WS + H)(0,5), (WS + H)(0,5),¢) — >, Y'(0)s',
i=0

where

YZ(H,0,5,6) =Y (W= + H)(0,5), (WS + H)(0,5),¢)

—Y(WS(0,5), W=(0,5, H),e)

+Y(WS(0,5), W=(0,s,H),e)

—Y(WS(0,5), WS(0 —wr o K(WS(0,5)), se*)‘m(wg(e’s))), €

+Y(WS(0,5), WS(0 —wr o K(WS(0, 5)), se MeEW=0:9)) ¢
N-1

- ?1(6)317
=0

(6.45)
where we used the notation
W=(0, 5 H) = WS(0 — wr o K(WS + H)(8,5)), se RV 09))

We group the first two lines, the two lines in the middle, and the last two
lines in (6.45)), and denote them as ¢1, {2, and /3, respectively. Then for /:

—_——

0 = Ll DY ((1— )WS(0,s) + t(W< + H)(0,s), (W< + H)(0,s),e)H(0, s)dt

—~— —_—

+ f DY (WS(8,5), (1 — )W=(0, s; H) + t(W< + H)(0,s),e)H(0, s)dt
0

By the regularity of Y, and W< and |H| > n < B, using that H satisfy
(6.44), we know that [1¢(s)| >~ < C.
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Similarly #5 is
1 -
f DY (WS(0, 5), WS(0 — wr o K(WS + tH) (0, 5)), se oKOVEHE@)y oy,
0

[W=()(=w)D(r o K)(-) + oW =()se KO D(r o K) () (=N)]H (6, 5)dt,
Similar to {1 case, we have that [l2¢(s)|r>n < C.
For the third line, notice that Zf\i 61?(9)51' is the Taylor expansion at
s =0 for
Y(WS(8,s), WS(0 —wr o K(WS(0,s)), se EW=09)) o) (6.46)

According to Taylor’s Formula with remainder, see [LdIL10], we just need
to show that for m < N
6N -m 5l om
dsN=m o6l osm (6.49),
and for m > N,
om o
— (¢
6Sm ael ( 3)7
are bounded for all 0, |s| < 1, and [+m < L~. This is true if we assume that
the lower order term has more regularity, more precisely, L —1 > L~ + N.
We will take L= = L — 1 — N to optimize regularity. Therefore, we have
[€3¢(s)| > n < C, and the claim is proved.
Hence, according to (6.41)), if m < N, for small e, we have that

Q0
|oLom Ty (H) (6, 5)] < e f et g|N=mAWN=m)tAmt gy < Bl g|N=m
0
(6.47)
if m > N, for small &, we have that
Q0
0L TT (H) (6, 5)] < e J e)‘OtC'eAmtdt‘ < B, (6.48)
0
Therefore, for small ¢, |I'7(H)| > v < B when |H|1> y < B. O

Lemma 30. If € small enough, we have I'” is a contraction in | - o n.

Proof. Recall that |H|o,n = supg gerxr [H (0, s)||s|~". We consider

r= (H)(97 8) - (H/)(07 3)

S L B <(1) e_OAOt) (YZ(H, e(t).e) — Y* (' c(t), ) ¢(56A’;)6d19)

Given the low order terms, denote W = WS + H and W/ = WS + H', we
have

Y= (H,c(t),e) — Y7 (H' c(t),e)
= Y(W(c(t)), W(e(t)),e) = Y (W' (c(t), W(c(t)) ). (6.50)
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Note that for all 9, s,
(W (9,s) —W'0,s)| = |H(9,s) — H'(0,s)] < |H — H/HL>7N|S|N. (6.51)

Then for 17/(9, s) — w (0,s), by adding and subtracting terms, we have
for all 6, s,

(0.9) = W(0,5) V(0 — w5 KW (0, 9), 507000
— W' —wroK(W'(0,s)), se/\M(W'(g’s)))‘
<'W(9 TR (W (0, 5)), se ROV
_ W/(g _ wW(W(Q, S))’ Se—)\roK(W(G,s)))‘
+ W0 — wr o K(W (0, 5)), se MoK W(0:s))y

— W' —wroK(W'(0,s)), se)‘MK(W(e’S)))‘

+ W0 — wr o K(W'(0,5)), se AR W (@)

—W/(0 —wr o K(W(0,5)), se—MW’“’S)’)}

<Mi|H — H'on|s] ",
where
My = IRy (IDW] + B)| DG ) (] + \llsle7RT).
Then,

ee}
07 (H)(6,5) = D7 (H)(0,9)] < el — o |sl™ [ ¥ 001056 at,
0

where
M = | DY + | DY M.
Now, notice that by definition of D', we have that A € [%22 220] then

33
AN — Ao < 0if N = 2. Under this assumption, we have for all 0, s,
M
> (H)(0,s) — T (H' <—— |H-H N,
T2 (H)(0.5) = T (') (0,5)| < =535 | = H'low s

If € is small enough, we have for all 8, s,
0= (H)(8,5) —T7 (H')(0, )| < p| H — H'|o,n]s]".
Hence for small enough e,

0> (H) - T ()

oN < p|H—H

0,N>»



STATE-DEPENDENT DELAY PERTURBATION TO AN ODE 39

I'” is a contraction. Note that smallness condition for € depends on N, B,
j=0,....N—1,B,w, \, Y, and ro K. [l

Now for any initial guess W<, the sequence (I'>)"*(W>"9) in the function
space D~ will converge pointwise to a function W=, which is a fixed point
of . By Lemma[6| we know that W= is (L~ —1) times differentiable, with
(L~ — 1)-th derivative Lipschitz.

It remains to do the error analysis in this case. Notice that

0

> _ >70 —
E~(0,s) = (wop+sAds)W™7(0, s) (AOW;’O(Q,S)

)—5Y>(W>’O, 0,s,€)p(s),
along the characteristics, we have
E” (c(t)) = (wdg + 5N ) W0 (c(t)) — < >00 >
AWy (c(t))
— YT (WY c(t), e)p(se).
Hence,
1 0

> (W>9)(0, 5) — W08, 5) — Lw (0 6_A0t> B> (c(t))dt.

Based on proof of Lemma/[29] we know that | E> [o, is bounded, therefore,
for the maximum norm,

1
= (W=9) —w=°| < m“E>HO,N|3’N>
and then
1 1
> >0 < F> >0y _ >.0 < E> N.
W WO < 0 () =W 0 < s 1 ol
(6.52)

If we take account of error estimations in ([6.18)),(6.31)), 6.37: , and ([6.52)),
we see that [ = 0 case of (4.4) is proved. Inequalities in (4.4]) for [ # 0 is

obtained using interpolation inequalities.

6.3. Proof of Theorem [13| and Theorem The proof of Theorem
and Theorem [14] are obtained by just considering the functions W7 as func-
tions of two variables W7 (1, ). We can straightforwardly lift the operators
I'% T'!, and IV defined in , , and to operators acting on
functions of two variables. We denote these operators acting on two-variable
functions by I'?, ', and IV, respectively. At the same time, we lift the op-
erator I'” to an operator acting on functions of three variables, denoted as
r=.

To prove Theorem given a function Wo(n, 0) of the variables 7,6, we
treat n as a parameter and take into account that now, Y and r depend also
on 7, in a smooth way.

We use the same strategy as in the proof of Theorem[9} We first show the
propagated bounds, similar to Lemma[I9] and then, show that the operator
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is a contraction under a distance given by the C° norm of the two-variable
functions and the distance on the w, similar to Lemma The distance
here is quite analogue to the distance defined in (6.5). Then, the desired
result, Theorem [13| follows by an application of Lemma @ .

The key to the propagated bounds is to show that if |W/|Lip < B, for
£ < g9, we have that the CE+L% norm of the function components of TO(T)
is also smaller or equal than B°. This proof is rather straightforward and
identical to the proof as before, because if we apply Faa di Bruno formula,
we obtain that the derivatives of order up to L of T(W?), are polynomials
in the derivatives of W9 of order up to L and the coefficients are just deriva-
tives of Y, r and combinatorial coefficients. Similarly, we can estimate the
Lipschitz constants because upper bounds for the Lipschitz constants satisfy
an analogue of Fad di Bruno formula.

To obtain the proof of the contraction in C, we just need to observe that
the proof of the contraction in Theorem [9] only uses very few properties of
Y, r. The properties hold uniformly for all . One can obtain the contraction
in the uniform norm on both variables.

Analogous arguments as above for the operators IV and I, using similar
methods in Sections [6.2.1],[6.2.2] [6.2.3] complete the proof for Theorem
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