ANALYTIC SOLUTIONS OF MOMENT PARTIAL
DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS

SLAWOMIR MICHALIK

ABSTRACT. We consider the Cauchy problem for linear moment partial dif-
ferential equations with constant coefficients in two complex variables. We
construct an integral representation of the solution of this problem and study
its analyticity. As a result we derive a characterisation of multisummable
formal solutions of the Cauchy problem.

1. INTRODUCTION

We study the initial value problem for a general linear moment partial differential
equation with constant coefficients in two complex variables t, z

(1) P(Omy.ty Omy.2)u(t, 2) =0, 7

Py (0, 2) = @j(2) forj=0,...,n—1,
where P(\, () is a polynomial in variables (A, ¢) of degree n with respect to A, O, ¢
and O, . denote the formal moment differentiations, and the Cauchy data ¢;(z)
are analytic functions in a complex neighbourhood of the origin.

The formal m-moment differentiation 0,, . was introduced recently by Balser

and Yoshino [8] as the linear operator on the space of power series defined by

AW SN TS
(L) = X

where m(u) is a moment function (see Definitions 5 and 6).

This concept generalises the usual and fractional differentiation. Indeed, for
m(u) = I'(1+u) the operator 0, , coincides with the usual differentiation 9,. Hence
for mi(u) = ma(u) = I'(1 + ), (1) is the initial value problem for a linear partial
differential equation with constant coefficients. Moreover, for p € N and m(u) =
I'(1 + u/p) the operator 9, . is closely related to the 1/p-fractional differentiation
or/r (see Remark 3).

Such a general approach to PDEs is especially useful in the theory of Borel

summability, since the formal power series u(t,z) = Y77 :jl((zj)) ) satisfies (1) if

u;(2)
3=0 m1(HT(A+j5/k
equation with the mj-moment differentiation 0,,, ; replaced by the m;-moment
differentiation Oy, s, where mq(u) = m1(u)I'(1 + u/k). In that way the question
about summability of formal solution of (1) is reduced to the question about analytic
continuation properties of solution of the same equation with mq(u) replaced by

and only if its k-Borel transform v(s,2) = > oo 757 satisfies the same
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m1(u). For that reason we are concerned with the study of analytic continuation
properties of solutions to general moment partial differential equations.

In the paper we construct a formal solution @ of (1) and study its Gevrey as-
ymptotic properties. In the case when the formal solution @ is convergent, its sum
u is an analytic solution of (1) defined in a complex neighbourhood of the origin.
The main result establishes the relation between analytic continuation properties
of u and the Cauchy data ¢; (j =0,...,n—1). As a corollary we characterise the
multisummable formal solution of (1) in terms of analytic continuation properties
and growth estimates of the Cauchy data.

We proceed as follows. We represent P(A,() in the form

P(A,¢) = Bo(Q)(A = Ae(Q)™ -+ (A = Au(()™,

where Py(¢) is a polynomial and A;({),..., A\ (¢) are the characteristic roots of
multiplicity nq,...,n; (1 + -+ + n; = n) respectively. However a formal solution
of (1) may be not uniquely defined. To avoid this inconvenience, we choose the
normalised formal solution %, which satisfies also

(aml,t - /\1(87”2,2))”1 T (aml,t - )‘l(amg,z))mﬂ =0,

where A1 (Omy.2),-- s Al(Om,,2) are the moment pseudodifferential operators (see
Definition 8).
Next we show that @ = 22:1 E;"Zl Gap With 1,5 being the formal solution of

(2) (8m17t - )‘a(8M272))ﬁaaﬂ =0.

We prove that the Gevrey order of 4,3 depends on the order g, of the pole of
Aa(€) at infinity and depends on the orders kq, ko of moment functions my, ms
respectively.

In the case when 1/k1 = ¢/k, the formal solution %, of (2) is convergent. Hence
its sum uqp is an analytic solution of (2) defined in a complex neighbourhood of
the origin. Using an integral representation of solution u,g we find the connection
between analytic continuation properties of u,g and the Cauchy data.

In the case when 1/k; < q/ko, we characterise (q/kg — 1/k1)~!-summable solu-
tions of (2) in terms of analytic continuation properties of the Cauchy data.

Finally, returning to the formal solution @ of (1), we describe multisummable
solutions of (1) in terms of ¢; (j =0,...,n—1).

In the last section the above results are extended to the inhomogeneous moment
equations

(3) P(aml7t’am27z)ﬁ:f’ aqj;u,tﬁ(OVZ) :(pJ(Z) forj :07"'77171,

where the inhomogeneity f(¢, z) is a formal power series with respect to t.

In general, a formal solution of (3) may also be not unique, but it is uniquely
determined by every formal power series § satisfying Py(Om,,.)§ = f, since there
is exactly one formal solution of (3) satisfying also the moment pseudodifferential
equation

Oyt = A1 (Omy,2))" Oyt — Ai(Om,y,2)) ™0 = G
We find the formal solution @ of (3) determined by §. As in the homogeneous case
we show that & = Y _, D52y liap, Where diqp satisfies

(4) (aml,t - /\a(amg,z))ﬁﬁaﬁ = gaﬁ
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for some formal series §,g connected with §. Expressing the formal solution @4g in
terms of g, we calculate the Gevrey order of i,5. We also get the characterisation
of analytic continuation properties and summability of @, in terms of §. And
lastly, the multisummable solutions of (3) are also expressed in terms of §.

The present paper is a generalisation of [14, 16], where the characterisation of
multisummable solutions of homogeneous and inhomogeneous linear PDEs with
constant coefficients was given. The inspiration for our study was the paper of
Balser and Yoshino [8], where the notion of moment differentiation was introduced
and the Gevrey order of formal solutions of general inhomogeneous linear moment
PDEs with constant coefficients was determined. Finally, let us point out that
the summability of formal solutions of homogeneous linear PDEs with constant
coefficients was studied by Balser [1, 3], Balser and Miyake [7], Ichinobe [9], Lutz,
Miyake and Schéfke [10], Malek [11], Michalik [12, 14, 15] and Miyake [17]. The
inhomogeneous case was investigated by Balser [4], Balser and Loday-Richaud [6],
Balser, Duval and Malek [5] and Michalik [13, 16].

2. NOTATION, GEVREY FORMAL POWER SERIES AND BOREL SUMMABILITY

We use the following notation. The complex disc in C™ with a centre at the
origin and a radius r > 0 is denoted by DI := {z € C" : |z| < r}. To simplify
notation, we write D, instead of D!. If the radius  is not essential, then we write
it D™ (resp. D) for short.

A sector in a direction d € R with an opening € > 0 in the universal covering
space C of C\ {0} is defined by

S(dye):={z€C: z=re?, d—e/2<0<d+¢/2, r >0}

Moreover, if the value of opening angle € is not essential, then we write Sy for short.
We denote by S, the set Sy U D.

By O(G) we understand the space of analytic functions on a domain G C C™.
The Banach space of analytic functions on D,, continuous on its closure and
equipped with the norm ||¢||, := Im&x |o(2)] is denoted by E(r).

z T

The space of formal power series
0 .
a(t,z) = Zuj(z)tj with  w;(z) € E(r)
§=0

is denoted by E(r)[[t]]. Moreover, we set E[[t]] := | E(r)[[¢]].
r>0
In this section we also recall some definitions and fundamental facts about the
Gevrey formal power series and Borel summability. For more details we refer the

reader to [2].

Definition 1. A function u € O(S(d, &) x D,.) is of exponential growth of order at
most K > 0 ast — oo in S(d,¢) if and only if for any r; € (0,r) and any &1 € (0, ¢)
there exist A, B < oo such that

BJt|*

max |u(t,z)| < Ae for every t € S(d,e1).
r1

|zI<

The space of such functions is denoted by O (S(d, €) x D,.). We also write OK (84 x
D) for the space O (S; x D) N O(Sq x D).
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Analogously, a function ¢ € O(S(d, €)) is of exponential growth of order at most
K >0 as z — 0o in S(d,e) if and only if for any £; € (0,¢) there exist A, B < oo
such that

lp(2)] < AePFI"

The space of such functions is denoted by OK(S(d,)). We also set OK(Sy) :=
OK(S:) N O(Sy).

for every z € S(d,eq).

Definition 2. Let s > 0. A formal power series
(5) A(t,z) ==Y u;(z)t with w;(z) € E(r)
j=0

is called a Gevrey formal power series in t of order s if its coefficients satisfy

Imlix luj(z)| < ABT(1 + s5) for j=0,1,...
z|<r
with some positive constants A and B.
The set of Gevrey formal power series in t of order s over E(r) is denoted by
E(r)[[t]]s.- We also set E[[t]]s := U E(r)[[t]]s-
r>0

Definition 3. Let £ > 0 and d € R. A formal series @ € E[[t]],/, defined by (5) is
called k-summable in a direction d if and only if its k-Borel transform v satisfies

o0 Sj L N

= (2) = D).

U(S,Z) ZUJ(Z)F(I—F]/]{/’) 60 (de )

Jj=0

The k-sum of a(t, z) in the direction d is represented by the Laplace transform of v

6 L o K
u’(t, z) == t—k/o e ¥ (s, z) ds”,
where the integration is taken over any ray eR, := {re’ : r > 0} with 6 €

(d—e/2,d+¢/2).
We are now ready to define multisummability in some multidirection.

Definition 4. Let k; > --- > k, > 0. We say that a real vector (dy,...,d,) € R
is an admissible multidirection if and only if
|dj - dj,1| < W(l/kj - 1/kj71)/2 for j = 2,. ey

Let k = (ki1,...,k,) € R} and let d = (di,...,d,) € R" be an admissible
multidirection. We say that a formal power series @ given by (5) is k-summable in
the multidirection d if and only if @ = 1y + - - + Uy, where 1, is kj-summable in
the direction d; for j =1,...,n.

3. MOMENT METHODS

In this section we recall the notion of moment summability methods introduced
by Balser [2].

Definition 5 (see [2, Section 5.5]). A pair of functions e,,(z) and E,,(z) is said to
be kernel functions of order k (k > 1/2) if they have the following properties:
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1. en(2) € O(S(0,7/k)), em(z)/z is integrable at the origin, e,,(z) € Ry for
x € Ry and e, (2) is exponentially flat of order k in S(0,7/k)
(i.e. Ves034,B>0 such that |e,,(2)] < Ae= (/B for 5 € S0, 7/k —¢€)).

2. E,(z) € OF(C) and E,,(1/z)/z is integrable at the origin in S(r, 27 —7/k).

3. The connection between e,,(z) and E,,(z) is given by the corresponding
moment function m(u) of order k as follows. The function m(u) is defined
in terms of e,,(z) by

(6) m(u) = / 2% te,, (x)dr for Reu >0
0
and the kernel function E,,(z) has the power series expansion
) Bu() =Y 2 for zeC
m\%) = ~ for z e .
= mi)

Observe that in case k < 1/2 the set S(m,2m — 7/k) is not defined, so the
second property in Definition 5 can not be satisfied. It means that we must define
the kernel functions of order £ < 1/2 and the corresponding moment functions in
another way.

Definition 6 (see [2, Section 5.6]). A function e, (z) is called a kernel function
of order k > 0 if we can find a pair of kernel functions ez, (z) and Ez(z) of order
pk > 1/2 (for some p € N) so that

em(2) = en(2Y/P)/p for ze€ S(0,7/k).
For a given kernel function e, (z) of order k > 0 we define the corresponding moment
function m(u) of order k > 0 by (6) and the kernel function E,,(z) of order k >0
by (7).
Remark 1. Observe that by Definitions 5 and 6 we have

oo

m(w) = i(pu) and En(2) =3 s =D m

Remark 2 (see [2, Section 5.5]). If m(u) is a moment function of order &k then the
moments m(n) are of the same order as I'(1 + n/k). It means that there exist
constants ¢, C' > 0 such that

AT+ j/k) <m(j) < CIT(1+j/k) for jeN.

The most important examples of kernel functions of order k > 0 with corre-
sponding moment functions are given by
k,—z"

o e,,(2) = kz"e

o m(u) = D(1 +u/k)

o En(z) =232722 /T(1+j/k) =: Ey/x(2), where Ey is the Mittag-Leffler

function of index 1/k.

The next proposition provides a method for the construction of new moment func-
tions.

Proposition 1 (see [2, Theorem 31]). Let two kernel functions e, (z) of orders
k;, with corresponding moment functions m;(u), be given. Then there is a unique
kernel function e, (z) of order k = (1/ky + 1/ko)™1 with corresponding moment
function m(u) = mq(u)ma(u).
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By Remark 2 and by the general theory of moment summability (see [2, Sec-
tion 6.5 and Theorem 38]) we may characterise the Gevrey order and the Borel
summability of formal power series as follows

Proposition 2. Let m(u) be a moment function of order k, a(t,z) = Y, "  un(2)t"

be a formal power series with coefficients u,,(z) € O(D) andv(s,z) == > oo, I:R"T(;))s”.
Then

>

is a Gevrey series of order 1/k if and only if v € O(D?).
is k-summable in a direction d (d € R) if and only if v € OF(S; x D).

>

4. MOMENT OPERATORS

In this section we recall the notion of moment differential operators constructed
recently by Balser and Yoshino [8]. We also introduce the concept of moment pseu-
dodifferential operators, which generalise the pseudodifferential operators defined
n [14, 15].

Definition 7. For every moment functions mq(u) and mo(u) the linear operators
Oma t, Om, = : C[[t, 2]] = C|[[t, z]] defined by

8m1¢(§: L@tj) = i U2,

= mi(j) = mj)

and

am“(i 15 (1) Zj) — i G (t)

— ms(j) = ma(j)
are called the moment differential operators 8m1 + and 8m2 .

Moreover, the right-inversion operators 9;,,! ,, 91 _: C[[t, z]] = C[[t, 2]] given by

() Gy Ll(z)j
8m1,t(jzo ml(])t ) _]:21 ml(]) !
and
1 N sz = 3 sz
3m2,z(jz_:0 ma(j) )_; m2(7)

are called the moment integration operators 8;11 and am; -

Remark 3. Observe that

e For my(j) = I'(1 + j), the operator Oy,, ; coincides with the usual differen-
tiation 0.
e For my(j) =T(1+j/k) (k > 0), the operator 0,,, ; satisfies

Oy ) (815 2) = B F (u(tV/¥, 2)),

where 8} /¥ is the Caputo fractional derivative of order 1 /k (see also [16,
Definition 5 and Remark 1]) defined by

1/k / . ’LL+1
(ZFl—Fj/kjk) Zl“l]—i—j/k: Pt
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By the end of this section we assume that e,,(z) and E,,(z) are kernel functions
of order k£ > 0 with a corresponding moment function m(u).

The moment differential operator 0y, . is well-defined for every ¢(z) € O(D). In
addition, we have the following integral representation of 9y, .¢(z).

Proposition 3. Let ¢ € O(D,.). Then for every |z| < e <r and n € N we have

. 1 o 7 g o em@Q)
(8) . o(z) ﬁ{w_ﬁ’( ) /0 " Epn(20) dc duw,

T 2mi w(
where 0 € (—argw — g, —argw + o).
Proof. Since ¢ € O(D,.), we see that
< o@M00) . X 0) .
‘P(Z)ZZ()D ( >23227m’290,( )23 for |z| <.

|
=0 7 i

Hence, by the Cauchy integral formula

8{%’2@(0) = M<,0(j)(0 = m(‘j)fj _ cp(vw) dw for e<r.

4! 2mi

By the definition of moment functions we have

. I - oo(8)
mid) :/ yjflem(y) dy y—:(w/ ¢’ em(Cw) d¢ with 6= —argw.
0 0

witl witl Cw
Moreover, since e,,(z) is exponentially flat of order k for arg z € (=35 %), we may
replace the direction § = —argw by any direction 6 € (—argw — g, —argw + 5 ).

It means that

, 1 oo () cem(Cw)
] J
07, .(0) ]{wl_a p(w) /0 ¢ d¢ dw

= omi Cw

and consequently for |z| < € we have

O"ag’nzo_ 1 00(9)m O i
plz) = Y mefT ?“Za_m?{l plo) [T ST S

= ™) Cw =g mli)

1 oo (6) em (Cw)

= 55 lw_eﬁﬂ(w)/o Em(CZ)CTdde-
Since

(I L (It

9 oy Em =0y , ~ = = ("En(C2),
(9) - Em(C2) = 07, ;m@ ; i) = $Bm(2)
we finally obtain (8). O

The formula (8) motivates the introduction of moment pseudodifferential opera-
tors on the space of analytic functions. To this end, let A(¢) be an analytic function
for |¢| > |¢o| of polynomial growth at infinity. By (9) we may define

AOm,z) Em(C2) := A(Q) Em(C2)-

Hence we have
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Definition 8. A moment pseudodifferential operator A\(Op, ) is defined by
1 em(Cw)
Cw

oo (0)
(1) AOma)o(s) = = ¢ (w) / O En(C2)

270 Jjwl—e o

d¢ dw

T

for every ¢ € O(D), where 0 € (—argw — 5, —argw + 57-).

Since A(¢) is a holomorphic function for |{]| > |{p| and is of polynomial growth
at infinity, the left-hand side of (10) is a well-defined analytic function in a complex
neighbourhood of the origin.

Definition 9. We define a pole order ¢ € Q and a leading term A € C\ {0} of A(¢)
as the numbers satisfying the formula

Cli)nolo /\C(g) =
Sometimes we write it also A(() ~ A(?.
We have the following estimation
Lemma 1. Let ¢ € O(D). Then there exist r > 0 and A, B < oo such that for

every moment pseudodifferential operator X(Op, ) we have

Sup [A(Om.2)p(2)| < |AABIT(1+ q/k), where X(C) ~ XY

lz|<r
Proof. Since A(¢) ~ AC?, we may assume that [A(¢)] < 2|A||¢]? for |¢] > |(o|. Hence,

by the definition of kernel functions we have

oo (0) s o ,b2|w‘ksk
’/ MO Em(C2) em(fuw) dC‘ S/ 2|)\|qu16171\2\ s Lds

¢ ol slw]
< 24 /OO 01 (a2l —balw])s* g
|w| 0
_Jk o0
= 2|\[A1 Ay / /b1 g(brlz* ~balwl*)o g < |\ AR L(1+q/k) _
klw|  Jo [wl(ba|w[? — b [z|F)a/k
We choose r > 0 such that boe® — byrF > b2€k/2. Then for z € D, we have
1 S I'(1+q/k)
A Om .2 < — AAB1 d
|w|=¢e
~~ D(1+gq/k) 1 ]{
< MNAB!—F————— dlw| < [NABIT(1 k).
< AR s §, Pl < WABT( k)

O

5. FORMAL SOLUTIONS

In this section we study formal solutions of the initial value problem for a general
linear moment partial differential equation with constant coefficients

(11) { P(Omy t, Omsy,z)u =0

8j1’tu(0,z):goj(z)e(9(D) for j7=0,...,n—1,

m

where

PA.C) = Po(QA" =Y Pi(QA"
j=1
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is a general polynomial of two variables, which is of order n with respect to A.

If Py(¢) # const. then a formal solution of (11) is not uniquely determined. To
avoid this inconvenience we shall choose some special solution which is called a
normalised formal solution (see also Balser [3] and Michalik [14]). To this end we
factorise the moment differential operator P (O, i, Om,,.) as follows

P(amhtv 8m2,2) = PO(8m2,Z)(8m1,t - A (amz,Z))nl T (8m1,t - /\l(amz,Z))nl
= P0(6m27Z)P(amlyt7am27Z)
where A1(¢),..., N(¢) are the characteristic roots of P(\, () = 0 with multiplicity
ni,...,n (n1 + -+ 4+ n; = n) respectively.

Since \;(¢) are algebraic functions, they are also holomorphic for sufficiently
large ¢ (say, for |C| > |¢o]) and of polynomial growth at infinity. It means that the
moment pseudodifferential operators \; (O, ») are well defined.

Now we are ready to define the uniquely determined normalised solution of (11).

Definition 10. A formal solution @ of (11) is called a normalised formal solution if

and only if 7 is also a solution of the pseudodifferential equation P (9, ¢, 9pm,.. )l =
0.

Our aim is to study the normalised formal solution of (11). We begin by describ-
ing the formal solution of simple moment pseudodifferential equation
(amht - )‘(8M2,z)>6u =0
(12) Oy w(0,2) =0 (j=0,...,6-2)
O, yu(0,2) = N7 (O, 2)p(2) € O(D).

The trivial verification shows that

Lemma 2. A formal solution @ of (12) is given by

i (T Y Omoe)
® = 3 ()

Next, we have

Proposition 4. If 4 is a formal solution of
POy 4, Oy, )i = 0

(14) Oy 40(0,2) =0 (j=0,...,n—2)
Ot 0(0,2) = (2) € O(D),

then 4 = ny:1 2211 Uap with tapg being a formal solution of

(amm — Ao (amz,Z))BaaB =0

(15) 8anfﬁa3(0,z):0 (j:O,...,ﬂ—2)
A h1ap(0,2) = A5 (O 2 ) Pas(2),

where pap(2) = dag(Om,,-)e(z) € O(D) and dog(() is some holomorphic function
of polynomial growth.

Proof. Observe that the formal solution 4 of (14) is given by
tJ
mi(j)

(16) (t,2) =Y 4j(Omaz)(2)
§=0
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where ¢;(¢) are the solutions of the difference equations

Py(¢)g;(¢) = Y Pe(¢)gj—x(¢) for j>n
k=1

with the initial conditions ¢o(¢) = ¢1(¢) = -+ = ¢n—2(¢) = 0 and ¢,—1(¢) =
1. Since the solutions g¢;(¢) are rational functions, it follows that the moment
pseudodifferential operators ¢;(Op,,.) are well defined. Moreover, according to the
theory of difference equations, we have

| min{j+1,n}

J! j
(17) q;(¢) = az:: 52::1 Caﬂ(C)mAa(C%

where ¢,3(C) are holomorphic functions of polynomial growth for sufficiently large
|| and A, (C) are the characteristic roots of multiplicity n,. Combining (16) and
(17) we obtain

I n oo . 5
= ; t7
2) = Z Z Cap(Oms,=) Z n 1 — >‘J (amz,z)mgo(z).
a=1p8=1 j=B-1 (j Y

It means that & = Y\, _, >4 Uap, Where

X - 4! . tl

t,z) = Om, N (Oppy.n) ——

Ua,B( Z) Caﬁ( m 7Z)j:%;1 (j 1 _B)' a( 'm ,z)ml(j)ip(z
Bt Lemma 2, the formal power series t,g is a solution of (15) with d.g(¢) =
(B —=1Dleap(C)- O

We generalise the above result as follows

Theorem 1. If 4 is a normalised formal solution of (11) then 4 = Z _ EB 1 lag
with @ag being a formal solution of

(aml,t - )\a(amg z))ﬁﬂaﬂ =0
0, (10(0,2) =0 (1=0,...,6~2)
O b 0.2) = X~ (O, s ().

where @ap(z) = Z;’;Ol Aapi(Om,.2)pi(z) € O(D) and dap;(C) are some holomor-
phic functions of polynomial growth.

Proof. Applying the principle of superposition of solutions of linear equation in the
same way as in [14, Remark 2] and repeating the proof of Proposition 4, we obtain
the assertion. (]

The next lemma allows us the study of solutions of moment equations in the
case when the moment function m;(u) is of order k; < 1/2. We have

Lemma 3. Let mq(u) aqd ma(u) be moment functions of orders k1 > 0 and kg > 0
respectively, p € N and ki := kyp > 1/2. Then mq(u) := my(u/p) is a moment
function of order ki. Moreover, & = 4(t, z) is a formal solution of

{ P(Omiy by Omy,z)0 =0

(18) oF, 1u(0,2) =pp(2), k=0,...,n—1
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if and only if O(t, z) := G4(tP, z) is a formal solution of

(aml t am2,z)@ =0,

(19) aﬁnl tU(O Z)_ ( )foerk‘p, k:07-~-an_17
%, 0(0,2) =0 forj=1,....,np—1 andp ) j.

Proof. By Definition 6 and Remark 1 we see that mq(u) = my(u/p) is a moment
function of order k. Moreover, observe that the formal power series a(t,z) =
Z;}O 0 ml((J)) t7 is a formal solution of (18) if and only if the coefficients u;(z) satisfy
conditions u;(z) = ¢;(z) for j =0,...,n —1 and

Po(Oms,z ZPk ma,z)Wi—k(2) for j>mn.

On the other hand

e k() e wk(2) g i(2)
= T ) )

= (j)

where v;(z) = { 2 (2) j 7 ]]zp . Hence the coefficients u;(z) satisfy the above
& =
conditions if and only if v;(z 0 J 7k J<mnp and
o (2) J—kp, J<mnp
PO( mz,z ZPIC Mo,z Uj—kp(z) for j > np.
=1

Moreover, the coefficients v;(z) satisfy the above conditions if and only if ¥ is a
formal solution of (19). O

6. GEVREY ESTIMATES

In this section we study the Gevrey order of formal solution @ of (11), which
depends on the orders ki, ko of moment functions ms(u), ma(u) respectively, and
depends on the pole orders g, of the characteristic roots A\, (¢) (¢ = 1,...,1). First,
we consider the simple moment pseudodifferential equation (12). We have

Proposition 5. We assume that @ is a formal solution of (12) and q is a pole
order of A\(¢). We have

o If1/k1 < q/ko then G is a Gevrey series of order q/ka — 1/k1 with respect
tot.
o If1/ky = q/ko then u € O(D?).

o If1/ki > q/ko then u € O i (C x D).
Proof. We estimate the coefficients of the formal solution 4(t, z) = Z;io u;(2)t7 of
(12). By Lemmas 1 and 2 we have
J N (Omaz)e(2)] L1+ ja/ks)
uj(2)| = — TS ARV ———= for z€D.
s ) (ﬂ 1) mi(j) L1+ j/k)

Hence @ is a Gevrey series of order q/ky — 1/k; for 1/ky < q/ko, a convergent series
in a complex neighbourhood of the origin for 1/k; = ¢/ke and an entire function
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for 1/k1 > q/ko. In the last case, by the properties of the Mittag-Leffler function
(see [2, p. 234]), we have

— i DLHJa/k2) i N i
A AP S A R R )

kyko

< AEl/’ﬂ*Q/kz (BW) < Aeé‘ﬂhﬂﬂﬂ )

where Ey /i, _/k, is the Mittag-Leffler function of index 1/ky — q/ks. O

Combining Theorem 1 and Proposition 5 we obtain

Theorem 2. Let 4 be a normalised formal solution of (11) with the decomposition
U = Zg:l Zg‘;l Uap constructed in Theorem 1 and let g, be a pole order of A (()
fora=1,...,1. Then a formal series Uqp is characterised as follows:

o If1/k1 < qa/ka then Gqp is a Gevrey series of order qo/ks — 1/k1 with
respect to t.
o If1/k1 = qo/ks2 then u.z € O(D?).

kqko
o If1/ki > qo/ks then uqp € OF2-9F1 (C x D).

7. ANALYTIC SOLUTIONS

In this section we study the convergent solutions u of (12). Therefore by Propo-
sition 5 we assume that 1/k; > q/ka, where kq, ko are orders of moment functions
mq(u), ma(u) respectively, and ¢ is a pole order of A(¢). We find a characterisation
of analytic continuation property of w in terms of the Cauchy data .

First, we introduce the following integral representation of solution.

Lemma 4. Let u be a solution of (12) and 1/k1 > q/ke. Then u is analytic in
some complex neighbourhood of the origin and is given by
(20)

g1 ~(0) -
ult2) =~ b pw) / By (IA(Q) By (¢2) 25 g gy

B=D" 2w Jyy) = I Cw

s

with § € (—argw — 5, —argw + 5.

Proof. Since 1/k; > q/ka, by Proposition 5 the solution w is analytic in some
complex neighbourhood of the origin. To show that the inner integral on the
right-hand side of (20) is convergent, observe that by Definitions 5 and 6 there
exist constants A; and b; (i = 1,2,3) such that |En, (EA(Q))] < Ajebrlt™Ic™e,
By (C2)] < Age?<I 121" and. e, (Cw)| < Age~?sI<I1wI™ - Hence, for fixed
w € C\ {0} such that |z| is small relative to |w| and for [t| < a|w|? with some
fixed a > 0, we have

oo

2o () €m2(Cw) i —bsk2|w|k2
)/{ By (EN(Q) By (¢2) 225 | S/Icer ds < co.

It means that the right-hand side of (20) is a well-defined holomorphic function in
some complex neighbourhood of the origin. To show (20), observe that by Lemma
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2 and by (10) we have

ut,z) = i ( J )Aj(amz,z?W(Z)tj: t*@_1 (9’6 12 m27 )tj

S\l mi(j)

B—1 oo(0)
- = 5“2 : 7{| olw) / AJ(QEm(cz)e"”—“w)dde

(8—1)! ma ( ) 27i Cw
Pt s O) LN (¢ €m, (Cw)
- 7@_1)!3 2 . /(;0 > - Em, Z)igw d¢ dw.

7=0
([l

In the next crucial lemma we use the integral representation (20) of solution u
to find its analytic continuation.

Lemma 5. Let 1/k; = q/ke, ¢ = p/v with relatively prime numbers p,v € N,
K > k1 and let u be a solution of

{ (Ot = MOmy,2))Pu =0
97, u(0,2) = p;(2) €OD) (j=0,....8-1).

If ¢; € 09K (S (d+arg ) /a+2kn/p) for k = 0,. —1land j =0,...,8—1, then
ue 0K (SdJrgm/l,xD)forn—O,...,y—l.

Proof. First, we consider case k1 > 1/2. By the principle of superposition of solu-

tions of linear equations we may assume that u satisfies (12) with ¢ € OqK(g(d+arg \)/q+2kn/p)
for k =0,...,u — 1. So, by Lemma 4, u is given by (20). Next, observe that the

function

oo(6) €m (Cw)
(21) t— i Enm, (tA(C)) B, (C2) Zw

which is holomorphic on {t € C: [t| < a|w|?}, can be also analytically continued to
the set

(22) {t e C: (argt + 2km + arg \)/pu # (argw + 2n7) /v for every k,n € Z}.

dg,

Indeed, we may replace a direction 6 in (21) by 6 satisfying the following conditions

argt+2kﬂ+arg)\+qarg9€( ,2m — for some k € Z

2ky’ 2k )
(in this case, by Definition 5, we have E,,,, (tA(¢)) — 0 as { — oo, arg ¢ = 6),
[ ]

argw+2nﬂ'—|—arg9~e(— L) for some n € Z

T

2ko 2k

(in this case, by Definitions 5 and 6, there exists £ > 0 such that

m2 (Cz)emz C’LU

Cw

Since ¢ = ka/k1 = p/v, these requirements may be together satisfied under the

condition that (argt+ 2k +arg \)/u # (argw + 2nw) /v for every k,n € Z. There-

fore the function (21) can be analytically continued to the sectors (22) and has the
exponential growth of order at most ki there.

‘< —elcl? g ¢ — o0, arg(=80).
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To estimate u, fix z such close to the origin, that arg(w—z) a2 argw along a circle
|w| = e. Repeating the proof of Theorem 3.1 in [7], we split this circle into 2u arcs
Yor and Yogy1 (k= 0,...,u — 1), where ~yo; extends between points of argument
(d+arg\)/q+2kn/pn=+5/3 and Yoy 1 extends between (d+arg \)/q+ 2kn/p+6/3
and (d+arg ) /q+2(k+1)7/u—0/3 mod 2. Finally, since ¢ € O(S((d+arg \)/q+
2km/u,8)), we may deform 7oy, into a path 421 along the ray argw = (d4arg \)/q+
2km/u — 6/3 to a point with modulus R (which can be chosen arbitrarily large),
then along the circle |w| = R to the ray argw = (d 4 arg \)/q + 2kn/p + 0/3 and
back along this ray to the original circle. So, we have

B—1 B—1
u(t,z) = haﬁ*lul(t,z) + haﬁ*luz(t, 2),
where
= 1 o(0) emy (Cw)
nitd) =350 ]4 7 / B (NC) By ()2 dC
and
= 1 oo(6) €mo (Cw)
it =3 o ;4 o(w) / B (M) () 2 d

Note that R may be chosen arbitrarily large and the function (21) is analytic on
{t € C: |t| < a|w|?} (we assume that |z| is small relative to |w|). Hence, one
can find 0 > 0 such that u; is analytically continued to S(d + 2nw/v,d) x D, for
n=0,...,v—1. Estimating this integral we see that it is of exponential growth of
order at most K as t — oo.

Moreover, since the function (21) is analytically continued into the region (22),
we see that ug is also analytically continued to S(d + 2nw/v,d) x D, for n =
0,...,v —1 and is of exponential growth of order at most k; as t — oc.

Hence also u is analytically continued to S(d+2n7/v,0) x D, forn =0,...,v—1
and is of exponential growth of order at most K as t — oco.

In case k; < 1/2 there exists p € N such that ki = pky > 1/2. By Lemma 3,
v(t, z) := u(tP, z) is a solution of

(8%1,15 - /\(8m27Z))6U =0,
677;111,{0(07 Z) = @n(z) € OqK(S(d+arg)\)/Q+2k7r/u) forn=0,...,6-1
0%, v(0,2) =0for j=1,....,8p—1and p /j,

where 7 (1) = my(u/p) is a moment function of order &y > 1/2.
By Theorem 1 we have v = vy + -+ 4+ vp_1, where v; (j =0,...,p — 1) satisfy
{ (Ot — einﬂ/p)‘l/p(ammZ))ﬁvj =0,
8%1’,5’%'(0, Z) = cﬁjn(z) c OQK(S(d+arg>\)/q+2kﬂ/u) forn = 0, e ,ﬂ — 1.
Applying the first part of the proof to the above equation we obtain v;(t,z) €
(’)pK(g(deﬂ)/pHmr/(pu) x D) for j =1,...,p. It means that u(t,z) = v(t'/?, 2) €
OK(Sd+2n7r/u X D) U

To show that the sufficient condition for analytic continuation of w given in
Lemma 5 is also necessary, we need the following auxiliary lemmas.
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Lemma 6. We assume that 1/ky = q/ks. Then u € O(D?) satisfies the equation

(23) (Ot — A(Oms,2))u =0
if and only if u is a solution of the equation
(24) (Omaz — A (O t))u = 0.

Proof. Since the equations (23) and (24) are symmetric, we only need the implica-
tion one way. To this end, we assume that u satisfies (23). It means, by Lemma 4,
that
1 oo (0)
ult,2) = o) [ By (NQ) Ena(c2)
0

270 S| =<

e(Cw)

w

¢ dw

for some ¢ € O(D). Hence, by the definition of the pseudodifferential operator
A" (Om, +) we have

1 oo ()
A Ot 2) = 5 f@_s o) [ AT ) i, (A B (€% dgaw
_ ! <@ e(Cw) oo
- % wl=e (,0(’(1)) /CO Eml (t)‘<C))CEm2 (Cz)CT dC dw = amz,zu(ta Z)
So u satisfies also (24). O

Repeating the proof of Lemma 6 in [15], we generalise the last result as follows
Lemma 7. We assume that 1/k; = q/ks. Then u € O(D?) satisfies the equation
(Omr it — A(Oms,2))Pu=0

if and only if u satisfies the equation
(Omg.z = A" (O, 1))Pu = 0.
Now we can state the main result of the paper

Theorem 3. Let us assume that u is a solution of (12), 1/k1 = q/ke and ¢ = p/v
with relatively prime numbers p,v € N. Then for every K > ki and d € R we have
Y e OqK(S(d—i-arg)\)/q—&-ka/u) fOT’ k= 0,... y = 1

if and only if
u € OK(S'd_,_QM/D x D) formn=0,...,v—1.
Proof. (=) The implication is given by Lemma 4.
(«<=) By Lemma 7, the function u satisfies
(Oms,z — Ail(aml,t))ﬁu =0

with the initial conditions 87,, .u(t,0) = ¢;(t) € OK(Sd+2n,,/y) forn=0,...,v-1
and j = 0,...,8 — 1. Observe that, if A\(¢() ~ A(? then A\~(7) ~ A~Varl/a,
By Lemma 5 with replaced variables, we conclude that if 1;(t) € O (SdJrgm /v)
forn =0,...,v—1and j = 0,...,8 — 1 then u(t,z) € O (D x S’gk), where
Op = (d + 2k /v)/q — arg(A\~Y9) = (d 4+ arg \) /q + 2kn/p for k= 0,...,u— 1. In

consequence, ¢(z) = u(0,2) € O‘IK(S'(d+arg N /at+2kn/u) for k=0,... u—1. O
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8. SUMMABLE AND MULTISUMMABLE SOLUTIONS

In this section we characterise the summable formal solutions @ of (12) in terms of
the Cauchy data ¢. Next, we also give a similar characterisation of multisummable
normalised formal solutions of general equation (11).

Proposition 6. Let us assume that @ is a formal solution of (12), 1/k1 < q/ko,
q = p/v with relatively prime numbers u,v € N, K = (q/ky — 1/k1)~" and d € R.
Then G is K-summable in directions d + 2nw/v forn =0,...,v — 1 if and only if

Y e OQK(S(d+arg)\)/q+2k7r/;L) fOT’ k=0,... s — 1.

Proof. By Lemma 2 and Proposition 2, 4 is K-summable in directions d + 2nn /v
(n=0,...,v—1) if and only if

L ~ J Aj(amz,z)@(z) j K& - v
v(t,z) == j:‘;l (ﬂ o 1) 7m1(])m(3) ) € O% (Sqgonn/w X D) (n=0,..., 1)

with some moment function m(u) of order K. By Proposition 1, we see that
mi(u) == mq(u)m(u) is a moment function of order k1 := (1/k; + 1/K)~! = ko /q.
It means, by Lemma 2, that v is a solution of

(aﬁll,t - )‘(amz,z))BU =0
O (0,2) =0 (j=0,...,5-2)

m

O, 10(0,2) = X7 (O, )0(2) € O(D).

Hence, by Theorem 3, v € OK (S’dﬁm/y x D) forn =0,...,v —1 if and only if
pE OqK(S(d—i-arg)\)/Q-‘-Qkﬂ-/u) for k = 0,... i L. U

Now we return to the general equation (11). For convenience we assume that
i la
(25) P(X\C) = Py(Q) H H (A= Aap(Q))me2,

where A\og(¢) is the characteristic root with a pole orders ¢, € Q for a =1,...,7
and 8 = 1,...,l,. Without loss of generality we may assume that there exist
exactly N pole orders of the characteristic roots, which are greater than ks /kq, say
ko/ki < q1 < -+ < qn < oo and let K, > 0 be defined by K, := (qo/ko — 1/k1) ™"
fora=1,...,N.

By Theorem 1, the normalised formal solution @ of (11) is given by

with dqpy satisfying

(aml,t - )\aﬁ(ammz))’yﬁaﬁ’Y =0
Oy tliapy(0,2) =0 for j=0,...,7—2
8m:1taaﬂw = )‘aﬂ(amm )‘Paﬂv(z)

where pa5,(2) = Z;:()l dapyj(Om,,2)ei(2) € O(D) and dap;(C) are holomorphic
functions of polynomial growth at infinity.
Hence, by Proposition 6, we have
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Theorem 4. Under the above conditions with qo, = o /Ve with relatively prime
numbers po,ve € N for a = 1..., N, the normalised formal solution 4 of (11)
is (K1,...,Ky)-summable in multidirections (dy + 2n17/v1,...,dy + 2nn7/UN)
Mo =0,...,0a—1, a=0,...,N) if and only if

p € 09BN (84, targ Aap) fgat2nar/1a)
foreveryng, =0,...,00—1,=1,...,lo anda=1,...,N.

9. INHOMOGENEOUS EQUATIONS

In the last section we generalise the above results to the inhomogeneous case. To
this end we consider the Cauchy problem for general inhomogeneous linear moment
partial differential equation with constant coefficients

P (O 110y )i = [
(26) { ajwu(o,z) pi(z) € O(D) for j=0,...,n—1,

m

where f(uz) € E[[¢]] and P(A,¢) is a polynomial in (), ), of degree n € N with
respect to A. In other words

POV = R(ON' = Y BON = Bo(@) (3" = Y0 iox),

where Py(C), ..., Py(¢) are polynomials and P;(¢) := P;(¢)/Po(¢) (j = 1,...,n)
are rational functions.

Following [16], without loss of generality we may assume that the Cauchy data
@; vanish. Indeed, after substitution

— i(z)
t,z) = u(t, z)
ult, z:: my J
we reduce the Cauchy problem (26) to
(27) P(amhtvamz 2)u (t7 z) = f(tv z)
aJltu(Oz)—O for j=0,...,n—1,

where
n—1

f(taz) = f(t7z) - m1,ta mo,z Z QOJ J € E [ ]]

Using the pseudodifferential operators deﬁned by (1()) we have

P(aml,taamz,z) = PO(amQ,z ( my,t ZP ma2,z annmljt>

= PO(amg,z)P(aml,taamz,Z)'

Observe that, if Py(Op,,») # const. then the Cauchy problem (27) is not uniquely
determined. In the homogeneous case this problem was solving by the choice of
normalised formal solution. In the inhomogeneous case the formal solution is de-
termined by the formal power series §(t,z) € E[[t]] (see also [8] and [16]), which
satisfies the equation

PO(amQ,z)g =f.
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For a given g there is exactly one formal solution @ of the Cauchy problem

{ p(aml,ta amg,z)ﬁ = g

28 !
%) 8jl,tﬁ(0,z):0 for 7=0,...,n—1,

m

which is also a solution of (27) and is called a formal solution of (27) determined
by §.
In the next proposition we find the formal solution 4. We have

Proposition 7. A formal solution 4 of (27) determined by g is given by

o0

(29) i(t,2) =D (Ot )1 q5(Omn 2)3(t, 2),

=0

where q;(C) are solutions of the difference equation
Q) =Y Pu(Qaj-x(C) for j>k
k=1

with the initial conditions qo(() =+ = ¢n—2(() =0 and ¢,—1(¢) =1

Proof. Since ¢;(¢) are rational functions, they are of polynomial growth at infin-
ity and they are holomorphic for sufficient large |¢|. Hence the pseudodifferential
operators ¢;j(Om,,~) are well defined.

To finish the proof, it is sufficient to show that the formal series given by (29) is
a solution of (28). To this end observe that (0y,, ¢)7@(0,2z) =0 for j =0,...,n—1
and

PO O 2t 2) = POy Omn) (D (010074145 (Oma)3(1:2))
D Oy ) TG O )3t 2) = Y D (Ot )T T PO, 2) 45 (O ,2)9(, 2)
=n— k=

= Z (67;},t)jin+1Qj (amQ,Z)g(tv Z) - Z (a;i,t)ji?ﬂklpk(amg,z)Qj—k(amg,z)g(ta Z)

(O Y 7143 Oz )G (8 2) = D (05 ) 143 (Oina,2)G (1, 2)

Il
3

j 1 j=n

= qnfl(amz,z)g(tv z) =9(t, 2).

Now we consider the simple inhomogeneous moment pseudodifferential equation

(am1, - )‘<am2,Z))Bu(ta Z) = g(t’ Z)
(30) { 8jht;(0,z):0, j=0,...,0—1.

m

The direct calculation shows that

Lemma 8. The formal solution @ of (30) is given by

i) = 3 ()7 )@l NI 0 0a(0,9)
j=B—1
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Next, using Proposition 7 and the factorisation of operator P(Opm, ¢, Omy.z), We
obtain the following decomposition of solution of (27) determined by § .

Theorem 5. Let 4 be a formal solution of (27) determined by § and
P(8m17t7am2yz) = (87n1’t - )‘l(am2,Z))n1 e (8m1,t - )‘l(amz,Z))m~

Then @ = Zla:l Zgil Uap, where Uqg is a formal solution of

(31) (amht - )‘a(GMmZ))ﬂﬁaﬂ(tv z) = Gap(t, 2)
Oy 4lap(0,2) =0 for j=0,...,8-1

and §os(t, 2) = dap(Om,,2)G(t, 2) for some holomorphic function dag(() of polyno-
mial growth.

Proof. By Proposition 7 the formal solution of (27) determined by § is given by

o0

ﬂ(tv Z) = Z(a;&,t)]quqj (amz,z)g(tﬂ Z)a
=0
where
| min{j+1,n.}

() = . J! j
mo-; ; w5 O T g%

cap(¢) are holomorphic functions of polynomial growth for sufficiently large |¢|
(see Section 5 in [14] for more details) and A,({) are the characteristic roots of
multiplicity ng.

It means that & = Y _, > o5y Uap, where

N J! —1 \i+lyd ;
Uap = j;l (] T1- 5)| (amht) >\a<am2,z)ca,3(am2,z)g(ta Z)

By Lemma 8, 44 is a formal solution of (31) with

gaﬁ(t7 z) = daﬁ(amz,z)g(ta z) and daﬁ(() =(B- 1)!ca5(<)/\§71(g)-
[l

Now we are ready to study the Gevrey order of formal solution to inhomogeneous
equation. First we consider the simple equation (30). We have

Proposition 8. Let @ be a formal solution of (30) determined by a Gevrey series

g € El[t]]s of order s > 0 and let q be a pole order of A({). Then 4 is a Gevrey

series of order max{%, s} with respect to t.

Proof. Since

1(n)

is a Gevrey series of order s > 0, there exist A, B < oo such that

g(t, z) = Z Mt” with  gn(z) € E(r)
n=0

(32) |m|ix lgn(2)] < AB"T'(1 4 (s +1/k1)n) for n=0,1,...
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By Lemma 8 we have

i) = % <ﬁf O TN @, 40, 2)
Jj=p-1
_ - J B+1 = gn(2) n+j+1
= N Oms, = — "
2 L g
e - 00 k k—1
= ( )” P O, )gk51(2)
k=p ] =B8-1
B iuk(z)tk
= ma(k)

Now, by Lemma 1 and by (32), we obtain the estimate

k—1

() < 3
j=B—

J

(57 )W O sa ()

k—1
< ABF D(1+5q/k)T (14 (k—j — 1)(s + 1/k1))
Jj=p-1

for z € D,.. Hence there exist C, D < oo such that

1

sup |ug(2)] < CDET(1 + k(54 1/ky)) for k=0,1,...,

|z|<r
where § = max{%1-F2 4} O
kiko :

By Theorem 5 and Proposition 8, we obtain the Gevrey estimates for solutions
of (27), which improve the result of Balser and Yoshino [8]. Namely we have

Theorem 6. Let 4 be a formal solution of (27) determined by a Gevrey series
g € E[[t]]s of order s > 0 and let & = Zla:l
constructed in Theorem 5. Then Uqp is a Gevrey series of order max{%,s}
with respect to t, where g, € Q is a pole order of the characteristic root Ao (C).

Zgil Uap be a decomposition of solution

Immediately by Lemma 8 and Proposition 8 we obtain the characterisation of
analytic continuation properties of convergent solutions of (30) in terms of inhomo-

geneity g.
Proposition 9. We assume that 1/k1 = q/ka, § € E[[t]]o is a convergent power
series and u is a solution of (30). Then u is analytic in some complex neighbourhood

of the origin. Moreover, for every K > k1 and d € R we have 4 € (’)K(S'd x D) if
and only if § satisfies condition

i <5 _ 1) (ami t)J+1>‘j_B+1(am2,Z)g(tv z) € OK(Sd x D).

Jj=p-1

Using Lemma 8 and Proposition 9 we characterise the summable formal solutions
@ of (30) in a similar way to Proposition 6.
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Proposition 10. We assume that 4 is a formal solution of (30), 1/k1 < q/ka,

at,z) =3, ggg;)) " € B[[t]], for some s € [0,q/ka—1/k1], K = (q/ka—1/k1)~"
and d € R. Then 4 is K-summable in a direction d if and only if the coefficients
gn(2) (n € N) of § satisfy condition

—1 i+l yj—B+1 = 9n(2) 0 ke
Z ( )8 7T (amz,z);ml(n)t € OX(8, x D),

j=p-1

where mq(u) = mq(u)m(u) and m(u) is a moment function of order K.
Proof. By Lemma 8 an Proposition 2, 4 is K-summable in a direction d if and only

if v(t, z) € OK (84 x D), where

_ - J B+1 — gn(2) ntj+1
ta - )\J m z A tn
vt 2) 1<ﬁ—1> > Z 1(ntj+ Dm(n+j+ 1)

(

] 0 1 J+1>\j*5+1 asz -g]" Z) g
( )05 ( »;ml(n)

with mq(u) = mq(u)m(u) and m(u) being a moment function of order K. O

|
&Mg 1

J

We generalise the last result to formal solutions of (27). To this end, in a similar
way to the homogeneous case we assume that P(\, () is given by (25) and there
exist exactly N pole orders of the characteristic roots of P(\, (), which are greater
than kg /ky, say ko/k1 < q1 < -+ < qn < 0o and let K, = (qo/k2 — 1/k1)~! for
a=1,...,N.

By Theorem 5, the normalised formal solution 4 of (27) is given by

with @y satisfying

(amht - Aaﬁ(amz’z»vﬁaﬁv = gaﬁv
agnl,taaﬁ"{(oﬂ Z) =0 for J = 07 EEEE0 B 17

where Gagy = dapy(Om,,2)d(t, z) for some holomorphic functions dag~(¢) of poly-
nomial growth at infinity.
Hence, by Proposition 10, we have

Proposition 11. Under the above conditions the formal solution @ of (27) deter-
mined by a convergent formal series §(t,z) = > o~ 5171((53) t" € E[[t]]o is (K1,...,KnN)-
summable in a multidirection (dy,...,dn) if and only if the coefficients g,(z) (n €

N) of § satisfy conditions

[ . - ‘ - 00 on(z : A
Z <’7 _ 1> (8m1a t)J+1)\]ozB’Y+1(am2,Z) Z 7’7‘[,1 ((’I?L)t S OKQ (Sda X D)7
=v-1 n=0 o

where Mo (u) = my(u)ma(u) and mqy(u) is a moment function of order K,, for
every B=1,...,lo anda=1,...,N.

J
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