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Abstract. We consider the boundary-value problem for the Helmholtz
equation connected with an infinite wedge with an impedance boundary on
its face. The scheme of solution includes applying the Kontorovich-Lebedev
(KL) transform, derivation of an integral equation satisfied by the KL spec-
tral amplitude and obtaining near and far field representations together with
the conditions of validity of these representations.
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1 Introduction

One of the important problems of acoustic field theory concerns the evalua-
tion of source excited acoustic fields in the presence of an impedance wedge.
This class of boundary conditions is usually considered to approximate im-
perfectly reflecting surfaces. In fact, near field evaluation as well as the
scattering and diffraction of waves by an impedance wedge are very difficult
problems to solve in closed form analytically. To this day, there is no ex-
plicit closed-form solution for these problems. The problem was first solved
by Malyuzhinets [1] in the form of a Sommerfeld integral with a new special
function, namely the Malyuzhinets function. The formulation presented here
is an attempt to adapt the technique of the KL-transform to the problem thus
allowing for alternative representations for the near and far fields.

In section 2 the problem is formulated. Section 3 derives the integral
equation satisfied by the KL spectral function. In section 4 the field rep-
resentations are given. Conclusions are given in section 5. Appendix A
presents a scheme to numerically solve the integral equation. In Appendix B
the singularities of the KL spectral function are identified and quantified.
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2 Formulation

We consider the problem of scattering of harmonic acoustic waves by an
infinite impedance wedge imbedded in an infinite medium. In what follows
(r, ¢, z) denotes the usual cylindrical coordinates such that on the surface of
the wedge one has ¢ = £ with 0 < g <m. C={0 <71 <00, = < ¢ < 3,
—00 < z < oo} defines the region external to the wedge. A time factor
exp{—iwt} is assumed and omitted throughout. k, p and A are respectively
the wave number, density and incompressibility of the medium in C. Since
the problem under consideration is one of scattering and diffraction the wave
number k is real (complex) for the lossless (lossy) case. However, for a while
we shall assume that k£ are such that

qﬁzargk:g. (1)

The condition in Eq. (1) has been shown by Osipov [4] to guarantee
the convergence of the subsequent KL integral representations, which in turn
is required for the possibility to use the boundary conditions conveniently,
leading to the derivation of an integral equation on the KL spectrum. Once
an integral equation is derived and a numerical scheme is proposed to solve
it, we examine the restrictions under which k could be extended to real or
complex values (to tackle the original scattering and diffraction problem)
while maintaining the validity of the numerical scheme.

The acoustic field is describable by the pressure p and velocity V obeying
the Euler field equations [5]

_Twp + V.V =—s, (2a)
Vp —iwpV = —f. (2Db)

The excitation terms s and f represent the scalar particle source and
the impressed vector force densities, respectively; V is the spatial gradient
operator.



With p and A assumed constant and from Egs. (2a) and (2b), the acoustic
pressure in C, p(r, ¢), satisfies the inhomogeneous Helmholtz equation

(V2 + /{32)])(7“, ¢) _ _5(’/‘ — TO)Tf(QS — ¢0), (3)

with the impedance boundary condition on its face

ZsVe(r,£8) = p(r, ). (4)

k=% c= \/%is the acoustic speed. V? stands for the Laplacian.Vy(r, ¢)
is the component of the velocity field, V(r, ¢), normal to the wedge surface
with

—1

0 10
V(0) = oy + o

g (5)

The fields are required to decay exponentially to zero as r — oo. This
replaces the Sommerfeld radiation condition for the Im k = 0 case.

Following the condition of Meixner [6], we assume that the energy stored
in any finite neighborhood of the edge of the wedge must be finite, that is,

1
L@WF+§wﬁﬁﬁ0 (6)

as the surface S contracts to the neighborhood of the edge. Owing to this
condition the field behavior near the edge of the wedge is

p=00"), V| = 0(*"),r = 0,v>0. (7)

By using the symmetry of the problem structure with respect to the planes
¢ = 0, %7, we split the problem into two independent sub-problems. The
boundary conditions on the symmetry planes correspond to either a hard
wall (normal velocity is zero on the wall) or a soft wall (acoustic pressure is
zero on the wall). Without loss of generality, we confine our attention to the
case of a soft wall only and the angular domain 0 < ¢ < 7.



sy =5 [ v P oy, o)

where J,(z) and ngl)(z) are the standard Bessel and Hankel functions
respectively and v is purely imaginary.
Since [5]
HY(2) = e™HWV(2) (10a)
the definition in Eq. (10a) implies that

P(—v,¢) = e™P(v, ). (10b)

There are two additional ways of writing the inverse transform of Eq. (9):
a) Making use of

J(2) = 5[HP() + B ()], (11a)
H(2) = e ™ HP(2), (11b)

we obtain
p(r, o) = E/Z: VHﬁl)(k:T)P(u, ¢)dv. (12)

b) Substituting with Egs. (10) in Eq. (12), we obtain

p(r, o) = %Z /OZOO ve™ sintvHWM (kr)P(v, ¢)dv. (13)

The velocity field is derived from Eq. (5). Relevant to the problem under
consideration is the velocity component normal to the wedge surface, namely

Vs(r, 0)
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Applying the KL-transform to Eq. (3) , we get the ordinary differential
equation

2

[d%z P8 = —HO(kro)S(6— d,), 0<$< 8, (16)

From Egs. (5) and (13), the impedance boundary condition now reads

Zs 1

oo /0 ve'™ sin WVHIEI)(/{?T)%P(V, B)dv = z'/o ve'™ sin v HM (kr)P (v, 5)dv,

(17)
where d%P(V,ﬁ) stands for %P(V, ®)|¢p=p, which notation will be used
throughout.
We represent the field in C' as the sum over an unperturbed field p(®, V(©
plus a scattered field p), V(U due to the presence of the wedge. Hence

p(r,¢) = pO(r,¢) + pM(r, ¢) (18)
leading to

P(v,¢) = PO(v,¢) + PY(v,9). (19)

2.1 The unperturbed field

PO(v, ¢) satisfies the source conditions of Eq. (16), namely
a) PO(v, ¢) is continuous across ¢ = ¢,

PO, ¢y —0) = PO(v, ¢, + 0), (20a)
b) d%P ©)(v, ¢) is discontinuous across ¢ = ¢,
d d
d_¢p(0)(y’ ?)lggo — d—(bP(O)(V; )loy—0 = —H (kro). (20D)

From the two conditions in Eas. (20) and the soft boundarv requirement,



V¢(0) (r, ¢) is thus given by

~11
2wpy T

V¢(0) (r,p) = / ve'™ sin tv HO (kr)— PO (v, ¢)dv, (22a)
0

de

where, for ¢ > ¢,

d o B _H,El)(k'ro) cos(v[m — ¢]) sin(ve,)

d¢P V(v 0) = sin(vm) (22b)
and for ¢ < ¢,

d o) B H,El)(klfro) sin(v[r — ¢g]) cos(vo)

il Vv, ¢) = S . (22¢)

2.2 The scattered field

Since P(v, ¢) must satisfy the soft boundary condition at ¢ = 0, we represent
the scattered field by

PY (v, ¢) = A(v)sin(vo). (23)

A(v) is a KL spectrum to be determined from the impedance boundary
condition. Eq. (10b) enforces

A(—v) = =™ A(v), (24)

Additionally, the convergence of the KL integrals [4] at ¢ = [ implies
that, when Im v — +o0, the spectral function must vanish as

A(v) = Olexp(=f Im v)],

From the above we obtain

4 fzoo



leading to

Z [ ve'™ sin v HWM (kr v)+ vA(v)cos(vp)|dv =
wp?“/o HE (k) [y () + v A() cos(v5))d
i /0 ve'™ sinmvH® (kr)[Fy(v) + A(v) sin(vf)]dv, (26a)
where
D (or,
Fi(v)= —% sin(v¢,) cos(vm — f]), (26b)
) (krg
F(v) = % sin(v[r — []) sin(vg,). (26¢)

3 The integral equation derivation
The integral equation on A(v) is derived by multiplying Eq. (26a) by H, ,Sl) (kr)

and integrating with respect to r from 0 to co. Making use of [8, formula
6.576 (4)],

2—2—)\(_Z'k>—iu+>\—1(_iNky'u

/ r 2K, (—ikr) Ky, (—iNkr)dr = G1(\, p, v)Ga(\, i, v),
0

N
where
1—A+ip+iwv, 1 —-A—ip+iw  1—A+ip—iv, 1 —\—iu—iv
Gi(\ ) = T(—— = A I L A By L A
1_ . 1\ .
GOy = plm A tiv 1= A—iptiv. oy ey




1
cosh(z — y) cosh(z + y) = E(cosh 2z + cosh 2y),

we obtain
0 1) —2i i/ 1
H.V(kr)H, (kr)dr = ——e s . (27a)
0 k COS TV + COSTT[L
From [10] we get
o d 2 :
/0 H/Sl)(kr)Hﬁl)(kr)% = W@"(“’L”)”/z [0(Im v—TIm p)+6(Im v+Im p)].
(27b)

For the particular case which is considered here ( Imp > 0, Imv > 0),
the 6(Imv + Imo) in Eq. (27b) will be removed.
We obtain the integral equation on A(u)

Z 100
s(p) + - K(v,p)sinvBA(v)dv = pcos uA(u), Imp > 0,Re p = 0,
s Jo
(28)
where
s(p) = s1(p) + s2(p), (29a)
s1(p) = —Fi(w), (29b)
Z 100
52(:“) = ? K(V> M)FQ(V)dV7 (29C)
s Jo
Additionally,
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In order to adapt the integral equation for the numerical scheme of Ap-
pendix A, we re-write Eq. (28) as

100

A ~ ~
S(p) +—sinpuf [ K(v,p)A(v)dv = pcos uSA(u), Imp > 0, Re pp = 0,
0

Zs
(31a)
where
A(n) = Fo(p) + sin pBA(p), (31b)
§(p) = HD (kro) sin . (31c)

In Appendix A an approximate solution for the integral equation in Eq.
(31a) using a collocation method is given. The scheme is inspired by the one
used by Antipov [11]. In Appendix B the spectrum of A(u) is analytically
continued from the imaginary axis into the right half of the complex p-plane.

4 Field representations

With the results of Appendices A and B, we proceed to derive near and far
field representations.

4.1 The near field

As was shown in Appendix B, A(x) is a meromorphic function whose only
singularities in the complex p-plane are poles. The conditions under which
some of these poles are of second order have also been established. The
second order poles that may be present indicate that the acoustic pressure
(velocity) field near the edge of the wedge may contain the logarithm of the
distance in addition to its power, namely r*logr (r* !logr).

For r < 1y, making use of the KL representation in Eq. (9) we obtain



pV(r,0) = p(r,0) + pi (r, 6) + pS (1, 8), (33)

where

pgl)( Q) = —mi Z Vprdy,, (kr)Res[A(vp)] sin(vy @), (34)
Vpl
where the residues Res[A3(vy)] are given in Eq. (B.9¢) in Appendix B.

Eq. (34) is valid for first order poles only. The series summand is dominated
by

oy (k) HS) (o), vy — 0. (35)
From [5]
1 2v _,
JV(Z)N \/%(5) y V o0, (36&)
(1) 1 2v v
HO(2) ~ —a—= (2", v — os, (36D)

\ 2Ty ez

Eq. (35), characterizing the dominant behavior of the series summand,
reduces to

_ (__\Vpl
I/pl(TO) e oo (37)

Modifications are required for second order poles if they exist.

Since it is possible for the poles v, to accumulate at infinity, forming a
dense set on the real line, in addition to the possibility of higher order poles,
either of these possibilities could avoid the convergence of the residue sum.
The truncated residue sum should, therefore, be understood as giving some
asymptotic approximation to the field in terms of first identified poles.

( ] Z Vpdy, (kr)Res[A;(vp)] sin(v,0). (38)



and the series converges exponentially.

pgl)(r, ¢) = —mi Z sJs(kr)Res[A;(s)] sin(s¢). (40)
s=1
The residues are given in Eq. (B.9b) and the dominant behavior of the
series summand is
L

S(T_O)Sas_)ooa (41)

and the series converges exponentially.
Finally we add the contribution from p®(r, ¢) in order to get the total
near field

o0

pO(r,¢) = =i Y (=1)"H (kro) Jy(kr)sin(s[r — ¢.])sin(sé_).  (42)

s=1

The series summand behaves as given in Eq. (41) and the series converges
exponentially.

The above field representation is valid for all observation angles in C
and, due to the exponential convergence, only few poles are needed to get an
accurate representation for the near field.

Meanwhile, if the main interest is to compute the singular behavior of the
field near the edge of the wedge (iff 5 > 7/2), then one could use

T
203’

whose velocity field, as per Eq. (5) gives the singular field near the edge
of the wedge.

pl®) (r,¢) = —mivyJ,, (kr)Res[A(vy,)] sin(vp[m — @]), v, = (43)

4.2 The far field

- o - roea . L P D



cumbersome for the impedance wedge problem. We propose an alternative
to calculate the far field. That is, to invoke the reciprocity principle.

The field expressions are similar to those given above with (r,¢) and
(ro, @) interchanged. The convergence properties of the series representa-
tions is as discussed before in Sec. 4.1.

Remark. The above residue sums cannot be used to derive far field results
for plane wave illumination, since the convergence is an asymptotic result for
source near the edge of the wedge.

4.3 The plane wave illumination case

The far field due to a normally (with respect to z) incident plan wave is
recovered by:

a) Replacing Hﬁl)(kro) by exp(—inv/2),

b) Substituting in Eq. (9) with [§]

efim//Q

Jy(l{?'f’) — o / eikr Cosa+iauda, (44)
Y

where 7 is the Sommerfeld integration path going from —7+ico to 37“ +100
in the complex a plane.
We obtain the far field representation

’ — ikr cos o d, 45
p(r.6) / f(e)da (45)
where

fla) = fO>a) + (@) + fi7(a) + £7(), (46)
with

FO(a) = S 30 et (o )sin(slr — 0.]), (47)
s=1



fél)(a) = _7@ Z e3¢~ m/25Res[ A(s)] sin(s). (47d)
s=1
The series in Egs. (47a), (47c) and (47.d) converge exponentially and the
truncated residue sum in Eq. (47b) understood as giving some asymptotic
approximation in terms of first identified poles.

5 Conclusion

The integral equation satisfied by the KL spectral function, A(r), has been
given in Eq. (26). A collocation scheme for the numerical evaluation of the
KL spectral function in Eq. (31) was constructed in Appendix A. In Ap-
pendix B, analytic continuation was utilized to establish the meromorphic
nature of A(v) and to identify its pole singularities. Representations for the
near and far fields, in terms of the singularities of A(v), were given in Sec.
4. Situations under which these representations turns into an asymptotic
approximation were discussed. The approach of this paper is applicable for
2- and 3-D problems of thermal conductivity, electromagnetics and elastody-
namics in a wedge and a cone configuration with boundary conditions, both
of the continuity and impedance types, on the radial direction.

Appendix A. Numerical scheme to solve the integral equation
in Eq. (31)

The scheme used here is inspired by the one used by Antipov [11].

Let {vm-1}, m =1,2,..., M+1, be a set of points defined on the imaginary
axis of the complex v-plane such that

V-1 =10(m—1)%0>0,€e>0. (A.la)
Let also

Wy = (Vim—1 +Vm)/2, m=1,2,.... M. (A.1Db)



M

~ Zsinp, vm ~ sin (7v)
— 5 I K A d
A(:un) S (un)+ZSMn cos ,Unﬁ — ), 1(7/7 :un) (V) CoS (7_”/) + cos (7T,Un) v,
(A.2a)
withn =1,2,..., M and
Ki(v, 1) = vei-mnr2 (A.2)
8(#n)
* —— A2
) = (A20)
Eq. (A.2a) is further approximated as
Zsinp, 3 M
A’Zi =" — K Ama A Inma = 1a2a"'7Ma
(lun) S (lun) + Zs,u/n coS Mnﬁ mz_l 1(7/ lun) (:um) n
(A.3a)
where
Um = (Wm-1+Vm)/2, (A.3Db)
vm sin (7v)
Ly = dv. (A.3c)
vy €08 (mv) 4 cos (mp,)
The integral in Eq. (A.3c) is given by
-1 -
L = —L i cos (mvy,) + cos (mp,) ) (A.3)
T oS (MVy_1) + cos (mu,)

Thus we re-write the linear system as

A =5s"+C*A, (A.4a)

w N o ~Ew



() ~ eME o] 12, s o,

we infer that

(1) = (e O+ 3, [92) 1 — oo, (A.50)

Therefore, s*(u,,) decays exponentially as n — oo (p,, — i00) when

n

g+%<5+¢ (A.5b)

Additionally, for m fixed and n — oo, writing [,,,,, as

-1 cos (mvp,) cos (MVpm_1)

Lim = 7[ln(1 + W) — [In(1 + cos (1) ), (A.6a)
followed by the series representation
In(l+2)=x— %2 +0(z?),r < 1, (A.6b)
we obtain
Ly = O(e7111™) ' — 00, m is fixed. (A.6c)

Hence, we estimate the behavior of C, as n — oo (u, — i00), m is

fixed, as

O = 0”13 /|1, ]),n — 00, m s fixed, (A7)

and C7, decays exponentially as n — oo, m is fixed.
Additionally, for n fixed and m — oo,

—1
Ly~ g S V) (A.8a)
T cos (MVp_1)

leads, on account of Eq. (A.la), to



where we have made use of the fact that 7, and v,, are practically equal
for m — oo.

Thus C},, decays exponentially as m — oo, n is fixed.

Assuming that the inequality in Eq. (A.5b) is satisfied and that an inverse
exists for the matrix {0,,, —C? } (n,m = 1,2,..., M), then the approximate
solution A converges to the exact one A* and the rate of convergence is
exponential (see [11]).

The inequality in Eq. (A.5b) could be changed by a slight modification
to the numerical scheme through a normalization process. This is outlined
as follows:

a) Normalize A(p) in Eq. (31a) as

A(p) = A(p)e G007, (A.10)
leading to modifying Eq. (31a) to
. X A o . sin (7v
Alp) = $0+C0) [ Rl A) s I > 0. Rep =0,
(A.11a)
where
5(p) = 3(p)e 3t o=, (A.11b)
) = 2SI (s e,-5)
C(p) = Zs,ucosuﬁe , (A.11c)
Ky(v,p) = Ki(v, p)e 3070, (A.11d)

b) Use the numerical scheme to find A(p).
Assuming that the involved matrix has an inverse and that the inequalities

6 > 90, (A12a)



Hence the two inequality in Eq. (A.5b) is changed to Egs. (A.12a)-
(A.12b).

Appendix B. Poles and Residues of A(y) in Eq. (26)
Let us cast Eq. (26) as

1 ize—i/mr/Z 100 '
A(:u) = /LCOS/Lﬁ{_Fl(M)_‘_TZS i K(Va M)[FZ(V)+A(V) s Vﬁdi/]}, Re:u =0, Im:u € (—OO, 00)7
(B.1)
where
—ivm/2
K(]/’ :U’) = ve (B2)

COS UTT + COS T

Eq. (B.1) defines A(x) on the imaginary axis of the complex p-plane and
is also valid for the strip Sy : {Rep € (—1,1),Imp € (—00,00)} and reveals
that the singularities of A(u) in Sy are:

(A) Iff 8 > 3: a pole located at p,,

thy = 25 (B.3a)

(C) A pole located at

= 1. (B.3b)

To continue A(u) into the strip Sy : {Rep € (1,3),Impu € (—o0,00)},
we collect two residue contributions from the poles of K (v, ) located at
@ = tv+ 1. Poles of K(v,u) at 4 = v — 1 are located in the left-hand
side of the complex p-plane and, therefore, are not captured by the process
of analytic continuation to Re ;1 > 0.

Utilizing Eq. (24), A(p) in the Sy strip is given by

i efi,mr/Q 100
Ap) = —— (= B+ 2 (FP K A=)+ [ K () [0+ AW) sinwld)),




K+ (u) = 4fusin e /2, (B.4c)
Thus for p € S1, A(p) has the singularities:
(A) Poles at p, for which

cos p,3 =0, 1 < p, < 3. (B.5a)
(B) Poles satisfying

cos(pyy —1)B=0,1< p, < 3. (B.5b)
(C) Two poles located at

w=2,3. (B.5¢)

We generalize to the ¢ strip S, : {Rep € (2¢ — 1,2¢ + 1),Impu €
(—00,00)}, ¢ =2,3, ...,

iZe—inm/2 =1 : ioo
A) = o =)+ 25— (O P+ K ) AGu=2041)+ | K p) [Pl +AW) sinvsin)}.

(B.6a)

—4 sin iy sin fi(m — ﬁ)Hél)(k‘To)emﬂﬂ

£, i=pu—2j+1, (B.6b

2 (1) - ,ih=p—2j+1, (B.6b)

K+ (u) = 4fusin e /2, (B.6c)

We infer from Eq. (B.6a) that for € S,, ¢ > 1, A(u) has the singulari-
ties:

(A) Poles at p, for which



(C) Two poles at

w=2q—1,pu=2q. (B.7c)

Throughout we will adopt the terminology:
(i) p, for poles of type (A),

cos 3 =0,p=1,2,3, ..., 00. (B.8a)
(ii) p, for poles of type (B),

Ppr = pp +20 = 1,1 =1,2,..,00;p =1,2,3, .., 00, (B.8b)

with p, satisfying Eq. (B.8a).
(iii) p, for poles of type (C),

=38, =12 .. 00. (B.8c)

Remarks.

1. The number of poles of types (A) and (B) in each strip depends on
the value of § as per Egs. (B.7a)-(B.7b).

2. Second order poles will exist when [ is a rational multiple of 7= under
either of the following conditions:

i) B = = with n even integer, n > 4. All the y, poles will coalesce with
some of the u, poles rendering second order poles.

ii) 8 = 2w, m odd and n even. Some of the y, poles will coalesce with
some of the i, poles rendering second order poles.

iii) 8 = 7, n odd. Some of the y,, poles will coalesce with some of the i,
poles rendering second order poles.

Residues Computation
a) Poles of the type p, in the S, strip
The residue is given by

) 2 J=q
L —1 B i Zem /2 1T

—la , N A



—1)% sin 7 p, i Ze—tnsm/2 I=4 )
(WM)CTM{—H(MS) t > B (u)}. (B9

=1

Res[A(,)] =

c) Poles of the type
The residues of these poles are computed once the j, residues are com-
puted and are given by

1 iZe /2
peospuf 27

ReS[A(:upl))] = { KJFJ(M)}MPLA(MIJ)? l= 1,2,3,...,00.

(B.9¢c)

The residues of second order poles, if they exist, are not detailed here but

are straightforward and require the utilization of the second order residue
formula instead of the first order formula used in this analysis.
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