Chaotic dynamics for 2-D tent maps
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Abstract

For a 2D-extension of the classical one-dimensional family of tent maps, we prove the
existence of an open set of parameters for which the respective transformation presents a
strange attractor with two positive Lyapounov exponents. Moreover, periodic orbits are
dense on this attractor and the attractor supports a unique ergodic invariant probability
measure.
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1 Introduction

We recover from [6] the family of bidimensional maps A; s defined on the triangle 7 = ToUT;,

with
To={(z,y):0<z <1, 0<y <z}, Ti={(z,y):1<2r<2,0<y<2—2a}
by
Apa(zy) = (tz + sy, t(z — y)), if (@,9) € To W
(t2—x)+ sy, t(2—x—y)) if (z,y) € Th

It is easy to see that the critical set for any A is the line C = {(z,y) € R? : x = 1}.
Furthermore, the triangle 7 is invariant for the map A¢ s whenever (t, s) belongs to the set

Q={(t,s) :0<t<1,0<s <2—t}. Therefore, an attractor for A;, arises inside the
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triangle 7. By an attractor for a transformation f defined in a compact manifold M, we

mean a transitive attracting set. An attracting set is a f-invariant set A whose stable set
Wo(A)={ze M:d(f"(z),A) - 0asn— oo}

has nonempty interior. An attractor is said to be strange if it contains a dense orbit
{f™(21) : n > 0} displaying exponential growth of the derivative: there exists some constant

¢ > 0 such that, for every n > 0,
[Df™(z1)]| = exp (cn).

In this paper we restrict ourselves to the case {(¢,s) € Q : t = s}. Let us denote, for

simplicity, Ay=A;;, for 0 <t < 1. Hence, let us write

t(z Jtx—y)), if x, To
Ay(ay) = (t(z +y), t(r —y)) (z,y) €To @
(t2-—z+y),t(2-z—-y)) if (z,y) €T

As was proved in [4] the map A; displays the same properties of the one-dimensional
tent map Aa(x) = 1 — 2|z|. Among them, the consecutive pre-images {A;"(C)}nen of the
critical line C define a sequence of partitions (whose diameter tends to zero as n goes to
infinity) of 7 leading us to conjugate A; to a one sided shift with two symbols. Hence, it
easily follows that A; is transitive in 7. Furthermore, for every point (xg,yp) € 7 whose
orbit never visits the critical line the Lyapounov exponent of A; along the orbit of (z,yo) is
positive (and coincides with %log 2) in all nonzero direction. Finally, it can be constructed
an absolutely continuous ergodic invariant measure for Aj, see again [4]. These were the
main reasons why the authors called Ay the bidimensional tent map. Since the parameter ¢
in (2) essentially gives the rate of expansion for A; (playing the same roll as the parameter
a does for A\,(x) = 1 — a|z|), the family A; can be consider a natural extension of the
one-dimensional family of tent maps. So, let us call A; a family of 2 — D tent maps.

The first objective will be to analytically obtain the maximal attracting set for A; in
T, which will be called R;, for any t € (@, 1]. The dynamics of A; for t € [0, ?] was

completely described in [6]. Moreover, for ¢ € (g, 1] with ¢ty = %(\/ﬁ—i— 1)% ~ 0.882, we are



going to prove that the transformation A; is transitive on this set R; (see Theorem 1.1 for
details) and, furthermore, that on any A;-dense orbit {A}(zg,yo) : n € N} not intersecting
the critical line C, we have exponential grow of the derivatives (in fact, this is the easiest part
of the work, because one easily obtains that the Lyapounov exponent of A; along any orbit
not visiting the critical line coincides with %log (2t) in all nonzero direction). Henceforth,
once we construct a dense orbit of A; not intersecting the critical set C, an example of
two-dimensional robust strange attractors is given in the two-dimensional piecewise linear
setting. Moreover, we will also prove that the set of periodic orbits is dense on R; and that
there exists a unique ergodic absolutely continuous invariant measure supported in R;. In
fact, as we may see in Theorem 1.1, we will prove that, for any ¢t € (¢o, 1], Ay is strongly
transitive in Ry; i. e., for any open set U contained in R;, there exists a natural number n
depending on U such that A}(U) = R;. This fact, in particular, implies that not only A,

but also A} is transitive in Ry, for every n € N.

Theorem 1.1 For every t € (to, 1] with ty = %(\/ﬁ—i— 1)% ~ 0.882, the map A, exhibits a
strange attractor Ry C T. Moreover the map A: is strongly transitive in Ry, the periodic
orbits are dense in Ry, and Ry supports a unique absolutely continuous invariant and ergodic
measure. Furthermore, R, is a two dimensional strange attractor: There exists a dense orbit

of Ay in Ry with two positive Lyapounov exponents.

The relationship between the family of piecewise linear maps given in (1) and the re-
turn maps emerging when certain kind of homoclinic bifurcations are unfolded by a two-
parameter family of three-dimensional diffeomorphisms has been explained in a recient
paper by the authors, see [6]. Let us only make a short summary about this relationship.
In [7], the author studies certain 3-D homoclinic tangencies where the unstable manifold of
the saddle point involved in the homoclinic tangency has dimension two. A two parameter
family, Ty p, of limit return maps are obtained for these scenarios in [7]. Later, in [4] and [5],
a curve (a(t),b(t)) in the space of parameters (a, b) was chosen in order to make a numerical
study on the geometry of the respective attractors. Finally, in [6], see Proposition 2, and

the comments below it, it is stated that the family A; given at (2), becomes the best choice



in the piecewise linear setting for describing the dynamics of the limit return maps 75,4 b (1)
studied in [4] and [5].

This paper is organized as follows: In Section 2 the maximal attracting set R; of A;
is described for every t € (@, 1]. In Section 3 an useful partition on R; is constructed.
In Section 4 we prove Theorem 1.1. The proof of Theorem 1.1 strongly depends on two

Lemmas whose proofs are given in Section 5. Section 6 contains some conclusions and final

remarks.

2 The invariant set R;

In this section we will obtain the maximal attracting set for A, for any ¢ € (72, 1]. To this

end it will be very useful Figure 1.
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Figure 1: The maximal attracting set for Ay

Given two different points in R?, let us denote by AB the straight segment joining A and
B; moreover, we will denote by A; the j-th iterate of a point A by A;. Let V' = (1,0), and
H = (1,1), then the critical set of A; coincides with V H. We consider V; H; the first image

of the critical set, with V} = (¢,t) and Hy = (2¢,0). This straight segment has slope —1 and



intersects with the critical set at the point J = (1,2t—1). Let us consider J; = (2t2, 2t(1—t))
€ V1 H; and compute the image of the segment JJ;. Since JJ; is contained in 77, its image
is again a straight segment J; Jo, with Jo = (2¢t(1+t—2t2),2t(1—t)). This straight segment
has null slope and the point Jo belongs to 7y, so we denote by M = (1,2t(1 — t)) the
intersection between J;Jo and the critical set C. It is easy to see that the symmetric by C
of JoM is contained in M.J;. Hence, since A; is symmetric with respect to C, A¢(J1.J2) =
Ay(MJy) = My Jy, with My = (t + 2t2(1 —t),t — 2t>(1 — t)). This last straight segment has
slope +1 and one can check that M; € T;. Hence, M;.J> intersects with the critical set at
the point K = (1,1 — 4t> +4t3). Since K € MJ, K1 = (2t — 4t3(1 — t),4t3(1 — t)) € M1J;
and K1 My = Ay(K M) is a vertical straight segment with My = (2t — 4t3(1 — t),2t(1 —
t)) € M.J;. Finally, let us take KoMz = Ay(K1M>). This is a straight segment with slope
—1 contained in Ty, being Mz = (2t — 2% + 4t*(1 — t),2t — 4% + 23 + 4t*(1 — t)) and

Ko = (2t — 2t2 + 8t*(1 — 1), 2t(1 — t)).

We now denote by Cl == MlKl, CQ == MQKQ, Cg == M3M1, C4 == K1M2 and C5 == K2M3.
One has that C; C A4(C) and the union of these five segments bound a compact and

connected pentagonal domain of 7 which will be called R, see also Figure 2.

Remark 2.1 Fort =1 one has M1 = J = K = H, My, = J; = K1 = Hy, and so on.
Therefore, in this case we have that Ry is the whole triangle T. We refer the reader to a

previous paper, see [4], where statements of Theorem 1.1 were already obtained for the case

t=1.

Henceforth, we will divide R; into the sets Ry o = R¢ N To and Ry = R N Ti. We also

define Cy = MK = CNRy, being as usual C the critical set for A; (see Figure 2).

Lemma 2.2 For every g <t <1, Ry is invariant by Ay. Moreover, if @ <t <1, then

the stable set of Ry coincides with the interior of T .

Proof. First, we will prove that A;(R:0) C R;. In fact, we will demonstrate something
stronger (which will be used along this proof) by checking that the image of the triangle

with vertices M, Jo and K is contained in R;. To this end, since A; is linear on this triangle
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Figure 2: The attracting set R,

and R; is a convex set, it is enough to prove that the image of its vertices belong to R;.
This follows by taking into account that A;(KJs) is a horizontal segment joining K7 with
certain point J3 of C3. Then, it is enough to obtain that J3 € M3K or, in other words,
that the ordinate of K is greater or equal than the ordinate of M3. Consequently, we must
check that n(t) = (2t2 = 1)(t —1)2 >0 for t € [@, 1]. Therefore, the result is proved.

On the other hand, the equality A¢(R1) = Ry directly follows from the fact that A; is
linear also in Ry ;. Therefore, Ai(R¢) = Ry.

Now, let us take ? < t < 1, (z,y) any point in int(7) and prove that for some
natural number n, one has A} (z,y) € R;. To this end let us first observe that, for every
t, the boundary of 7 is invariant and, moreover, since t # 1 then the interior of 7T is also
invariant. Therefore, if (x,y) € int(7T), then for an infinite number of iterates nj one must
have A}*(z,y) € Ti because the orbit of (z,y) can not visit the boundary of 7 and it
can not remain for an infinite number of successive iterates in 7y. Let us divide the set
(T1 N AL(T)) \ R¢ into three different zones: The triangle U with vertices K, J and M, the
triangle A¢(U/) and the polygonal open region V with vertices Jy, Hi,V and M. See again
Figure 1. In the first part of this proof we have demonstrated that Ai’ (U) C Ry hence, now,
it is enough to prove that every orbit passing through V converges to R;. We may assume
that if AP(z,y) € V, then AP (z,y) € Ty because the pre-image of V in T; (the symmetric
of the pre-image of V in 7y with respect to the critical line) is outside A¢(7). Moreover,

A¢(V) is the polygonal region with vertices Jo, Ha, Vi and M;. Hence, Ay(V) C To UU.



Now the result is consequence of the following three claims:

CLAIM 1.- If some point (x,y) satisfies (z,y), A¢(z,y) and A?(x,y) belong to int(To)
then, since (z,y) and A?(x,y) = (22, y2) belong to the same line y = mx, 0 < m < 1, with
x9 > x, one has dist(A?(x,y),0H) > dist((x,y),0H).

CLAIM 2.- If some point (z,y) satisfies (x,y) € To, A¢(x,y) €V, A2(x,y) € To then, for
every t € (@, 1], dist(A2(z,y),0H) > dist((x,y),0H). This fact is due to the expansiveness
of A; for every t € (@, 1]. In fact, A; expands all the segments not intersecting the critical
line by a factor V2.

CLAIM 3.- If some point (z,y) € V satisfies Ai(z,y) € Ty, i = 1,...,k and Af“(w,y) €
V, then k is odd, and dist(Af”(fn,y),OiH) > dist(A¢(x,y),0H). This last claim easily
follows if we take into account that, since J € Vi Mj then J_; € VM and therefore A; * (V)N
A(V) =0, for every j € N.

Therefore, for every point (z,y) in the interior of 7 one has A} (z,y) € (TiNA(T))\ V,

for some n € N and thus the result is proved. =

3 A partition of R,

We are going to construct a partition for the maximal attracting set Ry = Rio U Ry 1,
see Figure 4. To this end, let us define the sets, ©g = Ry, O_1 = (A;H(Op)) NT1 =

(A;71(©0)) NRy¢1, and, successively, ©_j, = (At_l(@_(k_l))) NR¢1. Let us observe that, for

every t € (@, 1], there exists a fixed point of A; in R given by

2t(2t 4+ 1) 2t

P:P =
t (2t2+2t+1’2t2+2t+1

)- (3)

From the fact that Ay, , is a linear expansion, the A;-orbit of any point in Ry, except

for the fixed point P, must visits R; o = 9. Hence,

Re\{P} = U@—k~
k=0



Moreover, for any k = 1,2,..., we define the set

k—1

Ak - Rt\ U @_j (4)

j=0

which is a pentagonal domain containing P such that A;(Az) = Ar_1 and AF(Ap) = Ry.

The family of sets {Ay}32, is a basis of neighborhoods of the fixed point P.

Remark 3.1 The map AflAk linearly sends Ay, into Ry and moreover, Af(©_;) = ©_; 4,

for every j > k. Furthermore, since Ay rotates (under an angle p = —%’r ) and expands

(uniformly in any direction) any set contained in Ry, it easily follows that {©_;}32, is a

partition of Ay, which coincides (of course up to a linear change in coordinates) with the

original partition {@—j}?io of R¢. See Figure 3 where the set Ry is rotated by an angle
3

p = —°f and observe the shape of {9_]-};-”;1 as a partition of Ay compared with the shape

of {©—;}52, as a partition of R.

g

Figure 3: Self-similarities of the partition of Ry

Now, let us consider the straight segments given by C_; = (A, Lo n R¢,1 and, succes-
sively, C_y, = (At_l(C_(k_l))) NR¢1 (see Figure 4). Recall that the sets C;, for j =0,...,5
were also defined in the last section. If, for some 7,5 € Z with i < j < 5, the sets C;
and C; intersect, let us denote by P, ; = C; N C; (see Figure 4). In this way we have
Ai(Pij) = P11t

It is not hard to see that, for every j < 2, C; is a straight segment joining the point

P;j j1o of Cj1o with the point P; ;i3 of Cj43. Hence, we may write C; = P} j12P; j4+3, for



Jj < 2. Moreover, for every j < 2, C; also intersects C;_3 and Cj_o in P;_3; and Pj_» j,
respectively.
Henceforth, for every point (z,y) € ©_j we will consider S (z,y) the symmetric of (z,y)

with respect to C_g.

Lemma 3.2 For every k =0,1,2... the following statements hold:

i) Sk(O©_k) € Appr =R\ Uiy O C R
ii) For every (x,y) € O_g, A (x,y) = A (Sp(z,y)) for every j > k.

i11) For everyt € (i’/g, 1], P € Sg(©_k). Consequently, the fized point P has a pre-image

Py in ©_y. This point P} satisfies Ny( Py, ) = P, M(Py) = P and Sp(P}) = P.

Proof. From Remark 3.1, it is enough to prove the first statement for £ = 0. But,
for proving that So(Qp) C A1 = Ry, it suffices to observe that the point K belongs to
the segment M3M; and therefore So(M3K) C A; (see Figure 1). The second statement
easily follows because for each (z,y) € O_, the points (z,y) and Sk(z,y) are symmetric
with respect to C_; and, since Ag(m) NCy =0, for j =0,1,...,k — 1, we have
that A¥(x,y) and A¥(Si(z,y)) are symmetric with respect to Co. Hence, A**1(z,y) =
AFFTL(Sk(,y)). Once again due to Remark 3.1, it is enough to prove the third statement
only for k = 0; i. e., that P € Sy(0Oy), for every t € (f‘/g, 1]. Let us first compute the pre-
image of P in Ty (observe that this pre-image has to be the symmetric of P with respect to

the critical line):
2t + 2 2t
202 42t + 17212 42t 4+ 1

)- (5)

By = (
Then, we must obtain the value of the parameter ¢ for which this point P} belongs to the
straight segment C3 = M3M;. As this segment takes part of the line given by L3y = {(x,y) €
R?: y = x+4t2(t— 1)} we must solve the equation o(t) = 0, with o(t) = 4> — 23 — 2t + 1.
It holds that U(f’/g) =0 and o(t) # 0 for every i’/g <t < 1. The fact that each P} is a

pre-image of P is now consequence of the second statement. m
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Figure 4: The partition of R;

For proving the main theorem it will be useful to control the maximal distance between
each point P} and the boundary of the respective ©_j. Let us denote by 9(©_j) the

boundary of ©_j and define

D= max dist(P},(z,y)). 6
o= e dist(P 2.p) ©)

To bound this distance it is enough to control Dy, the maximal distance between Py to
the boundary of ©y. This is due to the fact that, given two points A and B in ©_j, then
AF(A) and AF(B) belong to ©g and dist(A, B) = (v/2t) *dist(AF(A), AF(B)). Therefore
since AF(Py) = Py, Dy = (V/2t)*Dy.. Moreover, since O is a convex polygonal domain one
has that Dy coincides with the maximum distance between Py and the four vertices of the

boundary of ©g, see Figure 4. That is, denoting by

D073 = dZ'St(PO*, P0’3) N D2,5 = dist(Po*, P2,5)

D072 = dist(Pg, P()Q) s D3,5 = dist(Pg, P375).

then it follows that Dy = max{D073, D072, D275, D375}.

10



Then, in the proof of Lemma 4.7 we will use the following result:
Lemma 3.3 There exist to2 ~ 0.8478, tg3 ~ 0.9112 such that
i) Do = Doy if t € [1/V/2,t2].
ii) Do = Dy 3 if t € [to2,t03].
iii) Do = D35 if t € [to3,1].

Proof. The coordinates of Py3(= K), Poa(= M), Pys(= K) and P35(= M3), see
Figures 1 and 4, were given in Section 2. The coordinates of Py were given at (5). Then,

one may check that

(1 —2t2)2

DZ, T @t 4% — 8% + 8th) (7)
2\2
D%, = M(l — 2t +2t%)
D2 — ﬂ@ — 8t + 162 — 16t% + 8t* — 16¢° + 16t5 — 32¢7 + 32¢%)
25T 142t + 212
D2. — ﬂ(ﬁl — 8t + 8t2 — 83 + 85 — 16¢” + 16t°)
35T 142t + 212

Then, a numerical analysis in the interval of parameters [1//2, 1], allows us to conclude

the statement of the lemma. m

4 Proof of Theorem 1.1

Along the rest of the paper we will denote by B(g,) the ball in R? centered at the point ¢
with radius r.
Let us begin by stating the following result whose proof, see the expression of A; in (2),

is trivial:

Lemma 4.1 For every t € [0,1] if B = B(q,r) is a ball in Ry with BN Cy =0, then A¢(B)

is also a ball with Ay(B) = B(Ay(q),V/2tr).

In order to prove the strong transitivity of A; it will be necessary to demonstrate the

next result, whose proof will be given in Section 4.1. Let us recall that ¢ty =~ 0.882.

11



Theorem 4.2 Let t € (to,1] and B = B(q,r) be a ball with B C Ry and BNCy # 0. Then,

at least one of the two following situations holds:

A) There exists j € N such that AJ(B) = Ry, or
B) There exists a ball B = B(q,7) with B C B such that:

Z) gﬂC():@.

ii) If n is the first natural number with A} (B) N Cy # 0, then A} (B) is again a ball,

A?(B) = B(AMG), (V20)"F), with (V2t)"F > r.

Of course, since item B in the above theorem can not occur up to the infinity, the

previous theorem easily implies the following:

Lemma 4.3 Let t € (to,1]. If U is any open set in Ry, then there exists n € N such that

AY(U) = Ry; i e., Ay is strongly transitive in Ry.

Proof. Given any open set U in Ry, let us take any ball B contained in U. Let n; be the
first time for which A}'*(B) intersects the critical line Cy. Observe that, from Lemma 4.1,
B = A{*(B) is again a ball. Then we apply Theorem 4.2 to By in order to obtain either
a natural number j € N such that AJ(B;) = Ry (in this case we have finished) or a ball
E = B(q1,71) C By satisfying that Bvl N Cy = (0 and, if ny is the first natural number for
which AT2(B1) N Co # 0, then By = AT?(By) is again a ball and area(By) > area(By). The
finiteness of the diameter of R; allows us to conclude (after a finite number of steps) the
existence of a natural number n € N such that A}(B) =R;. m

Let us assume by the moment that Theorem 4.2 is proved and let us finish the proof of
the Main Theorem, Theorem 1.1. The denseness of the periodic points of A; in R, is easily
obtained from Lemma 4.3: Namely, if U is any open set in Ry, then we may construct a
compact set D contained in U and a natural number n such that A} is linear in D and
A} (D) = R¢. Therefore, there must exist a periodic point in D for A.

Moreover, we recalling that in [6], Section 7, we have already announced that, applying

the results of M. Tsujii, see [8], or J. Buzzi, see [2], there exist absolutely continuous

12



invariant measures (a.c.i.m.’s for short) for the family of bidimensional tent maps given
in (2) whenever ¢t € (@, 1]. Since for t € (?, 1], in Lemma 2.2 we have proved that the
dynamics converges to the invariant set R, it follows that the support of any a.c.i.m. has
to be contained in R;. Moreover, see also Main Theorem in [3], any a.c.i.m. can be written
as a convex combination of a fixed, finite collection of ergodic ones. But, since for t € (tp, 1]
we have demonstrated (ones Theorem 4.2 is proved) that A; is (strongly) transitive on Ry
then there exists only one a.c.i.m and, henceforth, this a.c.i.m. is supported in R; and it
must be ergodic.

Finally, let us show the existence of at least one dense As-orbit on Ry not visiting the
critical set Cy (this is enough to conclude that both Lyapounov exponents along this orbit
are positive). To this end, we denote by u; the (unique) ergodic a.c.i.m. described in the

last paragraph and by Leb the usual Lebesgue measure in R?. Then the existence of such

orbit directly follows from the next result:

Lemma 4.4 For every t € (to, 1] the following statements hold:
i) 1(C) =0, where C = {(x,y) € Ry : M (x,y) € Co, for some j € N},

it) There exists a set S € Ry such that u(S) = 1 and if (zo,yo) belongs to S then its

Ag-orbit is dense in Ry.

Proof. The first statement follows taking into account that u; is absolutely continuous
with respect to the Lebesgue measure and that Leb(g) = 0. The second statement can be
proved in the same way as Lemma 4 in [4]. m

Now, in order to finish the proof of the Main Theorem, see Theorem 1.1, it is enough

to prove Theorem 4.2.

4.1 Proof of Theorem 4.2

Let ¢ be a point in R?, r a positive real number and aq, oy real numbers with 0 < a1 <

ag < 27. We denote by CS(q,r, a1, ) the circular sector defined by
CS(Q7 r,arg, O[Q) = {(IL’, y) : (.T, y) =q+ T‘/ €xp (i()[), (T/, Oé) € [07 T] X [O[l, 042]}

13



Then, we are interested in obtain the ball of maximum radius inside certain circular sectors.

The proof of next lemma is easy.

Lemma 4.5 Let B = B(q,r) be a ball and T' = CS(q,r, a1,a2) be a circular sector. Then,
i) If ay — oy = 7, then there exists a ball B = B(q, 5) contained in T
ii) If g — a1 = 7, then there exists a ball B = B(q, (v2 — 1)r) contained in T.

iii) If ag — a1 = 7, then there exists a ball B = B(q, dor) contained in ', being dg =

sin T
e & 0.2767.

Let us take a ball B = B(q,r) with B C R; and BN Cy # (). We may assume that the
center ¢ belongs to Ry 1, because in the case in which ¢ € Ry = ©9 we may work with B*,

being B* the symmetric of B with respect to the critical line Cy.

Remark 4.6 Of course, B* is a ball centered at Ry 1. Moreover, the successive iterates of
B and B* coincide due to the fact that A; is symmetric with respect to the critical line Cy.

Therefore, if anyone of the two items of Theorem 4.2 is proved for B*, then the same item

is proved for B.

We split the proof of Theorem 4.2 in several cases according in which ©_j the center of

the ball ¢ is situated. Let us begin with the simplest cases.
Lemma 4.7 Let t € (to,1] and B = B(q,r) be a ball in Ry, then
i) If g € ©_1, then BNCy = 0.

it) If g € ©_) with k = 4 or k > 6 and BNCy # 0, then there exists j € N such that
A(B) = R;.

Proof. If B = B(q,r) C Ry and q € ©_1, then B C ©_; US;(O_1), being as usual,
Si(x,y) the symmetric of a point (x,y) € ©_; with respect to C_;. Now, see Figure 4,
since P_12 € Py2Ps4 one has that S1(0_1) NCyp = 0 and the first statement follows. In

order to prove the second statement we will firstly check that, if ¢ € ©_j, then P} € B.

14



To this end, let us recall that we have denoted by D;, the maximum distance between P}
to the boundary of ©_. Hence, let us now consider dj, = dist(©_g,Cy) and observe that
it will be enough to check that Dy < d for k = 4 and k > 6. Of course, if B = B(q,r)
satisfies ¢ € ©_j and BN Cy # 0 then it necessarily holds that r > dj, > Dj, and therefore
Py € B. Recall that Dy, = (v/2t) %Dy satisfies Dy11 < Dy for every k. Let us suppose
that we have proved Dy < dj for k € {4,6,8}. Then, since d¢ = dist(P_g_3,Cp) and
d7 = dist(P_7,_5,Co) with P_g_3 € ©_g and P_7_5 € O_7, one has d7 > dg > D¢ > D7.
Moreover, since dg = dist(P-5_3,Co) < dj, for every k > 8 we also have dj, > dg > Dg > Djy.
Hence, it is enough to prove Dy < dj, for k € {4,6,8}.
A direct calculation gives

—1 4+ 2t — 4¢3 + 444

d =
4 414
—1+ 2t — 8t° + 86
dg =
8¢6
1— 2t + 2t — 8¢4 + 8¢°
dg =
]¢5

while Dy, = (v/2t)7%Dy, being (according to Lemma 3.3), Dy = Dy 3 = dist(P§, Py 3) for
t € (to,to3], Do = D35 = dist(FPy, Ps5), for t € [to3,1], with tg3 ~ 0.9112. The expression
of Dy 3 and D3 5 were given in (7). Now, a numerical analysis shows that, for every t € (¢, 1],
Dy, < dj, for k = 4,6 and k = 8. Therefore we have proved that P} € B.

Hence, there exists a sufficiently small neighborhood U C B of P} such that AF(U) is a
neighborhood of the fixed point P. This easily follows taking into account that the orbit of
P} never visits the critical set. Now, let us recall the sets A,;, = Ry \ U;-":_Ol ©_;, see again
(4) and Figure 4. These sets are a basis of neighborhoods of P and moreover A["(A;,) = R;.

Take m large enough so that A, C A¥(U). Then, one has AF™(U) =R;. =

Next, we will study the case in which ¢ € ©_5. We will use the following result whose

proof is given in the Section 5:
Lemma 4.8 Lett € (tg,1] and B = B(q,r) be a ball in R? with q € Oy.

i) If BNC; #0, for i =0,2,3 then there exists j € N such that Ag(B NOy) = R;.

15



it) If BNC; # 0, for i = 0,5 then there exists j € N such that Ag(B NOy) = Ry.

Proposition 4.9 Lett € (tg,1] and B = B(q,r) be a ball in Ry with ¢ € ©_5 and BNCy # 0.

Then the following statements holds:

i) If BNC_5 # 0, then there exists j € N with Al(B) = R,.
it) If BN C_5 =, then there erists a ball B= B(q,T) contained in BN O_5 such that
A7 (B) = B(AJ(@), (V20)F)
with (v/2t)57 > 7.

Proof. Let us take a ball B = B(q,r) with ¢ € ©_5 and BN Cy # 0. Firstly, let us
assume that BN C_5 # . Let us consider the set D = BN ©_5. Then, A?(D) is a subset
of ©g such that there exists a ball B* in R? centered at A?(q) € ©g with A?(D) = B* N Q.
Moreover, B* N C; # (), for : = 0,5. Therefore, applying the second statement of Lemma
4.8, there exists j € N with AJ(B* N ©g) = AJT?(D) = R,.

Let us assume that BN C_5 = (. Then, it is always possible to define a circular sector
CS(q,r,a1,az) contained in BN O_5, with az — a1 = 7, see Figure 5. Applying Lemma
4.5 item iii) we may choose a ball B= B(q, dor), with dp ~ 0.2767, contained in the above
circular sector, and therefore in BN ©_5. Hence, Ai(g) NCy =0 for j =0,1,...,5 and
henceforth, from Lemma 4.1, AS(B) is the ball B(A%(3), (v2t)56or). Finally, it is easy to
check that

(vV2t)%5) > 1

for every t € (tp,1]. m

Now, let us study the case in which ¢ € ©_3. Hence, let us assume B = B(q,r) to be a
ball in R; satisfying ¢ € ©_3 and BN Cy # 0.
We will make use of the point P_39 = C_3 N Cp. In fact, we will distinguish between

the case in which P_30 € B, see Proposition 4.11 and the case in which P_3¢ ¢ B, see
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Figure 5: A circular sector for the case ¢ € ©_j5

Proposition 4.12. Let W be the intersection between Cy and Sz *(C—5) (observe that this
point always exists because, from statement i) of Lemma 3.2, P € S3(0©_3) C A4). Then,
W3 = A3(W) € C3 and we may construct an isosceles right triangle, denoted by A, contained
in ©g with vertices W3, Py 3 and P_», see Figure 6. Let us also denote by A_3 the triangle
contained in ©_3 with vertices W, P_3( and P_5 _3. Observe that A (A_3) = A. We will

use the following result whose proof is also given in Section 5:

Lemma 4.10 Let t € (to,1]. If B = B(q,r) is a ball in R* with ¢ € A such that Po3 € B

and BN P_g W3 # (), then there exists j € N such that A{ (BNA)=R;.

Proposition 4.11 Let t € (to,1] and B = B(q,r) be a ball in Ry with ¢ € ©_3 and

BNCy#0. If P_go € B, then the following statements hold:

i) If P_5 _sW N B =0, then there exists a ball B= B(q,T) contained in BN A_3 such

that A%(g) NCy=0, fori=0,...,5, A?(E) — B(A?(Zf), (vV2)57) and (\/it)ﬁ?> .
ii) If P_s_sW N B # 0, then there exists j € N such that A{(B) =R;.

Proof. If P_5_sW N B = (), then we may always consider the circular sector I' =

CS(q,r, 37”, %’r) which is contained in BN A_3.
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Py,

Figure 6: The triangles A and A_g

Hence, S3(I') = CS(S3(q),r, I, 2m) is a circular sector contained in ©_5. So, we may
pick a ball B* = B(¢*,dor) C S3(I') such that B* € ©_5. Then, AJ(B*)NCy = 0, for
i=0,...,5 AS(B*) = B(AS(¢*), (v2t)500r), with (v/2t)509 > 1 for every t € (tg,1]. To
conclude the proof of the first statement it is enough to take B = S; H(B*) = B(q, dor), with
¢ = S3'(¢*). From the second statement of Lemma 3.2, we have that AS(B) = AS(B*) =
BAS(@), (V31 57).

Now, let us assume that P_5 _sW N B # 0, with B = B(q,7). Let D = BN A_3. Then
A3(D) is a subset of A such that there exists a ball B* in R? centered at A}(q) € A with
A3(D) = B* N A. Moreover, Py3 € B* and B* N P_ W3 # (), then applying Lemma 4.10,
there exists j € N such that AJ(B* N A) = A{+3(D) = R:. Hence Ag+3(B) =R =

Now, we deal with the case P_3 ¢ B.

Proposition 4.12 Let t € (to,1] and B = B(q,r) be a ball in Ry with ¢ € ©_3 and

BNCy#0. If P_3o & B then the following statement holds:

i) If B does not intersects C_1 and C_3 at the same time, there is a ball B = B(q,7)
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contained in BN O_3 such that
AL(B) = B(A{(@), (V20)'F),
and (v/2t)4F > r.
it) If B intersects C_1 and C_3, then there exists j € N such that A{(B) =R;.

Proof. Let us first assume that B does not intersect C_; and C_3. Then there is a
circular sector C'S(q,r, a1, ag) contained in BN O_3 with ag — a1 = . Then, from the first
statement of Lemma 4.5 there is a ball B = B({, 5) C BNO_3. Hence A{B)NCy = 0, for
i=0,...,3, A{(B) = B(A}(@), (V2t)*L), with 2¢* > 1 for every ¢ € (to, 1].

Now, let us assume that BNC_3 # () and BNC_; = @ (the case BNC_3 = 0 and
BNC_1 # () can be demonstrated in the same way). Let us denote by ¢1 = q + rexp(iy1)
and ¢ = q + rexp(igy) the intersections between the boundary of B with Cp and by
g2 = q + rexp(ips) and ga = q + rexp(ipz) the intersections between the boundary of B
with C_3. See Figure 7. Since pa—¢1 > 0, o1 —@2 > 0 and w3 — 1 —(p1—P2) = 7/2 it holds
that w9 — 1 > 7/2. Then we may construct a circular sector C'S(q,r, a1, a2) C BN O_3

with ag — oy :7'('/2.

Co

O

Figure 7: The case BNC_3# 0, BNC_1 =10

From the second statement of Lemma 4.5 there exists a ball B = B(g,(v2 — 1)r) C

BN ©O_3 such that AX(B) = B(AX(q), (vV20)*(V2 — 1)r), with 4t4(v/2 — 1) > 1, for every
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t € (to,1]. Let us remark that this last inequality holds for every ¢ > ¢y = %(\/ﬁ + 1)?
This fact gives us the value of #y in the Main Theorem. The first statement is proved.
Now, for proving the second statement let us assume that B = B(q,r) satisfies ¢ € O_3,
BNC_j # 0 for j = 0,1,3. We take D = BNO_3. Then, the set AJ(D) is a subset of O such
that there exists a ball B* in R? centered at A}(q) € ©¢ with A}(D) = B* N ©y. Moreover,
B*NC; # 0, for i = 0,2,3. Therefore, applying the first statement of Lemma 4.8, we
conclude that there is j € N such that AJ(B* N ©g) = AJT3(D) = Ry. Hence AJT3(B) = Ry.

In order to finish the proof of Theorem 4.2 we must assume that we have a ball B =
B(gq,r) under the assumptions of Theorem 4.2 with ¢ € ©_5. Let us consider the set
C*yg=C_2U Sal(C,g) = P_51W3, see Figure 6. Let us take B* = B(¢*,r) the symmetric of

B with respect to C*,. Then:
1) ¢ =Sa(q) € A3 =R \ U?:o O_;.
2) B*NCy # 0.
3) For every j > 2, A (B) = Al (B*).
Let us distinguish between the following cases:

i) If ¢* belongs to Ag = Ry \ U?:o ©_; then we may apply Lemma 4.7 to conclude that,

A(B*) = Ry, for some j € N. Therefore it also holds that A (B) = R,.

ii) If ¢* belongs to ©_5 we apply Proposition 4.9 to get either some j € N with Ag (B*) =
R (in this case AJ(B) = R; also holds) or a ball BcBNO_; (Ai(g) NCo = 0 for
j =0,...,5) such that A?(g) is a ball with radius greater than r. So, if we define

B= SQ_I(@) C B, then from Lemma 3.2, we have AJ(B) = Al (B), for every j > 2 and

therefore Theorem 4.2 is also proved in this case.

iii) Finally, if ¢* belongs to ©_3, then we apply either Proposition 4.11 (if P_3o € B*)

or Proposition 4.12 (if P_3 ¢ B*). If P_3¢ € B*, then we get either j € N with
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A (B*) = A(B) =Ry oraball BC B*NA_g (A(B)ynCy =0 for j =0,...,5) such

~ ~

that AS(B) is a ball with radius greater than r. Defining B = S;*(B), we have done.

If P_3o ¢ B* then we get either j € N with AJ(B*) = AJ(B) = Ry or a ball B C
B*NO_3 (M(B)NCy = 0 for j = 0,...,3) such that A(B) is a ball with radius
greater than r. Once again, if we define B = S;l(g), then we have A{(f)’\) =\ (B),

for every j > 2 and therefore Theorem 4.2 is also proved in this case.

Hence, we have ended the proof of Theorem 4.2.

5 Proofs of Lemma 4.8 and Lemma 4.10

5.1 Proof of Lemma 4.10

Let W be the intersection between Cy and S3*(C_5). Then, W3 = AJ(W) € C3 and recall
that A is the isosceles right triangle contained in ©¢ with vertices W3, Py 3 and P_o, see
Figure 6.

In order to avoid tedious notation, during this section, let us define A = Fy3 and
Z = P_59. We consider the point H in Cy given by H = SQ_I(P,&O), see Figure 8. This
point always exists for ¢t € (t1,1] with ¢; ~ 0.8326 (for ¢ = ¢; one has that Py5 and P_1
are symmetric with respect to Cy, see Figure 4). In fact, when ¢t = ¢; we have H = A (that
is A and P_3( are symmetric with respect to C_3), and when ¢ = 1 it follows that H = Z
because the lines C_o and C_3 intersect at the point Z = P_3g = P_3.

Let us take the straight line L passing through H with slope —1 and define F' the
intersection between L and Cs. The triangle whose vertices are A, H and F' is denoted by

A’. Observe that A’ C A.
Lemma 5.1 For every t € (t1,1] there exists a three-periodic point Q@ of Ay in Al

Proof. Let us describe how A} acts on the vertices of A’. The second image of A is the
point P, 5. The coordinates of this point were obtained in Section 2 (in fact this point was

earlier denoted by Ky = (2t — 2t% + 8t4(1 —t),2t(1 — t)), see Figure 1). Therefore, applying
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the expression of A; given at (2) one has that Az = AJ(A) = Ay(K3) is the point in C3
given by Az = (4t2(1 — t 4 2t3 — 2t*),8t°(1 — t)). Now, since H € S;'(C_3) N Cy one has
H3 = A}(H) € Co N Cs. Therefore, Hy = A. Finally, since F' € S;*(S;(C_3)) we conclude
F3 = AJ(F) € Cy. But, using that A} is not only linear on A’ but also preserves angles, we
know that A?(A’) must be an isosceles right triangle and therefore the ordinate of F3 must
coincide with the ordinate of A3. So, F3 = A(F) = (1,8t°(1 —t)). Observe that, for t = 1,

A (A') is the triangle Ty with vertices (0,0), (1,0) and (1,1). Moreover,

3\2@&@4, H) > dist(A, H)

for every t € (f/g ,1]. Hence A’ C A}(A’) and therefore there exists a three-periodic point,

dist(A, F3) = dist(Hz, F3) = (V/2t)*dist(H, F) = (v/2t)

denoted by Q3 of A; in A, m

An easy numerical calculation shows that

442(1 + 2t3) 8t°
1+ 413 + 867 1 + 4¢3 + 8¢6

Q* = (zgs,ygs) = ( )- (8)

Now, Lemma 4.10 follows from the following result:

Lemma 5.2 For every t € (to, 1], there exists a set U C A satisfying the following proper-

ties:

i) If B = B(q,r) is a ball with ¢ € A such that A = Pyz € B and BN ZW3 = BN
P,270W3 75 @, then U C B.

ii) There exists m € N and a set A’ such that Q3 € A", C U and AT*(A',) = A

iii) There exists j € N such that A (U) = R;.

Proof. Let us begin by constructing the set U. Let us take again the triangle A with
vertices A, Z and W3. For the sake of simplicity, we can make a linear change in coordinates
(X,Y) = Ly(z,y), depending on the parameter ¢, in order to transport the point W3 into
the origin, the point A into (1,1) and the point Z into (1,0). So, the triangle A becomes

into the triangle 7o with vertices (0,0), (1,1) and (1,0). To this end, it is enough to denote
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by | = l; = dist(W3, Z) and define

(X’Y) = Lt(xvy) = (l_l(‘r - st)’l_l(y - yW3))7 (9)

being W3 = (zw,,yw,). In this way, any ball B = B(q,r) satisfying ¢ € A, A € B and
BN ZW;5 # () is mapping by L; into a ball B’ = B(¢/,r"), satisfying ¢’ € Ty, A’ = (1,1) € B’
and B/ NY # (), being

Y ={(X,Y)eR>:Y =0}.

One may easily deduce that any such ball B’ contains the polygonal domain U’ whose
vertices are G/ = (%,%), R = (%,%), S = (1, %) and A’ = (1,1). This last claim follows
by bearing in mind that the set U’ is convex and therefore it is enough to check that for

any such ball B/, Q' € B’ for every Q' € {G',R',S’, A’}. But this fact can be showed by

using that the two sets

{(X,Y) : dist((X,Y),(1,1)) < dist((X,Y), )}

{(X,Y) : dist((X,Y),Y) < dist((X,Y),Q)}

are disjoint for every Q' € {G', R/, S’,A’}. Hence, defining U = L;'(U’) C A, the first
statement of the lemma follows.

The vertices of the domain U are denoted by G = L;'(G’) (this is a point in C3),
R = L7 (R’) (this is a point in the straight segment GZ), S = L;'(S") (this is a point in
ZA)and A= PRy3=L; 1(A7). The shape of this polygonal domain can be seen in Figure 8.

Now, let us show the second statement of the lemma. Recall that Q® € A’ and thus in
order to prove that @3 € U it is enough to check that, denoting by Lrs = {(z,y) € R? :
y —x = a} the straight line passing through R and S, then ygs — xgs > a. But, taking

into account equation (8) and the fact that

=5+ 10t — 10t — 24¢* 4 24¢°
B 16¢2

then, one may check that ygs —xgs > «, for every ¢ > ¢; ~ 0.8326 (the value of ¢ for which

the periodic point @ arises). Observe that we have proved that Q3 € int(U). From the
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A= Po,g

Figure 8: The case F3 ¢ A

fact that Q3 is a repelling periodic orbit and A?I As is linear, there is m € N large enough
and a neighborhood A’ . of @3 such that A’ ,, C U and A7*(A’, ) = A’. Therefore, the
second statement of the Lemma is proved.

To prove the third statement, let us recall that A is the triangle with vertices A, Z and
W3 and A(A) is the triangle with vertices A = Hz, F3 = (1,8t>(1 — t)) and As. Let us
distinguish between the following cases:

i) Suppose that F3 ¢ A (or, equivalently, that A C AJ(A’)) (this situation is showed
in Figure 8). This fact takes place when the ordinate of the point F3 is smaller than the

ordinate of the point Z = P_30. By using A7(P_30) = Py2 = (1,2t(1 — t)) we have

P72,0 =7= (1, 2;;21). Then, F3 ¢ /A when

2t—1

(1 —t
8t ( ) < 572

An easy calculation shows that the above inequality holds if ¢t € (t*,1] with t* ~ 0.8894.

Then, if t € (t*,1] third statement easily follows by taking into account that © o C AS(A').
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This can be checked by observing that, in fact, ©_5 C AJ(A). This last inclusion can be
obtained from the facts that A}(Z) = P, 3 and A}(A) is an isosceles right triangle (Af‘ A s
linear and preserves angles) with one of its vertices coinciding with P; 3 and the ordinate
of A3 = A}(A) smaller than the ordinate of Z. Since, from the third statement of Lemma
3.2, Pf € © 5 and A}(Py) = P we have P € AJ(A) C AQ(A) = AJT™ (A’ ) € AJT™(U).
Thus using the basin of neighborhoods of P given at (4), A = R\ U?;Ol O_, we get some

k € N with Ay € AJY™(U). Hence, for j = k +m + 9 we obtain AJ(U) = Ry.

VAN

&

Figure 9: The case F3 € A

ii) Suppose F3 € A or, equivalently, ¢y < ¢ < t* (this case is showed in Figure 9). Let
us consider d = dist(H, Z). Let us observe that, by definition of Z the distance d coincides

with dist(Z, P_s). Recall that P_og = Z = (1, 231) and, moreover, since the image of
s ’ 2t

3_
1’ 2¢°—2t+1

P_3 belongs to C_2, one easily has P_3¢ = ( 55— ) and therefore

C2—1 28 -2t41 204287411

d
2t2 23 23

Let us also consider d; = dist(H, F3). In order to compute dj, let us write

2% — 1 —2t3 +4¢2 — 1
+d) = (1, 573

).
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Since F3 = (1,8t°(1 — t)), we conclude that

23 412 — 1
A e S N VISR

1619 — 16t — 263 + 4¢2 — 1
2t2 '

23

Now, observe that Fg is a point in C3 with dist(Fs, A) = (v/2t)3dist(F3, H) = (v/2t)3d;.
Moreover, one may check that Fy is a point in the same vertical line that of A3 with
dist(Fy, Az) = (v/2t)3dist(Fs, A) = (v/2t)%d; = 8t5d;. Then, the result follows if we prove
that dy + 8t%d; = dy(1 + 8t%) > d. This holds for every ¢t € (t2,1] with t3 ~ 0.85. This
means that for every t € (¢, 1], to ~ 0.882, the point Z = P_5 4 belongs to AY(A’), so P 3
belongs to A}2(A’) and hence ©_5 C A}2(A’). Therefore, also using the second statement
of this lemma, P € APP(A') = APY™(A’ ) € APT™(U) and we get again A (U) = Ry,

with j = 15 +m + k (k large enough so that A, C AT (U)). m

5.2 Proof of Lemma 4.8

We will use the three-periodic point @3 € A constructed during the proof of Lemma 4.10.
Let us recall that (see (8)):

442(1 + 2t3) 8t°
1+ 413 + 867 1 + 4¢3 + 8¢6

Q% = (zgs,ygs) = ( )-

We also compute Q = (zg,yg) = A7(Q?). It is easy to see that Q € ©p and, since

A (Q) = @3, from the expression of A; given at (2) it follows that

Qs +Ygs T3 — szs) — 2t + 8t* 2t

. 10
2t 2t 1+4t3+8t6’1+4t3+8t6) (10)

Q= (zq.yq) = (

First statement of Lemma 4.8 will be proved if we check that for every ¢ € (¢, 1], to ~
0.882, any ball B = B(q,r) C R? with ¢ € Oy, BNC; # 0, for i = 0,2,3, contains
either Py or Q. This claim follows by recalling that any sufficiently small neighborhood
of Py (respectively, @) is sent by A; (respectively, a convenient power of A;) into some
neighborhood of the fixed point P containing, for large enough k, some A = Rt\U;:é O_k
with A¥(Ag) = Ry (the sets Ay where defined in (4)).

Let us recall that, see (5),

26+ 2 2t

. 11
2t2+2t+1’2t2+2t+1) (11)

Py = (zpsypy) = (
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Let us divide ©g = @(J)r U©, with
Oy ={(z,y) €60 :y > yp:} (12)
and O, =0\ O

Lemma 5.3 Let t € (t,1] and B = B(q,r) be a ball in R* with q € ©f and BN Cy # 0,

then Py € B.

Proof. It will be enough to check that, if ¢ = (z4,y,) € Of then dist(q, P}) < dist(q,Cs).
But this last claim follows if we prove that dist(q, ) < dist(q,C2) whenever y, = yps.
Hence, denote by Q1 = (2q,,¥q,) = (1,yp;) and by Q2 = (2q,,yq@,) the intersections
between the line y = ypr and the sets Co and Cs, respectively, see Figure 10. It suffices to
demonstrate that dist(Q1, Py) < dist(Q1,Cz2) and dist(Q2, P}) < dist(Q2,C2). Recall that

the segment Cy is contained in the line
Ly = {(z,y) € R? 1y = 2t(1 — 1)}, (13)

then

dist(Ql, Pg) =1- wpo* < ypo* - Qt(l - t) = dist(@l,CQ)
for every t € [0, 1]. Moreover, since Cs is contained in the line
Ly = {(z,y) €R? : y = = — 4t* + 4} (14)
the point Qs is given by Q2 = (2Q,,yQ,) = (ypr + 4% — 4t3,yp5). Hence, one has
2
dist(Qa, P}) = xps —yps — 42 +4t3 = —————— 4t 141> < ypr —2t(1—1t) = dist(Q2,C
ist(Q2, Fy) = Tp: —yp; + YR T +4t* < ypr —2t(1-t) = dist(Q2,C2)

for every t € (@, 1]. m
Let us consider the straight segment 7; = Fy3A formed by all the points (x,y) in ©g

satisfying dist((x,y),Co) = dist((x,y),Cs), see Figure 10. Then,

Lemma 5.4 For anyt € (to,1], A € Co.
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Proof. Denoting by b = /2 + 1, T is contained in the straight line
Lz, = {(z,y) € R? 1y = bz — V2 — 4t + 413}, (15)
Now, since Cy is contained in the line Lo (see(13)) and Cs is contained in the line
Ls = {(z,y) € R? : y + = = 4t — 4% 4 8t* — 8°} (16)

it holds that Lz, intersects Ly at the point (3(v2 + 2t + 2t> — 4t3),2t(1 — t)) and Lz,

V2+4t—4t3 +8t4 —8¢°
1+b

intersects L5 at the point ( ,y0) (the value of yo is not interesting). Since,

for every t € (0.8576, 1], one may check that

V2 + 4t — 43 + 84 — 8¢5
1+0b

1
< g(\/i—i- 2t 4 212 — 4t3)

we conclude that A = (z4,y4) = (3(V2+2t+2t2 —4t3),2¢(1—t)) € C, for every t € (to, 1].
|

Now, let us consider the parabolas
Vours = {(@,y) € B : dist((w, ), Py) = dist((x,),Co)}
Vapg = {(z,y) € R : dist((2,y), Fy) = dist((2,y),C3)}
(see Figure 10). Then, V), pz and V3 p+ intersect in two points. Let us denote by H =

(xm,ym) the one closer to Co (the ordinate of H is smaller than the ordinate of Py). In

fact, one may check that, since
dist(A,Co) =1 — x4 < dist(A, PY)

for every t € (@, 1], then for every t € (to, 1] this point H unfortunately always belongs
to ©¢ and henceforth it also follows that H € Z;. Moreover, if we define Ay = (z4,,y4,)
the intersection between V3 P and Cq (the fact that this point belongs to Cy follows from
Lemma 5.4) and Ay the point where Vp px intersects with the boundary of ©g (it does not
matter if this point belongs to Cy or Cs) then the points H, A; and As delimit a region Z

in O (lower shading region in Figure 10) formed by those points (z,y) satisfying

dist((z,y), Py) > dist((z,y),Co)

dist((z,y), Py) > dist((z,y),Cs)
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Of course, there exists another region, Z’, in ¢ (containing P 3) for which points (z,y)
in Z' also satisty dist((z,y),P}) > dist((z,y),Co) and dist((x,y), P§) > dist((z,y),C3).
Nevertheless, the first statement of Lemma 4.8 is proved when the center ¢ of the ball B

belong to this region Z’. This claim follows from Lemma 5.3 and the following result:

-P[].i‘]

A;g

Q1

JP[].2

Figure 10: Regions Z and Z’

Lemma 5.5 For every t € (to,1] it holds that Z' C OF .

Proof. If we denote by A3 = (z4,,y4,) the intersection between Cy and V3, pr. Then in
order to prove that Z’ is contained in the set ©f (see (12)) it is enough to prove that

Yas > ypy- This fact follows if we prove that
dist(Q1, Py) < dist(Q1,Cs),
being Q1 = (1,yp;). Using that Cs is contained in L3 (see (14)) one has
dist®((z, ), Cs) = %(y o Af? — 4 (17)

for every (x,y) € R2.
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Then, since
1
dist*(Q1, Py) = (xpy —1)* < 5(le — xg, +4t* — 4t%)% = dist*(Q1,C3),

holds for every ¢ € (0.845,1] the lemma follows. m

Therefore, the first statement of Lemma 4.8 is now consequence of the following result:

Lemma 5.6 Let B = B(q,r) be a ball in R? with q € Oy, BNC; # 0, fori=0,2,3 then if

q ¢ Z one has Py € B and if ¢ € Z then Q € B.

Proof. Let us first assume that ¢ ¢ Z. This assumption directly implies that either
dist(q, Py) < dist(q,Co) or dist(q, P§) < dist(q,Cs). Then Py € B.

Let us now assume that ¢ € Z. Let us consider the new parabola:

Voo = {(z,y) € R? : dist((x,y), Q) = dist((x,y),Co)}-

We remark that the lemma will be proved if we demonstrate that Z C {(z,y) € R? :
dist((z,y),Q) < dist((z,y),Co)} because in this case any ball in the hypotheses of the
lemma (with ¢ € Z) must contains Q). Let us therefore consider S = (zg, ys) the intersection
between Vg and Cy and D = (zp,yp) the intersection between Vj g and Z;. Then the

lemma follows if we prove the following claims (see again Figure 10):
i) For every t € (to, 1] one has zg > z4,.
ii) For every t € (o, 1] one has yp > yg.
To prove the first claim it is enough to check that, for every ¢ € (tg, 1]:
dist(S, Py) < dist(S,Cs), (18)

and to prove the second claim it is enough to get, for every ¢ € (o, 1], a point U = (zy,yy) €
7, satisfying

max{dist(U, Fy), dist(U,Q)} < dist(U,Cp) = dist(U,Cs). (19)

Remark 5.7 Denoting by J the intersection in Oy between Vo pr and Vo then, if (19)

holds then J necessarily satisfies dist(J,Co) < dist(J,Cs) and therefore one easily obtains

YD > Yj > YH-
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Let us start by proving (18). To this end, we compute the equation of Vj g which is

given by
201 —zq)z+ (y —yo)* + 25 = 1.

Then, also using that any point in Cy is contained in the line Ly (see (13)), one gets

1—a23 — (2t(1 —t) — yq)*

0] L2t(1 — 1)). (20)

S = (zs,ys) = (

Now, from (17), the inequality given at (18) follows by observing that for every ¢ € (¢1, 1]

(t1 =~ 0.8326 the value of ¢ for which the periodic point @ arises), it holds that
1
dist?(S, Pr) = (zg —1)? < Jlys —zs + 4% — 4t%)? = dist?(S,Cs).

To prove (19), let us consider the straight segment Z, formed by those points (z,y) € Oq

such that dist((x,y),Co) = dist((z,y),C2). Then, Zy is contained in the straight line
Lz, = {(z,y) €R?:y+ 2 =1+2t - 2t%}. (21)

Let U = (zy, yu) be the intersection between Lz, and Lz, (see equation (15)). We obtain

(recall that b= /2 + 1)

1 1
U = (zy,yy) = (m(b-f- 2t + 262 — 4t3), 1 + 2t — 2% — m(b-i- 2t + 212 — 4t7)).

Then the inequality given at (19) holds for ¢ € (0.833, 1].

Therefore the result is proved m

To demonstrate the second statement of Lemma 4.8, we will need the next result:

Lemma 5.8 Lett € (to, 1] and B = B(q,7) be a ball in R? with ¢ € ©¢ and BNC; # 0, for

1=0,5 then:

i) BNCy # 0, for every t € (t,1] with t ~ 0.928.

ii) If t € (to,t ], then either BNCs # 0 or BN Cy # 0.
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Proof. Along the proof it will be very useful Figure 11. Let us again consider Z; = Py 3A
formed by all the points (z,y) in O satisfying dist((z,y),Co) = dist((z,y),C3). Recall that
the segment Z; is contained in Lz,, see (15). We also use again Ty = PyoR; the straight
segment formed by all the points (z,y) in ©¢ satisfying dist((z,y),Co) = dist((z,y),C2).
This segment is contained in the straight line Lz,, see (21). The point R; belongs to Cs

and since Cs is contained in the straight line L3, see (14), one gets

142t + 212 — 43 1+ 2t — 6t2 + 4¢3
2 ’ 2

) (22)

Rl = (levyRQ) = (

Let us consider 73 = P,5Ry the straight segment formed by all the points (z,y) in O

satisfying dist((x,y),Ca) = dist((x,y),Cs). This segment is contained in the line
Lz, = {(z,y) € R? 1 y — 2t + 2t = b(x — h)}, (23)
being as usual b = v/2 4+ 1 and where we have introduced
h = h(t) = 2t — 2t> + 8t* — 815

Since Lz, and Lz, (see (15)) have the same slope (equal to b = v/2+ 1), Lemma 5.4 implies
that Re € C3. From the fact that Cs is contained in the straight line Lz (see (14)) we

conclude that

1
Ry = (TRy, Yr,) = (+—— (4% — 2t* — 2t + bh),

— (413 — 2t% — 2t + bh) + 4% — 4t%). (24)

b—1
Now from the equation of R; given at (22), we have that zg, > zg, (and also yg, > yr,)
for every t € (t,1] with ¢ ~ 0.928. This means that, if t € ( ¢, 1] there is no ball B = B(q,r)
with ¢ € ©g, BNC; # 0 for ¢ = 0,5 and BN Cy = (). The first statement if proved.

To prove the second statement, let us assume that ¢ € (fo,¢ |. In this case Lz, and Lz,

((21) and (23)) intersect in one point R3 € ©g with

1+0bh
b+1

1+ bh

142t —2t% —
b b+1

)- (25)

R3 = (:ERmyRs) = (

Observe that, since BNC; # ), for ¢ = 0,5, if BNCy = () then ¢ must belong to the triangle

Z1 with vertices Ry, Ro and Rj3, see Figure 11.
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Let us take 7, = P35R4 the straight segment formed by all the points (z,y) in ©g
satisfying dist((z,y),Cs) = dist((z,y),Cs). Of course, Z; is horizontal and (see Section 2)
since P35 = Mg = (2t — 2t3 + 4t4(1 — t),2t — 4t> + 2¢3 + 4t4(1 — t)), Z4 is contained in the
line

Lz, = {(z,y) e R? 1y = 2t — 4% + 263 + 4t*(1 — 1)} (26)
Hence, Ry is the point in Cy given by Ry = (1,2t — 4t% + 2t3 + 4¢*(1 — t)). The segment Z4
intersects Z; in a point Rs = (zR,,Yr;) with
Yr, = 2t — 4t + 26° + 4t (1 — t).
Then, if some ball B = B(q,r) satisfies ¢ € g, BNC; # 0, for i = 0,5, if BN C3 = ) then ¢
must belong to the polygonal region Z; with vertices A, R4, R5 and Py (see Figure 11).
To conclude the proof of the lemma it is enough to check that Z; N Zy = (). This follows

from the fact that the ordinate of the point Rj3 is greater than the ordinate of the point Rj

for every t € (0.857,1]. m

Figure 11: The case t € (to,t |

Now, we may prove the second statement of Lemma 4.8. We will distinguish between

two cases:
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A) Let us assume that t € ( ¢,1]. Then from Lemma 5.8 we have that B N Cy # 0.
Therefore, we may suppose that BNCs = (), because if not we may apply the first statement
of Lemma 4.8 to conclude. Hence, ¢ must belong to Z (recall that this set exists for every
t € (to, 1]). We will demonstrate that the three-periodic orbit @) given at (10) must belong

to B. To this end, let us again use the parabola

VOaQ = {($7y) cR?: diSt((xvy)7Q) = diSt((x7y)aCO)}‘

This parabola intersects Cy in the point S, see (20) and Figures 10 and 12. We also need
to compute S the intersection between Vp o and Z, C Lz, (see (26)):

~ l—xQQ—(c—yQ)2
S=(rzyz) = ( 21— 2q)

,¢)

with ¢ = c(t) = 2t — 4¢% + 23 + 4t (1 — t).

Now, it is sufficient to demonstrate that if (x,y) € Zs with dist((x,y), Q) > dist((z,y), Co)
then dist((x,y),Q) < dist((x,y), Ls), being L5 (see (16)) the straight line containing Cs
(the region {(z,y) € Zy : dist((z,y),Q) > dist((z,y),Co)} is the shading region in Fig-
ure 12). To this end, it suffices to check that dist((z,y),Q) < dist((z,y), Ls) for (z,y) €
{S,5, Py2, Ry} This is because the set {(z,y) € R? : dist((z,y),Q) < dist((z,y), Ls)}
is convex. Hence, if dist((z,y),Q) < dist((x,y),Ls) for (z,y) € {S,S, Po2, Ry} then
dist((z,y),Q) < dist((x,y),Ls) for every (x,y) in the polygonal domain with vertices

S, S , Po2 and Ry4. Since one easily gets
dist*((x,y), Ls) = %(41& — 4% 4+ 8t1 — 8t — 2 —y)?, (27)

for every (z,y) € R?, we conclude

dist*(S,Q) < %(475 —4t? 4 8th — 8t° — xg — yg)? = dist*(S, Ls),
for every t € [0.846, 1],

dist?(S, Q) < %(zu 42 18865 — g — yg)? = dist*(8, Ly),
for every t € [0.85, 1]. Moreover, recalling that Py2 = (1,yp,,) = (1,2t(1 —t)),

dist*(Py2, Q) < %(415 —4t* + 8" —8t° — 1 —yp,,)* = dist* (P2, Ls),
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for every t € [0.858, 1] and finally
1
dist*(R4, Q) < 5 (4t = 4% + 8t* — 8t° — xR, — ygr,)? = dist*(Ry, Ls),
for every t € [0.833,1].

Remark 5.9 Observe that all the arguments used in the case t € ( t,1] still remain valid

for t € (to, 1] under the assumption BN Cy # (.

B) Let us assume that t € (tg,¢ |. In this case applying Lemma 5.8 we have that either
BNCs #0or BNCy # (. If BNCy # 0, then we may assume that BN Cs = ) (in other
case, the result will follow from the first statement of Lemma 4.8). Hence, we may repeat
the arguments of the previous case (see Remark 5.9), because they do not depend on the

value of t € (to, 1].

Voo .0
\ \g Ry
Q
/’- ________
Py5 bt

Figure 12: The region in Z, with d((x,y), Q) > d((z,y),Co)

Hence let us assume that t € (tg,t ] and BN Cs # (). Therefore we may assume that
BNCy = 0. Then ¢ must belong to the triangle Z; with vertices Ry, Ry and Rj3 (see Figure
11). To conclude the proof of the lemma we will prove that any such ball must contain Py,

see (5). To this end, let us consider the parabola
Vsps = {(z,y) € R? : dist((z,y), P}) = dist((z,y),Cs5)}.

The proof of the lemma ends if we check that the set Z; is contained in the set of points

satisfying dist((z,y), Py) < dist((z,y), Ls). However, since both sets are convex it suffices
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to obtain dist((z,y), Py) < dist((z,y),Ls) for (z,y) € {R1, Rz, R3}. Using the formula
(27) and the expressions given for Py, R1, R and R3 in (11), (22), (24) and (25), one may

deduce that

dist*(Ry, P§) < %(4t — 4t + 8T — 8t° — xp, —yr,)? = dist>(Ry, Ls)
for every t € (1/+/2,1],

dist*(Rg, P§) < %(415 — 4t + 8t — 8t° — xp, — yr,)? = dist*(Ry, Ls)
for every t € [0.759,0.944] (recall that if suffices to suppose t < t ~ 0.928), and

dist*(R3, P}) < %(475 — 4t + 8t — 8t° — xp, — yr,)* = dist>(R3, Ls)

for every t € [0.847,1].

Lemma 4.8 is proved.

6 Conclusions and final remarks

Along this paper we have proved the existence of a pentagonal domain R; which is the

V2
2

maximal attracting set for the 2 — D tent map A, for every t € (%=, 1]. Moreover, for every
t € (to, 1], to ~ 0.882 we have proved that R; is, in fact, a two-dimensional strange attractor
for A; and there is a unique ergodic a.c.i.m. p; with supp(p) = Ry.

In order to extend Theorem 1.1 to every t € [f/g , 1] it seems enough to use a large
number of pre-images of P (or more periodic orbits) in all the arguments of this paper.

When t € (@, {/g) the pentagonal domain R; is no longer transitive as the numerical
evidences show to us, see Figure 13. We will consider these dynamics in a forthcoming
paper.

Finally, it seems possible to use similar results as the ones given at the main result in

[1] in order to prove that the map

dpu
dLeb

te (to, 1] —
is continuous.
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Figure 13: The attractor for ¢ = 0.73 and t = 0.77 respectively
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