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ABSTRACT. We consider gradient descent equations for energy functionals of
the type S(u) = %(u(x), A(x)u(z)) 12 + [o V(x,u) dz, where A is a uniformly
elliptic operator of order 2, with smooth coefficients. The gradient descent
equation for such a functional depends on the metric under consideration.

We consider the steepest descent equation for S where the gradient is an
element of the Sobolev space HP, 8 € (0,1), with a metric that depends on A
and a positive number v > sup |Vaz|. We prove a weak comparison principle
for such a gradient flow.

We extend our methods to the case where A is a fractional power of an
elliptic operator, and provide an application to the Aubry-Mather theory for
partial differential equations and pseudo-differential equations by finding plane-
like minimizers of the energy functional.

1. Introduction. In this paper we prove a comparison principle for steepest de-
scent equations, in the Sobolev gradient direction (see (3)). When one is interested
in minimizing functionals of the type

5() = 5ule) Alwua)) e+ [ Vie,u)de (1)
where A is an elliptic operator, it is natural to consider the gradient descent equation
Oyu = —VS(u). The gradient of S depends on the metric under consideration. Our
main result is a comparison principle for flows of this type, which is formulated in
Section (2), where V.S(u) is an element of the Sobolev space H?, 3 € (0,1). The
methods used to prove the comparison principle may be of independent interest and
are outlined at the end of Section (2). In particular, the methods extend naturally
to show a comparison result for dyu = —V.S(u), with A replace by a fractional
power A% « € (0,1), as shown in Section 6. The metrics and Sobolev gradients we
consider are explained in Sections 1.2 and 1.4. See also [16].
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More concretely, we consider a self-adjoint, uniformly elliptic operator A given
by the formula

d
Au = — Z Oz, (aij(ac)é)x%u) = —div(a(z)Vu), (2)

ij=1

where the coefficient functions, a® € C°°(R?) are symmetric in 4,j and we have
positive constants A1, As such that for everyx € R4

d
MIEP < Y aY(@)68; < Aoféf, VEER™

ij=1

Then, for a suitably large constant +, and for 5 € (0,1), we will show a comparison
principle for the flow defined by the evolution equation

Ou=—(v+ A Pu+ (v+ A7 (yu - Va(,u)) , (3)

where V(x,7) € C"(R? xR), r > 2, and V» denotes the derivative of V with respect
to its last argument. The fractional powers of y+ A that appear in (3) will be defined
in Section 3.2. As we shall show over the next few sections of this introduction,
equation (3) is the steepest descent equation for S in the Sobolev space H? with
inner product (u,v) s = ((y+ A)%u,v) 2, as explained in Section 1.2. The domain
and boundary considerations for equation (3) are discussed in the following section.
A sufficient lower bound for the constant v will be given in Section 5 and will depend
on the nonlinear term V.

In Section 2 we state the comparison result in its full generality but leave the
proof until Section 5. We gather some previous results in Sections 3.1 and 3.2 and
apply them to our problem in Section 3.3. Section 4 is devoted to the proofs of
existence and uniqueness of solutions to equation (3). If S were C?, then a theorem
in [16] would give existence and uniqueness immediately. However, the functional
S defined in (1) is not even continuous from H* to R for 3 < 1.

As mentioned earlier, Section 6 is devoted to explaining how the techniques
developed in the proof of the comparison principle can be applied to fractional
powers of elliptic operators as well. That is, the techniques apply to equations with
the same form as (3) with the operator A replaced by A%, for a € (0,1).

Finally, we present an application to Aubry-Mather theory for PDEs and pseudo-
DEs in Section 7. Aubry-Mather theory concerns the minimizers of Lagrangian
actions, which can be classified by their associated rotation vectors (or frequency
vectors). In the PDE setting, Moser extended the theory to certain types of energy
functionals, including those of the form (1), see [14]. A certain geometric property
(called the Birkhoff property) of the minimizers is important to showing existence
of solutions for any rotation vector, see Section (7). The use of gradient descent
in this setting was introduced in [10], where a comparison principle for the flow is
crucial to showing the solutions have this Birkhoff property.

1.1. Boundary conditions. Our main results apply to Dirichlet boundary condi-
tions for domains © C R? that are compact with smooth boundary, as well as for
periodic boundary conditions (i.e. Q = T¢ = R9/74).

In the application in Section 7 we will also consider Q = NT¢ = R? /N Z¢, for
which the reasoning regarding N = 1 applies. More succinctly, we pose (3) as
an initial-boundary value problem, with w(0,2) = ug(z) € L>°(2) and one of the
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following two cases:

u=20 ondf) (4)
u(z +e,t) = u(x,t) Ve € Z¢ (5)

In the periodic setting we will require the functions a(z) and V(z,y) to have
period one in all variables.

Since our results rely on arguments that apply to both the Dirichlet and periodic
settings, we will not distinguish between the different cases when stating the results.

1.2. Sobolev spaces. There are several equivalent definitions of the Sobolev spaces
H*(2), s € R. For the integer case, we take H™(Q) = {u € L*() : D% €
L3(Q), V|a| < m}, then the intermediate spaces may be defined by interpola-
tion methods [9], [22]. Alternatively, one can use the Fourier transform to define
H*(R?Y) = {u € L>(RY) : (14 |¢>)%/?a € L*(R%)} and then H*(Q) = {u|q: u €
H? (Rd)}. The case where Q = T? is handled simply by replacing the Fourier
transform with the Fourier series. The factor (1 + |€|?)%/? makes it clear that the
operator I — A is the foundation of these spaces. Indeed, u € H*(R?) if and only
if (I —A)*/?u € L*(RY), where (I — A)~/2 is a particular case of the general defi-
nition of the power of an elliptic operator given in equation (6), and (I — A)*/2 is
the inverse of (I — A)~%/2.

In fact, because v+ A is an (order 2) elliptic, self-adjoint operator, we can define
the Sobolev space HS 4 in the same manner as above, but replacing I—A with v+ A,
for v > 0. The inner product on H3 , is given by (u,v)s~ .4 = ((v + A)*u,v)o =
(v + A)*u,v) 2. In [20], page 57 it is shown that the topology on H3 4 generated
by the norm obtained from the above inner product is identical to the standard
topology on H® (i.e. the topology generated by (u,v)gs = ((I — A)*u,v)r2). Thus,
we henceforth omit the subscripts v and A when referring to HS 4, and (-, )s,4.
Will will write (-,-)s for the inner product on H® and || - ||s for the norm on H?®.
Though the topologies are equivalent, the gradient of S depends on the chosen inner
product. Thus, the gradient flow and therefore the comparison principle depend on
the choice of inner product.

1.3. Fractional powers of elliptic operators. For s > 0, the operator (y+A4)~*
is self-adjoint, bounded, linear, invertible from H" to H"72%, and is defined by

()= g [ A= e, (©

where T' is a rectifiable curve in the resolvent set p(y + A) C C, avoiding (—o0, 0].
Here 2° is taken to be positive for positive real values of z (see [17] page 69, [20]
pages 83, 94). Positive powers are defined as (y+ A)°* = (v + A)*(y+ A)*~* where
k € N and s < k. It can be shown that (y+ A)*(y+ A)" = (v + A)**" for s,r € R,
and that if s € Z our definition coincides with the usual definition of integer powers
of (7 + A), see [20]. In particular we have (y + A)* = ((y + A)~*)~L.

We will be interested in powers 0 < « < 1, for which the integral in (6) is
equivalent to

sin Tov

(y+ A = - /Ooot“(t+7+A)1dt. (7)

as shown in [17], Section 2.6. This fact will be needed in Section 3.2 when we discuss
the semigroup theory related to (v + A)'~# and (y + A)=".
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We will use repeatedly in Section 4 that the operator (y+ A)~# € L(H*, H*+28)
is smoothing. We denote by L(H;, Hs) the space of bounded linear operators from
the Hilbert space H; to the Hilbert space Hs. For notational convenience we will
sometimes use \ in place of 1 — 3, in particular when describing the domain H*+2*

of (v + AP = (y + A)1=7.

1.4. The Sobolev gradient. The motivation for equation (3) is the desire to solve
the semilinear elliptic equation

—Au=Va(z,u) €N (8)

subject to one of the boundary conditions (4) or (5). For background on equations
of this type see [5] and [8]. Equation (8) has an associated variational principle. In
fact, it is the Euler-Lagrange equation for the functional

S(u) = /Q % (a(x)Vu(z) - Vu(z)) + V(z,u(z)) de. 9)

To minimize S, and therefore find a solution to (8), we could consider the steepest
descent equation

Opu = —Au — Vao(z, u). (10)
The motivation for equation (10) is that the right-hand side, changed of sign, is the
unique element g € L? such that DS(u)n = (g,n) 2, where DS(u) is the Fréchet
derivative of S at u. This element g € L? is called the L? gradient of S with respect
to the inner product (-, ). Instead of the standard L? inner product, if we used
a different inner product, we would obtain a different gradient for S.

We consider the Sobolev space H? with inner product (u,v)s = ((7+A)Pu,v) 2,
and look for the gradient of S with respect to this space and inner product. That
is, the unique element g € H” such that DS(u)n = {(g,n)s. We refer to g as the
Sobolev gradient of S and write g = VgS(u) (see [16]). As noted at the end of
Section 1.2, this gradient depends not only on S but also on our choice of inner
product, which was determined by A and ~.

We note that in each case, Dirichlet or periodic boundary conditions, we are able
to use the integration by parts formula

- /Q div(a(z) V) di = / a(e)Vu - Vo dz, (11)

Q

and we calculate the HP-gradient as follows:

DS(u)yn = /Q a(x)Vu - Vn+ Va(x,u)nde

(—div(a(e) V) + Va(z,u),n) 12 = (Au -+ Va(a, u),m) s
= (v + A7y + A7 (Au + Va(w,u)),m)
= (v +A) P (yu+ Au—yu+ Va(z,u),m),
= (A Pu— (v + AP - Vale, ),
Thus, our steepest descent equation in H?, d,u = —V3S(u), becomes
du = —(y + A Put (v + A) P (u - Va(a, u)),

which is identical to (3). If the solution wu(z,t) of (3) approaches a critical point,
that is u(z,t) — uc(x) as t — oo, then u, will solve (y+A)'Pu, = (y+A) 7B (yu.—
Va(x,u.)), which reduces to (8).



COMPARISON FOR SOBOLEV GRADIENT FLOW 5

2. Main result. We now wish to formulate our main theorem, which is a compar-
ison principle for the flow defined by (3). The theorem is actually two theorems,
one for each type of boundary condition. Thus, in the statement of the theorem,
the space H® may refer to either of the two types of Sobolev spaces H§ (Dirichlet
boundary conditions), or H} (periodic boundary conditions). We will write Q to
represent the space domain, whether it is T or a smooth, bounded subset of R¢
with Dirichlet boundary conditions.

Theorem 2.1. Let V € C"(Q x R,R), » > 2, and choose v such that v >
SUP(y y)eraxr |Vo2|. Let T > 0, and let u(x,t) and v(x,t) be solutions of (3) for
t € [0,T] with initial conditions u(x,0) = ug € L and v(x,0) = vy € L™, where
the exponent 8 in (3) is taken in the range 5 € (0,1). If ug > vy for almost every
x € Q, then u(x,t) > v(z,t) Yt € [0,T] and almost every x € Q.

Remark. The regularity of V' will be the only limit for the regularity of the solution
u. We show in Proposition 4.1 that u(t,-) € H™T9~1 for any § < 2. In particular, if
r > d/2 —1 then for ug € L* we have that the solutlon u(t,-) € C°(Q). The proof
of existence will show that, in our case, we have T' = co. This allows this semi-flow
to be used for finding critical points of S.

We use the notation L := —(y + A)'=# and X (u) := (y + A) 7B (yu — Va(z,u))
so that we can rewrite (3) as

O = Lu + X (u), (12)

and easily refer to the linear and nonlinear components of the equation as L and
X. We now briefly outline the strategy for the proof of Theorem 2.1.

We will show that L generates a semigroup and this semigroup satisfies a com-
parison principle. The theory of semigroups will also allow us to show that, for
large enough ~, the nonlinear operator X will also satisfy a comparison principle.

We will then show that solutions to equation (12) exist for all time, and can be
expressed via the integral formula

u(z,t) = eFug(z) —l—/o eI X (u(s, x)) ds, (13)

commonly referred to as Duhamel’s formula (see [23], page 272). This is done
by first proving L™ estimates for e’ and X in Section 3.4, which follow from the
comparison principles for each operator, respectively. Then, using some results from
Section 3.3, we show that if u belongs to a Sobolev space H?, with 0 < o < r 4 2,
then e(*=*)L X (u(s, z)) belongs to a higher space H7+7 with 7 > 0 (r is the regularity
of V2). The representation in (13) then allows us to show u € H?*7. This is carried
out in detail in Section 4.

To prove the comparison principle for solutions to (12) we build and iteration
scheme around formula (13), namely: u/*1(x,t) = e'Fug(x +f =)L X (ul(s,z))ds.
The comparison principles for e! and X will allow us to show that uy > vy implies
uw?(z,t) > vI(x,t). Then we show that the u’ converge to a solution of (12) that
must also satisfy a comparison principle. This is done in Section 5.

3. Preliminaries. In Sections 3.1 and 3.2 we present previous results that will be
applied in Section 3.3 to produce several results, including the comparison principles
for et and X. In Section 3.4 we use the comparison results to produce L> bounds
on et’ and X, which will be important in proving existence, uniqueness, and the
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final comparison result. In particular, they allow the application of the Moser
estimates (14) and (15) below.

3.1. Moser estimates. The composition V(x,u) will be controlled by the use of
Moser estimates for the composition of functions in H*, s € N. If f € C*(R? x R)
and ¢ € H*(R?) N L (RY) then

£ (2, d)lls < cslfles (L +11]]s)- (14)
We also have that if f € Ot and if ¢, € H® are bounded with s € N, then

1f(@,¢) = f(z,9)]ls < eslflos+ (X +[[lls + [1Plls) ]| = ¥ls- (15)
The constant ¢, depends on the supremum of ¢ and the diameter of Q, see [15],
[13]. When proving the existence of solutions to equation (3) we will first show that
they exist in L for all time ¢ > 0, and then that they are in fact continuous in the
domain 2 and differentiable in time.

3.2. Properties of semigroups and fractional powers. In this section we
gather some general bounds and properties of semigroups generated by a class of
operators called m-accretive, and in some cases self-adjoint m-accretive operators.
Though these results are not new, we include them here because they are very useful
and will be applied to L = —(y + A)*~” in Section 3.3.

Definition. If H is a Hilbert space and D C H is a dense linear subspace of H,
and if a linear operator B : D — H satisfies

(—Bu,u) >0 YueD, and
(-B+1)D =H,

then — B is called m-accretive (and B is called m-dissipative).

(16)

The Lumer-Phillips theorem (see [17]) states that if —B is m-accretive, then B
generates a strongly continuous semigroup of contractions, e!®. That is, et? €
C([0,00), H)NC'((0,00), H), there exists ¢ > 0 such that [|e"Z ||z < e, and if
ug € H, then u(t,z) := e'Pug(x) satisfies

ou
E = Bu
u(0,2) = wup(x).

If ¢ > 0, then the fractional power (—B)~® for a € (0,1) as defined in (7) can
be expressed in terms of the semigroup e!”. We have the formula

- 1 > a—1_tB
(—B) f_F(a)/O po-LetB f gy (17)
as shown in [17], [24].

If H is a Hilbert space and B is self-adjoint and m-accretive on H (this implies
B is regular m-accretive, as defined on page 22 of [19]), then for any integer n > 1
and any u € H, we have e!Zu € D(B™) and that

BretB < <i) , 18
[ oy < i (18)

see page 29 of [19]. This result applies to fractional powers of —B. In fact, if B is as
above, and « € (0,1) then there exists a constant C, r such that for any ¢ € (0,7

one has o
|(=B)*eP ey < Carr () - (19)
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Furthermore, if we set Y = D((—B)®), the domain of (—B)“, endowed with the
graph norm [[ully = |[ul# + [|(=B)"ul[m, then

le% (6%
€2\l ceryy < Carr (;) , and

(20)
eZ —I|| ov,my < Co, rt®.

For further details on (18), (19), and (20) see Section 4.1 of [10].
Finally, we will use the subordination identity of Bochner [1]. For o > 0, t > 0,
72>0,and 0 < a < 1 we define

1 0+’i00 o

bt.a(T) = %/U_ioo e dy (21)
and ¢ (1) = 0if 7 < 0. As is shown in [25] Section IX.11, ¢ o(7) > 0 for all
7> 0, and if —B m-accretive, we can represent e *(~5)" as

e =BT = / e Bhio(t)dr, t>0. (22)
0

3.3. Representation and comparison for ¢!’ and X. We will show that the
operator L = —(y+ A)'~# generates a semigroup and that this semigroup has many
nice properties, including a comparison principle. We also show that the nonlinear
operator X satisfies a comparison principle. Most of these facts will be derived from
properties of the semigroup generated by —(v + A).

Proposition 3.1. For each s > 0, the operator —(vy + A) is m-accretive with
respect to H*, and therefore generates a semigroup e~ VT4t ¢ C([0,00), H®) N
C*((0,00), H®). Moreover, the fractional power (v + A)~* for a € (0,1) as defined
in (7) can be expressed as

1 o0
(y+A)f = —/ tete A £y, (23)
I'(a) Jo
Proof. It is not hard to see that if v > 0 then —(y + A) is m-accretive on the
Hilbert space H® (with either periodic or Dirichlet boundary conditions). Let u be
an element of the dense subspace H*t2 C H?, then

(v + Au,u)s = {(y + Ay ure = Jlull2, > 0.

Here we have used the inner product on H* as described in Section 1.2.

Standard results from the theory of elliptic boundary value problems also give
the existence of a solution u € H**? to the equation ((1 +v)I + A)u = f, subject
to either of the two boundary conditions. Thus (1 + v)I + A is a surjection from
H*"2 to H*® (this was also discussed in Section 1.2). This establishes the second
condition in (16). Hence, by the Lumer-Phillips Theorem, —(v + A) generates a
contraction semigroup.

To show the integral in (23) converges in H® for a € (0,00) we establish the
bound ||e_t(’y+A)H[;(Hs) < e 7. Since the above argument applies to any v > 0, for
any n € N the operator —(7% + A) generates a contraction semigroup on H*. Thus

n—1 n—1 n—1

le™OFD| = [le™7 " et ORFEA < T ||l ORFEA | < o7

for n arbitrarily large. Hence we can apply (17) to complete the proof. O



8 T. BLASS, R. DE LA LLAVE AND E. VALDINOCI

We note that (23) is equivalent to (7) only for a € (0,1). The representation
(23) will be useful in proving a comparison principle for the operator (y 4+ A)~# in
Proposition 3.4. We now show that L generates a contraction semigroup on H?.

Proposition 3.2. For each s > 0, the operator L := —(y + A)' =8 is m-accretive
in H*, and therefore generates the semigroup e'* € C([0,00), H*)NC*((0,00), H*).

This follows from a more general result in [7], but the proof in this case is short
and straightforward, which is the following.

Proof. We know ((14+)I+ A)® maps H*"2% onto H* from the discussion in Section
1.2, and for v € H*T® we have

((y + A)u,u)s = (v + A u) e = [JullZy, > 0.
Hence, —(y + A)!~7 satisfies the hypotheses of the Lumer-Phillips Theorem. O

We now use the results from (18), (19), and (20) to show that e’ is a smoothing
operator and to establish operator bounds on e’ and et — I. We say that e*” is
smoothing if it increases the regularity of a function as measured by membership in
different spaces. That is, an operator is smoothing if it maps a space of functions
into another space of smoother functions.

Proposition 3.3. If u € L?, then for any s > 0, etlu € H®. In particular, for
neN, ae€(0,1), and A =1— S we have the four bounds

n " o\ ¢
e N 2 are masanny < (E) o I(=L)¥e |z < Carr (;) ;o (29)

o\ ¢
HetL”[:(HS,HS*z‘M) < Ca,T (?) ) HetL - I||£(Hs+2a>\’Hs) < C;’Tta. (25)

Proof. We first note that because L is self-adjoint and m-accretive on H® for s > 0,

estimate (18) gives
n
n n
HL etL”[:(HS) S (E) . (26)

Recall, as we established in Section 1.2, that L : H*T?* — H* and that the inner
product on H* is given by (u,v)s = ((y + A)%u,v) 2 = ((—L)* u,v) 2, where we
set A =1— (. Note that A > 0. If u € H®, we compute

le ul2iony = (eu,eu)srann = ((=L)* e u, ')

_ CLVetLy (—L)etly . — (—1)27 || L el n o ull2.
= (Dt D, = (et < ()l

This, establishes the first bound in (24) and shows that for v € L2, then e‘fu € H*®
for any s > 0. Hence e*” is smoothing in the sense described above.

To apply (20) in the case B = L and H = H*®, we have that Y = H*+2%*_ Then
estimates (19) and (20) yield the remaining three bounds in (24) and (25). O

S

In fact, the bound on HetL||£(Hs’Hs+2a)\) can be obtained from the bound on
[(—L)*e™™| z(z+) and a calculation similar to that above for |leful|?,, . In par-
ticular

tL, |12 a tL a tL 2 (AN o
e Ful? an = (L) Fu, (~L)%e ), < €21 (3) 7 llull2

The final two results from this section provide comparison principles for the op-

erators e'r and X. They rely on a comparison principle for the semigroup e *(7+4)
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and the integral formulas from Section 3.2. The operator v+ A is uniformly elliptic
so the maximum principle for parabolic equations applies to

ou

a = 7(’7 + A)uv U(O, l‘) = Uo(l’) (27)
Thus, a solution to (27) on the interval [0, T] obtains is maximum on the boundary
of Q x (0,T1], but not at Q x {T'}, (see [18]). Therefore, if u > 0, then for t > 0 we
have e *(t4)y, > 0. We now use this fact to establish a comparison principle for

X.

Proposition 3.4. Lety > sup, , [Vaa(7,y)|. Then X satisfies a comparison princi-
ple. That is, if u > v a.e., then X (u) = (y+A)"P(yu—Va(z,u)) > (y+A) P (yu—
Va(z,u)) = X(v) a.e.

Proof. Since v > sup, ,{|Vaz(z,y)|}, then yu — Va(z,u) is increasing in u. Thus,
u > v implies yu — Va(x,u) > v — Va(z,v). Then, as mentioned above, the
maximum principle for parabolic equations implies

e O (yu = Va(z, 1)) > e O (yo = Vo (z,0)).
Hence, for t > 0,
7T O (yu = Va(, u) > 1771 e O (o — Yy, v)),

thus the representation of (7 + A)~# in equation (23) implies that (v + A)~# (yu —
Va(z,u)) > (v + A) 7P (yv — Va(z,v)), and we conclude that X (u) > X (v). O

Proposition 3.5. If u > v a.e. in Q, then etlu > etfv in Q. Moreover, we have
the formula

oo
etl = e~trtA) :/ e TV, \(T)dr, Yt >0, (28)
0

with ¢ A(7) defined in (21).

Proof. Equation (28) is a valid application of (22) because —(y+ A) is m-accretive.
If uw > v a.e. then for each t > 0 and 7 > 0, we have

e‘t(7+A)¢>t,A(T)u > e_t(7+A)¢t7)\(T)U

because ¢y > 0 and et t4) gatisfies a comparison principle as explained above.
Integrating both sides of the inequality yields e!fu > e*Fv by the subordination
identity (28). The fact that e'” is smoothing, in the sense of inequality (25), guar-
antees that e’ and e**v are continuous from Q to R, and therefore ety > etlv
for all x € €. O

3.4. L>* bounds for X and e*f. In preparation for the proof of existence and
uniqueness of solutions to (12), which will require L estimates on X and e**, we
will show that X and et” are, in fact, locally bounded maps from L to itself. This
is clear for e'” by the remark at the end of Section 3.2 because for t > 0, e'fu € H®
for arbitrarily large s, and therefore it is in L°® by the Sobolev embedding theorem.
However, we can use the comparison principles for X and e’ to provide explicit
bounds.

Proposition 3.6. X : L>® — L™ is locally bounded with || X (u)|p~ <y |ullp~ +
P Va|| L. Additionally, for each t >0, etf : L — L> is a bounded linear map
and ||e*|| £ (pey < et
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Proof. Let uw € L*, and set & = ||ul|p~, so that u < w. Then the comparison
principles established in Propositions 3.4 and 3.5 imply that X(u) < X (@) and
ety < et Hence, if X and e’ are bounded on constant functions then they are
bounded on L.

Consider first X, and set Cy = @ + ||[Va||L~. We see that the boundedness of
Vs gives v — Va(z,w) < Cy. The integral representation of (v + A)~? in equation
(23) and the same reasoning as in the proof for Proposition 3.4 imply X (u) =
(y+ A) =B (yu— Va(z, 7)) < (y+ A)~PCy. Thus, to establish bounds on X, we only
need to understand how (v + A)~% acts on constants.

A consequence of Proposition 10.3 from [20], page 93, is that if ¢ is an eigenfunc-
tion of v + A with eigenvalue y, then 1) is also an eigenfunction of (y + A)~" with
eigenvalue =", But (v + A)Cy = 7Oy because A is a second-order differential
operator. Hence (y + A)~Cy =y #Cy and

X(u) < X (@ <y (T + [[Valle) = v lul o + 777 Val L,

establishing the first claim in Proposition 3.6.
To bound e’ we examine how L acts on constants. Using (v + A)~Pu = v~ 7,
we calculate

Li=—-(y+ A= —-(v+ Ay +A)Pa=—-(v+ Ay Pu=—'""Pa= - u

tL tL

Now e'* is the semigroup generated by L, so we know e"*w solves O;u = Lu,

u(0) = u. But Le't = e~ L, hence
ettt = et Lu = e'F (-~ 1) = —~ et

_ _ _ A
Thus e*w solves dyu = —v*u, u(0) = u. Hence e'fu = e~ *%, and we have

o
etly < etlyg = e~ 7, O

4. Existence and uniqueness of solutions to equation (12). The comparison
result in Theorem 2.1 requires only the existence of the flow generated by (12) for
some short time 7" > 0. However, the motivation for studying this flow is to find
critical points of the functional (9), for which the flow must be defined on all of
(0,00). In this section we establish the following

Proposition 4.1. If the potential V. € C™1(Q x R,R), » > 1, and ug € L>=(Q),
then for every § < 2 there exists a unique solution, u(z,t) € C((0,00), H™° N L>),
to (12) with u(z,0) = ug(z). If r > 2 then u(x,t) € C*((0,00), H"~2}).

We begin by showing existence and uniqueness of a mild solution in L, and use
the smoothing properties of the flow to obtain the desired regularity.

Definition. We say u is a mild solution of the equation dyu = Lu + X (u), with
u(0,2) = up(x) if u satisfies

t
u(t,z) = eTug(z) +/ eILX (u(r, z)) dr.
0
We consider the map ¥, on C([0,T], L) : u(0,2) = ug € L>®} given by
t
Tu(t) = etlug +/ DL X (u(r)) dr.

0
The mild solution, u(z,t), of (12) will be the fixed point of .
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Lemma 4.2. For T € R, define Wy = {u € C([0,T],L>®) : u(0,z) = up €
L}, Then for small enough T > 0, U is a contraction on Wr. The size of T is
independent of ug.

Proof. The norm on W will be defined as |[ul|oo, 7 = sup,¢(o 7y [|u(7)|[L>. For any
t €[0,T7], it is clear that ||u)leo.t < ||tf|co,r- Let u € Wy, then Yu(0) = up, and we
have

IN

t
A (f—r _
[Wu(t)]| Lo HuolleL/O e D u(r)lee + 7P |Valw, ul@, 7)) e ) dr

— A —
luollz= + (1 = e~ ) (P |ulloo,r + 7 PIVallz=) < O,

where Cr is finite for finite T'. This follows directly from Proposition 3.6.

Note that by the differentiability assumptions on V', we know that for any = € 2
and any yi, Y2 € Ra |‘/2(l’,y1) - ‘/2($,y2)| < |‘/2|Cl|y1 - y2| To see that W is a
contraction, we compute

IN

t
[Wu(t) — o(t)||p~ < / DX (u) = X (0))| g dr
t
= / e DA (w = v) + 478 (Va(x,0) — Va(z,u))|| 1 dr
0
< (1=e"NP + 7 Velen)u = vl = Ctlu — Voo

where C' = v (y* + 77 #|Va|c1) depends only on v, 3, and V. Here we have used
only for convenience the fact that 1 — et < 4™ for t > 0. Choosing T = %
ensures that || Pu—VUv| w7 < 3|lu—v||oo,r, and thus VU is a contraction on Wr. This
choice of T' depends depends only on «, 3, and V. In particular, T" is independent
of the initial condition ug € L°°. O

Proof of Proposition 4.1. Lemma 4.2 ensures that, for T" sufficiently small, ¥ has a
unique fixed point u € C([0,T], L>°) satisfying

t
u(t) = eFug +/ eILX (u(r)) dr,
0

establishing the existence and uniqueness of a mild solution to (12) in L*°. Because
T was chosen independently of ug, we will also have existence on [0, 7] with initial
condition u(z,T), which gives existence on the interval [0,27] for initial condition
ug. This can be repeated indefinitely and we have L existence on [0, c0).

The operator (y + A)~# is smoothing in the sense that it maps H* into H*+25.

Specifically, for w € H?,
10y +A) w225 (v +A)w, (v + A) w)s12

= {(r + A7 w,w) 5125 = (w,w)s = [[wll2,

which gives [|(y+ A) || z(srs gro+26y = 1. This implies that X will have a smoothing
property too. However, this will be limited by the regularity of V. Recall that 2
is bounded, so L™ C L? = H°, hence (y + A)~” maps L> into H??, and for any
u € L, and

IX ()25 < IyutVa(e, wllo < ylulla+IVale, w)lze < Q82 (ylullz+]Va] ).

Thus X (u(t)) is bounded in H?# as long as u(t) is bounded in L>°. Note that for
any fixed t € [0,00) we know that ||u(7)| o, is bounded, where the norm || - [|oo .
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is the same notation as in the proof of Lemma (4.2). To see that u(t) is actually a
solution in H?#, we simply compute, for a fixed ¢ > 0,

t
lu®llas < lleFuollas + / e DEX (u(r)) 25 dr
t
A

< e uolas + 10072 [ €D (lfutr)os + Vel =) dr

0

1 A
<l uollas + 10125 (1= e7) Gllulloss + Vallie) < oo

From here we wish to repeat this process to show that u(t) is actually a solution
in H*. However, this will require a bound on the composition V(z,u(x,t)) in the
space H?P. For this we will need to employ the Moser estimates (14), but these
estimates only apply for H", n € N. This difficulty can be handled by splitting our
analysis into two cases, first for 8 € [1/2,1) and then for 5 € (0,1/2). Recall that
el is smoothing in the sense of estimates (24) and (25), so that if ug € L> C L?
then for all t > 0, etfug € H*® for any s > 0. Thus, the term ||e*Fugl/,q1 that
appears in the estimates below will not impede to our regularity-building scheme.

Suppose 3 € [1/2,1), then the solution u(t) € L™ of (12) is bounded in H?%,
but 28 > 1, so ||u(t)|l1 < |Jull2s. Thus, u(t) is an H!'-solution of (12). To show that
u € H", we use induction on n, with n = 1 just established. Now assume u € H"
with n < 7, then by (14) we have ||Va(x, u)||, < ev (1 + |Jull,), where ¢y depends
on |[u||eor and V. Because 23 > 1 we have, for any w € H", ||(y + A) " Pwl[41 <
lwlln+1-28 < ||w||n. Using these facts, we compute

L ey e S
< el + [ 160+ AP (ulr) = Vil ulr) s
< e ullass + [ Tu(r) = Vato,u(r)la dr
< el + [ A+ w1+ fu(r)l)ar

< HetLUOHnH + Ct sup (1 + |lu(1)]|n) < oo.
T€[0,t]

Thus, u(t) € H*, for any n < r. Improved regularity to u(t) € H™*9 for any
d < 2 will be shown after the case 5 < 1/2.

Between lines one and two of the above computation we have used the fact that
el is a contraction semigroup on H"*!, ie. [|e"F|| (fas1y < 1. We did not,
however, take advantage of the smoothing property of et
cannot afford to waste when 3 € (0,1/2).

Suppose 5 € (0,1/2), then A = 1— 3 € (1/2,1). Let u(t) be the L*-solution
of (12). The previous method of using the smoothing properties of (y + A)~"
fails because the smoothing factor of 28 is too small. Fortunately, this is precisely
when estimate (25) provides a large smoothing factor from e**. Applying (25) with
a = 1/2X gives

. This is something we

||etLH£(HS7Hs+1) < C’)\’thl/2A'
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The cost of the smoothing is the factor of ¢t=1/2*. However, 2\ > 1 so this is
integrable on [0,7T], so we can proceed with a similar argument to the case for
B €[1/2,1). Just as we did not use the smoothing properties of e!” in the previous
case, we do not need the smoothing properties of (v + A)~? in this case. To begin
induction on n, we note that u(t) € L> c H°. If u(t) € H" with n < r, then

t
) e sn#mmﬂ+/nw”Wwwmmﬂm
0
t
snﬂmmﬂ+/cmf”WMMﬂ—%@wmmm
0
< e uollnss + € sup (14 [fu(r)lln) 2 < oo

T€[0,1]

where C depends on ¢y, v, A, and T. Thus, u(t) € H" for all n < r+ 1.
In either of the two cases, 5 > 1/2 and § < 1/2, we have established that u € H".
From here we can easily improve to u € H™2# because

t
lu()llr+26 < lle*Fuollrr2s +/O V(e +cv (1 + [[u()])dr,

regardless of the size of 5. Now we can push a little further and consider ||u(t)|, 425+«
for some € > 0. We can use estimate (25) to obtain

e EX (u(r) |l arszarara < CF(E =) 7 (L4 Ju(r)]lr),

provided « € (0,1). The right side of the inequality is integrable on [0,¢]. Thus
u(t) € Hrt28+22 for any o < 1, which gives u(t) € H™° for any 6§ < 23 + 2\ =
28 +2(1 — B) = 2. Hence u € C([0,T], H™+° N L>) for any 6 < 2.

To finish the proof of Proposition 4.1, we must show that the derivative, u;, of u
exists in H"72* so that u is actually C' and not just a mild solution. To see this,
set p =7 — 2, and consider R, = +||u(t + h) — u(t) — hu||,, where

t
up = LetPug + / Le(t_T)LX(“(T)) dr + X (u(t)),
0

Showing Rj, — 0 as h — 0 will prove the desired result. We have

1
R, < Hﬁ(ehL—I)etLuo—LetLuoHp—l—
et
+ H/ (E(ehL—I)—L) eTILX (u(r)) dr ||, +
0
h

t+
g [ T ) dr - X,

For brevity, we will refer to the three terms on the right-hand side of the inequality
as Iy, Is, and Is. I; goes to zero with h because L is the generator of the Cjy-
semigroup e** on HP and the fact that e*uy € D(L) for all t > 0. In I3, we can
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replace (el —I) by foh Le?tdo and we see that

t 1 [h
L, = ||/ (=)L <E/ LeaLdU—L> X(u(r))drllp
0 0
t 1 [h
[ et [ 1 X ) ol
0 0

t 1 h .
/0 h / 167" = Il ams2on 1o | LX (u(r)) | 2 dodr

IN

|3 [ coo® dolLX o) lprann ar
0 0

IN

CéhB/O (I C(m)llr + v (lu(m)leo) (X + [[u(T)l-)) dr-

We have used [le®=™F| ;s < 1 and, between lines three and four, applied (25)
with a = 8. The estimate in the final line of the calculation follows from the bound
[(v+ A)'=2Pwl|s < [|lw]s1+2(1—24), which applies to the operator LX (u). Hence, the
fact that p + 28\ +2(1 — 28) = r — 282 < r allows the use of (14). We know that
for any fixed ¢ > 0, ||u(7)|l, and ||u(7)||s are bounded on 7 € [0,t], so Iz can be
made arbitrarily small for a suitable choice of h.
Without loss of generality, we assume that h < 1 and we set

My = maxi<-<¢41 | u(7)|loo and My = maxy<-<¢+1 ||u(7)||p. Let € > 0, by continu-
ity there exists h € (0,1) such that [|u(r) — u(t)||, < € for |7 —¢| < h. Thus we
have

t+h
Bo< g [ e (X () - X (o) dr

1 t+h
< E /t ”’}/(U(T) — U(t)) — (‘/2(1-’ U(T)) _ ‘/‘2(1.’ u(t)))”p726 dr

t+h
< % / Cy (My)(1 + 2My)|[u(r) — u(t) -2

Cy, 1

t+h
< S [ u(r) = u(®)ll -2 < Cyageh < Char
t

so that I3 can be made arbitrarily small. We have again used He(t*th)LHg(Hp) <1
and that p— 28 = r — 2. We have also used (15) between lines two and three above.
Thus we have shown Iy, I, I3 — 0 as h — 0, establishing u € C*([0, c0), H"~2}),
completing the proof of Proposition 4.1. O

5. Proof of Theorem 2.1. We have established comparison principles for the
semigroup e’’’ and the operator X, as well as the existence of solutions to (12).
To emphasize the initial conditions, it will be convenient to write the solutions of
(12) as u(z,t) = Ppug. Hence, we aim to show that if ug, vg € L and ug > vy
then ®iug > Prvp on a short time interval [0, 7). This will follow from the iteration
method below.

5.1. Tteration method. For u € L> we define Fu = e*lu, and the jth iterate of
u as

t
Fithy = e”‘u—l—/ DL X (Fiu) dr,
0
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defined on some interval [0, 7. FtJ 1 is well defined because X and e' are both
bounded maps from L to itself, as shown in Proposition 3.6.

Proposition 5.1. Let T > 0. If u> v then F{u > F/v for all t € [0,T).

Proof. Assume u > v. Then by Proposition 3.5, Ftou = etly > etly = Ftov. We
assume that th u > th v and proceed by induction on j. By Proposition 3.4, we
have that X (F/u) — X (F/v) > 0. Once again invoking Proposition 3.5 we have
(=)L (X (Fiu) — X (FJv)] > 0. Hence

t
FIt oy — FIt 1y = eth(u —v) —|—/ =L [X(Fiu) — X (Fiv)] ds > 0
0

because the integrand is positive and e'F(u — v) > 0. O

We need to show that this iteration converges to the solution in Theorem 2.1, so
we now focus on a single initial condition, ug. For notational convenience we write
u’(t) in place of F}ug, and u®(t) = e**uy. Thus for each j € N we have

t
uj+1(t) = ety + / e(t_s)LX(uj(s)) ds.
0

Proposition 5.2. If ug € L™ then there exists a T > 0 such that for all t € (0,T],
wi(t) € LN H®, for all0 < s <7+ 1 and every j € N.

Proof. A consequence of Proposition 3.6 is that e** and X are bounded on L>=. We
use this to compute

t
[W/ ()] < ||€tL“0||oo+/ €@ EX (u (s))]| oo ds
0
< J
< uollso +T0glsa§XTH“ lloo
< i-t <...
< Nluolloo + T'(lluolloo + Toglng [u ™ floo) <
< uollooT + uollooT? + - + [JuollccT? + TP ||| oo
1 — 7+t . 1
< ||U0||ooﬁ + T ugloo < H“O||ooﬁ =Co

Where, without loss of generality, we have assumed T < 1. So we know that each
iterate u/ is contained in the ball with radius Cy in L for any j and for all ¢ € [0, 7).
The L*> bounds allow the use of the Moser estimates (14). For integer k < r + 1
we have

t
[ Ol < lleTuoll +/ e EX (u? (5)) |1 ds
0
< [lotL j
< el + CoT o (1+ 07 (s)])
< lle*uollx + CoT (1 + |luollx + CoT max (1+ u? = (s)[lx)) < ...
0<s<T
< e uollk + CoT (1 + [luollk) + .. + (CoT) (1 + [[uoll)
+(CoT)" (1 + luollx)
1+ [Juol|x)
< su etLu + (7 = C .
- ogth e uoll 1-CoT §
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We have assumed that TCy < 1 and T' < 1, which require only that T' < m

Proposition 5.3. u’/ converges in C([0,T], H").

Proof.

w0 Ol < [ 1 ) - X 6l ds
<t s X0 (5) — X0 @)
<t s, OV, Co(L+ () -+ 9 5) ) o ()~ )
<t max C*[|u?(s) — w!"L(s)]|,

0<s<t
where C* depends on |V|,, Cp, and C,.. So we have

FHL() o < C*T J(g) — i1 .
max w7 (6) = ()], < C°T max o (s) w0~ (5),

We can set T' = %, which will ensure that the sequence u/(t) is Cauchy in H".
The argument for this is the following. First, notice that if [u/™ — u/|| < $|lu/ —
w7, then [lw/ ™ — wI| < (3)7[|ut — u®||. So for any € > 0, choose N such that

($)V"Hut — u®|| < e. Then we have, for m >n > N,

1 1 1
[u™ —u"] < §||Um —u™ 7 + gllumf1 —um | 4+ 5““"“ —u"||
1 m—1 1 m—2 1 n
< - - R by
< l(Q) + <2> +...+ <2> [|u' —u”|
1 m—1
< <5> [T4+2+27+. . +27m " o' —
1 m—1 1 n—1
< (3) oweewis(3) w-lse

O

Corollary 5.4. There exists a T > 0 such that ®; satisfies a comparison principle
on the interval [0, T].

Proof. From Proposition 5.3 we have the existence of u™ € C’([O, T], H") such that
uw? — u™ in C([0,T], H"). This function u™(¢,z) = lim;_,o F} uo(x) must satisfy

t

u®(t, ) = etlug + / eI X (u™(s, ) ds,
0

and therefore, by Proposition 4.1, u> (t,z) = Pyup. By Proposition 5.1, if ug > vg

then F/ug > F/vy and therefore ®;uq > ®;v9 on [0,7]. Thus we know ®; obeys a

comparison principle on a small time interval [0, T7. O

This establishes the comparison principle on a finite time interval [0,7] and
therefore concludes the proof of Theorem 2.1. To see that this comparison holds for
all time ¢ > 0, we have the following lemma.

Lemma 5.5. If ug > vy for a.e. x € Q, and there exist a time t; > 0 for which
Dy up(z) < Pryvo(x) on a set of positive measure then for every t > 0, ®rug(x) <
Divg(x) on a set of positive measure.
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Proof. Let ug(x) > vo(x) for a.e. x € Q. Suppose there is a first time ¢; such
that @4, ug(x) < Py, vo(z) on a set of positive measure. Then on this set of positive
measure

eI (ug(x) — vo(z)) + /0 1 eM=DL(X (D ug(z)) — X (Prvo(z)))dr < 0. (29)

However, el (ug(z) — vo(z)) > 0 for all z € Q by Proposition 3.5. We have by
assumption that for all 7 € [0,¢;) ®;u(x) > ®rv(x) for a.e. = € Q. Hence, by
Proposition 3.4 for all 7 € [0,¢1) X(®,u(y)) — X(®;v(y)) > 0 for ae. z € Q.
Again applying Proposition 3.5 we have for any, z € Q, e~ (X (P u(y)) —
X(®-v(y))) > 0 for all 7 € [0,¢1). Thus for each 7 € [0,¢;) the integrand in (29)
is a non-negative function on 2, and therefore the integral (which is a function in
H"™1) must be non-negative for a.e. 2 € . Therefore the left side of inequality
(29) is the sum of the two terms that are non-negative for a.c. z and cannot be
strictly negative on a set of positive measure. O

Combining Corollary 5.4 and Lemma 5.5 we have that ®; satisfies a comparison
principle on the interval [0,T], for T > 0 and therefore ®; satisfies a comparison
principle on [0, 00).

6. Fractional elliptic equations. We can extend the methods above to gradient

descent equations for energy functionals of the form
1
Se(u) = §<u(x),Aa(x)u(ac))Lz —|—/ V(z,u)dz,
Q

where A is given by (2) and « € (0,1). The Euler-Lagrange equation for S, is
A%y + Va(x,u) = 0.
For a fixed a > 0, we use the inner product for the Sobolev space H* given by
(u,v)¢ = (v + A%)u, v) L2
we have the inner product on H*" given by
<ua U)Zs = <(’7 + Aa)ru, U>L2'

Now consider a € (0,1). To calculate the Sobolev gradient of S,, we first note
that the derivative of S, is DS (u)n = (n, A%u + Va(z,u)) 2. Thus, the Sobolev
gradient of S, in H*?, B € (0, 1), is calculated as

DS, (uw)n = (n, A%+ Va(z,u)) 2
= (n, (7 + A% (v + A%) P (A% + yu — yu + Vo (@, u))) 2
= (, (v + A*) P (A% + yu — yu + Va(z,1))) s
= (0, (v + A Pu— (v + A%) 7 (yu = Va(z,u))) 5 5.
Hence, the gradient descent equation is
Ou = —(y+ A Pu+ (v + A) P (yu — Va(x,u)). (30)

More concisely, we write d;u = Lu+ X (u) with Lu := —(y+ A*)' Py and X (u) :=
(7 + A%) = (qu = Va(a, u)).
Recall that the maximum principle for parabolic equations ensures that the semi-

group e 4 satisfies a comparison principle. The Bochner subordination identity
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(22) allows us to write the semigroup generated by —A® as

e A" :/ e A a(r)dr, t>0. (31)
0

Thus, by the same argument as in the proof of Proposition 3.5, the comparison
principle for e*4 guarantees that e *4” satisfies a comparison principle as well.

Analogously, —(y + A%) generates the semigroup e~*("*4%) which also satisfies
a comparison principle. Just as in (23) we can define the real powers as

ay=Bp_ L [T 1 —t(yran)
(v +A%) fF(B)/o 77 te T A fat,

and positive powers are again the inverses of negative powers. Thus, because we
have a comparison principle for e t(t4%) we have that (v+ A*)~8 also satisfies a
comparison principle. An argument as in the proof of Proposition 3.4 shows that if
v > sup, , |Vaa(z,y)| then X will satisfy a comparison principle.

Employing the subordination identity once again, we have

~ _ oo (x
etL _ eft('erA y1-8 :/ o T(y+A®Y) d)t 1 5( )d t>0.
0

Hence, we see e’ L gatisfies a comparison principle because ¢y 1-g(7) > 0 forall 7 > 0
and e_T(’V"’A ) satisfies comparison principle, just as in the proof of Proposition 3.5.
Smoothing estimates like (25) and (25) follow for e’ just as they did for e*”
in Section 3.2. The existence of solutions for dyu = Lu + X (u) follows from these
smoothing estimates and the arguments from Section 4.
Finally, the proof for a comparison principle for the flow defined by d,u = Lu +
X (u) follows from the Duhamel formula

t F o~
u(t,z) = e HFug(z) + / e~ DL X (u(r, 2)) dr,
0
and the iteration argument from Section 5.

6.1. Constant coefficients. In the case of periodic boundary conditions and if the
matrix a(x) is constant (i.e. independent of x), the situation is simplified because
we can write down concrete formulae for the operators, and we can use classical
Fourier analysis in place of some of the abstract semigroup theory. For instance, we
could have avoided the theory of fractional powers of operators and instead used
the definition (v + A)%u = ((y + 4727 a&)*u(€))V

One can also write down the semigroup e t(74) = ¢=t(7=28) = ¢=7etA  The
operator e'® is convolution with the heat kernel, written as

(200 = g [, T )

kezd

tL

Combining this with equation (28) yields the comparison principle for e’ immedi-

ately.

7. Application to Aubry-Mather theory for PDEs. We can use the compar-
ison principle from Theorem 2.1 and the results from [10] to further develop the
Aubry-Mather theory for PDEs to the case of a general elliptic problem of the form
(8). For this section, we restrict discussion to periodic boundary conditions. We
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require the potential function V' and the matrix coefficient functions a%(x) to be
periodic over the integers. That is,

V(z+ey+l)=V(z,y) Viel) cZxZ, V(r,y)cR*xR

a¥(x+e)=a(x) VeecZd VreR?
which we write as V : T¢ x T — R and ¥ : T* — R. An important class of
functions is given by the following

Definition. A function u : R? — R is said to have the Birkhoff property (or u is a
Birkhoff function) if for any fixed e € Z4, and | € Z, u(x + €) — (u(z) +1) does not
change sign with . That is, u(x + e) — (u(z) + 1) is either > 0 or < 0 depending
on the choices of e and I, but not z. Any such function can be seen as a surface in
T4+ without any self-crossings.

For a fixed w € R?, we define B, = {u : R? — R|u is Birkoff, u(z) —w -z €
L>(R%)}. We note that u € B, if and only if u is a Birkhoff function and if for
any e € Z% and | € Z, either u(x + €) — u(z) — 1 < 0 or > 0 according to whether
w-e—1<0or >0 (see [14]). The vector w is referred to as the frequency or
the rotation wvector of the function u, and is a natural generalization of the one
dimensional notion of rotation number. We have the following result.

Theorem 7.1. Let V € C?*(T? x T,R), and let A be a self-adjoint, uniformly
elliptic operator given by Au = —div(a(x)Vu) with coefficients a” € C*(T%,R).
Then for any w € R, there exists a solution u € B, to equation (8). That is
Au+ Vao(z,u) =0, u(z) — w-x € L®(RY), and u is Birkhoff.

The method of proof from [10] is to first show the result holds for rational fre-
quencies (i.e. for any wy € %Zd with N € N). Then we obtain solutions for
arbitrary w € R? as limits of solutions with rational frequencies. Passing to the
limit requires an oscillation lemma of De Giorgi-Moser type, as well as classical C*¢
elliptic estimates.

For minimal solutions, the oscillation lemma was given by Moser in Theorem 2.2
of [14]. This gives a bound on the supremum of the solution ux by the norm of its
associated frequency wy € %Zd, and independent of N. We provide the arguments
for the oscillation lemma in Section 7.2.

To have wy — w, we must have N — 0o, and the size of the fundamental domain,
NT9, becomes unbounded. If the bound on v depended on the size of the domain,
then the C¢-estimates on Vuy would degenerate. Instead, because the bounds on
the uy are in terms of wy, the C¢-estimates on Vuy are uniform in N. Hence
we can conclude the convergence of uy to a continuous function u with associated
frequency w.

Note that the regularity assumption on V' is weaker than in Theorem 2.1 because
we can choose a smooth initial condition (i.e. up(z) = w - x).

7.1. Rational frequencies.

Lemma 7.2. If w € +Z% and u(x,t) solves (3) on NT* with initial condition
ug(x) = w-x, then there exists a sequence t, — 0o asn — 0o such that u(x,t,) — u
in L? and u} solves (8).

Proof. Suppose u(x,t) solves (3) on [0, N]¢ with periodic boundary conditions and
initial condition u, = w - z. In Section 1.2 we showed that DSy (u)n = {((y +
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APy — (y + A) 7P (yu — Va(x,u)),n)g. This together with the assumption that
u(z, t) solves (3) allows us to show that Sy (u(z,t)) is decreasing in t. More precisely,

%SN(u(t)) = DSn(u(t))oru

= ((v+ A" Pu—(v+ A)P (yu— Va(x,u)) , Out) ro(nra)
= AP (4 A) (e Vi, 0) sy < 0.

Recalling that A1 < a(z) < Ag, we have Sy(u(t)) < Sny(up) < NTdA2|w|2 +
Ne||V|| = for all t > 0. We can conclude that
Ay

1
5 |Vu(z, t)[>de < / —a(z)Vu(z,t) - Vu(z, t)dz
[0, N]4

0.8 (33)

Nd 2 d
< S Aofw P + 2NV e (o.npe)

Thus, ||Vu(t)] L2 is bounded uniformly in ¢.

Because Sy (u) is bounded below and £ Sy (u(t,)) < 0, there is a sequence t,, —
oo such that 4 Sy (u(t,)) — 0 as n — co. The periodicity of V' ensures that for any
sequence of integers, {k,}, we have Sy (u(ty)+ kn) = Sy (u(ty)). By selecting k,, =
—| N~ f[o,N]d u(x, ty)dx |, we can replace the sequence u(ty,) by u(t,)+ k, without
affecting Sy . Therefore we assume, without loss of generality, that for each n, the
average of u(x,t,) lies in the range [0,1]. The gradients Vu(z,t,) are uniformly
bounded in L2, so by Poincaré’s inequality we have that {u(t,)} is precompact,
and there is a subsequence u(t,, ) that converges weakly in H! and strongly in L?.
Denote the limit by w’. V5 is Lipschitz, so ||Va(-, u(tn,)) — Va(-,ul)|Lz — 0 as
k — oo. Ais an L%-closed operator, hence Au}, + Va(x,u’) = 0. O

Lemma 7.3. If u(z,t) solves (3) with initial condition u(z,0) = uo(z) € By, then
u(t) € By, for allt > 0.

Proof. As before, we denote the solution v with initial condition ug of (3) as u(z,t) =
Dup(xz). We can conclude from Theorem 2.1 that if ug < wvg then @ ug(z) <
®,vp(x). For convenience we let Ci, and R; denote the family of operators

Cru(z) =u(z+k) and Ru(z)=u(x)+1

for each k € Z¢ and [ € Z.
Let I € Z and define Y;(x,t) = R;®rug(x) = u(z,t) + I. Recall the abbreviated
notation

Lu=—(y+ A Pu and X(u) = (v + A) P (yu — Va(z,u)),

which allows us to write (3) as dyu = Lu + X (u), or 0;Prug = LPrug + X (Prug).
Now, V4 is periodic over the integers, so Va(z, u) = Va(z, Rju). Also, (y+A)%c =
~%c for any constant ¢ € R. Hence

X(V) = X(Ri®@sug) = X (u(z,t) +1) = (v 4+ A) P (yu + 1 — Va(z,u +1))
=Pl (v + A) P (yu = Va(w,u) = 0L+ X (Pruo).
Similarly,
LY; = L(Ri®up) = L(u(z,t) +1) = —(y + AP (u(z,t) +1)
= 1P — (v + A Pu(x, t) = = P+ L(Pyup).
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Therefore L®ug+X (Prug) = LY;+ X (Y;) and we have 0;Y; = 0:Prug = LPrug+
X (®up) = LY; + X (V7). So Y] solves (3) with initial condition Yi(x,0) = ug(z) +
I. But 0y(®Riuo) = L(PRiup) + X(PRiug) with the same initial condition
PoRiug = ug + 1. Thus,

(I)tRluo = qu)tUQ (34)
by the uniqueness of solutions to (3) as shown in Proposition 4.1.

Now define Z(z,t) = CpPrug = u(x + k, t). The periodicity of Va ensures that
CiVa(z,u(x,t)) = Va(z + k,u(z + k,t)) = Va(x,u(z + k,t) so that X (Cru(z,t)) =
CrX (u(zx,t)). Clearly L(Cru(z,t)) = CrpLu(z,t), so

0:Zy, = Owu(x + kyt) = CrpLu(x, t) + Cp X (u(x, t))
= LCru(x,t) + X (Cru(x,t)) = LZy + X (Zy).

So Zj, solves (3) with initial condition Z;(z,0) = ug(z + k). But 0i(®:Crug) =
L(®+Crugp) + X (PCrup) with the same initial condition ®oCrug = uo(x + k). Thus,

(I)tCkuO = thﬁtuo (35)

by the uniqueness of solutions to (3) as shown in Proposition 4.1.

Now suppose ug € B, so that CxRjug < 0 or > 0 according to whether w-k+1 < 0
or w-k+1 > 0.Then the comparison principle from Theorem 2.1 yields ®;Cr,Riug < 0
or > 0 according to whether w -k +1<0or w-k+1>0. But equations (34) and
(35) together give ®;C,R; = Cp R Py, so CpR;Prug < 0 or > 0 according to whether
w-k+1<0orw-k+1>0, hence ®;ug € B,,. O

The set B, is closed under L2-limits, so u* € B,,. This establishes Theorem 7.1
in the case w € %Zd.

7.2. Irrational frequencies. For the case of irrational frequency, let w € R? \ Q¢
and let (w,) be a sequence such that w, € %Zd for each n and w, — w. Let
div(a(z)Vu,) = Va(z,u,), where u,, € wy, -z + HY(NT?), X\ < a(z) < A, and let
Bpg denote a ball of radius R centered at some point in the domain 2 such that the
concentric ball Byg is also in the domain . Then Theorem 8.22 of [5] gives for
each n that
0s¢pp (Un) < (1 — C Yosep, , (un) + k(R)
where k = AT R D || Vo (2, up) || par2(qy for ¢ > d, which is bounded by the
volume of Q times ||[Vz||p~, and C = C(d,A/A\,q) > 1 (pages 200-201 of [5]).
Following Moser’s methods from the proof of Theorem 2.2 of [14], we can obtain a
local result on the cube Q = {z € R?: |z;| < 1/2}, and then consider translations.
Using a variant of the above inequality we can say

oscq(un) < Boscag(un) + 1

where 6 € (0,1) depends on A, A, d, since we can fix ¢ = d + 1, and ¢; depends
on A, d, and [[Va(z,un)||Le/2(q)- Here we will take Q = 5Q = {|z;| < 5/2} so that
Va(z, un)ll Larzia) < 54| (V)(@+1/2|| L, independent of n.

Since u,(z + k) — u,(z) — [ has the same sign as w,, - k — [, for any x € R? and
any k € Z%, | € Z, we can conclude |u, (z + k) — un(z) — wy - k| < 1 for any such =
and k. For an arbitrary y € R? select k € Z¢ such that y — k € @, then we have

[un(z +y) — un(@) =y wnl < fup(z +y) —un(z + k)|

+ un (2 + k) —un(x) —wp - k| + |wn -k — wp - Y
< oscrik+Q(Un) + 14 |wn|
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Then an argument parallel to the one on page 240 of [14] shows that oscag(u,) <
oscq(un)+2 2?21(1 +2|(wn);]) so that with the result from [5] we have oscg (uy,) <
ca\/1 + |wn|?. This estimate holds in translated cubes = 4+ @, so if we assume that
lwn| < c|wl, then the |u, (z +y) — un(2) — wy - y| are bounded in R? by c34/1 + |w|?,
independently of n.

This bound is crucial, because it allows the application of Theorem 5.2, page 277
of [8], which gives u,, € w,, - + C"¢ (Assuming V € C*¢), and bounds

|Vun| <m

with 7 depending on the ellipticity constants and w,, (in fact, monotone in w,,), so
bounded for our sequence of (wy,). So, convergence of w,, — w and the Arzela-Ascoli
Theorem imply the existence of a subsequence u,, — u*, in C . Then, div(a(x)V)

loc*
is closed under Clooc limits, and we have

Aul, + Va(z,ul) = —div(a(x)Vu),) + Va(z,u)) = 0.
This completes the proof of Theorem 7.1. O

Remark. If we replace the operator A from Theorem 7.1 with A% for a > 0,
then the same method of proof for Theorem 7.1 will allow us to find solutions of
A% + Va(x,u) = 0, with u € B, provided that w is rational. However, to find
solutions for irrational w, we require a oscillation lemma for the critical points with
rational frequencies. With this, one may be able to find solutions with irrational
frequencies using methods from [3]. The work of [2] establishes a Harnack inequality
in the autonomous case, and can perhaps be extended to our case as well.

For this method to work, one would need both the oscillation lemma of De
Giorgi-Moser type as well as C¢ estimates for the fractional power of an elliptic
operator.

Acknowledgements. TB and RL were supported by NSF grants. EV was sup-
ported by GNAMPA and FIRB. We would like to thank J.W. Neuberger for several
helpful conversations.

REFERENCES

[1] S. Bochner, Diffusion equation and stochastic processes, Proc. Nat. Acad. Sci. U. S. A., 35
(1949), 368-370.

[2] L. Caffarelli and L. Silvestre, Regularity theory for fully nonlinear integro-differential equa-
tions, Comm. Pure Appl. Math., 62 (2009), 597-638.

[3] X. Cabré and J. Sola-Morales, Layer solutions in a half-space for boundary reactions, Comm.
Pure Appl. Math., 58 (2005), 1678-1732.

[4] E. De Giorgi, Sulla differenziabilita e l'analiticita delle estremali degli integrali multipli re-
golari, Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat., 3 (1957), 25-43.

[5] D. Gilbarg and N. S. Trudinger, “Elliptic Partial Differential Equations of Second Order,”
Classics in Mathematics. Springer-Verlag, Berlin, 2001.

[6] M. Haase, “The Functional Calculus for Sectorial Operators,” volume 169 of Operator Theory:

Advances and Applications. Birkhduser Verlag, Basel, 2006.

T. Kato, Note on fractional powers of linear operators, Proc. Japan Acad., 36 (1960), 94-96.

[8] O. A. Ladyzhenskaya and N. N. Ural’tseva, “Linear and Quasilinear Elliptic Equations,”
Translated from the Russian by Scripta Technica, Inc. Translation editor: Leon Ehrenpreis.
Academic Press, New York, 1968.

[9] A. Lunardi, “Analytic Semigroups and Optimal Regularity in Parabolic Problems,” Progress
in Nonlinear Differential Equations and their Applications, 16. Birkh&user Verlag, Basel, 1995.

=


http://www.ams.org/mathscinet-getitem?mr=0030151&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2494809&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2177165&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0093649&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1814364&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2244037&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0121666&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0244627&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1329547&return=pdf

(10]

(11]

(12]
(13]
(14]
(15]
(16]
(17]
(18]

(19]

20]
(21]

(22]

COMPARISON FOR SOBOLEV GRADIENT FLOW 23

R. de la Llave and E. Valdinoci, A generalization of aubry-mather theory to partial differential
equations and pseudo-differential equations, Annales de I'Institut Henri Poincare (C) Non
Linear Analysis, 26 (2009), 1309-1344.

C. Martinez Carracedo and M. Sanz Alix, “The Theory of Fractional Powers of Operators,”
volume 187 of North-Holland Mathematics Studies, North-Holland Publishing Co., Amster-
dam, 2001.

M. Miklavéie, “Applied Functional Analysis and Partial Differential Equations,” World Sci-
entific Publishing Co. Inc., River Edge, NJ, 1998.

J. Moser, A rapidly convergent iteration method and non-linear partial differential equations.
I, Ann. Scuola Norm. Sup. Pisa, 20 (1966), 265-315.

J. Moser, Minimal solutions of variational problems on a torus, Ann. Inst. H. Poincaré Anal.
Non Linéaire, 3 (1986), 229-272.

J. Moser, A stability theorem for minimal foliations on a torus, Ergodic Theory Dynam.
Systems, 8*(Charles Conley Memorial Issue) (1988), 251-281.

J. W. Neuberger, “Sobolev Gradients and Differential Equations,” volume 1670 of Lecture
Notes in Mathematics, Springer-Verlag, Berlin, 1997.

A. Pazy, “Semigroups of Linear Operators and Applications to Partial Differential Equations,”
volume 44 of Applied Mathematical Sciences, Springer-Verlag, New York, 1983.

M. H. Protter and H. F. Weinberger, “Maximum Principles in Differential Equations,”
Prentice-Hall Inc., Englewood Cliffs, N.J., 1967.

R. E. Showalter, “Monotone Operators in Banach Space and Nonlinear Partial Differential
Equations,” volume 49 of Mathematical Surveys and Monographs, American Mathematical
Society, Providence, RI, 1997.

M. A. Shubin, “Pseudodifferential Operators and Spectral Theory,” Springer-Verlag, Berlin,
second edition, 2001. Translated from the 1978 Russian original by Stig I. Andersson.

E. M. Stein, “Singular Integrals and Differentiability Properties of Functions,” Princeton
Mathematical Series, No. 30. Princeton University Press, Princeton, N.J., 1970.

M. E. Taylor, “Partial differential equations. I,” volume 115 of Applied Mathematical Sciences.
Springer-Verlag, New York, 1996.

[23] M. E. Taylor, “Partial Differential Equations. III,” volume 117 of Applied Mathematical

Sciences. Springer-Verlag, New York, 1997.

[24] 1. I. Vrabie, “Cp-semigroups and Applications,” volume 191 of North-Holland Mathematics

Studies. North-Holland Publishing Co., Amsterdam, 2003.

[25] K. Yosida, “Functional Analysis,” Springer-Verlag, New York, fourth edition, 1974.

Received January 2010; revised June 2010.

E-mail address: tblass@math.utexas.edu
E-mail address: 1lave@math.utexas.edu
E-mail address: enrico@math.utexas.edu


http://www.ams.org/mathscinet-getitem?mr=2542727&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1850825&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1784426&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0199523&return=pdf
http://www.ams.org/mathscinet-getitem?mr=847308&return=pdf
http://www.ams.org/mathscinet-getitem?mr=967641&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1624197&return=pdf
http://www.ams.org/mathscinet-getitem?mr=710486&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0219861&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1422252&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1852334&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0290095&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1395148&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1477408&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1972224&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0350358&return=pdf

	1. Introduction
	1.1. Boundary conditions
	1.2. Sobolev spaces
	1.3. Fractional powers of elliptic operators
	1.4. The Sobolev gradient

	2. Main result
	3. Preliminaries
	3.1. Moser estimates
	3.2. Properties of semigroups and fractional powers
	3.3. Representation and comparison for etL and X
	3.4. L bounds for X and etL

	4. Existence and uniqueness of solutions to equation (12)
	5. Proof of Theorem 2.1
	5.1. Iteration method

	6. Fractional elliptic equations
	6.1. Constant coefficients

	7. Application to Aubry-Mather theory for PDEs
	7.1. Rational frequencies
	7.2. Irrational frequencies

	Acknowledgements
	REFERENCES

