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Abstract

We study an inhomogeneous linear g—difference differential Cauchy problem, with a complex perturbation
parameter €, whose coefficients depend holomorphically on € and on time in the vicinity of the origin in
C? and are bounded analytic on some horizontal strip in C w.r.t the space variable. This problem is
seen as a g—analog of an initial value problem recently investigated by the author and A. Lastra in [9].
Here a comparable result with the one in [9] is achieved, namely we construct a finite set of holomorphic
solutions on a common bounded open sector in time at the origin, on the given strip above in space,
when € belongs to a well selected set of open bounded sectors whose union covers a neighborhood of 0
in C*. These solutions are constructed through a continuous version of a g—Laplace transform of some
order k > 1 introduced newly in [6] and Fourier inverse map of some function with ¢g—exponential growth
of order k on adequate unbounded sectors in C and with exponential decay in the Fourier variable.
Moreover, by means of a g—analog of the classical Ramis-Sibuya theorem, we prove that they share a
common formal power series (that generally diverge) in e as ¢g—Gevrey asymptotic expansion of order
1/k.

Key words: g—Laplace transform, g—Borel transform, perturbative expansion, ¢—Gevrey asymptotic
expansion, formal power series. 2000 MSC: 35C10, 35C20.

1 Introduction

The work of this paper follows in the footsteps of a series of results dedicated to the asymp-
totic study for holomorphic solutions to different kind of g—difference-differential Cauchy prob-
lems involving so-called irregular singularities investigated by the author and co-authors these
recent years, see [8], [10], [11], [12]. Recently, in this framework of mixed type equations,
another approach was highlighted by H. Tahara and H. Yamazawa for the construction of a
g—analog of summability for formal solutions to inhomogeneous linear g—difference-differential
which leans on Newton polygon procedures used in the context of partial differential equations
by S. Ouchi, see [19]. We mention also the novel contribution of H. Yamazawa dealing with
nonlinear g—analogs of Briot-Bouquet type PDE, [21]. These contributions take root in the
seminal analytic studies of linear meromorphic ¢—difference systems of the form

Y(gz) = A(2)Y (2)



for ¢ € C with |¢| > 1 performed by J-P. Ramis, J. Sauloy, C. Zhang et al. see for instance [4],
[5], [6], [14], [15], [16], [17], [18], [22]. Our main result will bring into play analytic tools such
as g—analogs of the classical Borel-Laplace transforms of some positive order k > 0 put forward
by C. Zhang and F. Marotte in their resummation theory of formal power series solutions to
g—difference equations, see [14], used more lately by L. Divizio and C. Zhang for confluence
problems in [5] and by T. Dreyfus in his construction of meromorphic solutions to g—difference
equations as iterated discrete g—Laplace transforms in [6].

In this work, we consider the following parameter depending inhomogeneous linear Cauchy
problems with the shape

D
(1) Q(0x)oqu(t, z,€) = ZeAltleSft(cl(t, z,€)Ry(05)ul(t, z,€)) + f(t, z,¢€)
=1

where D > 3, A;,d;, 1 <[ < D are non negative integers, §; > 1 are rational numbers or integers,
Q(X), Ri(X) are polynomials with complex coefficients and where the coefficients ¢;(t, 2, €) and
the forcing term f(t, z, €) define bounded holomorphic functions near the origin in C? w.r.t (¢, ¢)
and on a horizontal strip Hg = {2z € C/|Im(z)| < 8} of width 8 > 0 w.r.t the space variable z.
The problem (1) involves g—difference operators O';,t acting on the ¢ variable in the form ¢ — tg”
where ¢ > 1 is some positive real number, ~ are rational numbers and derivations with respect
to z. The equation (1) under study can be seen as a g—analog of the initial value problem
investigated in our previous work [9] in its linear version

D
(2) Q(az)(aty(tvzve)) = ZEAltdlaflRl(az)y(t7zve) + CO(t7276)RO(8z)y(t7Z76) =+ f(t7276)
=1

for given vanishing initial data y(0, z,€¢) = 0, well chosen integers D > 2, A;,;d;,d; > 0, 1 <
[ < D and where Q(X), R;(X), 0 <1 <D are complex valued polynomials and the coefficient
co(t, z, €) together with the forcing term f(¢, z, €) are holomorphic and bounded as in the main
problem (1) mentioned above. The problem (1) is a discretized version of (2) in the sense that
the derivative 0; is replaced by the operator (f(qt) — f(t))/(qt —t) for ¢ > 1 (which formally
tends to 0; as ¢ tends to 1). In [9], for a given suitable set of open bounded sectors {&€, }o<p<c—1
whose union covers a full neighborhood of 0 in C*, for some integer ¢ > 2 and for well selected
directions p, € R, one constructs a family of holomorphic bounded functions y,(t, z, €), solutions
of (2) on products 7 x Hg x &,, where T stands for a fixed bounded sector centered at 0 with
small aperture, that can be written as Laplace transforms of some adequate order k > 1 in
direction p, and Fourier inverse transform

u )k zzmdl

k o0 _(m
yp(t, z,€) = W/ /L wp(u, m, €)e (&)%e " dm,
oo JL,

where the inner integration is made along some halfline L, = RJre\/?l“P and where wy,(u, m, €)
denotes a function with at most exponential growth of order k in u/e and with exponential
decay in m € R. Moreover, all these functions y,(t,z,€) turn out to share a common formal
power series §(t,z,€) = Y. <o 9m(t,2)e€™ € GJ[e]], where G is the Banach space of bounded
holomorphic functions on T x Hpg endowed with the L., norm, as asymptotic expansion of
Gevrey order 1/k on &,.

In this work, we will explain and present a similar result for the problem (1). Namely, we build
a set of actual holomorphic solutions uy,(t, z, €) to the problem (1) on domains 7 x Hg x &, similar



to the ones mentioned above, which can be expressed as a continuous version of a g—analog of
a Laplace transform described in [6] of a well chosen order k£ > 1 and Fourier inverse transform

+oo d
up(t, 2, €) i 2/ wr(u, m 6)e“m—udm
/ L, o 1/k( ) u

where © 1/x (x) stands for the Jacobi Theta function of order k given by its Laurent expansion

(34), the inner integration is made along a halfline L., = RieV=1% and where wy(u, m, €)
represents a function with at most g—exponential growth of order & w.r.t u on unbounded
sectors, exponential decay w.r.t m on R and depends analytically on € near 0. Furthermore, these
functions uy, 0 < p < ¢—1, possess a common formal power series u(t, z,€) = >~y hm(t, 2)e™ €
G[[€]], where G stands, as above, for the Banach space of bounded holomorphic functions on
T x Hg with Lo norm, as g—Gevrey asymptotic expansion of order 1/k on &,, meaning that
for any closed sector W C &, centered at 0, there exist two constants C, M > 0 with

(n+1)

| |n+1

n
sup  |up(t, z,€) — Z hun(t, 2)€™| < CM™ g
tET,ZGHﬁ m=0

forallm > 0, all e € W.

The paper is organized as follows. In Section 2, we introduce some weighted Banach spaces of
continuous functions with g—exponential growth on unbounded sectors in C and with exponen-
tial decay on R. We study the continuity of g—difference operators with polynomial coefficients
and g—analogs of the convolution of order k£ acting on these spaces. In Section 3, we recall
the definition of the ¢g—Borel transform of order k and we provide commutation formulas w.r.t
products and g—differential operators with polynomial coefficients. We state also several ana-
lytic properties of a g—Laplace transform of order k. In Section 4, we introduce an auxiliary
q—difference and convolution problem for which we supply a formal solution. We show that its
q—Borel transform of order k satisfies a convolution equation. Under appropriate constraints,
one can solve uniquely this latter equation within the Banach spaces described in Section 2 with
the help of some fixed point theorem argument. Applying a ¢—Laplace transform, we can settle
an actual solution of the former auxiliary problem having the given formal solution as g—Gevrey
asymptotic expansion. In Section 5, using the construction of Section 4, we can provide a set
of actual holomorphic solutions to our initial Cauchy problem (1) on bounded sectors w.r.t the
perturbation parameter e. We show that the difference of any two neighboring solutions tends
to 0 as € tends to 0 faster than a function with g—exponential decay of order k (Theorem 1).
In Section 6, we show the existence of a common asymptotic expansion of ¢g—Gevrey order 1/k
for these actual solutions as € goes to 0 on sectors (Theorem 2). The result leans on a g—analog
of the classical Ramis-Sibuya theorem introduced in a recent contribution of A. Lastra and the
author in [10].

2 Some Banach spaces of functions

2.1 Banach spaces of functions with g-exponential growth and exponential
decay

Let Sz be an open unbounded sector with bisecting direction d € R centered at 0 in C. By
convention, all the sectors considered in this paper do not contain the origin in C.



Definition 1 Let k, 5,1 > 0, ¢ > 1 and « be real numbers. We denote Exp‘(zkﬂua

space of complex valued continuous functions (1,m) + h(T,m) on Sqx R, which are holomorphic
with respect to T on Sy and such that

) the vector

m klog?(|7
Ihrm) gy = sup (1 e exp(— ST 1o (71)) e m)
TESg,MER 2 Og(Q>

1s finite. One can check that the normed space (Expl(]

b Bopie) ||.||(k7/37u7a)) 1s a Banach space.

Remark: These norms are built in order that all entire functions h(7) on C with ¢g—exponen-
tial growth of order k studied in the work [15] by J-P. Ramis belong to these spaces. Notice that
similar norms have already been used by A. Lastra and the author in a previous joint work [8].

Throughout the whole section, we assume k, 5, > 0 and « are fixed. In the next lemma,

we check the continuity property for the multiplication operation with bounded functions.

Lemma 1 Let (1,m) ~ a(1,m) be a bounded continuous function on Sq x R, which is holo-
morphic with respect to T on Sg. Then, we have

(3) lla(r, m)h(T,m)|| (k0 < ( sup |a(r, m)) A (T M)k, 8.0,00)
TESG,MER
a
for all h(1,m) € EXD 5 00)-
In the next proposition, we study the continuity property for the multiplication operation by
functions with at most polynomial growth and contraction operators acting on the latter Banach

spaces. For any real number v > 0, the contraction operator o, is defined as o4 h(r,m) =
h(r/q”,m) for any complex valued function h on Sy x R.

Proposition 1 Let v1,7v2,73 > 0 be real numbers such that

(4) Y2 > kys . v+ kyz > e

Let a,(T) be a holomorphic function on Sq, continuous on Sy with

1
(5) |y, ()] < SR

for all T € Sy. Then, there exists a constant C1 > 0 (depending on k,q, o, v1,v2,73) with
(6) lay, (7)7 20, 22 F (1, m) k6,000 < CLllf (7, M) (1,8,11,0)

for all f(r,m) € Exp{, ;5 , .-

Proof Let f(r,m) € Exp‘(]k 5..a)- BY definition, we can write

- klog®(|r
[l (N720, 2 f (T M| epys) = sup (14 m)e”™ exp<—1(||)
TES,MER 2 Og(q)

2 3
<l (1o ) o5 B D o)

oo2(|7 /a3
y exp<’;1gk§'g(/j)’) T alog(|r/])).

— arlog(|7]))



Hence, using the fact that the contractive map 7+ 7/¢7 keeps the sector Sy invariant

(7) llan, (T)72 0, 22 £ (7, m) |1 ) < CoF (T (k.5, 0
with
. klog?(|7|) klog®(I7/q%)
C1 = sup |a~, (7)||7|? exp(— = ——~% — alog(|7])) exp(z —————— + alog(|T/¢"3])).
1= sup o ()7 exp( g e — o) ol TS (/D)

We can rewrite

klog*(Ir/q"])

> Togla) ~ Zlog(g) % (7)) — nslog(ir) log(a) + (13108(4))").

alog(|T/q"]) = a(log(|7|) — v3log(q))
from which we deduce that

. ko, 2 k3
(8) C1 < exp(573 log(g) — a3 log(q)) WAy

which is finite provided that (4) holds. Gathering the estimates (7), (8), we see that (6) holds.
a

Definition 2 Let 3,n € R. We denote Eg ) the vector space of conlinuous functions h : R —
C such that

A (m) 8,0y = Sté%(l + [m|)* exp(B|m])|h(m))|
is finite. The space Eg ) equipped with the norm ||.||(3,,) is a Banach space.

We recall that (Eg ., ||-|(s,,)) can be equipped as a Banach algebra for some noncommu-
tative product introduced below (see Proposition 5 of Section 2 in [9]).

Proposition 2 Let Q(X), R(X) € C[X] be polynomials such that

9) deg(R) > deg(Q) , R(im) # 0,

for allm € R. Let m +— b(m) be a continuous function on R such that
[b(m)| < 1/|R(im)|.

Assume that > deg(Q)+1. Then, there exists a constant Co > 0 (depending on Q(X), R(X), )
such that

+o0
(10 bm) [ fm = ) Qi gt 3, < Call )l ) 5.

—00

for all f(m),g(m) € Eg,. In the sequel we will use the notation

400
F(m) +9 g(m) == / F(m — ma)Qima )g(my )dma

—00

for all m € R, which extends the classical convolution product * in the case Q = 1. As a result,
(B, I-l(8,1)) becomes a Banach algebra for the product *0@ defined by f(m) «>Q g(m) =

b(m) f(m) x@ g(m).



In the next proposition, we study the continuity property of some g-analog of a convolution
operator acting on the Banach spaces mentioned above.

Proposition 3 Let 3, and b(m),Q(X), R(X) chosen as in Proposition 2. Let cp,(m) be a
sequence of functions belonging to Eg ) such that there exist two positive constants C >0 and

T > qi/qa/k such that

1
(11) llen(m)]l(s.) < C(f)h
for all h > 0. Let @i (7,m) be the power series
+h
Zch (q/FYR(=D)/2

h>0

which defines an entire function w.r.t T with values in the Banach space E(g ). For any function
f(r,m) belonging to the Banach space Exp‘(]kﬂua), we define a gq-analog of the convolution of
order k of pr(T,m) with f(T,m) as

+h

(12) oulr,m) s Frm) =3 s tmymen(m) + (o3 £)(r,m).
h>0

Then, the function b(m)p(T,m) *%/k f(r,m) belongs to the space EXp?kﬂua) and moreover
there exists a constant C3 > 0 (depending on p,q, o, k,Q(X), R(X),T) such that

(13) [1b(m)pr(rsm) #2) 1 () na) < CaCILF (7m0 510

Proof Let f(r,m) € Exp‘(]k Bona)” From the very definition, we know that

||b(m)()0k (7-7 m) *21/k f(Ta m) ||(k,6,u,o¢)

k:log (I7])
= sup (1+|m|)H e’ exp(—==2"—> — alog(|7]))[b(m))|
T€84,mER 2 log( ) ‘
> [ et m)Qm) s
X — cp(m —mq)Q(im1) f(——, m1)dmq| .
h>0 (ql/’“)}(h2 Yoo g/t

By inserting terms that correspond to the ||.||(5,,,) norm of ¢;(m) and to the ||.||(x,g,4,) nOrM of
f(r/q"*,m), we can give the bound estimates

Hb(m)(pk (7—7 m) *21/k f(Ta m) H(k,ﬁ,u,a)

< s (1ol (-5 S avog(ofacn)
23 7 (0 et S )
. (\f(q[M,ml>\<1 e exp(- 1D alog(\f/qh/km)
(e e D o)



Using the fact that the contractive map 7 +— 7/ q"/* keeps the sector Sy invariant, for all h > 0
and by means of the triangular inequality |m| < |m — mq| + |m;|, we deduce that

(14) 1) (7.m) <2, £l ) < ColLF ) 110
where
. klog=(|r
(15) Co= swp (1t lml)exp(— 222U o og(irbm)
TESy,mMER Y ( )

| /*O@ QGimy)
X ch —_— dmy
,;o” oo a7 |, @ o = a1+ ]

klog?(|7/q"'*
< exp(S BTN | o g g/ )
2 log(q)
By construction, there exist two constants £, R > 0 such that
(16) Q(ima)| < Q1+ [ma])*@ | |R(im)| > R(1 + |m])*esR)

for all m € R. Using (16) and from Lemma 4 in [13] (see also Lemma 2.2 from [3]), we get a
constant C3 > 0 with

oo |Q(imy)| Q
17) (14 |[m)Hb(m / dmy < su 1+ |m|)#—des(B)
(17) (1 + [m])*|b(m)] L Txmomr( T e ™ mE%%( Im|)
—+o00 1 ~
dm, < C
X/oo (14 [m — ma|)#(1 + |my|)p—dee(@) =

provided that x> deg(Q) 4+ 1. On the other hand, we can write

(18) log(|7/q"*|) =

(log?([) — 2 og(|7]) log(a) + ()7 1og?(a).

k k
21og(q) 2log(q)

alog(|7/¢"*)) = a(log(|7]) — %log(q))

From (15) and gathering the estimates (11), (17) and the identities (18), we get that

1
~ ~ qzk A
(19) C3 <CCs hZ>o(Tqa/k)

which is finite provided that T' > qi /q®/*. Finally, taking into account (14) together with (19)
yields the result. O

2.2 Banach spaces of bounded functions with exponential decay

We denote D(0, p) the open disc centered at 0 with radius p > 0 in C and D(0, p) its closure.

Definition 3 Let B, u,p >0 be_real numbers. We denote B(g , ) the vector space of continuous
functions (1,m) — h(t,m) on D(0, p) x R, holomorphic w.r.t 7 on D(0, p) such that

Wh(rm) g = sup (14 |m|)e" ™ |h(r,m)]
7€D(0,p),meR

is finite. One can check that (Bg,, ), ||-||(3,u,p)) i @ Banach space.



Lemma 2 Lety > 0 be a real number and a(, m) be a bounded continuous function on D(0, p) x
R, holomorphic on D(0,p) w.r.t 7. Then,

(20) la(r,m)o 1 f(r.m)|[gup < sup  |a(r,m)|[[f (T, m)|[(5u.p)
7€D(0,p),meR

for all f(r,m) € B(g ,p)-

Proof Let f(r,m) € B(g,, ). Since the transformation 7 — 7/¢" keeps the disc D(0, p) invariant,
we can write

_ T
1) lalr,m)o 2 f(rm)llup = suwp (L+[m])*e™ |a(r,m)||f(—,m)]
7€D(0,p),meR q
< sup  a(r,m)|  sup  (L+[m[)eM|f (7 m)|
7€D(0,p),meR 7€D(0,p),meR
which yields the lemma. O

Proposition 4 Let 3, and b(m),Q(X), R(X) chosen as in Proposition 2. Let cp(m) be a
sequence of functions belonging to Eg ) such that there exist two positive constants C,T" > 0
such that

1

(22) llen(m)]|(g,u) < C(T)h
for all h > 0. Let oi(1,m) be the power series
Th
pr(T,m) =) en(m) Ci7mt-172

h>0

which defines an entire function w.r.t T with values in the Banach space Eg ). For any function
f(r,m) belonging to the Banach space By, we define as in Proposition 3 the g-analog of the
convolution of order k of o (T, m) with f(t,m) as

h h
(23) or(T,m) *21/1@ f(r,m) = Z chh(m) @ (04 ) (1, m).

h>0

Then, b(m)pg (T, m) *gl/k f(m,m) belongs to the space Bg,,, ,) and moreover there exists a con-
stant Cy > 0 (depending on p,q, p, Q(X), R(X),T) such that

(24) |[b(m) (T, m) *j{l/k Frm) g < CaCllf (T, m)](8,,)

Proof Let f(r,m) € B By definition, we have

Byp,p)

|[b(m)epr (T, m) *ﬁl/k FEm)lgun < sup (L4 [m])*e®™|b(m)]
’ T€D(0,p),meR

h +o00

| Ty [ enlm = m)QUim ) £ )

h>0 (ql/k) >



h/k

By enclosing terms related to the |[.|[(3,,) norm of ¢;(m) and ||.|[(3,,,) norm of f(7/¢"* m),

we can provide bounds estimates

(25)  [[b(m)epy(T,m) *f.l/k FEmlguy < sup (1+[m|)*e’™b(m)]
’ 7€D(0,p),meR

h
3 = Bl ey TR
X / ( (1+ |m —mq|)*e lep(m —myq)| (ql/k)h(hl)/2>

e—Blm—mi]| ima)|e—Blmil
('f( DN )|(1+m1|)ueﬂml|> ((1+|m—m1|)“Q((1 +1!)¢|n1|)“ )dml'

Using the fact that the map 7 — 7/¢"/* keeps the disc D(0, p) invariant for all h > 0 and due
to the triangular inequality |m| < |m —my|+ |m1|, we get that

(26) [[b(m)pr (1, m) *21/1@ FE ) gap < CallFrm)|| g
where
) = s (bl b Y lenmll s s
7€D(0,p),meR >0 ) l/k)h(h—l)/Q
“+00 .
< / |Q(im )| .
—o0 (1 -+ ’m - ml‘)”(l + |m1\)ﬂ

From the assumption (22) and the estimates (17), we get that

A < 1 Lin n
< Y G
(28) Cy < CC3 h§>:0 (q/F)h(h=1)/2 (T) P

which is finite for any T, p > 0. Finally, gathering (26) and (28) yields the result. O

In Section 4, we will need the following Banach space

Definition 4 Let k,B,u,p > 0, ¢ > 1 and « be real numbers. Let Sg be an open unbounded

sector with bisecting direction d € R centered at 0 in C. We denote BEXp((]k Bocp)

space of complex valued continuous functions (1,m) — h(r,m) on (D(0, p)USy) xR, holomorphic
w.r.t T on D(0,p) U Sy such that

the vector

1A )k 0.,0) = AT, 121,000 + AT, 12) 5,1,
is finite, where ||.|| (k. .u.0) (TesD- ||-|l(8,u,p)) 15 the norm defined in Definition 1 (resp. Definition
3). One can check that BEXp‘(Ik,IB,y,,a,p) endowed with the norm ||.|[(x g ,u.a,p) i @ Banach space.
3 g—Borel, g—Laplace and Fourier transforms

Throughout the whole section we consider a complex Banach space E equipped with the norm
||.||le- Let ¢ > 1 be a real number and k£ > 1 be an integer. We first recall the definition of
formal g—Borel transform of order k as introduced in [15], Section 4, p. 66.



10

Definition 5 Let a(T) = }_,~¢anT" € E[[T] be a formal series with coefficients a,, € E. We
define the formal q— Borel transform of order k of a(T') as the formal series

A Tn

Byi/u(a(T))(7) = Z %W € E[[r]].

n>0

When v € Q is some rational number, the operator o, ;. is acting on E[[T]] as (o, ;a)(T) :=
a(Tq") for any formal series a(7") € E[[T]]. In the next definition, we recall the g—analog of the
convolution of order k of formal series as set forth in [14], Section 1.4.3 p. 1868.

Definition 6 Assume that the Banach space (E,||.||g) has an additional structure of a Banach
algebra for some product x (that may be noncommutative). Let A(t) = Y om0 An™" and B(r) =
Y om0 Bat™ be two formal power series with coefficients in E. We define the q—convolution
operator of order k ofB and A by the formal series

(29) B(r) kgajk A(r) = 3 But™ % (04,7 A)(r) € E[[7]).

m2>0

In the next proposition, we recall also some identities for the ¢—Borel transform of order k
that will be useful in the sequel. The point 1) may be easily deduced from [6], Lemma 1.2. The
point 2) originates from [14], Section 2.4.3 p. 1877.

Proposition 5 1) Let o > 0 be an integer and let j > 0 be a rational number. Then, the
identity

7_0'

(30) By (00306 (0) = o (B p(@()(7))

holds.
2) Let a(T) = 3,50anT™ and b(T) = > ns0bnT™ be two formal series in E[[T]], where E is
equipped with a product x as in Definition 6. Then, the next identity
(31) Baai(b(T) % a(T)) (1) = By i (B(T))(7) %g:1/x Bz i (b(T))(7)
holds.
Proof 1) By definition, we can write
ang’"

5 o _J A o n—+o
(82) Bym(T70q7a(D)(r) = 3 (q/Ry (o) (nto—D)2 "

n>0

in

= W a0 ¢’ 1/k\n(n—1)/2
_;)(ql/k)n(nl)ﬂT (T (ql/k)(nw)(nw,l)/g(q )

Since

an 1/k\n(n—1)/2 __ 1 j—Z\n
(q/F)(nto)nro—1)/2 (q!/*yrtn= D2 = (q/F)rlo—1)/2 (@’%)

we deduce from (32) that

,7_0'

an jig n
(/)12 Z (@/F)rn—1)/2 (7¢’~%)

n>0

(33) Byaw(T707) 7a(T))(r) =

T

= i (Bap@T))
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2) The second identity (31) is a direct consequence of the formula (30) by taking j = 0. 0

We give a definition of a ¢g—Laplace transform of order k that extends the g—Laplace trans-
form of order 1 which was already used by the author and A. Lastra in [8]. This definition can
be seen as a continuous analog of the discrete g—Laplace transform of order k used in [6].

Let us first recall some properties of the Jacobi Theta function of order k defined as the
Laurent series

_n(n—1)
(34) 1/k Z q 2k "

nel

for all x € C*. This analytic function can be factorized as a product known as the Jacobi’s triple
product formula,

—n—1
k

O i(x) = [[(1 - ¢ F)(1+ag H)1+ L)

x
n>0

for all € C*, from which we deduce that its zeros is the set of real numbers {—¢™/* /m € Z}.
We remind that © 1/ () solves the g—difference equation

m m(m+1)

(35) @q1/k(q?:c):q 2k xm@ql/k(x)

for all m € Z, all x € C*. We recall the next lower bounds estimates on a domain bypassing the
set of zeroes of © 1/x(z), from [8], Lemma 4.1, which are essential in the sequel

Lemma 3 Let 6 > 0. There exists a constant Cy, > 0 depending on q,k and independent of o
such that

k log®(|])
2 log(q)

for all x € C* satisfying |1 + $q%| >4, for allm € Z.

(36) ©g1/k(2)] = Cq 0 exp(3 )] /2

The following definition of g—Laplace transform of order k enhances the one (of order 1) intro-
duced in [22], see also [5], p. 384.

Definition 7 Let p > 0 be a real number and Sy be an unbounded sector centered at 0 with
bisecting direction d € R. Let f:D(0,p)USy — E be a holomorphic function, continuous on
D(0, p), such that there exist constants K >0 and o € R with

k log®(|)

(37) I #()le < K exp( 50

+ alog |z|)

for all z € Sy, |x| > p and

(38) f(@)lle < K

for all x € D(0,p). Let v € R with ¢ € Sy. We put /b = 10gk(Q)Hn20(1 — 1/q /R =1 0 e
define the q— Laplace transform of order k of f in direction v as

v _
£qvl/k(f( T gL/ / O 1/ % u

where L., = R, e is a halfline in the direction .
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Lemma 4 The integral transform L), 1/k(f(ac))(T) defines a bounded holomorphic function on

the domain R~ 5 N D(0,r1) for any radius 0 < r; < q(%fa)/k/Q where
vy

Ry ={T € C"/|L+ = >3, for allr>0}.

Notice that the value L 1/k(f(:v))(T) does not depend on vy € R such that ¢V € Sy due to the
Cauchy formula.

Proof From (36), we deduce that

(39) | (L(IT]) + L(/T1))

where

= 0) + alog(r)) gy

p 1 dr +o0 exp(k 10
n(rh = | T onir)- | o
0 exp(g (T/|T|))(L)1/2 r o 12c og (T/IT\))(L)UQ r

EORANA eXP(3 " Tog(y ) (1T

forall T'€ R, sND(0,71). The first integral I;(|7'|) can be rewritten using the change of variable

r' =r/|T| as
P
lal 1 dr’
Il(‘TD = / klogz(””/) , 1/27
0 exp(s Tog(q) )(1)

which exists and is bounded w.r.t |T'| on R since

m L g (Pl
r'—0t exp( logg((;")))rl 2 log(q)

for all 7/ > 1. For the second integral, we notice that

2( r
klog?(r)  klog™(r7) plosr) k )
— — — = og(q) —71 T .
eXp(2 ogl) 2 logla) ) P alngg o8 (1)

Therefore, I5(|T]) is bounded w.r.t |T'| on [0, q —/k /9], O

In the subsequent proposition, we present some commutation formulas between the g—Laplace
transform and g—difference operator together with multiplication by polynomials.

Proposition 6 Let f: D(0,p) U Sy — E be a holomorphic function that fulfills the conditions
(87), (38). Then, the following formula

l.cr

(40) T3 (L ST = L3 ooyt S@)(T)

holds for all T € R+ 5N D(0,71) where 0 < rq <q —)/k /9,
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Proof Using the change of variable v/ = ¢/~ %u in the integral, we can write

o o 1 Ugf(qji%u) du
4) L) (g T) = / m
( ) q;l/k((ql/k)o'(o—l)/QUq’ f(.%'))( ) Tk JL, (ql/k)"'(o’_l)/Qeql/k(%) u

_ 1 / ¢E7f W) dd
Ly (g1/k

g _; ’ /
)U(U—l)/2@q1/k(qkT]u ) v

7Tq1/k

On the other hand, from the functional equation (35), the next identity

(42) 2 (u)” _
(q/*)o D20 (ak (G7)  Ogun(gT)

holds. Gathering (41) and (42) yields that

) W 77070 1 (L] (F(@)(T))

) o

q;l/k(maq;kﬂ@)@ =

LY z° =% ) = e f(Q(L

7Tq1/k LW @ql/k T

a

In the following we recall some well known properties of the Fourier transform already given in
[9].

Proposition 7 Let f € Eg ) with § >0, p> 1. The inverse Fourier transform of f is defined

by
1 +oo

FH)(=) = @2 ) f(m) exp(izm)dm

for all x € R. The function F~1(f) extends to an analytic function on the strip
(43) Hy = {z € C/|Im(2)| < B).

Let ¢(m) =imf(m) € Eg,—1). Then, we have

(44) 0.F 1 (f)(2) = F(9)(2)

for all z € Hg.
Let g € E(g ) and let ¢(m) = Wf*g(m), the convolution product of f and g, for allm € R.
From Proposition 2, we know that ¢ € Eg ). Moreover, we have

(45) FHHRF o)) = FHW)(2)

for all z € Hg.

4 Formal and analytic solutions to some auxiliary convolution
initial value problems with complex parameters

Let £k > 1 and D > 3 be integers. Let ¢ > 1 be a real number. Let dp > 1 be an integer. For
1<I<D-—1,let d;,6 >1and A; > 0 be nonnegative integers. We make the assumption that

(46) 1= (51 s 51 < 51—1—1’
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for all 1 <1 < D — 2. We make also the assumption that

d d
(47) AlZdl, é+125z, ?D+1>5l
forall 1 <1< D—1. Let Q(X), Ri(X) € C[X], 1 <1< D, be polynomials such that
(48) deg(Q) > deg(Rp) > deg(Ri) , Q(im) #0 , Rp(im) # 0

for all m € R, all 1 <1 < D — 1. We consider sequences of functions m — Cj,(m,e€) and
m — F,(m,e) for alln > 0, 1 <[ < D — 1 that belong to the Banach space E,,) for some
B >0 and p > deg(Rp) + 1 and which depend holomorphically on € € D(0, ¢y) for some €y > 0.
We assume that there exist constants C;, Cp, Ty > 0 such that

~ n 1 n
(49) Crn (m, €)][(5,10) C(TO) s Fa(m, )l g < CF(TO)
forall 1 <1< D—1,foralln >0, for all e € D(0,¢p). We define
Ci(T,m,e€) ZClnme , F(T,m,e) ZFme

n>0 n>0

which are convergent series on D(0,7p/2) with values in Eg ). We consider the following initial
value problem

dp
(50) Q(im)Uq,TU(T, m, 6) = TdD O-q,’ff—i_lRD (Zm)U(Tv m, 6)

D-1
1 oo
Ay—dyrpd; 6, .
+§_ S T ((27T)1/2 . CZ(T,m—ml,e)Rl(zml)U(T,ml,e)dm1> +o,7F (T, m,¢)

Proposition 8 There exists a unique formal power series

Tme ZUme
n>0

solution of (50) where the coefficients Uy (m, €) belong to Eg ,,y, for >0 and > deg(Rp) +1
given above and depend holomorphically on € € D(0,€p).

Proof From Proposition 2 and the conditions (48), we deduce that all the coefficients U, (m, €)
are well defined and belong to E(g ), for all € € D(0, ) since they satisfy the next recursion
relation

(51)  Q(im)Un(m, €)g" = Rp(im)Up_q,, (m, )gt P+ n=dp)

D-1
—d (n— 1 Feo )
+ Z A dzq( dp)o; Z W Cl,m (m —myq, E)Rl(’bml)Um (ml, G)dml
=1 oo

nit+ng=n—d;

+ F,(m,e)q"

for all n > maxj<;<p d;. O
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In the next step, we rewrite the equation (50) in multiplying its left and right handside by 7%
in order to get corresponding equations for the formal ¢g—Borel transform of U (T, m,€) w.r.t T,
namely

(52) QUm)T o, U(T.m.e) = T%* g & Ry (im)U(T,m, o

D—
1 oo :
+ Z eDi—dipditk ng <(27r)1/2 Ci(T,m —mq,e)Ry(im1)U(T, mq, e)dml)

+ Tkaq,TF(T, m,e€).

We denote wy (7, m,€) the formal g—Borel transform of order k of U(T,m,e) with respect to
T, or,(1,m,€) the formal ¢g—Borel transform of order k of Cj(T,m,€) with respect to 7" and
(7, m, €) the formal ¢g—Borel transform of order k of F(T,m,¢) with respect to T, written as

n

T T
(T,m,€) ZU (m,€) l/k)n(n 07z Or1(T,m, €) ZC’ane 1/k)n( 0/
n>0 n>0

-
(1,m,¢€) ZF m,€) 1/k)n( B
n>0

Lemma 5 Let Ty > 0 be fized as in (49). We take a real number o € R such that

(53) Ty > g7 ¢+

Let k,B,u be chosen as above. Then, the function (T, m,€) belongs to the Banach space
BExp'(Jk Boj1scp) for any unbounded sector Sy and any disc D(0, p).

Proof Using (49), we get

n

.
(54)  |[vx(m,m, )k 80,00 < j{:\|F%(7”a€)“j7g‘g@;jﬁ7§ﬂ(h64ha)
= (¢'/%)
klog? |7| 1
< S Cp(a) [ sup 7l exp(- — aloglrl) | —ra—rrs
T;J (TGSd 2 lo g( ) (ql/k)n(nfl)/2
Now, we observe that
k log? Tl ko x? (n—a)?
55 sup |7|" exp alog|7r|) =supexp | z(n —a) — = <q 2k
( ) TESd ‘ | ( 2 1 g( ) | |) x€ER ( ) 2 log(q)
by using the change of variable z = log |7| and the fact that the function h(z) = z(n—a)—% log?q)

gets its maximum value %(n —a)?atx = %(n — ). From (54) and (55), we deduce that
1
o2 q2*r
(56) 957y ey < O 3 (L2
wso Togk

which converges provided that Ty > qi/q%. In the second part of the proof, we show that
Yr(7,m, €) also belongs to the space Bg,, ,). Namely, taking again (49) into account yields

(p/To)"
(57) ||wk(7m€‘|ﬂup) ZHFme l/k)n(n 1)/2||(Bup CFZW

n>0 n>0
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that converges for any given p > 0. In consequence, we see that ¢, (7, m, €) belongs to the space
BEXp?kﬁ,u,avp)‘ -

Applying the commutation rules (30) and (31) in Proposition 5 in the framework of the Banach
algebra products «>? introduced in Proposition 2, applied to (52) yields the following equation
for w(T,m,¢€),

k dp+k
. T . T
(58) Q(zm)mwk(r, m,e) = Rp(im) PN wi(T,m, €)
q (ql/ ) 2
D-1 di+k d
A —d T 61—4—1 1 R
+ Z et ( 1/k) @ k(e 9aT * ((27T)1/2 @k,l(ﬂ m, ) *q;ll/k wi (7, m, 5))
1=1 q 2
Tk
+ ka(T’ m, 6)
q 2

We make the further assumption that there exists an unbounded sector

SQvRD = {Z S C/’Z’ 2 TQRp > ‘arg(2> - dQvRD‘ < nQvRD}
with direction dg r, € R, aperture ng g, > 0 for some radius rg g, > 0 such that

(59) % € So,rp

for all m € R. We factorize the polynomial

Q(im) Rp(im) o

(60) Bo(1) = (ql/k)k(k—l)/Q o (ql/k)(dD““)(jD*’“‘” T

in the form

Rp(im _
(61) Pp(1) = _( 1/k:) (diEk)(d)qu) Hld:Do 1(7' —q(m))
q 2
where
QM) g, p s ke | P
©2) atm) = (o (a 2
|Rp(im)]
1 Qim) | qp, pthptk=n—kk=1) 27l
X exp <\/ 1 <dDarg(W( ) p )+ o

for all 0 <1 < dp — 1. We choose an unbounded sector S; centered at 0, a small closed disc

D(0, p) and we prescribe the sector Sg g, in such a way that the following conditions hold.
1) There exists a constant M; > 0 such that
(63) [T —q(m)] = Mi(1+|7])

forall 0 <1 <dp—1,all m e R, al 7€ S;UD@,p). Indeed, from (59) and the explicit
expression (62) of ¢;(m), we first observe that |g;(m)| > 2p for every m € R, all 0 <1 <dp — 1
for an appropriate choice of rg r,, and of p > 0. We also see that for allm € R, all0 <1 < dp—1,
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the roots ¢;(m) remain in a union U of unbounded sectors centered at 0 that do not cover a
full neighborhood of the origin in C* provided that ng gr,, is small enough. Therefore, one can
choose an adequate sector Sy such that SyNU = () with the property that for all 0 <1 <dp —1
the quotients ¢;(m)/7 lay outside some small disc centered at 1 in C for all 7 € Sy, all m € R.
This yields (63) for some small constant M; > 0.

2) There exists a constant M > 0 such that

(64) 7 = qio(m)| = Ma|q, (m)]

for some Iy € {0,...,dp — 1}, all m € R, all 7 € S4U D(0, p). Indeed, for the sector Sy and the
disc D(0, p) chosen as above in 1), we notice that for any fixed 0 < Iy < dp — 1, the quotient
7/qi,(m) stays outside a small disc centered at 1 in C for all 7 € Sy U D(0, p), all m € R. Hence
(64) must hold for some small constant My > 0.

By construction of the roots (62) in the factorization (61) and using the lower bound estimates
(63), (64), we get a constant Cp > 0 such that

_ Rp(im)] |Q(im)| (dp+k) ([dp+k—1)—k(k—1) \ /9D
65) |Pu(r)| > MP~ M | L/k
(65) [Pn(7)| = My 2 (/) (dD‘HC)(;D‘Hcfl) IRp(im)] (/") 2

x (14 |r))®2~" > Cp(rq.ry) /"R (im)|(1 + )P~
for all 7 € S;U D(0,p), all m € R.

In the next proposition, we present sufficient conditions under which the equation (58) has
a unique solution in the Banach space BExp‘(]k Bap) where k, 3, i, a, p and the sector S, are

prescribed as above.

Proposition 9 Under the assumptions (46) and (47) there exist a radius rqQ g, > 0, a constant
@ > 0 and constants (;,(y > 0 such that if

(66) <G, Cr<(y
for all1 < 1 < D — 1, where C; are defined in (49), then the equation (58) has a unique
solution wl(r,m,€) in the space BEXp((Jk‘Bp,ap) which satisfies ng(r,m,e)H(kﬁ’u’a’p) < w, for

all e € D(0, ¢€).

Proof We start the proof with a lemma.

Lemma 6 One can choose a constant rq g, > 0 large enough, a constant w > 0 small enough
and constants (i, Gy > 0 submitted to (66) for 1 <1 < D —1, the map H, defined as

T
(7)(g*/*)
R 1

§—Lt— 1
X Ogr <(27r)1/280k’l(7—7 m,e€) * el /k w(T, m)> + P () (g2 Y (T, m, €)

(dj+k)(dj+k—1)
2

D—1
(67) He(w(r,m)):= ) M
=1 Pm

satisfies the next two properties:
i) The following inclusion

(68) H(B(0,)) C B(0,w)
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holds, where B(0,w) denotes the closed ball of radius w > 0 centered at 0 in BExp‘(Zk Bocp)’ for
all e € D(0,¢€).
ii) The inequality
1
(69) [[He(wi(7,m)) = He(wa (T, m))l (k.00 < 5 llwi(T,m) = w27, m)[(k,,11.000)
holds for all wi(r,m),wa(r,m) € B(0, @), for all ¢ € D(0, ).
Proof We first check i). Let w(r,m) € BEXp((]kBu p)’ We choose @, (;,¢p > 0,1 <1< D-1

such that ||w(7,m)||,8u,a,) < @ and (66) hold for all e € D(0, ).

Bearing in mind the assumptions (46), (47), (48), (49) under the restriction (53) together
with the lower bounds (65), we make use of Proposition 1 and Proposition 3 in order to get the
estimates

d
(70) [l ~
(dj+R)(dj+h—1)
P (1) (q/F) 2
6l_%_ 1 Rl
X Oq,r W%,l(ﬂ m, €) *e1/k w(T,m) H(k,ﬂ,u,a)
A—d; A C1C3
<e' G (@R +h—1) w (T, M)l (k,8,0,0)

(q'/*) 2 Cp(rq,rp)V/ 0 (2m)1/2

moreover, from Lemma 2 and Proposition 4, we also get

d
(71) |t T
(dl+k)(dl+k71)
P (7)(q'/*) 2
é 7ﬂ71 1 R
x Uqu g <(27T)1/290k,l(77m76) *q;ll/k w(T, m)> H(ﬁ,,u,p)
- i
A—d, Py
g EO 1 lCl (dl+k>(dl+k71) ||w(7—’ m)”(ﬁnu‘vp)'

(q'/*) 2 Cp(rq,rp)Y/ 0 (2m)1/2

Gathering (70) and (71) yields the norm estimates

A—d T
(72) flem ™ (dj+k)(dj+k—1)
P (7)(g'/*) 2
51_%_ 1 R
X Oq,r (271’)1/2 Sok,l(Tv m, 6) *q;l/k w(Ta m) ||(k,6,u,a,p)
Ar—d maX(Clcg, pdl 04)
< €ol ' l (dj+k) (dj+k—1) w.

(qV/F) =2 Cp(rq,rpy)"/*(2m)'/?

for all 1 <7 < D — 1. On the other hand, from Lemma 1 and Lemma 2, and bearing in mind
the estimates (56) and (57) we deduce that

1

(73) HPm(T)(ql/k)k(k_l)/g wk (7'7 m, E)H(k,ﬁ,u,a,p)

1 1 a2 q%* (p/To)"
< [ L A
= (@/MEED2Cp(rg ) )/ :;é% |RD(im)|C¢ qzr Z(Toq%) + Z:o (qL/F)n(n=D)/2
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Now, we choose rg r, >0 and @, (;,(y > 0,1 <1< D — 1 in order that

(dj+k)(dj+k—1) w

DZ dlg max(C1Cs, pdl Cy)
I=1 (q'/%) =2 Cplrq.ry)"/»(2m)1/2

1 1 0~ g (p/To)"
+(ql/k)k(k—n/ch(m’RD)1/dD S%R IRp(i )|Cw q2k E(Toq(’z) + RZZ% (g/Fynln=D)72 | = w

Taking into account the above estimates (72) and (73) under the constraint (74), one obtains

(68).

In a second step, we check ii). Let wi,wy € BExp‘(JkBMap). Let @w > 0 such that
fwi (T, m)||(k,8,1,0,p) < @, I = 1,2. From the estimates (72) we see at once that

d

N
(75) ||€Al_dl (dy+k)(dj+k—1)
Bo(r)(g1/F) 2

o —7+—1 1 R
<o 47 (Gamendrim) 8 (o (rm) = warom))

max(C’ng, pdl 04)

) +k)(d Tho1)
S Cp(rg,rp) /0 (2m)1/2

w1 (T, m) — wa (T, m)||(k,8,4,0,
(q!/*) (k,B,1,0,p)

Now we select g g, >0 and (; > 0,1 <1 <D —1, such that

D—-1
A —d max(C’ng, pdl C4) 1
(76) Z 601 lCl dl+k>(‘il+k 1) < 5
(q"/*) Cp(rq,rp)"/r (2m)1/2

Hence due to (75) under the constraint (76), we get that (69).
Finally, we single out constants w,(;,(y > 0 and rg g, > 0 in such a way that both (74)
and (76) hold. This provides our lemma. O

We consider the ball B(0,w) C BExp’(]h B.,00p) determined in the lemma above, which defines
a complete metric space for the norm |[|.||( 8,4, From the lemma 6, we get that H. is a
contractive map from B(0,w) into itself. Due to the classical contractive mapping theorem we
deduce that H. has a unique fixed point denoted w,‘f(T,m, €) for all € € D(0,¢9). Moreover,

wd(7,m, €) depends holomorphically on € on D(0,€p). By construction, w¢ solves the problem
(58). O

In the next proposition, we provide analytic solutions to our main convolution equation (50).

Proposition 10 Under the assumptions (46), (47), (48) and (49) together with (53), provided
that the sector Sy and the disc D(0, p) fulfill the constraints (63), (64) and under the restriction
of constants (66), the equation (50) gets a solution (T, m,€) — U%(T, m,€) that can be expressed
as a q—Laplace transform of order k in direction d,

1 ; d
(77) UUT, m, ) = wiltnm, O du

Tgt/k JLg qu/k(%) (&
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where wg(u,m,e) belongs to the Banach space BExp‘(ZkBuap) for the sector Sq and the disc

D(0, p) specified above. This function U4(T,m,€) is holomorphic w.r.t T on a domain Rgs N
D(0,71) for any radius 0 < 1 < q(%_o‘)/k/2 and some § > 0 where

id
Rmz{TeCWu+%ﬂw>& for all > 0},

continuous w.r.t m on R and holomorphic w.r.t € on D(0, ).

Proof Under the requirements stated above in Proposition 10, we see that all the assumptions
of Proposition 9 are fufilled. As a result, the g—Borel transform of order & of the formal series
U(T,m, €) (constructed in Proposition 8) given by wy (7, m, €) = > o0 Un(m, )7/ (g F)n(n=1/2
is convergent with respect to 7 on D(0, p) as series in the Banach space Eg,). Moreover,
this function wg(7,m,€) can be extended as an analytic function with respect to 7 on the
unbounded sector Sy, denoted w,‘f(T, m,€), that belongs to the Banach space BExp'(J

kB, ,00,p)
and with the bounds ||w{(7,m, Nl (kB ma,p) < @a Where @y is some constant independent of
e € D(0,¢p). From Definition 7, one can built the g—Laplace transform of order k of the function
7 = wl(7,m, €) given by the formula (77) which is well defined on the domain described in the
statement of Proposition 10. Since w,‘f(T, m, €) solves the convolution equation (58), we deduce
from the commutation rules (40) describes in Proposition 6, that U%(T, m, €) actually solves the

equation (52) and then also the initial convolution equation (50) we departed from. O

5 Analytic solutions to a g-analog of an initial value Cauchy
problem with complex parameter

Let K > 1 and D > 3 be integers. Let ¢ > 1 be a real number. Let dp > 1 be an integer. For
1<1<D-—1,let d;,6; > 1 and A; > 0 be nonnegative integers. We make the assumption that

(78) 1= 51 s 51 < (51+1,

for all 1 <[ < D — 2. We make also the assumption that

d d
(79) A >dp #+1>@,;§+1>@
forall 1 <1< D—1. Let Q(X), Ri(X) € C[X], 1 <[ < D, be polynomials such that
(80) deg(Q) > deg(Rp) > deg(R) , Q(im) #0 , Rp(im)# 0

forallm e R, all 1 <1< D — 1. We consider the following initial value Cauchy problem

dp

(81) Q(0:)oqult, z,€) = (et)dDa RD(a Ju(t, z, €)

+Z A1thol (ci(t, 2, ) Ri(0:)ult, 2,€)) + oqu f(t, 2,€)

The coefficients ¢(t, z, €) and the forcing term f(¢, z, €) are constructed as follows. We consider
sequences of functions m — Cj ,(m,€) and m — F,(m,¢) for alln > 0, 1 <1 < D —1 that
belong to the Banach space E(g ) for some 8 > 0 and p > deg(Rp) + 1 and which depend
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holomorphically on € € D(0,¢p). We assume that there exist constants C’l, Cr, Ty > 0 such that
(49) holds for all 1 <1 < D —1,alln >0, all e € D(0,¢p). We also take a real number a € R
such that (53) holds. We introduce the functions

G(T,2,6) =Y F Hm> Cra(m, ) ()T" , F(T,z,6)=»_ F '(m Fy(m,e))(z)T"
n>0 n>0

which define bounded holomorphic functions on D(0,Ty/2) x Hg x D(0, €) for any 0 < 8" < 8,
forall 1 <1< D —1 (where F ~1 denotes the inverse Fourier transform defined in Proposition
7). We define the coefficients ¢;(t, z,€), 1 <1 < D — 1 and the forcing term f(t, z,¢) as

(82) Cl(t,Z,G) = ‘Kl(et,z,e) ) f(t,z,e) = 3?(625,2,6).

By construction, the functions ¢(t, z,€), 1 <1 < D — 1 and f(t, z,¢) are bounded holomorphic
functions on D(0,7) x Hg x D(0, €p) where reg < Tp/2.
We make the additional requirement that there exists an unbounded sector

SQ,RD = {Z € C/|Z’ > TQRp > ‘arg('z) - anRD‘ < nQ,RD}

with direction dg r, € R, aperture ng g, > 0 for some radius rg r, > 0 such that

(83) }% € So.Rrp

for all m € R.

Definition 8 Let ¢ > 2 be an integer. For all 0 < p < ¢ — 1, we consider open sectors &,
centered at 0, with radius ey such that £, NEpy1 # 0, for all 0 < p < ¢ —1 (with the convention
that & = &y). Moreover, we assume that the intersection of any three different elements in
{&to<p<c—1 is empty and that U;;(ljé'p = U\ {0}, where U is some neighborhood of 0 in C. Such
a set of sectors {Ep}o<p<c—1 15 called a good covering in C*.

Definition 9 Let {£,}o<p<c—1 be a good covering in C* and let T be an open bounded sector
centered at 0 with radius r > 0. We make the assumption that

k
(84) 0<e<l, O<rr<l1, a+ﬁlog(r7—)§0 , 607"7—<q /k/2
oglq

and consider a family of open domains Ry, s N D(0, eory) where

i
T r| > 6, for all T > 0}

Ro, s ={T €C*/|1 +

such that 9, € R, 0 < p < ¢ — 1 are directions which satisfy the next constraints. Let g;(m)
be the roots of the polynomials Py, (7) given by (62), Sy,, 0 < p < ¢ — 1, be unbounded sectors
centered at 0 with bisecting direction d,, with small aperture and a disc D(0, p) chosen in such
a way that the next three constraints hold :

1) There exists a constant My > 0 such that

(85) [T —q(m)| = Mi(1+|7])

for allm € R, allTeSngD(O,p), al0<p<sc—1land all0 <l <dp—1.
2) There exists a constant My > 0 with

(86) 7 = qi,(m)| = Ma|qi, (m)|
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for allm € R, allTESapUD(O,p), all0 <p<¢—1 and some ly € {0,...,dp — 1}.
3) For all0 <p<¢—1,allt €T and all € € &, we have that et € Ry, 5N D(0, eor).

The family {(Ro,.5)o<p<c—1, D(0,p), T} is said to be associated to the good covering
{Epto<p<e—1-

In our next main result, we build a family of actual holomorphic solutions to the equation
(81) defined on the sectors &, with respect to the complex parameter e. We can also control the
difference between any two neighboring solutions on the intersections &£, N &€,41 and show that
it is g—exponential flat of order k.

Theorem 1 Assume that the conditions (78), (79), (80) and (83) hold. We take for granted
that the coefficients ¢i(t, z,€) and the forcing term f(t,z,€) are given by the expressions (82).
Let {E}o<p<c—1 be a given good covering in C* for which a family {(Rs,s)o<p<c—1, D(0,p), T}
associated to it can be considered.
Then, there exist a radius rq r, > 0 large enough and constants (;,(y > 0 small enough
such that if 3
<G, Cr<(y

for all1 <1 < D —1, then for every 0 < p < ¢ — 1, one can construct a solution uy(t,z,€) of
(81) which defines a bounded holomorphic function on the domain T x Hg x &, for any given
0 < B’ < B. Moreover, there exist constants K; €R, Kg > 0 such that

1
87 sup  |upri(t, z, €) — up(t, z,€)| < K2 exp —7log2 e))) e K»
(87) 2, Tt ~ gt 2,0 < K expl— 0 tog ()

for alle € E,11NE, for all0 < p < ¢ —1 (where by convention u¢ = ug).

Proof From the statement of Proposition 10 and under the hypotheses of Theorem 1, for each
direction 9, chosen as in Definition 9, one can construct a function U (T, m, €) which solves the
convolution equation

dp
88)  Q(im)a, pU (T, m, ) = T® o & ' Ry (im)U (T, m, e
q, q,T

1 oo
Z A= ledl <( iz ) C((T,m — my, €)Ry(im1) U (T, my, e)dm1> +oq7F (T, m,€)

where
Ci(T,m,¢€) ZC’lnmE , (T,m,e):ZFn(m,e)T"
n>0 n>0
are convergent power series on D(0,7p/2) with values in Eg ), for all e € D(0, o). This function

U® (T, m,€) is holomorphic w.r.t T on a domain Ra,.s N D(0,71) where 0 < r; < q(%_o‘)/k/2
and some 0 > 0 (as described in Proposition 10). Additionally, U% (T, m,€) can be written as a
g—Laplace transform of order k in direction 9,

U (T ) 1 / wzp (u, m,€) du
M, €) = —
7Tq1/k L, @ql/k(%) (%
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where L,, = Ry € Sy, U {0}, where wzp (7,m, €) defines a continuous function on (D(0, p) U
Sb,) x R x D(0, ¢), holomorphic w.r.t (7,¢) on (D(0,p) U S;,) x D(0,€) for any m € R and
satisfies the next estimates: there exists a constant @y, > 0 such that

el K 1og%([7])
% % < 1 to—BIm|
(59) ? (7, m, )] < 20, (L ml) e M exp(G o

for all 7 € Sy,, all m € R, all € € D(0,¢). Moreover, these functions 7 wZ”(T,m,e) are
analytic continuation on the sectors Sy, of a common function

+alog|r|)

TTL

(90) (1,m,€) ZU m,€) 1/k)n(n 7

n>0

which is a convergent power series on D(0, p) with coefficients U, (m, €) in Eg ,) with the prop-
erty that the series U (T, m, €) = > >0 Un(m, €)T™ formally solves the equation (88) as explained
in Proposition 8. Due to the estimates (89) and the assumption (84), one can see that the func-
tion

U (T, z,€) = F H(m v U (T, m,€))(2)

defines a bounded holomorphic function on (Rs,.s N D(0,eor7)) x Hg x D(0, €g), for any 0 <
B < B. For all 0 < p <¢— 1, we define

wk (u,m,€) .. du

—+00
01 t (et - / / Wi (710 ) izt
(91) up(t, z,€) = (et, z,€) = . l/k (2m)1/2 L, W( L) € u m

From the requirement 3) of Definition 9, u,(t, 2, €) defines a bounded holomorphic function on
the domain 7 x Hg x &,. Moreover, using the properties of the Fourier inverse transform out of
Proposition 7 and reminding that U (T, m, €) solves (88), we deduce that u,(t, z, €) solves our
main problem (81) on 7 x Hg x &,.

In the next step we proceed to the proof of the bounds estimates (87). Indeed, let 0 < p <
¢ — 1. From the lower bounds estimates (36), we deduce that the function

wi(u, m,€)
(92) ~ @ql/k(%)u

is bounded and holomorphic on a domain Sy, 5,,; N D(0, p) for some sector Sapyap ,1 centered at
0 containing the union S, US,,,, for any € € £,N&y11,t € T. Hence, the integral of (92) along
the union of a segment starting from 0 to (p/2)e?®+1, an arc of circle with radius p/2 which
connects (p/2)e®»+1 and (p/2)e® and finally a segment starting from (p/2)e®® to 0 is equal to
zero. As a result, we can write the difference u,41 — u, as a sum of three integrals

00 Dp“ (u,m,€) du
93) u t,z,€ t,z,€ tzm 2 g
99) wpial1:20) =t 50 = o | // T

+oo (u,m,€) lzmdud
Tg1/k (27) 71k (2m)1/2 (%) O (s ¢ W
/k P/2’Y l/k
/+oo/ Wk u,m,€) ewmd—udm
7T1/k (2m) 71 (2m)1/2 O,k () u

p/2 YpYp+1
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where Ly, = [p/2,—|—oo)ei7p+1., Lyj2n, = [p/2,+oo)e”? and Cy/3., ~,,, is an arc of circle
with radius p/2 connecting (p/2)e" and (p/2)e"»+1 for a well chosen orientation.

We show estimates for the first integral

/+°°/ p+ (u,m, €) szdud
e —dm
m 1/k 27T 7o (2m)1/2 1/’€(u) u

Lpj2y p+1

I =

From the upper bounds (89) and lower bounds (36) estimates, we get

1 +oo +0o0
94) [ < — @, ., (14 |m])He FIml
(04) L= 7Tq1/k(27r)1/2 /oo /p/2 i (L |ml)

exp(5 g{ 2+ arlog(r))

(|et‘)
og(q)

—mlIm(z) @

X dm

) ()2 '

k1o
Cokd exp(3 Jet]

We can expand

(95)
2 r log (Lt)
<l;? 110g ((q)) Q log(r) l; 1 (| )| ) exXp (21 k(q) (— log2 ’e! — 2log ‘5‘ log |t| 10g2 ‘t‘)>

. k k
X 7% exp <log(q) log(r) log |e !+ p—p )log( )log|t|>

From the assumption that 0 < ¢y < 1 and 0 < r7 < 1, we deduce that

(96) exp(log’ﬁ(q)

forallte T,e€ & NEpt1, 7> p/2 and

——k 1o (r1) k _k__ log(p/2)
log |e| log [t]) < |e| Tos(a % , exp(————log(r)log |e|) < |e|leel@

k —E 1o
(97)  explgp s os(r)lo([)) < |7 *#2 it pj2 < r <1,
q
5 ko g7
exp(m lOg(T) 10g(’t|)) <r 0g(q) if r > 1
for all £ € 7. On the other hand, we can check that there exists a constant Ky ,, > 0 with
_k 2
(98) ili%xlog(‘ﬂ Og(p/ )eXp(— 2log( ) 10g2($)) S Kk,p,q-

Taking into account the constraints (84) and gathering (96), (97) and (98), we deduce from (95)
that there exist two constants K' € R and K2 > 0 with

k log?(r) k log?({Gp) . k 1
(99) exp (2 log(q) + alog(r) — §W <K? eXp(—m log? [e[)[¢e|

forallt € T, all r > p/2, all e € £, N Ept1. Hence, from (94) and (99) we deduce that

K2 /2 oo , teo g X
Wop+1(16027“7) e—(ﬂ—ﬂ)mdm/ ——dr exp(— u log? [e]) e[

Tk (2m)2C0 16 J oo o2 2log(q)

1/2

(100) I <

AR @, (€orT) k
< p+1 _ log?
S m @R C0(3— )2 P 2loglg) 8 1Y

e "
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forallt e T,all z€ Hg, all e € &N Eppr.

In a similar manner, we can provide estimates for the second integral

+o0 (u,m,€) ,...du
—d
7Tl/k 27F 1/2/ / 1/k ) O (2 € U mn

p/27

Iy =

Indeed, again from the g—exponential growth estimates (89) and following the same steps as
above yields

4K 2wy (eory)'/? k 9
101 I < P -1
1oy 2 S @005 — B (o P Slog(g) 8 1V

forallt € T, all z€ Hg, all e € E,NEpp.

Eka

In the final step, we need to give estimates for the last integral

/+OO/ wk u, m, 6) ezzmdﬁdm
T 1/k 27’(‘ (2112 1/k( ) u

Co/2, TP Ip+1

I3 =

By construction of wg(u,m,€e) in (90) and the lower bounds (36) estimates, we deduce the
existence of a constant w > 0 with

+0o | fYp+1 —ke—BlIm|
T Y2 oo | o s exn(E S G o 12
1 ? 48 exp(h oeta) ) (far)

As above, we can expand

k10g2(2|€t|) B
(103) exp <_210g(q) = exp(—

k p log(£2) log(2)
1 2 lo, ( ) g 2 t log(q) 3%
ey I =D

k
X eXp(Qlog(q) (—log? [e| — 21og(|e]) log(|¢[) — log?([t])))
From the assumption 0 < ¢y < 1, we check that
k ——* __log(ry)
104 exp <—log e|) log(|t >§ €| Tos(a) “OEVT
(104) toa(g) (D 108t ) < e

forallt € T, all € € &, N Epr1. Gathering (104) and (98), we deduce from (103) two constants
K!' € R and K% > 0 such that

20 p
105 exp| —————— | < K exp(— log” |e|)|e
(105) p< (= Siogray 2 e

forallt € T, all e € £, N Eps1. From (102) and (105) we deduce that

e[ X!

K2 1/2  p4oo ,
(106) I < @[ Yp+1 1751 (607"7)1 i / e~ (6= g exp(—
7Tq1/k(27[') / Cq7k(5(p/2) /

2w’7p+1 - 'Yp’IA(Z(G()TT) )
- 1
= mn @22 25— ) P 2log(g) % Y

forallt e T, all z € Hﬁ/, all e € Ep ﬂgp+1.

k
log? |e
2log(q) )

1/2 .
EEs

Finally, gathering the estimates (100), (101) and (106), we deduce from the decomposition
(93) the promised estimates (87). O
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6 ¢—Gevrey asymptotics of order 1/k for the analytic solutions
to the initial value Cauchy problem

6.1 Holomorphic functions on sectors with ¢—Gevrey asymptotic expansion

The following characterization is a slight modification of the Definition 5.1 given in [8].

Definition 10 Let V' be a bounded open sector centered at 0 in C. Let (FF,||.||r) be a complex
Banach space. Let ¢ > 1 be a real number and k > 1 be an integer. We say that a holomorphic
function [ : V — F admits a formal series f( ) =2 nso fn€" € Fe ]] as its q— Gevrey asymptotic
expansion of order 1/k if for every open subsector U C V with U C V, there exist constants

A, C > 0 such that
N

1) = 3 fuclle < CAN g’

n=0

| |N+1

foralle e U, all N > 0.

The next lemma is a reshaped version of Proposition 5.3 stated in [8]. This result is a
g—analog of the well known statement that a holomorphic function is exponentially flat of order
k on a sector S if and only if its has 0 as asymptotic expansion of Gevrey order 1 /k on S, see
[7], Theorem XI-3-2.

Lemma 7 A holomorphic function f : V — F admits the null formal series 0 € F[[e]] as its
—Gevrey asymptotic expansion of order 1/k if and only for any open subsector U C V with
U C V there exist two constants K1 € R, Ko > 0 with

(107) 1f(e)llr < K2 exp(— log? [e])[e[*!

k
2log(q)
foralle e U.

Proof Let A,C > 0 be positive constants. We consider the functions

(z+1)z

G(z) = CA™ g =2 |e["*! = Cexp(H(x)),

1
H(z) = (z+1)log(A) + Og;iq) (2% + x) + (z + 1) log ||
We need to compute min,cr G(z). We see that G(x) reaches its minimum where H( ) gets its

minimum An easy computation shows that H(z) gets its minimum at xy = log ) log| | +

(— log(q) log(A) — 3) and we can observe that

where L > 0 is a constant independent of e. One can check that the lemma is a consequence of
(108) using standard computations. O
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6.2 A g—analog of the Ramis-Sibuya theorem

The classical Ramis-Sibuya theorem is a cohomological criterion that ensures the k—summability
of a given formal series (see [2], Section 4.4 Proposition 2 or [7], Lemma XI-2-6). In this
subsection, we present a version of this theorem in the framework of ¢—Gevrey asymptotics of
order 1/k. TIts statement is very much alike Theorem 25 given in [10] by A. Lastra and the
author. For the sake of clarity for the reader, we give a thorough proof of the result although
being very similar to the one given in [10].

Theorem (q-RS) Let (F,||.||r) be a Banach space and {€,}o<p<c—1 be a good covering in C*.
For all 0 < p < ¢ —1, let Gp(e) be a holomorphic function from &, into F and let the cocycle
Ap(e) = Gpyi(e) — Gple) be a holomorphic function from Z, = E,41 N Ey into F (with the
convention that & = & and G. = Gy). We make further assumptions.

1) The functions Gp(€) are bounded as € tends to 0 on &y, for all0 <p < ¢ —1.

2) The function Ap(e) is g—exponentially flat of order k on Z, for all 0 < p < ¢ — 1, meaning
that there exist two constants C; € R and Cg > 0 with

(109) 1Ap(€)l[e < Cple| % exp(— log? |el)

k
2log(q)
forallec Z,, all0 <p <¢—1.

Then, there exists a formal power series G(€) € F[[¢]] which is the common q— Gevrey asymp-
totic expansion of order 1/k of the functions Gp(e) on &, for all0 <p < ¢ —1.

Proof We first start with an essential lemma.

Lemma 8 For all 0 <1 < ¢ — 1, there exist bounded holomorphic functions V; : & — C such
that

(110) Ay(e) = ¥rp1(e) — ¥y(e)

for all e € Z;, where by convention W (e) = Wo(e). Moreover, there exist coefficients ¢, € F,
m > 0, such that for each 0 <1 < ¢ —1 and any closed proper subsector W C &;, centered at 0,
there exist two constants K, M; > 0 with

M
" . (M+1)
(111) [W(6) = 3~ me™|le < Ky(W) M+ 5 [+

m=0

foralle e W, all M > 0.

Proof We will be devoted to the same arguments as in Lemma XI-2-6 from [7] with suitable
modifications in the asymptotic expansions of the functions constructed with the help of the
Cauchy-Heine transform. For all 0 < < ¢ — 1, we choose a segment

C = {te\/jwl,t efo,r]} c&ENEa.

These ¢ segments divide the open punctured disc D(0,7) \ {0} into ¢ open sectors &, ..., E 1
where 3
E={ecC/_; <arg(e) <O, lef<r} , 0<I<¢—1,
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where by convention 6_; = 6._1. Let

Wi(e) =

e

for all e € &, for 0 < [ < ¢ — 1, be defined as a sum of Cauchy-Heine transforms of the functions
Ap(€). By deformation of the paths C;_; and C; without moving their endpoints and letting the
other paths Cj,, h # [ — 1,1 untouched (with the convention that C_; = C._1), one can continue
analytically the function ¥; onto &. Therefore, ¥; defines a holomorphic function on &, for all
0<i<¢—1.

Now, take € € & N &41. In order to compute ¥y yq(e) — Uy(e), we write

-1 Az(f)
-1 A(§)
‘l’l+1(€)_27r\/jl o) §—6d§+27r\/7h%# o, § —e

where the paths C’l and C) are obtained by deforming the same path C; without moving its
endpomts in such a way that:
(a) Ci C &NEqq and C C &N EL,
(b) Ty 41 == —C) + Cl is a simple closed curve with positive orientation whose interior contains
€.

Therefore, due to the residue formula, we can write

1 A 1(§)
27T\/7 g S €

forall e € § N &y, for all 0 <1 < ¢ — 1 (with the convention that ¥, = ¥y).

In a second step, we derive asymptotic properties of ¥;. We fix an 0 <[ < ¢—1 and a proper
closed sector W contained in &. Let ) (resp. C)_ 1) be a path obtained by deforming Cj (resp.
C}—1) without moving the endpoints in order that W is contained in the interior of the simple
closed curve C‘l,l + v — él (which is itself contained in &), where 7; is a circular arc joining the

(113) Uri1(e) — Uyle) =

d& = Aq(e)

two points reV1%-1 and rev=—1%. We get the representation

-1 Az(f)d£+ —1 Ar—1()
2myv/—1 Je, § —¢ 2mv/=1 Je,_, &—¢

(114) Wy(e) = ¢

277Fh —0,h2l,1—17 Cn g_e
for all € € W. One assumes that the path Cj is given as the union of a segment L; = {teﬁwl/t €
[0,71]} where r; < r and w; > 6; and a curve I'; = {z(7)/7 € [0,1]} such that ;(0) = rie¥Y 1%,
(1) = reV=1 and r; < |(r)| < r for all 7 € [0,1). We also assume that there exists a
positive number o < 1 with |¢| < ory for all e € W. By construction of the path I';, we get that
1
2w/ —1

the function € —

sz A,él_(i) d¢ defines an analytic function on the open disc D(0,r7).
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It remains to give estimates for the integral o F i) L 5) 2d§. Let M > 0 be an integer.

From the usual geometric series expansion, one can write

M
(115) L[ 200 e = S e+ By (6)
2nyv/—=1J1, &E—e¢ =
where
1 Ai(§)

116 m d , E = d
00 o= [ B = g [ e
for all e e W.

Gathering (109) and (116), we get that
Cl
ClQ r T exp(— 210g( ) log (7))

(117) lowlle < 55 el ar
We make the change of variable ¢t = (2102 (q))l/ 2log(7) into the right handside of (117) which
yields

1
C2 1 T exp(— gy log?(7))
(118) l/ 0] dr
27 rmtl

W2 (O —m)t — t%)dt

_ Cf(mOTg(q))lﬂ /(zlfg(q))wlog(m)ex ((2log(q)
2m P k

—0o0

The use of the Gaussian identity
a2 +oo 2
e4ﬁ:/ e T T dx
—0oQ

for every a € R (see for instance [1], Chapter 10, p. 498) together with (117) and (118) helps us
to get the estimates

2(2log(q) \1/2
F(=") log(q) 1 12
(119) Hal,mHlF < orl/2 eXp( 2%k (Cl m) )

2 2log(q)y1/2 ()2
— Mq 2% g m(——t—5¢ q %
27r1/2

On the other hand, one can choose a positive number n > 0 (depending on W) such that
|€ — €| > |€|sin(n) for all £ € L; and all e € W. Hence, using the same computations as above,
we get

1
2 1 7O exp(— 51 log? (1))
< l Og( )
(120) [|Buara(@lle < 5ot | R dr
Clz(glo]%(q)f)yz log(q) , 1 2
27172 sin (1) xp(—,— (G =M —1)%)

_ CIQ(QIOTg(q))l/Q (032;1)2 M(*Cllkil*ik) (M;i)M
271/2 sin(n) 1
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for all e e W.
Using comparable arguments, one can give estimates of the form (115), (116), (119) and

(120) for the other integrals
—1 A (§) —1 An(§)

g
2/ —1Je,_, §—¢€ 2nv/—1 Jo, € —¢

dg

forall h # 1,1 — 1.
As a consequence, for any 0 <1 < ¢ — 1, there exist coefficients ¢; ,, € F, m > 0 and two
constants K;, M; > 0 such that

M
NN (M+1)M
(121) W) = Y prme™|le < Ky(My)M g2 |e[MH
m=0

forall M >0, all e € W.
From (109) and (113), we have in particular that there exist two constants C} € R and
C? > 0 with

(122) [@i11(6) = Wile)| e < CFJel exp(— log? [e])

k
2log(q)
foralle € £,1N&, all0 < < ¢—1. From Lemma 7, we deduce that ¥;1(e)—W¥;(e) has the formal
series 0 as ¢—Gevrey asymptotic expansion of order 1/k. From the unicity of the asymptotic
expansions on sectors, we deduce that all the formal series ZmZO rme™, 0 <1 < ¢—1, are

equal to some formal series denoted G/(€) = Y m>0 Pme™ € F[[e]]. The Lemma 8 follows. O

We consider now the bounded holomorphic functions
ai(€) = Gi(e) — Vi(e)
forall 0 <i<¢—1,all € € . By definition, for any i € {0, ...,¢ — 1}, we have that
ai+1(€) — ai(e) = Git1(e) — Gi(e) — Aie) =0

for all € € Z;. Therefore, each a;(e) is the restriction on & of a holomorphic function a(e) on
D(0,7) \ {0}. Since a(e) is moreover bounded on D(0,r) \ {0}, the origin turns out to be a
removable singularity for a(e) which, as a consequence, defines a convergent power series on
D(0,r).
Finally, one can write
Gie) = ale) + 4(e)

for all e € &, all 0 < i < ¢ — 1. Moreover, a(e) is a convergent power series, and ¥;(e) has
the series G(e) = > >0 Pme™ as g—Gevrey asymptotic expansion of order 1/k on &;, for all
0<i<¢—1. O

6.3 ¢—Gevrey asymptotic expansion of order 1/k for the analytic solutions
constructed in Section 5

In this subsection, we describe the second main result of our work, namely the construction of
a formal power series in the complex parameter ¢ whose coefficients are bounded holomorphic
functions on the product of a sector with small radius centered at 0 and a strip in C? which
formally solves our main problem (81) and which provides a common g—Gevrey asymptotic
expansion of order 1/k of the actual solutions u,(t, z, €) of (81) obtained in Theorem 1.

The second main outcome of this work reads as follows.
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Theorem 2 We take for granted that all the assumptions of Theorem 1 hold. Then, we can
construct a formal power series

u(t, z,€) Zh tz—

m>0

solution of (81) with coefficients hn,(t, z) that belong to the Banach space F of bounded holo-
morphic functions on T x Hg endowed with the sup norm and which is the common q— Gevrey
asymptotic expansion of order 1/k of the solutions u,(t, z, €) of (81) viewed as holomorphic func-
tions from &, into F, for all 0 < p < ¢ —1. Namely, for all 0 < p < ¢ — 1, there ewists two
constants A,, Cp > 0 such that

(n+1)n

(123) sup  |up(t, 2, €) Z hm(t, 2) —\ <Gy A”Jrl
tET,ZEHB/

‘ ‘n+1
m=0

forallm >0, all € € &,.

Proof We deal with the family of functions u,(t, z,€), 0 < p < ¢ — 1 constructed in Theorem
1. For all 0 < p < ¢ —1, we define Gp(e) := (t,2) — uy(t,2,€), which is by construction a
holomorphic and bounded function from &, into the Banach space F of bounded holomorphic
functions on 7 x Hg equipped with the sup norm, where 7 is introduced in Definition 9 and
B' > 0 is the width of the strip Hg on which the coefficients ¢;(t, z, €) and forcing term f(¢, 2, €)
are holomorphic bounded with respect to z (see (82)). Bearing in mind the estimates (87), we
see that the cocycle ©,(e) = Gp1(€) —G)p(€) is g—exponentially flat of order k on Z), = £,NEp41,
forany 0 <p<g¢-—1.

Regarding Theorem (g-RS) stated in subsection 6.2, we deduce the existence of a formal
power series G(€) € F[[e]] such that the functions G, (¢) admit G(e) as their g—Gevrey asymptotic
expansion of order 1/k on &, for all 0 < p < ¢ — 1. We put

= Z hm(t, 2)€™/m! =: a(t, z, €).

m>0

In the last part of the proof we show that the formal series (¢, z, €) solves the main equation
(81). Since G(e) is the asymptotic expansion of the functions G,(€) on &,, we get in particular
that

(124) lim sup  |0"up(t, z,€) — hm(t,2)| =0
€=0,e€8p teT, z€Hg

forall 0 < p < ¢—1, all m > 0. Now, we choose some p € {0,...,¢ — 1}. By construction,
the function wuy(t, 2, €) is a solution of (81). We take the derivative of order m > 0 with respect
to € on the left and right handside of the equation (81). Using Leibniz rule, we deduce that
0Mup(t, z, €) solves the following equation

d
9 (€)1905, 5 Rp (0) (972, ) (8, 2, €)

(125)  Q(0:)ogu(OMup)(t, 2 ) = Y

mi1+mo=m

D—
Z Z L"agnl( Al)tdz 51 ((a;nzcl)(t’ 2, €)Ry(0.) (0™ u)(t, 2, €))

mi!lmslm
1 mi+ma+maz=m 1 2:1103:

ml'mQ

+0q.1(00f)(t, 2, €)
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for all m > 0, all (t,z,e) € T x Hg x &,. We let € tend to zero in the last equality (125) and
use (124) in order to get the next recursion relation

m! o

1
(126)  Q(8.)oq.ihm(t,z) = mtd%ﬁ R (0) i, (L, 2)
D—-1 m! 5
Y Y e (@) (2 O RID: g (1.2) + 0 (22 (1 2,0)

=1 m2+m3:mfAl

for all m > maxﬂ}l{dD,Al}, all (t,z) € T x Hg. For the reason that the functions ¢(t, z, €)
and f(t, z,¢€) are analytic with respect to € at 0, we see that

(127) a(t,z,e) = Z wem . flt z,€) = Z Wem

m! m!
m2>0 m>0

for all € € D(0,¢), all z € Hg, 1 <1 < D — 1. On other hand, one can check by direct
inspection from the recursion (126) and the expansions (127) that the formal series u(t, z,€) =
> m>0 I (t, 2)€™ /m! solves the equation (81). O
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