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Abstract The aim of this paper is to recover displacement interpolations
of probability measures, in the sense of the Optimal Transport theory, by
semiclassical measures associated with solutions of Schrodinger’s equations
defined on the flat torus. Under some additional assumptions, we show the
completing viewpoint by proving that a family of displacement interpolations
can always be viewed as such time dependent semiclassical measures.
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1 Introduction

Let T" := (R/27xZ)", V € C°°(T™). Let us consider the Schréodinger equation

RO (1) = — 3 Ain(t, ) + V() (t,). 1)

The Schrodinger dynamics can be given by the one parameter group of unitary
operators Uy (t) := e~ "Ht/h H := —h2A,/2m+V (), acting on L(T"). Thus,
we consider the solution of (1) as ¢(¢,z) := (Un(t)er)(x) for initial data in a
class of WKB - wave functions

pn() = an(z) e+ O/, (2)

the related semiclassical probability measures w; € P(T" x R™) associated
with the path ¥5(t, - )lo<i<1 and study oy := myw; € P(T™). In order to select
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(2) we fix the phase as a Lipschitz continuous weak KAM solution of positive
type for the following Hamilton-Jacobi equation (see [8])

1
5| VaSt(@)* + V(z) = max V(y). 3)
The reason why we select such solutions is the time forward invariance property
of the graph under the Hamiltonian flow of H := |p|?/2m + V(z), namely
¢4 (Graph(V,S4)) C Graph(V,;S4) Vt > 0, as shown by Thm 4.9.3 in [8].
The amplitudes in (2) are selected by ap € H'(T™;R) where |jax|/zz = 1,
|hVag||L: — 0 as b — 0, a®(x)dr — oy weakly as measures on T", and such
that supp(cg) C dom(VS;), ¢ € Pac(T™), i.e. Borel probability measures
which are absolutely continuous with respect to Lebesgue. As we will see,
the assumption of the absolute continuity of oy with respect to the Lebesgue
measure L™ turns out to be useful in order to make a full relationship between
a class of optimal transport problems of measures on T"™ and the semiclassical
measures arising from our Schrédinger equation (1).

The first result of our paper show that the above family of projected semi-
classical measures (0¢)o<¢<1 is a displacement interpolation between the Borel
probability measures og, 01 € P(T") in the sense of Optimal Transport theory
(see Thm 7.21 in [14]). More precisely, here we deal with the minimum curves
for the Action functional

e ([ [ B0 + Vit ciraeo) (4)

where the infimum is over all the random curves v : [0, 1] x 2 — T" such that
Law(y(t,-)) = o;. In particular, we are interested to deal with the family of the
above displacement interpolations coming from solutions o € C([0,1]; P(T"))
of the continuity equation in the measure sense

Oror(x) + div, (%st_i_(x)crt(x)) =0 (5)

for arbitrary fixed og € P (T).

Before to state precisely the main results of the paper, we underline that they
are mainly based on some meaningful arguments of semiclassical Analysis and
Optimal Transport theory. The first one is that the continuous paths of semi-
classical measures w; associated to the solution of the Schrodinger equation
solve the Liouville equation in the measure sense,

Orwi(z,p) +p- Vaw(z,p) — Vo V() Vyw(z,p) =0 (6)

as firstly shown in [13] within the euclidean setting (and many others under
various assumptions, see [3] and the references therein) and recently in [16]
within the toroidal setting. The second main ingredient is that all the semi-
classical measures of ¢ as in (2) take the form

wo(x,p) = 8(p — VoS4 (x))oo(x). (7)
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This property becomes meaningful in view of the time forward invariance prop-
erty of Graph(V,;Sy) under the Hamiltonian flow, as proved in [8]. Further-
more, we take into account the equations linked to displacement interpolations
of measures, as described in [14], exhibiting in our paper the simple form (5).
Finally, we take into account the results on the existence of the transport
maps Ty : Pae(T™) — P(T™) which solve the Monge problem (see [9] [10] [11]
and the references therein) for the cost function ¢%(x,y) := inf fo (v,¥)dr,
L :=m|¢|?/2 -V (x), v are at least C* and fulfill (0) = z, y(t ) =y, and they
provide displacement interpolations by

Ot = (Tt)ﬁa'o. (

In fact, it turns out that any of such transport map read Ty = mogk, (x, V. f(z))
for some Lipschitz functlons f +T" — R which is convex with respect to
the cost function c®!(x,y) namely for some f : T" — R it holds f(z) =
sup,crn (f(y) — ™ (2,)). In our paper, f = S; as we will easily see in the
Remark 1. In the paper [4], the convex condition for S, is shown from a more
general viewpoint involving Monge-Kantorovich duality.

We are now ready to provide the first result of the paper

\_/

Theorem 1 Let @5 be as in (2) and wo € P(T™ x R™) be an associated semi-
classical measure. Let ¢%; : T" x R" — T" x R™ be the Hamiltonian flow of

H = [p|?/2m + V(z). Then, the w; = (¢4y)swo is a semiclassical measure
associated with ¥y (t,-) and takes the form ¥V 0 <t <1
wi(z,p) = d(p = VaSy(2))ou(z) (9)

and the path (o1)o<i<1 € P(T™) equals for L' - a.e. 0 < t < 1 a continuous
displacement interpolation between oo and oy in the sense of (4) and (5). By
defining W'(z) := 7o ¢ty (x, V. Sy (2)) it holds op = (¥)4(00) VO <t <1, i.e.

[ s@io) = [ 9@ @)ion(a) vgec=a). (o)

In the paper [16], time propagated semiclassical measures taking the form
wi(x,p) = 0(p — P — VS (P,x))o(P,x) are studied when P € ¢Z" with
¢ >0, ' € (N, S are weak KAM solutions of positive or negative type
for the Hamilton-Jacobi equation

1 _
—m|P+VIS¢(P,x)|2 = H(P) (11)
where H(P) = sup, inf,cc= 5| P+ V,v(z)|? + V(z) is the so-called effective
Hamiltonian (see for example [7]). In particular, any such o; are absolutely

continuous with respect to the projected (on T") my(up) where pp are flow
invariant and Action-minimizing measures for

Ap = [ R - V@) = P ¢ du(e.), (12)
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This setting ensures the possibility to deal with continuity equation (5) for
positive or negative times, and in particular to study the propagated densities
g+ € L' (T") satisfying o4(P,x) = g+ (¢, P, x)ms(pup).

We underline that the time propagation under the Hamiltonian flow of mea-
sures with a graph structure as in (7) with different low regularity momentum
profiles, have been also recently studied in [5] as an application to the semi-
classical limit of quantum propagation of WKB type wave functions.

In the next, we provide the second result of the paper by a complementary
viewpoint with respect to Theorem 1.

Theorem 2 Let og € Puc(T") and assume the uniqueness for solutions o €
C([0,1]; P(T™)) of (5). Define the lift wy := 6(p — V3Sy)or € P(T™ x R™).
Then, there exists @p in the form (2) such that wg is the unique linked semi-
classical measure. Moreover, any wy 1s a semiclassical measure associated with

Yn(t, ) = (Un(t)pn) ().

Notice that here we have assumed the uniqueness for the solution o of the
continuity equation (5) in C([0,1]; P(T™)) where P(T™) is equipped with the
Lévy-Prokhorov distance of probability measures which metrizes the weak
convergence. In view of Theorem 3.1 shown in [2], such an assumption is
equivalent to the pointwise uniqueness for the solutions of § = %V15+ ().
In the Lemma 1, we provide a solution v = 7 o ¢%;(z, V.54 (x)). However,
St ¢ T" — R is Lipschitz continuous and z — V.S, (z) is continuous on
its domain, and this low regularity does not guarantees this property. On the
other hand, one can assume the additional regularity V.5, € Wli)’coo(']l‘"; R™)
and apply the Remark 2.1 in [2] to ensure such a uniqueness, and thus recover
the setting for Theorem 2.

Before to conclude, we underline a remarkable open problem about the link
between Optimal transport theory and semiclassical Analysis. More precisely,
to prove the existence and related properties for a bigger set of initial data
wave functions ¢y taking a more general form than our (2) and recovering,
in the semiclassical limit, an arbitrary continuous displacement interpolation
as prescribed in (4) and without the assumption of absolute continuity of the
initial measure with respect to Lebesgue.

The content of the paper is the following: in Section 2 we introduce some
preliminaries on Toroidal Pseudodifferential Operators, Weyl quantization and
the well posed setting for semiclassical measures on T™ x R™. Within the
Section 3 we provide a resume on some central results of the weak KAM
theory for Hamilton-Jacobi equations. In the Section 4 we recall some basics
on the Optimal transport of probability measures and in particular about the
equations of displacement interpolation. The final Section is devoted to prove
the main results of the paper.
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2 Semiclassical measures

Let us consider the flat torus T™ := (R/27Z)". The class of symbols b €
S’gfé('ﬂ‘” x R™), m e R, 0<J, p<1, consist of those functions in C(T"™ x
R™;R) which are 27-periodic in z (that is, in each variable z;, 1 < j < n) and
for which for all o, 8 € Z7 there exists Cqg > 0 such that V (z,7) € T x R"

10505b(x,m)| < Capm ()™ P11 (13)

where () := (1 + ||?)!/2. In particular, the set S (T" x R") is denoted by
S™(T™ x R™). The toroidal Pseudodifferential Operator reads

b(X, D)) = (2m) " 3 / e (@, k) (y)dy, P € C=(T";0),
KEZL™ "

(14)
see [17]. In particular, notice that it is given a map b(X,D) : C°(T") —
D'(T™). We recall that v € D'(T™) are the linear maps u : C*°(T") — C such
that 3 C'> 0 and k € N, for which |u(¢)| < C 3, < 1058l Vo € C(T").

Given a symbol b € S™(T™ x R™), the (toroidal) Weyl quantization reads

OBEO)(w) 1= (2m) ™ 3 [ ey, /22y —a)dy, v € C(T").
KEZ™ "
(15)
In particular, it holds

Opy, (0)¢ () = (0(X, D) o T, 4)(x) (16)

where T, : C°(T™) — C*°(T™) defined as (Tv)(y) := ¥ (2y — x) is linear,
invertible and L2-norm preserving, and ¢ is a suitable toroidal simbol related
to b, ie. o~ > <o %A%Déa)b(y,hnﬂ)b see Th. 4.2 in [17] or also Th.
2.1 in [15].

We say that a positive Radon measure with finite mass w € M™(T" x R") is a
semiclassical measure associated with v, € L?(T™), |[¢n|lz2 < 1 if there exists
h; — 0" as j — +oo such that

=z’

tim_(un,, Oy (@00, )12 = [ (o du(z8) (17)

Jj—+oo Tn xR™

for any test function ¢ € C°(T™ x R™) satisfying the phase space Fourier
representation (see [12])

0.6 = r) " [ 3 Bla.pe @O aay (15)

' qEL™

for some compactly supported ¢A>: Z" x R™ — R, see Section 2.1.3 in [16].
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3 A quick overview of weak KAM theory

The weak KAM theory deals with a class of Lipschitz continuous solutions of
the Hamilton-Jacobi equation

H(z, Vyo(z)) = c[0] (19)

in the general assumption of Tonelli Hamiltonians H € C°°(T" xR™; R), that is
to say, for functions H such that n — H(x,n) is strictly convex and uniformly
superlinear in the fibers of the canonical projection 7 : T™ x R™ — T”. The
value ¢[0] is called the critical value for which there exist solutions, and it can
be expressed by the inf-sup formula

0 = f H(z, V. 20
c[0] L S (z, Vau(z)) (20)

see for example [7]. If H = |p|?/2m + V(x) then

cl0] = max V(y). (21)

The Lax-Oleinik semigroup of positive and negative type is defined as

TFu(x) := inf{u('y(O))i/O L(v(s),5(s)) ds}, u € COHT™;R),

v
where the infimum is taken over all continuous pleceW1se C! curves ’y [0,1] —
T™ such that v(t) = z. In particular, by defining A%*( fo 7),%(7))dr
he(y, ) := inf A%(y) (22)
v

with 4(0) = y and ~(¢) = z, one can prove (see for example Prop. 4.1 in [9])
that h; is continuous. Furthermore, it follows that

Ty u(@) = min {u(y) + h(y, @)}, T"u(z) = max{u(y) - h(z,y)} -

yeT™

A function S_ € C%Y(T";R) is said to be a weak KAM solution of negative
type for (19) if V¢ >0
T, S_ =5S_—tc[0], (23)

whereas it is said to be a weak KAM solution of positve type if V¢ > 0
T,"Sy =Sy +tc0], (24)
see Def. 4.7.6 in [8]. For any weak KAM solution it holds
Graph(V, 55) C {(,7) € T" x R” | H(z,n) = c[0]}. (25)

Furthermore, the graphs are invariant under the backward (resp. forward)
Hamiltonian flow, namely
¢4 (Graph(V,S_)) C Graph(V,S_) Vt<0 (26)
¢4 (Graph(V,S4)) C Graph(V,Sy) V>0 (27)
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see Theorems 4.9.2 and 4.9.3 in [8]. Moreover, it is proved that the maps
x — (2,V;Sy) are continuous on dom(V,S1) := {z € T" | 3 V,S5+(x)}.
As showed within Th. 7.6.2 of [8], all the Lipschitz continuous weak KAM
solutions of negative type coincide with the so-called viscosity solutions in the
sense of [6].

4 The equations of displacement interpolation

Let X,Y be sets and ¢ : X x Y — (—o0,+00]. A function ¢ : X —
R U {400} is said to be c-convex if it is not identically +oco and there exists
¢:Y — RU {400} such that ¢(z) = sup,cy (C(y) — c(z,y)) Vo € X. Let
L € C*(T™ x R™) be a Tonelli Lagrangian, and A%!(y) := fol L(~(7),~(7))dr
the related Lagrangian Action. Define the cost function

Y (x,y) = inf A% (v) (28)
¥

over all continuous piecewise C! curves v : [0,1] — T™ such that v(0) = z and
(1) = y. The related optimal transport cost reads

C%Y(u,v) := inf / Az, y) dn(z,y). (29)
m€ (p,v) JTn xTn

Let 0g,01 € P(T™) be such that C%1(0g,01) < +00. Let {04} o<i<1 € P(T")

be a displacement interpolation of o¢ and o; with respect to the Lagrangian

Action A%1(v). More precisely, the path {o;}o<i<1 is linked to a minimizing

curve for

inf /Q /0 L{y(r,w), dy(7,w))dr dP(w) (30)

where the infimum is over all the random curves v : [0,1] x 2 — T™ such
that Law(y(r,-)) = o, for 0 < 7 < 1; see Theorem 7.21 in [14]. Then, the
following equations of displacement interpolation are fulfilled

a. Oior(x) + divy (E(t, z)oe(z)) =0

b. V,L(z,&(t, x)) = Vyu(t, x)

c. Owu(t,z) + H(x,Vyu(t,z)) =0 u(0,-) is ¢ - convex,

where the cost fuction is ¢ = ¢%!(z, y) as briefly outlined in chapter 13 of [14].

In this setting, the vector field in the continuity equation can be equivalently
written as £(t,z) = V,H(z, Vyu(t, z)).

Remark 1 In our paper H = |p|?/2m+V (x) and hence (¢, ) = Vu(t, z)/m.
Furthermore, our initial data is u(0,-) = S4, namely a weak KAM solution of
positive type for the stationary Hamilton-Jacobi equation. Whence, V¢ > 0

Tt+S+ - tC[O] = S+ (31)
namely

max (S (9) — (e, )} ~ tel0] = S (2) (32)



8 Lorenzo Zanelli

which reads in the ¢ - convex condition

max {54 (y) — tcl0] — hu(2,y)} = 54 (2). (33)
For t = 1 the cost function is in fact hy(z,y) = ! (z,y). Now, easily see that
the function Sy (x) — t¢[0] is a solution of the equation c (equivalently S
solves the stationary H-J) and that the related continuity equation

Brov () + div, (%vxsm, x)ot(m)> =0

is solved by oy = (¥*)4(00) with ¥'(z) := 7o ¢%;(z,V,S1(2)), as shown in
Lemma 2. We now recall the equivalence between optimal transport problems
(1) - (iii) in Theorem 7.21 of [14], namely the link between optimal transference
plans and displacement interpolations with respect to the Lagrangian Action.
Moreover, in view Theorem 12 - Proposition 1 of [4] about Kantorovich op-
timal pairs (in our paper (S4,S5_)) we can apply Theorem 4.2 of [9] in the
assumption oy € Pqu.(T™). Thus, the path of measures o, = (¥*)4(0p) is a
displacement interpolation in the sense of (4).

5 Main results

Proof of Theorem 1 Thanks to the setting of ¢y, any semiclassical measure
wp € MT(T™ x R") associated with ¢, given by (2) takes the form

wo(z,p) = 6(p — VuSy(x))oo(x) (34)
where gg € P,.(T™), see Remark 2. Hence, wg € P(T" x R™).
Let H := 5—|p|> + V(z) and ¢}; : T" x R" — T" x R" the Hamiltonian flow.
Applying Lemma 1, the push forward w; := (¢ )swo € P(T™ x R™) reads for
t>0

we(w,p) = 0(p — VaSy(x))oe(x) (35)

where o, € P(T™). Thanks to Lemma 2, this is a distributional solution for
1
B00() + div, (EVIS"'(:U)@(Q:)) ) (36)

which is fulfilled also by a continuous representative in the sense of Lemma
8.2.1 shown in [1].

Any semiclassical limit w for the Wigner transform of ¢ (¢, z) := (Ux(t)en)(x)
in L>([0,1]; A") solves the Liouville equation in the distributional sense

/ / 0uf (5, 2.p) + {H, f} (s, 2. p)dwa(z.p)ds =0 (37)
0 JTnxRn

Vi € C((0,1) x T" x R™;R) and moreover it holds the additional reg-
ularity C([0,1]; P(T™ x R™)), as shown by Theorem 4.1 - Remark 4.2 in
[16]. To conclude, the Liouville equation (37) is linked to a smooth vector
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field (p, —V,V(z)) and hence it holds the uniqueness for the solutions in
C([0,1]; P(T™ x R™)) which gives w; = (¢’ )swo. This implies, the equality
wy = wy for all £ > 0. By recalling Remark 1 we conclude that my(w;) = oy for
a.e. 0 <t <1 equals a path of continuous displacement interpolations in the
sense of (4) and (5). O

Remark 2 To prove that any semiclassical measure wy € M™T(T™ x R™), in the
sense of (17), associated with ¢, as in (2) takes the form

wo(z,p) = 6(p — VaSy(x))oo(z) (38)

we apply the same arguments shown in Theorem 4.9 of [16]. In fact, the proof
is based on the application of the following properties which recover the ones
assumed in the present paper:

i. ap € HY(T™R) where ||ax||zz = 1, |AVap| 2 — 0 as h — 0, a®(z)dz — o9
weakly as measures on T",
ii. supp(og) C dom(VS,),
iii. S4 : T" — R is Lipschitz continuous,
iv.  — V,;S54(z) is continuous on dom(V.Sy).

The main difference here is that we are dealing with a less general class of
Hamilton-Jacobi equations (i.e. when P = 0) and furthermore we are not
assuming the absolute continuity ¢ < my(pp) where pp is some invariant
and Action minimizing measure. In our paper we additionally assume that
0o < L™ but this is not necessary for the proof of the semiclassical convergence
to the monokinetic measures wy.

Lemma 1 Let Sy : T" — R a Lipschitz continuous weak KAM solution of
positive type for the H-J equation 5|V Sy (z)|? + V(z) = maxyer» V(y) and
for some o9 € P(T™) assume supp(op) C dom(V,;Sy). Define wo(z,p) =
§(p—VaSy(x))oo(x). Let H := 7—|p|> + V(2) and denote by ¢y : T" x R™ —
T™ x R™ the Hamiltonian flow. Then, the push forward w; := (¢4 )swo €
P(T™ x R™) reads fort >0

wi(z,p) = 6(p — VoS4 (2))oe(2) (39)
with oy € P(T™) as in (46).

Proof For any test function f € C°(T™ x R™;R) it holds

/ F(.p) duor(z,p) — / Fodly(a,p) duo(e,p)  (40)
T xR™

Tn xR™

and, by the assumption on wy,

/ F,p) dwy(e,p) = [ fodl(x,VaSy(x)) doofa).  (41)
Tn xR™ Tn
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Indeed, we recall that the map x — (z, V,S,) is continuous when restricted
on the set dom(V,Sy) :={x € T" | 3 V.S, ()} which is a Borel set. Thus,

v fody(x, VaSy(x)) (42)

is a continuous map on dom(V,.S; ) and hence also on supp(og). Whence, the
integral (41) is well posed. Furthermore, remind that

¢ (Graph(V,Sy)) € Graph(V,S,) (43)

for any ¢ > 0. Thus, for ¥!(z) := 7o ¢’ (z, V,S4(x)) and t > 0
O (2, Vo Si(2)) = (F'(2), VoS (¥ (2))) (44)
In particular, any map ¥' : dom(V,S;) = ¥ (dom(V,S;)) C dom(V,S4) is
continuous and one to one. In addition, notice that t — W? ((21 is absolutely

continuous for any = € dom(V,S,). To conclude, thanks to (44) the integral
(41) can be rewritten as

. F#' (@), Vo Sy (W (2))) doo(2). (45)
By defining
op = (Uh)00 (46)
we recover for (40) the form
f(2,VaSi(2)) doy(x). (47)

Tn
O

Lemma 2 Let o, := (¥")4(00) be as in (46). Then,
1
/ / V.5 (2)] doy () < +oo (48)
o Jrn
R)

and Vf € C((0,1) x T™;

/01 /n <8tf(t,$) + V. f(t,x)- %Vms+($))d0t($)dt —o. (49)

Morever, there exists a narrowly continuous curve ¢t € [0,1] — 7, € P(T")
such that oy = &y for L' - a.e. t € (0,1).

Proof About the first condition, we recall the setting of o; and the assumption
supp(op) C dom(V,S4),

/01 [ 195 @) donio) = /01 [ v.s @ @)ldonta). (60
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In particular, recalling (25) and (27), it follows directly
sup |V.ST (W (2))] < sup V.St (y)| < +oo. (51)

z€supp(oo) yedom(V,S4)

Furthermore, the integral in (49) reads

/0 / (th(t,!Pt(x))+sz(t7!l7t(a:))-%VISJ“(W(x)))dJO(m)dt (52)

and recalling the setting of ¥;(z)

/01 /n (atf(u U (x)) + Vo f(t, ' (2)) %gpt (gg))doo(w)dt. (53)

This expression reads equivalently

//nfftu'/t )) doo(x)dt = // —ftwt Ndtdoo(z)  (54)

- F(t, 9" (x))] doo (). (55)

To conclude, we notice that any test functions f € C°((0,1) x T™;R) the
(vanishing) smooth extention fatt=0andt=1fulfills f(t =0,0"=%z)) =
f(t =1,¥=1(x)) = 0. By applying Lemma 8.1.2 of [1] it follows the existence
of a narrowly continuous curve ¢ € [0,1] — ; € P(T") such that o; = 7; for
L' -ae te(0,1). O

Remark 3 Working with narrowly continuous curves ¢ € [0,1] — o4 € P(T™)
means that & € C([0,1]; P(T™)) and P(T™) is equipped with the Lévy-Prokhorov
distance of measures which metrizes the weak convergence.

Proof of Theorem 2 Fix o¢ € P,.(T"). In view of Proposition 4.6 in [15] and
Theorem 4.9 in [16] there exists @y as in (2) such that wy = §(p — V54 )0y is
the unique related semiclassical measure.
We suppose that the continuity equation

/01 /n (&f(t,:zr) + V. f(t,z)- %VxSJr(x)dgt(x)dt) -0 (56)

with f € C°((0,1) x T™;R) has a unique solution in C([0, 1] P(T™)). Hence,
this solution must coincide with a continuous representative o; of oy := (¥*)4(00)
as in (46).

Define the cotangent bundle lift @; := §(p — V.S4)o¢. In particular, since
the map = — V,S4(z) is continuous on its domain, the lift &, fulfills @ €
C([0,1]; P(T™ x R™)). Recalling Lemma 1, any @; equals wy := (¢} )pwo.
Solutions w; of the Liouville equation with the class of test functions f €
C((0,1) x T™ x R™; R) are unique in C([0, 1]; P(T™ x R™)). Recalling Theo-
rem 4.1 and Remark 4.2 in [16], it follows that the solution w; coincides with
the continuous path of semiclassical measures linked to the solution of the
Schrédinger equation with our class of initial data ¢p. O
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