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1 Introduction

We recall that a linear operator L which acts from a Banach space E into another Banach
space I possesses the Fredholm property if its image is closed, the dimension of its kernel
and the codimension of its image are finite. Consequently, the problem Lu = f is solvable
if and only if ¢;(f) = 0 for a finite number of functionals ¢; from the dual space F*.
These properties of Fredholm operators are widely used in various approaches of linear and
nonlinear analysis.

Elliptic equations in bounded domains with a sufficiently smooth boundary satisfy the
Fredholm property if the ellipticity condition, proper ellipticity and Lopatinskii conditions
are satisfied (see e.g. [1], [9], [11]). This is the main result of the theory of linear elliptic
equations. When domains are unbounded, these conditions may be insufficient and the
Fredholm property may not be satisfied. For instance, Laplace operator, Lu = Au, in R fails
to satisfy the Fredholm property when considered in Holder spaces, L : C?T%(R?) — C*(R?),
or in Sobolev spaces, L : H*(RY) — L?(R%).

Linear elliptic equations in unbounded domains satisfy the Fredholm property if and only
if, in addition to the conditions cited above, limiting operators are invertible (see [12]). In
some simple cases, limiting operators can be explicitly constructed. For instance, if
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Lu = a(z)u” + b(z)u' + c(x)u, z€R

with the coefficients of this operator having limits at infinity,

4+ = 3:1—1>I:E100 a(x), bi - :cl—l>rziloo b(il?), CE = :Jcl—l>rziloo C($),

the limiting operators are given by:

Liu = azu” +biu' + cou.

Due to the fact that the coefficients are constant, the essential spectrum of the operator, that
is the set of complex numbers A for which the operator L — A fails to satisfy the Fredholm
property, can be explicitly computed by means of the Fourier transform:

Ae(é) = —ar&® +byif+cp, EER.

Invertibility of limiting operators is equivalent to the condition that the essential spectrum
does not contain the origin.

In the case of general elliptic equations, the same assertions hold true. The Fredholm
property is satisfied if the essential spectrum does not contain the origin or if the limiting
operators are invertible. However, these conditions may not be explicitly written.

When the operators are non-Fredholm the usual solvability conditions may not be ap-
plicable and solvability conditions are, in general, not known. There are some classes of
operators for which solvability conditions are derived. We illustrate them with the following
example. Let us consider the problem

Lu=Au+au=f (1.1)

in R?, where a > 0 is a constant. The operator L here coincides with its limiting operators.
The homogeneous problem admits a nonzero bounded solution. Hence the Fredholm property
is not satisfied. However, since the operator has constant coefficients, we can use the Fourier
transform and find the solution precisely. Solvability conditions can be formulated as follows.
If f e L*R?Y and xf € L'(R?), then there exists a solution of this problem in H?(RY) if

and only if
e
(1)

1pT

=0, pe€ Sda a.e.
>L2(Rd) ve

(see [21]). Here and below S? stands the sphere in R? of radius r centered at the origin.
Hence, though the operator fails to satisfy the Fredholm property, solvability conditions are
formulated similarly. However, this similarity is only formal due to the fact that the range
of the operator is not closed.

In the case of the operator involving a potential,

Lu= Au+ a(z)u = f,



the Fourier transform is not of any help. Nevertheless, solvability conditions in R? can be
derived by a rather sophisticated application of the theory of self-adjoint operators (see [14]).
As before, solvability relations are formulated in terms of orthogonality to solutions of the
homogeneous adjoint problem. There are several other examples of linear elliptic operators
without Fredholm property for which solvability conditions can be obtained (see [12]-[21]).

Solvability relations play a crucial role in the analysis of nonlinear elliptic equations.
When the operators are non-Fredholm, in spite of some progress in understanding of linear
equations, there exist only few examples where nonlinear non-Fredholm operators are ana-
lyzed (see [4]-[6], [20], [21], [24]). In the present work we consider the nonlinear problem,
for which the Fredholm property may not be satisfied:

% = Au+au+ / Gz —y)F(u(y,t),y)dy, a>0. (1.2)
Q

Here Q2 is a domain in R?, d = 1,2, 3, the more physically interesting dimensions. Equations
of that kind appear in cell population dynamics. The space variable = here corresponds to the
cell genotype, u(x,t) denotes the cell density as a function of their genotype and time. The
right side of problem (1.2) describes the evolution of cell density due to cell proliferation and
mutations. Here the diffusion term corresponds to the change of genotype via small random
mutations, and the nonlocal term describes large mutations. In this context, F(u,x) is
the rate of cell birth which depends on u and x (density dependent proliferation), and the
function G(z —y) shows the proportion of newly born cells which change their genotype from
y to x. We assume that it depends on the distance between the genotypes. In population
dynamics the integro-differential equations describe models with intra-specific competition
and nonlocal consumption of resources (see e.g. [2], [3], [7]). The existence of stationary
solutions of (1.2) was studied in [20] using the fixed point technique. Related to problem
(1.2), we consider the sequence of iterated equations with m € N

ou

T Au+ au + /Q Gm(x —y)F(u(y,t),y)dy, a>0. (1.3)
The sequence of kernels G,,(z) — G(x) as m — oo in the appropriate function spaces
discussed below. We will show that under the certain technical conditions each of equations
(1.3) has a unique stationary solution u,,(z) € H?, the limiting problem (1.2) will have a
unique stationary solution u(z) € H? and wu,,(r) — u(x) in H> as m — oo, which is a
so-called existence of stationary solutions in the sense of sequences. The similar ideas in the
sense of standard Schrodinger type operators were exploited in [22] and [23]. The operators
without Fredholm property arise also when studying the so-called embedded solitons (see

e.g. [10]).
2 Formulation of the results

The nonlinear part of problems (1.2) and (1.3) will satisfy the regularity conditions analogous
to the ones of [20].



Assumption 1. Function F(u,x) : R x Q — R is such that
|F(u, z)| < k|lu| + h(x) for ueR, zel (2.1)

where a constant k > 0 and h(z) : Q — R*,  h(x) € L*(Q). Furthermore, it is a Lipschitz
continuous function, such that

|F(uy, ) — Flug,x)| <lluy —us| for any w2€R, x€Q (2.2)
with a constant [ > 0.

Obviously, the stationary solutions of (1.2) and (1.3), which exist under certain technical
conditions, will satisfy the nonlocal elliptic equations

Au + /QG(x —y)F(u(y),y)dy +au =0, a >0 (2.3)

and
Auy, + / Gm(x —y)F(um(y),y)dy + au,, =0, a >0, m € N. (2.4)
Q

Let us denote

(fi(x), fo(x))2(00) ::/Qfl(a:)ﬁ(x)d:c,

with a slight abuse of notations when these functions are not square integrable, like for
instance those used in the orthogonality conditions of Theorem 1 below. Indeed, if fi(z) €
LY(Q) and fo(x) € L>®(Q), then the integral in the right side of the definition above makes
sense. In the first part of the article we treat the case of 2 = R?, such that the appropriate
Sobolev space is equipped with the norm

lullzr @y = 1l @) + | AullZa @) (2.5)

The main issue for equations (2.3) and (2.4) above is that the operator —A —a : H*(R?) —
L*(RY), a > 0 fails to satisfy the Fredholm property, which is the obstacle when solving these
equations. The similar situations arising in linear and nonlinear equations, both self- adjoint
and non self-adjoint involving non Fredholm second or fourth order differential operators
or even systems of equations with non Fredholm operators have been treated extensively in
recent years (see [14]-[24]). Our first main result is as follows.

Theorem 1. Let Q@ = R m € N, G(z) : R = R, G,,(x) € L}(RY), such that
Gm(r) = G(z) in LY(RY) as m — oo and Assumption 1 holds.

I) When a > 0 we assume that ©G,,(z) € LY(R?), such that 2G,,(x) — xG(z) in L'(R?)
as m — 0o, orthogonality relations (6.7) hold if d =1 and (6.22) when d = 2,3 and

V202m)iN, g ml<1—¢ (2.6)



for allm € N with some 0 < € < 1. Then each of the equations (2.4) admits a unique solution
U () € HXR?) and the limiting equation (2.3) has a unique solution u(z) € H?(R).

II) When a = 0 we assume that 2?G,,(z) € L'(R?), such that 2°G,,(z) — 2*G(z) in
LY(RY) as m — oo, orthogonality conditions (6.26) hold, d =1,2,3 and

V2(2r) Ny 4 m [ <1—¢ (2.7)

for all m € N with some 0 < € < 1. Then each of the equations (2.4) possesses a unique
solution u,,(r) € H*(R?) and the limiting equation (2.3) admits a unique solution u(z) €
H?(RY).

In both cases I) and II) we have wy,(x) — u(x) in HX(RY) as m — oco.

The unique solution of each problem (2.4) un,(z) is nontrivial provided the intersection
of supports of the Fourier transforms of functions suppm) N supp@m s a set of nonzero
Lebesgue measure in R?. Similarlyiizumque solution of the limiting problem (2.3) u(x)

does not vanish identically if suppF(0,z) N suppé is a set of nonzero Lebesque measure in
R4,

The second part of the article is devoted to the studies of the analogous problem on the
finite interval with periodic boundary conditions, i.e. = I := [0, 27] and the appropriate
functional space is

H*(I) = {u(x) : I = R | u(x),v"(z) € L*(I), w(0)=u(2r), ' (0)=1u'(2m)}.

We define the following auxiliary constrained subspaces

eiinox

V2r

H2(I) = {u € HX(I) | (u(;z:), )W) =0}, ng €N (2.8)

and
Hg} o) ={ue H2(I) | (u(x),1)r2(ry = 0}, (2.9)

which are Hilbert spaces as well (see e.g. Chapter 2.1 of [8]). Our second main result is as
follows.

Theorem 2. Let Q =1, meN, G, (x): I - R, G, (x) € L>*(I), such that G,(z) —
G(z) in L*(I), m — oo, Gpn(0) = G, (27), F(u,0) = F(u,27) for u € R and Assumption
1 holds.

I) When a > 0 and a # n?, n € Z, we assume that

2VTNG, ml <1—¢ (2.10)

for all m € N with some 0 < € < 1. Then each of the equations (2.4) possesses a unique
solution u,,(z) € H?*(I) and the limiting equation (2.3) admits a unique solution u(zx) €

H2(I).



II) If a = nd, ng €N, let us assume that orthogonality relations (6.42) hold and
2VTNz il <1 —¢ (2.11)

for all m € N with some 0 < e < 1. Then each of the equations (2.4) has a unique solution
U (z) € HZ(I) and the limiting problem (2.3) admits a unique solution u(x) € HZ(I).
III) When a = 0, assume that orthogonality relations (6.46) hold and

ANy ml <1 —¢ (2.12)

for allm € N with some 0 < € < 1. Then each of the equations (2.4) admits a unique solution
um () € Hi o(I) and the limiting equation (2.3) possesses a unique solution u(zx) € Hg ((I).
In all the cases 1), II and III) we have u,(x) — u(x) as m — oo in the norms of
H?(I), H3(I) and H§ o(I) respectively.
The unique solution of each problem (2.4) um(z) is nontrivial provided the Fourier co-
efficients GpnF(0,2), # 0 for some n € Z. Similarly, the unique solution of the limiting
problem (2.3) u(x) does not vanish identically if G, F(0,z), # 0 for some n € Z.

Remark. We use the constrained subspaces Hi(I) and Hg (1) in cases II) and III) of
2

d
the theorem above respectively, such that the Fredholm operators i na: HX(I) — L*(I)
2

d
and g Hi o(I) — L*(I) have empty kernels.
x )

Let us conclude the article with the studies of our problem on the product of spaces,
where one is the finite interval with periodic boundary conditions as before and another is
the whole space of dimension not exceeding two, such that in our notations Q = I x R? =
0,27] x RY, d = 1,2 and x = (21,2,) with 2; € I and x; € R%. The appropriate Sobolev
space for the problem is H?(f2) defined as

{u(x) : Q = R | u(x), Au(z) € L*(Q), w(0,71) = u(2m, 1), tg, (0,21) = uy, (27, 21)},

where x;, € R? a.e. and u,, stands for the derivative of u(z) with respect to the first variable
x1. Analogously to the whole space case treated in Theorem 1, the operator —A — a :
H?(Q) — L?(Q), a > 0 fails to possess the Fredholm property. Our final main result is as
follows.

Theorem 3. Let Q=1 xR? d=1,2, meN, Gp(r):Q— R, such that
Gm(z) € LNQ), Gu(r) = Gx) in L'(Q) as m — oo,

for z, € R g.e.
Gn(0,21) = Gp(2m,11) € L¥(RY),

F(u,0,2,) = F(u,2m,2,), u € R and Assumption 1 holds. Moreover, let us assume that

Gm<07 xJ_) — G(Oer_)? Gm(27T7xJ_) — G<27T7xJ_)7 m — 00

6



in L=(RY).

DIfnd <a< (ng+ 172 ng € Zt =NU{0}, let 2,G(x) € L'(Q), such that
2, Gp(x) = 2, G(x) in LY(Q) as m — oo, condition (6.86) holds if dimension d = 1 and
(6.87) if d =2 and

V202m) T M, Wl <1—¢ (2.13)

for all m € N with some 0 < ¢ < 1. Then each of the equations (2.4) admits a unique

solution u,(x) € H*(Q) and the limiting equation (2.3) has a unique solution u(x) € H*(Q).

II) When a =ng, ng € N, let 2 G,,(z) € L} (Q), such that 22 G,,(z) — % G(z) in L'(Q)

as m — 00, conditions (6.69), (6.71) hold if dimension d =1 and conditions (6.70), (6.71)
hold if d =2 and

V2(21)F My I <1—¢ (2.14)

for all m € N with some 0 < € < 1. Then each of the equations (2.4) possesses a unique
solution u,,(x) € H*(Q) and the limiting equation (2.3) admits a unique solution u(x) €
H?(Q).

IIT) When a = 0, let 22 G,,(z) € LY(Q), such that 22 G,,(x) — 22 G(z) in L'(Q) as
m — oo, conditions (6.62) hold and

V202m) T Myl <1—¢ (2.15)

for all m € N with some 0 < € < 1. Then each of the equations (2.4) admits a unique
solution u,,(x) € H*(QY) and the limiting equation (2.3) has a unique solution u(z) € H*(Q).
In all the cases I), II and III) we have uy,(x) — u(z) in H*(Q) as m — co.
The unique solution of each equation (2.4) umy(x) is nontrm@l\pmm’ded that the inter-

section of supports of the Fourier transforms of functions suppF(0,z), N supp@mvn 15 a set
of nonzero Lebesque measure in RY for some n € Z. Similarly,/th\e unique solution of the
limiting equation (2.3) u(x) does not vanish identically if suppF (0, z), N supp@n is a set of
nonzero Lebesque measure in R for some n € Z.

Remark. Note that in the article we deal with real valued functions due to the assump-
tions on F(u,z), Gy (x) and G(x) involved in the nonlocal terms of equations (2.3) and

(2.4).

3 The Whole Space Case

Proof of Theorem 1. By means of Theorem 1 of [20], each equation (2.4) admits a unique
solution u,,(z) € H*(R?), m € N. Equation (2.3) possesses a unique solution u(z) € H?*(R?)
as a result of Lemma A1l of the Appendix in dimension d = 1 and via Lemma A2 when
d = 2,3 along with Theorem 1 of [20].



Let us apply the standard Fourier transform (6.1) to both sides of equations (2.3) and
(2.4). This yields

«G(p)f(p)

pP—a

1 G () fn ()

pP—a

u(p) = (2m) , Um(p) = (27) , meN, (3.1)

where f(p) and f,, (p) stand for the Fourier transforms of F(u(zx),x) and F(u,,(x),x) respec-
tively. Obviously, we have the estimate from above

Gn(p)  G(p)

pP—a p*—a

-~

| (0) = F(D)].

Loo(Re)

ém (p)
p*—a

d -~ d
2 |f(p)] + (2m)2
Lo (Rd)

[t (p) —u(p)| < (2)

such that
Gnlp) G

d
2 —
pP—a p’—a

m LQ(Rd) ~ 7T
[ty — u] < (2m)

| F (u(@), ) || L2 (ray+
Lo°(Re)

Gn(p)
p*—a

d
2

+(2)

Lw(Rd)“F(um(m% ) — F(u(z),2)| 2 (ra)-

By means of inequality (2.2) of Assumption 1, we have
I (@), 2) = Fu(w), )| g2ga < Uhem — ull a0 (32)

Note that wu,,(z),u(z) € H*(RY) C L*®(R?), d < 3 by virtue of the Sobolev embedding.
Thus, we arrive at

@m(p)
pPP—a

d
||t — UHLQ(Rd){l — (2m)z2l

b
Lo (R4)

1 F(u(x), 2)| 2 gy
Lo (Rd)

Gu(p)  G)
P’ P’
By virtue of (2.6) if a > 0 and (2.7) in the case of a = 0, we arrive at

Gu(p) Gl

pP—a p’—a

< (2n)

—a —a

(2)}

Hum - UHL?(Rd) < HF(U<I)7 $)||L2(Rd)-

Loo(R4)

By means of inequality (2.1) of Assumption 1, we have F(u(z),z) € L*(R?) for u(x) €
H?(RY). Therefore,

Um () = u(x), m — o0 (3.3)
in L?(RY) due to Lemma A1l of the Appendix for d = 1 and Lemma A2 when d = 2,3.
Clearly,

G2 () = (2m) i) ()

5 , méeN,
—a p?—a



such that R R
P’Gm(p)  p’G(p)

20 (p) — p¥ulp)| < (27)2 - f(p)|+
[p™Unm(p) — p°u(p)| < (27) P N— LN(Rd)If(pN
.
d mep . iy
]| ZE=@E ) - F)l
Pm =4 e (re)

Thus, using (3.2) we arrive at

P*Gu(p)  P*G(p)
pP-—a p’-a

d
[ Aty — Aul| 2 ey < (27)2 |1 F(u(z), )| 2 ey +

Lo (R4)

d

+(27T) g p2ém(p)

p—a

Ut — u“L?(Rd)-
Lo (RY)
Hence, by virtue of Lemma A1l of the Appendix when d = 1 and Lemma A2 for d = 2,3
along with (3.3), we have Au,,(z) — Au(z) in L*(RY) as m — oco. Norm definition (2.5)
implies that u,,(z) — u(z) in H*(R?) as m — oo.

Suppose the solution u,,(z) of equation (2.4) discussed above vanishes a.e. in R? for a
certain m € N. This will contradict to our assumption that the Fourier images of G,,(z) and
F(0,2) do not vanish on a set of nonzero Lebesgue measure in R?. The analogous reasoning
holds for the solution u(z) of the limiting problem (2.3) studied above. u

4 The Problem on the Finite Interval

Proof of Theorem 2. Note that under the given conditions we have G,,(x) € L'(I), m € N
and G,,,(z) — G(z) in L'(I) as m — oo. By virtue of Theorem 2 of [20], each equation (2.4)
possesses a unique solution u,,(x) belonging to H%(I) in case I) of the Theorem, to H3(I) in
case II) and to H§ ((I) in case III) with m € N. Equation (2.3) has a unique solution u(z)
belonging to H*(I) in case I), to Hg(I) in case II) and to Hj ((I) in case III) as a result of
Lemma A3 of the Appendix along with Theorem 2 of [20].

Let us apply Fourier transform (6.33) to both sides of equations (2.3) and (2.4). This
yields for n € Z

Gn n Gmn m,n
Uy, = V21 / s Uy = 271'#, meN (4.1)

n?—a

with f, and f,,, denoting the Fourier images of F(u(x),x) and F(u,,(x),x) respectively
under transform (6.33). This enables us to obtain the estimate from above

Gm,n
2

n—a

—I G G
‘um,n - un’ S 2 2m,n - =
n—a

n2 —

o ARV
lOO

‘fm,n - fn‘7
loo



such that

Gmn Gn
lum (@) = u(@)llr2y < Var| 5= =

n2 —

[ F (u(x), z)|[ L2y +
[

Gm,n

+V2r o lOOHF(um(x),a:) — F(u(z),2)| 20)-

Inequality (2.2) of Assumption 1 yields
[ (um(@), ) = F(u(@), 2)l| 20y < Uum(z) = u(@)| 20 (4.2)

Note that by means of the Sobolev embedding we have u,,(z),u(z) € H*(I) C L>(I).
Edivently,

Gm,n
2

n—a

Gm,n . Gn
n2

| NP (), )0

[0

fin(z) ~ u(e) o {1~ VR

}gx/%

[

Let us use inequalities (2.10), (2.11) and (2.12) in cases I), II) and III) of the theorem
respectively. Thus, we arrive at

V2r

3

Gm,n Gn

n2—a n?-—

| F(u(z), )| 2

[

[tm () — u(z)||L2(r) <

Clearly, F(u(z),z) € L*(I) for u(z) € H?*(I) due to bound (2.1) of Assumption 1. Then by
means of the result of Lemma A3 of the Appendix, we have

Um () = u(z), m — oo (4.3)
in L?(I). Evidently,

nQGmm
)

12Uy — nPu,| < V21

n’Gn,  n*G,
2

e NTARAYe:
.

’fm,n - fn‘;
oo

n

such that via (4.2)

n’Gn  n*G,
[ (@) — 0" (@) | L2y < V27| 5" — — IF (u(x), )| 2+
n?—a n?®—a|w
n?Gon
+V27 n2—7 Uwm () — u(@)|| r2(r)-
[

By virtue of the result of Lemma A3 of the Appendix along with (4.3), we arrive at

ur (r) = u"(x), m— o0

m

in L?(I). Therefore, u,,(z) — u(x) in the H*(I) norm as m — o0o.

Suppose Uy, (z) = 0 a.e. in I for some m € N. Then we will obtain the contradiction
to the assumption that the Fourier coefficients G, ,F(0,z), # 0 for some n € Z. The
analogous argument holds for the solution u(x) of the limiting equation (2.3). u
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5 The Problem on the Product of Spaces

Proof of Theorem 3. By means of Theorem 3 of [20], each equation (2.4) admits a unique
solution wu,,(z) € H*(?), m € N. Equation (2.3) possesses a unique solution u(z) € H*(Q)
as a result of Lemmas A6, A5 and A4 of the Appendix in cases I), II) and III) respectively
along with Theorem 3 of [20].

We apply Fourier transform (6.54) to both sides of equations (2.3) and (2.4). This yields
forncZ, peR?, d=1,2, meN

d+1

Ta(p) = 20) T D Falp)s Tmn(p) = (20)F € () frun(p) (5.1)

with f;(p) and fmn(p) standing for the Fourier images of F(u(z),z) and F(u,,(z),z) under
transform (6.54) and &;(p), &7, ,(p) defined in (6.57). This allows us to obtain the upper
bound

d+1

[ () =T (p)] < (27) F1|€2 0 (0) = E2(D) |2, | P (0) 4+ (27) F 11, o (D) | s, | oo (0) — Fu (D),

such that
atl ) g a
[wm(7) — w()|| 2 < 2m) 2 [1€5,.,(P) — Ea (D) |loge, | F (u(z), 2)[| 2(0)+

dEL ) g
+2m) = 160 n (Pl 2ge, I ' (um (), 2) = F(u(2), 2) || 2(0)-
Bound (2.2) of Assumption 1 implies

[ (um (), ©) = F(u(@), 2)||2(0) < Hum(z) = w(@)]]220)- (5.2)

Note that by virtue of the Sobolev embedding we have u,,(z),u(x) € H*(Q) C L®(Q).
Apparently,

(@) = u@)|l 2@ {1 = (27) F 1€, D) ]11ss, } <

< (2m) T 1€ 0 (0) — E2(0) | nge, | F (u(2), 2) | 2 e-

We use bounds (2.13), (2.14) and (2.15) in cases I), IT) and III) of the theorem respectively.
Hence, we derive

(2m)*8"

lum (@) = u(@)llra@) < ———l&nn®) = &0z, 17 (u(z), 2) ] r2(0)-

Obviously, F(u(z),z) € L*(Q) for u(z) € H*(Q) via inequality (2.1) of Assumption 1. By
means of the results of Lemmas A6, A5 and A4 of the Appendix in cases I), II) and III) of
the theorem respectively, we obtain

U () = u(x), m — oo (5.3)
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in L?(Q). Apparently,

d+1
||

(0 + 12) T (p) — (07 + 1)) < (27) % (9% + 02)EL o (p) — (9 + 0DEXD) 150, | )|+

i1 a -~ -~
+2m) = [|(* + 1) n (D) 232, | fnin (P) = fu (D),
which yields via (5.2)

| A (2) = Au(@)|120) < (27)F (|0 + 1) (0) — 0+ 0)ED12e, | F (u(2), 2) | p2(0)+

il a
+2m) % [0 + 07)€0n (0) 52, Ul tim (%) = u(@) |20

By means of (5.3) along with the results of Lemmas A6, A5 and A4 of the Appendix in cases
I), IT) and III) of the theorem respectively, we arrive at

Aty (z) = Au(z), m — o

in L?(€2). This proves that
in H%(Q).
Suppose U, (z) = 0 a.e. in Q for some m € N. This yields the contradiction to the

—

assumption that there exists n € Z for which supp@mm N suppF(0,x), is a set of nonzero
Lebesgue measure in RY. The analogous reasoning is valid for the solution u(z) of the limiting
problem (2.3). u

6 Appendix

Let G(x) be a function, G(x) : R? - R, d < 3. We designate its standard Fourier
transform via the hat symbol as

~ 1 )
Glp) = —— / Glz)e—"dz, p e RY (6.1)
(2m)2 Jre
Hence 1
1GW) ity < —— G o1 ey (6.2
(2m)>
1 -~ .
and G(z) = ) / G(q)e'*®dq, = € R?. We introduce the auxiliary quantities for m € N
)2 JRA
G 2Gom
No aom = max{‘ 2_(@ , ’ ]?2—(@ ’ } (6.3)
p? — allLee®r) p? —a llLeo(rd)

12



when a > 0 and

§m<p) A
Noa = mar{ [5G0 )
O T ey O e
for a = 0. Similarly, in the limiting case
G 2G
O (LY WA L R
p? — allLe(rd) p? — a llLe(rd)
and R
G(p) A
Vo ar=mard[S25] L |60} a0
Xl 2 PR R PR C

Lemma A1l. Let the assumptions of Theorem 1 hold in dimension d = 1.
a) If a >0, let

<G ) e:l:i\/ﬁm> N
m\T), - 0, m & .
( V2w / L*(R)
Then R R R R
G 2 2
m®) , G) o Gulp) P G(p)’ s o
”—a pP—a »”—a »”—a
in L*(R), such that
Gn(p G(p P*Goulp p*G(p
|Gt LA e Wl
P” = @[ oo (R) P™ = Q] poo(r) P” =@ |[poo(m) P7 = Q| peo(Rr)
Moreover, )
V2(27m)2N, 1l <1—¢
holds.

b) When a =0, let
(Grm(2), V2@ =0 and (Gp(x),2)2m) =0, m €N,

Then N N
G;(p) - Gp(f)’ Gn(p) = Gp), m — oo
in L>*(R), such that
e I e R A P e R IR
Furthermore,

\/5(271')%]\[0’ 1l S 1—¢

13

(6.4)

(6.7)

(6.8)

(6.11)

(6.12)

(6.13)

(6.14)



holds.

Proof. In both parts a) and b) of the lemma by means of (6.2)

~ ~ 1
1Gm(p) = G lz=@ < —=lGm(z) = G(@)llr@) = 0, m — 00 (6.15)

as assumed. Let us first establish part a) of the lemma. Via the trivial limiting argument,
we have

=0 (6.16)

6:|:7L\/5x
)L?(R) N

G(x),
(G). =
as well. Indeed, if w(x) € L>®(R) is the right side of the inner product in orthogonality
condition (6.7), then

(G(2), w(2) L2@y)| = [(G(2) = G (@), w(@)) r2@)| < [[w]L~@[|Gm = GllLi@ — 0

as m — oo as assumed, which yields (6.16). Therefore, by means of the part a) of Lemma
Al of [20], we have
Na7 1 < OQ.

We introduce the intervals on the real line

If =[Va—6+a+d), Iy =[-a—6—a+d], va>3s>0,

such that I5 := I} U I; . This yields

Cn(®) _ CB) _ Gl =G) , Gu®) =), Culp) =G

P-a pP-a  p-a T pog ! g (647)

S p2 —Qa
where y4 here and further down denotes the characteristic function of a set A, A¢ stands
for its complement. The first term in the right side of (6.17) can be easily bounded in the
norm from above using (6.2) as

. < |G (2) — G(2)]| 11 (®)
Lo®R) V2rs?

G(p) — G
H (p)_a(p)xé 0

p2

as m — oo due to one of our assumptions. Clearly,
G(£va) =0, Gu(tva)=0, meN

due to orthogonality relations (6.16) and (6.7). This enables us to use the representation

formulas " ~
5 P dG(q) A P dGn(q)
Gp:/ ——=dq, Gmp:/ —————=dgq, meN.
») va dq (») va dg

14



By means of the definition of the Fourier transform (6.1), we have

‘dém(p) B i (z) —2G(2)| 1 ®), pER

~ Tlm
dp dp \ 27

This enables us to obtain the bound

H@m(p) - a(p)x

pP—a

) _ 1 [2Gn() = 2G(2)|l11m)
LOO(R)_\/QW 2\/__5

—0

as m — oo by means of the one of our assumptions. Similarly to the above, we have

@(p)Z/p qu, @m(p)z/p dGm(q)dq, m €N,

—Va dq —va dq
such that R R
HGm(p) -G < L 12Gn(z) —2G@)lnw
p2 —Qa I(S LOO(R) - \V 27'(' 2\/& — 5
as m — oo according to the one of our assumptions. This proves that
G €
(r) , G s oo
pP—a  p’—a
in L>°(R). Thus by virtue of the triangle inequality, we have
G G
' 2(p) _>H2(p) oo
D™ = Gl oo Ry D™ — Q|| po(r)
Clearly,
23 23 ~ ~
P Gmlp) PGl A A Gn(p)  G(p
(o) VL) _ G, ) G+ S22 - 0L,
pT—a pT—a pr—a p—a
such that
23 207 ~ ~
p°Gn(p) p°G(p ~ ~ Gn(p) G(p
|22 2O <) -Glma| - S
b —a b —a L= (R) pT—a p°—a L (R)
via the results obtained above. Thus,
2 27
P*Gm(p) _}pG(p)7 oo
pP—a  p’-a
in L>*(R). By virtue of the triangle inequality,
G 2G
’pzm(p) ‘pQ (») Cms
o=@ e m) P @l peem)

15



Inequality (6.10) comes from (2.6) as a result of the trivial limiting argument.
Then we turn our attention to the proof of part b) of the lemma. Via the simple limiting
argument below, we have

(G(x), )2y =0 and (G(z),2)2m) =0. (6.18)

The proof of the first identity in (6.18) is analogous to establishing (6.16). Obviously,

(G (), 2) 2wy | = (G(2) = G (), 2) 12wy | < / |G () = G (x)]dr+

lz|<1

—l—/ 122G (z) — 2°G()|dx < ||Gin(2) — G(@)|| 1 (r) + |2° G (7) — 2°G(2)|| 1Ry — O
|z|>1

as m — oo by virtue of our assumptions. Then by means of the result of part b) of Lemma
A1 of [20], we have
]\fo7 1 < 00.

We express

)
)

Cnlp) _G0) _ Cu0)=Gw)  Cup) ~ Gp)
P2 2 e {lp|<1} P2

X{lp|>1}- (6.19)

Using (6.15), we easily obtain

< |G (D) — G(D) || 2wy G,
. [Gm(p) — G(P) || L= w) \/—H (z

which tends to zero as m — oo as assumed. Orthogonality relations (6.11) and (6.18) imply
that

p
X{Jpl>1} ) — G(@) |1 ®), (6.20)

=0, meN,

which yields

o= [ ([l o [ ([ G

By means of the definition of the Fourier transform (6.1), we have

@Clu(p) _ dz@(p)' <L
dp? dp? | — Vor

2Gm(x) — x2G(x)||L1(R),

such that

(2) = 2G|l -

Gin(p) — G(p) :

< 22G,,
\/—||

16



1
<
[,oe (R) 2 V 2’7'('

due to one of the assumptions of the lemma. Therefore,

am(p)_>@(p) s s

p? p?

||x2Gm(x) — xZG(x)HLl(R) —0, m— o0

p p)
2 X{lpI<1}

in L>*(R). By means of the triangle inequality, we have

-1

5 m — O0.
p

Y

Lo (R)

Loo(

Also, R R
|G (D)l Loe®) = |G (D)l Loo®), M — 00,

(6.21)

which comes from (6.15) via the triangle inequality. Estimate (6.14) stems from (2.7) as a

result of the elementary limiting argument.

The proposition above can be generalized to higher dimensions in the following statement.

Lemma A2. Let the assumptions of Theorem 1 hold in dimensions d = 2, 3.
a) Ifa>0, let

etpT

(2m)2 ) L2 (RY)

(Gm(x), =0 for pESf/E a.e., meN.

Then

Gn(p) R Glp)  p*Gulp) _}p2@(p)

_>
P-a pP-a pP-a  pPoa 7
in L=®(R?), such that
‘ Gom(p) H G(p) ‘ﬁGm(p) ‘ P*G(p)

as m — oo. Furthermore,
d
V2(27)oN, gl <1—¢

holds.
b) When a =0, let

(Gm(), ) 2@ay =0 and (Gp(v),2x)2rey =0, 1<k<d, meN.

17
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(6.23)

(6.24)

(6.25)
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Then

Gulp) G 4 5
p ) — p(z)’ Gn(p) = G(p), m — o0 (6.27)
in L= (R?), such that
G G . _
|-t 1SR 10l 1O s (625)
P~ Alpee(r) P7llpee(ra)
Moreover,
V2(2m)iNg gl < 1—¢ (6.29)
holds.

Proof. Let us first establish part a) of the lemma. Via the trivial limiting argument
similar to the proof of (6.16), we obtain

eipa:

(G(x), =0 for pESfl/a a.e. (6.30)

(27)2 >L2<Rd>
Then by virtue of part a) of Lemma A2 of [20], we have
Ngy, g < 00.
We will use the auxiliary spherical layer in the space of d = 2,3 dimensions
As ={peR? | Va-56<|p|<va+6}, 0<6<a,

such that

Cult) GG _ Cul)-C) Gulr)—C
2 () 2 p) _ (pz) (p) a + (pz)) (p) e (6.31)
pP—a p*—a p*—a p*—a

The second term in the right side of (6.31) can be estimated above in the absolute value as

‘@m(p) — G(p)
pPP—a

|G, (p) — G(p)|
NI

By virtue of the analog of inequality (6.15) in dimensions d = 2,3, we obtain

H Gun(p) — G(p) _ Gn(@) = G@)lpza)
2 XAg = d
Lo (RY) (27m)2+/ad

P’ —a
due to one of our assumptions. By means of (6.30) and (6.22), we have

X Ag

—0, m—=o0

G(vVa,0) =0, Gm(va,0)=0, meN.
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Here and below o denotes the angle variables on the sphere. This enables us to express
~ Pl 5 R Pl oG
G = [ 2T as G = [Ty men
Vva Os Va 0s

Evidently, using the definition of the Fourier transform (6.1), we arrive at

0G (lpl,0)  0G(lp|,0) 1
— —||zG () — 2G(2)|| L1 (may-
‘ S ol | < (WH () — 2G(2)|| 1 @)
Therefore,
S =0 | s G - G 0 m
PP —a Lemd)  (27)2V/a

by virtue of the one of our assumptions. This implies that

Gon(p) . G(p)

. m — 00
pP—a  p’—a
in L*°(RY). By means of the triangle inequality
Gom G
‘ 2(p) H2(p) s oo,
Pm = Allpeomey - NIP7 T @l Lo me)

which is analogous to the first statement of (6.9) of Lemma A1l in one dimension. Note that

2 2
P*Gn(p) N G(p)

p2 . p2 4 s m — o0
in L>=(R%) and
G 2G
‘me(p) ’p2 (p) oo
e @ llpemay  ITP7 @ Lo me)

holds here as well, which can be proven analogously to corresponding statements of Lemma
A1l in one dimension. By means of the trivial limiting argument, we arrive at

V2(21) 2N, 4 <1—e.

Then we turn our attention to the proof of part b) of the lemma. By virtue of the straight-
forward limiting argument similarly to the proof of (6.18) in one dimension, we arrive at

(G(ﬂf), 1)L2(Rd) = 0, (G(.Z'),l'k)LQ(Rd) = O, 1 S k § d. (632)
By means of part b) of Lemma A2 of [20], we obtain

Ng}d<OO.
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Identities (6.26) and (6.32) imply that

G(0) =0, 0.0)=0, Gu(0)=0, F(0.0)=0, meN.

alpl

This enables us to express

A 7 ° 826 ) =~ i s 82@m )
6= [ ([T a)as. Gutn= [ [ TG D dg)as, men
0 0 q 0 0 q

Using the definition of the standard Fourier transform (6.1), we derive

02G(lpl, o) 92G(|p|, o)

Olp|? Olp|?

NG () — G ()| 11 (R
(2ﬂ)§H (z) (@)l 21 may

such that )

p
d||x2G ( ) $2G($)||L1(Rd)§-

|Gm(p) — G(p)| o)
We will use the analog of formula (6.19) in dimensions d = 2, 3. Clearly, the estimate similar
to (6.20) holds here as well. The analog of (6.21) is valid here due to the argument presented
above. This proves (6.27) along with (6.28). Inequality (6.29) can be easily established via
the limiting argument. [ ]

Let the function G(z) : I — R, G(0) = G(27) and its Fourier image on the finite
interval is given by

2m e~inT
G, = G(x dr, n €Z, 6.33
e (6.3
such that G(z Z Gp Clearly we have the bound

|Gl < (6.34)

\/—IIGIILI

Analogously to the whole space case we introduce for m € N

e
N = max{ 2m’n n2 mn } (6.35)
for a > 0. In the case of a = 0
Gmn
No, m = mazx > , NGmn . (6.36)
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In the limiting case

G n’G
N, == max — , — , a>0
and
G
Ny == mazx — I G, , a=0

We have the following technical statement.

Lemma A3. Let the assumptions of Theorem 2 hold.
a) If a >0 and a # n* n € Z then

Gon G, n?Gumn n’G,,
2 — ) s 2 — 2 , MM — 00
n’—a n’>—a n’®—a n’®—a
m (>, such that
Gmn Gp n?Gon n’G,
5 5 , 5 5 , M — 00.
n* — al|;e n* —a || n* —a ||je0 n* — a |«
Moreover,
VTN <1 —¢
holds.

b) When a =n?, ng €N, let

Then
Gmn . G, n?Gun . n*G, s o
n?2—n n2—nt n2-ni n2-nd
mn [*°, such that
G . G, n?Gon n’G,, s o

n? —ng ||~ n? —ntll’  ||n*—nd~ n? —ng |’ '

Furthermore,
2VTNzl < 1—¢
holds.
c) If a=0, let

(Gm(x), )2y =0, meN.

21

(6.37)

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)

(6.43)

—~

6.44)

(6.45)

(6.46)



Then
Gm,n Gn

n? — Fa Gm,n — Gm m — o0 (6'47>
m (%, such that
Gm,n Gn
' o — Hﬁ o NGmnlliee = ||Grllie,  m — o0. (6.48)
1o 1o
Moreover,
VTNl <1 —¢ (6.49)
holds.

Proof. Obviously,
|G(0)=G(2m)| < [G(0) =Gm(0)|+|Gm(2m) = G(2m)| < 2[|G(2) =G ()| Loy = 0, m — 00

as assumed, such that G(0) = G(27). As noted in the proof of Theorem 2 above, under the
given conditions G,,(z) € L*(I), m € N and G,,(z) — G(z) in L'(I) as m — oo. By means
of (6.34), we have

|Gmn — Gullie < (x) = G(x)|| 1y = 0, m — o0, (6.50)

1
—G,,
o |
such that
Gmn —+ Gy, m — 00

in [°°. Let us first address case a) when a > 0, a # n?, n € Z. Part a) of Lemma A3 of [20]
implies that N, < co. We define

7y = min,ez|n® — al > 0.

Apparently,
Gm,n Gn

1
<

o V2w

n2—a n2—a HGm(:L') - G(l')HLl(I) —0, m — oo,

such that
Gm,n Gn

5 — B , M — 00

n® s —a n®—a

in [*°. A trivial calculation yields
TLZGmJL TLZGn Gm,n - Gn

5 - = =Gmn— Gnt+a—73
—a n’-a n?—a

Y

n
such that

n?Gumn  n*G,

Gm,n Gn

— 0, m — oo.

S HGm,n - Gn”lDO +a

[0

n?—a n?-—a n?—a n?-—a

[

22



Hence ) )
n*G n°G
m,n N n

n?—a n?—a

;M — 00 (6.51)

in [*°. Therefore, (6.40) holds by means of the triangle inequality. We obtain (6.41) via an
easy limiting argument.

Then we turn our attention to establishing part b) of the lemma. By virtue of the limiting
argument analogous to the proof of (6.16), we derive

(G(a:), ej;_r)m([) ~ 0. (6.52)

Then N,z < oo due to part b) of Lemma A3 of [20]. We obtain

Gmn G, Gm -G
Cun __Gu | NGne) =@l o
n?—nd n?—nd| V271 (2n9 — 1)
such that
Gm,n Gn
— m — o0

2 _ 2 2 _ 27
n®—ng  n*—ng

in [*°. Note that G, 1n,, m € N and G, vanish due to orthogonality conditions (6.42) and
(6.52). Similarly to the proof of (6.51) above, we obtain

n?Gun n’G,,
2 b

m — oo
n? —ng n? —ng

in [*°. By virtue of the triangle inequality, we easily arrive at (6.44). Inequality (6.45) stems
from the trivial limiting argument.

We conclude the proof of the lemma with considering case c¢). The limiting argument
analogous to the proof of (6.16) yields

(G(2), D2y = 0. (6.53)

Part ¢) of Lemma A3 of [20] gives us Ny < co. Evidently,

1

Note that Gy, 0, m € N and G vanish due to orthogonality conditions (6.46) and (6.53).
Hence,

Gm,n Gn

1
5 < Gm G 1 O? 0.
n? n? || \/27TH (=) @l "

Gm,n Gn
—

n2 n2’

m — OO

in [*°. The triangle inequality yields (6.48). Inequality (6.49) is a result of a simple limiting
argument. |
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Let G(z) be a function on the product of spaces studied in Theorem 3, G(z) : 2 =
IXxRI =R, d=1,2, G0,2.) = G2, z,) for r; € R? a.e. and its Fourier transform on
the product of spaces is given by

~ 1

2
Gn(p) = — d:ULeip“/ G(ry, 7. )e ™ dx,, peRY neZ (6.54)
(2m) 2 Jre 0

such that for the norm

~ ~ 1
1Gn(P)llLse, = subgper, nezy|Gn(p)| < —x 1G(2) |21 () (6.55)
(2n)%
1 > ~ . .
and G(x) = W Z / Gn(p)eP*te™dp. 1t is also useful to consider the Fourier
2m) 2 T JRd

transform only in the first variable, such that

—inxy

V21

Evidently, under the assumptions of Theorem 3 by means of (6.55), we have

del, n € 7Z.

o)) = /O%G(xl,m

~ ~ 1
|G (p) = Gu(p)ll2ge, < mlle(x) = G@)lL@) =0, m— oo (6.56)

We define the auxiliary quantities for a > 0

Gu(p) G ()
%(p) = o = : N 6.57
& (p) P — & (D) e _a M€ (6.57)
and introduce for m € N
Mo, m = maz{[|€, ()L, [(P* +0*)E0 0 (P) 32, } (6.58)
if a > 0 and R
Gm n(p) -~
My = : s NGmn oo 6.59
o, i= maaf | Spalh L+ Gl (6.59
when a = 0. Similarly, in the limiting case we define
M, = maz{[|& Pz, (0° +n*)E () g, } (6.60)
when a > 0 and N
Gn(p) A
My = —_— G oo 6.61
el [0 1.0, (661

if a = 0. Here the momentum vector p € R
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Lemma A4. Let the assumptions of Theorem 3 hold, a =0 and for all m € N

(Gm(x), 1)L2(Q) =0, (Gm(x),xL k)L2(Q) =0, 1<k<d, d=1,2.

Then

Gun®) | Gulp) .
2+ n? - P2+ n? Gmn(p) = Gu(p), m — o0
m ijp, such that
Gnn(p) Gu(p) - "
‘ P2+ n2 ||, P2 +n2| . HGm,n(p)HL%‘jp - HGn(p)”Lg?p’ m — o0.
n,p n,p
Moreover,
\/5(271')%]\40[ <l-c¢
holds.

Proof. Evidently, ||G(0,2.) — G(27,71)|| o (re) can be bounded above by

(6.62)

(6.63)

(6.64)

(6.65)

1G(0,21) = Gu(0,21) | oo ey + (|G (27, 21) — G227, 21 )|| Lo may — 0, m — 00

as assumed, such that G(0,z,) = G(2m,z,) for z; € R? a.e.. The anologous reasoning is
valid for Lemmas A5 and A6 below. A trivial limiting argument similar to the proof of (6.32)

gives us
(G(2), V)2 =0, (G(2), 21, k)2 =0, 1 <k <d, d=1,2.

By means of the result of Lemma A4 of [20], we obtain M, < co. We express

Gmm(p) B Gn(p)
p2 + nQ p2 + n2

as

Gm,n(p) - Gn(p)X . i Gm,n(p) - Gn(p)
P2 + n2 {peR9, n=0} P2 + n2

Clearly, the second term in (6.67) can be bounded above in the absolute value by

X{peRd, neZ, n#0}-

|G (p) = Gu(P) 1, =0, m — o0

due to (6.56). Let us write the first term in (6.67) as

Gomo(p) = Go(p) Gomo(p) — Go(p)
p2 X{lpI<1} + pg X{lp|>1}-

Using (6.56), we estimate the second term in (6.68) from above in the norm as

~

H Gmo(p) = Go(p)
e

1
< FESY ||Gm(x) - G<5E)”L1(Q) — 0,

L%.ip (27T) 2

X{lp/>1}
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(6.66)
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(6.68)



as assumed. Let us first study the first term in (6.68) in dimension d = 1. By virtue of
relations (6.62) and (6.66), we have

déo . ] o d@m,o
d—p(O) =0, Gno(0)=0, a0

Go(0) =0, (0)=0, meN.

This yields the representations

—~ P s 1207 . P s 2
Gow) = [ [ s Pag)as, Guotr) = [ ([ Tt Dag)as, men
0 0 dq 0 0 dq

Our definition (6.54) of the Fourier transform easily implies the upper bound

' PGCo(p)  #Go(p)

1
< 52 Glo) = 6@ o

dp? dp?
Therefore,
~ ~ 1 2 2 p2
|Gio(p) — Go(p)| < %H%Gm(éf) —21G@)n@7
such that
H of )pz of )X{|p|§1} < EHxiGm(aj) — :EiG(x)HLl(Q) —0, m— o0
L3

due to one of our assumptions. Finally, we consider the case of the dimension d = 2. By
virtue of conditions (6.62) and (6.66), we derive

~ (9@0 v aém,O

Go(0) =0, —=—(0,0) =0, Gno(0) =0, ——(0,0)=0, meN,

such that

N Ip| 5 920 N Ip| s 32@m
Go(p) :/ (/ a—go(q,U)dQ)dS, Gmo(p) :/ (/ 8—2’0(970)6@)6@, m € N.
0 0 q 0 0 q

Using definition (6.54) of the Fourier transform, we arrive at

e G 1
Tl ) = SR )| € L1 Gule) 260
Hence
~ A 1 2 2 P’
|Grmo(p) — Go(p)| < (QW)thGm(x) 21G(@) e
Therefore, we arrive at
ém7 b _@ b 1
H of )p2 o )Xmgl} < 2(%)3”@@,”(9;) — 22G(@)| ) = 0, m— o0
Lge 2




according to one of our assumptions. Hence

G (D) . G.(p)

, M — 00
p?+n?  p?4n?

in L;°, in dimensions d = 1,2. Using the triangle inequality, we easily obtain (6.64). A

trivial limiting argument yields (6.65). n
Next we turn our attention to the cases when the parameter a does not vanish.

Lemma A5. Let the conditions of Theorem 3 hold, a = nZ, ny € N and for allm € N

=0, |n|<ng—1, d=1, (6.69)

einxl e:ti\/ngfrﬂzl )
L2(Q)

<Gm(x1,xL), NN

einTl oipz L

. _ 2 . <ng—1, d=2, (6.
(G (Ith)?\/ﬁ o )LQ(Q) 07 pesm a.c., |n‘ > No ) ) (6 70)

(G ( ) e:l:ingam) (G ( ) e:tinoazl )
m\T1,TL), :()7 m\T1, T L), Tl k :Oa 1<k<d.
vV 27’(’ LQ(Q) \V 27T LQ(Q)
(6.71)

Then

2 2 2 2

wo.(p) = E(p), (PP +n*)E0,(p) = (0° +n)ER(p), m— oo (6.72)
in Ly7,, such that when m — oo

I D)z, = 1€ D) ez,s 10 + 12, (D)llse, = 1(0° + n))EB (P 1ge,-  (6.73)

Moreover,
d
V2(2m) T M2l <1-¢ (6.74)

holds.

Proof. Apparently, (6.73) will follow from (6.72) by virtue of the standard triangle
inequality. Let us prove that the first statement in (6.72) will yield the second one. Indeed,
it can be trivially shown that

(P> + 02 (p) — (P +12)EB (D) = [Conn (p) — G (p)] +12[ETE(p) — €3(p)),
such that due to (6.56)
1(p?+n?)E, () — (P*+n?)E0 (D) |12, < |G (P) = Gra(P) |l 0, +13)|E28,, () — 28 (p) | Loe, — O,

m — oo. By means of the elementary limiting argument, similarly to the proof of (6.66), we
derive

=0, |n|<ny—1, d=1, (6.75)

(G( ) einxl 6:|:i\/n(2)—n23:L )
x ) :E b
b vV 27 A 27 L2(Q)
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einxl ez’pr
G =0 € S? . <ny—1, d=2, (6.76
< (xlvxl_)v \/ﬁ 27 >L2(Q) y P \/W a.e., ’n’ = T ) ’ ( )

e:tinor1 e:tinom

(G(xl,mL), o ) =0, (G(xl,mL), o T, k) =0, 1<k<d (6.77)
L2(Q) L2(Q)

Note that it can be easily checked that

21Gm(z) > 2,.G(x), m— o0 (6.78)

in L'(€2) under the given conditions. Indeed, ||z G (z) — 21 G(2)| 11 () can be expressed as

2
/ dxl/ 21 (|G () — (ac)|de—|—/ dxl/ 21 [|Gon (@) — G() |z <
|z |<1 0 |, [>1

< ||Gm(z) = G(@) |10y + |71 Gm(2) — 21 G(2)||r2@) = 0, m — 00
as assumed. By the similar reasoning, it can be trivially shown that
&L Gon(@llzay < [Gun(@llzaey + 122 Con(@)ll ey < 00, m €N

due to our assumptions, such that z,G,,(z),z; G(z) € L*(Q). By virtue of the result of
Lemma A5 of [20], we obtain M,z < oo. Inequality (6.74) can be easily established via a
limiting argument.

Let us use the representation of ffn‘%n(p) — 52(2) (p), m €N, n€Z, pecR?as the sum
TL2 TL2 71,2 TL2
[gmo,n(p) - gno (p>]X{p€Rd, [n|>no} + [gme,n(p> - £n0 (p)]X{pGRd, |n|<n0}+

H[E8(P) = EB (D)X qpert, nmnoy + (6t (P) = E (D)X (pere, nmno)- (6.79)

Evidently, the first term in (6.79) can be estimated from above in the absolute value by
||Gm,n(p) - Gn<p)||L$L°p — 0; m — 00

by virtue of (6.56). Let us first study the third term in (6.79) in dimension d = 1. Orthogo-
nality conditons (6.71) and (6.77) imply that

dG,,
dp

A D sann . D SdQGmn
Gulo) = | ( [l ;@dq)ds, Cona®) = | ( [ d,;(q)dq)d& -
0 0 q 0 0 q

Definition (6.54) of our Fourier transform easily yields the upper bound

(0) =0, G (0) =0,

dQGm,no (p) _ dQG\no (p)
dp? dp?

1
< 512 Glo) ~ 6@ o
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Hence, we obtain

2
A A p
|Gining (P) — G (p)] < EH?EiGm(f) - IiG(ﬂf)HLl(Qy

Therefore, when the dimension d = 1, the third term in (6.79) can be bounded from above
in the absolute value by

1
1 171G (@) = 21 G(@) 1) = 0, m =00

due to one of our assumptions. Then we turn our attention to the analogous estimates on
the third term in (6.79) in dimension d = 2. By means of orthogonality conditions (6.71)
and (6.77), we arrive at

G,
I|p|

This yields the representations

~ Pl 5 a2éno , O ~ | B azém no\4, 0
0 0 dq 0 0 dq

with m € N. By virtue of our definition of the Fourier transform (6.54), we easily estimate

G o
d|p|

)

(0,0) =0, Grpng(0) =0,

no(0) =0, (0,06) =0, meN.

OCrno(lpl.0) — 8Cy(lpl o) | _ 1
o e L
This enables us to obtain the upper bound
A A 1 2 2 P’
Grng(P) = Gng (P)| < — 121 Gm(2) — 271G ()| 1(0) %
(2m)2 2

Therefore, the third term in (6.79) in dimension d = 2 can be estimated from above in the
absolute value by

1
w”l‘iGm(l‘) — xiG(.T)HLI(Q) — 0, m— o0

as assumed. Then we turn our attention to the studies of the fourth term of (6.79), first in
dimension d = 1. Orthogonality conditions (6.71) and (6.77) enable us to obtain

dG_p,
dp

AGr—ng

G .. (0)=0
,(0) =0, i

(0) =0, Giny(0) =0, (0)=0, meN.

Thus

-~ P B d2@7n (Q) -~ P 3 dQGm —n (Q>
o= [ ([ FE0)ar G i [[( [ om0
®) 0 0 dg? K ~no(P) 0 0 dq? K



with m € N. Definition (6.54) of our Fourier transform easily implies the estimate from above

PGCrnny(p) PGy (p)
e SZH%G() 21 G(2)]| 1@

Thus, we derive
|Gin—no (P) = G-y (P)] < EHxiGm(x) — 21 G(2)] 120

Hence, when the dimension d = 1, the fourth term in (6.79) can be estimated from above in
the absolute value by

1
EHxiGm(x) — xiG(:v)HU(Q) —0, m— o0

via one of our assumptions. Then we perform the similar estimates on the fourth term in
(6.79) when the dimension d = 2. By virtue of orthogonality relations (6.71) and (6.77), we
derive

. oG _,
ano 0) = 07 :
© o

This gives us the representations

-~ [Pl y a2a—no 0 A i ° GQGW —no\q, 0
G o (D) —/ (/ a—g(q)dq> ds, G —ny(p) —/ (/ 5 2(q >dq) ds,
0 0 q 0 0 q

with m € N. By means of our definition of the Fourier transform (6.54), we easily estimate

azém,—no<|p|a ) 82 n0(|p| )

Gy
d|p|

(0,0) =0, G, (0) =0, (0,0) =0, meN,

1
< —gllelGm(@) = e 1G@) @)

dlpl? dlp|? (2r)
This allows us to derive the upper bound
~ 2 P’
G,y () = Gy (0)] < —5 (|27, G() = 2 G (@) | 1 -

(2 ) 2

Hence, the fourth term in (6.79) in dimension d = 2 can be bounded from above in the
absolute value by

G e 1) — 0, — 0
o1 On®) A CE e 0, m

due to one of the assumptions. Finally, it remains to treat the second term in (6.79). Let us
consider the situation when the dimension d = 1 first. With a slight abuse of notations, for
all |n] < ng— 1, we introduce 0 < 7 < y/n2 — n? and define the intervals on the real line

I = {\/ng—nZ—'y,\/n%—nz—i—’y}, I, = {—\/n%—nQ—’y,—\/n%—nQ—l—v},
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such that I  will stand for the complement of I." U I, . Let us first consider the term

Grun(p) — Go(p)

P2 — (ng —n2) M

In| <ng—1. (6.80)
Orthogonality relations (6.69) and (6.75) imply for [n| < ny — 1 that

@n<\/n§—n2> =0, @m,n(\/n%—ﬁ) =0, meN,

such that we can write

~ P dG P da
Gn(p) = / Gn(s)ds, mn(p) = / Gm—v"(‘g)ds7 meN, |n|<ny— L.

By virtue of definition (6.54) of our Fourier transform, we obtain

o

1
< %HxLGm(x) —2.G(2)|| 0 ), (6.81)

dGn(p)  dGh(p)
dp dp

such that
, meN, |n|<ng—1.

p—\/ng—n’

This enables us to estimate (6.80) in the absolute value from above by

-~ ~ 1
|Ginn(p) = Gu(p)] < - llwLGm(2) = 2.G(2) 1o

|21 Grm() — 21.G(2)|| 110
27m(2y/2n9 — 1 — )

due to (6.78) with 0 < v < 1/2ny — 1. Similarly, we treat the term

—0, m— o

am,n(p) B @n(p) 3
P2 — (ng —n2) I

In| < ng— 1. (6.82)

Orthogonality conditions (6.69) and (6.75) give us for |n| < ny — 1 that

@n<—\/n%—n2):0, @m,n(—\/ %—n2>:0, m € N.

This enables us to express

~

~ p el P
Gn(p) = / &(S)ds7 Gm,n(p) = / dGm—’n(s)dS’ m € N) ‘n‘ S ng — 1
—\/n2—n? ds /A ds

)
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and to bound (6.82) in the absolute value from above by

|21 G (x) — 212G ()| 1 (0
27m(2y/2n9 — 1 — )

via (6.78). Finally for the studies in dimension d = 1, we consider the term

—0, m—o0

@m,n(p) - @n(p)
p* — (ng —n?)

Xre, |n| <mng—1. (6.83)

Evidently, (6.83) can be estimated from above in the absolute value by

||ém,n(p) - an(p)HL%Op
,72

—0, m—o

by means of (6.56). Let us conclude the proof of the lemma with the studies of the second
term in (6.79) when the dimension d = 2. For |n| < ng — 1 we introduce the sets

Apy = {p€R2! n%—HQ—vﬁlpléx/nﬁ—n”'y}

with 0 < v < v/2ng — 1. Let us first analyze the term

Cinn(p) = Gnlp)
p*— (ng —n?) =7

In] <ng— 1.

Evidently, it can be trivially estimated from above in the absolute value by

||ém,n(p) - an(p)HL%Op
W20 — 1

due to (6.56). At last, let us treat the term

—0, m— o

Grmn(p) — Ga(p) y
PP (ng =)

In|] <ng— 1. (6.84)
Orthogonality conditions (6.70) and (6.76) imply that for |n| < ng—1

C/J\n(\/n%—ﬁ,J) =0, @m,n(\/n%—n%a) =0, meN,

which enables us to express

N Ip| e N Ip| A
Gn(p) = / st, Gmn(p) = / aG%(S’O)als, m € N,
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with |n| < ng — 1. By virtue of our definition (6.54), we easily arrive at

0Cn(p) _ 0G.(p)| _ 1
dlp| olpl |~ (2m)?

This allows us to estimate expression (6.84) from above in the absolute value by

2. G(x) — 21 G(2) || 110
(27?)% 2ng — 1

—0, m— o

in dimension d = 2 due to (6.78). Therefore, (6.72) holds. u

We conclude the article with the studies of the case when the parameter a is located on
an open interval between the squares of two consecutive nonnegative integers.

Lemma A6. Let the assumptions of Theorem 3 hold, nj < a < (ng+ 1)?, ng € Z* =
NuU{0} and for allm € N

( ( ) einm e:i:i\/a—n%u | | ( )
Gz, 21), ) =0, [n<ng, d=1, 6.86
Vv 2m vV 27 L2(Q)
(G ( ) einT1 eipou) 0 c Sz | ’ < p 5 (6 87)
m(T1, 1), =0, a.e., |n|<ny, = 2. )
1, L1 N ) p Va—n2 0
Then
ma(D) = En(p),  (0° + 0, (p) = (0° +n*)En(p), m — o0 (6.88)
in Ly, such that when m — oo

165 (P Iz, = 160 P, 1(0* + 2 u (), = 1(0° + 0GP, (6.89)

Moreover,

V202m) T Ml <1 —¢ (6.90)
holds.

Proof. Obviously, (6.89) will follow from (6.88) by means of the standard triangle in-
equality. Let us show that the first statement in (6.88) will imply the second one. Indeed, it
can be easily verified that

(p* + 1AL (0) — (0 + n?)EL(D) = [Grnn(p) — Gu(p)] + al€l . (p) — E2(p)],

such that via (6.56)

1 +n2)Ex . (0) — (P +n2)EeD) e, < G (®) = Gu(P)llzze, + all€l o (0) — E2(D) 220, — O,
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m — oo. By virtue of the trivial limiting argument, similarly to the proof of (6.16), we arrive
at

einT1 e:l:i\/a—n%:l
(G(:cl,xl), NG )L2(Q) =0, |n|<ng, d=1, (6.91)
<G(x1,m), o 62%) =0, pe S —ae, |n|<ny, d=2. (6.92)
2 2m L2(Q) amn

Then by means of the result of Lemma A6 of [20], we have M, < oo. Let us express
mn(P) = &n(p) as the sum of two terms

p2 + n2 —a )({pE]Rd7 nez, ‘n‘Zno-{-l} pg + n2 —a

X{peRd, neZ, |n|<no}: (6.93)

such that the absolute value of the first one can be estimated from above by

|G n(p) = G(p) |1z,
(no+1)2—a

—0, m—o0

due to (6.56). Let us first study the second term in (6.93) when the dimension d = 1.
Orthogonality relations (6.86) and (6.91) with |n| < ng yield

an(j:\/a —n?) =0, @m,n(j:\/a —n?)=0, meN,

such that we have the representations for |n| < ng

— P ~ R P ~
Gn(p)z/ Mds, Gm,n(p)z/ CiGm—”"”(S)ds, m € N. (6.94)
+vaz ds ez ds

With a slight abuse of notations, let us introduce 0 < 7 < v/a —n? for all |n| < ny and
related to it the intervals on the real line

IF o =Na—n*—y,Va—n?+q], I, =[-Va—n?—v —Va—n?+9]

n?’y

Their union on the real line will be denoted as I,, , := L7 U I~ and the complement is I},

such that R = IF U I U Iy . Therefore, for |n| < no, it remains to study the sum of the
three terms

Gonn(p) = G (p) Gmn(p) = G(p) Gmn(p) = G(p)
p? — (a —n?) Xrf, P2 — (a—n2) "o + P — (a—n?) XIg .- (6.95)

Evidently, the last term in (6.95) can be easily estimated in the absolute value from above
by R R
|G (p) = Go(p) |,
~2

—0, m—o0
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via (6.56). The first term in (6.95) can be bounded from above in the absolute value using
(6.94) along with (6.81) by

|21 G (x) — 210G ()| 1 (0
21(2/a — nZ — )

—0, m—=o0

due to one of our assumptions with 0 < v < y/a — n3. Apparently, the second term in (6.95)
can be estimated similarly to the first one. Therefore, (6.88) holds when the dimension
d=1.

Let us conclude the proof of the lemma by treating the case of d = 2. By virtue of
orthogonality conditions (6.87) and (6.92), for |n| < ny we have

G.(Va—n?,0) =0, CA;mm(\/a —n?,0)=0, meN,

This yields the representations for |n| < ng

- Ip| e N Ip| A
Go(p) = 0Gn(5:9) 40 G () = Imn(3:9) yo e N (6.96)
va—n? s ’ va—n? Js

With a slight abuse of notations, we introduce 0 < § < v/a — n? for all |n| < ng and define

the sets
Aps ={peR* | Va—n2-06<|p| <Va—n2+6}, |n|<np.

[

¢ 5. Thus, for |n| < ng it remains to

The complement of A, s on the plane is denoted as A
study the sum of the two terms

~ ~ ~

Grun(p) — Gu(p) Grn(p) — Gu(p)
@ —n?) XA, T 2 —(a—n?) XA ;- (6.97)

3
o
|

Clearly, the second term in (6.97) can be estimated from above in the absolute value by

G (p) — G (D)l 22,
va—nio

due to (6.56). By virtue of (6.96) along with (6.85), the first term in (6.97) can be bounded
from above in the absolute value by

—0, m—o

121G () — 21 G(2)|| 110
(271')%\/61 —ng

as assumed. This proves that (6.88) holds when the dimension d = 2 as well. A straightfor-
ward limiting argument gives us (6.90). n

—0, m— o
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