A NEW PROOF OF EXISTENCE OF SOLUTIONS FOR
FOCUSING AND DEFOCUSING GROSS-PITAEVSKII
HIERARCHIES

THOMAS CHEN AND NATASA PAVLOVIC

ABSTRACT. We consider the cubic and quintic Gross-Pitaevskii (GP) hierar-
chies in d > 1 dimensions, for focusing and defocusing interactions. We present
a new proof of existence of solutions that does not require the a priori bound
on the spacetime norm, which was introduced in the work of Klainerman and
Machedon, [19], and used in our earlier work, [6].

1. INTRODUCTION

In this note, we investigate the existence of solutions to the Gross-Pitaevskii
(GP) hierarchy, with focusing and defocusing interactions. We present a new proof
of existence of solutions that does not require the a priori bound on the spacetime
norm which was introduced in the work of Klainerman and Machedon [19], and
which we used in our earlier work [6].

The GP hierarchy is a system of infinitely many coupled linear PDEs describing
a Bose gas of infinitely many particles, interacting via delta interactions. Some
GP hierarchies (defocusing energy subcritical and focusing L?-subcritical) can be
obtained as limits of BBGKY hierarchies of N-particle Schrodinger systems of iden-
tical bosons, in the limit N — oo. In the recent literature on this topic, there is
a particular interest in the special class of factorized solutions to GP hierarchies,
which are parametrized by solutions of a nonlinear Schrodinger (NLS) equation. In
this context, the NLS is interpreted as the mean field limit of an infinite system of
interacting bosouns in the so-called Gross-Pitaevskii limit. We refer to [10, 11, 12, 20,
19, 24] and the references therein, and also to [1, 3, 5, 9, 13, 14, 15, 17, 16, 18, 26].
For recent mathematical developments focusing on the related problem of Bose-
Einstein condensation, we refer to [2, 21, 22, 23] and the references therein.

In a landmark series of works, Erdés, Schlein, and Yau [10, 11, 12] provided the
derivation of the cubic NLS as a dynamical mean field limit of an interacting Bose
gas for a very general class of systems. The construction requires two main steps:

(i) Derivation of the GP hierarchy as the N — oo limit of the BBGKY hier-
archy of density matrices associated to an N-body Schrédinger equation.
The latter is defined for a scaling where the particle interaction potential
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tends to a delta distribution, and where total kinetic and total interaction
energy have the same order of magnitude in powers of N.

(ii) Proof of the uniqueness of solutions for the GP hierarchy. It is subsequently
verified that for factorized initial data, the solutions of the GP hierarchy
are determined by a cubic NLS, for systems with 2-body interactions.

The proof of the uniqueness of solutions of the GP hierarchy is the most difficult
part of this program, and it is obtained in [10, 11, 12] by use of highly sophisticated
Feynman graph expansion methods inspired by quantum field theory.

In [19], Klainerman and Machedon presented a different method to prove the
uniqueness of solutions for the cubic GP hierarchy in d = 3, in a different space of
solutions than in [10, 11]. Their approach uses Strichartz-type spacetime bounds on
marginal density matrices, and a sophisticated combinatorial result, obtained via a
certain “boardgame argument” (which is a reformulation of a method developed in
[10, 11]). The analysis of Klainerman and Machedon requires the assumption of an
a priori spacetime bound which is not proven in [19]. In [20], Kirkpatrick, Schlein,
and Staffilani proved that this a priori spacetime bound is satisfied, locally in time,
for the cubic GP hierarchy in d = 2, by exploiting the conservation of energy in the
BBGKY hierarchy, in the limit as N — oo. In [5], we proved that the analogous a
priori spacetime bound holds for the quintic GP hierarchy in d = 1, 2.

In [6], we prove the existence and uniqueness of solutions in the spaces used
by Klainerman and Machedon in [19], and provide an estimate that gives a precise
meaning to their a priori assumption. For the proof, we introduce a natural topology
on the space of sequences of k-particle marginal density matrices

& ={T = (v(k)(xl,...mk;m’l,...,x%))kemTr'y(k) < o0}

and invoke a contraction mapping argument. Accordingly, we prove in [6] local
well-posedness for the cubic and quintic GP hierarchies, in various dimensions.

In [6], we use the Klainerman-Machedon a priori assumption on the boundedness
of a certain spacetime norm for both the uniqueness and the existence parts of the
proof (which are obtained in the same step, via the contraction mapping argument).

In this paper, we give a new proof of the existence of solutions for focusing and
defocusing p-GP hierarchies, without assuming any priori spacetime bounds. How-
ever, we prove as an a posteriori result that the Klainerman-Machedon spacetime
bound is indeed satisfied by this solution.

Organization of the paper. In Section 2 we introduce the GP hierarchy and the
spaces that we use to analyze the hierarchy. In Section 3 we state the main result
of this paper, Theorem 3.1, and we present a proof of this theorem. The proof uses
a free Strichartz estimate, as well as an iterated version of the Strichartz estimate,
both of which are presented in Appendix A. The existence of solutions of p-GP
hierarchies with truncated initial data is addressed in Appendix B.
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2. THE MODEL

In this section, we introduce the mathematical model analyzed in this paper.
We will mostly adopt the notations and definitions from [6], and we refer to [6] for
motivations and more details.

2.1. The spaces. We introduce the space
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of sequences of density matrices

r:= (’Y(k))keN

where v*) > 0, Try®) = 1, and where every () (z),,z},) is symmetric in all
components of z;, and in all components of z} , respectively, i.e.

'y(k)(xw(l), oo (k)3 Ther (1) o0 Topr (1)) = A ®) (@, g 2, 2 (2.1)

holds for all 7,7’ € S.

For brevity, we will denote the vector (z1,- -+ ,zx) by x,, and similarly the vector
(@), @y) by zp.

The k-particle marginals are assumed to be hermitean,
Y @y 2y,) = 70 (@) 2,)- (2.2)
We call T' = (y*)) ey admissible if v*) = Try,;7*+D) | that is,
Y @y 2h) = /dxk+1 Y (2, T Ty Tht1)

for all kK € N.
Let 0 < £ < 1. We define

He = {T e es(||rHHg < oo} (2.3)
where

oo
||F||Hg = ka”’Y(k) ||Hg(dedek),
k=1

with

Nl

SED Y0 (2 )

IVl = (/dzk daj,

where S(2) .= Hf:l <v1j>a<v%>a'

2 ) (2.4)
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2.2. The GP hierarchy. We introduce cubic, quintic, focusing, and defocusing
GP hierarchies, using notations and definitions from [6].

Let p € {2,4}. The p-GP (Gross-Pitaevskii) hierarchy is given by
k
0™ =3 [~Aa;, Y] + By py ) (2.5)
j=1

in d dimensions, for k € N. Here,

+5) 2 B ok — (kB
Bk—&-%’}/( ) = B} A(hFE) Bk+§7( 5 (2.6)
where
(k+%)
Bk+1“7 Z ik, k27
and
k
- (k+%5) _ - (k+%
k2 Btk 2
J=1
with
+ E+5 ! 4
(Bj;k+1,.“,k+g7( )) (t, X1y Ty T, ooy )
:/da:k_H--~d$k+%da:§€+1---dx;€+g
k+5
k+ R /
H §(x; — w0)d(x; — xp) )(t,xl,...,J;k+g,x1,...,xk+%),
l=k+1
and
— k+2 R /
(Bj;k-&-l,...,k-i-g’y( 2)) (t’xl""vxk’wlw“axk)
!/ /
:/da:kH~~dxk+§dxk+1~~dxk+g
k+%
k+% R /
H 5x — ) (x —xp)y ( )(t,zl,...,xk+g,z1,...,xk+g).
{=k+1

The operator Bk+§7(k+§) accounts for £ 4- 1-body interactions between the Bose
particles. We remark that for factorized solutions

k
’y(k)(taxla sy Tk mllv C) (E;C) = H ¢(tvxj) Qg(t,.’b;% (27)
1

the corresponding 1-particle wave function satisfies the p-NLS
i0p = =D+ p|oPp
which is focusing if 4 = —1, and defocusing if yu = +1.
As in [6, 7], we refer to (2.5) as the cubic GP hierarchy if p = 2, and as the

quintic GP hierarchy if p=4. For p =1 or p = —1 we refer to the corresponding
GP hierarchies as being defocusing or focusing, respectively.
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The p-GP hierarchy can be rewritten in the following compact manner:

i + AT = pBr
ro) = Ty, (2.8)
where
k
Eif = (A(ik)V(k))keNy with Af) = Z (A%‘ - A“’.’i) ’
=1
and ]
Bl = (Bk+§7(k+§))keN- (2.9)

Also in this paper we will use the notation
3 p
BT = (B} 7" Jren,

BT := (Bklgv(“%) Yhen -

We refer to [6] for more detailed explanations.

3. STATEMENT AND PROOF OR THE MAIN THEOREM

In our earlier work [6], we proved local existence and uniqueness of solutions to
the p-GP hierarchy in the space of solutions

we) = {r ‘ LelLig Mg, BT, BT e Lk Mg} (3.1)

where I := [0,T]. The requirement on the spacetime norm of B*T corresponds to
the Klainerman-Machedon a priori condition used in [19]. For our proof, we used
a contraction mapping argument, based on which both existence and uniqueness
were obtained in the same process. However, the question remained whether the
condition that BT € L7 [HE for some ¢ is necessary for both the existence and
uniqueness of solutions. In the present paper, we prove that for the existence part,
this a priori assumption is not required. However, as an a posteriori result, we show
that the solution obtained in this paper has the property that Bl e Lfe He-

We remark that for regularity o > %, the result of this paper follows in an easier
way by employing the estimate

1Bl < CIT ez (3.2)

instead of Strichartz estimates, which do not need to be invoked. The bound (3.2)
for quintic GP was proved in our earlier work [5] (see Theorem 4.3), and was
employed to give a short proof of uniqueness for the quintic GP hierarchy (see
Theorem 6.1 in [5]). A bound of the type (3.2) for the cubic GP was proved in a
recent paper of Chen and Liu [8], and was used to prove local well-posedness for
the GP hierarchy in the case when o > g.

Theorem 3.1. Let o € 2A(d,p) where
(1,00) ifd=1

2

Ad,p) == { (§ — ggy,00) if d>2and (d,p) # (3,2) (3.3)
[1,00) if (d,p) = (3,2),
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and let U(t) denote the free evolution U(t) = eitBs Assume that T € Hgi. Then,
there exists a solution of the p-GP hierarchy I' € Lig /HE satisfying

I(t) = U)o + m/ot U(t — s)BT(s)ds (3.4)

for 0 < € < & sufficiently small (it is sufficient that & < n?¢" where the constant n
is specified in Lemma A.4 below).

In particular, this solution has the property that Bre LfeI”Hg‘.

Remark 3.2. We note that the presence of two different energy scales £,&' has the
following interpretation on the level of the NLS. Let Ry := (¢/)~Y/? and Ry := £~1/2.
Then, the existence result in Theorem 3.1, applied to factorized initial data I'y = I'y,
and the associated solution T'(t) = Ty (of the form (2.7)), is equivalent to the
following statement: For |(¢o| 2 (rn) < Ro, there exists a solution ||¢[|ree mrrn) <
Ry, with Ry > Ry, in the space

{6 € Ly H (R | |6l 2 < 00} -

This statement, specified for balls Br,(0), Br,(0) C H*(R™), contains the usual
less specific formulation where only finiteness is required, that is, |[do|| g1 mny < 00
and ||¢]| Lo

teIHl(Rn) < 00.

Proof. The p-GP hierarchy is given by

n

iat’}/(n) = Z[—ij,'y(")] + NBnJr%’y(TH_%) (3.5)
j=1
for all n € N.

We observe that (3.5) determines a closed, infinite sub-hierarchy, for initial data
71(\?)(0) =0, for n > N, which has the trivial solution

vy =0 , teI=1[0,T] , n>N. (3.6)

Without invoking uniqueness, it is not possible to conclude that this is the unique
solution of the sub-hierarchy for n > N with zero initial data.

However, for the construction of a solution of (3.5) (without any statement on

uniqueness), we are free to choose 7(")( t) = 0 for n > N. In particular, it then
follows that for n > N — + 1,

M»

0 (s 2ly) Ay 7 2y ) (3.7)

j:1

solves the free evolution equation, since B, +p’y( +%) = (. Thus,
’y](f,l)(t) = UM (1) 7](\?)(0) forn > N — g +1. (3.8)

On the other hand, for n < N — £, ’yg\?)(t) satisfies the p-GP hierarchy in the full
form (3.5).
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From now on, for a fixed N, we consider solutions of (3.5) of the above type

which we denote by I'y = (71(\7) ). More precisely, let P<y denote the projection
operator

Py 16 = 6
L=(rWM,72 ) = (WU, ... 4™ 00,...), (3.9)
and P~y =1 — P<y. We consider solutions I' () of the p-GP hierarchy,
i0,'ny = A Ty + pBTy, (3.10)
for the truncated initial data
Ty(0) = P<yTy = (1{",...,7",0,0,...) (3.11)
for an arbitrary, large, fixed N € N, and where component F%") (t) = 0 for the m-th

component, for all m > N. By Duhamel’s formula, the solution of (3.10) is given
by

Py(t) = UMTN(O) + i / Ut — $) B (s) ds (3.12)
0

for initial data I'y(0) = P<nyTY.

We introduce three parameters £, £”, £ satisfying

§<ng <n¢, (3.13)
where the constant 0 < 7 < 1 is specified in Lemma A.4 below.
It is shown in Appendix B that it is sufficient to iterate the Duhamel formula

(3.12) for 'y only finitely many times, in order to obtain a fully explicit solution
to (3.10) for fixed N that satisfies

ITN llege e, o I BN ez g, < C(T5€,67) [Tollag, - (3.14)

tel

Moreover, it follows from Lemma A.4 below that the sequence (EF ~N)Nen is Cauchy
in LfeI’H?,,. That is, for any € > 0, there exists N(¢) € N such that

IB(T, —Ia)llzz aez, < O 1P n Lol (3.15)
< € (3.16)

holds for all Ny, No > N(e). This is because by assumption, HFOHHQ, < 00, which
is a power series in £’ > 0 with non-negative coefficients. Hence,
IP>n.Tollme, = > (€ V@ (O) e — 0 (3.17)
k>N;p

as N1 — oo, so that (3.16) follows.

Accordingly, there exists a strong limit

© = lim Bly € L% HE . (3.18)

N —oc0

We claim that

~

O(t) = BUMI(0) + ip /O t BU(t — 5)O(s)ds . (3.19)
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In order to prove this claim, we observe that

le - Butro) - w/otéU(t ~9)0(s)

L2 Mg
< H@(t)f];?FN(t)‘LZ) » (3.20)
+|Buew© -ty , . (3.21)
+ /0 dsBU(t—s)(@(s)—BrN(s))’%Hg (3.22)
+||Bry e - Bu@ry0) —i / t BU(t—5)BUw(s)ds| , . (323)
0 ter’te

First, we notice that (3.23) is identically zero because I'y is a solution of the p-GP
hierarchy, (3.5). Since & < &’ we can estimate the term (3.20) as follows

o) - Bra)

< lle(t) - Br ()|

Lfeﬂ{? LEEIH?//

=on(1), (3.24)
where the last line follows from (3.18). For (3.21), since £ < n¢&” we can use the

free Strichartz estimate (A.1) as follows:

|Buw @ -Tn) | , . <IT0) = Tx(O)

Lie Mg <
< IT(0) = T (0) I,
= [I1P>nT(0) ][, - (3.25)

For the term (3.22), we have

H/Ot ds BU(t — 5)(O(s) —EPN(S))‘

< || [ as| B - spets) - Bracs)

we llrz,,
) /OT ds HEU(t — 8)(O(s) — EFN(S))‘ -
< (T /OTdsH@(s)—ErN(s)‘w (3.26)
2,
< o) o) - Bra)|, . (3:27)
— on(1). E (3.28)

Here, to obtain (3.26) we use the free Strichartz estimate (A.1) in a manner similar
to the T'— T argument for the Schrodinger equation. To obtain (3.27) we used the
Holder inequality, and to get the last line (3.28), we used (3.18). In conclusion,

H@(t) — BU(1)r(0) w/Ot ds BU(t = 5)©(s) L2 He

<on(l) + C(T 1PN (O0) g, — 0 (N —=o00). (3.29)
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Therefore, taking the limit N — oo, we find that © satisfies
-~ t ~
o(t) = BUMT(0) + i / BU(t — £)0(s)ds (3.30)
0

as claimed.

Moreover, we observe that for ¢t € I = [0,T] we have:
Ty () = T, (8) [ 222

< NUBT N, (0) = T, (0) g + II/O dsU(t = $)B(T'n, (s) = T, (5)) | e

< T8 (0) = Do ()l + / ds|| BT, (5) — Ty ()l ez

T

< T3 (0) = Ty (Ol + [ ds BT, (5) = Do (D, (331)
0

< TN, (0) = T, (0) e, + T%||B(T, (s) — T, (5))] L2 M,

< O, €") IP> N Tollug, »

using the relation & < n&” < n?¢’ to obtain (3.31), and (3.15) to pass to the last
line. Thus, similarly as in (3.16), there exists for every € > 0 a number N(e) € N
such that

||FN1 (t) - FNz (t)|

ne < €, (3.32)

for all N1, No > N(e). This implies that (I'v) nen is a Cauchy sequence in Ly /Hg,
thus we obtain the strong limit

I'= lim Ty € LA, (3.33)

given the initial data 'y € Hg‘,.

Next, we claim that I" satisfies
t
T(t) = U(t)To + ip / Ult — )0(s) ds. (3.34)
0

Indeed, we have for ¢ € I that

HF(t) — U)Ty — w/o Ut — )0(s) ds} »
<0~ T () e (3.35)
U)o = Tn(0)) (g (3.36)

+ H /Ot U(t — 5)(O(s) — BT n(s)) ds‘

He

3

+ [P - Ura©) - w/ot U(t — 5)BTw (s) dsHHg. (3.38)
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Here, we note that (3.38) is identically zero because I'y () is a solution of the p-GP
hierarchy, (3.5). Moreover, we have

(3.37) < /OTdsH@(s)—BrN(s)H

HE
< T3 671§FN‘
Lic He
< T% @—EFN‘ . (3.39)
Lfel”?ﬁ
Therefore,
t
Hr(t) — U@y — m/ Ut — 5)O(s) ds‘
0 L2 rHE
| .
< |0 =Twllzge,2e + [ITo = Tn(0)[l3g + T [|© — BFNHL?GI”H;*,, ; (3.40)

where the right hand side tends to zero as N — oo, due to the convergence (3.33)
and (3.18). This implies (3.34).

Finally, we observe that

BT(t) = BUMWTy + ip / t BU(t — 5)O(s) ds (3.41)
0
while
O(t) = BU(t)Iy + w/t BU(t — 5)O(s)ds. (3.42)
0

Comparing the right hand sides, we infer that Br=ec Lfe rH¢. This concludes
the proof. ([

APPENDIX A. ITERATED DUHAMEL FORMULA AND BOARDGAME ARGUMENT

In this section, our main goal is to prove Lemma A.4 below; it is the main
ingredient for establishing that (BI'y) is a Cauchy sequence in L7 rHg. We first
summarize some results established in [5, 6, 19], which are related to Strichartz
estimates for the GP hierarchy.

itai —

We first reformulate the Strichartz estimate for the free evolution U(t) = e
(U™())nen proven in [6, 19].

Lemma A.1. Let o € A(d,p). Assume that Tg € Hg, for some 0 < & < 1. Then,
forany 0 < & < &, there exists a constant C(€,£") such that the Strichartz estimate
for the free evolution

|BU(t)Tol| 12

tER

He S (&€ ||F0HHg, (A1)

holds.
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Proof. From Theorem 1.3 in [19] and Proposition A.1 in [6], we have, for a € A(d, p),
that
|BEH DU 15" )

a
tE]RHk

k
P k+Z
< 2B g VP00 iz
j=1
k+%
< Cklv™ P g, (A2)
2
Then for any 0 < £ < &', we have:
5 B B (k+%)
IBUTollz e < D € IBETDUTD (00" |l 12 g
k>1
k+5
<O ke g Vg, (A3)
>1
n—=2 £ g 1 (k+2) ., k+5)
=C(€)" ,;k o) O el
N—D _ £\* N(k+B) (S
<C@E) Fswk () YO g ey,
NS k>1 M
< C(&€) [Tollag, »
where to obtain (A.3) we used (A.2). O

Definition A.2. Let I = (")) nen denote a sequence of arbitrary Schwartz class
functions 7 € S(RxR"xR"). Then, we define the associated sequence Duh; (T
of j-th level iterated Duhamel terms, with n-th component given by

Duh, (T') ™) (¢) (A.4)
t ti_q P
= (—iu)j/ dtl"'/J dtjei(tftl)A(in)Bn.kﬂei(tlftQ)Ait+2)
0 0 2
(n+42) i
B, zpee an; JRITVAN 7(n+%)(t]) ,

and Duhg (L) (t) := UM ()7 (1), for j € No.

As usual, the definition is given for Schwartz class functions, and can be extended
to the spaces in discussion by density arguments. The fact that Duhj(f)(”) €
S(R x R™ x R"¥) holds under the above conditions, for all n, can be easily verified.
Using the boardgame strategy of [19] (which is a reformulation of a combinatorial
argument developed in [10, 11]), one obtains:

Lemma A.3. Let a € A(d,p) and p € {2,4}. Then, for I = (™), as above,
| Brg g Db (D)2 () || 2 o (o ety (A.5)

tel

n g ) (n+ (j+1)P) Na(n+ (j+1)P) ) )
< nOO (COT) 2 ||BH+WU 2 ( )7 2 ||L?€IH(,(R(n,+%)dXR(n+%)d) ;

where the constants co, Cy depend only on d, p.
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For the proof in the cubic case, p = 2, we refer to [6, 19], and for the proof in
the quintic case, p = 4, to [5].

We observe that any solution I'y of (3.5) with initial data I'y(0) = P<nTo
satisfies the equation

BUn(t) = BU@#)Tn(0) + i /0 tEU(t—s)EFN(s)ds (A.6)

(obtained from acting with B on (3.12)), and by recursion,

k—1
(Brw)™(®) = 3" BuyyDuy(Tw(0)) " 8)(0)

§=0
+ B, 4.2 Duhy (BT )"+ 8) (1) (A.7)
obtained from iterating the Duhamel formula %k times for the n-th component of

BT (for the definition of Duh;, see (A.4)). Since FS\T) (t) = 0 for all m > N, the
remainder term on the last line is zero whenever n + @ > N. Thus,

R [2(N—n)/p=1] )
(Bry)™(t) = > BuypzDuby(Tn(0)" T2 (1), (A.8)
3=0

where each term on the right explicitly depends only on the initial data T'n(0)
(there is no implicit dependence on the solution I'y(t)).

Now we are ready to prove the main result of this section:

Lemma A.4. Assume that o € U(d,p) and p € {2,4}, and that T'o € Hg, for
some 0 < & < 1. Let N1, Ny € N, where Ny < Ny. Then, there exists a constant
0 <n=n(d,p) <1 such that the estimate

IBOCN, = Twa)llzzme < C(T,6,8) [1P>niTollag, (A.9)
holds whenever & < n&' (we note that it suffices to let n < C’O_1 where the constant
Co = Co(d,p) is specified in Lemma A.3).

Proof. For simplicity of notation, we shall present the explicit arguments for the

(cubic) case p = 2. The (quintic) case p = 4 is completely analogous.

Thanks to (A.8) we have

lenfl

BTy, ~Th))™ (1) = > BuypaDuhy((T, (0) — Ty, (0) " (1)
j=0
- Zin:_ Bn+1Duhj(FN2(O>)(n+1)(t)’ (A]-O)
j=Ni1—n

using (A.4) and the fact that ny(\Z+j+1) =0for j>N;—n—1,withi=1,2.

Since ’y](\ZJerrl)(O) = *yj(\;fjjﬂ)(O) for 0 < j < Ny —n —1, the first sum on the rhs
of (A.10) is identically zero.
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For the second term on the rhs of (A.10), we have for the summation index that
j > N1 —n. Thus, the components of I'y,(0) occurring in (A.10) are given by

’yJ(\ZHH) with j > N; —n, that is, 'yJ(VTZ) with m > Nj.
Using Lemma A.3 and the free Strichartz estimate (A.2), we therefore find that

IBITN, =T )™ @)l 2, ae

tel

NQ*TL*l
< S BusaDuby (Ca (0) ™0 g2 e
j:len
No—n—1 )
n i n+j n+j+1
< > (D) E | By U 0y 5V (0) 2 e
j=Ni—n
Nz*’rl*l 41
-1 —-n n —92y\ L2 n+iq n4+qj
< (@D)THE)TRIOE Y (@T(€))F (€T O) e
j:len
< (€)' CF CLT,E) IP> v, T, (0) g, (A11)

for T > 0 sufficiently small so that coT'(¢/)~2 < 1. Hence,

Y EIBEN, = Tr) ™ @) 2, oo

tel

neN
< Q) (Yo n? Gy (€/E)") IPn T (0) e
neN
< O ) [Pon a0l (A.12)

for £ < n&’ where n < C’al, noting that Cy = Cy(d, p).

This proves the claim for the case p = 2. The case p = 4 is completely analogous,
and we shall omit a repetition of arguments. (I

APPENDIX B. EXISTENCE OF SOLUTIONS OF THE TRUNCATED HIERARCHY

Having the additional notation and discussion presented in Appendix A at our
disposal, we now return to discussing the existence of solutions to the p-GP hier-
archy (3.10) with truncated initial data, for fixed N.

We recall that according to (A.8) we have:

~ [2(N—n)/p-1] )
(BT )™ (1) = > BuyzDuby(Tn(0)"F2)(1), (B.1)
3=0

where each term on the right explicitly depends only on the initial data 'y (0)

Likewise, we find that the n-th component of T' 5 (t) = ('y](y)(t))n is given by the
finite sum
[2(N—n)/p]

W = Y Duhy(l) ™). (B.2)
j=0
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This is a fully explicit expression for a solution I'x () of (3.5), obtained from only
finitely many iterations of the Duhamel formula.

We next recall from (3.13) the triple of parameters &, £, & satisfying £ < n&” <
n?¢’, where the constant 0 < 1 < 1 is specified in Lemma A.4. Combining Lemma,
A.3 with Lemma A.1, and repeating arguments similar to those presented in (A.11),
we obtain that for a € (d,p) and p € {2,4}, we have

I BUN 2,22, < C(T,€€7) [Tollg, - (B.3)

tel

We note that this result corresponds to (A.11) for Ny = N and N; = 0, up to the
zeroth Duhamel term. Likewise, we obtain

ITN llog, e, < C(T,€,€") ol - (B.4)
A detailed presentation of the proof of estimates of the type of (B.3) and (B.4)
is given in [6], for the case where the Duhamel series does not terminate (due to
initial data without cutoff).

We summarize that here, as opposed to the case treated in [6], the series (B.2) and
(A.8) are finite, which is due to the truncation controlled by N. As a consequence,

the proof of (B.3) does not require any additional a priori assumption on BT n; the
condition I'g € 7—[?, is sufficient.
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