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Abstract

We study a singularly perturbed PDE with quadratic nonlinearity depending on a complex perturbation
parameter €. The problem involves an irregular singularity in time, as in a previous work of the author
and A. Lastra [20], but possess also, as a new feature, a turning point at the origin in C. We construct
a family of sectorial meromorphic solutions obtained as a small perturbation in € of a slow curve of the
equation in some time scale. We show that the non singular part of these solutions share a common formal
power series (that generally diverge) in € as Gevrey asymptotic expansion of some order depending on
data both arising from the turning point and from the irregular singular point of the main problem.

Key words: asymptotic expansion, Borel-Laplace transform, Fourier transform, Cauchy problem, for-
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1 Introduction
In this work, we consider a family of nonlinear singularly perturbed equations of the form
(1) Q(8:)(Pi(t, €)ult, z,€) + Pa(t, )u(t, 2,€)) = f(t, 2, €) + Ps(t, €, 8y, 0z )ult, 2, €)

where @, Pi, P», P3 are polynomials with complex coefficients and f is an analytic function in
the vicinity of the origin w.r.t ¢ and e in C and holomorphic w.r.t z on an horizontal strip in C
of the form Hg = {z € C/|Im(z)| < B} for some 3 > 0.

Here we consider the case when P; (0, €) vanishes identically near 0. The point ¢ = 0 is know
to be called a turning point in that situation, see [27] and [9] for a more detailed description of
this terminology in the linear and nonlinear settings. Let us recall the definition of the valuation
valy(f) of an analytic function near ¢ = 0 as the smallest integer & > 0 with the factorization
f(t) = t*f(t) for an analytic function f near ¢ = 0 with f(0) # 0. The most interesting
case examined in this work is when the valuation val;(P;) of Pj(t,e) w.r.t ¢ is larger than the
valuation val,(Ps) or val,(f(t, z, €)) since the problem cannot be reduced to the case P;(0,0) # 0
by dividing the equation (1) by a suitable power of ¢ and ¢, see Remark 4.



In our previous study [20], we already have considered a similar problem which corresponds
to the situation when P;(0,0) # 0 for our equation (1). Namely, we focused on the following
problem

(2)  Q:)hy(t, z,€) = (Q1(0:2)y(t, 2, €))(Q2(0:)y(t, 2, €)) + H(t, €, 01, 02)y (¢, 2,€) + f(L, 2, €)

for given vanishing initial data y(0, z,€) = 0, where Q, @1, Q2, H are polynomials with complex
coefficients and f(t, z, €) is a forcing term constructed as above. Under appropriate assumptions
on the shape of (2), we established the existence of a family of actual bounded holomorphic
solutions y,(t, z,€), 0 < p < ¢ — 1, for some integer ¢ > 2, defined on domains 7 x Hg x &, for
some fixed bounded sector 7 with vertex at 0 and € = {&£,}o<p<c—1 a set of bounded sectors
whose union covers a full neighborhood of 0 in C*. These solutions are obtained by means
of Laplace and inverse Fourier transforms. On each sector &,, they share w.r.t ¢ a common
asymptotic expansion §(t,z,€) = > <o yn(t, 2)e” which defines a formal series with bounded
holomorphic coefficients on 7 x Hg. ‘Moreover, this asymptotic expansion is shown to be of
Gevrey order (at most) 1/k that appears in the highest order term of the operator H which is
of irregular type in the sense of [23] outlined as e(‘SD_l)kt(‘sD_l)(kH)@fD Rp(0,), for some integer
6p > 2 and a polynomial Rp with complex coefficients. Conjointly, since the aperture of the
sectors &, can be chosen slightly larger than 7 /k, the functions € — y,(t, z, €) can be viewed as
k—sums of the formal series ¢ as defined in [2].

In this work, our goal is to achieve a similar statement namely the existence of sectorial
holomorphic solutions and asymptotic expansions as € tends to 0. However, the main contrast
with the problem (2) is that, due to the presence of the turning point, our solutions are no longer
bounded in the vicinity of the origin, being meromorphic in both time variable ¢ and parameter
e. Namely, we build a set of actual meromorphic solutions u®? (¢, z, €) to the problem (1) of the
form

%(t,z,€) = ¥ (Up(e™t) + (e7) 10 (t, 2,€))

where a > 1, 8 are some rational numbers, v is an integer and Uy (7T') is a non identically vanishing
root of a second order algebraic equation with polynomial coefficients related to the polynomials
Py, Py, see (37) and where v°(t, 2, €) is a bounded holomorphic function on products 7 x Hg x &,
similar to the ones mentioned above, which can be expressed as a Laplace transform of some
order k > 1 and Fourier inverse transform

Feo U i 2m AU
t K mzm d
v (t, 2, €) 1/2/ /L (u,m, €) exp(—( X+at) )e — om

along some halfline L,, = R e®, for some positive rational number x > 0, where wlr (u, m,€)
represents a function with at most exponential growth of order s on a sector containing Ly, w.r.t
u, with exponential decay w.r.t m on R and with analytic dependence on € near 0 (see Theorem
1). Furthermore, we show that these functions v°¢(¢,2,€) own w.r.t € a common asymptotic
expansion 0(t, z,€) = > < Un(t, )€™ which represents a formal series with bounded holomorphic
coefficients on T x Hg. We specify also the nature of this asymptotic expansion which turns
out to be of Gevrey order (at most) m Besides, since the aperture of the sectors &, may

be selected slightly larger than 4 the functions v% can be identified as (y + «a)xk—sums

s
xta)k’
of the formal series ¢ (Theorem 2). By construction, the integer x shows up in the highest
order term of the operator Py which is of irregular type of the form e2p¢0p (vt +ko 0D R/ (5.,
with kg = val,(P1), for some integers Ap > 0, dp > 2 and a polynomial Rp with complex

coefficients. The rational number x is built with the help of the integers Ap,dp, ko, x and



the rational numbers «, 3, see (52). According to the fact that «,/ are mainly related to
constraints assumed on the polynomials P, and P (see (34), (35)), we observe that the Gevrey
order m of the asymptotic expansion involves informations both coming from the highest
irregular term and from the two polynomials P;, P, that shape the turning point at ¢ = 0,
whereas in our previous contribution [20], the Gevrey order was exclusively stemming from the
irregular singularity at ¢t = 0.

The kind of equations with quadratic nonlinearity we investigate in this work are strongly
related to singularly perturbed ODEs which are nonsingular at the origin of the form e’dy/dt =
F(t,y,a,¢) for some analytic functions F', small complex parameter ¢ and a complex addi-
tional parameter a, described in the seminal joint paper by M. Canalis-Durand, J.P. Ramis, R.
Schéfke, Y. Sibuya, see [4], where they study asymptotic properties of actual overstable solu-
tions near a slow curve ¢o(t) (meaning that F(t, ¢o(t),a,0) = 0) in the case when the Jacobian
Oy F(t,¢o(t),a,0) is not invertible at t = 0. The main notable difference is that we assume the
origin to be at the same time a turning point and an irregular singularity. More precisely, with
the rescaling map (¢, €) — (1" = €t, €) the transformed equation (32) possess a rational slow curve
Uo(T) and T = 0 remains a turning point and an irregular singularity for this new equation.

The construction of the distinguished solution performed in Section 4 and the parametric
Borel/Laplace summable character of these solutions shown in Section 7 are also intimately
linked to recent developments of exact WKB analysis of formal and analytic solutions to second
order linear ODEs of Schrédinger type. Namely, let

(3) " (t,€) = Q(t)(t,€)

be a singularly perturbed ODE where € is a small complex parameter and Q(t) is some polynomial
with complex coefficients. WKB solutions of (3) are known as special solutions that are described
as an exponential (¢, ¢) = exp(ftg S(s,€)ds) where the expression S(t,€) satisfies a so-called
Riccati equation

28" (t,€) + €25%(t, €) = Q(t).
This last equation possess formal power series solutions S(t,€) = S_1(t)/e+ 3, 50 Sn(t)e” where
S_1(t) satisfies the quadratic equation S%(t) = Q(t). Once S_;(t) = ++/Q(t) is fixed, we get

two formal solutions S (t, €) =S_1(t)/e+ T (t,€), where T'L(t,€) € C|[e]] for any t € U = {t €
C/Q(t) # 0}. Notice that T4 (t,€) solves the first order Riccati equation

€T (t,€) + 25 1 ()TL(t,€) + T2 (t,€) + 5" 1(t) =0

with turning points at the roots of Q(¢). Our main PDE (1) resembles this last one provided
that S_q(t) is a polynomial and with the significant distinction that our equation only involves
differential operators with irregular singularity at ¢ = 0. An essential feature of the theory is
that the formal series 7' ' (t,e) are 1—summable in suitable directions d € R w.r.t € (that are
related to the function ftto S_1(s)ds) for any fixed t € U). Different proofs of this fact can be
found in [25], [10], [8], [5]. Our second main statement Theorem 2 can be considered as a similar
contribution for some higher order PDEs of this latter result. Furthermore, in our study we are
also able to described the behaviour of our specific solutions near (¢,¢) = (0, 0).

For more recent and advanced works related to WKB analysis and local /global studies of solu-
tions to linear ODEs near turning points, we refer to contributions related to the 1D Schrodinger
equation with simple poles [18], with merging pairs of simple poles and turning points [15], with
merging triplet of poles and turning points [16], [17] and for analytic continuation properties
of the Borel transform (resurgence) of WKB expansions in the problem of confluence of two



simple turning points we quote [6]. Concerning the structure of singular formal solutions to
singularly perturbed linear systems of ODEs with turning points we point out [24] solving an
old question of W. Wasow. We mention also preeminent studies on WKB analysis for higher
order differential equations which reveal new Stokes phenomena giving rise to so-called virtual
turning points, [12], [1].

In the framework of linear PDEs, normal forms for completely integrable systems near a
degenerate point where two turning points coalesce have been obtained in [11], which is a first
step toward the so-called Dubrovin conjecture which concerns the question of universal behaviour
of generic solutions near gradient catastrophe of singularly Hamiltonian perturbations of first
order hyperbolic equations, see [7]. We mention also that sectorial analytic transformations to
normal forms have been obtained for systems of singularly perturbed ODEs near a turning point
with multiplicity using the recent approach of composite asymptotic expansions developped in
[9], see [14].

The paper is organized as follows.

In Section 2, we recall the definition introduced in the work [20] of some weighted Banach spaces
of continuous functions with exponential growth on unbounded sectors in C and with exponential
decay on R. We analyze the continuity of specific multiplication and linear /nonlinear convolution
operators acting on these spaces.

In Section 3, we remind the reader basic statements concerning mj—Borel-Laplace transforms,
a version of the classical Borel-Laplace maps already used in previous works [19], [20], [21] and
Fourier transforms acting on exponentially flat functions.

In Section 4, we display our main problems and explain the leading strategy in order to solve
them. It consists in four operations. In a first step, we restrict our inquiry for the sets of
solutions to time rescaled function spaces, see (31). Then, we consider candidates for solutions
to the resulting auxiliary problem (32) that are small perturbations of a so-called slow curve
which solves a second order algebraic equation and which may be singular at the origin in C.
In a third step, we search again for time rescaled functions solutions for the associated problem
(50) solved by the small perturbation of the slow curve, see (51). In the last step, we write down
the convolution problem (58) solved by a suitable m,—Borel transform of a formal solution to
the attached problem (53).

In Section 5, we solve the main convolution problem (58) within the Banach spaces described
in Section 2 using some fixed point theorem argument.

In Section 6, we provide a set of actual meromorphic solutions to our initial equation (29) by
executing backwards the operations described in Section 4. In particular, we show that our
singular functions actually solve the problem (120) which is a factorized part of equation (29)
with a more restrictive forcing term. Furthermore, the difference of any two neighboring solutions
tends to 0 as € tends to 0 faster than a function with exponential decay of order (x + a)x.

In Section 7, we show the existence of a common asymptotic expansion of Gevrey order m
for the non singular part of these solutions of (29), (120) based on the flatness estimates obtained
in Section 6 using a theorem by Ramis and Sibuya.

2 Banach spaces with exponential growth and exponential de-
cay
We denote D(0, p) the open disc centered at 0 with radius p > 0 in C and by D(0, p) its closure.

Let S; be an open unbounded sector in direction d € R and £ be an open sector with finite
radius rg, both centered at 0 in C. By convention, these sectors do not contain the origin in C.



We first give definitions of Banach spaces which already appear in our previous work [20].

Definition 1 Let 8 > 0 and p > 1 be real numbers. We denote Eg ) the vector space of
functions h : R — C such that

[1h(m)ll(g,u) = ;lé%(l + |[m[)* exp(B[ml)|h(m)]

is finite. The space E(g , endowed with the norm ||.||(s,,) becomes a Banach space.
As a direct consequence of Proposition 5 from [20], we notice that

Proposition 1 The Banach space (Eg ), ||-|l(s,.)) i a Banach algebra for the convolution
product

+o00o
(f *g)(m) = / F(m — ma)g(ma)dmy

—00

Namely, there exists a constant Cy > 0 (depending on 1) such that

(S g)(m)l g,y < Collf (M)l g,m llg(m)l (5,
Jor all f,g € Eg -

Definition 2 Letv,p >0 and > 0,u > 1 be real numbers. Let k > 1 and x,« > 0 be integers.

d . .
Let €€ €. We denote F( 5 . o the vector space of continuous functions (t,m) — h(T,m)

on (D(0, p) U Sy) x R, which are holomorphic w.r.t T on D(0, p) U Sy and such that

(T, 1) (0,8, x,000006)
17 1 + ‘6)(104 ’2){ T K
= sup (14 [m])* exp(Blm|) ——F——— exp(—v| =5 |")[h(7,m)]
T7€D(0,p)USg,meR ‘€X+C¥ €
is finite. One can check that the normed space (Fg/ﬁ Hxatfine) - (v,8,1.x,00,6)) 8 @ Banach space.

Throughout the whole section, we keep the notations of Definitions 1 and 2.

In the next lemma, we check that some parameter depending functions with polynomial growth
w.r.t the variable 7 and exponential decay w.r.t the variable m, that will appear later on in our
study (Section 5), belong to the Banach spaces described above.

Lemma 1 Lety; >0, 42 > 1 be integers. Let R(X) be a polynomial that belongs to C[X] such
that R(im) # 0 for all m € R. We take a function B(m) located in Eg ) and we consider a

continuous function a, (7,m) on (D(0,p)USy) x R, holomorphic w.r.t T on D(0, p) USg such

that
1

(1 + [r[=)m | R(im)|

@15 (T m)| <

for all 7 € D(0,p) U Sy, all m €R.
Then, the function € X2772B(m)a., (1, m) belongs to F?

(1, 8,14, X0, 56 * Moreover, there exists
a constant C1 > 0 (depending on k and 7y3) such that

H‘é(m) | ’(ﬁ,,u) €|~/2a

4 e X272 B(m)as, «(1,m =
() [ ()t 7,0 e

| | (V7ﬁnu‘1X7a)K‘75) -

foralle € &.



Proof By definition of the norm and bearing in mind the constraint on the polynomial R(X ),
we can write

e Bm)as, w(r )l spama = swp (L [m])* exp(8lm])| B(m)|
T7€D(0,p)USg,meR
T |2k
P o) T ol T et 1 ;
| =7 extea exta (1+ | = o lelsOcto) | R(im)|
- ) o
B | 1 e
inf,,er|R(im)| 220 (1 + 2% e[Ocrad)m
HB(m) U(/&N) ’6’7204 sup 1 + ‘/E2H xwge—y:p"
~infer|R(im)| >0 T
which yields the lemma since an exponential grows faster than any polynomial. O

The next proposition provides norms estimates for some linear convolution operators acting on
the Banach spaces introduced above. These bounds are more accurate than the one supplied in
Proposition 2 from [20]. These new estimates will be essential in Section 5 in order to solve the
problem (58). The improvements are due to the use of thorough upper bounds estimates of a
generalized Mittag-Leffler function described in the proofs of Propositions 1 and 5 from [21].

Proposition 2 Let v;, 0 < j < 3, be real numbers with v1 > 0. Let ]EZ(X), Rp(X) be polynomi-
als with complex coefficients such that deg(R) < deg(Rp) and with Rp(im) # 0 for all m € R.

We consider a continuous function a, .(7,m) on (D(0,p) U Sq) x R, holomorphic w.r.t T on

D(0,p) U Sy such that
1

(1+ |7|")|Rp(im)|
for all 7 € D(0, p) U Sg, all m € R. We make the next assumptions

|aq1(Tm)| <

1
(5) E+73+1>O , T2+ +2>0, 2> -1

1) If 1473 < 0, then there exists a constant Co > 0 (depending on v, k,y2,v3 and R(X), Rp(X))
such that

K

(6) Hﬁi’yoa“/l,l-i(Ta m)R(lm)Tﬁ / (TH - 8)72573]0(81/&7 m)dSH(I/,ﬂ,/L,X,OL,K,G)
0

< Cole| XFO D0 F(7 )| 4, 41000

for all f(r,m) € Fiﬁ,u,x,a,n,e)‘
2) If 1473 > 0 and y1 > 1413, then there exists a constant CY% > 0 (depending on v, k,y1,72,73
and R(X), Rp(X)) such that

K

(7) |le Py, w(r,m)R(im)r" / (" — 820 (515 m)ds])
0

U, B, 1, X0, 5€)

< C’é’6’(X+a)“(72+73+2)*'YO*(X+C“)’V71 £ (T, m)”(uﬁ,#’x’a’&e)

for all f(T,m) € F(iﬂ,u,x,a,me)'



Proof By definition of the norm, we can write

K

(8) A=l ay p(r,m)R(im)r" / (7 — 81727 (M5 m) s 5.

1+ [ [ T _ 1 \R(im)|

= sup (14 [m])* exp(B|m|) exp(—v| ")[el 70 —
+€D(0,0)USy,mER | = | exta (1 + |7]")" |Rp (im)|
r |s[?
T L+ o
<l [+l exp(Blm])— T (S 'a ) f(sY m) FA(T, 5,m, €)ds|
0 ‘Is‘l . e y(x+
e|xXTe
where o
S
A(1,s,m,€) = 1 eXp(V\f\(”“)“) |5|1/Fv (Th — §)12573.
y 8, M, (L +[m[) exp(Blml) (1 4 kl(ff'im) |e[xto

Again by the definition of the norm of f and by the constraints on the polynomials R, Rp, we
deduce that

R(im)

9 A< Csoq(€) sup |=——=|||f(r,m (v e
) (@ 59 | 2 I )
where
1+ ’T'a 2K 1
Ca1(e) = sup Mexp(—l/] Tyl

") el s
TED(O,p)USd |6X+0<‘ exta (]_ + |T|H)'Yl

|7|* exp(yw%m) RL/K
<rf* |

v (1717 = By

1 + ‘ ‘(X+a)2n

We perform the change of variable h = |¢|Xt®)%p/ inside the integral which is a part of Cy 1(€)
that yields

L+ | =™ 1
Cra@= s T e Tl
7€D(0,p)USy ‘5x+a‘ exto (1 + ‘T’K)Wl
|7'|"‘i h P
w [leOcFes e” nijr 7l — B2 (BY dR || () R(v2+y3+1)
et [ e 0 — W e .

As a result, we obtain the bounds

(10) Co1(e) < |e| XTIttt —r0+0cta)m g 1+a? o VT x G(z)
’ - xZO xl/‘% (1 —|— |6|(X+a)ﬂx)71

where
’ eyh/ A +ys W 72dR!
Gz)=[| ——=h)~ — .
@ = [ gt =)
We now proceed as in Proposition 1 of [21]. We split the function G(z) into two pieces and
study them separately. Namely, we decompose G(z) = G1(z) + Ga2(x) where

z/2 eyh/ 1 x 6yhl )
— - PR — KN\2 / — - (BN\xTs —_ KN\ 72 /
i) = [ gt e G = [ S 0



We first provide estimates for Gy (z).
a) Assume that —1 < 79 < 0. We see that (x — h')72 < (2/2)7 for all 0 < b’ < x/2, for x > 0.
Hence, from the first constraint of (5), we get

/2 %+’y3+1
Gl(l') S (';)7261/50/2/ (h,>é+’yddh/ — (5)7267/73/2 (CC/2)

: A S
for all x > 0. Subsequently, we obtain
1+2° x 1+ 22
11 su e Gq(z) < su e VTG (2
( ) :1:2% xl/k (1 + ‘6‘(X+a)“x)'71 1( ) - JUZI()] rl/k 1( )

which is finite due to the second assumption of (5).
b) Assume that 72 > 0. We notice that (x — h/)72 < 272 for all 0 < b’ < /2, for z > 0.
Therefore, again from the first constraint of (5) we get

z/2 L4ys+l
Gl(l') < 1.7261/1/2/ / (h/>%+'ygdh/ _ xvzez/x/Q (x/2)“ s
B 0 % +y3+1
for all x > 0. Consequently, we obtain
1+ 22 T 1+ 22
12 vz G < P 2 e
12) p T e T ST
which is finite due to the second assumption of (5).
In a second step, we study Ga(z).
We see that 14 (h')%2 > 1+ (z/2)? for all z/2 < b’ < z. Hence,
1 * / 1 1
13 Go(x) < w/ eV (RYET (e — WY 2dR < ———Gai(x
(13) @)= T [, IR W S G

where

Gasle) = [V () (o
0

for all z > 0. Taking account of the estimates (18) in [21] which are deduced from the asymptotic
behaviour for large z of the generalized Mittag-Leffler function E, g(z) = 3, 552" /T(8 + na),
for a, B > 0, we get a constant Ko 1 > 0 (that depends on v, k,~2,73) such that

(14) Gg,l(l‘) S KQ,ll‘é—Fmeyw

for all x > 1, provided the first and last constraints of (5) hold.

1) We consider the first case when 1 + 3 < 0.

Bearing in mind (13) and (14), we deduce that

T 1+ 22

1422
15 su e vt Go(z) < sup —————— Ko 1zt T
(15) S g Oy ) S R

which is finite. On the other hand, when 0 < z < 1, we make the change of variable h/ = zu’
inside G'2.1(x) and taking (13) into account, we get

2 2
l+z —vx x G2<$) < sup 1+z e VT x x%+73+72+1
o<z<1 1+ (2/2)? zl/r

(16) - sup = e ey

1
x/ e”m’(u’)%+73(1—u')72du’
0



which is finite provided that the constraints (5) are fulfilled.

2) We examine the second case when 1+ 3 > 0 and 71 > ~v3 + 1.

We use this time the fact that 1 + |e|x+®)%5g > |¢|xt)rg for all 2 > 1 and the bounds (14) in
order to get

14 22 r 1+a2% zwt!
17 —vz e < le|~(xta)rm
A7) s A oy 2@ < PN T (/22

On the other hand, the bounds on the domain 0 < z < 1 have already been treated above owing
to (16).

Finally, gathering (9), (10), (11), (12), (15), (16) and (17) yields the statement of Proposition
2. O

The forthcoming proposition present norms estimates for some bilinear convolution operators
acting on the aforementioned Banach spaces.

Proposition 3 There exists a constant C3 > 0 (depending on p and k) such that

T +o00 1
(18) HTH_l /0 /_Oo fU(r" = S,>1/Ham - ml)g((S')l/“,ml)mds’dml\\(
C3

= lefxte (T m) w8000

V7/37/"[’7X7a7’{76)

lg(T,m)] ’(V,B,u,x,a,me)

for all f(1),9() € F2

(V7B7I‘L7X7aﬂli)e) :

Proof We follow the same guidelines as in the proof of Proposition 3 from [20]. By definition
of the norm, we can write

(19)
k—1 Tt K N1/k N1/k 1 /
B=||r U™ =) m = ma)g((s") mﬁﬁdé’ dmall(v,8,u,x.0,m.e)
0 J-oo ™ —§)s
1+ | e ‘21% T
= sup (1 + [m])* exp(Blm|) ——57— exp(~v| 55 1")
7€D(0,p)USg,meR |ex+a‘ €
T 400
<t [ = exp(3lm — ]
0 —00
1 \T"“—s’|2
T [ocra |7 — |

X WQXP(—VW)JC((TH _ Sl)l/ﬁ,m _ ml)}

le[xFe
x{(1+|m1|)“exp(5\m1’)w (*VW)Q((S’) /Raml)}XB(T’Svmam1)d5’dm1\
e[xte

where

| e
B(r,s,m,my) = exp(—Bm — m|) exp(=B|mi|) [e[20cFa)
T — H o K_gl|2 12
(T4 fm —ma)#(1 + fma|)* (1 4 lllf(xfj)'%)(l N M(I:f\am)
|7 — | Ed 1
X eXp(VW) p(V |€|(x+a)n) (7’” — S/)S/'
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By definition of the norms of f and g and according to the triangular inequality |m| < |m —
mi| + |mq| for all m, m; € R, we deduce that

(20) B < Cg(E)Hf(T, m)‘|(V,,8,,U,,X,Oc,ﬁ,€)”g(7—7 m)”(l/,ﬁ,u,x,a,n,e)
where
1 _|_| Ta|2n B
Cs(e) = sup (1 + [m|)# ——=S——— exp(—| X+a\ )T
T7€D(0,p)USg,mER ’ exto |

/'T'“ /+°° (Y= (|r| = W)L |
(I+|m— m1|) (14 |mq|)~ |e|2(x+e) (1+ (\Tl”—h’)Q)(l_i_ (h)? )

|E\(><+a)2~ |5|(x+a)2~
|7|" —h' n 1

/
W) eXp(V|€|(X+a)K) (|7—|I€ _ h/)h/dh dml,

X exp(v

We provide upper bounds that can be split in two parts,

(21) C3(e) < C3.1C32(e)
where
I o 1
22 Cqq1 = 1
(22) 31 = sup (1 +fm|) /_oo @+ = P (L + )

is finite under the condition that x> 1 according to Lemma 4 of [22] and

1+ Ta 2Kk
C3a(e) = sup M‘T’H—l

T€D(0,p)USy | exFa

(W)Y (fr | —ht)

1™

[e|20cFa) 1 /
x K / / dh
/0 (1 + T (1 + ) (71 = pwe

|| x a2 (x+a)2k

We carry out the change of variable b’ = |¢|X*®)%h inside the integral piece of C3(e) which
yields the bounds

]‘+|EX+0¢‘2K| ’,L; 1

(23) Cs2(e) =  sup
7€D(0,0)USy | exFa |
" hl/n( I7|* h)l/n
€ a)k € o)k 1 1
y /| OcFa) ‘T\ll‘” ) — o dh < s sw B()
0 (1+ (e — W)+ h2) (e — hh €] Xt 20
where ) g Y
1 T K _ K 1
B(z) = +x / /% (x — h) dh.
22/ 7 Jo (14 (z—h)2)(1 + h2) (x — h)h

A change of variable h = zu in this last expression followed by a partial fraction decomposition
allow us to write

1
1 1
24) B(z) = 1+x2/ du
B B =05 | G0 ) (1) fui
1+x2/1 3—2u 1 g +1+x2/1 2u +1 1 J
a2 +4 1+ 2%(1 - u)? (1- u)lfiulfé z2+4 1+ 22u? (1-— u)lf%uk%
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which acquaints us that B(x) is finite provided that x > 1 and bounded on Ry w.r.t x.
At last, collecting (19), (20), (21), (22), (23) and (24) leads to the statement of Proposition
3.
O

3 Borel-Laplace and Fourier transforms

In this section, we review some basic statements concerning a k—Borel summability method of
formal power series which is a slightly modified version of the more classical procedure (see [2],
Section 3.2). This novel version has already been used in works such as [19] and [20] when
studying Cauchy problems under the presence of a small perturbation parameter. We remind
also the reader the definition of Fourier inverse transform acting on functions with exponential
decay.

Definition 3 Let k > 1 be an integer. Let (my(n))n>1 be the sequence

mg(n) =T <E) = /0 te e tdt, n > 1.

Let (E, ||-|lg) be a complex Banach space. We say a formal power series
o
X(T)=Y_a,T" € TE[[T]]
n=1
is my—summable with respect to T in the direction d € [0,2m) if the following assertions hold:

1. There exists p > 0 such that the my— Borel transform of X, B, (X), 1s absolutely conver-
gent for |T| < p, where

an

o

B, (X)(7) =)

n=1

™ € TE[[]].

)

2. The series By, (X) can be analytically continued in a sector S = {T € C* : |d—arg(r)| < 0}
for some § > 0. In addition to this, the extension is of exponential growth at most k in S,
meaning that there exist C, K > 0 such that

=3

HBmk(X)(T)HE < el res

Under these assumptions, the vector valued Laplace transform of By, (X) along direction d is
defined by
R A _ kdu
Ly (B () () =k | B (X)(w)e D,
Y
where L., is the path parametrized by u € [0,00) — ue', for some appropriate direction
depending on T', such that L, C S and cos(k(y —arg(T))) > A > 0 for some A > 0.

The function Ef.lnk (B, (X)) is well defined and turns out to be a holomorphic and bounded
function in any sector of the form S, g g = {T € C* : [T| < RYE |d — arg(T)| < 0/2}, for
some T <0 < T +26 and 0 < R < A/K. This function is known as the my—sum of the formal
power series X (T)) in the direction d.
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The following are some elementary properties concerning the mg—sums of formal power
series which will be crucial in our procedure.
1) The function £4, . (B, (X))(T) admits X (T) as its Gevrey asymptotic expansion of order
1/k with respect to T in Sq9.r1/k- More precisely, for every 7 T < 61 <0, there exist C, M > 0
such that

£t (B ZCLPTP < CM"T(1+ )\T]”
E
for every n > 2 and T' € S, 5 pi/x. Watson’s lemma (see Proposition 11 p.75 in [3]) allows us to
affirm that L&, (B, (X))(T) is unique provided that the opening 6 is larger than T

2) Whenever E is a Banach algebra, the set of holomorphic functions having Gevrey asymp-
totic expansion of order 1/k on a sector with values in E turns out to be a differential algebra
(see Theorem 18, 19 and 20 in [3]). This, and the uniqueness provided by Watson’s lemma allow
us to obtain some properties on mj—summable formal power series in direction d.

By * we denote the product in the Banach algebra and also the Cauchy product of formal
power series with coefficients in E. Let X, Xy € TE[[T]] be my—summable formal power series
in direction d. Let ¢; > g2 > 1 be integers. Then X1 + Xg, X1 * Xg and TN 8q2X1, which are
elements of TE[[T]], are mi—summable in direction d. Moreover, one has

L B (X0))(T) + L3, (B, (X2))(T) = L3, (B, (X1 + X2))(T),
L, Buny (X0))(T) % L5, (B, (X2))(T) = L5, (B, (X1 % X2))(T),

TUOP LY, (B (X)) = LE, (B, (T1 0% X1))(T),

for every T' € Sy 9 pi/k-
The next proposition is written without proof for it can be found in [20], Proposition 6.

Proposition 4 Let f(t) = dons1 [t and §(t) = 32,51 gnt"™ that belong to E[[t]], where (E, ||-[|z)
is a Banach algebra. Let k,m > 1 be integers. The following formal identities hold.

By (8710, (£) () = k7 By (f(1)(7),

R Tk T . S
B (7 FO)) = ey [ 64 ) B OV T
and
05900 =7 [ B FON 4 5 B 06

In the last part of the section, we recall without proofs some properties of the inverse Fourier
transform acting on continuous functions with exponential decay on R, see [20], Proposition 7
for more details.

Proposition 5 1) Let f : R — R be a continuous function with a constant C > 0 such that
|f(m)| < Cexp(—Blm|) for all m € R, for some B > 0. The inverse Fourier transform of f is
defined by the integral representation

1 +o0
f(m)exp(ixm)dm
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for all x € R. It turns out that the function F~'(f) extends to an analytic function on the
horizontal strip

(25) Hy = { € C/[m()| < f}.
Let ¢(m) = imf(m). Then, we have the commuting relation
(26) 0.F H(f)(2) = FH(9)(2)

for all z € Hg.
2) Let f,g € Eg,) and let 1(m) = Wf*g(m), the convolution product of [ and g, for all

m € R. From Proposition 1, we know that ) € Eg ). Moreover, the next formula

(27) FHHEF o) (2) = FH@)(2)
holds for all z € Hg.

4 Layout of the main nonlinear PDE and related auxiliary prob-
lems

Let ¢, M,Q > 0, D > 2 be integers. For all 0 <[ < ¢, let k;, m; be non negative integers and a;
be complex numbers with ag # 0 such that k; < kj4q for [ € {0,...,¢—1}. For all 0 <1 < M,
we consider non negative integers h;, p; and complex numbers ¢; with ¢y # 0 such that h; < hyiq
for 1 € {0,...,M —1}. For all 0 <[ < @, we denote n; and b; non negative integers such that
by < bypq for 1 € {0,...,Q —1}. For 1 <1 < D, we set nonnegative integers A;, d; and ¢§; such
that 1 <6 < §yq forl € {1,...,D —1}.

Let Q(X), Ri(X) € C[X], 1 <1 < D, be polynomials which can be factorized as Q(X) =
XvQ(X), R(X) = X"R)(X) for some common integer v > 1 where Q(X) and R;(X) are
polynomial that satisfy

(28) deg(Q) = deg(Rp) = deg(Ri) ,Q(im) #0 , Rp(im)# 0

forallmeR,all1 <]l <D-—1.
We consider the following nonlinear singularly perturbed PDE

q
(29) Q(8.) ((Zalemzt’ﬂ (t,z,€) che’”thl (t,z e))
=0

Q D
= " bi(2)emith + ) eAh N Ry(0. )ult, 2, )
1

J=0

The coefficients b;j(z) are constructed as follows. For all 0 < j < @, we consider functions
m + Bj(m) that belong to the Banach space E(g, for some p > 1 and 8 > 0. We define
B;(m) = (im)?B;(m) where v is the integer introduced above, for 0 < j < Q. We set

(30) bj(2) = F~H(m = Bj(m))(z) , 0<j<Q,

where F~! denotes the Fourier inverse transfor{n defined in Proposition 5. From (26), it turns out
by construction that one can write bj(2) = 97b;j(2) where b;(z) is the inverse Fourier transform
of Bj(m).
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Remark 1. The reason why we make these factorizations hypotheses on the polynomials
Q(X), R(X) and the functions B;j(m) will be explained later on in the remark 5 of next section
and is related to the construction of the Banach spaces in Section 2 and their Fourier inverse
transforms.

Within this work, we will search for time rescaled solutions of (29) of the form
(31) ult, z,€) = YU (et, z, €)

where «, 8 € Q are two rational numbers and « > 0. Then, the expression U (T, z, €) needs to
formally solve the next nonlinear PDE

q M
(32) Q(0-) ((Z are™ P RTR(T, 2, 6) + () e P MTMU(T, 2, e)>

1=0 =0

D
= " bi()en Tl Y At AT Ry (9,) 00 U (T, 2, €)

Q
=0 =1

J

4.1 Construction of a distinguished solution

We make the additional assumption that a, 3 set above can be chosen in such a way that the
next inequalities

(33) ANi+a(d—d)+B8>0, nj—abj >0
forall1 <1< D, 0<75<Q and

(34) mi+pB—aki=0, mj+p—ak;>0

forall 0 <l <sandall s+1<j<gq, for some integer 0 < s < ¢ — 1, together with
(35) w+28—ah; =0, pj+28—ah; >0

forall 0 <1< s and all s +1 < 5 < M, for some integer 0 < s’ < M — 1, hold.

Remark 2. In the case ¢ = 1, kg, k1 > 1, the roots of the polynomial (in t) P(t,€) = ape™otko 4
a1€™tk1 all have modulus equal to

m1—m,

1 mi—mg
|a1/ag|Fo~Fr [e| Fo~F1

except the trivial root 0. The constraints (34) imply in particular that m; —mo > a(k1 — ko).
As a result, all the nonvanishing roots of P(t,€) tend to oo as € tends to 0 and 0 is therefore the
only root (with order ko) of P(t,¢€) in the vicinity of 0 as € stays near the origin.

Let us assume that the expression U(T), z,¢€) is allowed to be written as a perturbation series
w.r.t e

(36) U(T, z,€) = Up(T) + Y _ Un(T, 2)e™.

n>1

where the constant term Uy(7T') is taken independent of z and not identically equal to 0. The
coefficient Uy(T) is called the slow curve of the equation (32) in the terminology of [4].
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In the following, we make the assumption that Uy(7T') solves the next second order algebraic
equation

(37) Z aT*)Uy(T Z T —0

As Uy(T) is not identically vanishing, it must be equal to —(Y_;_, a/T*)/ (Zf;o cT™). Bearing
in mind that ag, cy # 0, we get its asymptotic behaviour

(38) Up(T) ~ —2ho s
0

as T tends to 0.

Remark 3. Under the hypotheses (28) and (30), we observe by factoring out the operator 97
from (32), that U(T, z, €) must solve the related PDE

M
(39) Q(0- (Zhﬂ“ﬂMT%Wﬂ&dﬂX}MWWMTMW@m@>

=0 =0

Q D
= " bi(2)eTONT 4+ F(T, z,¢) + Y eMTeOmdTBd Ry (9,)00t U (T, 2, €)

j=0 =1
where the forcing term F(T, z,¢€) is a polynomial in z of degree less than v — 1. According to
the assumptions (33), (34), (35) and using the fact that Q(0) # 0, by taking e = 0 into equation
(39) we see that the constraint (37) is equivalent to the fact that F'(T,z,0) = 0. The precise
shape of the term F(T), z,¢) will be given later in Section 6, see (134).
In a first step, we express U(T), z,€) as a small perturbation of Uy(T') that can be express in

the form

Uo(T) = —Z—ST’“O_"O - Z—ST’“U_"OJ(T)

where J(T') = >_ 5, J;T J is a convergent series near 7' = 0, namely
(40) U(T, 2, ) = — 0ko=ho _ 2O pho=ho () 4 TTV(T, 2, €)
Co Co
for some integer v € Z and some expression V (T, z,€). By plugging this last expansion inside
(32) and using the Leibniz rule, we get

(41 (ZalT’” + Z qyemitB—ekiphny_ L0pko—ho _ L0 pko—ho (1) L TVV(T, 2, ¢))
€o €o
l=s+1

Sl

+(> " aTh + Z ceti+2B—ahuph )(—‘CLST’“MO - ‘CLST’“O*%J(T) +TV(T, 2, e))2>
=0 l=s"+1

Q
=3 bz
§=0

D
_ a _ he
+ 26A1+a(6l dl)+BleR[(az) <_C§H2l01(k;0 . h() o d)Tko ho—0;
=1

9!

T3 (= TRV (T, 2, €)
q1- Q2

w X
&

0
q1+q2=4;

8‘11(T’“0 PyoR (T + Y

0'gs! q1+q2=4
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where we put H;:lo(*y—d) = 1 by convention. At this level, we observe the important fact that the
coefficient in front of Q(9,)V (T, z, €) contains the term agT’“OJW—QZ—ngO_hOJWCQThO = —agTH+7
that we want to set appart. As a result, we get the next equation satisfied by V(T z, ¢),

s q
(42) Q(I)V(T, z,¢) (-aoTkOH + (Z aT™ + Z aem™ Bkl Ty

=1 l=s+1
Q, l M a
— 2(70)Tk0*h0+’7(z T + Z cl6ul+2ﬁ*athhl) _ 2(70)Tk07h0+7J(T)
0 =1 I=s'+1 o
s’ M
X(Z ClThl + Z Clem-i-?ﬂ—ahzThz))
1=0 I=s'+1
s’ M
+QO)VA(T, 2, )T (Y T + Y e t?imohTh)
1=0 I=s'+1
Q
= Z b;(z)e" b
j=0

D
s 5! 1 -
YAt 3T (7 = AT ROV (T, 2, €)
I=1 q1+q2=0;

We now introduce some additional constraints on the integers vy, k;, hj, by, for 0 < 1 < g,
0<j<M,0<h<Qandd;,d, for 1 <[ < D. Namely, we impose that the next inequalities
hold

(43) ko —hy <~
for 0 < p < M, together with

(44) v <bj —ko
for all 0 < j < @ and finally

(45) ko < dip — o
foralll1 << D.

Remark 4.

1) For the case kg > hg, from (43), we need that v > kg — hg > 0. As consequence of (44) , we
get that b; > ko, for 0 < j < Q. Let for instance ¢ = 1, M =1, Q = 0 and D = 2. We set
a=2 f=1,v=6, k=1 and we choose the powers of ¢ and € in the coefficients of (29) as
follows,

(46) mo = 37k0 = 27m1 = 6akl = 37,”0 = O)hO = ]-a//Jl = 3)h’1 = 23”0 = 19;b0 = 95
Ay =12,dy = 5,01 = 1,A9 = 20,da = 6,02 = 2.
For these data, we can check that the constraints (33), (34), (35), (43), (44), (45) above are
fulfilled. Moreover, all the forthcoming requirements (54), (67), (68), (69) and (135) stated in
Theorem 1 are also verified. In this special case, the main equation (29) writes
(47) Q(0,) ((a063t2 + a1 ult, z, €) + (cot + c13t%)u(t, 2, e))
= bo(2)€et? + €250, R1 (0. )u(t, z, €) + €°t°02 Ry (D, )u(t, 2, €).
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We can divide this last equation by ¢, but not by €, and the resulting equation still possess a
turning point and an irregular singularity at ¢ = 0.

2) For the case hg > ko, we may take v < 0 and hence one can choose some b; < ko for some
0 <j<Q. Let for instance ¢q =1, M =1, Q = 0 and D = 2. We choose o« = 2, § = —1,
v = —2, k =1 and we select the powers of ¢ and ¢ in the coefficients of (29) as follows,

(48) moy = 5,]{30 = 2,m1 = 10,k1 :4,,u0 = 14,h0 = 6,#1 = 19,h1 = 8,710 = 3,b0 =1
AL =10,dy = 5,8, = 1,A9 = 12,dy = 6,65 = 2.
For these data, we can figure out that the constraints (33), (34), (35), (43), (4 ) (45) above are
(69) an

satisfied. Moreover, all the forthcoming requirements (54), (67), (68), (69) and (135) stated in
Theorem 1 are also verified. In this particular case, the main equation (29) writes

(49) Q(09,) ((aoe5t2 + a1etYu(t, z, €) + (coe*t® + 1)U’ (¢, 2, €))
= bo(2)E3 + €990, R (0. )u(t, z, €) + € 2t°2 Ro (. )ult, 2, €).

We can divide this latter equation by ¢ and by ¢. The corresponding equation still suffers the
presence of a turning point and an irregular singularity at ¢t = 0.

In a second step, we divide the left and right handside of (42) by the monomial T**7. We
obtain the next equation

S q
(50) Q(I.)V(T,z,¢) (—ao—F(ZalTkl + Y aemteRiphypk

=1 l=s+1
ag a - ag
— 22T (N T T+ qetit2P—ahiphyy _ o Z2yp—ho y(T
(CO) (; l:szlil ) (CO) (T)
s’ M
X(chThl—i— Z clem-i—?ﬁ—ahzThz))
1=0 I=s'+1
s M
+ QOIVAT, 2, TR (D qTh + > qerrt?Pomyh)
=0 l=s'+1
Q
_ ij(z)e”J ab]TbJ ko—y

D
|
Yooy O gyphen )0V, 2, )

q1+q2=4 0!

Notice that the additional constraints (33), (34), (35) and (43), (44), (45) ensure that the
coefficients of the PDE (50) are analytic with respect to 7" and € on a neighborhood of the origin
in C?. Moreover, the coefficient of Q(9.)V (T, z, €) is invertible at T = 0 since ag # 0. We will
see later that this fact is essential in order to solve this equation within some function space of
analytic functions.

We look for solutions which are rescaled in time of the form

(51) V(T, z,e) = V(eXT, z,€)
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where

_ Ap+a(dp —dp) + B

As a result, the expression V(T, z, €) is supposed to solve the next equation

s q
(53) Q(0.)V(T,z,¢) <—a0+2a16_X(kl_k°)Tk’_k° + Z a M tB—aki=x(ki—ko) ki —ko
I=1 I=s+1

/

s M
ap — — — _ _ _ _ aop _
— 2(ED) (3 e R g2 ahadh by p(20) ()
=1 l=s"4+1

/

S M
X(Z CZE_X(hl—hO)Thl—ho + Z Cle/.tl-l-Q,B—ahl—X(hl—ho)Thl—h0)>
=0 I=s'+1

/

s M
+ Q(az)v2(r]r7 2, 6)6—X(—k0+7)’]1‘—k0+7(z ClE_Xhl’]rhl 4 Z ClEMz-ﬁ-Qﬁ—ahl—Xthhl)
=0 l=s"+1

Q
= Z bj(z)e”f_o‘bi —x(bj—ko—) b —ko—

D-1
+ Z Aita(d—di)+p8
=1

0! _
DD T () X R By (9,) AR V(T, 2, )
qtg=6 =

+ ¢Ap+aldp—dp)+p Z op! H31*01W _ d)e—x(dp—ko—q1)TdD—ko—Q1
qlg!

q1+q2=0p,q1>1

X Rp(0,)X2OLV(T, 2, €) + TP ~H Ry (8,)85P V(T, z, €)

We make further assumptions on the coefficients d; and ¢; for 1 < < D which are stronger
than the constraint (45). Assume the existence of integers x > 1 and d; o > 1 such that

(54) dD—k():(SD(H-i-l) R dl—k():(sl(lﬂ-i-l)-i-dl,g

forall 1 <1< D—1. Then, for all 1 <[ < D, and all integers ¢; > 0, ¢go > 0 with ¢; + g2 = &; we
deduce the existence of an nonnegative integer d; 4, 4, Which is larger than 1 except dp s, =0
such that

(55) dy— ko — qr = (K + 1)q2 + di g qo-

Indeed, if one puts dp = 0, from (54), we can write

dl7q17q2 =d; —ko—q1 — (/i + 1)q2 = 5[(/% + 1) + dl,() —-q1— (K + 1)(]2
=(@+@)(c+)+do—q —(k+1)g2 =gk +dp.

According to (54) and (55), with the help of the formula (8.7) from [26] p. 3630, we can expand
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the following pieces appearing in (53) satisfied by V(T, z, €),

(56) T2 RaPV(T, z,¢) = | (T 10r)2 + Y Ag, , TP PN(THap)P | V(T, 2, ¢),
1<p<ép-1
Th—Ro=C=DagpV(T, 2, €) = Ta-11(T*191)V(T, 2, €),
ThA—R—N9RY(T, 2, ¢) = THMRTEFIRHLY(T, 2, €)

= Thanae | (T 19p)e 4 Z Agy p TP (THL50)P | (T, 2, €)
1<p<g2—1

for all 1 <[ < D, all integers q; > 0 and ¢2 > 2 such that ¢; + g2 = §;, for some real constants
Aspps 1 <p<dp—Tland Ay, p, 1 <p<q— 1

In a third step, let us assume that the expression V(T, z, €) has a formal power series expansion

(57) V(T,z,€) =Y Vn(z,6)T"

n>1
where each coefficient V,,(z, €) is defined as an inverse Fourier transform
Va(z,€) = FHm — wn(m, €))(2)

for some function m — wy,(m, €) belonging to the Banach space E(s,) and depending holomor-
phically on € on some punctured disc D(0, €p) \ {0} centered at 0 with radius g > 0. We consider
the formal power series

we(T,m, €) = w}(m, )

= TR

obtained by formally applying a m,—Borel transform w.r.t T and Fourier transform w.r.t z to
the power series (57). The constraints (54) are introduced in such a way that w, (7, m, €) satisfies
some integral equation by making use of the properties of the m,—Borel transform of formal
series and Fourier inverse transforms described in Propositions 4 and 5 with the help of the
prepared expansions (56). Namely, after division by the power (im)¥, which is by construction
a common factor of the functions Q(im), R;(im) and Bj(m) for 1 <1< D, 0<j < Q, we get
the new problem

(58) L e(wie(T,m,€)) = Ry c(we(T,m,€))



with vanishing initial data wy (0, m,€) = 0, where

59 m,E(wn T m 6

ki—kq

S K T
— x(ki—ko) T K -
(im < aown(T,m,€) + ) are” r(Ek ko)/o (75 —s)

=1 pe

K
ki—kg

l=s+1 "

s’ .

_1(.«),{(51/’{, m, E)

mut+f—aky—x(k—ko) T [" - ds
Z alE Z+B l X( 1 0)7 (7_/4 . S) — lwﬁ(sl/"{ m 6)7
F(kl ko) 0 M €)=

ag —x(h;—h T T R hi=hg 4 1k ds
_2(—)(2016 x(hy O)F(hzho)/o (T —s) = wy(sY ,m,e)?

&
0 = -
M K T
hy—h,
+2B8—ah; —x(h;—h T e L 0_4
+ Z crett B—ah; —x(l O)Fhlho/ (% —s) wi(s
I=s'+1 ( " ) 0

s .

_2(a0 ZC ZJE Xt hoﬂ)iﬁ ’ (TH—S)W_%U (sl/fe m,€)
Co l F(hl h0+]) 0 K ,m, s

=0 j>1 P

M . . .

+ E Cl E ’ .etul 26 ahl E_X(hl_hO“l‘j) o ‘ ( )f
— ! I (w) 0
l=s"4+1 j>1

s’ .

-1

1/k ds

) 12y 6)?)

ds

ds

wﬁ(sl/}i

(i —x(~ ™ T —hgtthy
e (Zcze a ’““Whl)p(kowm)/o (7 = g)
K

=0

s +oo 1
1/k 1/k
X{S/o /_oo Gmyiraee((s =)0 m —mu, ()%, m,

(s —s')
7" ™ —ko+v+hy
+ et t2Bmahi=x(h= koﬂ)/ S g
121 Tzt J, )
s +o00 1 N1/ ) ) /
{3/(; /;Oo WW,‘{((S—S) ,m—ml,E)UJ,@((S) amlaﬁ)mds dml}

ds

, 1, 6)?

1 ds
[P ds'dm } ~

ds
s

20
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and

(60) Rrm,c(wi(r,m,e€)) =

<. by x(bj—ko—vy) T 77 Arta(s—d)+8
nj—ab;— j—ko— af
:ZBj(m)eJ =X (b; ovr(bik()7 Z 1 1=di)
=0
7! 1 ~
% 9 —d e—X(dl—ko—fh—%)Rl im
qlgzél ql'q2' d=0 (’Y ) ( )
- T g d
X {—— a / (r" — s)%flli%s@w,{(sl/”, m, 6)—5
T( . ) Jo S
7-’{ T dlv‘]l 242 +rla2—p) 1 1 dS
+ Z Aq2,P di.q1 .40 +H(q2—D) / (T” — S) [ K/pspw/q(s /”,77% 6)?}
1<p<g2—1 F(%)
+ Aptalép—dp)+p
op! _ -
x> Sy — d)e X oo a e Ry ()

1o
q1+q2=dp,q1>1 92
K/

X {—g——

K

T D.q). d
(1" —s) s LR 582y, (sV% m, ) &
r(“2ae) Jo
K

K K

T T dD,q1,q9 tH(a2-P) ds
- Z Agy / (5 = 5) P, (1R m, )95y
) T (M e s

+ Rplm){(sr)Pwurm e+ S Asyy

k(9
1<p<ép—1 IN( (D p))

K

T r(5p—p) d
X / (% —s) o PP, (s5, m, e)—s}
0 S

By convention, the two sums Z1§p§ q2_1[...] appearing in (60) are vanishing provided that ¢y €

{0,1}.
Remark 5. The hypotheses (28) and (30) ensure that the equation (53) does not contain terms
that involve isolated polynomials in T which are not inverse Fourier transformable.

5 Analytic solutions of a convolution problem with complex pa-
rameters

Our main goal in this section is the construction of a unique solution of the problem (58) within

the Banach spaces introduced in Section 2.

We make the following further assumptions. The conditions below are very similar to the ones

proposed in Section 4 of [20]. Namely, we demand that there exists an unbounded sector
Sorp =12 €C/ 1l 2o p, » lare(z) —dg g, | < gy}

with direction dQ iy € R, aperture 15 5 >0 for some radius TRy >0 such that

Qm) _ o

(61) Roim) © C@Fo
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for all m € R. The polynomial Py,(7) = —Q(im)ag — Rp(im)kP 7905 can be factorized in the
form
(62) Po(7) = —Rp(im)kP T2 (1 — gy(m))
where
aoQ(im 1 —apQ(im 1 27l
(63) alm) = (2CU (VT (g (22 )

~ |Rp(im)|dp

forall 0 <l <édpk—1,all meR. B
We select an unbounded sector Sy centered at 0, a small closed disc D(0, p) and we require
the sector Sp p to fulfill the next conditions.

Rp(im)x%p " dpk  Opk

1) There exists a constant M; > 0 such that
(64) 7 —aq(m)| = My(1 4+ |7])

forall 0 <1 < dpk —1,all m € R, all 7 € SgU D(0,p). Indeed, from (61) and the explicit
expression (63) of ¢;(m), we first observe that |g;(m)| > 2p for every m € R, all0 <[ < jpr—1 for
an appropriate choice of 6 Rp and of p > 0. We also see that forallm € R, all 0 <[ < dpr—1,
the roots ¢;(m) remain in a union U of unbounded sectors centered at 0 that do not cover a
full neighborhood of the origin in C* provided that N6.kp is small enough. Therefore, one can
choose an adequate sector Sy such that SyNU = () with the property that for all 0 <1 < dpr—1
the quotients ¢;(m)/7 lay outside some small disc centered at 1 in C for all 7 € Sy, all m € R.
This yields (64) for some small constant M; > 0.

2) There exists a constant My > 0 such that

(65) |7 = qi, (m)| = Ma|qi, (m))|

for some Iy € {0,...,0pk —1}, all m € R, all 7 € S;UD(0, p). Indeed, for the sector S; and the
disc D(0, p) chosen as above in 1), we notice that for any fixed 0 < Iy < dpk — 1, the quotient
7/qi,(m) stays outside a small disc centered at 1 in C for all 7 € Sy U D(0, p), all m € R. Hence
(65) must hold for some small constant Ma > 0.

By construction of the roots (63) in the factorization (62) and using the lower bound estimates
(64), (65), we get a constant C'5 > 0 such that

|ao@(im))|

1 _
Ty 0

(66) | Bn(7)] = M{P" M| Rp (im) %P |(

1
dp Spr 1 ~
ZM{SDN71M2KJ I(m\ h (TQR )5DH|RD(Z-m)|
(K%D) D" i

1
SR D . Sn—21
= Cp(ro p,) o [Rp(im)|(1 4 [7]")°P7x
for all 7 € S;U D(0,p), all m € R.

In the next proposition, we provide sufficient conditions under which the main convolution

equation (58) possess solutions w? (7, m, ) in the Banach space F. (dy By described in Section
2.
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Proposition 6 Under the additional assumptions

2
>
(67) oD -

, —ko+v+h; >0, bj—ko—’yZl,
(X +a)(=ko+v+h —rop+1) = x(=ko+~v+h) >0

forall0<I<M,0<j<Q,
1
(68) 5DZ;+51,

d 1
Al+04(5l—dl)+5+(x+a)ﬁ(%+Q2—5D+;)—X(dz—ko—5l)20

for all g1 > 0,92 > 1 such that g1 + g2 = 6y, for 1 <1< D —1 and

d 1
(69) AD+a(6D—dD)+ﬂ+(X+a)ﬁ(%+q2—5D+;)—X(dD—ko—(sD)zo

for all g1 > 1,90 > 1 such that g1 + g2 = 6p, there exist a radius To.Rp 0, e > 0 and a
d

constant w > 0 such that the equation (58) has a unique solution w@

space Fg/,ﬁ,u,x,a,me) which suffers the bounds

(1,m,€) in the Banach

d
|lwie(,m, )| @

1/7/3’#’X7a?l<’76) S

for all e € D(0,¢€p) \ {0}, where the direction d € R can be chosen for any sector Sy that fulfills
the constraints (64) and (65) above.

Proof We undertake the proof with a lemma that studies some shrinking map on the Banach
spaces mentioned above and reduces the main convolution problem (58) to the existence of a
unique fixed point for this map.

Lemma 2 Taking for granted that the assumptions (67), (68) and (69) hold, one can select
the constant ToRp 0 large enough and a constant w > 0 small enough such that for all
e € D(0,¢9) \ {0}, the map H., defined as

(70) He=H +H2+H



(71) Hl(w(T, m)) =

Mo

o

aleix(klfk()) _

P (T

M- 5

_ G(im) (

l

I
—

q
+ g aye™HAaki—x(ki—ko) _
l=s+1

S/

Bj(m)e"i—ebi —x(bj—ko—)

Tbi—ko—v

K
("

K/

Pmm;(’““)/o (" =) Tl m)

K

B T T P T (e N —

Ci
S

M
—+ E Cle.ul+2ﬁ*ahlefx(hl,h0)

P (T)T(

K

K

Pm(T)l"(bJ'_kio_'y)

K

_ S) kl;ko 7111)(81/'{, m)ﬁ

ki—ko

ds

- ’ Mo _ ds
hzho)/o (TH _S) = 1w(51/”7m)?

T T h—hg s
~hzho)/0 (" —s)" = 1w(81/n’m)?)

l=s"4+1 Pm(T)P( K
a0, 3 —x(hi—h T T \mheti gy . ds
-9 C JeX(l o-l—])~ / g - ws/,m—
(&) IZ;, zZ B yrc; J, ) (s, m) =~
M
+ Z ClZJjeuz+25*ahzefx(hﬁho+j)
I=s'+1 j>1
" T /TK<TK B s)m_lw(s”” m)@>
Pm(T)F(M,fﬂ) 0 ’ S
and
2 = —O(i s —x(—ko+y+h) T ™ K —kotythy
(72) H(w(r,m)) = (che = (T)F(W)/O (7% — s
+o00 1 ds
1/k 1
x {S/ / 1/2 w((s = )" m = my)w((s") V" ,m1)mds’dm1}?
™ "

:U'l+2ﬁ ahl X(hl kO+’Y)
' Z " Py (7)T(FRointh

l=s"+1

0

/ /+OO 1/2 w((s — &)Y m —m)w ((Sl)l/ﬂaml)lds/dml}is>

4 Z Aita(d—d)+B o Z

=t q1+q2=9;

x { L T
P 91,09
BT (Tzm2) Jo

K

K

or!
q1!qo!

¥,q1,02 1

(T“ _ 3) P Kq28q2’w(sl/”,m)7

K

1<p<ga—1 T -

(s —s')s

HZ;OI (v — d)e‘X(dz—ko—q1—q2)Rl(im)

ds

K 71/€p8pw(81/n,m)

T Tk A4y .99 (92 -P)
+ Z Agpp= ()F(CWW)/O (7 —s)

ds

<)

24
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along with

(73) HE(w(r,m)) = Borelpdn)ts

)
« Z p! Hgl 01(,)/ d)e” x(dp—ko—q1— q2)RD(zm)
q1+92=0p,q1>1 0'go!
K T ap.qq, d
x {— T y / (" —s) e _llqus‘Dw(sl/”,m)—s
P ()T (=222) Jo °
K T dp.qq g0 +r(a2—P) d
+ Z qu,p = dDT e p— / (rF —8) o ‘%pspw(sl/”,m)j}
1<p<qn—1 P (7)D (22 ———) Jo s
T ™ ~(6p—p) ds
+ Rp(im) Z Aspp—= s X / (77 —s)" n kPsPw(s'® m)—}
1<zt Pa(m)D(CRE) o s

satisfies the next properties.
i) The following inclusion holds

(74) H(B(0,w)) C B(0,w)

where B(0,w) is the closed ball of radius w > 0 centered at 0 in F(uﬁuxam , for all € €

D(0, ) \ {0}
ii) We have

1
(75) [[He(w1) — He(wa)|| w8 1, 0,m,6) < §\|w1 = W] (1,8, 1,x,0,5,6)

for all wi,we € B(0,w), for all € € D(0,¢) \ {0}.

Proof We first deal with the property (74). Let € € D(0,¢) \ {0} and consider w(r,m) €

F(Cllzvﬁ,u,x,a,ﬁ,e)’ We take @ > 0 such that ||w(7,m)||w,8,ux,0k6) < @-

We start providing norms estimates for each piece of the map ..
From Lemma 1, we deduce the existence of a constant C7; > 0 depending on &, v, kg and b; for
0 < j <@ such that

bi—ko— C [1B;(m)l] 3,0) | s —ko—)a

(76) HB'(m)GiX(bjik077)~7H U, B, 1, X Q€ < N = )
J Pm (7_) ( HsX ) CI:, (TQ RD)(SD% 1nfm€]R‘RD (Zm)‘

According to Proposition 2 ~1), we obtain a constant Cy > 0 depending on v, k, k;, for 0 <1 < g,
hy, for 0 <1 < M, Q(X),Rp(X) and a constant Cy(j) depending on v, k, h; for 0 < 1 < M,



26

Q(X),Rp(X) and j such that

A (h—ko) QUM)TR [T Fimko_y ds
(77) He x(ki=ko) pm(T) /0 (7—H _S) " w(s /K7m)?”(v,57%x7a,me)
< Co o(ki—ko)
= 5 1 |6| ||’UJ(T, m)| (1,8, 1, X,00,K,€) 9
C~(TQ7RD) br
A (h—he) QUM) T [T hizho g 1 ds
”6 X( : 0) Pm(T) 0 (TR - S) " w(s /H’m)?H(y:vaﬂX:aaH’e)
< Ca a(ha—ho)
T -
Cp(rg.rp) ™"
x(h—hot ) QUM) o [T o mshets gy ds
||E pm(T) T 0 (T S) w(s ,’I?’L) s ||(Vﬂ,u,x,o¢,/@,e)
Ca(g _ .
< B oo, m) 0
Cp(rg.r,) "

Moreover, it appears from the proof of Proposition 2 that the next bounds hold for Cy (7) : there
exist a constant C5 > 0 depending on v, k, h; for 0 < | < M, @), Rp and a constant As > 0
depending on v, k, h; for 0 <1 < M such that

(78) Cy(j) < CLALT(

hl_h0+j)
KR

for all j > 1. In the following, we will make use of the notations from the proof of Proposition
2. From the classical estimates

(79) sup x™e M = (@)mle_ml
2>0 ma

for any real numbers my > 0, mo > 0, we deduce that for all j > 1 such that W —-1>0

1+ a2 hy—hg+j
K

v, 1
sup e "2G1(e) Ssupl(l+ at)e e e )
hy — ho 4+ 7, i=ho+i hy —ho+j
< ((————L)"= = 4

() e exp- M= 0
hi—ho+j . .
B=B0F] D oty hi —ho + 1,
k. P Y 2 - /:‘i

Furthermore, according to the Stirling formula I'(z) ~ v/ 2ra® " 2e~% as & — 400 and bearing
in mind the functional relation I'(x + 1) = zI'(z) for all x > 0, we get two constants Cy > 0 and
Ag > 0 independent of j such that

(80) sup—p e "2y () < CoA(N(*—2") 4 (=2 4 9))
S hi—ho+37 hy—ho+ 7 hy—ho+7 hy — ho + j
< o) (M) g (0 Ryl
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On the other hand, by direct inspection, we observe that there exists a constant Cp; > 0
(independent of j and €) such that

1 2
(81) sup R x

G < C
0<z<1 xl/k ¢ (1—+—’€’(X+Oé)/€$)'yl 2(2) < Caa

Furthermore, there exists a constant K 1(j) depending on v, k, h; for 0 < [ < M and j, such
that

1+ a2 T 1+ 22
82 v G < — s K21(J
(82) SUP ¢ T Jefocrangym 02 < SW Ty Kaa )

Now, after a thorough examination of the proof of Proposition 1 out of [21], one can check that
there exists a constant K51 > 0 independent of j such that

(83) Ka1(j) < KaaT(

hl—h0+j)
K

for all j > 1. Finally, gathering (80), (81), (82) and (83) yields the estimates (78).
Besides, we choose the radius T6.kp > 0 large enough and w in such a manner that

Q ~
(84) Z Ch HB( )Hﬂ, |€|njfabj+(bjfkof'y)a
=0 C~(rQ,RD)5D7”F(7b _];0 1) infer| Rp(im)|
S
+3 o < ot
Cplrg )PP (EH)
= P\"Q,Rkp K
q
& - ki—k
+ Z ‘al| 51 ki—ko ‘dmﬂrﬁ aki+a(k O)W
l=s+1 CIB(TQ,RD) D"‘F( )
Sl
C
L] pymm— A
O N\IE Cplrgp,) P T(M)
M
C
+ Z e/ 21 — |€|m+2ﬂ—ahz|6|a(hz—ho)w
I=s'+1 C}S(T‘Q’RD)‘SD”F(ilH 0)
a0 (hi—h
#2Z | Sl S|Pt
0 >1 Cp TQ7RD Spr
w
) g < R P

=s+1 =1 Cplrg i, T
Notice that the infinite sums over the integers j > 0 are convergent in the left handside of the
above inequality (84), provided that ey > 0 is small enough, according to the fact that there
exist two constants Ji, Jo > 0 such that |J;| < Jy(J2)? for all j > 1 since J(T) = dis1; T7 is
a convergent series near T' = 0.

From the definition of H! given by (71), we deduce the next inequality

(85) ||/Hi (w(Tv m)) ’ | (V,B, 145X 50, K, €) <

wl| g
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Hereafter, we focus on norms estimates for each part of the map H2.
We set

™" oo
h(r,m) = 7r"1 / / w((TF = Y5 m = my)w((s)V", ml)éds/dml.
0 —00

(TH _ S/)Sl

Regarding Proposition 3, we get a constant C3 > 0 (depending on i, k) such that

(86) [|h(r,m [[w(, m)I[7

3
)H(V7/87/'1‘7X7O‘7K/7E) S |6|X+a Vﬁﬂxal{ﬁ)

On the other hand, using Proposition 2, 2), we grab a constant C%) > 0 (depending on v, k,, dp, ko,
hy for 0 <1 < M and Q(X), Rp(X)) such that

Q( ( ; / (TH . 8) —ko-:/+hl _18é—1h(31/m7 m)ds\ |(V,B7u7x,a,ﬁ,6)
0

e Ot ) —x(—hotrHha) —(cra)s(8p 1))

(87) Hf_X( ko+~y+hy)
Cy
CP(TQ,RD) D

Therefore, gathering (86) and (87) returns

S T’ m)H(lI,ﬂ,}L,X,O{,H,E)‘

)|

K

(88) HG_X(—ko-&-’y-i-hl)Cg(Z'm) " /‘r (TH - 3)@_1
0

P (7)
+o00 1 ds
1 K 1/k
s [l = () ) s
L|€|<x+a>(—ko+v+hl—H5D+1>—x<—ko+w+m>‘|w(T mII2, :
i ’ V7 7M7X7a7’€76 :
Cplrg.n,) ™"

Bearing in mind Proposition 2, 1), we get a constant C2 > 0 (depending on v, k,d;,d; and
Ri(X),Rp(X) for 1 <1< D —1), such that

K

_ Ry (im) T h,6,0 . . ds
(39) [Jemxotom o0 2 [ o) )

P (7)
& (x+a)dys, 0—x(di—ko—81)
< 1 ‘6‘ b HUJ(T, m)”(u,ﬁ,u,x,a,m,e)
~ -~ (SDK
"o.kp)
C o
= 2 e R0 (7, m) [ )
Cp(rg.rp) ™"

Likewise, we can apply Proposition 2, 2) in order to exhibit a constant Cj > 0 (depending on
v, k,dy, 01, ko, 0p and Ry(X), Rp(X) for 1 <1 < D — 1) with

(90) HG_X(d’_kO_‘Sl)MT“ /T (th —s) dl?qi@ _1sq2w(sl/”, m)@\
Pm(T) 0 S

-2 |€|(x+a)ﬂ(%%q2+qz—6p+%)—x(dz—ko—éz) |lw (T, m)

(V757M7X7a7’</7€)

| | (V’/87/J’7X)a7ﬁ7€)
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for all g1 > 0 and ¢o > 1 with ¢; + g2 = J;. Besides,

R(i ™ diq, d
(01) [l xterro-0 BT ., / (77— 5) P (55 m) s e
Pm(T) 0 S
C
1
Cprg.m,) "

provided that go > 2 and 1 < p < g0 — 1, with ¢1 + g2 = §;.

Na1.92 oo s () — ko —
< || Ot aIR(—=E 42 =0+ ) =X(d—ko—31) ||y, )| (0,8, jxsme)

Now, we choose TO.Rp > 0 and w in such a way that

S/

(92) Z|Cl| . Cécff |6‘(X“FCY)(—k0+’7+hl—H§D+1)—X(—k0+"/+hl)w2
=0 Cplrg.p,) o T(Zetath) (or)1/2
M
CLC
+ Y el .

N
1 Cplrg j,) or T (A (2m)1/2
« ’6|(X+a)(*k0+7+hl*H5D+1)*X(*k0+7+hz)‘d#ﬁ%*ahzw?

D—-1

Arta(s— s C2 —ko—35
+ Z || Aitaldi—d)+h e, Ly — d\ dM . || (ko =01)
=1 p Rp K )

62
5 C q2
+ > T2y — d ( i

! d
q1+g2=04;,g2>1 a- C]2 - 5Dn F(M)
x |e|Octaln(=ke Bt | g, gL —ko—1)
ChKP
O A o
1<p<ga—1 Cp(’r’QRD)‘sDKF(% + g9 — p)

4
X’d(XJra)n( 241,42 +425D+,1)X(dlk05l)w>:| < %

With the help of the definition of H2 given by (72), we deduce that

(93) HH?(M(T, m))”(u,ﬁ,u,x,a,n,e) < 73/3

Ultimately, we attract our attention to norms estimates for H?2.

Taking notice of Proposition 2, 1), we get a constant Co > 0 (depending on v, k, ko,dp,dp),
such that

K

(94) ||67X(dD*k0*5D)7RP(im) ™ /T (7" —s) dD’iD’Oflw(sl/“,m)ﬁ
0

p H(Vﬁ,u,x,a,ﬂ,e)

P ()
Co v (dp—ko—6
< — || xct)dp.sp0—x(dp—ko D)Hw(Tam)”(u,ﬁ,y,x,a,n,e)
CIB(TQ,RD)(sDN

= _1_ |6|a(dD_k0_6D) | |w(7_7 m)| |(V,B,u,x,o¢,n,e) .
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Moreover, we can apply Proposition 2, 2) in order to exhibit a constant C% > 0 (depending on
v, k, ko,dp,dp) with

Rp(i ™ dp gy, d
(95) | xp—ko—sp) BOUIM) | = )
Pm(T) 0 S
c,
= -1

CIB(TQ,RD) Spr

|6|(X+a)'€(dD’q%q2+QQ75D+é)*X(dD*k0*5D) |w(

T? m) | ’(VwByHyX,a:”:f)

for all g1 > 1 and ¢o > 1 with ¢; + g2 = dp. Besides,

K

_ L RD(Z’m) T 9D,qy a9 o ds
(96) Jemxttomiomo0) BRI [ B a1, m) Ll
m 0
& 1D.91.02 sp+1)—x(dp—ko—6
< —1|6|(x+a)n(f+q2* pti)—x(dp—ko— D)Hw(T7 m)H(V,,B,u,x,a,ﬂ,E)
Cplrg,fp) ™"

provided that g1 > 1, go > 2 and 1 < p < g9 — 1 with ¢1 + ¢o = dp. Finally, we can select a
constant C > 0 (depending on v, k,dp) such that

K

RD(Zm) K 4 K Sp—p—1 1/k ds
O7) T [ @ m) Dl
C o
< )l o
Cprg.rp,) ™"

for all 1 < p < ép — 1. We make the choice for the size of radius ok and w in such a manner
that

(98) |€|AD+O<(5D—dD)+B HZDEIW —d| 012 ‘ela(dD—k()—dD)w
= d
Cp(rg i) P D (=32%)
op! 1 CHr?
Y b -d T
a1+q@=0p,q1>1,g2>1 =777 Cﬁ(r(g,RD)aDKF(%)
!
X |€|(X+Oé),tg(dD,€)1€1»q2 +q2—5D+%)—X(dD—k‘o—§D)w+ E |Aq2p’ i CQHp
’ L d
1<p<qe—1 Cp(rg p,) P D(FE2 + go — p)
% |€|(X+a)ﬁ(dD’il’q2 +Q2_5D+;)_X(dD_kO_5D)w>:|
C)KP w
> e : ef*ow < 3
1<p<dp—1 Cp(rg,pp) P T'(p —p)
From the construction of the map H2, it is now clear that
(99) 12 (w(r, m)) 0,81 x0m.0) < /3.
( 7/67#?X7 Yy )

Eventually, gathering (85), (93) and (99) yields the first claim (74).
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In the last part of the proof, we fix our attention to the affirmation (75). Let w (7, m), wa(7,m) €

Fé with

(V,B,15x,01,55,€)
w1 (7, M) 8,0 x,0m0 <@ 5 w2 T M)l x0m0) < @

We first prove that H/! is a shrinking map. According to the estimates (7?) we obtain a constant
Cy > 0 (depending on v, k, ki, for 0 <1 < g, hy, for 0 <1 < M, Q(X),Rp(X)) and a constant
C5(j) satisfying the estimates (78) such that

(100) [ Xtk >W / " = ) R g (5%, ) — (5%, m)) &
0

Pm(T 7||VB}LX,O(I‘GE)
% a(ki—ko)
< C 1 ’ ’ le (T7 m) - w2(7—7 m)”(u,ﬁ,u,x,a,m,e)a
Bl QR *p~
_ ~(zm) " hz—ho_ ds
H x(hu=ho) P (7_ T _S ® 1(w1(81/’{7m)_wQ(Sl/Ham))iu (1,8, 14,X,0t, K, €)
m
< —| |a (h1=ho) ||’LU1 (7—7 m) - wZ(Ta m)”(l/,ﬂ,u,x,a,n,e)a
~ Q,.. R DK/
(B — Q hz ho+i ds
HG x(hi—ho+7) P T —S - 1(w1(31/”,m) _w2(sl/n7m))7|’(u,/5,ux,ane)
Ca(j) hi—ho+j
< ———=—— e[ oy (7,m) — wa (7, )| (8,0, x,00m.0)-

Cp(r

)3r

Q7D

R
Therefore, we choose the radius To.Rp > 0 large enough in order that

Cy _
(101) Z|al| — || (ki=ko)
~ TQ,RD)BD I'( lﬁ 0)
d C
+ 2 ol : efrpmahiroti=to)
l=s+1 CP(TQ,RD mf(kl;ko)
: C
+2 20 | X lal oot
Cy
0 =1 015 TQ,RD dpr F( ln 0)
- & +28—ahy | ja(hi—ho)
+ Y ; e[ He[ TR
I=5'+1 15(7“ ; ﬁr(L_ho)
Q,Rp K
+2|2 >l 31— Aottt
O \i=o >t C’P( O.kp on
M 1
Z |CZ‘Z|J| le |uz+2ﬂ ahz‘ | (hi=hot) | < —
l=s"+1 7>1 Q,RD)(SDN 6

As a result, we can set down

1
(102) ||/Hi (wl (7—7 m)) - Hel (wQ (7—7 m))‘ |(l/,ﬂ,,LL,X,Oé,H,E) < 6 | |w1 (T’ m) —wi (7‘, m) | ’(V,B,u,x,a,n,e)-
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We turn to 2 and show that it is a shrinking map as well. As a preparation, we may first
rewrite

(103)  wi (1% — " )/% m — my)wi (85, my) — wa (7% — )%, m — my)wa ()", my) =
(wl((TN — S')l/“, m—my) —wy((7F — 5/)1/“, m — ml)) wl((s')l/“, my)
+ wa (7% — )5 m — my) (wl((sl)l/“,ml) - wg((sl)l/“,ml)) )

For j = 1,2, we set
1 /
s’dS dm;.

T +o00
rm) == [ [ = Y = (M )

Regarding both the factorisation (103) above and Proposition 3, we get a constant C3 > 0
(depending on p, ) such that

(104)

Cs
th (T7 m) — ha (7_7 m) | ‘(V,ﬁ,,u,xu,n,e) < ‘€’X+a (| ’wl (T7 m)‘ |(I/,B7M7X,O¢,H,E) + Hw2 (T7 m)‘ |(u,6,u,x,a,n,e))

X | |w1 (7—7 m) — W2 (7—7 m)‘ |(V,B,u,x,a,/—s,e) .

From (87) together with (104) we pick up a constant Cj > 0 (depending on v, k,7, dp, ko, hy for
0 <1< M and Q(X),Rp(X)) such that

(105)

HGX(’“OHMZ)g(ZEn;T“/ (T”—s)wﬂs%*l(hl(s””,m)—hz(sl/“,m))dSH(
m\T 0

A —kg+v+h
% || Ccton(—==t4

U, B, X500, 4€)

)=x(—ko+y+h)—(x+o)k(6p—1) 11 (7, m) = (7, M) | (1.8 pux.crmc)

ClCs

< ‘6‘(X+a)(_k0+7+hl—H5D+1)_X(_k0+7+hl)

GG
Cp(rg.p,) "

X (| ’wl (T7 m)‘ |(V,B,u,x,oz,n,e) + Hw2 <T7 m)‘ |(V,B,u,x,a,n,e)> ‘ ’wl (T7 m) — w2 (T7 m)‘ |(V,ﬂ,u,x,a,n,e)~

Bearing in mind (89), we get a constant Cy > 0 (depending on v, k, d;, §; and RI(X), RD(X) for
1 <1< D —1),such that

~ K

_ . Ri(tm . T . 6,0 . . ds
(106) [jex—ko—ap Fulim) [ =9 ) — (6 ) Dl
Pm(T) 0 S
C o
< 2 1 ’da(dl ko 61)le(7_7m)_w2(T7m)H(V,&mx,a,n,e)'
Cp(rg.rp) ™"

Likewise, we can apply (90) in order to exhibit a constant C% > 0 (depending on v, k, dy, d;, ko, 0p
and R&y(X), Rp(X) for 1 <1< D — 1) with

(107)
ol d) —Fo— Rl(lm) ™ Yay.09 ds
HE X(di—ko=61) p (7_) TK/O (TH - S) " 1Sq2 (wl(sl/n7m) - w2(31/’{7m))?”(u,ﬁ,u,x,a,n,e)
m
!
< )X~y m) — i, ) v

~ Spk

Cﬁ(TQ,RD)
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for all ¢ > 0 and g2 > 1 with ¢1 + g2 = ¢;. Furthermore, from (91) we deduce

(108)
_ Ckn— Rl m ™ H,q1,az o ds
||e~X(di—ko 6Z)P((T))Tﬁ/o (tF—s) " Te7P 1sp(w1(51/”,m)—wQ(sl/",m))*H (18,11 X,0,55,6)
m
& (a2 g, 54 1)—x (d—ko—5)
= (rs 5 )7 g " " [lws (7, 1m) — w2 (7, 7) (0,11, x0,0.0)
(G 7p) "

provided that go > 2 and 1 < p < ¢qo — 1, with ¢1 + g2 = §;.

Now, we sort To.Rp 0 and w in such a way that

Sl

(109) Z’c” C5Cs |€|(X+a)(*k0+’7+hz*H5D+1)*X(*ko+7+hl)
—0 C~(TQR )5DNF( k027+hz)(27r)1/2
X

(w1 (T, m)[| w1000 T w2 (T, M) (0,8,0,x.0,m,6))

/
+ Z |ci] : CyC3 | OF (—Ro -t hu— b +1) —x(~ko-+3-+h)
l=s'+1 CP(TQ’RD)WF(M)(2W)1/2
X ‘E‘Nl-i-?ﬂ—oahl(‘

w1 (7, M) (1,8, x00m,6) + 1102(Ts M) |08, x,0,1,6))

+ Zi A LT et
1,67,0
Cp(ro,p,) P T (=)
DI~ Rl L
1go!  d=0
Btar=o,>1 W CP(TQ,RD)‘SD“F( ), —aaz )
« [e ORI 05— +1)—x(di—ko—51)
ChHKP
+ Z |Aq27p| 1 2 d
1<p<gp—1 Cp(rag,p,) P D=2 + g2 — p)
X|6|(X+Oé),.€(dl,q;,‘12 +q2—5p+;)—x(dl—k0—5l)>:| < 1
=6

Subsequently, we obtain

1
(110) ||/Hg (wl (7—7 ’I?’L)) - IHE(’UJQ (T> m))| |(V,B,u,x,a,m,e) < 6 | |w1 (Ta m) —w (7_7 ’I’I’L) | ’(V,ﬁ,u,x,a,/@,e)'

The last operation will be devoted to the proof that H?2 is a shrinking map.
Taking notice of (94), we get a constant Cy > 0 (depending on v, k, ko, dp,dp), such that

(111)
_ o “Rp(im T 4D,6p.0 ds
et BRUM) o [ e ) B30 (515, ) — w55, ) e
Py (1) 0 s
Cy a(dp—ko—3p)
< —%‘6’ ||w1 (T7 m) - U)g(T, m)H(l/,B,}L,X,CV,Ii,E)‘
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Moreover, we may have a look at (95) in order to exhibit a constant C% > 0 (depending on
v, k, ko,dp,dp) with

(112) HE—X(dD—ko—dD)MTR

Pm(T)
™ 4D,q1,ay _ ds
[ TR 1 m) — () S s
Cl 9D,q1,499 _ 1y_ o
< 2 . |€|(x+a)ff»( W +g2—dp+;:)—x(dp—ko 5D)Hw1(7-’ m) — wa(7,m) || (v g yux.cme)
Cp(rg.r,) "

for all ¢ > 1 and g2 > 1 with ¢1 + g2 = dp. Besides, from (96) we see that

RP(zm)
Py (1)

K

(113) ||eX(dp—ko=p)

K

T dp.gr. d
X / (% — 5) " m P P (15 ) — (57, m)) :
0

5 | (V,8,1,X,0,55,€)

IN

! d
& | Ot g5 51 ) —x(dp—ko ~0p)|
1

|wi(T,m) — wa(7,m)| ’(V,,B,u,x,aymé)
Cp(rs p )op"
P\"Q,Rp

provided that g1 > 1, go > 2 and 1 < p < ¢ — 1 with ¢; + ¢o = ép. Finally, having a glance at
(97), we can select a constant C} > 0 (depending on v, k,dp) such that

K

RD(im) e [T . o . . ds
(114) || 2 () T /0 (T _3)6D P 13p(w1(31/ 7m)_w2(31/ :m))?“(u,57u7x,aﬁ,6)
Cé X+o
< e} lwi (T, m) = wa (7, )| 1,8, x,005.6)
Cp(rg.p,) "

for all 1 < p < ép — 1. In the meanwhile, we select the size of radius ok, I such a manner
that

Cy

14
Cp(rs ) PP T (222

K

(115) |6|AD+04(5D—dD)+5 ngalh/_d‘ e‘a(dD_k’O—(SD)

| /.92
D SR ) G-
1o ! =0 1 d

1-42- B . Sk D,q1,9
G+e=tp.a>le>1 17 Cp(rg py) PrL(=42)
d /D

% |e|(x+a)n(%+qz—6D+i)—x(dD—ko—6D) n 1Ay, | Gt

q2,p 51 dp 1ado
1<p<ga—1 Cp(ro.g,) oI (—2= + q2 — p)

d
X |e] (X"‘O‘)H(W+q2—5D+i)_X(dD_k0_5D)> }

ChrP 1
+ Z |A5D7P| 21 ‘6‘X+a <z

1<p<ip-1 Cp(rg.p,) (0D —p) 0

The next inequality must then hold

1
(116) ||/H§(w1 (7—7 m)) - Hg(wQ(Tv m))‘ |(l/,ﬂ,,LL,X,Oé,H,E) < 6||w1 (T’ m) —wi (7‘, m)”(u,ﬁ,u,x,a,n,e)-
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Gathering (102), (110) and (116) legitimates the estimates (75).

At the very end of the proof, we now take for granted that all conditions (84), (92), (98) and
(101), (109), (115) hold for the radii 75 z ~and w. Then both (74) and (75) hold at the same
time and the Lemma 2 is shown. O

: > d
We consider the ball B(0,w) C E 8 pasnd)
complete metric space for the norm |[.|(, 3 ux,a,x,)- From the lemma above, we get that H. is
a contractive map from B(0,w) into itself. Due to the classical contractive mapping theorem,
we deduce that the map . has a unique fixed point denoted w(7,m,€) in the ball B(0,w),

meaning that

just built above in Lemma 2 which is actually a

(117) He(wl(r,m, €)) = wl(r,m, €)

K

d(r,m,e) € devﬁ,u,xvaﬁ,d such that ||w? (T, m, Nl (w8 px,ame < @, for all € €

D(0,¢€0)\ {0}. Moreover, the function w(7, m, ¢) depends holomorphically on € in D(0, €g) \ {0}.
Now, if one sets apart the terms —agQ(im)wy (7, m, €) in the left handside L; . and
Rp(im)(k7%)%Pw, (1, m, €) in the right handside R, of equation (58), we observe by dividing
with the polynomial P,,(7) given in (62) that (58) can be exactly rewritten as the equation
(117) above. Therefore, the unique fixed point w(7,m,€) of H, in B(0,w) precisely solves the

problem (58) with vanishing initial data wy(0,m,€) = 0. This yields the proposition. O

for a unique w

6 Singular analytic solutions on sectors to the main problem

We go back to the sequence of formal constructions performed in Section 4 under the new light
shed in Section 5 on the problem (58).

We first recall the definitions of a good covering and associated sets of sectors as introduced
in [20].

Definition 4 Let ¢ > 2 be an integer. For all 0 < p < ¢ — 1, we consider open sectors &,
centered at 0, with radius ¢g > 0 and opening m + & with § > 0 small enough such
that £, N Epr1 # 0, for all 0 < p < ¢ — 1 (with the convention that & = &y). Moreover, we
assume that the intersection of any three different elements in {Ep}to<p<c—1 is empty and that
U;;égp = U\ {0}, where U is some neighborhood of 0 in C. Such a set of sectors {E,}o<p<c—1
is called a good covering in C*.

Definition 5 Let {&,}o<p<c—1 be a good covering in C*. Let T be an open bounded sector
centered at 0 with radius r7 and consider a family of open sectors

Sop0.corr = 1T € C*/|T| < eorr , [0, —arg(T)| < 0/2}

with aperture 0 > w/k and where 0, € R, for all 0 < p < ¢ — 1, are directions which satisfy the
following constraints: Let q(m) be the roots of the polynomials (62) defined by (63) and S,,,
0 <p <¢—1 be unbounded sectors centered at 0 with directions 9, and with small aperture. We
assume that

1) There exists a constant My > 0 such that

(118) I —@(m)| = Mi(1+ |7])
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forall0 <1 <dépk—1, allm € R, allTESapUD(O,p),for all0<p<g¢-—1.
2) There exists a constant My > 0 such that

(119) |7 = qi, (m)| = Ma|qi, (m))|

for some lg € {0,...,06pk — 1}, allm € R, all 7 € S,, UD(0,p), for all 0 < p <¢—1.
3) For all0 <p<g¢—1, forallt € T, all € € &,, we have that e*TXt € Sap 0,60 X -

We say that the family {(S, 6,corr)o<p<c—1,T } is associated to the good covering {Ey}o<p<c—1-

In the next main first outcome, we construct a family of actual holomorphic solutions to the
principal equation (29) which may be meromorphic at (¢,¢) = (0,0) and defined on the sectors
&p w.r.t the complex parameter e. Furthermore, we can also control the difference between any
two neighboring solutions on the intersections £, N &,11 and state that it is exponentially flat of
order at most (x + @)k W.r.t €.

Theorem 1 We consider the nonlinear singularly perturbed PDE (29) and we take for granted
that all the assumptions (28), (30), (33), (34), (35), (43), (44), (45), (54), (61), (67), (68) and
(69) hold for some rational numbers a > 1, € Q and integers v € Z, k > 1. Let {Ep}o<p<c—1
a good covering in C* be given, for which a family of open sectors {(Ss,.0,corr)o<p<c—1,T } asso-
ctated to this good covering can be singled out.

Then, there exist a radius To.Rp 0 large enough, eg > 0 small enough, for which a family
{u®r(t, 2, €) Yo<p<c—1 of actual solutions of (29) can be built up. More exactly, the functions
u® (t, 2, €) solve the next singularly perturbed PDE

q M
(120) Q(8%) ((Zazemltkwu%(t,z,e) + cleﬂlthw(u%)?(t,z,e))

=0 =0

Q D
= Z bi(2)e"it% + F(e%,€) + Z eAltdlafl Ry(9.)u(t, z €)
=0 =1

with an additional part of forcing term F(e“t,€) where F(T,€) is given by the expression (134)
and defines a holomorphic bounded function provided that the additional constraints (135) are
fulfilled. Fach function u® (t,z,€) can be decomposed as

ao ao

(604t)k07h0 _

121 % (¢ ==
I u

(e“t)Fo=ho J(et) + (e“t) 10 (8, 2, e)>

where J(T) is holomorphic on some disc D(0,dy), dj > 0 and v°*(t,z,€) defines a bounded
holomorphic function on T x Hg x &, for any given 0 < ' < B, with v**(0,2z,¢) = 0 on
Hpg x &,. Furthermore, there exist constants K, M, > 0 and o > 0 (independent of €) such that

M,
(122) sup [0+ (L, 2, €) — 0% (t, 2, €)| < K, exp(————b—
teTND(0,0),2€H g/ P |5‘(X+0¢)’f

)

foralle € E,11NE,y, for all0 < p < —1 (where by convention v’ = v®).

Proof We plan to construct actual solutions of the main equation (29) by performing backwards
the sequence of constructions described in Section 4 starting from problem (58) solved in Section
5.
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Let {&)}o<p<c—1 be a good covering in C* and let {(Sy, 0,corr)Jo<p<c—1,7T } be a family of
sectors associated to this good covering. From Proposition 6, we see that for each direction 0,
one can get a solution w?f (1,m, €) of the convolution equation (58) that belongs to the space

(D:ﬁ’#%a’n’e) and thus satisfies the next bounds

T

&=
exta exp(V‘EX_HX ‘H)

0 -
123 WP (1, m, €)| < w(1 + |m|) He Alml el
(123) W (7,m, )] < w(1+ ml) Fa—

for all 7 € D(0,p) U Sy, all m € R, all e € D(0,¢) \ {0}, for some well chosen @ > 0. Besides,

. 0 . . . .
these functions wy” (7, m, €) are analytic continuations w.r.t 7 of a common convergent series

we(T,m, €)= > w’}(m’ ©) o

= TR

with coefficients in the Banach space E(g, solution of (58) for all 7 € D(0, p). In particular,
we see that the formal power series

Q. (T,m,e) = Z Wy (m, e)T"

n>1

is m,;—summable in direction 0, as a series with coefficients in the Banach space E(g ) for all
e € D(0,¢p) \ {0} in the sense of Definition 3. We denote

(124) Q% (T, m, €) = m/ W (u,m, €) exp(—(%)“)d—“

L, u

it’s m,—sum in direction 0,, where L, = R, e C Sv,» which defines an E g ,)—valued analytic
function with respect to T on a sector

Sopaieie = {T €< [T| < W[ [o, — arg(T)| < 0/2}

for T < 6 < T4+ Ap(Sy,) (where Ap(Sp,) denotes the aperture of the sector Sp,) and some A’ > 0
(independent of €), for all e € D(0,¢) \ {0}.

Bearing in mind the identities of Proposition 4 and using the properties for the m,—sum with
respect to derivatives and products (within the Banach algebra E = Es,,) equipped with the
convolution product * as described in Proposition 1), we check that the functions Qi” (T, m,¢€)
must solve the next problem

(125) L7 (0 (T, m, €)) = R e (0 (T, m, €))
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where
(126) LT (07 (T, m, €)) =

s q
Q(im)ﬂ,ﬁf (T, m, ) <—a0 + Z ale—x(kl—ko)'ﬂ‘kz—ko + Z alemz+ﬂ—ak1—x(kl—ko)"]sz—ko
=1 l=s+1

/

s M
ao —x(hi—ho)mhi—h 28—ah;—x(hi—ho)mhi—h
) Teuit) x(hi—ho)hi—ho w+206 1—x(hy o) hi—ho
(e + ) ac )

=1 I=s'+1
a s’ M
_Q(CT()))J(G*X’]I‘)(Z cje X(hi=ho)phi—ho Z Clem+2ﬁahzx(hzho)qrhzho))
1=0 I=s'+1

< 1 oo (= _
+ Q(im) <(27r)1/2 /OO Q,Df('ﬂ‘,m—ml,e)Q,af(ijl,e)dm1> ¢ X(Thoty)p—koty

S/

M
% (Z Cle_xthhl—l— Z Cle#l+2/8—ahl_xhl']rhl)
=0 l=s"+1

and

Q
(12) Ry (O (Tom,0) = 3 Bym)es=otsxmhophi—ho=

=0

- Apta(d—d)+B ol g1 —x(di—ko—q1—a2) > (;

+ Z € X Z Q1'Q2'Hd:0 (v —d)e R;(im)
=1 qtg=5
% T%.a1.a2 {(TH+18T)Q2 + Z Aq%p']IvR(QZ—P)(Tm-&-laﬂ,)p}gzp (T, m, 6)
1<p<g2—1
op! _ ~

+ 6ADJra(échlD)JrB > Z qng|H31:01 (’Y _ d)efx(dpka*CH*lD)RD(Z’m)

q1+g2=06p,q1>1
% TdD’ql’QQ{(TE+18T)q2 + Z Aq%pv]rn(qup) (T“*laqr)p}ﬂip(’]l‘,m, €)

1<p<g2—1
+ Rp(im){(T"'0r)°P + Y sy, TP PN (T 0p)P QP (T, m, €)
1<p<ép-—1
We examine now the function
(128) Vo(T, z,¢) = F ' (m — Q2 (T, m, €))(2)

which defines a bounded holomorphic function w.r.t T on Sy g prjex+e, W.r.t z on Hg for any
0 < B’ < B and for all € on D(0,€) \ {0}. Using the properties of the Fourier inverse transform
described in Proposition 5 and watching out the expansions (56), we extract from the equality
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(125) the next equation satisfied by V°(T, z, €), namely

s q
(129) Q(aZ)VDp (T, z, €) <_a0 + Zalefx(szko)']rszko + Z al6ml+6*&kl*X(kL*kO)’]1‘kl*kfo
=1 l=s+1

/

s M
_2(%2)(2016*X(hl*h0)’]1‘hl*h0+ Z cleuz+25*ahz*><(hz*ho)’]fhz*ho)

=1 I=s'+1
a s’ M
_Q(CT()))J(E—XT)(Z Cle—x(hz—ho)Thz—ho+ Z Cl6m+2ﬂ—ahz—x(hz—ho)Thz—ho))
1=0 I=s'+1

/

s M
+ Q(82>(VDP)2(T’ z, G)G—X(—ko-&-’Y)T—ko-i-’Y(Z cpe Xhh 4 Z clem-i-?ﬁ—oéhl—xhzqrhz)
=0 l=s"4+1

Q
= Z i)j (Z)enj —ab; _X(bj_ko—’Y)Tbj —ko—

Jj=0

D—-1
+ Z Aita(d—di)+p8
=1

% Z o! HZL_Ol (y — d)E*X(dl*kO*(h)le*kO*(Il Rl(az)exwa%?vap (T, z, €)

+ ¢Apta(ép—dp)+p Z op! Hgl_ol(’)’ _ d)ﬁ_X(dD_kO—fh)’]I‘dD—kO—QI
qlg! =

q1+q2=0p,q1>1

X Rp(0.)eX2aL V% (T, 2, €) + TP %0 Ry (9,) 0PV (T, 2, €)
We focus on the function
(130) VO (T, z,€) = VP (eXT, 2, €)

which defines a bounded holomorphic function w.r.t 7" such that 7' € €7X5; g pjex+a and w.r.t
zon Hg for any 0 < ' < 3, for all e € D(0,¢p) \ {0}. Having a quick look at (129), we observe



40

that V(T z, ¢) solves a related equation which after multiplication by T%*7 yields

S q
(131)  Q(9.)V(T, z,¢€) <—a0T’“0+V+ O - aTh + > qemtimehikyT
=1 l=s+1

/

s M
A0 \ ko —ho+ h +28—ah,h
— 9(Z0\ko—hoty e Th et 1
(CO) (;z +ZZ;-1 " )
= =s

s’ M
A0\ kg —ho+ h +2B8—ah;h
_2 T 0 0 'YJ T T l Ml lT 1
() (O arh + 3 ac >>

’

s M
+Q(0:) (V) (T, 2, )T (Y _eT + > et t20=ohuphy)
=0 l=s"+1

Q ~
= 3 Bz
j=0

D
| ~
+ ) eRrtelimd) By o 4! (y — )T~ Ry(8,)02 V0 (T, 2, €))
=1

1o
= q1+q2=0; q°¢2

In the next step, we introduce the function
0 _ ao ko—ho ao ko—ho YY/0
(132) U(T,z,e) = ——T — =T J(T)+TV>(T, z,€)
co co

which defines a holomorphic function w.r.t 7" such that T' € € X5, g prx+o and w.r.t z on Hg
for any 0 < 8/ < 3, for all e € D(0,¢p) \ {0}. Notice that this function may be meromorphic
at T' = 0, provided that hg > ko. Taking (131) into consideration, we see that the function
U (T, z,€) solves the next PDE with forcing term

q M
(133)  Q(d,) ((Z ae™ P RTR T (T 2 6) + () et 20 omhey () (T, 2, e))

=0 =0

Q D
= " bi(2)en TN T + F(T,e) + Y Arte@mdtBpd Ry (9.)00 U (T, 2, €)
j=0 =1

which is exaclty the equation (39) announced in Remark 3 of Section 4.1, where F'(T,€) is a
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contribution to the forcing term equal to

F(T, ) = ~QO)(Z21h 0 4 2ohoto (1)

€o €o

s q s’
w | —anTko Tk m+f—akipky _ 9 @ Tko—ho Th
( ap +(Zal + Z age ) (Co) (ch

=1 l=s+1 =1

€0

M /
+ Z cleul"_Qﬂ_o‘th}”) _ 2( )Tko hOJ chThz + Z Cleul+2,3 athhz)>
l=s"+1 =0 l=s"4+1

S/

M
_Q(O)(@Tko—ho+@Tko—h0J(T))2(Z oTh + Z cretut2B—ahiph)
“ ‘o 1=0 I=s'+1
= =s

D
+ 3 eArkaldmd) A fy (o )8‘”( T’“’ ho 4 COTkO_hOJ(T)).
0
=1

Using the fact that Uy(T) solves the second order algebraic equation (37) and noticing the next
identity

s/ /

S
—agT" + 3" aTh — 2(0)Tho o (37 ) = Z aTh) — )Tk0 ho ( Z aT™)

C
=1 0 =1 1=0

we can abridge the latter expression of F(T¢) as

(134) F(T,e) = Q(0)Uo(T) (( > qemtimehipk

l=s+1

€o €o

M M
fg(@)Tko—ho( Z Cleﬂz-i-?ﬁ—ahzThz) _ Q(Q)Tko—hOJ(T)( Z Clem-i-?,@—ahzThl))
l=s"+1 l=s"+1

Q( )UO Z Cleul+26 athhl)
l s'+1
D

I ZEAl+a(61—dl)+ﬂszR (0 )3(2( Tk‘o ho CszO_hOJ(T)).
=1

Observe that F(T,¢) is bounded holomorphic w.r.t € and is analytic in 7" near 0 provided that
the next additional conditions hold

(135) ki+ko—ho>0 , hy+2(ko—ho) >0 , dpn+ko—ho—0m>0
forall s+1<1<¢q,§+1<p<Mand1<m<D.

Finally, we put
(136) WP (t, z,€) = LU (%, 2,€) = P (Uo(e™t) + (e¥1)7V (X1, 2, ¢))

which defines a holomorphic function w.r.t ¢ on 7, w.r.t z € Hg for any 0<p < B, wrt
€ € &, where T and &, are sectors described in Definition 5. As a result, u® (¢, z, €) admits the
decomposition (121) with v°? (¢, 2, €) = V% (eX*¢, 2, ¢) which determines a bounded holomorphic
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function on T x Hg x &, for any given 0 < ' < (3 with the property v°»(0, z,€e) = 0 for all
(z,€) € Hg x &,. Again, the function u® (¢, z,€) may be meromorphlc in both ¢ and € in the
vicinity of the origin. From (133) and (134) we deduce that u®¢(t,z,¢€) solves the next main
problem

1=0 =0

q M
Q(0.) ((Z are™ )t (t, 2, €) + (O et (u)? (¢, 2, e))

Q D
= " bi(2)emith + F(et, €) + > X1t 0) Ry(9:)u (¢, 2, €)
=0 =1

.

with additional forcing term F'(e“t,e). As a spin-off, by applying the operator 07 on the left
and right handside of this last equation, we see that u®(t, z, €) is also an actual solution of the
problem (29) disclosed at the beginning of Section 4.

In the last part of the proof, we proceed to justify the estimates (122). The steps of the
verification are similar to the arguments displayed in Theorem 1 of [20], but we choose to present
them for the sake of completeness. Let p € {0 ..,¢ — 1}. By the sequence of constructions
performed above, we see that the function v°? (¢, z,¢) can be written as a m,—Laplace and
Fourier transform

+oo
(137) v (t, z,€) = (2731/2 /_Oo /L wi? (u,m, €) exp(—(exzat)“)e”m%dm
where L, = Rye"” C S,. Using the fact that the function u — wy(u,m, €) exp(—(z2t)")/u
is holomorphic on D(0, p) for all (m,e) € R x (D(0,¢) \ {0}), its integral along the union of a
segment starting from 0 to (p/2)e?»+1, an arc of circle with radius p/2 which connects (p/2)e?r+1
and (p/2)e and a segment starting from (p/2)e? to 0, is vanishing. Therefore, we can write
the difference v°7+1 — v° as a sum of three integrals,

oo u e o du
(138) P+l (t,Z76) (t z, 5 Hp+1 U m,e)e_(m) eizm 2 g
(27) 1/2 u
P/2 Yp+1
00 w v o d
o ! Syt
p/2 Yp U
+o0 u d
(u, m, e)e_(ex+"t) e#m % gm
2ﬂ. 1/2 u
p/2 VP> Yp+1
where Lo . = [p/2,+00)e™ 1, L, = [p/2,+00)e" and C,s, - . is an arc of circle

with radius connecting (p/2)e? and (p/2)e?»+! with a well chosen orientation.

We give estimates for the quantity

+o00 “ d
1/2/ / Wt (u, m, €)e” (arar)" giem im|.

u
Loy, p+1

By construction, the direction 7,11 (which depends on eXt*¢) is chosen in such a way that
cos(k(Ypt1 — arg(eXt?t))) > 01, for all € € £, N Epy1, all t € T, for some fixed 6; > 0. From the
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estimates (123), we get that

+oo _r
(139) I < 1/2/ / (14 |m|)~ ue—ﬁlmle,€
27T p/2 1+(|€|x+a)
cos(k(ypr1 — arg(eXt))) . im(z) dr
< explu(izm) ) expl L Ly inte) 2 g,
+oo +oo
K@ —(8—8")Im| 1 (9 Y
<am ). ¢ A J e Teera CPE g g
1 -1
2Kk /+°° —(B-8") +oo |6‘(X+a)(ﬂ—1) (|t|ﬂ v)Rr" 61 r
< —F e ™dm X exp(—(—-v dr
G Jy e (G —m(gyt Jeee P e )
(x+a) (k1) .
L @ g (L /2"
(2m)1/2 (B — B’)(ﬁ —v)r(§)rt t]" e xtadm
e 5 (/2"

= &2 (B - B3)82k(L)rT exp(— W)

for all t € T and |[Im(z)| < ' with [t] < (%)1/“, for some dy > 0, for all € € £, N Epy1.

In the same way, we also give estimates for the integral

+o0
—(=Fa)" iz dﬁd
1/2/ / % (u,m, €)e” \ctar) e —dm

Ly, Tp

Namely, the direction v, (which depends on eX**t) is chosen in such a way that cos(k(y, —
arg(eXtt))) > 41, for all € € £, N Epyq, all t € T, for some fixed ; > 0. Again from the
estimates (123) and following the same steps as in (139), we deduce that

2,{/@' ‘6’(X+O‘)(H—1)
(2m)1/2 (B — ")k (5)"!

for all t € T and |Im(z)| < B with |t < (Jfﬁ)l/”, for some dy > 0, for all € € £, N Epy1.

5, /2"

<
(140) I < BEERE

exp(—

Finally, we give upper bound estimates for the integral

+oo
—(=F=a)" izm@d
1/2/ / wi(u, m,e)e ‘Xt e —dm

p/2 VP Vp+1

By construction, the arc of circle C,/5 -, - ., is chosen in such a way that cos(x(f—arg(eX**1))) >
01, for all 8 € [vp, Yp+1] (if vp < Ypt1)s 0 € [Yp+1, Vp) (if Ypy1 < p), forallt € T, all e € E,NEpta,
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for some fixed d; > 0. Bearing in mind (123) and (79), we get that

(141) Iy < — B ~ne=Olm] i
S |, e
5
< (QZ% /_Oo e =Ml dim, x|y, — 7”“"5@1 eXP(—(ﬂlﬁQ_ i ( jﬁcx)ﬁ)
X exp(— (&2_ ) ( |ET>{EQ)K)
26w — Yp+1l Supxl/ne—(‘%—u)x 5 exp(_(lfl*‘ - V)( p/2 )

—@m)2(B = B) «20 2

26| — Yp+1l 1/ 1m 1y d2 . p/2

< - K K _ 4 K

=emeE-mts) C PG )

for all t € 7 and [Im(2)| < B with [t| < (525,)"/", for some 6, > 0, for all € € £, N &1
Finally, gathering the three above inequalities (139), (140) and (141), we deduce from the

decomposition (138) that

Ak |€|(x+oc)(fe—1)

(2m)1/2 (B — B")dak(5)"~
QHW‘”Yp—’Yp—H‘ 1/7/‘6 1/k —1/k < _@ p/2 "
G- ) PR )

for all t € T and |Im(2)| < B with |¢| < ((gfﬁ)l/k, for some dy > 0, for all € € &, N Epi1.

Therefore, the inequality (122) holds. O

(p/2)"
1 eXP(—52W)

\UDP“(t, z,€) — ks (t,z,€)| <

7 Parametric Gevrey asymptotic expansions of the solutions

7.1 k—Summable formal series and Ramis-Sibuya Theorem

We remind the definition of k—Borel summability of formal series with coefficients in a Banach
space as introduced in [2].

Definition 6 Let k > 1 be an integer. A formal series
s .
X(e)=> ajel € F[[e]
j=0

with coefficients in a Banach space (F,||.||r) is said to be k—summable with respect to € in the
direction d € R if

i) the existence of p € Ry is ensured such that the following formal series, called formal
Borel transform of X of order k

J
a;T

w € F[[r]],

Bu(X)(1) =)

j=0
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is absolutely convergent for |T| < p,

ii) one can select a & > 0 such that the series By(X)(r) can be analytically continued with
respect to T in a sector Sqs = {17 € C* : |d — arg(7)| < 6}. Moreover, there exist C > 0, and
K > 0 such that

IBX)(r)le < CeXITT

forall T € Sg;.

If the definition above is fulfilled, the vector valued Laplace transform of order k of By (X)(r)
in the direction d is set as

LIBXN () =% [ Br(X)(we @) kb~ du,
L,

along a half-line L, = R e C Sa,5 U {0}, where v depends on € and is chosen in such a way
that cos(k(y — arg(e))) > d1 > 0, for some fixed 1, for all € in a sector

Saopim={e€C e < RYF | |d —arg(e)| < 0/2},

where 7 <60 < 7 +20 and 0 < R < 01/K. The function ﬁz(Bk(X))(e) is called the k—sum of
the formal series X (t) in the direction d. It is bounded and holomorphic on the sector Sa.0,R1/

and has the formal series X (e) as Gevrey asymptotic expansion of order 1/k with respect to e
on Sd,e,Rl/k- This means that for all 7 < 01 < 0, there exist C, M > 0 such that

n—1
~ n
1£4(Br(X))(€) = Y ape’|lr < OCM"T(1 + 7l
p=0

for all n > ]., all e € Sd,el,Rl/k'

Now, we state a cohomological criterion for k—summability of formal series with coeflicients
in Banach spaces (see [3], p. 121 or [13]|, Lemma XI-2-6) which is known as the Ramis-Sibuya
theorem in the literature.

Theorem (RS) Let (F,||.||[r) be a Banach space over C and {&Ep}o<p<c—1 be a good covering
in C*. For all0 < p <¢—1, let G be a holomorphic function from &, into the Banach space
(I, ||.|lr) and let the cocycle ©p(€) = Gpi1(€) — Gp(e€) be a holomorphic function from the sector
Zy = Epr1 NEy into E (with the convention that & = & and G¢ = Go). We make the following
assumptions.

1) The functions Gp(€) are bounded as € € &, tends to the origin in C, for all0 <p <¢—1.
2) The functions Op(€) are exponentially flat of order k on Z,, for all 0 < p < ¢ —1. This
means that there exist constants Cp, Ay, > 0 such that

10,(e)|[r < Cpe=Ar/Iel*

forallec Z,, all0 <p <¢—1.

Then, for all 0 < p < ¢— 1 the functions Gp(e) are the k—sums on &, of a common
k—summable formal series G(e) € F[[€]].
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7.2 Parametric Gevrey asymptotic expansions of the solutions and construc-
tion of (x + a)k—sums

In this subsection, we state the second main result of our work, namely the existence of a formal
power series in the parameter ¢ whose coefficients are bounded holomorphic functions on the
product of a sector with small radius centered at 0 and a strip in C? which is the common Gevrey
asymptotic expansion of order x Jrla)ﬁ of the functions v°? (¢, z, €) appearing in the expansion (121)
of the solutions u% (¢, z, €) to the main equations (29) and (120) established in Theorem 1.

Theorem 2 Let us assume that the hypotheses of Theorem 1 hold. Then, there exists a formal

power series
t Z,€) g U (t, 2)

m>0

whose coefficients vy, (t, z) belong to the Banach space F of bounded holomorphic functions on
(T N D(0,0)) x Hg equipped with supremum norm, where o > 0 is defined in Theorem 1, and
such that the functions v°?(t, z,€) from the decomposition (121), are its (x + a)k—sums on the
sectors &,, for all 0 < p < ¢ — 1, viewed as holomorphic functions from &, into F. In other
words, for all 0 < p < ¢ —1, there exist two constants Cp, M, > 0 such that

(142) sup ?(t, z,€) Z " < CpMyT(1
tGTﬂD(O,U),zGHﬁ/

m)’dn

m=0

foralln > 1, all e € &,.

Proof We consider the family of functions v°#(¢,z,¢), 0 < p < ¢ — 1 constructed in Theorem
1. Forall 0 < p < ¢ —1, we define Gp(e) := (t,z) — v (t,z,€), which is by construction a
holomorphic and bounded function from &, into the Banach space F of bounded holomorphic
functions on (7 N D(0,0)) x Hg equipped with the supremum norm, where 7 is introduced
in Definition 5, o > 0 is set in Theorem 1 and ' > 0 is the width of the strip Hg on which
the coefficients b;(z) are defined with respect to z (see (30)). Bearing in mind the estimates
(122), we see that the cocycle ©,(e) = Gpt1(€) — Gp(€) is exponentially flat of order (x + a)x
on Z, = &, N &y, for any 0 < p < ¢ — 1. Therefore, according to Theorem (RS) stated above,
we obtain a formal power series

(€)= ) vml(t, 2)e™ = 0(t, z,€) € F[e]]

m2>0

such that the functions G, (€) are the (y + a)s—sums on &, of G(€) as F—valued functions, for
all 0 < p < ¢ — 1. The result follows. O
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