Weyl-Titchmarsh type formula for
periodic Schrodinger operator with
Wigner-von Neumann potential

Pavel Kurasov and Sergey Simonov

ABSTRACT. Schrodinger operator on the half-line with periodic
background potential perturbed by a certain potential of Wigner-
von Neumann type is considered. The asymptotics of generalized
eigenvectors for A € C and on the absolutely continuous spectrum
is established. Weyl-Titchmarsh type formula for this operator is
proven.

1. Introduction

Consider the one dimensional Schrodinger operator with the real
potential which can be represented as a sum of three terms: a cer-
tain periodic function, Wigner-von Neumann potential and a certain
absolutely integrable function. More precisely, let ¢ be a real periodic
function with period a such that ¢ € Li(0;a) and let ¢1 € Li(R,).
Then the Schrédinger operator L, is defined by the differential expres-
sion
d? csin(2wz + 0)

(1) Ea = —@ + Q(.T) + (ZL’ n 1)’Y

+ q1 (),

on the set of functions satisfying the boundary condition
(2) ¥(0) cosa — ¢'(0) sina = 0,

where c,w,d,€ R, a € [0,7), v € (%, 1}. As it was shown by the first
author and Naboko in [16], the absolutely continuous spectrum of this
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operator has multiplicity one and coincides as a set with the spectrum
of the corresponding periodic operator on R,
d2

(3) Lper ==

Note that the spectrum of £, has multiplicity two. Let ¢4 (z, ) and
Y_(x,\) be Bloch solutions for L., and ¢,(z, \) be the solution of
Cauchy problem

gl N) + (go) + <D 4 g,(@)) (@, A) = Apala, N),
#al0,) = sina,
¢! (0, \) = cosa.

+ q(x).

The main result of the present paper is the following theorem that
relates the spectral density pl, of the operator £, and the asymptotics
of the solution ¢,. We call it the Weyl-Titchmarsh formula.

THEOREM 1. Let 2% ¢ 7 and qi € Li(Ry), then for almost all
X € 0(Lper) there exists Ay (N) such that

(4)  ale,N) = AdV_ (@A) + A0t (2, A) + 0(1) as & — oo

and
1

Pl = W (), o ON A OUE

Weyl-Titchmarsh formulas form an efficient tool to study the be-
havior of the spectral density. The absolutely continuous spectrum
of the operator £, contains infinitely many critical (resonance) points
(see (5)) where the type of the asymptotics of generalized eigenvectors
changes and is not given by a linear conbination of ¢, and ¢_ (as in
(4)). Precisely at these points the embedded eigenvalues of £, may
occur. In the generic case no eigenvalue occurs, but it is natural to
suspect that the spectral density of £, vanishes at these points.

Vanishing of the spectral density divides the absolutely continuous
spectrum into independent parts and has a clear physical meaning.
This phenomenon is called pseudogap. In the forthcoming paper we
intend to study zeros of the spectral density in more detail.

The study of Schrodinger operators with Wigner-von Neumann po-
tentials began from the classical paper [19] where it was observed for
the first time that the potential %ﬁ
value inside the absolutely continuous spectrum. Later on such opera-
tors attracted attention of many authors [1],(17],(18],[6],[2],[3],[4],[14],[15],[12],[13].
The phenomenon of this nature, an embedded eigenvalue (”bound state

may produce an eigen-
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in the continuum”), was even observed experimentally in semiconduc-
tor geterostructures [7].

Weyl-Titchmarsh formula for the spectral density in the case of
zero periodic background potential follows directly from the results of
[17]. This formula was proved once again in [2] where the method of
Harris-Lutz transformations [11] was used. In the present paper we
also use a modification of this method. We would like to mention that
another one approach was suggested in [5], but again in the case of
zero periodic background potential.

2. Preliminaries

The spectrum of £,., consists of infinitely many intervals [9, The-
orem 2.3.1]

o0

0(Lper) = U ([A2n; pan] U [pans1; A2ng1]),

n=0
where
)\0<u0§u1<)\1§)\2<u2§u3<)\2§)\4<...,

where \; and p; are the eigenvalues of the Schrodinger differential
equation on the interval [0, a] with periodic and antiperiodic boundary
conditions. Spectral properties of £, are related to the entire function
D()) (discriminant) and the function k(\) (quasi-momentum)

KO i= —iln (trD(A) +/&?D(\) — 4) |

2

We can choose the branch of k(\) so that (this follows from the prop-
erties of D(\), see [9, Theorem 2.3.1])

kE(Xo) = 0,k(po) = k(p1) = m, k(A) = k(X)) = 27, ...,
E(X) € R, if A € o(Lper),
kE(A\) € Cy, it A e Cy.

The eigenfunction equation for L.,
—"(x) + q(@)Y(x) = Mp(x),

has two solutions (Bloch solutions) ¥, (z,\) and ©_(x, \) satisfying
quasiperiodic conditions:

Dol +a,0) = * N, (1, 3),
V_(x 4 a,\) = e *FNy_(z, \).
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They are determined uniquely up to multiplication by coefficients de-
pending on A. It is possible to choose these coefficients so that Bloch
solutions have the following properties:

(1) Yy(z, A),v_(z, A) for every z > 0 and their Wronskian W (1, (X),1_(A))
are analytic functions of A in C; and continuous up to o (Lper ) \{An, fn, n >
0}.

(2) For A € a(Lper)\{An; tin;n > 0},

w-l-(l'a )‘) = ’17[)_(!17, >‘)
(3) The Wronskian does not have zeros and for A € o(Lyer ) \{ Ans ftn, 7 >
0}
W (i (A),v-(A)) € iRy

Bloch solutions can also be written in the form

er(fE, )‘) = eikFA)%€+($7 )‘)7
b (z,A) = e *Vap_(z,N),

where the functions py (z, A) and p_(x, \) have period a in the variable
x and the same properties as ¢, (x, \) and ¢_(z, A) with respect to the
variable .

As we mentioned earlier, the operator £, was studied in [16], where
the asymptotics of the generalized eigenvectors was obtained. The
authors showed that in every zone of o(Lper) ([An; itn] if 1 is even and
[tn; An] if mis odd) there exist two critical points AT and A\ determined
by the equalities

kA =7 (n+1-{%}),
(5) En) = (n+ {=})"
They do not coincide with each other and with the ends of zones, if
2aw

(6) — ¢Z

3. Reduction of the spectral equation to the discrete linear
system of Levinson form

In this section we transform the eigenufnction equation for L, to
a linear 2 x 2 system with the coefficient matrix being a sum of the
diagonal and summable matrices.

Consider the eigenfunction equation for L,:

(1) (@) + (q<x> | csin@ur +9) ql<x>) (a) = \i(a).

e+ 1y
For every
A€ C—i— U (O-(EPGT)\{/\’M My TV Z 0})
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let us make the following substitution
%0(5’3) _ 77[]—(1'7 >‘) ¢+($7A)
< V() ) - ( Uz, A) (e, A) )“(‘”)’
(8) or
( ) — 1 Mr(%)\) _1/}+ Z, )‘> ¢(I)
we) = WEmmm o\ —gl (@) (e n) )\ ) )

Writing (7) as

( ff(<)> ) B ( q(z) + “Tﬁ“i??‘” + a1 () — A é ) ( ff(?) )

and substituting (8) into it, we get:
(9)
csin(2wz+9) +q ($) B 2
/ o (z+1)7 d}-{- (LL’, A)¢— <I7 /\) w (‘7;7 )‘>
) = 0 ) < () 0@ N () )“m'

Let us introduce another one vector valued function v

e—ik()\)% 0
v(z) == ( 0 ik(N)Z u(z),

(10) ik(A)fr
we) = (07 e )o@
and the matrix
(11)
1 L (]1(1‘) —D (ZE,)\)p_(ZE,)\) _p2 ('I’ )‘)
1) = o (R e e )

Then the system (9) is equivalent to

L _UCSTA) 0 csin(2wz + 0)
(12) vi(z) = [( 0 H ) T T W), ()

a

) ( pile Np_(2.))  —pE () )+ R(l)(:c,)\)} o(2).

p% (]3, )‘) p+(l’, >‘)p— (l’, )‘)

Let us search for a differentiable matrix-valued function Q(z) such that
Q(z),Q'(z) = O (%) as © — oo and such that the substitution

xY

(13) v(z) = e?@y(z)
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leads to a system for the vector valued function v of the form

el )

y ( —py(x O)p(:lf ) } 2),

where the remainder R®(z) also belongs to Ll( o0). Using that

0 = 1 £.G(r) +0 ().
(e = 200) +0 ()

as £ — oo we obtain

(14) ¥(x) = [( — g)+ csin(2ws + 0)
p

(x + 1) Wy, o)

—p(@)p-(z)  —pi(z) /
% ( +p2_(:v p+(iv)+p—(£r) ) — @@

e (8 2] o)
o (7 )]

is the commutator of the two matrices. Our aim is to cancel the anti-
diagonal entries of

where

P () py(2)p-(x)

n (14) by properly choosing ). To this end @ has to satisfy the
following equation:
(15)

QI(”’”{Q(”’( _o% g )} e +811;(2vﬁwt5 z)m (pz?ﬂr) 7 ) |

—pi()p-(z)  —pi(z)
( )

—ikZ
The latter is equivalent (after multiplication by oik ) from

the right and by its inverse from the left) to

wo (45 5 Y (7 8

_ csin(2wz + 9) 0 —p2 (x)e**a
T )W (b)) ( ReE g ) |
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For every
1€ o (Lyer) \{Ans i, A7, Ao = 0}

and for the values of A from some neighbourhood of the point p (which
we will specify later) let us take the following solution of (16):

(0 e Jowrn (0 & ) = giom

0 < sin(2wi+6)p?. (t,)\)eQik(A)%dt
f (t4+1)Y
X ) )
< sin(2wt+8)p2. (t,)\)e_mk(’\)gdt sin(2wt+6)p2 (t Ae ~2ik(1) g gy 0
of ((ESOE; f t+1)

(this is our choice of constants of integration that depend on ). This
leads to

c
0 QA = 0
0 —2ik(N)Z 703111 2wt+6)(t+(i)x)e%’“(*>3dt
% 2RO E ( Of sin(zwtw)p(atfﬁe—?ik(%)adt Z" na(:2wt+5)p tfs) 2R § dt) 0
In particular, for A = pu,
c
S ([T TR )
0 o~ 2ik(1) 70sin(2wt;;i)11§%(tﬁu)dt
% Q2K ()2 j«osm 2wt(—:i)11/)12 (t,p0)dt : 0

xT

Formula (18) does not make sense if u € C, due to the divergence of
the integral in the lower entry. But it has analytic continuation in its
second argument from the point p.

Let us denote

1 .{‘Qk(u) 2mn| | 2k(p) 2mn

— 2w+ —

W= T TR

Y

Consider some 3 > 0 and the set

UB,p) :={N€Cy :2e(N\) > e(pn),0 <Im 2k(N)/a
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The set U((, ) is compact and contains the point u. For every 8, < 3
it contains some neighbourhood of the vertex of the sector

A
~ ()

Note that &'(u) is positive for p € o(Lper)\{ A, ftn, n > 0}.

[Re A —pul < Im A\

THEOREM 2. Let 3 > 0 and

1 € o(Lper)\{ A, tns N, A, ,n > 0}
Then there exists c1(83, p,y) such that for every x >0 and X\ € U(f, )

holds:
C1 (ﬁv Ly ’7)

QG Al 1€/ 2 )l < TR

PRrROOF. Note first that
k(X) € R for A € 0(Lper)
and
k(X)) € Cy for A € C,.
Let us denote the entries of Q(z, A, u) as follows

QA ) = ( Qzl(xO, A, 1) QU(OJZ?A) )

Let us estimate first the entry ()15. Let f be a periodic function with
period a such that f € L1(0;a), its Fourier coefficients will be denoted

by fn
1 [ o
frni== | flx)e ™ adu.

aJo
LEMMA 1. If
{fahi2 o € 11(Z)
and & € C, is such that
ag

% )

| fn 1
< Z 2”"‘) (x + 1)

n=—oo

then

(19)

eiifm /Oo i

. (t+1)
(i.e. the expression on the left-hand side exists and is estimated by the
right-hand side).
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Proor. Consider x; > x. Since the Fourier series converges abso-
lutely, we have

(20)
T i(g—‘r%Tn)t

1 it +oo +0oo
—i€x € 27rn£ dt = —igcc/ € dt
e . (t+1) (n;wfne ) Z fne L. (1)

n=—oo

Integrating by parts and estimating the absolute value we get

—ifx o 61<£+%Tn>tdt
e
/x (t+1)

X<1+1+/“1dt>_ 2
@+ @ty ) Gt) T e Em (1)

Substituting into (20) yields:

—ilx /Il thf(
e —
. (41

By Cauchy’s criterion the integral

> et f(t)dt
/,: (t+ 1)

exists and the desired estimate (19) follows. O

|/ 1
R

Formula (17) implies

(21) Qua(z, )
2k(N)

_ C€2iwm+i5 e—i(%m—f—z,u)x /oo p%r(t, )\)62( - +2w)tdt
2iW (1 (A), - (V) @ (t+1)

— ce e_i(%é)\) QW)I/ (t7)\)€z(2k(>\) QW) dt

2W (4 (A), - (V) . (t+1) '

Denote the Fourier coefficients of the function p2 (-, X) by b, ()),

1 [ o
bn(A) == —/0 pi(z, Ne ™ adz.

a
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Then Lemma 1 applied to to (21) gives

] 1
(W (@A), - (M) (& + 1)

1 1
an—:oow ( )+2 +27rn i MQW"_QW_’“)
2|c| 1
W () (Z (2 ) O

n=—oo

(22) [Qr2(z, M) <

Let us estimate now the entry Q9. Formula (17) implies

Qm(l})\,ﬂ) =

ce? kN3 /xsin(th + 8)p? (£, N)e 2*Nadt
W4 (A),9-(N)) (t+1)

7sin(2wt + 0)p2 (¢, N)e 2k dt
(t+1)

0

ce2ikE Fsin(2wt + 0)p (1, 1) (e 20 G - e 2L gt
W (4 (A), ¥-(A)) 0/ (t+1)7

ce2k N2 / sin(2wt 4 8)p2 (t, N)e 2 dt

Denote
ce2ik(N)2
QI Qf, )\’ =
1A )= o))
z sin(2wt + 5)p2_ (t7 /\) <€_2ik(>‘)% i 6_2%(“)5) dt
’ / (t+1)
0
and
II ce2ik(N 0 sin(2wt + §)p* (¢, A)e_Qik(“)idt
(@, A\ ) = — / - |
W (@4 (A), - (N)) )
so that

Qa1 (A, 1) = Qi (T, A, 1) + Qi (z, A\, ).
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The second term can be estimated in the same manner as Qi2(z, A)
using Lemma 1. Denote by

bu(\) = 5/0 P2 (z, \)e e dy

the Fourier coefficients of p2 (-, ). Then

II |c| 1
(23) Q@ (z, A p)| < RIS
+00 ) 1 ]
xnz_:oownu)\ EX—= + By
2|C’ = ~ 1
= I (), o) (ZOO ‘b"(”’) FET

(using that k(x) € R and k(\) € C,).
To estimate @I, we shall need the following lemma:

LEMMA 2. Let e, > 0, then there exists cy(e, 3,7) such that for
every & and & such that

0<Im & <1, & >e,
52 S Ra |€2’ 2 87
|R6 51—52’ < BIm &

and for every x > 0 holds:

ezflx /x (e—i£1t _ €_i§2t) dt
0

(t+ 1)

C2<€7 ﬁv 7)
(z+1)

ProOF. Integrating by parts we get

ez’élﬂc /:1: (e—i&t - e_Z&t) dt o ieiflx(gl — 52) 62’(51—52)1
0

(t+1)7 N &6 i&(z +1)7
P, (e (S 5 / et dt
Gz +1) i€16s o (L 1)t
el [T (e‘i&t — e‘i@t) dt
TS /0 (t+ 1)+

Consider the new constant

i AP
cs(7y) max z7e”".
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For every x > 0 and &; considered,

Im
(Im gl)ve—lm I3%4 < 63(7)6 & 603(7)

T (el T @)y

Using that
|Re & —&| < pIm &,

which is equivalent to

&1 — & < V324 1Im &,

and the integral can be estimated as

- 2ecs(v)/P? + 1 2

o [ =)
0

(t+1) e2(x + 1) e(x + 1)
4 2 girn / Tt e dt)
€ 0 (t+ 1)r+t

The last term can be split into three parts as follows:

eiglz /m (ef’iﬁlt _ ef’ifgt) dt
0

(t + 1)7+1

S VAT YA

Let us estimate these three integrals separately.

(1)

~Im &z /hnl{l et — et dt /I““151 e i@=&)t — 1] at
S e A )

|6*7J§1t *l€2t| dt
t + 1 v+1

Introduce the constant

ca(B) := max e — 1]

lz|<+/B2+1 |z

Since for the first interval

—ile ey < =8l e
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we have:
e | ma e ety /mﬁ cs(B) /AP + 1im_ &t
0 (t+ 1)+t - 0 (t+ 1)+
< colelFE T )7 o'
. (1 G

_ecs(Mea(B)V B+ 1((1+1Im &)™ — (Im &)™)
(z+1)7(1—9)

L 27ee()es(d) VI 1

(I =)=+ 1)
(2) For z > ; 5 we have
3 |eiit — gmilet| gt
efIm §1x/ | = |
Imlfl (t + 1)7
3 (elm &(t-3) 4 g~Im 51%> dt
< e—Im 51% /
- 1 (t —+ 1)7""1
Im &

o) +1
< 9¢~Im fl%”/ dt 27 ecs(v).
- Lt T (4 2)

Im &7

(3)

e [° et — g1t | T2dt 27+
e s =} < = < )

Combining these estimates we get

e [ (e_i&t - e_i&t) dt ca(e, B,7)
c /0 (t 4 1)+t < (x4 1)
with
oz, B7) = 2ecs(y );2/62 +1 +§
+ v 21 7ecs(y)ea(B)\/ 32 + + 27 ecy () N v+l
€ 1—y v v )

This completes the proof of the lemma. O
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Let us continue to estimate Q%,
i’i Cl;n( A) 10+2iw+2ming 20,
: et e
S 2iW (4 (M), - ()

i 2o B (P 22 ) ) at

- / & (t+1)

+oo ~ _is . . &
Cbn ()\)6 10— 2iw+2min

¢ %(’\)—Hw—%%" x
-2 2 (1 (N), - (N) |

n=—oo

7271'77.)%
a

Q£1<J], /\7 :U’) =

—i( 2 g, 2mn)y efi(%(uhﬂwfg’%”)t) di

« (e
X/D (t+ 1)

Applying Lemma 2 we get

@0) @bl )| < it S (Z (3 ) e

n=—oo

Therefore combining the estimates (22), (24) and (23) the matrix @
can be estimated as follows
]

1
1@ A il < T o) o))

i

Let us estimate now the Fourier coefficients. For n # 0 we have:

(Z [bn (A ) + (%Jr@(s(u),ﬂﬁ)) (Z Ién(A)|> :

n=—0oo

1 ¢ —2minZ a ¢ —2minZ
R A e L)
Thus

CL a
< 2 " .
(25) B € s [ 10 ) e

In terms of the corresponding Bloch solution the second derivative of
2 .
Py is

2ik(\)z

(2 (2,0 = 20240 ( 7 (e A (2, ) —
4lk( )

2k2( ) o

Vi (z, )

(20— Ny (o, >w+<x,x>) .
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Let us estimate the norm in L;(0; a) of the function ¢} (-, A). From the
equation

T, A) = (a(x) = N2, A),

we see that
9 M Mz < o + Nla) ma [, ).

Since the functions

_ k(M=

€ T,¢+(:p’ A))@bi}-(x’ )‘)

are continuous in both variables on the set

[0;a] x U(B, 1)

and hence attain their maximums, we have: the integral

/0 (2 (2, V)| da

is bounded on U(3, u). For n=0,

1 /¢ 1 [ @
) =5 [ (e =[O s
0

a a Jo

and is also bounded. The same argument is valid for b,. F inally we
see that there exists ¢5(3, u) such that for every A € U(3, u)

7 Cs (57 M)
b (A, b (V)] < ———=.
B ()] < S
The Wronskian W (1 (A),1%_(X)) does not have zeros in U([3, u).
Also in the formula for the derivative of @),

csin(2wx + 0) < 0 —p2(x, \) )
(& + 1) W (0 (A\), v-() \ P22, ) 0

k(N 0
- |:Q(:E’)‘7H’)7( Oa ik(A\) >:| )

a

Q'(x, A\ ) =

the functions ﬂ:@, +csin(2wz + §)pi(z, A) are bounded for (x;)\) €
[0; +00) x U(fB, ). Hence there exists ¢;(3, p,7y) such that for every
A e U(B,p) and x > 0 the following estimates hold

Cl(ﬂa 122 ’7)

QG A ) 1 A )l < T

This completes the proof of the theorem. O
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Let us study the properties of the remainder

_ k()
20) B ) = et [T D))
+ csin(wa + 5) < —er(.Z', )‘)p* (l’, )‘> _pi('xa )‘) )
(SL‘ + 1)7W("¢+()\)7 1/}7<)\)) pz— (SL’, ) p+($, )\)p, (xv >‘)
ik
RO (@, \)] Qe — (7 o iy )
B csin(2wz + 0) ( —pi(x, Np_(z, ) 0 )
T D (0 (), o (V) 0 P, Np- (2, 3)

_ e QAm) (eQ(x«\,u))"

LEMMA 3. The remainder R® given by (26) possesses the following
properties:

(1) R® € Li(0;00) and the integral

| IR @ e
0

converges uniformly with respect to A € U((, ).

(2)

(R(Q) ('Ta H, H))Ql = (R(Z) (.73, Ly :u))12>
27) (RO, o 1))z = (RO (s o).

PrOOF. The first assertion follows directly from Theorem 2.

The property of matrices from the second assertion is preserved un-
der summation and multiplication of such matrices as well as taking the
inverse. We can see from (11) and (18) that R (z, x) and Q(x, u, i)
possess this conjugation property. Therefore

Q/(m‘, L4, M)y ec»?(l",u,u)7 (eQ(m%H))/

and finally R® (x, j1, 1) (from (26)) also possess this property. It should
be taken into account that W (v, (u),¥—(u)) is pure imaginary. O

Let us denote
_ik(A)  esinRuz + 6)ps(x, A)p— (2, A)
a (z + 1) W (s (A),9-(N))

Finally we obtain a system of the Levinson form:

(28)  ¥(x)= K ”(% A _V(?C’ N > +R(2)(x,>\,,u)} ().

v(z,\) =
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4. A Levinson-type theorem for 2 x 2 systems

In this section, we prove two statements that give a uniform esti-
mate and asymptotics of solutions to certain 2 x 2 differential systems.
The approach is the same as for the Levinson theorem [8], but the dif-
ference is that we are interested in properties of solution with a given
initial condition.

Consider the system

@ = | (N )R] e

for x > 0, where u;(z) is a two-dimensional vector function and R(z)
is a 2 X 2 matrix with complex entries.

LEMMA 4. Assume that
(30) /OO | R(t)]|dt < oo.
0
and that there exists a constant M such that for every x <y it holds
/?J Re \(t)dt > —M.

Then every solution uy to (29) satisfies the estimate

(31) ur (2)]| < Hul(O)Hefoz Re M)t /171 oaM o/ 1+etM [5 || R(t)]dt.

PROOF. First transform the system (29) by variation of parameters.

Denote
A(z) == ( )\(Ox) _)\O(m) )
and take
(32) uy (z) = elo A0y, (1)) or uy(z) = e Jo MOy, ().
After substitution (29) becomes
(33) () = 0 MO Ry (x).

Integrating this from 0 to x and returning back to the function w; on
the left-hand side we get

(34) uy () = elo MOy (0) + / el M R4y, () dt.
0

A(s)ds

Now multiply this expression by e~ fo and denote

(35) ug(x) == e~ Jo MOy (),
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We get the following equation for us considered in L. (0, 00); C?)
(36)

1 0 1 0
U3(I) = < 0 6—2]; A(s)ds )U1(0>+/0 ( 0 e_2ftm A(s)ds > R(t)U3<t)dt

The norm of the operator V,

Viw /0 ( L e ) R(t)u(t)dt
is bounded by
VI < i+ e [C R
and the norm of the j-th power is bougded by

(V1+ e [ IRE)d)’
; :

J

V7| <
Hence
(1 0
Ug(llf) = ([ - V) 0 €—2foz A(s)ds Ul(O)
and

Joslearen < exo (VI [ RO ) VI O]
0

Returning to u;, we arrive at the estimate (31). O
The second lemma states the asymptotics of the solution.

LEMMA 5. Let that all conditions of Lemma 4 be satisfied, then the
following asymptotics hold:

(1) If
(37) /00 Re \(t)dt < 400,

then every solution uy of (29) has the following asymptotics:

ef(‘)r)\(s)ds 0
ul(:c):( 0 e—fmsms)[“l(o)

* e f()t A(S)ds 0
' /0 ( 0 eJo As)ds R(t)uq(t)dt + o(1)

(2) If
(38) /OO Re \(t)dt = 400,

as r — OQ.
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then every solution uy of (29) has the following asymptotics:

wi(z) = elo A)ds K é 8 ) (u1(0)
+/Ooo e o A(S)dsR(t)ul(t)alt) + 0(1)} as x — oo.

PROOF. Asymptotics 1. Consider the function wus given by (32)
and integrate (33):

(39) us(z) = u1(0) + /Off e o MO R () uy (t)dt.

Since for every x < y we have the estimate
y y
/ Re A(s)ds < / |[Re A(s)|ds

5/ IRe )\(s)|ds§/ Re A(s)ds + 21V,
0 0

the exponent under the integral in (39) is bounded. The solution wu(t)
is also bounded in this case due to Lemma 4. Hence the integral in
(39) converges as x — oo and there exists

lim wus(z) = uy(0) +/ e o M) B (tYuy (t)dt.
T— 00 0
Returning to u; we obtain the answer.

Asymptotics 2. Consider the function ug given by (35) and the
corresponding equation (36). It follows from Lemma 4 that us(t) is
bounded, and hence Lebesgue’s dominated convergence theorem im-
plies that the following limit exists

Tim us(r) = ( - ) {ul(O) 4 /0 N R(t)ug(t)dtl |

This is equivalent to the announced asymptotics for u;. 0

5. Asymptotics for the solution ¢ and Weyl-Titchmarsh type
formula

In this section, we obtain the asymptotics for the solution ¢, (z, A)
and prove the Weyl-Titchmarsh type formula for the operator £,. Con-
sider the set

U(s) == U U8, )

BET(Lper ) \{An tn,AY A ,n>0}
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that belongs to C, and contains

0 (Lper)\{ s i, NS A m > 0}

n? n?

as a part of its boundary. The number (3 is arbitrary here.

THEOREM 3. Let 2% ¢ 7 and ¢ € L1(Ry), then the solution ¢,
of the Cauchy problem

() + (a(e) + D 4 g, (2)) pa(,A) = Apala, V),
©a(0,A) = sinq,

0! (0, \) = cosa
has the following asymptotics. For every A € U(B) there exists Aq(N)
such that
(1) IfAxe CyNU(B), then
Pal(z,X) = Aa(MN_ (2, \) + 0 (e™ FVT)
e (2, 0) = Aa(MNY (2, \) + o (e™ FVT)
as r — 00.

(2) If A € 0(Lper)\{Aus s N, A1 > O}, then

n n

Pa(,A) = Aa(A) (2, A) + Aa(N) 4 (2, A) + o
Pol,A) = Aa(MNPL (2, A) + Aa(NY (2, A) + o(1)

as r — Q.

Y

—_
~—

The function A, is analytic in the interior of U((3) and has bound-
ary values on

0 (Lper)\{ A, i, Ny A ,m > 0}

n)»’ 'ny

PRrROOF. We are going to omit the index « since the value of the
boundary parameter is fixed throughout this proof. According to (8)
and (10) we write
(40)

( j((fc)) > B ( Ziﬁiii mii ) ( eikﬁf’z . >w(:c, A).

This is the definition of v, a solution of (12) corresponding to ¢. Let
us fix the point

1t € 0 (Lper)\{Ans by Ay Ay > 0}
and consider X € U(f, ). The function

Vo, A, 1) 1= e~ @@y (1) \),
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is a solution to (28) corresponding to ¢. Let us see that conditions of
Lemma 4 are satisfied for the system (28) uniformly with respect to
A € U(B, p). First of all we have estimate (30) from Lemma 3 and

_Im E(N) . csin(2wx + 0)py (z, A)p—(x, A)
e v d) = ! ( (o + W (- (0, - (V) )

a
Estimating the second term in the same way as in Theorem 2 we have:

/y . esin(2wt + 0)py (t, N)p—(t, \) ‘ -
. E+ )W (A),0-(N) | 7 W@ (M), - (V)]

o] » 1 1 1
X (n;m‘bn()\)’ (IQGijLQn} + ‘%Tw—Qn|>> (x+ 1)

7 1 ¢ —2minZ
mQNZEApA%Mp@ARQ da

are Fourier coefficients for py (-, A\)p_(-,\). Analogously to (25) we
have:

where

B < i [ 0o A (o )
So there exists cg(3, 1) such that for every A € U(B, ) and n # 0

- B,
B < 2510

while

[Bo(N)| < es(5, 1).
Eventually there exists c;(/3, 1) such that

y esin(2wt + 0)py (6, N)p_(t, \)
/x ¢ (t+ 1)W (Py(N),h_(N)) < cr(B, )

for every 0 <z <y and A € U(B, ). Thus we can take
M()\) = C?(ﬁa :u)

for these values of A\. Lemma 4 gives the estimate

(41) [T (2, A, )| < (10,00, A, ) |le"™ *Nacg(8, ),
where
Cs(ﬁ’ Iu) = 1+ eder(B,1)

Xexp< 1+ cherBm) max/ |R®) tAHdt).
AEU(B,u)
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Conditions of Lemma 5 are also satisfied: (37) holds for A € RNU (3, u)
and (38) holds for A € Cy NU(F, ). So Lemma 5 gives the following
asymptotics:

o for \e C, NU(B, p),

. z z csin(2wt+8)py (¢,\)p_ (¢,\)dt
—ik(A)Z— - 1 0\ ~
a0 TEDTWEL e o0 K 00 (T,(0, A, 1)

fﬁ@(xa )‘7/1“) =€

oo t t csin(2ws+68)py (s,\)p_(s,\)ds
+ / R R@)(t,%u)%(t%mdt>+0(1)},
0

o for A = p,
. z z csin(2wt+8)py (t,p)p_ (t,p)dt
Pl e S Vel A o Py 0

fz csin(2wt+8)py (¢,u)p_ (t,p)dt
0 T EFDTW(@L (0,9 ()

(42) Vo, p, ) =

0 eik(u)§+

. t t csin(2ws+8)py (s,u)p— (s,p)ds
R R CE BV 4 o T o) 0

. t ot csin(2ws+8)py (s,u)p_ (s,1)ds
0 e *Walo Tmrrwes G-

X ROt 1, )T, (L, )t + o(1)] .

Since Q(x, \, ) = O <%), we can denote for A € U(3, p):

(@)

X | V(0 1, 1) +/
0

1 oo csin(2wt+8)py (¢,A)p_ (¢t,N\)dt o
A p) = 0 e Jo TETWEL M -0 [e*Q( ; ’“)’090(0, A)

oo t, [t csin(2ws+38)py (s,A)p_(s,\)ds
+/ B e e LoV o)l 1) (t, A, p)e@EMy (¢, )\)dt}>
0

(where < -, > stands for the scalar product in C?) and have:

(43) lim v, (z, \)e* W — < AR 1) ) |

T— 00 0

From this we see that the coefficient A(\, 1) does not depend on p, so
we will denote it by A()A). Relation (40) can be written as

(44)
v, A) = 1 ( V(2 M@, A) — (2, A (2, 4) )
o W (e (V) 0-(N) \ ¢ (2, ) (2, A) — oz, NPl (z,A) )7
S0 U,(, ) is analytic in C, and continuous up to
0 (Lper ) \{An, fin,n > 0}.

From the estimate (41) and properties of Q(z, A, ) and R (x, \, )
given by Theorem 2 and Lemma 3 it follows that A()) is continuous in
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U(fB, i) and analytic in its interior. Thus A is analytic in the interior
of U(() having non-tangential boundary limits on

U(Lﬁper)\{)\n,,un,)\Jr A, ,n >0}

that coincide with its values on this set.

The solution ¢(z, \) and its derivative are real if A is real. Thus (44)
shows that the upper and the lower components of the vector v, (z, \)
are complex conjugate for A € o(Lyer)\{An, ttn, n > 0}. This property
is preserved if we multiply the vector by a matrix X such that

X21 - X_127 X22 = X_117

like (27). It follows from Lemma 3 that the upper and the lower com-
ponents of the vectors in the equality (42) are complex conjugate to
each other. Hence for A = p we have

e~k E
(45) V(T 1) = ( %eik(u)ﬁ ) +0(1) as x — 0.

The asymptotics of the solution ¢ and its derivative follows from (40),
(43) and (45). O

Using the obtained asymptotics both on the spectrum and in C,
we now prove the Weyl-Titchmarsh type formula.

THEOREM 4. Let 2% ¢ 7 and i € Li(Ry), then for almost all
X € 0(Lyer) the spectral density of the operator L., defined by (1), is

given by
1

PN = S Y AL OV

where A, is the same as in Theorem 3.

PROOF. In addition to ¢, consider another one solution of (7), to
be denoted by 0, := a4z, satistying the initial conditions

0,(0,\) = cosa, 6.(0,\) = —sina.

The Wronskian of ¢, and 6, is equal to one. Theorem 3 yields for

Oo(z,A) = Agyz (N)Y—(2,A) +0 (e *NZ) as 2 — oo
Since the operator L, is in the limit point case, the combination
o + Mapa

belongs to Ly (0, 00) (where my, is the Weyl function for £,). It has the
asymptotics

Oa (@, \)+ma(N)@a(, A) = (Aayz (A)+maAa(A) Y- (2, X)+o(e™ FV5).
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Therefore
Aa_;’_l ()\)
A\) = — 2
ma( ) Aa()\)
for A € U(B) N C4 and
. Aa+%<)‘)
ma()\ + ZO) = _A—<)\)

for A € o(Lper)\{ A, ttn, AT, A ,n > 0}, It follows from the subordi-
nacy theory [10] that the spectrum of £, on this set is purely absolutely
continuous and

AN Az ) = A Aus 3 ()
21| Aa(V) 2

(46) ,(N) = ~Tm ma(A+i0) =

Theorem 3 yields for these values of A:

Oa(2, ) = Aars (N (2, A) + Aarz V¥ (2, ) + o(1),
O, A) = Aars WYL (2, A) + Aars W (2, A) + (1),

as x — 00. Substituting these asymptotics and the asymptotics of ¢,
and ¢/ into the expression for the Wronskian we get:

1= (AN Aotz (A) = Aa(N) Aas z W))W (1(A), - (X))

(the term o(1) cancels, since both sides are independent of x). Com-
bining with (46) we have

1

Pa(N) = =2miW (¢4 (A), - (A))[Aa(N)[?

27| W (o (A), - (V)| Aa(V) [P
which completes the proof. 0
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