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Abstract

We prove that, for every ¢ € (0,1), every two C?T®-smooth (o > 0) circle
diffeomorphisms with a break point, i.e. circle diffeomorphisms with a single singular
point where the derivative has a jump discontinuity, with the same irrational rotation
number p € (0,1) and the same size of the break ¢ € R4 \{1}, are conjugate to each
other via a conjugacy which is (1 — €)-Holder continuous at the break points.

1 Introduction

The rigidity theory of circle diffeomorphisms is a classic topic in dynamical systems, which
started with the work of Arnol’d [1] and was largely developed by Herman [7], Yoccoz [22],
and others (see also [8] and [14]). It concerns some implied regularity (often smoothness)
of conjugacies between maps that belong to the same topological conjugacy class. Over the
last twenty-five years a major focus has been put on understanding the rigidity properties
of circle diffeomorphisms with a single singular point where the derivative has a jump
discontinuity (circle maps with a break) or vanishes (critical circle maps). This paper
advances the fairly developed rigidity theory of circle maps with a break. It concerns a
phenomenon not previously seen and establishes a result which has no analog for circle
diffeomorphisms.

The first result on the rigidity of circle diffeomorphisms concerns the smoothness of
conjugations for analytic diffeomorphisms of a circle T' = R\Z, close to a rotation R, :
z+— x+ p mod 1, with p € (0,1)\Q. Arnol’d [1] proved, using methods of Kolmogorov-
Arnol’d-Moser theory, that any analytic circle diffeomorphism with a Diophantine rotation
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number p, sufficiently close to a rotation R,, is analytically conjugate to R,. He also made
a conjecture, proved almost two decades later by Herman [7], that the closeness to the
rotation is not necessary for this claim to hold true. In fact, Herman proved that any
C*°- smooth (C*-smooth) circle diffeomorphism with a Diophantine rotation number p
is C*°- smoothly (C“-smoothly) conjugate to the rotation R,. The required smoothness
of the maps was further weakened by Yoccoz [22], establishing generic C'e-rigidity, with
e > 0, of C" smooth (r > 3) circle diffeomorphisms. A natural approach to Herman’s
theory is based on renormalization. Renormalizations of circle diffeomorphisms converge
to linear maps with slope 1. A recent result [14], which uses renormalization, shows
that C?*%-smooth circle diffeomorphisms with a Diophantine rotation number p of class
D(5), with 0 < § < a < 1, are C'"* %-smoothly conjugate to R,. On the other hand,
robust rigidity, i.e., rigidity for all irrational rotation numbers, does not hold even for
analytic circle diffeomorphisms. In fact, Arnol’d constructed examples of analytic circle
diffeomorphisms with the same Liouville (non-Diophantine) irrational rotation number
for which the conjugacy is essentially singular.

We recently proved a sequence of results on the rigidity of circle maps with breaks
that can be considered an extension of Herman’s theory of the linearization of circle
diffeomorphisms. In [11, 12], we proved that, for almost all irrational p € (0, 1), any two
C?**-smooth circle diffeomorphisms with a break, with the same rotation number p and
the same size of the break ¢ € R \{1} (i.e., the same ratio of the left and right derivatives
at the break point), are C'-smoothly conjugate to each other. This generic C'-rigidity
result follows from the exponential convergence of renormalizations of these maps that
we proved in [11]. In fact, in [11], we proved that, for all irrational p, renormalizations f,
and fn of any two C?*®-smooth circle diffeomorphisms with a break 7" and T with the
same irrational rotation number p and the same size of the break ¢ approach each other
exponentially fast (in the C2-topology), i.e., there exist A € (0,1) and C' > 0 such that

||fn‘fn”@[—1,0} < OA (1.1)

The exponential rate of convergence A is universal and depends only on the size of the
break ¢ and « (for a < 1, A = p®, with p € (0,1) independent of «). Partial results
concerning the convergence of renormalizations restricted to sets of rotation numbers of
zero Lebesgue measure, were previously obtained in |9, 15]. A set S,;, of rotation numbers
p for which C'-rigidity holds [11, 12| can be characterized, using the continued fraction
expansion p = [k, ko,...], as follows. S,;, is the set of all p for which there exists a
constant C7 > 0 and A\; € (A, 1) such that k,; < CiA[" for all n € 2N, if ¢ < 1, or for all
n € 2N—1, if ¢ > 1. The difference between n odd and n even comes from the difference in
the behavior of the corresponding subsequences of renormalizations. We also proved [10]
that, although generic, C'-rigidity does not hold for all irrational rotation numbers. These
results are analogous to those for circle diffeomorphisms. A recent result of Kocié¢ 18]
shows that, for almost all irrational rotation numbers, C'*¢-rigidity of circle maps with



breaks does not hold for any € > 0, contrary to the case of circle diffeomorphisms. The
set S,on Of Totation numbers for which C**e-rigidity does not hold includes all irrational
numbers p € (0, 1), for which there is subsequence of k,, 1, with n € 2N, if ¢ < 1, or with
n € 2N — 1, if ¢ > 1, which grows faster then linearly in n.

The smaller set of rotation numbers for which C1*<-rigidity holds, for some e > 0, for
circle maps with breaks, in comparison to circle diffeomorphisms, is the consequence of the
strongly unbounded geometry of these maps. While, in the case of circle diffeomorphisms,
the ratio of lengths of neighboring elements of dynamical partitions P, is at most of the
order of the partial quotient k,, .1, in the case of circle maps with a break, this ratio can
be exponentially large in k,;. This can also be compared with analytic critical circle
maps whose bounded geometry, i.e., the property that this ratio is bounded, is ultimately
responsible for their robust C'-rigidity. Namely, Khanin and Teplinsky proved [13] that
any two analytic critical circle maps with the same irrational rotation number and the
same order of the critical point are C''-smoothly conjugate to each other. A critical point
x. is said to be of order g > 1 if the derivative of the map for x near x. behaves as
|z — 2.[°~1. The result is based on the exponential convergence of renormalizations that
was proved by de Faria and de Melo [6] for bounded type rotation numbers and extended
to all irrational rotation numbers by Yampolsky [21]. In fact, de Faria and de Melo proved
that a stronger, C''**-rigidity, of analytic critical circle maps holds for generic irrational
rotation numbers [6]. They also proved that such a result cannot be extended to all
irrational rotation numbers in the C'*°-class of maps [5]. A local result of Khmelev and
Yampolsky [17] suggested that the analytic case might be different. Nevertheless, for
any € > 0, Avila [2] constructed examples of analytic critical circle maps, with the same
irrational rotation number and the same order of the critical point, that are not C*¢-
smoothly conjugate to each other. All positive rigidity results for critical circle maps with
non-analytic critical points are, at the moment, conditional, due to the lack of proof of
the convergence of renormalization in this case.

Contrary to the case of critical circle maps, as already mentioned above, robust C'-
rigidity does not hold even for analytic circle maps with a break. In [10], we even con-
structed pairs of analytic circle maps with a break, with the same irrational rotation
number and the same size of the break, for which no conjugacy between them is Lipschitz
continuous. The rotation numbers p of these maps have a rapidly growing (faster than
some exponential function) subsequence of odd-indexed digits in the continued fraction
expansion k, .1 of p, if ¢ < 1, or even-indexed digits, if ¢ > 1. In [10], we also proved that
the conjugacy that maps the break point of one map into the break point of the other
can be arbitrarily bad. More precisely, for any modulus of continuity, we constructed
examples of analytic circle maps with a break, with the same irrational rotation number
and the same size of the break, such that the conjugacy that maps the break point of one
map into the break point of the other is not uniformly continuous with that modulus of
continuity.



The main result of this paper is given by the following theorem.

Theorem 1.1 Let e € (0,1), c € R \{1}, a € (0,1) and let p be any irrational number
in (0,1). Then, for any two C*T*-smooth circle diffeomorphisms T and T with break
points at x. and T., respectively, with the same rotation number p and the same size of
the break c, there is a point xo € T! such that the conjugacy @ : T — T that satisfies
poTop =T and p(x) = . is (1 — €)-Holder continuous at the break points.

Definition 1.2 Let xy € T!. A function ¢ : T' — T! is locally S-Hélder continuous or
S-Holder continuous at g or o(zg) if there exists C > 0 such that, for all x € T!,

1
CHa — w0l 7 < () — p(x0)| < Cla — o], (1.2)
The conjugacy is S-Holder continuous if it is S-Holder continuous at each x € T!.

Remark 1 We emphasize that the construction of the (1 — ¢)-Hélder continuous conju-
gacy requires a non-trivial “shift”, i.e., in general xo = ¢~ 1(Z.) # ..

Remark 2 For any ¢ > 0, the result establishes robust local (1 — ¢)-Holder rigidity of
C?T*_smooth circle diffeomorphisms with a break. An analogous result does not hold for
circle diffeomorphisms, even when they are analytic.

In addition to being part of the rigidity theory of circle homeomorphisms, rigidity
results for circle maps with breaks are also important for understanding properties of
the generalized interval exchange transformations. Although quite natural, these trans-
formations were introduced only recently by Marmi, Moussa and Yoccoz [19]. They are
obtained by replacing linear branches with slope 1 of an interval exchange transformation
by smooth diffeomorphisms. Just as an interval exchange transformation of two intervals
can be seen as a rigid rotation on a circle, a generalized interval exchange transformation
of two intervals is a circle map with two break points. As these two points lie on the
same orbit of the map, the map can be piecewise-smoothly conjugated to a circle map
with one point of break. Marmi, Moussa and Yoccoz considered the linearizable case of
an arbitrary number of intervals [19], when there are no break points. The special case
of cyclic permutations, which corresponds to circle maps with more points of break, but
with product of the sizes of breaks equal to 1, was considered by Cunha and Smania |3, 4].
In this case, renormalizations approach piecewise linear maps. In the case of circle maps
with breaks with the product of the sizes of breaks along some orbit not equal to 1,
the renormalizations are essentially non-linear and approach piecewise fractional linear
transformations.

This paper is organized as follows. In Section 2, we review basic facts about dynamical
partitions and renormalizations of circle homeomorphisms - the main technical tools that
we use in this paper. In Section 3, we give a criterion of (local) Hélder continuity of a



conjugacy between two circle homeomorphisms. In Section 4, we obtain some general
estimates on the geometry of dynamical partitions. In particular, we show that the
lengths of the corresponding fundamental intervals are asymptotically the same on the
logarithmic scale. In Section 5, we prove that, after an appropriate shift of indexes,
the renormalized intervals of the next level partition inside the fundamental intervals of
dynamical partitions are, in some sense, comparable. Finally, in Section 6, we choose a
particular conjugacy and prove Theorem 1.1.

2 Preliminaries

For every orientation-preserving homeomorphism 7' : T' — T! of the circle T! := R/Z,
there exists a (unique up to an additive integer constant) continuous and strictly increasing
function 7 : R — R, called a lift of 7', that satisfies T (z+1) = T (z) + 1, for every x € R.
Poincaré showed that, for every such 7' : T' — T, there is a unique rotation number p,
given by the limit p := nh_)rgo T"(x)/n mod 1, where T is any lift of . Renormalizations of

an orientation-preserving homeomorphism of a circle T', with a rotation number p € (0, 1)
are defined using the continued fraction expansion

1
p = T (2.1)
kl * k2+k3i.‘
that we also write as p = [ky, ks, k3, ...]. The sequence of integers (k,)nen, called partial

quotients, is infinite if and only if p is irrational. Every irrational p defines uniquely the
sequence of partial quotients. Conversely, every infinite sequence of partial quotients de-
fines uniquely an irrational number p as the limit of the sequence of rational convergents
Pn/qn = k1, k2, . .., ky). Tt is well-known that this sequence forms a sequence of best ratio-
nal approximates of an irrational p, i.e., there are no rational numbers with denominators
smaller or equal to g,, that are closer to p than p,/q,. The rational convergents can also
be defined recursively by p, = k,pn_1+pn_2 and q, = k,q,—1+ gn_2, starting with py = 0,
0=1p1=14¢1=0

To define renormalizations of an orientation-preserving homeomorphism of a circle T',
with an irrational rotation number p, we start with a marked point o € T', and consider
the marked trajectory z; = Tz, with i € N. The subsequence (z,,)nen indexed by the
denominators ¢, of the sequence of rational convergents of the rotation number p, will
be called the sequence of dynamical convergents. It follows from the simple arithmetic
properties of the rational convergents that the sequence of dynamical convergents (z,, )nen
for the rigid rotation R, has the property that its subsequence with n odd approaches
xo from the left monotonically and the subsequence with n even approaches xo from the
right monotonically. Since all circle homeomorphisms with the same irrational rotation



number are combinatorially equivalent, the order of the dynamical convergents of 7" is the
same.

The interval [z,,, x|, for n odd, and [z¢,z,], for n even, will be denoted by A(()n)
and called the n-th renormalization segment associated to xy. The n-th renormalization
segment associated to x; will be denoted by Agn). It follows from the properties of the
continued fractions that the only points of the orbit {z; : 0 < i < g,11} that belong to
AP are g, sig, 10 <0 < kg ).

A certain number of images of Aé”_l) and Aé"), under the iterates of the map 7', cover
the whole circle without overlapping beyond the end points and form the n-th dynamical
partition of the circle

P, = {TAI™ :0<i < g} U{T°AM 1 0< i < oyl (2.2)
The intervals Aé"fl) and Aé”) will be called the fundamental intervals of P,. We also define
A"

A(()”*l) = A[()"fl) U A(()n) and the renormalization parameter a,, := characterizing

NG
the geometry of dynamical partitions. o

The n-th renormalization of an orientation-preserving homeomorphism 7" : T' — T!,
with a rotation number p, with respect to the marked point =y € T, is a function f, :
[—1,0] — R obtained from the restriction of 7% to A(()n_l), by rescaling the coordinates,
in the following way. If 7, is the affine change of coordinates that maps z,, , into —1 and
xo into 0, then

fni=ThnoT™or 1. (2.3)
Definition (2.3) is valid for all n € Ny, where Ny := NU {0}, if and only if p is irrational;
otherwise, n is less than or equal to the length of the continued fraction expansion of p.
If we identify x¢ with zero, then 7, is exactly the multiplication by (—1)"/ |A(()n_1)|. Here,
and in what follows, || denotes the length of an interval I on the circle T'. Notice that
fn(0) = ay,.

When necessary to state explicitly which marked point zy the quantities AE”), A(()n_l),
ayn, Pn, fn and 7, are associated to, they are denoted by AZ(-n) (o), A(()n_l)(xo), an(xo),
Przos frmzo and T, 4., respectively.

This paper concerns circle diffeomorphisms (maps) with a break, i.e., homeomorphisms
of a circle for which there exists a point x, € T!, such that

(1) e C"(T\{x}),
(ii) T'(x) is bounded from below by a positive constant on T*\{z.}, and

(iii) the one-sided derivatives T” (x.) and T% (x.) at x. are such that the size of the break

_[Ti(x)
c:= T (20) # 1.




In this paper, we will reserve the notation AZ("), Aé"il), Gy, Pn, frn and 7, for the quan-

tities associated to the marked point xq = x.. The corresponding quantities, associated
~ ~ ~(n-1) _ ~ ~ _
to the map T will be denoted by Ag"), Ay, Uy Py fnand 7,.

Since for circle maps with a break V' := Varp InT” < oo, we have |In(T%) (z)| <V,
for all z € T!, by Denjoy’s lemma [20]. Therefore, we have the uniform bound

[In f,(2)] <V, (2.4)

for all z € [-1,0].

It was proved in [16] that the renormalizations of circle maps with a break approach
a particular family of fractional linear transformations. For every ¢ € R;\{1} and « €
(0,1), there exists A € (0, 1) such that the sequence of renormalizations ( f,,)nen, of a circle
map T', with a break of size ¢, satisfies

an - Fn||C2[—1,0] < C/\n, (2.5)
for some C' > 0, where F,, := F,, 4, M, : [—1,0] = R,

an + (an + b, My,)z

BG) =0,

(2.6)

with

n n— n n—1 Zi
A A5 — 1AG 5 [ E
ni=—2 b, = . M, = de | . (2.7
YNGR AT Rl PPN e R R

Tqy,_1+i
We end this section with a few more comments about the notation. For functions
f,9 : D — R, with a domain D, we write f(z) = O(g(x)) if there is a constant K > 0,

independent of x € D, such that |f(x)| < K|g(x)|. We write f(z) = ©(g(x)) if there is a
constant K > 0, independent of x € D, such that K 'g(z) < f(z) < Kg(x).

3 A criterion of Holder continuity of the conjugacy

In this section, we state and prove a criterion of Holder regularity of the conjugacy.

Proposition 3.1 (Criterion of local Hélder regularity) Let v € (0,1) and x € T".
LetT,T : T — T be two orientation-preserving circle homeomorphisms and ¢ : T — T*
a homeomorphism satisfying

SDOTOQD_I :T (31)

If there exist 0 > 0 and § > 0 such that, for all y € T satisfying |v — y| < 0, there exists
J € N and a finite sequence of intervals A; C [x,y|, j =1,...,J, such that



(i) éwmm > ole(z) — oy,

J
(i) leﬁjl > ol —yl,
]:
(iti) (Vj:1<j<J) |Aj] = olz -y,

(iv) (Vi:1<j<J) [e(A))] = ole(x) — e(y)l*
(v) (Vj:1<j<J)

-

In | (A;)|

2 — 3.2

1

then the conjugacy ¢ and its inverse ¢~ are 2y — 1-Holder continuous at x and (),

respectively.

Remark 3 In this paper, [r,y] denotes the shortest arc on T! with end points at x and
y. |z — y| denotes the shortest arc distance on T!, i.e., the length of [z, y].

Proof. It follows from (3.2) that, for all 2 € T! and all A; C [z,y] we have |p(A;)| <
|A;]7 and |A;] < |o(A;)|7. Using (i) and (iii), we have

J J
(@) =) <o le(A) <o Y AT < 07 Bl -y (3.3)
j=1

j=1

This proves that ¢ is 2y — 1-Holder continuous at x. 2y — 1-Holder continuity of ¢! at
¢(x) is established similarly, using (ii) and (iv),

J J
Tyl <o DTN <o Y fe(A)ITT <o eyl (34)

j=1 Jj=1
and the fact that ﬁ >, for v € (0,1). QED

It was shown in [10] that, for every ¢ € R \{1}, there are irrational numbers p € (0, 1)
and pairs of circle diffeomorphisms 7" and T with breaks at x, and Z., respectively, with
the same rotation number p and the same size of the break c, such that the conjugacy ¢
that satisfies (3.1) and ¢(z.) = Z. is not Holder continuous at z.. The main goal of this
paper is to determine a point zg, for any such pairs of maps, such that the assumptions
of Proposition 3.2 are satisfied, with the intervals A; chosen from among the intervals of
dynamical partitions P, .



4 Estimates on the renormalization parameters

In the following, let T" and T be two circle diffeomorphisms with breaks at z. and z.,
respectively, with the same irrational rotation number p € (0, 1) and the same size of the
break ¢ € R\{1}. In this section, we obtain some general estimates on the renormalization
parameters a, and a, and show that the logarithms of the lengths of the corresponding
fundamental intervals of T" and T are asymptotically the same.

Proposition 4.1 Let \y € (\/A/A\1,1). There exists Co > 0 such that, if ¢, > 1 or if
cn <1 and kpp1 < CLA", then

%—4§@£. (4.1)

Qn

Remark 4 If ¢, > 1, (4.1) can actually be strengthened by replacing Ay with A.

Proof. Let A3 € (A\/A2, M \2). If ¢, < 1 and a, > C3\%, for some C5 > 0, the claim
follows directly from the exponential closeness of renormalizations (1.1), since Ay > A/A3

and B
|an = an| = | fa(0) = fa(0)] < CA™. (4.2)
If ¢, > 1, the claim follows from the same estimate since, in that case, a,, is bounded from
below by a positive constant (see Proposition 3.3 of [11]).
Now, assume that ¢, < 1 and a, < C3)\;. We assume that n is sufficiently large

such that the renormalizations are concave downwards (see Proposition 3.6 of [11]). If
ap/a, > 14+ Cy\y, then there is a constant Cy > 0 such that

(A
7 v No1ien (4.3)
‘TTL(Aanl)

This follows from the fact that |7,,(AS )| = £/ (AT = 2 (Oan, where ¢ €

ot (AFY), and [7o(AY )] = Fi_((OFu(AS)] = Fo_1(C)tn, where € € 71 (AYY), using
again (1.1) and the Denjoy estimate (2.4). Namely,
7 (A D 1f(Ola

a
B — > (14 O\ +a,))(1 + CoA5) > 1+ Cy\;. 4.4
A0 i (@la, (T OW F a1+ A (44)

Here, we have also used that | — E| < Csa,, < C5C5)3, for some C;5 > 0.
Furthermore, there is a constant Cg > 0 such that
|'7~:n(£(()n+l) ~

|T@mmﬂ=Zi£ﬁ>u+owwu+cg@>1+%£, (4.5)
n 0 n n




Therefore, there is a constant C; > 0 such that
FulBGD] (1 + A (1= £2(C)))
(AT an(l 4 ansa (1= f(C)))
_ (1 (s = a) (1= () + an(£2(¢") = }Z@'))) (4.6)

Qn 1+ an+1(1 - f7/1<</))
> (1+O0\") 4+ a, O\ + a,)) (1 + CoAy) > 1+ C7 A,

where ¢’ € 7,(A"™) and ¢’ € 7,(Al"™™). Here, we have used that |¢’ — ¢/| < Csa, <
C3Cs)y, for some Cs > 0, in addition to using |7,(A N = () (AT =
f1(¢Nany1a, and ]Tn(A(nH)ﬂ = FONF(AY™)| = f2(C)aps1Gn. We have also used (1.1
and the Denjoy estimate (2.4).

~—

Since
A ~ /A(n i-1 7,7
Fa( Bt i) [F(AGL)] 1 (&)
(AP )l (A )] 1 Fa(G) .
= (AW ~ /XN(n kny1—1 /7 = — .
’Tn(AqnflJrl(In)’ _ |Tn(A((1nll>| ﬁ ( n(@))
(A )l AR s \ ()

where (; € Tn<A(n \4jq.) and G e T(AM

o1 +ig); We can obtain that, for some Cy > 0,

= (A

To(A ;

e EAREeEY (48)
|Tn(AQn—1+iQn

for all 0 < i < k, 11 such that the intervals Tn(A( " vig) C =1L, =1+ A3] U [=A3,0]. All

but at most order n of the intervals Tn(AgZ)_l +iq,) satisfy this condition. Starting with

estimate (4.3) and using the first of the identities (4.7), we obtain

A .
o ?:if“‘“) (1 Cop 1+ 00O (4.9)
|Tn( qn_1+iqn|

and, thus, (4.8) follows for i such that Tn(A( ™) " vign) € [=1, =1+ A3]. Here, we have used

the estimate |f7'L(§J) — f1(¢)] < CipAg, where Cyp > 0, together with A < A3 < Ajs.
Similarly, starting with estimate (4.6) and using the second of the identities (4.7), we
obtain (4.8) for i such that Tn(A( ™) " tian) C [=A5,0].

Let & and &1 be the left and right end point of the interval Tn(A(n vign)- Let,
similarly, fz and §,+1 be the left and right end point of the interval Tn(A( )1 i) Let

10



r; = & — &. Estimates (4.8) imply that for i such that TH(A( )1+Zq ) C [—1,—1+ \j,
ri > Cug |7 (AL

qn—1+tign
that, for all such i, ]Tn(A(

)|, for some Cy; > 0, and n large enough. Here, we have also used

o1 +ig,)| 18 of the same order as Z;:o |Tn(AEI:) 1 +ig,)|- This follows

from the fact that for such i, f/(G)—c;t = O(A2) and f7 () —c;t = O(AD) and, therefore,
the length of the intervals Tn(A( )1 +ig,) increases exponentially with i. Similarly, for i
such that the intervals Tn(A( " viay) C [A5,0], we have r; < —CipA\3|7.(A, A " wig)|, for
some C12 > 0, and n large enough Let imin be the index ¢ of the longest of the intervals
?n(AéZ)fwiqn) C [-1,—1+4 A§]. If such iy, does not exist we set iy, := 0. Similarly, let

imax be the index i of the longest of the intervals ?n(ﬁg:l ) +iqn) C [=A%,0]. If such imax

does not exist, we set imax 1= kpy1. Since |Tn(A((]: g, )| and |Tn(A((]: timaxgn )| AT€ At
least of the order of \j, we obtain that r; . > CisA\5\5 and r;, . < —Ci3A5\5, for some
Ci3 > 0, and all n large enough. We can now extend these estimates using the following

relation o
rivt = fu(G)ri + O(A"), (4.10)
where Z{ € (&, 5) By iterating this relation, we obtain

>szln H f CYléL)\ Z H }:ZL(N

Gi)s (4.11)

J=%min k=0 j=i—k
where C14 > 0. For any x > 0, there exists > > 0, such that if ¢l € [-1,—1 + 3], then
172(C) — ¢t < k and if ¢ € [—5,0], then |f.(C!) — ¢a| < k. Therefore, if £ is small
enough, and ¢ is such that 77n<A§:),1+iqn) C [—1,—1 + ], the derivatives in (4.11) are

larger than and bounded away from 1. Consequently, the sum of the products in (4.11)
is of the order of the maximal product. Therefore,

7y > CaAIAT — O\ > Cre\IAY, (4.12)

for some Ci5,C16 > 0 and n large enough. Similarly, for ¢ such that 'fn(&g:)_l vig) C
[—,0], we obtain that

1 < —CirAy A3, (4.13)

for some Cj7 > 0 and all n large enough. Using (4.10), each of the estimates (4.12) and

(4.13) can be extended to i such that ?n(ﬁf,z),mqn) N (=1 + 3, —3) # (). This leads to a
contradiction. The claim follows. QED

Proposition 4.2 There exists Cig,C9 > 0 such that, if ¢, < 1 and k,.1 > Cs, then

Ina,

_ 1‘ < Cho max{h]lgknﬂ,)\"} . (4.14)

1
§kn+1 Inc, n+1

11



Proof. Let us consider two subintervals of [—1,0], L; := [-1,—1 4 1/k,11] and Ly :=
[fRnt1(=1) — 1/kyyq, fF+1(=1)], and the set of points S := {fi(—1) : j = 1,... ki1 }.
Let m; and msy be the cardinalities of the sets S N Ly and S N Lo, respectively. Then,
there is Cyy > 0 such that

kn—i—l - (m1 + m2) S 020 In k'n—&—l’ (415)

since the cardinality of the set S\(L;U L) is of the order of In k,,,1. This follows from the
fact that, for ¢, < 1 and sufficiently large n, the second derivative of the renormalizations
f/ is bounded away from zero and negative (see Proposition 3.6 of [11]).

I b1 = (£, (<1) and b = (£,)'(0), and M > maxe [£1(2)], then
ze|—1,
O lpmm Corb ™ M o\T™
Sl ey e s S (1)
knJrl knJrl bn,lkn+1 (4 16)
Cor b3 Corby'3 me '
< i) - e n) < 2 (1 2 )
kn+1 kn+1 bn,an—i—l

for some Cy; > 0. The last inequality is obtained under the assumption |f*+1(—1)| <
1/kpi1. It follows from the Denjoy estimate (2.4) that

L (1) = St T EDES (1) 1 < SV L (1) = fr e T (1)) (417)

Since both my, ms < k, .1, this implies that, for some Cs; > 0,

Cop' s < 0,1 < Caolys. (4.18)
Using (4.15), for some Cy3 > 0, we have
1nbn2
- : nt1| < Coslnky g,
my 1nb;11+lnbn72 +1| S CozIN Ry
’ (4.19)
b, < Coglnk
ma lnb;ll%—lnbmg n+l| > C23 M Kpyg.

It follows that |fr=+1(—1)| < Co4b, 1" [kny1 < 1/kny, for some Coy > 0, if kg is large
enough. Since, by (2.5), |bp1 — F(—=1)] < CX" and F/(-1) = ¢,;! + O(a,) (due to
Proposition 3.2 of [11]), the claim follows. QED

Corollary 4.3 Let \y € ()\1/3,1). There exist Cos > 0 and Ny € N such that, for all
n > Ny such that ¢, < 1, we have

- 1‘ < Oy N0 (4.20)
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Proof. Let \y = \/3. If kni1 < C1A]", the claim follows from Proposition 4.1. If
kni1 > C1A{", the claim follows from Proposition 4.2. We have also used the fact that,
if ¢, < 1, then, for n > N; and N; € N large enough, a,, < ¢, < 1 (see Proposition 3.3
in [11]). QED

Proposition 4.4
In A"

=1. (4.21
" In |AgY) |

Proof. Let ¢ > 0. Since A(()n) = [[;_, ax, we have In |A(()n)| =In ] a+ln J] .
k=1:cp>1 k=1:cr<1
If Ny € N and Ny > Ny, using Proposition 4.1 and Corollary 4.3, we obtain

n No—1 n
< () n [ (1+0M)+ > a0k S Ina,ONF)
In|Ay7| k=1 cp>1 k=1": e <1 L N
n |Af”| n |A§”| In |AG|

n

In H ag

( N2) k=Ns : cp<1
T Al

O(1) + Wy(Ny)
In |ASY]

Y

(4.22)

where Wy (Ny) is a constant that depends on Na, but does not depend on n. Since |A[()”)|
decrease at least exponentially with n and since, for sufficiently large k£ and ¢, > 1, ai

are bounded both from above and from below by positive constants (see Proposition 3.3
of [11]), we have

n No—1 1
In ay In ap In g
k:Ngl_:[Ck<1 1 k’:115_£k<1 . k=1l=—£k>1 _ ( ) _ M (4 23)
|y NN In A5

where Wo(N,) is a constant that depends on Ny only. It follows from (4.22) that if N, has
been chosen large enough, there exists N3 > Nj such that, for all n > N3, we have

In|AJ”
al ‘())| — 1| <e (4.24)
In |Aon ‘

The claim follows. QED
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5 Estimates on the renormalized intervals of the next
level partition and the shift of indexes

The following proposition was proved in [12].

(1+a)a
Proposition 5.1 ([12]) Let A5 = max{\y, A\5CFa) }. There exists Cos > 0 such that, for
all n € N such that either ¢, > 1 or ¢, <1 and k11 < C1A]", we have
A5 )l

(A5

anl“!‘i‘In) ‘

< Oy, (5.1)

for all i such that 0 <1 < k4.
Let x; := T"(x.).

Proposition 5.2 For every a € (0,1), p € (0,1)\Q and ¢ € Ry\{1}, there exists \ €
(0,1) and, for every C***-smooth circle map T with a break of size ¢ and rotation number

p, there exists Co7 > 0, such that, if ¢, < 1 then, for everyi=1,...,q,, we have
| freiy, — F£0)||C2[—1,0] < Cor (A" + ayp), (5.2)
where o s
FO(y = ™ 5.3

rootf. e proot of the claim 1s similar to the proot o .0), using Proposition 3.2 o
Proof. Th f of the claim is simil h fof (2.5 ing P ition 3.2 of
(O
[11] and the fact that M = O(ay), for i = 1,...,q, — 1, due to the bounded
|Aoén)‘ an
N

distortion of the ratio under the action of T QED

Let Spay = {f] ., (=1):j=1,...  kpp1}.

Proposition 5.3 Let €, > 0 and let ny = ny(n,i) be the cardinality of S, ., N My, where
My :=[—1,—1+€1]. There exists Cog > 0 such that, if ¢, < 1 and k11 > Cogn, then, for
i=0,. .. .q—1,

1
ny = §l{in+1 + O()\n/{?n_H + In /{Zn+1). (54)
(n) ,
Proof. Since the distortion of the ratio ||AZ;_‘”;)|| under 79" is bounded, |A£”_1)| =

i—qn
\A,E:nl)](l + O(ay)), for i = 1,...,q, — 1. It follows that, for sufficiently large n, the
cardinality of the set S, ., , M M, that we will denote by 71, can differ from n; by at
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most 2. Here, we have used Proposition 5.2 and, therefore, that the distance between
successive points f,{mifqn(—l) grows exponentially with 7. Using Proposition 5.2 again,
in particular that the second derivative of f, ., , is bounded both from below and above
by negative constants and that the derivatives f;, .. (—1) and f} . (0) can be made
arbitrary close to ¢! and c,, respectively, by choosing n and k,; sufficiently large, one
can prove, completely analogously to the proof of the first inequality in (4.19) (see the

proof of Proposition 4.2), that

ln bn7$i—qn72
n

kn+1 + O(ln kn+1), (55)

= 1
In bn,zi,qn 1t In bn,xifqn 2

where bp o, . 1= (fawiy, )i (—1) and by e, 2 = (fna,_,, ) (0). Here, we have also used
the fact that the cardinality of the set S, N(M;\ L) (see the proof of Proposition 4.2)
is of the order of Ink,, .

"Ti—gn

Since it follows from Proposition 4.2 and Proposition 5.2 that (f, ., )\ (—1) —c,' =
O(\") and (fna,_, ) (0) —cn = O(A"), for kpp1 > Cysn and Cy > 0 sufficiently large,
the claim follows from (5.5). QED

Let 7; := T%(Z,) and S, 5, := {fzfz(—l) :j=1,...,kpt1}. An immediate corollary of
Proposition 5.3 is the following.

Corollary 5.4 Let X¢ € (A1,1). Let ¢ > 0 and let ny and ny be the cardinalities of
Spa; N My and S, 7, N My, where My = [—1,—1+¢|. There ezists K1 > 0, depending on
T and T only, such that, if ¢, <1 and k,y1 > C1A\[", then, fori=0,...,q, — 1,

|TL1 — ﬁl‘ é Kle(n)an, (56)

where e(n) = \" + mki—fil < O(Ag).

The following proposition shows that, after a proper shift of indexes, i,, the lengths
of the intervals 7,,(Ag, | tig,) and 7,,(Ag, 1+ (i+in)g.) are of the same order.

To simplify the notation, let J; := Tn(Ag:Lan) and J; := ?n(ﬁézzl+iqn). It follows
from Proposition 5.2 that, for ¢, < 1, k11 > C1A]" and n large enough, the renormaliza-

tions f,, and f,, are uniformly concave downwards with derivatives at —1 and 0 close to
¢! and c,, respectively. Therefore, there are unique points z* and z* such that f/(z}) =1
and f,(22) = 1. Let i™ and 7™ be the indexes of two intervals J;) and j;.(n) such that
2t € Jyw and 3% € J,,. We define

i = 1™ — ), (5.7)

If i™ or 7™ is not defined uniquely, we choose 7, to take the value that maximizes [i,|.
It follows from Corollary 5.4 that |i,,| < Coge(n)k,y1, for some Cog > 0.
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Proposition 5.5 For sufficiently small e; > 0, there exists C3y > 0, such that if ¢, < 1
and ki1 > C1A]" then, for every i satisfying 0 < i < k,y1 and |i —7(”)\ < A", we
have _

7B i)

n
(2

Qn—1+(i+in)Qn ) |

< Oy (5.8)

Proof. It is easy to see that the lengths of the intervals J;.) and j;m) are of order
1. Tt follows that, for every s > 0, there exists C3; > 0, such that for all ¢ such that
(Jivi, U J;) N My # 0, where My = (=1 + 5, — ), we have

Ji
C*l < ’ 7
T i, |

< Cy. (5.9)

We will now extend this estimate for ¢ such that 0 < i < k,,1 and [i —;n| < egkp41, using
the recursion relation _ _ o
il A fA(G)

[ivinarl | Jivinl (i)
where (; € J; and a c J. 1f i

(5.10)

min and i, are the smallest and largest values of i such
that (Ji4q, U J;) N My # (), we have

g Mgl st e
% _ Ymin H /” J , (511)
[ivinl i 4 1 5 <fn(Cj+in)>
forz'<if:i)n, and B
NN » BAGN (5.12)
| Jiin - |Jiggx+in! it frlL(CjJrin)? '

for i > ifggx, as long as 0 <1 < k1 and 0 <i+14, < kyy1. It follows from Proposition 5.2
that, for any x > 0, there exists s > 0, such that if (;, (; € My, where M; = [—1, =1+ ],
then [ £,(G;) — '] < & and |F2(G) — | < x and if G, ; € My, where My = [, 0], then

|f1(G) — en] < kand |f1(G) — en] < K.
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Since the second derivatives f/ and f” are bounded, it follows from (5.11) that

T i _

- |J§$L| mﬁll @ {]J FBERS

|J’l+2n| |J(n) +Zn| i ( + (Iﬂax | J+7»n|7 7 )—‘f_ ))
U<n>| i —1 3 - -

= (1 X Ol I | © (1 ey (6519)
fpin Hin e
| T |
ﬁ(lj%o(%))@(l).

(n)Jrzn

mln

In the last step, we have used that zfm)n i <M — i < &A™, for s small enough. We

have also used the fact that for all j satisfying 7 < j < i Jitin, jj C M,. This follows

from the fact that [:(®) —i,| > CaA[", for some Cy, > 0, and, therefore, [¢(®) — i| <
(n)

min*

esA7" < [ —i,|, for € > 0 small enough. This proves the claim for i < i
Using (5.12), one can similarly obtain

L )
T = (14 0G)e (), (5.14)
tin n?'mx+7xn

for i > 10, satisfying ¢ —im < eoA\] ", and €5 > 0 small enough. The claim follows. QED

An immediate corollary of the previous proposition is the following.
Corollary 5.6 Under the assumptions of Proposition 5.5, we have

In |7'n(A(
In | (AL

C'30

1+ZQn)| o 1‘ S (n)
[In [r (A

(5.15)

(’J”n)qn)’ 1+(i+in)qn)’ ’

Proposition 5.7 Let A\¢ € (A1, 1) and e > 0. There exists 033 > 0 such that, if ¢, < 1
and kny1 > C1A™, for all i such that 0 < i < kny1 and |i —i™| > A", we have

In|7, (A7)

In |Tn(A(n)

1+iQn) |

— 1] < CyA2. (5.16)

1 +(l+1n)Qn ) |

Proof. Let il(n) and i be the smallest and largest value of ¢ for which (5.8) holds. Since

and i — (™ are at least of the order of A", it follows from Proposition 5.2
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that there is C34 > 0 such that |In |:];.(n)||, |In |jz.<n) || > C34A7". Corollary 5.6 then implies
! r
that there exists C35 > 0 such that

In |j(n)‘
In ‘Jign)_ﬂ. ‘

-1 < 1. 1
o ]J < Css] (5.17)

We will now extend this estimate for 0 <1 < il(n) and i < i < kn+1, using the following

relation

In|Jj] _ ln|J |—|—ln( ")'(G5) (5.18)
In|Jjpipi,] | Jjp |+ (T (j44,)
where 3; € A lﬂq and 3; € Aqn 1+idn”

We will ﬁrst extend the estimate (5.17) to i < i < kp4q; for 0 < i <™, the analysis
is similar. By iterating (5.18), we obtain

|| I || + PO In(T")'(3;) (519
In|Jiti,|  In |Jz‘$,">+in’ + Z;;@ In (7 )/(5j+in). .
For it™ < J < imax := min{k, .1, k.11 — i, }, the derivatives satisfy
an ew
% 1] < Oy, (5.20)
(1) (34in)
for some Cs > 0, since (T%)'(3,;) = f1(¢;) and (T (3, ;) = I (CJ) and, for sufﬁmently
large n, all the points (j1i,, Cj belong to an interval Ly := [—d, 0], where 0 < d<c CarAy” ,
for some C3; > 0. Here, we have also used that, by Proposition 5.2, for i, () ~ J < Tmax,

|1 (i) — €] = O(A™) and \ﬁ’l(zj) — ¢, = O(N\"). Therefore, for i < i< i, We
obtain
|| (i—i)on)
In | Jisi,| I,

= i)00r)
O™ +0O(3i —ir ))

+O(N}) = +O(A}) = O(\}). (5.21)

If i, > 0, then iy, < kpi1. To extend estimate (5.17) to i satisfying ipax < @ < kyi1, We
use the following estimate, similar to (5.19), which was also obtained from (5.18),

hl |:]\;| o ln ’JZmdx_]-| + Z] Zmax_]- (an)/(g‘j)
In|Jigi,| In|J;, . rin—1] + ZJ i 11n(an)/(5j+in).

(5.22)

FOT imax < j < kn1, however, the derivatives (T7")’ (3;) and (7")' (344, ) can differ by (at
most) a constant, as follows from Proposition 5.2. The number of these terms, however,
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is bounded by i, and is, therefore, of the order of €¢(n)k, 1, which is small in comparison
to kpi1. For ipay <@ < k,y1, we, therefore, obtain

In | J;| ki1 OO + ki1 O(e(n)) (m an)
Bl S R — OO 4+ O (Rl 5.23
In | Jits,| In | Jits, | () Kn1 (5:23)
taking into account that |In|J; . || = O(k,41). The claim follows. QED

6 Choice of the conjugacy and proof of the main result

In the previous section, we considered intervals of dynamical partitions P, and 7571 of
circle diffeomorphisms with a break T and 7', constructed with the corresponding marked
points x. and T, respectively. For the map 7', we will now consider intervals of dynamical
partitions P, ,,, constructed with a marked point z( that will be defined below.

We will assume that the rotation number p € (0,1)\Q of T and T is such that there

is an infinite increasing sequence of positive integers (¢;);en such that, for all n € N for
which ¢, < 1, we have:

(1) kpy1 > CLA", if n = ¢;, for some i € N;
(i) knp1 < CA™, i # 4, for any ¢ € N,

If this is not the case, i.e., if the sequence (¢;);cn is finite or empty, the claim of Theorem 1.1
follows directly from the fact that 7" and T are conjugate to each other via a C'-smooth
conjugacy ¢ that satisfies p(z.) = 7. [11, 12].

For all n € N such that n = /¢;, for some ¢ € N, let i,, := 4, where 7, is the integer
defined by (5.7). For all n € N such that n # ¢;, for any ¢ € N, we define i,, := 0.

Let o := TEh=1imang for n € N, and ) := z..

Notice that |xé€") - xé€’1)| is of the order of the length of iy, consecutive “long” intervals
of partition Py, 1, nearest to the point :v((f"‘l). Since the number of such intervals is small
compared to k41, they all belong either to ALV (21} or to A(_Zflzii)l (z8)). The
following proposition gives an estimate on this distance.

Proposition 6.1 Let e > 0. There exist Ny € N and Csg > 0 such that, for all n > Ny,
we have .
e (o)) < eyt (6.)

and 1
5—63)/@%#1’A(()frl)(x(()&—l))" (6.2)

i

il — ] < Casey
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1 n
Proof. Since kg1 > C1A%, Proposition 5.3 implies that ay, (z{)) = czk“ﬁo(%)k%“.
Since Ofelnle; 1) . by, (¢
£ li— e(n)ke, i— i—1 i—
2 — ") = 0 (e ) an(af )AL ) (63)
the claim follows. QED
Let ¢y := 0. Let s, := max{i € Ny : {; < n}.
Proposition 6.2
2o = lim z{" € T". (6.4)
n—oo
Proof. Let n > m. It follows from Proposition 6.1 that
n m Sn sSm - i L S i Esm
28 — 20| = |zl — 2em)| < Z 24 — 20 < Oy Z A < CaAy™ ™, (6.5)
i=Sm+1 1=Sm+1

where Csg,Cyo > 0, and, therefore, (xé"))neN is a Cauchy sequence on T!. Since T! is
compact, the sequence is convergent. QED

Lemma 6.3 There exists Cy; > 0 such that the following holds for 0 < j < k,y1. For all
n € N such that n # ¢;, for all i € N, we have
7By

In Qn71+an)|

< Cy. (6.6)

oo (AT (0))]

If n=1{;, for some 1 € N, we have

~ (A(n)
‘111 |T"<Aqn71+jqn)|
oo (AT (0))]

< Oy max{1, \2|In |70, (AT (zo))|[}- (6.7)

Qn—l"l‘jqn

Proof. Consider first the case n # ¢;, for any i € N. We would like to estimate the ratio

n (n) (lsn) s (n) (ti-1)
|Tn(Aén)—1+JQn) | o |Tn,zé£s") (AQn—1+JQn (1’0 )) | n |Tn,mé[i_1) (Aqn_1+]qn (.1/10 1 )) |
n - n - 7
(B @] [ (A7 g, (oDl 33 17 e (A5, (6))
A (6.8)
Notice that x(()&) = T”iq‘imé&’l). The ratio in the product is the reciprocal of the distortion
of the ratio |7 x(fH)(Aé:)fﬁjqn (zY=))| under the action of T%% and can be estimated
as "o
n (£i-1) g —1
7 o (A5 g (2 ) o
n,xy " n— n _ 6 (L —es)Cua—t
e = L0 [ 3 AP | = 1o,
’Tn,:cézi)< Gn—1+7qn ('xO ))‘ =0
(6.9)
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since n > /g, .

To estimate the ratio in front of product in (6.8), notice that Proposition 6.1 implies

b (B=ea)CA " (lor1—1) (o

0 = 2™ = O 7 OIAG Y (). (6.10)

Due to the Denjoy estimate (2.4), the distances |T% (o) —T%~ (z{"""))| and [T -1+ () —

T~ 1+q"( (ZS"))| are of the same order. Since, ¢, 1 > n, we have that |Aé€s"“71)(xé€s"))| <
e |AM | (2*)))| and, therefore, using (6.10), we obtain

AG ()| = [AR ()]

—L
(2 —e3)C1n, ot

A Gy = O ) (6.11)

and |ALD ()| “Dize))| o (en)Cn) et
AT (o Sn>))| =0, ., )- (6.12)
Let &z 1= T2 and f RO Tq”—lﬂq"wées”). Let 7 = |&j 00 — (an)’ Since

the distortion of the ratio 7“0/|Aqn 1(ZL‘(() S")))| under the action of 779 for j = 1,..., k1,
is bounded, we obtain that the ratio in front of the product in (6.8) can be estimated as

i (esn)(A( w2l et
o — 14 0[P (6.13)
A(n) n+l
|Tn,9€0( Gn—1+7qn (l’o))l
Therefore, the ratio in (6.8) can be estimated as
|Tn( E;:)ﬁjqn i Cl/\ 63)(}1>\
o *H 1+ 0(c B f1+(9( N, (6.14)
7,20 (B g 1440 (20))]

The first claim, (6.6), follows from this estimate and Proposition 5.1. To prove the second
claim, (6.7) (for n = ¢;, for some i € N), we similarly have

n n esn (n) (an* )
7 (A én)ﬁ(aﬂn W 1T “5”>(Aén)—1+jqn(x(() )m|Tn,mffsn*)(Aqn_1+(j+in)qn(xo )

|
n n lsy,
BTN R =RV )Y 17, e (B g (6°))]

n fi,
2|7 oA i (20
’ n l;
1700 (A0 i (@6

(6.15)
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Using the same arguments as above, we can estimate the first ratio and the product of

the ratios. To estimate the second ratio, notice that n = £, and A™ ( (ZS"‘l)) =
n dn—1+(+in)gn \70

A(: i (z4")). We, therefore, obtain
(AL )| 3)C1IAL C1A]
e T <1+(’) ' )) — 1+ 0@V ). (616)
|Tn,$0(Aq ,1+]qn( ))| =1

The claim (6.7) follows from identity (6.16), Proposition 5.5 and Proposition 5.7. QED

Proposition 6.4

A (n)
im % = (6.17)
"o In | Ay (o)
Proof. Let ¢4 > 0. We will estimate first
A(n—l) A(”—l) Sn A(n—l) ()
A AV €2 | i FAV S C A |
We use the same notation as in the proof of Lemma 6.3. Since xéz") = Tizi%xé&*l), using
the Denjoy estimate (2.4) and (6.10), we have
AS@)l| o Gaon
In —————| < Cyc,? (6.19)
’Aénfl)‘ fsn+1
where Cys > 0. Therefore,
A" ()] . !
n A=) < Cyo éjnJrlg)Cl)\l + V2 lie]
n—1 — n—1
[ In |ASY]| 2o |Inagl (6.20)
I_eg)Cray ontl on
< C'426252“13) T + V9> " €(li)kp1a
- Cuz Y it ke ’

for some Cy3 > 0. The last quantity can be made arbitrarily small for n > N5, by choosing
Ns € N and (1 large enough (such that ¢; is sufficiently large).

The claim now follows from

A (n—1 XN (n—1
m[AFTY] In|APY) 6.21)
n—1 (n—1) .
A7 ool a4 2T
0
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and Proposition 4.4 since, for n > Nj,

nl(nfl) L il <e (6.22)
In | Ag™ (o)
QED
Let ¢ be the conjugacy between T and T that satisfies (3.1) and @(zq) =
Lemma 6.5
In|A" In|A”
lim max | q" 1+]q"’ =1, lim min | q” 1+]qn‘ =1 (6.23)

n—00 0<j<kni1 |p ’A n—00 0<j<knt1 |pn |A

—1+jqn (‘TO)‘ 1+an($0>|

Proof. The claim follows from Lemma 6.3 and Proposition 6.4, taking into account that

T (B i)l A
ln‘(ﬁ —1+jqn | — 1| = |T"’“”0(At(zn) 1+]‘Jn(x0))| |Aé 1)(3:0)' y (624>
In |A " 1+in (0)] In |A e (20))
and that maxo<j<k,,, |Ag,_1+jq. (To)| decreases at least exponentially with n. QED
Proposition 6.6
lim max |(nﬁ’;+1| =1, lim min % = 1. (6.25)
n—00 0<j<kpn+2 In |A]q I (170)| n—00 0<j<kpn+2 In |qu I ($0)|
Proof. Notice that Aggtll( 0) C A%H _gn(@0), for 0 < j < Ky p0. Since
X (n41) X (n+1)
’AJQTLJrl ‘ |AQn+]qn+1’ (an)/<5) (6 26)
TL+1 n+1 -~ Y .
AL @) AT (@) (T G)
where 3 € A§q++l)(x0) and 3 € A]q +1’ we have
In|A éZiIJLn+1| InlA n+1) 1 Tq") 6)
In A5 wiagth, ) M Batia @0l NG
Jqn+1 _1] = an+idn41 (6.27)
(n+1) (n+1) ’
‘qu +1 (.7: )| ’qu +1 ("EO)’

The claim follows from the latter identity by using Denjoy bound (2.4) and Lemma 6.5

+1)
since ]A]q +1( o) < eV|A :+an+1($0))|. QED
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Proposition 6.7 Ifn # {;, for any i € N, then

an (o) = O(ay,). (6.28)
Proof. Similar to (6.8), we have
a. AT (A )] 7 (A7 (7)) 620
nl00)  Taag (AT @) e (A @)l i 7, e (A7 ()]

The ratio in the product is the reciprocal of the distortion of the ratio |7‘ ROSY (A( )( (i 1)))|

under the action of 7" and, since n > £, , it can be estimated, simllar to (6.9), as

7, e (A7 ()|
S =110 [ > Al ) —140(c? DO (6.30)
|rn7xéei)<Aé (25))]

To estimate the ratio in front of product in (6.29), notice that, due to (6.10) and Denjoy
estimate (2.4), we obtain

A(”) 1, .\ —Lsp+1
—|A| > (e ))))|)| =1+ 0(c2 ™M (6.31)
and 1)
AV FRIRYC) L 4+1
’ 0 (x0>>’ — 1 + O(Céj +13)6‘ /\1 . (632)

n—1 Lsy,
ATV (@)

Therefore, the ratio in (6.29) can be estimated as

.
H (1+(9 @0 )) 1+ 0(c? SOy (6.33)

The claim follows. QED

Proof of Theorem 1.1. To prove the claim we will verify that the assumptions of
Proposition 3.2 are satisfied with x = z( and the intervals A; chosen among the intervals
of partitions P, ,,, for n € N. Proposition 6.4, Lemma 6.5 and Proposition 6.6 give us
that, for every ¢ > 0, there exists Ng € N such that, for all n > Ng, 0 < j < k,,; and
0<j < knpo,

~(n) ~(n—1 (n+1)
1 - E < ln |A(1n—l+3‘]n‘ ln |Aé )| ln |AJ‘1n+l| < 1 + E (6 34)
n ) n—1 ’ n+1) : :
2 mlAY (@)l W [AST @) In AN ()] 2
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Let us choose § > 0 small enough such that the interval [zo — 0, z9 + 0] is contained
inside the interval AéNG). For every y € (—0,0), there exists n > Ng, such that the
interval [xg,y] C A(n_l)(xo) and [zg,y] ¢ A(()n+1)(a70). Consider the following partitions of

n—1) n = n+1
A( ) (20): Onilay 1= {Afh),ﬁjqn(xo) :0<j <kpu}U {Aé ()} and

gn—i—l,:cg = QTL-H 930\{ qn+1 qn< )}U{Aq:jf)q ( 0)}U{A§Z:jl)<x0) : 0 <5 < kn-‘rQ}‘ (635)

Denote the corresponding partitions of &()n_l) by én+1 and §n+17 respectively.

Recall that if ¢, > 1, a, and a, are bounded from below by a positive constant (see
Proposition 3.3 in [11]). Due to Proposition 6.7, a,(z) is also bounded from below by a
positive constant.

Consider first the case ¢, < 1. It follows from the discussion above and the Denjoy
estimate (2.4) that the lengths of the intervals Aq » g (o), A (z4) and AT (z)
are of the same order. Due to the Denjoy estimate (2.4), for every Cyy > 0, there
exists €5 > 0, such that if k,,1 < Cy4, then a,(zg) > €. For every ¢ > 0, there
exists »r; > 0, N; > Ng, and Cyy > 0 such that if n > N; and k,.1 > Cyy, then

|z (2) = | < €6, for 2 € [—301, Ty 4y (T 20)]. Therefore, the length of the intervals
Ag:)_l g (@) C 7,5 ([—201,0]) decreases exponentially with j. Consequently, if y €
(n)
Aq'nfl‘i’j%z( _ _
the same order as |zg — y|: if j < k,41 — 1, then there is j such that j < j < k,4q

and |AY o (20)] = Oz — yl); if j = kar — 1, then |AS ) (20)] = O(|z0 — yl)-

Tg), for some j, there is an interval of partition Q, 1., whose length is of

Similarly, if j < k,41 — 1, then |Aé: 1—|—(]+1)Qn| O(|¢(zo) — @(y)|); if j = kpyr — 1, then
|A (n+1) ] O(lp(zo) — ¢(y)|). This interval satisfies conditions (i)-(iv) of Proposition 3.2.

By (6.34), condition (v) of Proposition 3.2 is also satisfied with v =1 — £.

Ife, >1, |A "+1)(:U0)| can actually be much smaller than \Aq S C70) | NS I
very large. In this case, we need to con51der the extended partltlon gn+1 2o Of Aé”_l)(xo).
Since the lengths of the intervals Aq s 1—qn (20), A(()n)( 0) and A ( o) are of the same
order, if y € A(" " tiq, (@) and j < kyyq — 1, then |Aqn+1 o (@0)] = O(lzg — y|) and

n+2
|Aqn+1 —qn ($0)| - (|¢($0) - 90< >|) If y e Aqn_»,_l qn( 0)7 then either y e Aéni—l)fqn (‘/EO) or
Yy € A (nt1) ( o) for some j satisfying 0 < j < k,io. Since ¢,yq < 1, for every e; > 0,
there ex1st s > 0, Ny > Ng and Cy5 > 0 such that [f) o (2) — ¢l < e, for

z € [=1+4 300, Tppa i1 —an (T*n+1734)], for n > Ng and k, 1o > Cy5. Similar analysis as
(n+2)

before gives us that if y € Aq iy qn( xg) Or Yy € A(n++11)(x0) for some j < knio, there is
j satisfying j < j < Knpa, [AWTY (@0)] = O(Jmo — yl) and |A Z:fl\ = O(le(zo) — @(Y)]);
if y € ALT (o), then [AS (w0)] = O(Jzo — yl) and |ATV] = O(|¢p(x0) — ¢(y)).
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Therefore, conditions (i)-(iv) of Proposition 3.2 are satisfied. By (6.34), condition (v) of
Proposition 3.2 is also satisfied with v =1 — .

Proposition 3.2 shows that ¢ and ¢!

are (1 — ¢)-Hoélder continuous at zy and 7,
respectively. By exchanging the roles of 7" and 7', due to the symmetry in the definition
(5.7), we can easily see that o' and ¢ are (1 — ¢)-Hélder continuous at ¢(z.) and z..,

respectively. The claim follows. QED
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