SOLITON DYNAMICS FOR FRACTIONAL SCHRODINGER EQUATIONS

SIMONE SECCHI AND MARCO SQUASSINA

ABSTRACT. We investigate the soliton dynamics for the fractional nonlinear Schrédinger equa-
tion by a suitable modulational inequality. In the semiclassical limit, the solution concentrates
along a trajectory determined by a Newtonian equation depending of the fractional diffusion
parameter.

1. INTRODUCTION

In the last years, the study of fractional integrodifferential equations applied to physics as well
as other areas has constantly grown. In [16,21,22], the authors investigate recent developments
in the description of anomalous diffusion via fractional dynamics and many fractional partial
differential equations are derived asymptotically from Lévy random walk models, extending
Brownian walk models in a natural way. In particular, in [19] a fractional Schrédinger equation
was derived, extending to a Lévy framework a classical result that path integral over Brownian
trajectories leads to the standard Schrodinger equation. We also refer the readers to [24] and
to the references therein for further bibliography on the subject. Let N > 1, s € (0,1] and

0<p< s
P<

Let i be the imaginary unit and let V denote a smooth external time-independent potential.
The goal of this paper is the study of the behaviour of the solution u¢: RV — C, ¢ > 0, to the
Schrédinger equation involving the fractional laplacian (—A)®

e = S (—A)uf + V(a)uf — [uf[Pu® in [0,00) x RY,

(1.1) us (0, z) :Q(%)eé@v,vo)’

in the semi-classical limit € — 0, where @ > 0 is the ground state of
1

(1.2) JCAYQ Q=7 inEY,
and zg,vg € RN are the initial position and velocity for the Newtonian type equation
(1.3) s|z|* 7% = —VV (z), z(0) = zo, ©(0) = vo.

In the limiting case s = 1, rigorous results about the soliton dynamics of Schrédinger equation
(1.1) were obtained in various papers, among which we mention the contributions by Bronski
and Jerrard [3], Keraani [17] (see also [1,2,13] where a different technique is used) via arguments
based upon the conservation laws satisfied by equation (1.1) and by the Newtonian ODE

(1.4) &=-VV(z), x(0) = zg, ©(0) = vy,

combined with the modulational stability estimates due to Weinstein [28,29]. Roughly speak-
ing, the soliton dynamics occurs when, choosing an initial datum behaving like Q((z — xg)/e)
the corresponding solution u®(t) mantains the shape Q((z — x(t))/e), up to an estimable error
and locally in time, in the semi-classical transition € — 0. For a nice survey on solitons and
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their stability features, see the work by Tao [25]. Concerning the well-posedness of problem
(1.1) and a study of orbital stability of ground states, we refer the reader to [14,15].

To the best of our knowledge, in the fractional case s € (0, 1) neither modulational inequal-
ities nor a soliton dynamics behavior have been investigated so far in the literature. Recently
there have been many contributions concerning the properties of the solutions to problem (1.2),
with a particular emphasis on the their qualitative behavior such as uniqueness, regularity, de-
cays and — more important for our goals — the nondegeneracy, namely the linearized operator
associated with (1.2) has an N-dimensional kernel which is spanned by {0Q/0x;}j—1.. n.

For these topics and the description of the physical background, we refer the reader to the
works by Lenzmann and Frank [11] in the one-dimensional case, and the work by Lenzmann,
Frank and Silvestre in the multi-dimentional setting [12]. See also the study of standing wave
solutions in [4,10], including symmetry and regularity features.

Let £: H*(RY,C) — R be the energy functional defined by

1 s 1
£w) =5 [ 1D g [ jufr*

and || - || gs denote the H'(RY, C)-norm. Then we have the following
Theorem 1.1. Assume that 5
s
0<s<1 O<p< —.
S ) p N

There exist a positive constant B, C' independent of € € (0,1] and s € (0,1) such that
E(g)—€(Q)>C inf )||¢—619Q('—$)H§{s,

zeRN Yel0,27
for every ¢ € H*(RYN,C) such that £(¢) — £(Q) < B.

This inequality is the fractional counterpart of an inequality which follows as a corollary of the
results by M. Weinstein on Lyapunov stability for the nonlinear local Schrédinger equation, see
[28,29]. A corresponding inequality for the nonlinear equations with a Hartree type nonlinearity
was obtained in [6] based upon the nondegeneracy of ground states proved in [20].

Denoting || - H%_[g = EN%ZSH(—A)% 34 =%l - I3, we prove the following
Theorem 1.2. Let uf(t) € H*(RY;C) denote the unique solution to the Cauchy problem (1.1).
Then there exists a positive constant C, independent of € € (0,1] and s € (0,1), such that

N—2s

(1.5) I(=A)3u (D)2 < Ce™7

for every t > 0 and every € > 0. Moreover, for any e > 0 sufficiently small and every s € (0,1)
there exists a time T%° > 0 and continuous functions

05°: [0,75°] = R, 25: RN 5 R, &:[0,75°%) x (0,1] x (0,1) = R,

such that
&(0,e,5) = O(e?)
and

u (t) — e§<<x,v<t>>+ee’s<t>>Q(LE’s(t))‘ ?

. < CéE(te,s) + O forallt €[0,T5%).

| "

Here 055(t) = e055(t) and 25°(t) — z(t) = 255(t) for some functions 8=°: [0,T%] — R and
255 RN — R, where where x(t) = x4(t) is the solution to the Cauchy problem (1.3).

Hence, in the short time the solution remains closed to the initial profile with a term of order
O(e?). It is expected that this qualitative behavior be preserved throughout the motion on
finite time intervals and also that z%°(¢) can be replaced by x(t) (solving problem (1.3)) as in
the local case. On the other hand, the proof of this claim seems out of reach because of the
technical complications related to the nonlocal nature of (—A)® (see also Remark 4.7).

Furthermore, we have the following
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Theorem 1.3. Let uS(t) € H*(RY;C) denote the unique solution to the Cauchy problem (1.1).
Then it satisfies inequality (1.5). Let T > 0 and assume that
2s
0 1 0 —
<s<1, <p<
that V.= Vi + Vo with Vi € C3(RY) and D*Vy € C*(RYN), where Va is bounded from below.
Then there exist a positive constant C' and a continuous function

o/ [0,T] x (0,1] x (0,1) — R,

such that
hr{l o (t,e,s) =0, forallte[0,T] and ¢ € (0,1]
s—1—
and
—x(t)\ ;e |2
‘ ul(t) — Q(x:())e‘ : Hys < Ce® + ||us(t) — ui(t)H%_[; + 4 (t,e,s), foralltel0,T],

where x(t) and v(t) = ©(t) is the solution to the Cauchy problem (1.4).

Hence, on finite time intervals and precisely on the trajectory x(¢) (solution to (1.4)) the
closeness estimate holds at the weaker rate €2 and in terms of the norm of the difference
between the semigroups u; and uj.

Remark 1.4. A major difficulty in our analysis is the lack of a point-wise calculus for fractional
derivatives. In particular, the fractional laplacian does not obey a point-wise chain rule, nor
a point-wise Leibniz rule for products. Only approximate versions of the fractional chain rule
hold: see for instance [18, Lemma A10, Lemma A.11, Lemma A.12] and the references therein.
This makes the analysis hard and we can prove the closedness of u$ to the orbit Q((z —z(t)/¢)
only when s approaches the limit value s = 1. We conjecture that the norm |lu(t) — uf(t)||3s
vanishes in the limit s — 1, but the proof seems out of reach so far, as a regularity theory for
the solutions to the fractional laplacian equation is still missing.

Remark 1.5. The Cauchy problems (1.3) and (1.4) are different from a dynamical viewpoint.
For instance, system (1.3) always possesses the zero stationary solution, while (1.4) does not.
To compare the qualitative behaviour of systems (1.3) and (1.4) in the physically relevant

situation of harmonic potentials, let N = 2 and V(z1,z2) = 2% + 223. Then (1.3), for
s e (0,1] is

&1 = &1,
(16) T2 = 527

b=+ ),
§o=—2( + &) s,
with initial datum z1(0) = 1, 22(0) = a, £1(0) = 1 and £»3(0) = b for some a,b > 0. See Figures
1-3 for the solutions to (1.6) for the cases s = 1,1/2,1/4 respectively and data a =1, b=1/2
(left) and @ = 1/2,b = 1 (right). Clearly, the complexity of the solutions increases as s

gets small. Furthermore, for any s < 1, the system admits stationary solutions of the form
(o, 3,0,0) for a, B € R, while for s = 1 it only admits the trivial stationary solution (0, 0,0, 0).

1.1. Fractional laplacian and notations. For the reader’s convenience, we collect here a few
information about the fractional laplacian (—A)* in RY. We define it as the pseudo-differential
operator acting on u € .7 (RY,C) as

(—A)u = FH (€[> Fu(€)),

where F stands for the usual isometric Fourier transform in L2(R"Y, C)

Flu)(€) = (%;V - / P y(z) da.
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FIGURE 1. Solutions to (1.6) for s =1 witha=1,b=0.5and a =0.5, b= 1.
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FIGURE 2. Solutions to (1.6) for s = 0.5 witha =1, b=0.5 and a = 0.5, b = 1.
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FIGURE 3. Solutions to (1.6) for s = 0.25 with a =1, b=0.5 and a = 0.5, b = 1.

As shown in [7, Section 3], equivalent definitions are
u(z) — u(y) : u(z) — u(y)
—A)u(z) = C(N, s P.V./id — C(N, s) lim W) — WY g
(=A)u(x) (N, s) z — y[N+2s Yy ( )8_>0 RN\B(0.6) |7 — y[N+2s Yy

1 u(lx+y) +ulzx —y) — 2u(z
:_§C(N’8)/ (z +y) |y(N+2sy) ()d%
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where
1 —cos( -1
CWN,s) = (/Wd@‘) '

Remark 1.6. In some papers, the fractional laplacian is defined without any reference to the
constant C'(V, s). This is legitimate when s is kept fixed, but we will see that the behavior of
C(N,s) as s — 1 will play a crucial role in Section 4.

The fractional Sobolev space H*(RY,C) may be described as the set
HY®N,C) = {u e ARY,C) | / (1+ 3eP*) IFu(©)[? dé < +oo},
endowed by the norm
Julle =l + 5 [ 11 Fu(e) P de = ull + 3 1(-A)Eul,

An identical (squared) norm is

luall3 +

CWs) [ 1) —uy,,,

4 |$_y‘N+23

and C(N,s) ~ s(1 —s): see [7, Section 3]. In the sequel, we will mainly work with the norm
[|lu|3 + %H(—A)%uH% From the previous definitions, it follows that ||v/—Aul|, = [[Vul|, for any
u € S (RY).

Remark 1.7. By equations (2.8) and (2.9) in [7] and some elementary interpolation, we also
deduce that the embeddings of H*(R", C) have constants that can be considered as independent
of s € [0,1], § > 0. This fact will be used several times in the sequel. Again from [7], we have
that (—A)%u converges pointwise to —Awu as s — 17, for all u € C°(RY). Furthermore, for
ue HY(RN, C),

lim [[(=4)%ull2 = [|Vul2.

s—1—

As a consequence, the fractional norms ||u|| remain bounded as s approaches 1 and the Sobolev-
Gagliardo-Nirenberg interpolation inequality

(1.7) lullzpre < Cllull§ll(=A)2ul3~®,  for all u € H*(RY,C),
for a suitable a € (0,1), holds with a contant C' which is independent of the choice of s € (9, 1].

Notation

(1) The usual euclidean scalar product of RY will be denoted by (z,y) = Zé\f:l Z;Y;.
(2) The space C will be endowed with the real inner product defined by

(1.8) zew = NRe(zwW) = w
for every z, w € C.

(3) We will denote by || - ||, the LP-norm in RY, and by || - || zs the H*-norm in RY. These

norms come from the inner products
1 s s
(u,v)g = %e/u@ and  (u,v)gs = iﬁe/(—Aﬁu (—A)z2v —1—9%/1@,

respectively.

(4) Integrals over the whole space will be denoted by |.

(5) Generic constants will be denoted by the letter C. We shall always assume that C' may
vary from line to line but it is independent of s and € unless explicitly stated.

(6) If L is a linear operator acting on some space, the notation (L, u) denotes the value of
L evaluated at u. There is no confusion with the euclidean scalar product.
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2. PROPERTIES OF GROUND STATES

A standing wave solution of the problem
{ igr = 3(=A)%6+ 8¢ =0,
¢(0,2) = ¢o(),
is a function of the form
o(t, ) = e'u(),
where u: RY — C solves the elliptic equation
1

(2.1) 5(—A)Su+u = |u|*u.

Definition 2.1. A solution z: RY — C of (2.1) is called non-degenerate if the set of solutions

u of the linearized equation
1
5 (A utu=(2p+ 1)y

is the N-dimensional subspace spanned by the partial derivatives of z.
We recall the following facts from [9,12].
Theorem 2.2. Consider equation (2.1) for 0 < s <1 and 0 < p < pmax(s), where

2s .
N/2
pmax(s) = {N—2s Zfo ses /

+o00 otherwise.

Then the following facts hold.

(i) Ezistence. There exists a solution Q € H*(RN) of (2.1) such that Q = Q(|x|) is even,
positive and strictly decreasing in |x|. Moreover, Q is a ground state solution, namely
a minimizer of the functional

D

(FI1=a)2uf2)> ([ u?) 2 @0+

| 22 :

(ii) Symmetry and monotonicity. If Q € H*(RN) solves (2.1) with @ > 0 and Q not
identically equal to zero, then there exists xg € RY such that Q(- —xg) 1is even, positive
and strictly decreasing in |x — xg|.

(iii) Regularity and decay. If Q € H*(RY) solves (2.1), then Q € H*TY(RYN). Moreover
we have the decay estimate

TP () =

C
Q)| + |z - VQ(z)| < [ENELE

for all z € R and some constant C > 0.
(iv) Nondegeneracy. Suppose Q € H*(RYN) is a solution of (2.1), and consider the lin-
earized operator at @)
1

Ly =5(=A)+1—-(2p+ HQ*

acting on L>(RN). If Q = Q(|z|) > 0 is a ground state solution of (2.1), then
9Q GQ}
Ory’ T oxn )’

(v) Uniqueness. The ground state for (2.1) is unique (up to translations).
(vi) Stability. For every so € (0,1] and Q = Qs, we have

ker L, = span {

sup ||Qsllee < 00, sup ||Qsll2 < oo, sup H(—A)S/2QS|]HS < 0.
s€(s0,1] s€(s0,1] s€(s0,1]

Remark 2.3. In the sequel, we will often write @) instead of Qs, when s is kept fixed.
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Let us introduce some notation.
I(w) = 5600+ glul
M = {ue H®Y) | ul}} =}
Ke={c<0|&(u)=2¢c, Vp,E(u) =0 for some u € My}
Ke={ue M, |V, &) =0, E(u) <0}
Kr={meR|I(u)=mand I'(u) =0 for some u € N'}
Kr={ueN|I'w)=0},
where
N ={ue H®RY) | (I'(u),u) = 0}
is the Nehari manifold associated to (2.1). For future reference, we record that, for any £ €

H*(RN,C) and any ¢ € H*(RY,C) there results

(22) ("6 One = Il =2 [ (1672 (€0 00€) 0 ¢ = [IePPCac,

where we have used the notation introduced in (1.8).
Definition 2.4. In the sequel, given a function u and \, u € R, we will write u**(z) = pu(\z).

Lemma 2.5. Given u € H*(RY), the following scaling relations hold true:

13 = A~ full3,

Aj12p+2 ~N|[, 1120+2
[[ut ”2§+2 = PP ||U||2£+2,

I(=2)2 a3 = 12NN (=A) 33,

Pr 00]. The three identities follow from a direct Computation. O
Lemma 2.6. Assume that
0< <1 0< < —=
S .
’ p N

Then there is a bijective correspondence between the sets Eg and f(/I.

Proof. Let us pick v € M, such that (£'(v),v) = —¢y and £(v) = 2¢ < 0. Introducing the
notation F(u) = HuH%Zig/(Qp + 2), then —¢y — 4¢c = (&' (v)v) — 2E(v) = —2pF(v) < 0, and
therefore ¢ > 0. We can define a map TH*: M, — N by T#*(v) = v**, where y and A are
defined by the condition

A=("%, p=0%.
It is easy to check that v** € f{/j. Viceversa, if u € EI, then we choose £ > 0 such that

1_

(2.3) lr

¥l=

g 1 L
= s )\ = 6257 M = EQP,
ull3
so that u** € M, and Vg E(w**) = 0. Whence (T“’A)_1 = TY/m1/A concluding the proof.
O

Lemma 2.7. Assume that

2s
0<s<l1 O0<p< —.
S ) b N

Then there exists a bijective correspondence 7 : K; — Kg defined by the formula

- (X 1) (22 ) (1)25%
2s p) \2(p+1)s— Np m )
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Proof. Pick m € K. Then, there is some u € N such that I(u) = m and I'(u) = 0. Therefore

1 1 1
=7 — I =—(1-— 2 .
m=1(0) = s () ) = 5 (1= = ) Julff > 0

For c € K¢ NR™ we select v € M, corresponding to c. In turn, there exists £ > 0 such that

$(=A)*v — |[v|*Pv = —fv. Let us set T (v) = v** with A = ¢=1/(29) and p = ¢=1/P) Then,
TH* maps M., into N and v# solves 3(—A)SvHA +otr = [piA|2PyiX The Pohozaev identity

yields

N —2s N N Aj12p+2
T [ IR R 2 4 S0 = o

But v** € N, namely

[0 3+ 5 [ 1-a)inaE = [ jundpes,
Hence
(- e+ (5 - 5 ) 11 =0
and

1 1 1
—_ lu/7A2 - [.L,)\ 2:
(3~ ) N B + (5 = g ) 101 = m,

where m = I(v*?). After trivial manipulations, we discover that

s 2Nm
[CNERE R
||U“’)\||2 _ 2ms(p+1) — Nmp
2 sp )
pazer2 _ 2m(p+1)
[0 oy = ——
p
Recalling Lemma 2.5, we write the previous identities as
2
1% s mN
P I(-a)Eel = "=,
2p+2 /‘ ‘2p+2 @
)\N 2p +2 p
m(p+1)s — mNp
)\TVHUHZ = .
sp
But v € M., and hence
= [lo|2 = i N 2m(p+1)s — mNp
2= sp
and
; e YSp

2m(p+1)s —mNp’

Since \ = E‘i, W= f_%, we find

2sp

o ANTZ2mN < YSp >1+2s Np 2N _2sp
=3

- 2s—Np |
p+1)s— Np s

Similarly,

2sp 2sp

2s—Np 1 2s—Np
m .

H H2p+2 )\ m — 1 ( ’Ysp >1+
2p+2 2 22y T p \2(p+1)s— Np
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To summarize, if ¢ < 0 is a constrained critical value of £ on M., and m is the corresponding
critical value of I, then c is given by

-G ) @
“=\2s p) \2(p+1)s— Np m ’

This concludes the proof. O

We also have the following

Corollary 2.8. Assume that
2s 2(p+1)s— Np

Then we ha'Ue
m_/\[ lf\l/[ (u) m70

Furthermore, any ug € N with I(ug) = mys satisfies ||uol|3 = Yo and E(ug) = infuem,, €(u).

Proof. Observe that, taking into account the monotonocity of .7, we obtain

. 1 Y0 Y0
= f =& — =9 —
Moo =, 3 (u) + (ma) + =
N 1 1+ 2sp 1 2sp
_ (7 . 7)( YosSp ) 2s—Np ( )257Np + E = my
2s  p/\2(p+1)s— Np my 2 ’

after a few computations and by the value of 7. This concludes the proof of the first assertion.
Now, given ug € N with I(ug) = myr, by repeating the argument in the proof of Lemma 2.7
(namely by combining the energy, the Pohozaev and the Nehari identities) and by the definition
of 7o we get ||ug||3 = Yo (notice that, from (2.3), it holds £ =1 = X\ = p, i.e. TH* = TV/m1/A =
Id). The last assertion then follows immediately from mpy = m.,. O

Corollary 2.9. Let Q > 0 be the unique ground state solution to problem (1.2) and let s,p
and vy be as in (2.4). Then we have

(2.5) £(Q) = min{&(q) : ¢ € H*(RY,C), [|gll2 = 70 = |Ql2},
and min{&(q) : ¢ € H*(RN,C), |lq|l2 = [|Ql]2} admits a unique solution.

Proof. The assertion follows by Corollary 2.8 and by the uniqueness of ground state solutions.
O

3. SPECTRAL ANALYSIS OF LINEARIZATION

In this section we perform a spectral analysis of the linearized operator at a non degenerate
ground state @)

Li=L(-A) +1-(p+1)Q"

acting on L?(RY,C). Let us introduce the closed subspaces of H*(RY,C)
V={uem®".0)] {u.Q): =0}

s 9 ,
Vo = {u e HY(RN,C) | (u,Q), = <u,H(Q)a—§>2 =0, j= 1,2,...,N},
j
where H(Q) = (2p + 1)Q?".
Lemma 3.1. Assume that 5
0<s<1, 0<p< NS

and define
a=inf {(Li(u),u) | u eV, |u|2=1}.
Then a > 0 and it is attained.
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Proof. Firstly, we claim that o > 0. Indeed, 0Q/0x; € V for each j =1,..., N, and
(L1(0Q/0x5),0Q/dxj) = 0.

In addition, since (see Corollary 2.8) ) minimizes £(u) over the constraint M = {u €

HRY,C) | ||ull2 = ||Q]|2}, it follows that @ also minimizes 21(u) = £(u) + ||ul|3 over the

same constraint. In particular, () is a constrained critical point of I, and a direct computation
shows that the second derivative I"”(Q) is positive definite on V. Therefore

(3.1) inf {(L4(u),u) | ue V}=0.
Since
a>inf {{Ly(u),u) |u eV},
the claim is proved. We assume now, for the sake of contradiction, that a = 0. Pick
any minimizing sequence {u,}, for «, so that ||u,|2 = 1 for every n € N, u,, € Vy and

(L4 (up),un) = o(1) as n — oco. On the other hand,

1 s
(Letun)n) = 5 [ 1B 5w+ [ funl? = @0+ 1) [ @l
and hence

/RN (=A)3u,* < C (o(l) +(2p+1) /Q2”Iunl2> <C+ c/ lun|? < C.

The sequence {uy,}, being bounded in H*(R™ C), we can assume without loss of generality
that u, — uw in H?® (RN ,C), and u € Vy because V is weakly closed.

Notice that the operator {u + H(Q)u} is a multiplication operator by the function Q%
which tends to zero at infinity. Given p > 0, let us write

(2) 1 if x| <p
xr) =
Xe 0 if x| > p.
It follows that
J@rut—po@P = [ o @ruP< sw o Qu [l
RN\B(0,p) 2€RN\ B( Op

Then the compact embedding of H*(B(0, p)) into L?(B(0, p)) yields the compactness of the mul-
tiplication operator H(Q) (see also [27, Theorem 10.20]) and the convergence (uy, H(Q)un)2 =
(u, H(Q)u)2 + o(1). As a consequence,

0 < (La(w),u) < liminf (JJunlfe = (s H(Q)un)2) = lm (Lo (un), wa) =0,

n——+00
forcing (L4 (u),u) = 0 and (L (up),un) = (L4 (u),u) + o(1). By lower semicontinuity, we get
L

el < lim inf e < limsup llunl[Fre = Hm (Lo (un), un) + (o, H(Q)un)
n——+o00

= (L (w),u) + (u, HQ)u)2 < ||ull.

So far we have proved that u, — u strongly in H*(R™,C) and that u is a minimizer for c.
From now on, for ease of notation, we assume that N = 1; the general case is similar, but we
need to replace Q' with either any partial derivative or with the gradient of @ in the following
arguments. Hence, the assumption reads as p < 2s. Let A, u and v be the Lagrange multipliers
associated to u, so that, for all v € H*(RY,C),

(Ltu,v) = Mu,v)2 + (@, v)2 + 7 (H(Q)Q', v)2.
Choosing v = u € V), immediately yields A\ = 0. Instead, choosing v = @’ and recalling also
that Q@ L @ in L2(RY,C), we find

0= (Liu, Q") = 1(Q, Q)2 +v(H(Q)Q', Q)2 = v(H(Q)Q', Q)2.
Now,

(H@QQ.Q): = 2p+1) [ QT >0,



SOLITON DYNAMICS FOR FRACTIONAL NLS 11

and this yields v = 0. Hence Liu = u@. To proceed further, we compute
1
Li(2Q) = 5(-A)"(2Q) + 2@ - (2p + Q¥ (2Q")

and we use the commutator identity (see [23, Remark 2.2] or [11, Lemma 5.1])
(—A)(z-Vu) =2s(—A)’u+z - V(—A)u
with v = @), which implies
(=A)*(2Q") — z(-A)°Q" = 25(-A)*Q.
But $(—A)*Q" + Q' — (2p+ 1)Q*Q’ = 0 and hence

(3.2) L4(Q) = s(~A)Q.
Similarly,
s 1 s s s s
(33)  L4(1Q) =5(-A) @+ Q- 2p+1)Q¥ Q= (-2Q7Q) = ~25Q™*.

Putting together (3.2) and (3.3) we see that
Ly (2Q + fQ) — —250.
p
As a consequence,
-0 — _Ploy?d
But @ is a non degenerate ground state, namely ker Ly = span{Q’}, and there is ¥ € R with
u+ ﬂ(xQ’ 4 fQ) — 90
2s p
We claim that ¥ = 0. Indeed,
_ K 1, S '
u=—1(2Q +pQ) +9Q),
and multiplying by (2p 4+ 1)Q% we get

(2p + 1)Q%u =~ (2p + DQ72Q' — (20 + Q¥ + (20 + 1)IQ™Q

2s
Since u € V),
<(2p + 1)@2]3“7 Ql>2 = <U, (2]? =+ 1)Q2le>2 =0.

Since @) is an even function, @’ is an odd function, and this implies
(H@QQ.Q): = p+1) [ Q7@ =0

(H@Q.Q)2 = 2p+1) [ Q¥a(@)? =0.
On the other hand,

(H(Q)9Q'.Q)2 = 2p+ 19 [ Q7(Q) >0,
and we conclude that ¢ = 0. hence

(30

0= [u@= -2 [20@' - I [
2s 2p
It is readily seen that u # 0. Moreover, an integration by parts shows that

[w@ =5 [

and
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Since p < 2s, we deduce Q = 0, Wthh is clearly impossible. The proof is complete. O

and thus

Remark 3.2. Actually the previous proof yields a positive constant ag such that
(Ly(v),v) > agl|v||? for every v € V.

Hence Vy becomes a complete normed space with respect to the norm v — +/(Ljv,v). Now
the Closed Graph Theorem tells us that, for a suitable @ > 0,

(3.4) (Ly(v),v) >allv||3. for every v € Vy.
Lemma 3.3. Suppose ¢ € L2(RY,C) satisfies ||¢||2 = ||Ql|2. Then

(35)  (Q.Re(p- Q)2 = —% (Ie(s — QI + [9m(¢ — Q)I3) = —%Ilaﬁ -Ql3.

Proof. It follows from a direct computation and the fact that @ is real-valued. O
Proposition 3.4. Assume
2s
0<s<l1l, 1l<p<=.

N
Let us take ¢ as in (3.5), such that

(3.6) (e(6 - Q) H(Q)
Then

(3.7 (L+(Be(d — Q)), Re(¢ — Q) = C|Re(¢ — Q)71 — Cillé — Qi — Callé — Qs
for suitable constants C, C1, Cy > 0.

Proof. Tt is not restrictive to fix |Q|l2 = 1. We decompose U = Re(¢p — Q) as U = U + Uy,
where U} = (U, @)2Q. By formula (3.5), we get

S S S 1 S S
I(=2)2 U113 < 20I(=2)2U) |5 + 2/ (=2)2ULIE = 516 = Ull2ll(—2)2Ql5 + 2| (-2)2 UL |5,
so that
s 1 s 1 s
(3.8) I(=2)2UL]lz > SII(=2)2U]5 = 4llé - Qllzll(-2)2Q]5.
The symmetry of L implies
(3.9) (LyUU) = (L U Up) + 2(L4 UL Up) + (L UL, Uy ).

But (Uj, H(Q)0Q/0zj)2 = 0, hence also (UL, H(Q)0Q/0x;)2 = 0 by (3.6). As a consequence,
Uy € Vy. We deduce from (3.4), (3.5) and (3.8) that

(3.10) (Lo UL UL > C (U~ llo - Ql3)
Again, from (3.5) we get
(LyUL,U)) =(Q,U)2(L UL, Q) = —1H¢ —QI3(UL, L1 Q)
= 3lo = QIB( [(-arru-ayie- [(-ayru-a)qQ)

(3.11) > —5\\¢ — QIBI(=2)"2(¢ = Q)l2ll(=2)*2Qll2 = ~Cll¢ — Q3.
Finally, we get
1
(312)  (LLUpUY) = (U.Q3L+Q, Q) = 1116 — QUIHL+Q, Q) = =ZlIQlI7:ll6 — Q3.
Putting together (3.9), (3.10), (3.11) and (3.12), we complete the proof. O

0Q .
—) = =1,2,...,N.
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Let us denote by L_ the imaginary part of the linearized operator at (), namely

L = %@A)s L1 Q.

Proposition 3.5. There results

L_
o, Ao
v v s
(U,Q)H.s: H
Proof. 1t suffices to prove that
L_
(3.13) inp =00
a5
<U7Q>H520

First of all, let us recall that lim, 4., @(7) = 0. Since, as claimed in [11, Section 3.2],

1
Oess (2(—A)5 + 1> = [1,+00)
and since the multiplication operator by Q?” is compact, we deduce that
Oess (L—) = [1,+00)

It now follows that L_ has a discrete spectrum over (—oo, 1) which consists of eigenvalues of
finite multiplicity. Of course @) € ker L_, so that 0 is an eigenvalue of L_ and @ is an associated
eigenfunction. But @ never changes sign, and we deduce from the proof of Lemma 8.2 in [12]
that 0 is the smallest eigenvalue of L_. In particular, L_ is a non-negative operator. Once it
is proved [12] that the heat semigroup Hs(t) = exp{—t(—A)*} is positivity preserving, namely
its kernel is a positive function, standard arguments (see [26, Section 10.5] or [27, Theorems
10.32 and 10.33]) show now that this eigenvalue is simple. Therefore, ker L_ = span (). Let us
set
w=inf {{L_v,v) | ||v]2 =1, (v,Q)gs =0},

and assume for the sake of contradiction that w = 0. If {v,}, is a minimizing sequence for
w, it follows from the regularity properties of @ that {v,}, is bounded in H*(R,C), and we
can assume without loss of generality that this sequence converges weakly to some v; as a
consequence, (v,Q)ys = 0. Again, the compactness of the multiplication operator by Q%
entails

N 2 2p, 2\ __ : —
0<(L_v,v) < lég_il_gg (||vn||Hs /Q vn> = nll}rfoo(L,vn,vn) =0,
and thus (L_v,v) = 0. But then

s <limi 2 <li 2 = i ( /2p2)
[0llzzs < lim inf [[on |77 < lmsup [jop[lyy: = T ((L-va,va) + [ Q70

— (L_v,0) + /QW < 10|l

We have proved that v, — v strongly, and that v solves the minimization problem for w.
Therefore, A and p being two Lagrange multipliers, we have that

(L-v,m) = Mv,m)a + 1(Q,m) s,

for every n € H*(R,C). Choosing nn = v yields A = 0; choosing n = @ and recalling that
L_Q =0 yields 0 = (v, L_Q) = (L_v,Q) = p||Q|%:. Hence u = 0, and we conclude that
L_v = 0. Since we know that ker L_ = span @), for some 8 € R we must have v = Q. But
then 0 = 0||Q|%., a contradiction. This shows that w > 0, namely the validity of (3.13). O

Lemma 3.6. Fiz ¢ € H*(RY,C) such that ||¢[]2 = ||Q||2 and

(3.14) inf ¢ — Q- — 2)llus < Qlln-
z€R
9€[0,2m)
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Then

(3.15) inf ¢ —e’Q(- — )3,
z€R
¥€[0,2)

is achieved at some xo € RY and 9y € [0,21). Moreover, writing ¢(-+xz0)e 70 = Q+W where
W =U + iV, we have the relations, for j =1,2,...,N:

9Q

(3.16) <U H(Q)=—= or,

>—0 and (V,Q)ns =

Proof. The variable ¢ € [0,27) is clearly harmless, since ¢ describes the compact circle S C
C. We can therefore assume that © = 0. Consider the auxiliary function n: RN — R defined
by setting n(z) = ||¢ — Q(- — x)||?{s Plainly, n is a continuous function, and

(@) = 20QIE + (- 2)5 QI3 + | (-2)F ol
29 [ 3@ — ) dy— e [ (ZA)30(0)(-2)7Q() dy

because ||¢||2 = ||Q||2. Since both Q(- — z) and (—A)2Q(- — z) decay to zero as |z| — +oo
(thanks to Theorem 2.2 and using the equation satisfied by @), we deduce that they also
converge weakly to zero as |z| — +oo. It easily follows that
lim n(z) =2Q[3 + I(=2)2Q[3 + (=2)26[3 > Q[
|z| =400

On the other hand, assumption (3.14) entails that, for every § > 0, there exists a point x5 € R
with n(zs) < |Q|%s + 6. As a consequence, the function n attains its infimum on some ball
B(0, R), for a suitable R > 0, and the proof is complete. Finally, we compute the Euler-
Lagrange equations associated to the variational problem (3.15) by differentiating with respect
to 0 and to x;:

(3.17) (6= €™Q( —w0), =™ Q(- —x0)) =0
. g9 O
(3.18) (6= "Q(- =), —6“9052.(' ), =0

Equation (3.17) yields
Re [ (6= ¢™Q(: —a0)) Q- w0)
+ ;%e/(—A); ((;5 —eQ(- - xo)) (—A)s (—ie0Q(- — o)) = 0,

namely

[ @t = woam (9e75) + 5 [-5Q( —aam ((-2)% (¢75)) =0
or (Q,V)mys = 0. Similarly, equation (3.18) yields

idg L _pl oaﬁ .-
Re [ (6= d"Q(- ~ a0)) ~ei? e )
1 s . s 0
+ 5%2/(—A)§ (¢ B 61190@(. — 3;0)) (_A)E ( 119082(. — x0)> =0,
or
s s 8@ s s 0Q
/U—+/Q e SEASNE 5t /(—A)zQ(—A)zaxj_O.

Since

[a5=0= [a)iq -a)igE.
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and using the fact that

1 Q Q oQ
we finally deduce <U, H(Q)%>2 =0. O

Lemma 3.7. Ifp € (0,1), there exists a constant C > 0 such that
’|z|p712 - |w\p71w‘ < Clz—plP,  for every z, w € C.

Proof. Let z,w € C be given and let ¥ € [0,27) be the angle between them. Without loss of
generality, we may assume that ¢t = |z|/|w| > 1. Since we have

i U ] PO i )

< p < +o00,
|z —wP te[loo) (82 + 1 — 2tcos 19)”/2
9€[0,27)
the assertion follows. O
Proposition 3.8. Let U(u) = [ |u[**2. Then ¥ is of class C* on H*(RN,C) for 0 < p < %

Proof. Since ¥ is a symmetric bilinear form on the real Hilbert space H*(R”Y,C), its norm as
a bilinear form equals the norm of its associated quadratic form, see for example [8, Lemma
2.1, pag. 173]; therefore we prove that

lim sup (W) (A7) = $7(v)(h, h)

= 0.

From (2.2) we know that U”(u) splits into two terms (we drop some multiplicative constants),
Y (u)(h, /yuPphh and W5 (u)(h,h) /\uy% *(Re(uh))®,  he H(RY,C),

which we shall treat separately. Let {u,}, C H*(RY,C) be such that u, — u strongly as
n — 0o. Then, in the case 2p < 1, by the Holderianity of the map s — s?” we obtain that

() (hs ) = Y @) ()] < C [ a1 < C [ o~ w7 B

By applying the Holder inequality with admissible exponents (g, r) respectively,

N al e (1 N )
= ri=
1 p(N — 2s) ’ 2ps+ (1 —p)N "N —2s/’

it follows for every h € H*(RY,C) with ||h|gs < 1

(97 (wn) (s ) = W () (B, W] < Cllun = ull B3, < Cllun — ul| %y,

N—2s

since ||hll2r < C||h|lgs < C, concluding the proof for ¥/. The opposite case 2p > 1 can be
treated similarly. Let us now come to the treatment of ¥4. We notice that, for p < 1, we get

[un 22 (SR (wnh))? — [ul*~2(Re(uh))?|
< 2| max {Jun|?, [u"} |Jun [P~ Re(wnh) — ul~ Re(uh)
< Cmax {|un P, [ul"} [un — ul?| A%,

where we used Lemma 3.7. Now we can proceed as before and conclude the proof. ([
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3.1. Proof of Theorem 1.1. We consider the action I(¢) = & (¢) + 1[|¢/|3 and we control
the norm of w in terms of the difference I(¢) — I(Q). Using the scale invariance of I, recalling
that (I'(Q),w) = 0, the orthogonality conditions (3.16), Propositions 3.4 and 3.5, and taking
into account Proposition 3.8, by virtue of Taylor formula, we have

I(¢) - 1(Q) = I(Q + w) — I(Q) = {I'(Q), w) + %U"(Q)waw +o(|[wlle)
= (Lyu,u) + (L_v,v) + o(|wl)
> Cllullfys + CllvlEs + o([wllFre) = Cllwlls + o(|lwllF)-

To complete the proof of Theorem 1.1, we observe that for every € > 0 there exists ¢ > 0 such
that, if ¢ € H*(RYN,C), ||6]l2 = ||Q|l2 and £(¢) — £(Q) < J, then

l6 — e Q( — 2)|lu= <e.

inf
z€RN ,9€[0,2m)

Then, choosing £(¢) —E(Q) small enough, Theorem 1.1 follows. By the uniqueness of solutions
to min{&(q) : ¢ € H*(RY,C), ||lgllz2 = ||Q|l2} (see Corollary 2.9) the above implication follows
by Lions’ concentration compactness principle as in [5]. O

4. DYNAMICS OF THE GROUND STATE
We first recall the following (cf. [9, Lemma 2.4)).
Lemma 4.1. Let s, 5 € (0,1] and § > 2|6 — s|. Then, for any ¢ € H*@+)(RN),
|[(=8)70 - (-a)%

for a suitable C(a,0) > 0 of the form C(a,6) = Cl + €2 with Cy,Cy independent of 7, 0.

|, < C(0,6)l0 = sl ¢l acaso)

Let now u® be a solution of the Cauchy problem (1. 1) The energy is defined as

1
2 2p+2
B.1) = g [ 10 + 5y [V@leta) — oy [ o),

and E.(t) = E-(0) for every ¢t > 0. Moreover the mass conservation reads as
1 € 2 2
u(t,z)|” = ||Q||5 =: m, t>0, €>0.
EN / ’ ( )’ H H2 e

Let us set

Jom s [ AEQE Qe N st

‘Z|N+28
and define

L o) +mV(2(t), t>o0.

H(t) := 5

Then we have the following
Lemma 4.2. Fort € [0,00) and € > 0 we have
E-(t) = £(Q) +H(t) + O(e?) + %JS.
Moreover, J, = O(1 — s).
Proof. Assuming xg = 0 for simplicity, we observe that

=(@v0) _ E(y vo) |2 1:51)0) _ i(y,vo0) |2
eN— 23/ Ll )¢ Q()e | dasdy—/ Q@ Qe | dxdy.

Recalling the identity [7, formula (3.12)]

1 —cos(z,v0) ,  |wo
4 | e = vy

|2s
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we obtain, on account of [7, Proposition 3.4], the following conclusion
i<y77-)0>

1:pv0_ 2
ree s

_// ’Q i@v0) _ Q(z)el w0 4 Q(x)e! y”(’)—Q(y)ei(ywa

‘l‘ _ y‘N+2$

dxdy

ell@vo) _ pi(yvo) 2

_// |Qx_y’N+2s’2d dy +// e ‘x_y‘N-',-Qf

2 _
I~y +2 [ 1Ko 2 b)) gy g 2,

dxdy +

N C’(N, 5) | — y|N+2s C(N,s)
2 s |Q()]? (1 — cos(z, vp))
SIS , s
oyl S G
2 \U0| ° 2
= 2 )|? s
cov -l 2 [ 0P o + !
2 s
— —A)2 2 2s 2 )
oo (1 AVEQIE + Q13 + 3.
Therefore,
(4.2) 1(=2)2(Q () )3 = [[(=2)2 Q13 + |vo** | QII3 + T
We know from a direct elementary computation (since ||[(—A)Y2¢|ly = |[Vel|2) that
i(-,v 2
(4.3) [(=2)72(@ () eIy = 1 (=2)2QI3 + [P QI3:
From Lemma 4.1, we learn that
I=8)3(@Q () )3 = [[(=2)2(@Q () ) 5 + O((1 = 5)%),

I(=2)2QI3 = 1(=2)"2QI3 + O((1 - 5)?),

Taking into account that |vg|?® — |vg|? = O(1 — s), it follows by comparing (4.2) and (4.3) that
Js = O(1 — s). Whence, by energy conservation, we conclude that

BL(6) = B:0) = (-3 QI3 + Sl QI3 + [ V(eI / QP+ 1,
= £(Q)+ il +mV(©) = mv )+ [ o+ 3

=E&(Q)+H(t) + / V(ex)|Q(z)|> dz — mV(0) + %JS.

It is readily checked that H is conserved along the trajectory x(t), in light of equation (1.3).
Since the Hessian V2V is bounded and, by the radial symmetry of @Q,

[ vv)Q@) -
we conclude that [V (ex)|Q(z)|? — mV(0) = O(¢?). This ends the proof. O

Remark 4.3. Unlike the local case s = 1, in the cases s € (0,1) we cannot expect a precise
conclusion as E.(t) = £(r) + H(t) + O(?). Indeed, the fractional Laplacian does not obey a
Leibniz rule for differentiating products.

For the fractional norms of u°, we have the following
Lemma 4.4. There exists a constant C > 0 such that

l=a)R()s < e,
for every t > 0 and every € > 0.
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Proof. Since V' is bounded from below and FE.(t) is uniformly bounded with respect to ¢ > 0,
e >0and s € (0,1] by Lemma 4.2, we deduce that, for all ¢ > 0,

(44) [[(-A)2u (D)3 < CeV 7> + Cé‘%/!’tf(lt)\Qp+2
_ _ 2p+2— s e
< O(N 2 w2 ()R ).
Here we have used the Sobolev-Gagliardo-Nirenberg inequality (1.7) with exponent
2s(p+1) — Np

o= 25 £1) € (0,1).

Recalling that [|[u®(t)||2 = /me™/? by the conservation of the mass, we can write (4.4) as

s s Np
(4.5) l(=2)3u (1)) < O (N2 + e 2T 2R | —a) R (1), ).
Now, setting for simplicity A4 = A/ (g) = ||(=A)2us(t)||2 > 0, (4.5) becomes
N2<C <5N_2s + g2 % (2F _¥)</V%) .
We claim that 4 < Ce™ 2 . Indeed, we rescale A =¢ “3 % and deduce that

F2< O+ 2.
Since Np < 2s by assumption, we are lead to 2 < C and the proof is complete. O

Define now
W (t @) = exp (= = (ew +2(t), v(t) Ju (e +2(t)), xRV, >0,

where (x(t),v(t)) is the solution to problem (1.3). Notice that the exponential function is a
globally Lipschitz continuous complex valued function with modulus equal to one. Then, by a
variant of [7, Lemma 5.3], it follows that W¢(¢,-) € H*(RY,C) for any ¢t > 0 and € > 0.

We have the following

Lemma 4.5. We have

’25+M(t68)_i

E(W (1)) = 20— [ V@) + B,

§m\v(t)

for every t > 0 and every € > 0.

Proof. Proceeding as in the proof of Lemma 4.2, we compute

s C(N,s Ve (t,x) — Ue(t,y 2
/|(_A)2\I/€( 2 //‘ \x—y\N+(25 )’ dxdy:Hl(t7578)+H2(t>678)+M(t75a5)7

where we have set

L(t.e.s) = o N s / uE (t, ex + z(t)) — us(t, €y+x(t))\2d$dy

|.’E— |N+25
N s erlezta(t)v(t)) _ oi{ey+a(t)v(t ))|
Io(t,e,s) : //\ (tyex +x(t )] P—LeEr dxdy
and
M(t, e, s) :=
e—i@—yn(t)) _

C(N,s) / Re [us(t, ex +x(t)) [us(t,ex + x(t)) — us(t, ey + z(¢))] 1]dxdy.

‘l‘ _ y’N+28
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By changing variables, and recalling again (4.1), it readily follows that
Li(t e,s) = e V||(=A)3u(1)13,

I(t,e, 8) = e~V |o()** ()3 = mlo(t)*

o)
s5— e ¢
M(t;é‘, 8) = C(N7 3)52 N//%e[us(tax) [’U,E(t,ﬂj) —Ua(t7y)] |SC _y|N+23 }diﬂdy

It follows that
/ (—A)2w / W (t)[P+2
— 9 p p+1

11 ER 2s € 22 M, e, s)

=5 (—A)2u (t)”2+ §m|v(t)| — WHU (t,z )||2p+2 9
1 Mi(t, e, s 1

= gl + S5 - S [Vl + B

concluding the proof.
Finally, we have the following
Corollary 4.6. There holds
E(TE(t)) — E(Q) = E(t,e,5) + O(7),
where &(t,e,s) = &1(t,e,s) + &a(t, e, s) and
M(¢t s
filt e, 8) = mpu(o)Pr 4 HEEI e
& (t,e,s) :=mV(x ——/V )|u®(t, x)]

for every t > 0 and every € > 0. Furthermore &(0,¢,s) = O(e?).

Proof. By combining Lemma 4.5 with Lemma 4.2, we find

EWE (1) = gmloOF* + JM(t.e8) - ¢ [ V@l )P + .0
:%mmn%+ IM(t, ¢, 5) (/v s (¢, 7))

+£(Q) + %mlv(tﬂzs +mV (z(t)) + O(e?) + §J5

25 4 MW +E(Q) +mV (x(t)) - siN / V(2)us(t, z)|? + O(?)

= gl(t, g, S) + gg(t,&, S) + 0(62).

= mlv(t)

Now, since we have u®(0,ex + z(0)) = Q(:c)eam"'xo’”@, we obtain

M
£1(0.2.5) = g2+ 25

N s //Q —Q(z—2)(1 _COS<Z’UO>)da;dz

|Z’N+25

s C(N,s lr—y e~ Hr—yvo) _
= mluo|** + 9 9%e//Q(fC) {Q(x) - Q(y)e< . qudfﬂdy

Cs) (] QEQE) =96 - N —cosesti)

|Z|N+2s

= mlvg|** — C(N, s /Q2 / — cos{z, UO)d dz = 0.

|N+25

That &3(0,¢,5) = O(?) is immediately seen.



20 S. SECCHI AND M. SQUASSINA

Remark 4.7. From Corollary 4.6, it seems evident that the quantity

dxdz

e G (e He00) —1)]

|Z’N+2S

]2 QE QU e,

|Z’N+2S

multiplied by the constant C'(V, s)/2, represents a nonlocal counterpart of the total momentum
in the local case,

1
/pfocal(t,a;) dr, Dlocal(t, T) == ENi_lﬁm(ﬁE(t,a:)VuE(t, z)), zeRYN, te0,00).

As known, pi,., satisfies the following identities, for t > 0 and z € RN,

9 |u€(t7x)|2 : 5 9 £ 1 € 2
aT = _dlv(plocal(ta .CC)), a/plocal(tﬂ .CC) dx = _EiN/VV(‘T)’u (t,l')’ dz.

In the fractional case, a counterpart of these identities seems hard to obtain.

4.1. Proof of Theorem 1.2. By Corollary 4.6 and by the characterization of the ground
states as minima on the sphere of L2, we have 0 < £(¥¢(t)) — £(Q) = &(t,&,5) + O(e?), where
& satisfies £(0,¢,5) = O(e?). By Theorem 1.1 we know that there exist constants B,C > 0
such that for ¢ € H'(R3,C) with ||¢2 = [|Q||2, we have

E(@)-€&(@)=C  inf )||¢ —Q(- — )|

z€R3,0€(0,2m
provided that £(¢) — £(Q) < B. Then, introducing
T° := sup {t €10,Tp] | &(7,e,s) < B forall T € [O,t]}

and, since &(0, ¢, s) = O(g?), it follows that T > 0 for any e > 0 sufficiently small and every
s € (0,1) there exist families of continuous functions #5%: R — [0, 27) and 2°: RY — R which
satisfy the assertion. O

4.2. Proof of Theorem 1.3. For s € (0, 1], consider the solution uS(t,-) € H*(RY C) to the
Cauchy problem (1.1) Then, taking [7, Proposition 2.2 and Lemma 5.3] into account, there
exists a positive constant C' such that

r — Ts(t - (vs(t),@)
Juse) — @ (=2l e
where we have set

9
Ax(tie,s) = [lug(t) — ui (017,

2

4
<C AZ ta 39 )
- ; (t;e,8)

As(tie, s) i= i) ui (t) — Ql(””_zl(t))eiw ;,
s ) = lon (L2t g (2D st i
A4(t;5,8) = HQS(HJ_:S(t)) o Ql (x_jsa))Hi;,

over finite time intervals [0, 7], for T'> 0. Then, we have the following

Proposition 4.8. There results

(a) Aq(t;e, s) < Ce?® for every e € (0,1], s € (0,1), t > 0 and some C > 0;
(b) lir{1 As(t;e,s) =0 for every e € (0,1] and t > 0;
s—1—

(c) 111{1 Ay(t;e,s) =0 for every e € (0,1] and t > 0.
s—1~
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Proof. The proof of (a) follows immediately from [17, Theorem 1.1]. The proof of (b) is a
consequence of the fact that x4(t) — x1(¢) and vs(t) — v1(t) when s — 1, since

e <o (FEL) - (FEO) o, (TR iy

5 € H
= oloit) - @ (-+ 20T ooz,
< 00~ i (- + 20Ty 2 oo,z

where we have set

(.%',t) — ei(vs(t),x—i-a*lxl(t)) - ei(vl(t),(:v—&-s’la:l(t)} t>0, z € RN

)

Es
The first term goes to zero as s — 17, for any € € (0,1] and ¢t > 0 (see e.g. [17, p.185]). Since

|Zs(w,t)| < 2 and |VEs(z,t)] < [|vsl|eoo,7) + V1l o (0,1), the second term goes to zero by
dominated convergence. The proof of (c) is a direct application of [9, Lemma 2.6], since

haltes) = Qi (22 @1(““"‘;“8“))\1; = 11Qs — Qill3-,
concluding the proof. O

Based upon the previous conclusions, the proof of Theorem 1.3 is complete.
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