GEVREY REGULARITY
FOR INTEGRO-DIFFERENTIAL OPERATORS

GUGLIELMO ALBANESE, ALESSIO FISCELLA, AND ENRICO VALDINOCI

ABSTRACT. We prove for a wide class of kernels K (z,y) that viscosity solutions of the integro-
differential equation

/R du(@,y) K(z,y)dy = f(2)

locally, belong to some Gevrey class if so does f. The fractional Laplacian equation is included
in this framework as a special case.
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1. INTRODUCTION

Recently, a great attention has been devoted to equations driven by nonlocal operators of frac-
tional type. From the physical point of view, these equations take into account long-range particle
interactions with a power-law decay. When the decay at infinity is sufficiently weak, the long-range
phenomena may prevail and the nonlocal effects persist even on large scales (see e.g. [5, 15]).

The probabilistic counterpart of these fractional equation is that the underlying diffusion is run
by a stochastic process with power-law tail probability distribution (the so-called Pareto or Lévy
distribution), see for instance [21, 19]. Since long relocations are allowed by the process, the diffu-
sion obtained is sometimes referred to with the name of anomalous (in contrast with the classical
one coming from Poisson distributions). Physical realizations of these models occur in different
fields, such as fluid dynamics (and especially quasi-geostrophic and water wave equations), dynam-
ical systems, elasticity and micelles, see, among the others [18, 6, 7, 16]. Also, the scale invariance
of the nonlocal probability distribution may combine with the intermittency and renormalization
properties of other nonlinear dynamics and produce complex patterns with fractional features. For
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instance, there are indications that the distribution of food on the ocean surface has scale invari-
ant properties (see see e.g. [20] and references therein) and it is possible that optimal searches
of predators reflect these patterns in the effort of locating abundant food in sparse environments,
also considering that power-law distribution of movements allow the individuals to visit more sites
than the classical Brownian situation (see e.g. [2, 9]).

The regularity theory of integro-differential equations has been extensively studied in continuous
and smooth spaces, see e.g. [17, 3, 1]. The purpose of this paper is to deal with the regularity
theory in a Gevrey framework. The proof combines a quantitative bootstrap argument of [1]
and the iteration scheme of [13, 12]. Here the bootstrap argument is more delicate than in the
classical case due to the nonlocality of the operator, since the value of the function in a small ball
is affected by the values of the function everywhere, not only in a slightly bigger ball; in particular
the derivatives of the function cannot be controlled in the whole space and a suitable truncation
argument is needed to bound derivatives of any order.

We recall that solutions of fractional equations are in general not better than Holder continuous
up to the boundary. This provides additional conceptual difficulties even for the interior regularity
since a nonlocal term coming from far may complicate or invalidate the local estimates for the
higher order derivatives.

Before stating the main results of the paper, we recall the definition of Gevrey function. For a
detailed treatment of the theory of Gevrey functions and their relation with analytic functions we
refer to [10, 14]. Let € R™ be an open set, we define for any fixed real number o > 1 the class
G7(Q) of Gevrey functions of order ¢ in Q. This is the set of functions f in f € C*° () such that
for every compact subset C' of €2 there exist positive constants M and K such that for all i € N

||DifHLOC(C) <MK (i) .

We remark that the spaces G7 () form a nested family, in the sense that G7 () C G7 (Q2) whenever
o < 7 and furthemore the inclusion is strict whenever the inequality is. Clearly the class G! ()
coincides with C¥(€2), that of analytical functions. It should be stressed that both the inclusions

@) c ()97 J g7 @) ce=@)

o>1 o>1

are strict, see [14]. The notion Gevrey class of functions is quite useful in applications. For instance,
it possess a nice characterization in Fourier spaces. Moreover, cut-off functions are never analytic,
but they may be chosen to belong to a Gevrey space. Roughly speaking, for a smooth function f
the notion of Gevrey order measures "how much” the Taylor series of f diverges.

As in [1] we consider a quite general kernel K = K (x,y) : R™ x (R™\ {0}) — (0, +00) satisfying
some structural assumptions. From now we assume that s € (1/2,1).

We suppose that K is close to the kernel of the fractional Laplacian in the sense that

there exist ag, 79 and 7 € (0, ag/4) such that

t20 1 1.1
W_ao <n for all z € By, y € By, \ {0}. o
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Since we are interested in the Gevrey regularity, in order to ensure that our solution are C* we
assume that K € C* (B; x (R™\ {0})) and moreover

for all k € NU {0} there exist Hy > 0 such that

Hy,
HDngK(Vy)HLw(BI) < W (1.2)

for all u, 0 € N, |u| + |0] = k, y € B,,\ {0}.

Furthermore, since we need a quantitative asymptotic control on the tails of the derivatives of K,
we assume that

{there exist ¥ > 0 and A > 0 such that (1.3)

Hy, < A® (k)Y for all k € NU {0}.

We adopt the following notation for the second increment
du(z,y) = u(z +y) + u(z —y) — 2u(z).

Our first result is about the Gevrey regularity of the integro-differential operators with a general
kernel K.

Theorem A. Suppose f is in G™ (Bg) and suppose that u € L (R™) is a viscosity solution of
du(z,y) K(z,y)dy = f(x) inside Bg (1.4)
R’n
with s € (1/2,1). Assume that K : By x (R™\ {0}) — (0,400) satisfies assumptions (1.1), (1.2),
and (1.3) for n sufficiently small.
Then there exists a 0 < R < 5 wich depends only on n, f, and [ull oo (mny Such that u € G7 (Bg)
for each o > max{1 +v,7} and R < R.

Furthermore we specialize the analysis to the case of the fractional Laplacian kernel and obtain
the following

Theorem B. Suppose f is in G (Bg) and suppose that u € L= (R™) is a viscosity solution of
(—A)’u(x) = f(z) inside Bg (1.5)

with s € (1/2,1).

Then there exists a 0 < R <5 wich depends only onn, f, and |[ul|jegn) such that u € G7 (Bg)

for each 0 > max{2,7} and R < R.

We remark that most of the difficulties in our problems come from having the equation in a
domain rather than in the whole of the space and from the fact that we look for local, rather than
global, estimates. For instance, if a summable u satisfies

(=A)"u(z) + f(x) =0
for every x € R™ and f belongs to some Gevrey class, then so is u, and this can be proved directly
via Fourier methods, see e.g Theorem 1.6.1 of [14].

Concerning the Gevrey exponent ¢ = max{l 4+ v,7} in Theorem A, we think that it is an
interesting open problem to establish whether or not such exponent is optimal or it can be lowered,
for instance, to the value max{v, 7} (in our case, the exponent value ¢ is due to a nonlocal boundary
effect and the worst factor comes from the higher derivatives of the kernel).
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2. INCREMENTAL QUOTIENTS

In this section we recall some basic facts and results about incremental quotients.

Given k € N, we observe that, for any a € R, there are exactly k + 1 integers belonging to the
interval (a,a + k + 1] (and, moreover, they are consecutive, this can be easily proved by induction
over k). In particular, taking a := —(k + 1)/2, we have that there are exactly k + 1 integers
belonging to the interval (—(k +1)/2, (k + 1)/2]. We call these integers j1,. .., jk+1-

Now, we consider V' € Mat ((k+ 1) x (k+ 1)) to be the matrix

Vi = ji™  for any i,m =1,...,k+ 1.

Then, we consider the vector c(¥) = (cgk) c,(f) ) € R**1 as the unique solution of

Ve=(0,...,0,k). (2.1)

We remark that V is invertible, being a Vandermonde matrix, and therefore the definition of ¢(*)
is well posed.
With this notation, given h > 0, v € S”~!, and a function u, we consider the h-incremental
quotient of u of order k in direction v, that is
k+1

T u(x Zc u(x + j;hv). (2.2)
We remark that TV u(z)/h* behaves like a,fu(x), as next result shows:
Lemma 2.1. Letr > (k+1)h > 0 and u € C¥(B,(z)). Then

TPu(x) = h*0Fu(x) + o(h").

Proof. By Taylor’s Theorem

1 k .
U($+]1hv> Za ( ) [h[ avu(x+§l)jfhk

— ! k!
for some ¢&; € R™ with |§| < (k + 1)h. Then we have
FALE-L o k+1
Thu(x) = M jint + Z QLG + yul@ £8i) sy
i=1 =0
k+1 k+1
(‘3 u(z ” Ogu(x +&;
-y ey ey Y m*; Dyt
i=1 m=1 i=1 ’
k
Obu(z _ OFu(x
= Z UE'( )(Vc(k))mhm 1+(Vc(k))k+17vk'( )hk
m=1 ’ :
k+1 k
Ofu(z + &) — Ohu(x
+Z ") fk), ( )Vk-i-l,ihk
This and (2.1) imply
k+1 k k
10) +&)—0
TPu(z) = h*0Fu(x) + h* Z cl(-k) vule fk)l vulr) Viet1,i (2.3)

=1
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and this gives the desired results. |

We observe that TY (T7Pu) = T (T{u), hence we can extend the notation in (2.2) to the multi-
index case. Namely, if k = (ki,...,k;) € N and v = (vy,...,v,) € (S"71)!, we define

Tru(x) =T, (... (T u(x)) . ..)

ki1+1 ke+1
k k . .
= Z Z C’Ell) . ..cl(./)u(x+jilhv1 + -+ ji,hug)
=1 dp=1

and this definition is, in fact, independent of the order. In this way, we have the following multi-
index version of Lemma 2.1:

Lemma 2.2. Letr > (k+1)h >0 and u € C¥(B,(z)). Then
TPu(z) = hF1§Fu(z) + o(hF)).

To prove Theorem A we will need the following integral analogue of Lemma 2.2. From now on,
we will adopt the convention that for any kernel K (z,y)

T, K(z,y)
denotes the incremental quotient with respect to y (i.e. letting fixed z).

Proposition 2.3. Let 0 < e < r and K € C*®(By x R"\B,_.) satisfying condition (1.2). Then
for each v € N

. 1
[ K@)y = [ Dy )] dy.

r<ly| r<|y|

Proof. For € > h(|y| +1) > 0 we set
L
fh('ray) = hh‘ |ThK(x7y)| 5

it follows from Lemma 2.1 that fj,(z,y) converges pointwise in €2 to

f(z,y) = |DyK (z,y)] .

The idea is to show that there exists a g € L'(Q) such that fi(y) < g(y). From (2.3) it follows
that there exists & € R™ with |&;| < h(]y] + 1) and positive constants A and A, such that

[v|+1
DYK(z,y+ &) — DYK(z,
fh(x,y)§|DgK(x,y)‘+ZC§|’Y|)| VK (2,y |£7)|' VK (2, )|
=1 :
[y]+1
< alDp|+ 35 Ao )

i=1

[v]4+1,4
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From condition (1.2) and € < r we have

Yy Y vl = |y+€i|’ﬂ+25+"ﬂ
Hiy|
T (ly| - et
Hy,| .
T |yl —e)nteth

Since this last estimate is independent of h, the proposition follows from the Lebesgue dominated
convergence theorem. O
3. AN A PRIORI ESTIMATE

In this section we deduce the following a priori estimate of Friedrichs type for solutions of (1.4).
It will be the key tool in proving the Gevrey regularity of the solutions of the equation.

Lemma 3.1. Let u be a solution of (1.4) with s € (%,1) and f € C*(Bg). Then for any
0<r<r+4+9d<5andp >0 the following estimate holds

1 1
7l < €[ 50,+  1Pln

Hy, .27
) op+2 HUHL‘”(R") ’

+ [V | s
where C' is a constant depending only on n and s.

We note that the estimate above corresponds to Lemma 5.7.1 of [12]. It should be stressed that
while in the local case the estimate for a generic p is easily deduced from the estimate for p = 0
by differentiating the equation, in the nonlocal case we have to be more accurate in order to take
account of the long range interactions. In particular to obtain this estimate we will exploit the
bootstrap machinery developed in the [1] to prove the C* regularity of solutions.

Proof. First of all we recall that by Theorem 5 of [1] viscosity solutions of (1.4) are of class C*°.
Now we choose a C* cutoff function n(x) > 0 such that

n(x) = {1 b

0 R™\Bs
and
an(x)HLoo(Bs) <2. (3.1)
Now for v € N™ with |y| = p and e; a unit vector we set v, = y+e; and define for each 0 < h < T}FZ
1
w(x) = —thT}?*u(x) .

By linearity w(x) = wy () + wa(z) where

wi(2) = o= Ty (1 Tu(z)
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and

wa(2) = o T (1= ) Tu()).

Our goal is to get a good estimate of

dws (z,y) K (x,y)dy inside B
RTL

using the technique of [1]. We stress the fact that wy(z) = 0 for « € By since n = 1 there.

[ ssten K] = | [ o) Ky [ suste) Ko

< - ow(x,y) K(sr:,y)dy’ + . 5w2(x,y)K(x,y)dy‘ (3.2)
1 o
= | ln f(@)| + / dwa(z,y) K(z,y)dy| -

Using the discrete integration by parts and recalling that x € By we get the inequality

6w2<x,y>K<x,y>dy\= [ st ) +n(e =) — 2] K (o) dy]
R’VL n

s + )+ wale — )] K(x.y) dy]

n

wa(r +y) K(z,y) dy‘ +

n [ st =) K ay

T () Tt )| K)o

IA
T

+ _#Tsf ((1—n) TJu(wy»] K(2,y) dy|

I
T
3
>
Sl
AN

(1) Tzu<x+y>>] T, K(x,y) dy\

* / :hpl-‘rl (=) Tﬁu(zy))] T, K (2,y) dy‘ .
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Now, exploiting the properties of the cutoff function n we get the following estimate

Rn

6w2<x,y>K<x,y>dy\s [ [ @ Bt )| 1K)
4<|z+y|<5

n / [hplﬂ (1 —n) TYu(x — y))] TS, K(x,y) dy
4<|z—y|<5

1
H [ e ) T K ) dy
5<|z+y|

1
" / (e —y) T K(x,y) dy) -

5<|z—y|

Using the triangle inequality we conclude that

[ e k@] <| [ [ 0 R )] 7K@

2<]y|
|z+y|<5

i / {hplﬂ ((1—n) T,ju(x—y))] TS, K(x,y) dy

2<y|
lz—y|<5

1 1
4 [ e+ o) ThE@w dyl+ | [ e - ) TE ) dy

3<yl 3<yl
. L e, 1 -
<2 ﬁThu Lo (B h |74, K (2, )| dy + 2 [|ull oo (g Bptl T2, ()| dy.
( 5)2<|y\ 3<lyl
Inserting the inequality above into (3.2) we obtain the desired estimate inside By
1 1
. 5w1($7y)K($,y)dy’ < eI F @)+ 2l poe gy / o (T K (@) dy
3<yl (3.3)
1, Lo e, '
+2 ﬁTh“ 7 ’Tth(x,y)’ dy .
LOO(B5)
2<ly|

Furthermore, thanks to the discrete Leibnitz rule we have that

wi(@) = iy Il + e T () + Tin(a) Ty u(a)]
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and this implies

1

1
ey < | T 18 et I e 3.4)
e e oy 1" e (g 1027 e )
where Bs(he;) is the ball of radius 5 centered at he;.
Thanks to (3.3), (3.4), and Theorem 61 of [4] we get the following estimate for w;
sy < (wumm #| [ st e )
R Le°(Bz2)
<C <w|| + H 1T67‘77 1 T u + ’ N T~ f
= Lo (Bs(hes 7ih pth h
o) TR Tl e gy 10" W oy TP e
1 2 1 €i 1 Y
+2)| 5Ty 7 T, K (2, 9)| dy + 2 [|ul] oo ) FyEs) T, K(z,9)| dy |,
L (Bs)
2<]yl 3<]yl

where, from now on, C' will denote a positive constant depending only on n and s. This means that
in calculations we will reabsorb constant factors inside C. Letting h — 0, from (1.2), Proposition
2.3, and (3.1) we conclude that

1D ullera(p,) < C (||D7*U||Loo(35) +2[1D7ull g gy + 1D fll L (52

X Hy\ (3.5)
F D"l 5 + g2t Tl e ) -
By a scaling argument, from (3.5) we get the following estimate valid for any o € (0, 1]
VP12 <C 1 Ay 1 vP
H uHLOC(B(,) =%\ H uHLO"(B;,a) + ) IVPull o 5,.,)
H 1
25—1 +1 p+1
#0970 e+ T Wl
this implies, by covering, the following global estimate, valid for 0 <r <r+4 <5
vrt? <ot v L e
VP20l o,y < O |5 IV ll o, )+ 52 VPl e 5,14
H,.,2P
25—1 +1 p+1
T+ 2 e
which is the desired estimate. ]

4. GENERAL KERNELS

In this section we will adapt the iteration scheme of [13, 12] to obtain Gevrey regularity of
solutions of (1.4). The main idea here is to introduce some rescaled companions of the L* norms
in order to exploit effectively the estimate of Lemma 3.1.
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Rescaling the norms. As in [12, 13] we introduce the following

Definition 4.1. For f and w in C*° (Bg), we define the quantities

M%,(f) = sup (R—r)*>trtt va+1f||Lm(Br), p e NU{0}
R/2<r<R
N%p(u) = sup (R—r)pHHV”QuHLN(B ) pe{-2,—1}.
7 R/2<r<R "

It is apparent from this definition that a function u € C* (Bg) will be also in G (Bpg) if and
only if there exist positive constants M and K such that the following inequality holds for any
p=—2

Ngp(u) < M- K?-[pl]?, (4.1)
where [p!] is defined as
pl ifp>0
{1 if p<o.

Thus the strategy for proving the Main Theorem will consist in showing the validity of (4.1) for
solutions of (1.4). The following lemma will be the induction step of the proof.

Lemma 4.2. Let u be a solution of (1.4) with f € C>°(Bs). Then there exist positive constants
E and F depending only on s and n such that the estimate

N}K%,p(u) < E pN}K?,,pfl(u) +p(p - 1) N}k%,p72(u) + M‘;%,p(f) + FP HP+1 p' ||’U’||L°O(R")}
holds for any p > 0.

Proof. By Theorem 5 of [1] we have that u € C* (Bg). Plugging the estimate of Lemma 3.1 into
the definition of N3 (u) we obtain the following

1 1
* _\pt+2 | = p+1 — p
RJ’(U) S OR/§1<1£)<R(R r) 5 HV UHLOC(BTH) + 52 IV UHLOO(Br+6)

_ (4.2)
5— +1
+(52 ! ’|vp+1fHL°°(Br+,;) gpﬁ HUHLOO(Rn)
By Definition 4.1 we get the inequalities
1
—+1 *
va uHLOO(BNr(;) < (R —r— 5)p+1 NR,pfl(u)
1 *
IVPull oo (B, . 4) < mNR,p—2(u) (4.3)

1 S
IV f | e, 1) < T M% ,(f)

and inserting them into (4.2) we have
(R - T)p+2 * (R - T)p+2 *
§(R—r—)pt! Rp-1(u) + 2(R—r— 5)PNR”’_2(U)

8§25 1(R —r)pt2 (R —r)rt2
(R — 1 — 6)2s+pt1 R,p(f) + HP+1QPW HUHL‘X’(R")

Npp (W) <C sup
’ R/2<r<R
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Now we eliminate the dependence on r by setting

in this way we get the following estimate

[ pp+2

PP . i}
WNR,;}A(U) + WNR,p,Q(u)

pp+2 o
S
* (p— 1)2stptl Rp(f) + Hpa2"p” ”“”L“’(R"J

<C -p (p)pﬂ N% 1 (w) +p(p—1) <p>p+1 NR p—2(u)

N}’p(u) <C

p—1 p—1

D p+1+2s
+pl T <p—1) op () + Hp1 229742 [l e ey | -

p
The proof follows from the fact that 2s > 1 and (1%) is bounded. O

Proof of Theorem A. By Theorem 5 of [1] we know that u is of class C* inside the ball Bg, this
implies that the quantities N}L)p(u) are well defined and finite for any p > —2 and R < 6. Since
g7 (Bs) C C> (Bs) also Mg (f) is well defined for all p, moreover there exist positive numbers L
and A such that for any R < 6 the derivatives of f satisfy

A p
9 iy < 2 () OO

This implies that

Rolf) = e (B =9 o

<o (B (8 e

N (W) < B [pNp 1 () 4 p(p = 1) Niz o) + F? (02 [t e

+L <§)25 <‘;1>p+1 (p+1)H7

Theorem A will proved by showing that we can choose K and M so that (4.1) holds. For this, we
are going to proceed by induction on p. Clearly we can choose K and M so that (4.1) holds for
p = —2 and p = —1, then we suppose that this choice holds up to p — 1 with p > 0 and we prove

From Lemma 4.2 it follows that

(4.4)
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it for p. From (4.4) we have that

Ng,p(uw) <E[M-KP - pl(p—1)7+M K" p(p—1)[(p — 2)!]7

+F? (p) ull oo gy + L <§)2S <§)p+1 (p+1)H7

1

i 1 o L (FN o,
MK E | 0+ - 00 () 09 Tl

i (1) (8w,

If we choose o > max{2, 7} the inequality above implies that

1

Njp, (w) = M- K? - [p]° E L ey
Rpu) =M - - [p!] ?"‘ﬁ‘f'ﬂ e HU‘HLOO(IR")

L R\%* /A\P™!
MK (2) (2) (P17

At this point we are left to show that it is possible to choose M and K in such a way that

i+i+i EPHUH +L E = ép+1(+1)7
K KT M\K L=®) " AR \ 2 2 P

for all p. It is clear that this is always the case, more precisely, since K appears always at the

E <1, (4.5)

denominator with the highest exponent in p, it is possible to choose K (depending on E, F,
[/l oo (), and A) so that (4.5) holds for all M > 1.

5. THE FRACTIONAL LAPLACIAN

In this section we will prove Theorem B. The proof will follow from Theorem A and a technical
estimate on the derivatives of the fractional Laplacian kernel.

An estimate on derivatives of radial homogeneous functions. We recall a result of Morii, Sato, and
Sawano [11] and prove the crucial technical estimate.
First of all, let uw € C*°, for all k € NU {0} we introduce pointwise the following quantity

1/2

Tu() = Y (D*u(x))”

|| =k
It is clear that for any o € N™ such that |a| =k
IDou(a)] < TFu(z), (5.1)

the advantage in using this quantity is that in [11] is shown that it is well-behaved with respect to
the differentiation of radially homogeneous functions.
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For any real number v we introduce the Pochhammer symbol

k—1

H(V—j) forveR, keN
(V)k: =0

1 forv eR, k=0

which can be used to define the generalized binomial coefficient
(”) _ Wk v eRr keNU{O}

We remark that in the sequel we will make use of the following relations to compare the Pochham-
mer symbol with the factorial

(v+bi=|Ww+37),

—

<
Il
—

—

w=0=||wv-20+7).

<
Il
—

We recall that for any = € R, |z] is the largest integer not greater than = and [z] is the smallest
integer not less than z.

The following theorem is an explicit estimate on the derivatives of the fractional Laplacian
kernel.

Theorem 5.1 (Theorems 1.1 and 1.2 of [11]). Let n € N, then for any k € Z and a € R

/\a,k
Jk a _ n
ol = s
where the constant \%F is defined as
L2l n—3 o a/2 m k—m :
ak _ | _ 1 2m—k+l1
= i S e () |30 e ()7 ) ()

1=0 m=[k/2]

The following proposition is a rough but manageable estimate of A%,

Proposition 5.2. Let a be a nonpositive real number, then there exists a positive constant A
depending on a and n such that

AR < AR E

Proof. The idea of the proof is to show that it is possible to bound the terms of the sum with
quantities depending only on k.
First of all we show that there exist constants A > 0 and B, depending only on n, such that

(";3+z) < AP, (5.2)
l
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Indeed we have that

j=1
Ln—3
< exp Z 57
=
n—3~1
= exp -
2 jzlj

and (5.2) follows from the fact that 22:1 % = O(logl).
The next step is to show that for I € [0, | k/2]]

—

(k — 201! (”;3 + z) < A (k/2)P k.
l

From (5.2) we have that

k2 (5 ”)Z - w7 “>l

s (2
= ARG

furthermore since [ € [0, | k/2]] it holds that

mﬁm:ﬁ(k;ﬂ) (k+ij)

Jj=1

l -1 -1
(=2 ) " (B )
1 J J

IN I
—_ s

this implies (5.3).
We are left to show that the following quantity

e (7))
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is controlled by a exponential of k. For this we apply the same technique used to prove (5.2):

S ) )L e

m=[k/2] m=[k/2]

k—I1
= Z 2 k!

/2] (k—m—=1)!
ol (5.4)
(—a/2+ k)i
< Z oF
]

m=[k/2] k!
< A" (k/2) KB 2F
_ Al kB/+1 2]@71

for two constants A’ and B’ depending only on n and a.
Piecing together the estimates (5.3) and (5.4) we conclude that there exist constants A, A’, B, and
B’ (with A > 0) depending only on n and a, such that

/2]
EENEDD [A (k/2)7 k! (A7 kB+1 2k—1)2]
=0

< B AVARSS gk-1-B/2.
now we conclude the proof by choosing a positive constant A big enough. O

Proof of Theorem B. It is well known that for s € (0,1) the fractional Laplacian (—A)® is a
translation invariant integro-differential operator like those considered in Theorem A. The kernel
of the fractional Laplacian K is defined as
1 1
Ko(y) = —

—Cp s T 5
2 y|n+25

here ¢, s denotes a normalization constant, see for instance [8] for survey on the topic.

Now it is clear that K satisfies (1.1) for each n > 0. From (5.1), Theorem 5.1, and Proposition
5.2 it follows that for each v € N with |y| = k € N there exists a positive constant A depending
only on n, and s such that

1 Lk
|IDVKo(y)| < 5Cns A [T

thus K satisfies also (1.2) and (1.3) with v = 1 and Theorem B follows.
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