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ABSTRACT. Let S C R3 be a C*-smooth relatively compact orientable surface with a sufficiently
regular boundary. For 8 € Ry, let E;(8) denote the jth negative eigenvalue of the operator
associated with the quadratic form

H(R?) 9uH///R3 |Vu\2dx75//s |u|?da,

where o is the two-dimensional Hausdorff measure on S. We show that for each fixed j one has
the asymptotic expansion
2
E;(B) = - +,u§-:) +o(1) as B — +oo,

where ,uJD is the jth eigenvalue of the operator —Ag 4+ K — M2 on L2(S), in which K and M are
the Gauss and mean curvatures, respectively, and —Ag is the Laplace-Beltrami operator with
the Dirichlet condition at the boundary of S. If, in addition, the boundary of S is C2?-smooth,
then the remainder estimate can be improved to O(87! log B).

1. INTRODUCTION

Schrodinger operators with singular interaction are often used to produce solvable models of
various sorts and to study relations between spectral properties and the geometry of the interaction
support. While the case where the latter is a discrete point set was an object of interest for more
than three decades [1], relatively less attention has been paid to contact interactions supported by
hypersurfaces in Euclidean spaces. The first general and mathematically rigorous analysis of such
Schrodinger operators with interaction support of codimension one was presented in [6]. However,
it was only in 2001, when a wave of interest to these operators started, its initial point being the
paper [11], motivated by the fact that they can model semiconductor graph-like structures which,
in contrast to the usual quantum graph theory [4], make it possible to take quantum tunneling
into account. At the same time interesting mathematical questions appeared. For a summary of
the work done in the following few years we refer the reader to the review paper [9] and the recent
papers [2,3,20,21].

A question of a particular interest concerned strong coupling situations, i.e. the asymptotic
behavior of eigenvalues when the coupling constant § of an attractive singular interaction be-
comes large. A technique was devised in [15,16] which allowed to treat this problem for smooth
curves I' in R? without endpoints by a combination of bracketing technique and a use of locally
orthogonal coordinates in the vicinity of the support. In this way an asymptotic expansion was ob-
tained in which a universal divergent first term was followed by an eigenvalue of a one-dimensional
Schrédinger operator with the potential —y?/4 where v was the curvature of I'. An analogous
result was later derived for a closed smooth surface S in R?; in that case the comparison operator
was two-dimensional and the curvature induced potential was K — M? where K and M were the
Gauss and mean curvatures of S, respectively. We note in passing that similar asymptotic formulae
can be derived also for more singular interactions such as those supported by curves in R3, i.e.
manifolds of codimension two, see [13], or §’-interactions supported by planar curves [12].
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The method of [15] did not work, however, for manifolds with a boundary, or more exactly, it
did work but it provided estimates too rough to characterize individual eigenvalues. The reason
was that the used upper and lower bounds in this case yielded comparison operators with the
same symbol but different boundary conditions, Dirichlet and Neumann. The conjecture was
that the asymptotic formula still holds with the Dirichlet comparison operator. This claim was
indeed found valid: in [14] it was proved for non-closed smooth finite curves I' in R? by using
bracketing in an extended neighborhood of I' in combination with a convolution-type expression
of the eigenfunction. The aim of the present paper is to solve the analogous problem for finite
smooth surfaces in R? with a boundary.

Let us describe the main results more rigorously. Let S C R? be a C*-smooth relatively compact
orientable surface with a compact Lipschitz boundary 9S. In addition, we suppose that S can be
extended through the boundary, i.e. that there exists a larger C*-smooth surface So such that
S C S,, where S means the closure of S. We consider the quadratic form

h(u,u):///Rs \Vu\zdxfﬂ//s |ul?do, D(h) = H"(R?),

where o is the two-dimensional Hausdorff measure on S. One can easily check (see [6]) that this
form is closed in L?(R3) and semibounded from below, and hence it defines a unique self-adjoint
operator H in L?(R?), semibounded from below. In a suitable weak sense, the operator H can
be interpreted as the Laplacian with the boundary condition [0,u] = fu on S, where [9,u] is the
jump of the normal derivative on S, see e.g. [6] or [21]. Using the standard machineries one shows
that the essential spectrum oess(H) of H is [0,00) and that there is a finite number of negative
eigenvalues F1 () < Ex(8) < ..., cf. [6].

The embedding S C R? gives rise to a metric tensor (g,) on S and to the contravariant tensor
(9?*) := (gap) ", and for the Hausdorff measure o we have do(s) = \/gds with g := det(gas). We
will deal with the operator LSD := —Ag+ K — M? on S with the Dirichlet boundary condition at
the boundary of S, with K and M being respectively the Gauss and mean curvature on S. More
precisely, the operator L is defined as the unique self-adjoint operator acting in L?(S) := L?(S, o)
generated by the quadratic form

H{(S) 3 u e (05u, 7% 0ku) 12(s) + (u, (K — M*)u)r2s) (1.1)

where the Einstein convention for the indices is used. Due to the relative compactness of S in Sy,
both K and M are bounded on S, and the operator Lg is semibounded from below and has a
compact resolvent. We denote by ﬂ? , 7 € N, its eigenvalues enumerated in the usual way.

The results of the paper can be summarized as follows:

Theorem 1.1. Let S be as above (i.e. relatively compact with a Lipschitz boundary and extendable
through the boundary), then for each fized j € N one has

E;(B) = =B%/A+ pu} + o(1) as B — +oc. (1.2)
If, in addition, S has a C?-boundary, then the remainder estimate can be replaced by O(5~*1log 3).

The two remainder estimates are obtained by different methods. The proof of (1.2) relies on
the monotone convergence of non-densely defined quadratic forms [23], which is a new tool in
comparison to the previous papers on d-interactions. The proof is contained in Sections 2-3. We
note that the form convergence we use appears to be similar to that appearing in analysis of
the strong coupling limit of operators —A + Ayq, where xq is the indicator function of a set (2,
see [22]. Tt is known that the regularity of € in this problem plays an important role in calculating
the convergence rate of such operators [5,7]. While the asymptotics (1.2) gives the expected result,
we have only a weak estimate of the error term. In order to obtain the same remainder estimate
O(B~tlog B) as for closed surfaces, we are adapting to the present situation the technique used
in [14], which is done in the second part of the paper, from Section 4.1 on, and which appears to
be rather technically involved compared to the two-dimensional case.



2. FIRST STEPS

2.1. Analysis on thin neighborhoods. We remark that due to the properties of S we can pick
an “intermediate” surface S; which is relatively compact, C*, with a Lipschitz boundary, and such
that S C S; C S; C Sa. Furthermore, let So 3 s +— v(s) be a smooth unit normal on S,.

It is a well-known fact of the differential geometry that for a sufficiently small a > 0, the map

Sy x (—a,a) 3 (s,t) — F(s,t) = s+ tv(s) € R3 (2.1)

is a diffeomorphism between S; x (—a, a) and its image and can be continued to the boundary. We
introduce the following sets (we omit the dependence on a):

Uy = F(S1 x (—a,a)), U:=F(Sx(—a,a)).

and consider the following two quadratic forms,

Ry (u,u) == // . |vu|2dx—5//s lu? do D(hY) = HY(Uy), (2.2)
hP (u,u) := //U|Vu|2dx—ﬁ//s lu|? dor D(hP) = HL(U), (2.3)

and denote by HY and HP the associated self-adjoint operators acting respectively in L?(U;) and
L2(U). In the sense of forms we have then the inequalities HY @ (—AY) < H < HP @ (-AP),
where —AY is the Neumann Laplacian in L?(R? \ U;) and —AP is the Dirichlet Laplacian in
L*(R3\ U). As both —AY and —AP are non-negative, to assess the negative spectrum it is
sufficient to compare the negative eigenvalues of H with those of HY and H” which have both
compact resolvents.

Through the text, for a semibounded from below self-adjoint operator A we denote by A,;(A)
its jth eigenvalue (provided it exists). Then the above consideration gives the inequalites

A;(HY) < Ej(B) = Aj(H) < Aj(HP),

valid (at least) for the indices j for which the right-hand side is negative. Using the above diffeo-
morphism F' we introduce unitary tranformations ¢ and ¢; as follows:

é1: L2(Uy) = L*(S1 % (—a,a),dodt), (¢1f)(s,t):= \/(1 + k1(s)t) (1 + ka(s)t) f(F(s,1))

with k1 and ko being the principal curvatures, and ¢ is defined analogously with U; and S7 replaced
by U and S. A standard computation, see e.g. [8,10], shows that, in the sense of forms, one can
estimate BY < ¢1HN¢;* and ¢HP ¢~ < BP, where B and BP are the self-adjoint operators,
acting respectively in L?(X;) := L?(31,do dt) and L3(X) := L*(%, do dt), where

=51 x(—a,a), ¥:=8x(-a,a),

associated respectively with the forms b)Y and b7,
by (1, 0) = (1 = Ca) (D10, 7% sy + (o, (K = MYuhpas,y ) + 104l
2 2
_ // lu(s, 0)|*do — C’aHuHQLz(El) - C’// (|u(s, —a)| + ’u(s,a)} )da,
S S1
D(bY) = H' (1),
bD(u,u) = (1 + Ca)(<8ju79jk8ku>L2(E) + (u, (K — M2)U>L2(E)) + ||atu||2L2(E)

3 / /S Ju(s,0)do + Callu|2as,
DOP) = HL(S),

where C' > 0 is independent of a and 8. We remark again that BY and B” have compact
resolvents, and we arrive at the inequalities

The sought asymptotic expansions will arise from estimating the both bounds of (2.4) which we
will do in the subsequent sections.



2.2. Separation of variables and upper bound. The upper bound of E;(3) in terms of uf is
relatively easy, and the right-hand side of (2.4) was in fact already estimated in [10]. We repeat
the construction here for the sake of completeness:

Lemma 2.1. Assume that S has a compact Lipschitz boundary, then for any fired j € N there
holds
og 3

B

In order to prove Lemma 2.1 we remark that one can represent BP := fé? ®1+1®TP, where
LY = (1 + Ca)LEY + Ca and TP is the self-adjoint operator in L%(—a,a) associated with the
quadratic form

Ej(ﬁ)g—iﬁ%r +O( ) as B — +oo.

Hi(—a,a) v+ ’ |v’(t)}2dt - ,6’|U(O)|2.

By [15, Proposition 2.4], for Ba > 8/3 the operator T has a unique negative eigenvalue, and

Z py o B, 552 -pas
4§A1(T)§ 4+2ﬂe .

At the same time we have Aj(zg) = (14 Ca)p + Ca, and p¥ do not depend on a. Therefore, if
a is small and both 8 and Ba are large, one has

62 —Ba
A;(BP) < - +28%e7 P2 4 P+ Ca(1+ 1) (2.5)
for all j with (1 + C’a)p;»j + Ca < —A{(TP). Therefore, if j is fixed, 3 is large and
a:=¢B M og B, € >6, (2.6)
we have . log
(BPY < _Z 32 D og .
Mj(BY) < = 5+ + O(Z5), (2.7)

and Lemma 2.1 is obtained by the substitution into (2.4).

Remark 2.2. For a later use, we remark that a similar approach can be applied to other related
operators. Namely, for sufficiently small a > 0 (supposed to be less than one in order to avoid a
notation conflict), consider the surface

Se ={z €5y : distg, (2,9) < a},
where distg, is the distance measured along the geodesics of S, and denote
= F(S x (—a, )) (2.8)
Denote by HP the self-adjoint operator acting in L%(Z,) generated by the quadratic form

(. 0) /// Vul2ds — 8 // [u2do,  D(1P) = HL(Za),

then using the same computations one obtains, with a chosen as (2.6),

A (HD) == 6 + P (@) + 0 (257), (29)

where 1P (a) is the jth Dirichlet eigenvalue of —Ag + K — M? on S,.

3. EIGENVALUE ASYMPTOTICS WITH A WEAK REMAINDER ESTIMATE

In the present section we are going to prove the first part of Theorem 1.1:

Proposition 3.1. Assume that S has a compact Lipschitz boundary, then for any fixred j € N
there holds E;(8) = —f3%/4 + P + o(1) as  — +o0.

We recall that in this claim we have no control over the remainder. On the other hand, we
impose here quite weak assumptions concerning the regularity of the boundary of S, and our
approach is quite robust; we expect that it can be adapted to similar problems like the strongly
attractive §’-interactions with minimal effort. In view of Lemma 2.1 we just need to establish a
suitable lower bound for E;(8), which is done in the rest of the section.



5

3.1. A one-dimensional operator. Let us keep the choice made in (2.6) for a and denote by
TN the self-adjoint operator in L?(—a, a) associated with the quadratic form

“ 2 2 2
) = [ 0= gl - C(jo-af + @), D) = ' (-aa).
—a
As shown in [15, Proposition 2.5], for § — 400 we have

ATV = %5%0(3), As(TN) > 0. (3.1)

B

Let ¢; denote normalized eigenfunctions corresponding to the eigenvalues A; (TN) and let P; be
the orthogonal projectors on Cyp; in L?(—a,a); we recall that all the eigenvalues of TV are simple.
In virtue of the spectral theorem for self-adjoint operators we have the inequality

N (v,0) > A (TY)]| Prof|? 4+ Ao (TY)|(1 = Pr)o||®
= A(TY)[[v]]* + (Ao(TY) = A (TM)|(1 = Pr)ol?, v e DY),
which can be rewritten as
| w5100~ (jo-a) + o)) = () [ jof?ae

Z(AQ(TN)—Al(TN))/ \(1—P1)v|2dt, veE H (~a,a). (3.2)

—a
3.2. Minoration of the quadratic form. We denote
Q:=5\5, Z:=Qx(-a,a)=%;\XZ.
By regrouping the terms in the expression for b)Y we obtain

by (u,u) = Ay (TV) [Jul| 72 s,
=(1-Ca)(0;u , 7 F o) Y25, + (u, (K — M*)u u)2(s;)

+ ||8tu||2L2 ﬁ// lu(s,0)|>do

—c//s fuls, ~a)* + Ju(s, ) )do — 8 (T jullFamy  (33)

2 2
ol — € [ (Juts, =)+ Juts,0)*)do = Ma(T) ey
— Ca(u, (K — M? + 1)u>L2(El).

1) ®

To simplify some terms on the right-hand side we use the identification L?(¥;) = L3(S
t (3.2) and

L?*(—a,a). Consider the orthogonal projector II; := 1 ® P; in L?(%;). Using first
then the asymptotics (3.1), for any u € H'(X) we obtain, as (3 is large,

(GRS / [3 Ju(s,0)*do — C / /S (luts. ~a)[* + [u(s, )| ) do = AL (TV)lJul 32,

> (Ao(TN) = Ay (T™)) (1 = Ty w72 5y
9 (3.4)
> €||(1 — I )ul72x)

Furthermore, using the Sobolev inequality [19, Lemma §],

|v(—a)|2 + |v(a)’2 < 4a||v'||%2(_a7a) + 2a71||v\|%2(_a7a) for any v € H'(—a,a),



and then the asymptotics (3.1), which gives

otz =€ [ (luts. =) + uts. ) Jdor = 4a (T e

> (1-4Ca)||0u?2=) — 2Ca [ullF2(z) — A (TY)|ulZ2(=)

20
> ( — A (TN — ﬁ) |72z
i (3.5)

2 gHuH%?(E)

B2 2 B2 2
= 2 IMhullzee) + =11 = Mulza ) -
Finally, we have
[(u, (K = M? + 1)u) 2| < EllulZas,) (3.6)

with E := ||K — M?||ps(s,) + 2. Substituting now (3.4), (3.5) and (3.6) into (3.3) we conclude
that for large 8 one has

b — AL(T™) 2 e, (3.7)

where cg is the quadratic form given by
cp(u,u) = (1 = Ca)(Oju, ¢*Opu) 2(s,) + (u, (K — M*)u) p2(s,) — CaB|ullfa (s,
52
+ = (10 = Ml + Mulfae)) . Dies) = B (51) & L(~a,0).

Denote by Cg, 8 > 0, the self-adjoint operators associated with cg. Since our argument involves the
min-max principle we have to pay attention to the essential spectrum, noting that these operators
have no longer compact resolvents. To estimate the essential spectrum threshold, we simply drop
the last non-negative summand and write cg > cg with

(u,u) = (1 - Ca)<8ju7gjk8ku>Lz(El) + (u, (K — M?)u)2(s,)
2

- CCLE”UH%z(El) + EH(l - Hl)u||2L2(21) ) D(C/ﬁ) = Hl(Sl) ® LQ(—C%@) )

which means that the self-adjoint operators C"ﬁ associated with c% can be written as

2
Ch :L§V®1+1®%(1—P1), LY =(1—Ca)(-AY)+ K — M? - CuE,

the operator —A]SV being the Neumann Laplace-Beltrami operator in L?(S;) associated with the
form H*(S1) 2 u — (9;u, ¢"*Opu) 2(s,). We note that the operators LY have compact resolvents
and they are uniformly semibounded, LY > —E for all sufficiently large 3, and their jth eigenvalues
behave, as j is fixed, as A;(LY) = A;j(=AY + K — M?) 4+ O(a). On the other hand, the spectrum
of the transverse part 1 — P; consists of a simple eigenvalue zero and the infinitely degenerate
eigenvalue 1, which gives

: ! ﬂ2 : N 52

inf 0ess (Cp) > = +info(Lg) > = —F — +oo as ff— 400,
As Cj < Cp, this result means at the same time that

inf gess(Cg) — 400 for B — +o0. (3.8)

In view of (3.7) and the min-max principle, we then have, for each fixed 7,

A(BY) 2 M)+ A5(Ca) = =1 8+ A,(C) +0(3). (3.9)
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3.3. Passing to a common Hilbert space. In order to deal with a family of forms acting on
a fixed Hilbert space we denote G := L?(S;) ® ¢?(N) and introduce unitary operators 6, ©, and
orthogonal projectors k1, K7 as follows:

0 : L*(—a,a) — (*(N), (01)(5) = (pj> f), G €N,
©:L*(S1)® L*(—a,a) — G, 0:=1®4,

k1 : 2(N) — Cey, k1f = f(Ler,
Ky : L*(S)) ® $2(N) — L*(S;) ® Cey, K =1®k

where e; = (1,0,0,...) € £2(N). Finally, we introduce the natural identification operator
I:L%(S))®Cey s L*(S)).
One easily checks that the operators 55 = OC30* are those associated with the quadratic forms
es(u,u) = (1 = Ca)(ju, ¢’ Ou)g + (u, (K — M?)u)g — CaB||ulg

2
£ (10— Koul3 + 11K wl3a) . DEs) = B (S) @ 20N (310

In view of the unitary equivalence between Cz and Cjg, Eqs. (3.8) and (3.9) imply

1 ~ 1
M(BY) 2 =187+ 45(Cs) + O(5). (3.11)
inf 0ess(C) — 400 as — +00. (3.12)

3.4. Convergence of forms. Recall that we have defined E := ||K — M?||p(s,) + 2. One can
pick a By sufficiently large so ¢g > —(E — 1) holds for g > fy and ¢z, > ¢s, for B2 > B > So,
which implies by [18, Theorem VI1.2.21] that

(Co, +E) < (Cp +E) ' <1 asfo>p12>fo. (3.13)

Consider the quadratic form

q(u,u) = sup ¢g(u,u), D(q):= {u € ﬂ D(ég) : sup ¢zlu,u) < —i—oo}.
B2Bo B>po B2Bo

It is known, see [18, Theorem VIIL.3.13a], that ¢ is closed, and hence it defines a self-adjoint
operator Q > —(E — 1) acting in the Hilbert space £ := D(q), the closure being taken in the
topology of G, and if 7 : G — L denotes the orthogonal projection, then

(6’5 +E) ' = m(Q+ E)"'7 strongly as 8 — 400, (3.14)
cf. [23, Satz 3.1]. Furthermore, by [23, Satz 2.2] we have also
T (Q+E) ' r<(Cs+E)"" forall B> f. (3.15)

In view of the explicit expression for D(¢3) we see that u € D(q) if and only if u € H'(S;) ® £3(N)
such that (1 — K1)u = 0 and |[IKjul|z2(q) = 0. The first condition says that u is of the form
u=f®e with f € H(S1) and e; = (1,0,0,...) € £?(N), and then the second condition tells us
that the function f must verify || f ||2LQ(Q) = 0. As we supposed that the boundary 95 is Lipschitz,
we have

(£ € H(S1) and [[£]3ai0) = 0) i £ € FBY(S1) = {f € H'(S)): fls € HY(S). fla =0}
Using the unitary operator J : H}(S1) — HE(S), Jf = fls, we may write

D(g)={f@e:fecHYS)} ={J" f@er:fe€HNS)) =K{I"J H}(S).
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If D(q) > u=J*f ®ey with f € H}(S), then f = JIKju. Substituting into (3.10) we observe
that the last summand equals zero and that the factor Ca = C¢B~!log 3 vanishes in the limit
B8 — +00, so we arrive at

g(u,u) = (Oju, ¢"Opu) 21,y + (u, (K — MP)u) 2z,
= <8ju, gjkaku>L2(g) < (K M2)u>L2
=(0; £, 4" O f)r2cs) + (f, (I — M?) ) p2(s).-
Comparing this to (1.1) we conclude that Q = K;I*J*LE JIK;.
3.5. Convergence of eigenvalues. In view of Eqgs. (3.13), (3.14), and (3.15), the operators
Fg:=E—(Csg+ E)~! form a monotonically increasing family converging strongly to the operator
G:=FE— K{I*J*(LY + E)"'JIK; as 3 — +oc. Furthermore, for any ¢ > 0, all these operators

have by (3.12) no essential spectrum in (—oo, F — ¢) if 3 is sufficiently large, and by [24], we have
for any fixed j with A;(G) < E — ¢ the convergence

A;(Fg) = Aj(G) as B — +00. (3.16)
On the other hand, for any fixed j we can find ¢ > 0 with A;(Q) = A;(LE) = ,u? <e - E and
MG =E—(uf +E) <E—e, Aj(Fp)=E—(0(Cp)+E)", (3.17)

which means that the convergence (3.16) holds for any fixed j. Substituting (3.17) into (3.16) we
deduce A;(Cg) = ,uf +0o(1) for B — +o0, and (3.11) gives then A;(B) > —62/44-#;3 +o(1). In
combination with (2.4) and Lemma 2.1, this concludes the proof of Proposition 3.1.

4. EIGENVALUE ASYMPTOTICS WITH AN IMPROVED REMAINDER

4.1. Scheme of the proof. Let us turn to the improved remainder estimate in Theorem 1.1. So
far we have proved
5 B 1
~Ee P o)) < Bi(8) < =T + P + 057 o )

holds as f — +o00. Now we are going to improve the lower bound to the same order of error term,
O(Blog ), as the upper one provided we adopt stronger assumptions on the regularity of the
boundary. The estimates will closely follow the procedure used in [14] for an interaction supported
by finite planar curves. We provide first the main steps of the proof, and the technical details will
be presented in separate subsections below.

Our first aim is to estimate the decay of the eigenfunctions of H with respect to the distance
from S. For this purpose, we will use an integral representation of the eigenfunction, which was
obtained in Corollary 2.3 of [6]: if A < 0 and u € ker(H — ), then one can represent

// 64;/; |:|€| h(s) dos), (4.1)

where h € L?(S) is a solution to the integral equation

/ / 47r||t)\—|t3|6| h(s) do(s). (4.2)

In the rest of the section we are going to establish some relations between the above functions u
and h. We remark that if u and h are related by (4.1), then, for almost every x € R?, there holds

B o—V/1Adist(z,5) ,
|U z | = WH llz1(s)
1 1 efmdist(a:,S)
v < = A h
| u(;z:)| ~ 4r <m+ dist(:z:,S)) dist(z, S) IPllzacs)

where dist is the usual distance in R®. Therefore, in order to estimate the decay of the eigen-
functions u of H, it is sufficient to have a suitable bound for the norm of the associated functions

h.

(4.3)
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For sufficiently small § the map F' given by (2.1) is a diffeomorphism between S x (—6,4) and
Bs:={s+tv(s): s€ S, te (=60} (4.4)
Hence, for a given function u defined on S we define the function ug on Hs via
ug (s + tv(s)) = u(s).

The following assertion is of crucial importance for the subsequent analysis, and it is the most
technically demanding part of this paper. Its proof by direct calculations is given in Subsection 4.2
below.

Lemma 4.1. There exist positive constants C1, Cy and &y with the following properties: if § €
(0,80) and A < —C1(log6)? and u and h are related by (4.1), then ||ug —ul|L23,) < Cal|hl|lL2(s) - 6.

Assume now that w is a normalized eigenfunction of H, then Lemma 4.1 is used to obtain an
upper bound for the norm of h, which gives then a pointwise upper bound for u using (4.3).

Lemma 4.2. Let j € N be fixred and u be a normalized eigenfunction of H for the eigenvalue
E;(B). Let h be associated with u by (4.1), then ||h||L2(s) = O(B?) for large S.

Proof. We have
L= [Jullz2ms) > lJullL2@s) = luwoll2@,) — llu — wollz2@5)- (4.5)

Using the equality h = Sul|g, see (4.1) and (4.2), we get for § small enough

1[0 2 _
ol =5 [ [[ o) ot de = dlulis = 5572 bl s

Now we take § := (A3)~2 with A > 0. By Lemmata 2.1 and 4.1, for sufficiently large 3 we have
luo — ullr2@,) < Cal|h||L2¢s)d. Therefore equation (4.5) reads as

_ 1 Cs
1> (ﬁ V6 - 025)||h||L2(S) = AiﬁZ(l - I)HhHLQ(S)
and the choice A = 2C; gives ||h| 12(s) < 4C28% O

The result of Lemma 4.2 will be now used to obtain a new two-side estimate for the eigenvalues.
First we define one more auxiliary operator as follows. For € > 0 consider the set

0. = {z € R?®: dist(z,5) < ¢} (4.6)
and the self-adjoint operator K. acting in L?(©.) generated by the quadratic form

(u, ) /// \vu|2dx—ﬂ//|u| do, D(k.)=HyO.). (4.7)

Since the eigenfunctions of H decay fast with the distance from S, one conjectures that the eigen-
values of H are close to those of K. in a suitable asymptotic regime. Our aim is now to put this
guess on a more solid ground. Let us start with a technical preliminary. In what follows we denote

klog 8 1 14+klogp
5 d:=d+ 5 3 , (4.8)
where k > 1 is a constant that will be chosen later. Moreover, let v € C°°(R) be such that v(s) = 1
for s > 1, v(s) € (0,1) for s € (0,1), and v(s) = 0 for s < 0. For large 3 set
log (dist(x,005)) + log 3
gp(x) =1 ( log(log )
0 for x ¢ O .

d:=

—|—1> for x € Oy,

The function gg is absolutely continuous and its gradient Vgg(z) = (d195(x), O295(x), D395(x))
exists for almost every x.
The following result is obvious:
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Lemma 4.3. For large 3, the support of Vgg is contained in the set

Q(B) = {93 €0;

< dist (x 3@5)

Q\'—‘
H,_J

) 1
" Blog B
and Q(B) N Oy = 0.

Next let us fix an arbitrary N > 1 and consider an orthonormal family (u; g);=1,.. n of eigen-
functions of H for the eigenvalues E;(5), j =1,..., N. Introduce their cut-offs

Pj.p = 9pUip-
Remark that gz € H}(Os) and that gg and Vggz are bounded by (4.15) below and Lemma 4.3,
which gives the inclusions ¢; 5 € H}(Os).
The proofs of the following two Lemmata are given in Subsections 4.3 and 4.4 respectively.

Lemma 4.4. For any N € N and p > 0 there exists k1 > 0 such that for any k > k1 in (4.8) and
any j,0 =1,..., N there holds |ks(¢; 3, ¢1,8) — E;(8)0;:| < B as B is large.

Lemma 4.5. For any N € N and p > 0 there exists ke > 0 such that for any k > ko in (4.8) and
any j, 1 =1,..., N there holds |<¢j,5,¢175>L2(@5) — 5j,l| < B7H as B is large.

Now we can compare the eigenvalues of H with those of K as follows:

Lemma 4.6. Let j € N be fized, then for any p > 0 there exists ko > 0 such that for any k > kg
n (4.8) there holds A;(Ks) — 87" < E;(8) < Aj(Ks) as B is large.
Proof. By the min-max principle we have
k
Aj(Ks) = min max M (4.9)

UCH}(©5) ueU\{0} Hu”Lz (©9)
dlInU—j

As the extension of any function from H}(©s) by zero belongs to the form domain of H, we have
immediately E;(8) < A;(Ks).

Let U be the subspace spanned by the ¢, g withn =1,...,j. By Lemma 4.5 one has dimU = j
for large 3. Let bi1 g+ +bjp; =10 €U, b= (b,...,b;) € C/. Due to Lemmata 4.4 and 4.5
one can find kg > 0 such that for k¥ > k¢ we have for sufficently large 3

(1= CB™)blE <llFae,) < (1+CB7) bl
J
k5(0.6) < 3 Eu(B)inl® + O IpIEs < (E5(8)+C87) bl

where C' > 0 is independent of b and 8. Using 3 <1— CB™#* < 1 and E;(8) < 0 for 3 sufficently
large we get

ks(é,¢) _ E;(B)bIE, | CBIbIIE _  Ei(B)IIbIE CBHblI2,

1611720,y ~ 141220, IeZ20, — (L+CB=)0IE (1= CB~#)|bIZ;

o - _ _
= 59 (1 T ) + 2057 < By(8) - CH By () + 2057

Testing on the subspace U in (4.9) and using E;(3) = O(3?) we obtain A;(K;) < E;(8)+C1 5%,
where C7 > 0 is independent of 5. As u > 0 can be chosen arbitrary, the result follows. O

Lemma 4.7. Let the surface S be with a compact C?-boundary, then for each fized j there holds
E;(B) > —B%/4+ pP + O(B7 log B) as B — +oc.

Proof. For sufficiently small a > 0, consider the surface S, = {z € Sy : distg, (2,5) < a},
the distance distg, being measured along the geodesics of Sq, and let ,u]D (a) be the jth Dirichlet
eigenvalue of —Ag, + K — M? on S,. It is a standard result of the domain perturbation theory,
see e.g. [17], that each a — ujp(a) is Lipschitz for small a, in particular,

,LLJD(G) = u? + O(a). (4.10)
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Define
Eq = F(Sa x (—a,a)) = {s+v(s)t : s€ 85,4, t€(—a,a)}
and denote by HP the self-adjoint operator in L?(Z,) generated by the quadratic form

(u,w) /// |Vul dm—ﬁ// lul?do, D(hP) = H}(Z,).

Choose k > 3 to obtain the estimate of Lemma 4.6 w1th u =1 and set
1+ klogp _ 2klog
—5 a:= 7
For large 3 we have the inclusion ©5 C =, and the inequalities A;(HP) < A;(Ks). Due to the
Lemma 4.6 and our choice of k we have A;(K;) < E;(8) + 7. Furthermore, the operator HP
can be studied using the separation variables (see Remark 2.2), which gives
Aj(HY) = —=B%/4+ 7 (a) + OB~ og B) = =% /4 + iy + O(B log B),
where we used (4.10). Putting together the three inequalities for the eigenvalues one arrives at
—B2/4+pi + OB og B) = Aj(HY) < Aj(Ks) < E;(B) + 57,
which gives the sought estimate E;(8) > —4%/4 4 pu? + O(67'log j). O

0=

Theorem 1.1 is now completely contained in Lemma 2.1, Proposition 3.1 and Lemma 4.7.

4.2. Proof of Lemma 4.1. We assume first that the surface S; can be covered by a single map
®: D; — S C R3 where D; C R? is an open set and ® is C*. Denote D := ®~!(S). Remark
that then there exists a bounded function R : D — R3 such that

O(z) = @(y) + ¥'(y)( — y) + R(z,y)|z — yI (4.11)
holds for z,y € D, where ®' is the differential of ®. Recall that

0P 8<I>
o ’ dyrdyy = /g(y)dyrdys  for s = (y1, y2).
Y1 8y
Furthermore, the map D x (—48,6) 3 (y,t) — ¥(y,t) := ®(y) +tv(®(y)) € B; is a diffeomorphism,
and one can find m > 0 such that

Wy, t) — U(z,5)) > m2(|y 2t s— t|2) for (y,t), (z,5) € D x (—6,0). (4.12)

do(s) =

For xg € S, set y := @ 1(x9) € D and z := ¥(y,ty) € Hs with |tg| < 5. We have

wo W(y,0) — uo Wy, ty) = 7/0 Oat(uo ) (y,t) dt = 7/0 ’ <Vu(\Il(y,t)),z/(:c0)> dt.  (4.13)

Using (4.1) we estimate

‘<vu(x),y(xo)>’ < % //S { Al + - i SJ e];/msfl;gl - |h(s)] - ‘<x — s7V(960)>‘ ds,

and with the help of (4.12) one estimates, for z € D,
[Ty, 1) — @(2)| = [¥(y, 1) — V(,0)| >
and denoting w(z,y) :== —(R(z,y),v(20)) with R from (4.11) we get
(T(y,1) — @(2),v(x0)) = (D(y) + tv(wo) — B(2),v(w0)) = (D(y) — B(2),v(x0)) +1
= (= 'Yz —y) = Bz )|z —yl*, v(20)) + 1 = w(zy)lz —y|* +1,

and we note that |w||co < ||R||co- Hence,

1
// VI Z(ly — 2|+ [t])
-‘h @(z))‘ . ‘t—|—w(z,y)|z—y|2‘ . Mdz.

> T (ly— |+ 1)

S

N2 (ly—=I+tl)

m*(ly — 2?4+ [t]?)

‘<Vu(x),1/(sc0)>‘

| /\
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Denote p :=my/|\[/2, ¢, := max {1, ||R] s, %}2, and introduce h : R> — R by
h(z) = |h(®(2))] - Vg(z) forze D,
"o for 2 € R2\ D.
Then the preceding inequality takes the form

4rm? y =zl + 1]y =2 + |t

and using the functions F}, G, : R? — R,
1

2P+ 1t
Fi(z) = T el Guz) = —— R,
t(z) |Z|2 + |t|2 € ’ t(z) |Z| + ‘t| t(z) )

it can be rewritten as
|(Vu(a), v(wo))| < g e [N (Fux b) (0) + (Gox ) (9)]

where * means the convolution in L?(R?). Denoting ¢4 := +/|| det ¥'||» and combining the pre-
ceding estimates we then obtain

1 1 2
g”“o —uliz@, = gH[“O oW —uo W] /[det W[ 1y s

g/i//D|uo\I!(y,O)uo\IJ(y,to)|2dydt0

yATY [

<V“(‘I’(9at))al/(mo)>‘dt dy dtg
< /_66 [to] /0|t0| //D )<Vu(‘11(y,tsgn(to)),V(xo)>’2 dy dt dtg

2 5 to N - 2
<o () / to/ o-2ult // [VIN(F % 2) (9) + (Gox B) ()| dy et
47Tm2 0 0 R2
¢ \?2 J to ot - - 2
<2 (m) /0 150‘/0 e M (\/ [\ || F: *hHLz(Rz) + |Gt *h”Lz(Rz)) dt dtg.
(4.14)
r2 + ¢ ) ) .
We have ————= r <7+ 1, and the Young inequality gives
r2 + |t|?

7 7 1
[1Ee % hll 22y < [ Fellr@e) Pl 2@y < 97 [loollBllL2(s) 1 F2ll Lt m2)

3 * i
< 27l [l L2 (s /

—— e dr < 27|97 || ||B Ve " dr.
e dr < 2l bl |G De

If A < —-% we have p > 2 and therefore |)‘|HT+21 = % . ”;2,1 <2< 367:‘” for all t € R. Hence
bt p+1 1 1 || 3
Fyx hllzsgaoy < 0782 g llhllzacs) < 2l oIl egsyel —2—

(R2) 112 (S) (S) m ‘)\|

Furthermore,
1 2+ |t

S L 3
g ez Y

[ee]
~ ot 1
Gt * hll 22y < |Gellpr w2y 17l 22y < 27T|\94Holo||L2(s>/O

2
1 ri4t r+1 r+[t+1
As r+[t] 7‘2+\t|2r = r+t] < r+[t]

e} 2 e’} e’} oo _—ur
/ L I e gy < / T it gy ol / o= gy +/ e
o THIE T2+t “Jyoor 1l oo

wiel (€ 1 g ey (€ e ” plt]
<e T+ ;dr—i— e Mdr| =e T—log|t|+7 < M1 —log [t]).
Il 1

we have for p > 2
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This leads to
VIMIE: * 7| 2@y + 1Ge % Bl 2 @ey < 27|97 oo 1Bl 22 (5yet!! ( +1-— 10g|t|)

The substitution into (4.14) gives

to 2
9 V2¢,cq 1 3
|uou||Lz<aé>_<4m2> / o e t(2w||g4||oo||h||Lz(s>e“t (m+1logt>) d dty

< (fcrcli

) 1V/Glloo 12112 S)/ to/ (logt — logen)? dt dio

with ¢, = em Tl Assuming now that é > tg is sufficiently small we have

to

to cm Cm
/ (logt — logcm)2 dt = cm/ (log s)*ds = ¢ [s(logs -1+ 5] " <Vt
0 0 0

and

5 to 9 ) 3/2 2 5/2 )
to (logt —logecy) dtdtg < [t~ dto = 55 < 52
0 0 0

Hence there exist Ay < 0 and dp > 0 such that for A < A\g and § € (0,dp) we have

V2ercq ) | 1
[uo — ullz2@,) < Cllhllr2(syd, C = ( 5o | 197 e

For the general case (S is not covered by a single map) we represent S; = UaN:1 S%, where
each S¢ is covered by a single map ®¢ : D% — S%. Furthermore, represent h = hy + --- + hy,
where the supports of h, have only zero-measure intersections in S and such that the support of
each term h, is contained in S%. Without loss of generality we may assume that for sufficiently
small (but fixed) p > 0 there holds |s — 2| > p for s € suppha, ¥ € Bs \ F(5* x (=4,9))
with any «; here F is the map given in (2.1). Consider the functions u® associated with h, by
(4.1) and represent u® = you® + (1 — xa)u®, where xo(s + tv(s)) = 1 if s € S, otherwise
Xa (s +tv(s)) = 0. Now we pick an arbitrary o. According to the first part of the proof we have
IXa(uf —u*)2@,) < CllhallL2(s)d if B is large and § is small, with some C' > 0 common for all
a. On the other hand, due to (4.3), for any x € H; \ supp x. we have

e~V ~VR

[u®(z)] < [hallzcs) < \/m [hallzz(s),
which gives
H(l — Xa)(ug — “a)HLz(Elé) < H(l Xa)ug HL2(EL;) + H XO‘)UQHLQ(E(;)
< ovareaBat " fos(arca8) T O Ihallzs) < 5 V05 hall o s)-

Taking A < —C(log §)? with a sufficiently large C; > 0, which can be chosen the same for all a,
gives ||(1 — Xa)(u§ — ua)Hm(E(;) < 0llhallz2(s) and

lug = ullz2s) < [[xa(uf = v 2@, + 11 = xa) (W = u®)| 12 g,y < (C +1)dllhallzzcs)
Finally,
N N
luo — ull 2y < Y lug —u®llr2@,) < (C+1)6 Y [hallrzs) = (C+ 1D)8|Al L2(s),
a=1 a=1

which gives the result with Cy := C' + 1. O
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4.3. Proof of Lemma 4.4. Let us first give a preliminary estimate:

Lemma 4.8. There are constants Cq,Co > 0 such that the following relations hold for large B:

///Q(/g) Vgs(@)| do < Ci, ///Q(,B) |V9,6’($>|2 dr < Cy Blog 3.

Proof. For x € O5 we have

log(log 3) . log(log 3) . dist (z, 005)

D g(x) = <log (dist (@, 005)) + log § + 1) ! Oy, dist (2, 005) .

Since |8, dist(z,905)| < 1 and [|7/||s < 0o one can find a constant C > 0 such that

< C 1
~ log(log ) dist(a:,@@(;) ’

IVgs(x) (4.15)

and consequently, for v € {1,2} we get

///Q(ﬁ) IVos (@)l do < (k)g(f);ﬁ))u . ///Q(B) |dist(x,18@6)|”~dm

S 70 - " 05//3 iy d’l"
(log(log 8)) e "

with a certain constant Cs > 0. Indeed, note that the normal variable ¢ is the distance of points
x € B; to S, and similarly for the points in tubular neighborhoods of the C? arcs forming 9.5 and
the balls centered at their junctions. Evaluating the integrals,

1
1 B 1
L dr = log(log ). / L ar=—p+plogh,
T 1 T

1
Blog B Blog B

1
B

we arrive at

~ g, SloBB= 5 _
J[] vt dr< e, [[[| | wontal e < 20n LR < Cicusions

which proves the claim of the lemma. ([l

Now we are ready for the proof of Lemma 4.4. Remark that by Proposition 3.1, for any constants
0<L;<1/2< Ly, andall j=1,...,N there holds

—~L3B? < E;(B) < —L3B? for large B. (4.16)

For the sake of brevity we set ¢ := ¢, 3 and ¥ := ¢; g as well as u := u; 3 and v := u g, and
moreover, A := F;(f) and p := E;(3). Using

<VU, V'U>L2(R3) — B// u-vds = Ej(ﬁ) 5j,l;
s
we get the identity

(Vo s, Vous) r2ms) — 5//5@ - ¢rpds — E; ()05,

= (V6. Vo0 =B [ 30 ds - (<w7W>Lz<Rs> =5 [[ W5 -ols ds>
= —(Vu, V) r2(rs) + (Vo, Vi) 205 -
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We have
(V6.V0) 2oy = [ / (Vgs(@) - u(@) + ga(a) - Vu(@)) - (Vga(a) - v(a) + gs(x) - Vo(a)) da

) ///@ Vos@) - wwve + [ los@) - (T - Volw) do
+ ///65 u(x)gs(x) (Vgﬂ(a:) . Vv(w)> dz + ///@(s gs(z)v(x) (V@ Vgg(x)) dz

(Vo, V) 1205) — B//sg “thds — E;(B)d;

= —(Vu, Vo) 12 zni05) +///@5 Vgs(@) | - u(z)v(z) de
+ ///@5 (|95($)\2 - 1) . (VT(Z) Vv(x)) dz + ///@5 u(z)gs(z) (Vgﬁ(x) . V’U(gj)) dx

+ ///@ gp(w)v(x) (Vm Vgﬁ(a:)> de =:I; + Io+ I + Iy + I5.

Denote by h and f the functions in L?(S) corresponding to u and v as in Eq. (4.1). Using (4.3)
and dist(x, ) > 0 for x ¢ ©5 we get with ||h[|1 := [|h][z1(s) and a := — (V=X + /=) <0

|<Vu V) e R3\@a)| < ///3\0 |Vu |V1} )| dx

B () () [, o

The integral on the right-hand side can be estimated in the following way: we choose R > 1 such
that ©; is contained in the ball By of radius R around zero, then we have for § < 1

/// eadist(z,S) doe = /// eadist(r,S) dr + /// eadist(x,S) dx
RS\@(S RS\BQR Bz}?\@(;

20R + 2042]%2 o0 32

hence,

i 4 1-
<drm /21% e TR 2 g 4 e“‘sgﬁ(ﬂ%)?’ = —3 3 TR =: A.
For large 8 we have due to (4.16)
(1+2L28)% 2
2l <a=—(V-A++v/—u) <-2L d —— < -,
2B <= —( +v—n) < 18 an CLA? =3
Since « is negative it follows
_ 2 2 3(1 — )2 3
L - 20R+ 2R _ 2R%(1 - a) §2R3(1+2L25) < A
—ad —a3 (2L15)3 3

which implies A < ¢(e®F + %) with ¢ := 327 R3. Hence,

|11<%(F+ )<F+ ) (e 4 ).

Now note that supp Vgg C Q(8) and Q(8) N ©4 = 0, hence

2] < ///o Vgs(@)]* - [u(z)| - v(z)] do
5
) 67\/7)\dist(a:,S) 67\/7,udist(x,5')
< T N T d
- ///Q(ﬁ) Vs (@)l 4rdist(x, S) 17 4rdist(z, S) 171l dx

< el flly e /// 2
< : Vg5 () [? de.
167’(2 d2 Q(B)
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As for I, we note that gg(x) = 1 iff dist(z,.S) < d, and moreover, gg(z) <1 for all z. This gives

= JIf,

S, ) (7 )

xn?—quu@nwvm@hm

1 1 efﬁdlst(x,S) J
dr < ht dist(x S)> dist(z, S) I 7llx dx
_ igls gy 1
T 1672 Oé\od ~lgs (@)l ) At dist(z, S)

e dist(z, S)

’ (F dist(z, S)> dist(z, S)

< L (=5 ) (v ) Lo, o)

Using supp Vgg N Oy = 0 and |gs(z)| < 1 we obtain

= [[] el 9o @) (9o ds
e~V —Adist(z,5) h 1 1 o= v/ dist(2,5) ]
< . AN . R —_
_///mm dmdist(z, S) Wb Vsl 3 <m+dist(x,5)> dist(z, 5) 171l d

Al f 1 1Y e ///
< HPHRlg i — — )
< ez VRt o) s o) Vgs(z)| dz,

and, similarly,
[Pl [ £l 1 ead///
Ij)| < ———— (V- = | = .
nl < e (v ) G [ e

Combining now all these estimates and realizing that § > d > 1/ for large 3, so vV—\ + % <
vV=A+ % < (Lg 4+ 1)8 and analogically for u, we get

= (Vo Vo) 120 — B / /S 3 ¢ do— %z&(ﬁ)‘

Al f B o

r s ne]

For sufficiently large £ there holds

///@)é\ed (1= lgs(@)]?) < vol(©5) <

Using further Lemma 4.8 we can proceed with the estimate

ad ad

Using Lemma 4.2 and the Cauchy-Schwarz inequality we obtain ||h|; = (62) and ||f||1 = 0(8?).
With % < é, e < e and e*F=4) < 1 we then get, for sufficently large B,

< Il £l 2 2 6
——4+1+2 <
< gz (L) 20+(L2+) +142C, 5 C /5
for a certain C' > 0. Substituting o := —(v/=A+ /=) < —2L18 and d = kﬁ_l log B we obtain

ad
ﬁﬁ(% S k,—268—2L1k(10g ﬁ)_Q
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and the result of Lemma 4.4 follows by taking k sufficiently large. ]
4.4. Proof of Lemma 4.5. We know that (u;s,u;5)r2rs) = 05,1, hence we can estimate the

expression in question as

A= [(ujp,up)L2ms) — (9.8, P1.8) L2 (04)

= ’///W (1= gs(2)?)ujp(z)up(z) do| < ///R?)\@d w5 (x)ug g ()| da.

As in the previous proof, set [|h||1 := [|h||z1(s) and || f][1 := [|fllz1(s). In view of Eqs. (4.3) and
(4.16), for large 8 we have

o=/~ F; (B) dist(x,5) o~ V/—Eu(B) dist(z,5)
A< /// Il - 1l de
R3\Oq4

4 dist(z, S) 4 dist(z, S)

|h|| ||f||1 /// —E;(B)++/—Ei(B) )dlst(m S) dx < |hH ||fH1 /// 72L16dlst (z,S) dr .
167T2d2 RB\@d 167T2d2 R3\O4

Mimicking the proof of Lemma 4.4 one can check that

/// 672L1ﬁdist(z,5) dx S C(€72L15R +672L15d)
R3\Oq4

with an R > 1 such that ©; is contained in the ball By of radius R centered at zero. By Lemma 4.2
we may estimate ||h|z1(s) < CB? and || f||L1(s) < CB%. As d = kl‘;fgﬁ we get

(5,80 Pr8) 12(05) = Gl < 76 QdQHhIIL1 91 fllr(s) (e7211PR 4 e72E10d)

cC?p° —2L18R —2L1k
~ 1672k2(log )2 (c +5 )

and the result follows by taking k sufficiently large. O
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