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dimensional heat equation
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Abstract. We give a new characterisation of Borel summability of formal
power series solutions to the n-dimensional heat equation in terms of
holomorphic properties of the integral means of the Cauchy data. We
also derive the Borel sum for the summable formal solutions.
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1. Introduction

We consider the initial value problem for complex n-dimensional heat equa-
tion

Oyu = Au, u(0, 2) = p(2), (1)

where t € C, z € C", A = ZZL:I afi is the complex Laplace operator and ¢
is holomorphic in a complex neighbourhood of the origin. The unique formal
power series solution of (1) is given by

a(t,z) = i %tk. (2)

k!
k=0

In the dimension n = 1 the problem of convergence of formal solution
(2) was already solved by Kowalevskaya [3]. She showed that @ is convergent
if and only if the Cauchy data ¢ is an entire function of exponential order at
most 2. In the multidimensional case Aronszajn at all [1] solved the problem
of convergence of @ in terms of the growth of AFy(z) for k € Ny. Another
approach was given by Lysik [5]. He proved that @ is convergent if and only
if the integral mean of ¢ over the closed ball B(z,t) or the sphere S(z,t) as
a function of a radius t extends to an entire function of exponential order at
most 2.
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If 4 diverges, it is natural to ask when it is Borel summable. In the
one-dimensional case the solution was given by Lutz at all [4]. They proved
that 4 is 1-summable in a direction d if and only if ¢ can be analytically
continued to infinity in directions d/2 and 7 + d/2 and the continuation is
of exponential order at most 2. In the multidimensional case the author [6]
proved that @ is Borel summable in a direction d if and only if the function

s Pz +tw)dS(x) i nisodd
O, (t,2) = o(z+tz) dz ”

fB(o,1) W
is analytically continued to infinity in directions d/2 and 7+d/2 (with respect
to t) and to some ball with a centre at the origin (with respect to z) and this
continuation is of exponential order at most 2 as t — co.

In the present paper we show that for arbitrary dimension n, we may
replace the functions ®,,(¢, z) in the above characterisation by the integral
mean of ¢ over the closed ball B(z, ) or the sphere S(x,t). The result is based
upon the mean-value formulas for analytic functions (see [5, Theorem 3.1]).
As an application, we use the procedure of Borel summability to find the Borel
sum v of the formal solution 4. In this way we obtain the representation of the
solution u of the heat equation given by a complex version of the convolution
of the heat kernel and the Cauchy data ¢.

n is even

2. Preliminaries

In the paper we use the following notation. The real closed ball (respectively
sphere) with a centre at x € R™ and a radius ¢ > 0 is denoted by B(z,t)
(respectively S(x,t)). Moreover, the complex disc in C™ with a centre at the
origin and a radius r > 0 is denoted by D := {z € C" : |z| < r}. If the
radius r is not essential, then we write it D™ for short.

Let a € R. The Pochhammer symbol is defined by (a)o := 1 and (a)y :=
ala+1)---(a+k—1) for ke N.

A sector in a direction d € R with an opening € > 0 in the universal
covering space C of C\ {0} is defined by

S(dye):={z€C: z=re", d—c/2 <0 <d+¢c/2, r>0}.
Moreover, if the value of opening angle € is not essential, then we denote it
briefly by S4. We denote by Sy the set Sy U D!. By O(G) we understand the
space of holomorphic functions on a domain G C C™.

Let us also recall some definitions and fundamental facts about the Borel
summability. For more details we refer the reader to [2].

Definition 1. A function u(t, z) € O(S(d,e) x D) is of exponential growth of
order at most s > 0 as t — oo in S(d,€) if and only if for any v € (0,7) and
any €1 € (0,¢) there exist A, B < oo such that

max |u(t,z)| < AeBH" for te S(d,e;).

|z|<
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The space of such functions is denoted by O*(S(d,e) x D). We also write
O%(84 x D™) for the space O%(Sq x D™) N O(Sq x D™).

Analogously, a function ¢ € O(S(d,¢)) is of exponential growth of order
at most s > 0 as z — oo in S(d,e) if and only if for any £; € (0,¢) there
exist A, B < oo such that

lp(2)] < AePIFT for 2 € S(d, e).

The space of such functions is denoted by ©%(S(d, )). We also set O%(Sy) :=
O0°(54) N O(5q).

Definition 2. Let d € R. A formal series

(oo}
(t, z) = Z #t’ with w;(z) € O(D") (3)
j=0
is called Borel summable in a direction d if and only if its Borel transform

B satisfies
oo

(Ba)(s,2) = 7“(”;'(;) si € OY(Sy x D).
The Borel sum of 4 in the direction d is represented by the Laplace transform
of v(s, z) :== (Ba)(s, 2)

1 [o00)
ul(t,z) = f/ e /t(s, 2) ds,
t Jo
where the integration is taken over any ray eR, := {re? : r > 0} with

0e(d—e/2,d+¢€/2).

According to the general theory of moment summability (see [2, Section
6.5]), a formal series (3) is Borel summable in a direction d if and only if the
same holds for the series

Sy ()
jgou](z) (2j)!t .

Consequently, we obtain a characterisation of Borel summability, which is
analogous to Definition 2 (see also [2, Theorem 38 and Section 11])

Proposition 1. Let d € R. A formal series (3) is Borel summable in a direction
d if and only if its modified Borel transform Bu satisfies
(Bi)(s,2) = S LB G ¢ 0118, x D7),
= (2))!
The Borel sum of 4 in the direction d is represented by the Ecalle acceleration
operator acting on 0(s, z) := (Ba)(s, z) as follows

1 oo (0) ~
wits) =2 [ O 5 Vs
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with 0 € (d — e,d + ¢). Here integration is taken over the ray e"*R, and Cy
1s defined by

C L[ty 4

2(¢) == Py 8 “Ja u (4)

with a path of integration v as in the Hankel integral for the inverse gamma
function (from oo along argu = —7 to some ug < 0, then on the circle
|u| = |up| to argu = 7, and back to oo along this ray).

3. Integral means

In this section we recall the notion of integral means. To this end we take a
continuous function ¢ on a domain @ C R”, x € Q and 0 < ¢t < dist(z, 08).
Then we denote by M (¢;t, 2) and N(y;t,z) the integral means of ¢ over the
closed ball B(z,t) and the sphere S(z,t) respectively, i.e.

1
M(pit, ) = 7[ p(y)dy = / (y)dy
a(M)t™ Jp (o,
B(z,t)
1
N(p;t,x) = dS(y) i = ———— dS(y),
it = | s = o [ ewasw)
S(z,t)
where a(n) := F(ﬁi:j/z) is the volume of the n-dimensional unit ball B(0,1).

Moreover, since

M(p;t,x) = 7[ p(r+ty)dy and N(p;t,z)= 7L oz +ty) dS(y),
B(0,1) S(0,1)
we may also consider M (p;t, z) and N(y;t, z) for complex variables ¢ and z.
Hence, according to the mean-value properties for analytic functions we have

Proposition 2 (see [5, Theorem 3.1]). Let ¢ € O(G), G C C" and z € G.
Then M (p;t,z) and N(g;t,z) are holomorphic functions at the origin as
functions of t and for t small enough

= AFp 9 = AFp(z 9
M(p;t, z) = thk and N(@;t,z):I;JM(;(k;!tk_ (5)

USlng the above proposmon we find the relation between the series

oo AFe(2) 2k o A 2k
k=0 (zﬁ)f t*% and 30,7 kg.))z i

N(p;t, z). Namely, we have

Lemma 1. Assume that ¢ € O(G), G C C", z € G and t is small enough.
Then it holds

and the integral means M (p;t, z) and

o k(s
ZA@%')# —&(t—lat) S M (gt 2)
k=0 '

1

= oo L9,) " 1" 2N (g3t 2)
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forn=2m+1;

) (k|)2 Dok (710 T M (528, 2)
s 1
1

_ W(t‘lat) 2N (3 2, 2)

forn =2m.
Proof. First, note that

n

n
4k(§ n n+ 2k)!!

ekt = (2L (n+ 2% = 2)1

and 4k(g)kk!:(2k)!! (n—2)!

If n is an odd number then by (5) and (6) we obtain

1 - n 1 _ o1 X AFo(z .
Wat(t ') 2 (‘Pﬂf’z):m@(t o) = Z#t2k+

k
1 S (2k+n)2k+n—2)--(2k+ 1)Ak<p(z)t2k = AFp(2) o
T Z )N (2k+n)!! - (2k)!
k=0 I [ 0
and
#8 1o, T S IN(p;t, 2)
(n—2)!l ‘ ’
_ 1 —1q9 28 - Ak@(z) 2k+n
T (n— 2)!!at(t %) Z « 4k (5 + 1)kk;!t
2k +n—2)(2k +n —4)--- (2k + 1)AFp(2) 4
(n 2)!! Z (2k)!1(2k+n—2)!! t
=0 (n—2)1
_ i Ak@(z)tzk
(2k)! ’
k=0

which proves the first part of the lemma.
Analogously, if n is an even number then by (5) and (6) we have

Lo 1o3\2.n . I SRS P o AFp(2)4F 2k+n

m(t 0¢)2t" M (p;2t, 2) = m(t D)2 ;4k(g+1)kk!t

1 o= (2k+n)(2k +n —2) - (2k + 2)AFp(2)4F o, B N AFp(2) o
’T; R @nT ! _kz_; G

n!
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and
1
(n—=2)1

n

(t718,) "2 t" 2N (i 2t, 2)

. 1 1 ";2 - Ak(/)(z)4k 2k+n—2
= T D (kL

k=0
1 i (2k+n—2)(2k+n—4)---(2k + Q)Akw(z)élkt%

CED @I )T
k=0 (n—2)1

- Ak‘P(Z) 2k
I

k=0

which proves the second part of the lemma. ([

4. Summability of formal solutions

Now, we are ready to state the main result of the paper.

Theorem 1. Let @ be a formal solution of the n-dimensional complex heat
equation

O = Au, u(0,2) = p(z) € O(D"). (7)
Then the following conditions are equivalent:
e 1 is Borel summaf)le mn a direction d;
o M(p;t,2) € 02(@(1/2 U Sajaix) X D");
o N(p;t,z) € O*((Saj2 U Sqjatr) x D).

Proof. The formal solution 4 of (7) is given by (2). Applying the modified
Borel transform B and the Borel transform B to @ and replacing s by t? we
have

~ 0 k P R ) & .
(Ba)(t*,2) =) A(2i§! )2 and (Ba)(@, 2) = 3 A(;j)(z ) 2k
k=0 k=0 :

By Proposition 1 and by Definition 2, the formal soluAtion ﬁAis Borel sum-
mable in a direction d if and only if (Ba)(t?,z) € O*((Sqj2 U Sajo4r) x D™)
or, equivalently if and only (Ba)(t2,2) € (92((5'd/2 U S’d/g_,_,,) x D™). On
the other hand, by Lemma 1, M(p;t,2) € (92((5'(1/2 U S'd/2+,r) x D™) if
and only if N(p;t,z) € 02((Sd/2 U Sd/2+7r) x D™) and, moreover, if and
only if Y72 %t% € 02((Sd/2 U S'd/2+w) x D™) in odd dimensions and

k ~ A
o A(k‘f)(f) t** € O*((S4/2 U Sqj24-) x D™) in even dimension. Hence we
obtain our assertion. O

Using the representation of the Borel transform Bt and the modified
Borel transform B, we derive the Borel sum u for Borel summable formal
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solution @. To this end, we calculate the function Cy defined by (4). Using
the power series expansion (see [2, p. 175]) of Cy we have

&y
C2(C) = nz::o nll(1—(n+1)/2)

Since the Gamma function I'(z) has the simple poles for z = 0,—1, -2, .. and

N(—-k+1/2)= W for k € Ny,

we obtain

0 k CQk 1 2
— T2

j{: (2k)1T( k—%1/2 Vf—jfj 4kk' == ®

Now we are ready to prove that the procedure of Borel summability
gives us the solution u of the heat equation as the convolution of the heat
kernel and the Cauchy data. Namely, we have

Theorem 2. Let @ be a formal solution of (7), which is Borel summable in a
direction d. Then the Borel sum of 4 in the direction d is given by

1 el9|m|2
(4 —
t2)=—— (2 + 1) da,
u ( Z) (4 t)n/Q /(eie/2 . (& (Z x) X

where 0 € (d—¢/2,d+¢/2).

Proof. Fix 0 € (d — €/2,d + £/2). First, let us assume that n = 2m + 1. By
Proposition 1, (8) and Lemma 1, we have

6 _ i (@ 3 i —df S
(t,2) = \[/ (Bu)(s,z)fe dv/'s

B (0/2)
=1 (Bu)(7%, 2 ED dT
vl ) 2)e”

@2 2 1 1 —2
—\/’]R‘/(J (& 4tma( 6) N((p77'2')d7'

Now, by (1 + 252)-fold integration by parts we have

0 1 oo(6/2 ) 1 » as
u (t’Z):\/?/o 276 ‘“m(T 0;) 2 TV N(p;T,2)dr

1 /00(9/2) L2 el ( )
= — e " "N(p;T,2)dT.
(n—2)11(2t) "= /xt Jo
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Finally, using the definition of the integral means over the sphere we have

9( ) 1 /00(9/2) L2 1 7[ ( )dS( )d
u’(t, z) = — e~ T plz+T1Y y)dr
(n —2)1(2t) "7 /7t Jo st
ry=e 1 / ~SE (2 4 ) d |
= e t z+x)dx
(47Tt>n/2 (ei0/2R)n v ’
since
1 T(+n/2) alix¥/2 (n—2)!l
na(n)  nan/2 ot aj2 9ni gt

Analogously, for n = 2m we apply Definition 2, (8) and Lemma 1 to
calculate

_21

1 oo . o0 (0/2) )
ul(t,z) = ;/ e /N (Ba) (s, z) ds °= . / e 7 UBa) (2, 2)2r dr
0 0

= g/o 6_7—2/757'7(” — 2)!!(T_laT)TzTn_2N(<p;2T,Z) dr

By "?*Q—fold integration by parts and by the definition of the integral means
over the sphere we have

2n/? O e
]m/2("1_2)”A e 7 b 7[ QD(Z"’QT:Z/) dS(y)d’r
S(0,1)

2T7=0 1 oo(0/2) e o
T @) -2l /0 e o 7[ p(z +oy) dS(y) do
5(0,1)

= 1 a2
=T ___ - — T3 d
(dnt)n/? /(ew/zR)n e o(z + ) dx,

since

ul(t,z) =

1 T(1+n/2) n!! (n—2)!

na(n) /2 on/2pgn/2  9n/2pn/2
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