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Abstract: In this paper, we establish an estimate for the solutions of small-divisor equation of higher
order with large variable coefficients. Then by formulating an infinite dimensional KAM theorem
which allows for multiple normal frequencies and unbounded perturbations, we prove that there are
many periodic solutions for the coupled KdV equation subject to small Hamiltonian perturbations.

1 Introduction and main results

Consider a nearly integrable Hamiltonian of infinite dimension

1
H = Z(J)jyj+Z.QijZj#’SR()C,y,Z,Z), (x,y,z,Z) S ((CI/ZTEZI)X(CL X MG X 4P (1.1
J=1 jz1
where 1 <1 < oo, and £*? (a > 0, p > 0) is the Hilbert space of all complex sequences z = (z i 1)
satisfying '
lella, = Y l2j2?e* <.
jz1

Let & be a neighbourhood of T* x {y =0} x {z =0} x {Z=0} in (C'/27Z") x C' x {+P x f*P,
here T' = R'/27Z" is the usual 1-torus. Assume the vector field Xy of R satisfies:

Xg: O — (C')277") x C* x £4F x %P

we call R a bounded perturbation if p > p, and unbounded one if p < p. The KAM (Kolmogorov-
Arnold-Moser) theory for Hamiltonian H with bounded perturbations has been deeply investigated
by Kuksin [10], Wayne [18], Bourgain [4], Eliasson and Kuksin [7] among others. There are too
many references to list all of them. Concerning the KAM theory for Hamiltonian H with unbounded
perturbations, the only previous result is due to Kuksin [12]. In order to obtain KAM tori for (1.1)
with unbounded perturbations, Kuksin [11], [12] initiated the study of the first order differential
equation on an t-dimensional torus

—iw-Jpu(9) +Au(9) +b(9)u(9) = f(¢), =-1,¢€T, (1.2)

where u(¢) : T* — C is the unknown function, while b(¢), f(¢) : T* — C are known functions,
being analytic in the complex s-vicinity of T":

T.:={¢ € C'/2xZ" : Im¢| < s}, s> 0.
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This is one of the basic homological equations in establishing the KAM theory for infinite dimen-
sional Hamiltonian with unbounded perturbations. Since (1.2) is a scalar equation, it is easy to show
that for most values of the vector @ the solution u(¢) is bounded by

Const. e”ls|f],, (1.3)

where the constant depends on A and o, and |- | is the sup-norm in T%. When KAM theory applies to
problems from PDEs (partial differential equations), such as the KdV (Korteweg-de Vries) equation
with Hamiltonian perturbations, we often get |b|; >> 1, so the bound (1.3) becomes non-satisfactory.
It was proved by Kuksin in [11], [12] that if |A| > |b|;, then the large factor elbls may be removed
form (1.3). The basic idea due to Kuksin [11], [12] is as follows:

Approximating @ by a rational vector @ € Q' with periodic T, that is, @ = ZT”k with k € Z!, and
replacing the term —i® - dyu(¢) by —i® - dyu(¢), then the solution of (1.2) can be expressed by an
oscillatory integral

T . . .
u(9) =y / (AHIBO+:0)-150) £(¢ 1 1) ds, (1.4)
0

where Ny = izi o and B fulfills @ - dyB(¢) = b(¢) and ﬁ JrB(¢)d¢ = 0. Using a technique
AT

from harmonic analysis to (1.4), Kuksin [11], [12] really removed the factor el?ls from (1.3). Nowa-
days, the result has been called Kuksin’s Lemma. See [2], [8] and [13]. The derivation of formula
(1.4) profits from the fact that (1.2) is scalar, or, the unknown function u(¢) is of dimension 1. In
order to guarantee that (1.2) is scalar, one needs to assume that the normal frequency Q; is simple,
that is, the multiplicity of €; is 1. For the KdV equation subject to periodic boundary conditions,
the normal frequency Q; = 73 is exactly simple. However, there are many PDEs, for example, the
coupled KdV equation subject to periodic boundary conditions, such that Q; is not simple. In this
case, (1.2) becomes an n-order differential equation where n > 1 is the multiplicity of ;. There-
fore, it is difficult to express u(¢) by an oscillatory integral like (1.4). In the present paper, we make
an attempt to generalize Kuksin’s Lemma to n-order differential equation using a modified method
from [20]. More exactly, we have the following theorem:

Theorem 1.1 Given real constants a, b >0, 0 < e < 1l withb—a > €, and AL € R with |A| > 1.
Consider the first order differential equation

d
—ia)%W—l-/'LW+BW:R, (1.5)

where W is the unknown function. Assume the following conditions are fulfilled:
(1) The known functions B and R depend on both the variables' ¢ € Ty and the parameter @ € [a, b,
B(¢,0): T X [a,b] - C"  R(¢;m): Ty X [a,b] — C"

are analytic in ¢ € T and continuously differentiable with respect to @ in Whitney’s sense.
(2) B(¢; ) is real for real argument, i.e. B(T X [a,b]) C R"" and possesses the symmetry:

BT (¢;0) = B(¢;0), Y (¢;0) €T x[a,b], (1.6)

here T means the transpose of matrix.
(3) There exists 0 < 0 < 1 such that*

[Bls,1 := Y [B(K)| [Kle" < ]4]°, (1.7)
keZ

I'We shorten T!, T.& as T, T respectively.
ZFor a vector or a matrix of finite order, by | - | denote Euclidean norm and by | - |5 sup-norm in Ty.



B4 = Y 190B(k)| [kl < e3]2°, (1.8)
keZ

where B(k) is the k-th Fourier coefficient of B.
(4) IR|s = SUPyeT, IR(9)| < 1.
Then there is a subset Q C [a,b] with?

Meas(Q) > (b—a)(1—s|A[*°71), (1.9)

and a function W (¢; @) : T x Q — C" solving (1.5) approximately in the following sense:

C
Wl—6 < ———|R|s, (1.10)
so7|A|®
d Ce 2
| —i@-—W +AW +BW — R|s_26 < —|R|3, (1.11)
d¢ so
1
C Ces
0oW (0)]s-36 < —5——(|9R]s+ —5IR]), (1.12)
s02|A[° 502
1 1
. d 8 , Ces 2 Ce 2 Ces
00 Z5W +2W + BW =)0 < (S 100RE + S IR1 + <RI (2Rl + S RL)),
(1.13)
2
for0 < o =s/10, where C(a,b,n) = %.
Remark 1.1: Note that in the m-th KAM iteration, |R|s = O(€,). By (1.11), we have
d
| —i@—~—W + AW +BW — R|;_25 = O(£¥) (1.14)

d¢

with some K > 1. Therefore, the estimate in (1.11) is sufficient in KAM iteration, though W is an
approximate solution instead of exact one.

Using Theorem 1.1, we can establish a KAM theorem in an infinite dimensional setting which
can be applied to the coupled KdV equation subject to periodic boundary conditions. We start by
introducing some notations:

For j € Z; :={1,2,---}, let dj € Z be positive integers. Given a > 0, p > 0, we consider the
Hilbert space given by
, . . 1 dj d;
2P ={z=(z;:j=1):2;=(z5,,z;)) €CY, [[z]|ap < oo},
where the norm || - ||, is defined by 4

dj

KR, = X P27 = X (Y [4P) e

Jj>1 j>1 I=1

Denote by .Z(Z*P, Z*4) the set of all bounded linear operators from Z“” to 2“4 and by ||- || .4
the operator norm. Then we introduce the phase space

PP = (C/27mZ) x Cx 4P x FLP.

3Here *Meas’ means Lebesgue measure.
40f course, we can regard 24P as (4P,



We endow Z%P with a symplectic structure
d;
dxAdy+i) dzjAdzj=deAdy+i Y Y dihad, (x,y,2,2) € 2.
j>1 j>1i=1

Let
To:=Tx{y=0} x{z=0} x{z=0}

be a torus in Z“?. For positive numbers 7, s, we introduce complex neighbourhoods of % in F*?
D(s,r) = {(x,3,2,2) € 2Pt |lmx| <5,y < 2, |[zllap < 1 [[2]]ap < 73

Dg(s,r) ={(x,y,2,2) € D(s,r) : x,y € R}.

Note that x, y are real but z,Z are still complex in Dg(s,r). For 7 > 0 we define the weighted phase
norms for W = (x,y,z,Z) € P4P:

I _
|a,/7Jr ;HZ”aP

1 1
W1l = bl + =1yl + =z

Finally, we denote by IT a given compact set in R with positive Lebesgue measure, and & € IT the
parameter. And for a map W : D(s,r) x IT — PP, let

Wz ppisrxm:= sup  |[WWw,&)llrp,
(w,&)eD(s,r)xI1
||W‘|”Fsi7;D(syr)><H = Sup H(;§W(W,§)| F,ps

(w,&)eD(s,r)xI1

where 8,: is the derivative with respect to & in Whitney’s sense. Recall that for § > 0 the complex
§-vicinity of T:
Ts;={xe€ C/2nZ: |Imx| < §}.

Then for a function f: Ts x IT — C”" we define

flrgxn:= sup  [f(E)l, |fifuni= sup 9 f(:8)l,

(x:€)€eTyxIT (x:€)€TsxI1

for functions that take values in other spaces (in what follows 2% or £ (2°%P  2%1)), the notations
are defined similarly. For two vectors g,/ of order 1 with 1 <1 < eo, we write (g,h) =Y'_, g;h;.
Consider an infinite dimensional Hamiltonian in the parameter dependent normal form

N=0&)y+ Y Az z) + Y (Bji(x:8)z), %)), (1.15)

j=1 i>1

here & € IT is the parameter, A; is real and independent of & while B;;(x;&) may depend on x and
&, and Bjj(x;§) is a d; x d; self-adjoint matrix for (x;&) € T x IT. For each & € II, the Hamiltonian
equations of motion for N, i.e.

dx dy dz; . dz; . _
o =W, u =0, Z = l(ledj +Bjj)zj, ﬁ = _l(led_,- +Bjj)Z; (1.16)
admit a special solution x = wt, y =0, z =0, Z = 0 corresponding to an invariant torus in H%?,
where Edj is the unit matrix of order d;.



Now we study the perturbed Hamiltonian

H=N+P=0(&)y+ ) Ai(zz))+ Y (Bjj(x:6)zj,2)) + P(x,5,2,5: &) (1.17)
= =1

Our goal is that, for most values & € IT (in Lebesgue measure sense), the Hamiltonian H = N + P
still admits an invariant torus provided ||Xp|| is sufficiently small. To this end we need the following
assumptions:

Assumption A: (Frequency Asymptotics). There existd € Z, and d > 1 such that d i < d for all j,
and the behavior of A;’s is as follows:

A= Aj| = Cli—jIG* "+ ), (1.18)
for all i # j > 0 with some constant C > 0. Here A9 = 0.

Assumption B: B(x; &) = diag(B;;(x;§) : j > 1) satisfies the following conditions:
(1) Reality condition.

BI(x:&) =Bjj(x;&) eRY, (&) e TxIL (1.19)

(2) Finiteness of Fourier modes (we will give Ky in the following).

Bjj(x:6)= Y Bjj(k:&)e™™. (1.20)
k|<Ko
(3) Boundedness.
9 1
1B, E) | pgmoxn S € (1B, )| ger e < €7 (1.21)

Assumption C (Non-degeneracy).

do(§)
dg

This assumption enables us to regard ® instead of & as a parameter.

O<C1§|

<Gy, VEEIL (1.22)

Assumption D: (Regularity). Let s,r be given positive constants. Assume the perturbation term
P(x,y,z,7;&) which is defined on the domain D(s,r) x Il is analytic in the space coordinates and
continuously differentiable in & € T1, as well as, for each & € 11 its Hamiltonian vector field Xp :=
(0yP, —0\P, id.P,—id-P) defines a analytic map

Xp:D(s,r) C PP — P

where q > 0 satisfies p—q < d — 1. Moreover, Xp is continuously differentiable in & € I1. Without
loss of generality, we may also assume that 8 > 0 is chosen so that

p—qg<&<d—1. (1.23)

Assumption E: (Reality). For any (x,y,7,7;&) € Dg(s,r) x I, the perturbation P is real, that is,

P(x,y,2,%:8) = P(x,y,2,%:6), (%,.2,%:8) € Dg(s,r) I, (1.24)

where the bar means complex conjugate.



Theorem 1.2 (KAM Theory) Suppose H = N + P satisfies Assumptions A-E and smallness as-
sumption:
[1Xp | gis.xmt < & Xe|lFan(sren < €7 (1.25)
Then there is a sufficiently small €, > 0, such that for 0 < € < &, there is a subset I1g C Il with
Meas I1; > (Meas IT)(1 — O(¢g)),

and there are a family of torus embeddings ® : T x I1g — PP and a map @, : Iz — R, where
D(-, &) and w.(§) is continuously differentiable in & € Ig, such that for each & € Il the map ®
restricted to T x {&} is analytic embedding of a rotational torus with frequencies ®.(&) for the
Hamiltonian H at £. In other words,

t— d(x+tw), teR

is a real analytic, periodic solution for the Hamiltonian H for every x € T and & € Tl.
Each embedding is real analytic on T x {&}, and the following estimates

@) — Po(x3E)|]p < Ce, [0 (P(x;E) — Po(x;E))]|p < CE'V3,

|0.(§) — 0(§)| < Ce, [0:(0.(§) —(§))| < Ce'
hold true uniformly for x € T and & € Ilg, where @y is the trivial embedding T xI1 — T x {y =
0} x {z=0} x {z =0}, and C > 0 is a constant depending on n,d, p,q.

Consider the coupled KdV equation

d
Ur = —Usxy + OUU, + 8%,
1.26
O (x,.) (120
V= fvw(+6vvx+£T,

where x € T and € > 0 is sufficiently small. Denote the Hilbert space 7, of all complex valued
sequences W = (w;) jo satisfying

2 512 2 _ .
J#0
Theorem 1.3 Let I1 be a compact subset of positive Lebesgue measure, and Z > 1. Assume that
the Hamiltonian K = [ f(x,u,v)dx is real analytic in a complex neighbourhood V of the origin in
h,, 1 X h,, 1 and satisfies the regularity condition

Xg:V _>hZ+% XFZZJF%, HXKHZ+%;V ‘= sup ||XK||Z+% <.
(uy)ev
Then, there exists an €* > 0 such that for |€| < €* the following holds. There exist
(1) a nonempty Cantor set Iy C I with Meas(I1 —I1¢) — 0 as € — 0,
(2) a family of real analytic torus embeddings

E:TxMe = VN (1 xhy, 1),

(3) a continuously differentiable map yx : Il — R,
such that for each (0,&) € T x I, the curve (u(t),v(t)) = (0 + x(&)t,&) is a periodic solution of
(1.26) winding around the invariant torus E(T x {&}).

Remark 1.2: For € =0, the coupled KdV equation (1.26) is integrable. There are many approaches
to get periodic or quasi-periodic solutions using the theory for integrable systems. However, for
€ # 0 and a general f(x,u,v), the equation is not integrable.



2 Proof of Theorem 1.1

For K = %\ln(|R|‘\.) Ko — o=Ks/10 — |R

,l.e.e”

s, we introduce a truncation operator ['x as follows:

(Txf)(9):= ¥, Fk)e*, Vf:Ty—C"(or C™"),

k|<K

-~

where f(k) is the k-th Fourier coefficient of f. Then we can write (1.5) as
—ia)%W +AW 4T (BW) =TkxR+ (R—TkR)+ (BW —T'x(BW)). 2.1
We consider the approximate equation of (2.1) with the truncation operator I'k:
—iwiw(qb;w) + AW (¢;0) + (T (BW))(9; 0) = (TkR)(¢; @), (¢;0) € Ty x [a,b].  (2.2)

do

Main end in this section is to show that there exists unique solution W of (2.2) such that the estimates
(1.10)-(1.13) hold.
Suppose (2.2) has a solution W, thus it is easy to see that W fulfills

W(p:0) = (TxW)(9:0) = Y. W(kw)e, ¢eT, 23)
k<K

where W(k) is the k-th Fourier coefficient of W. For ¢ € Ty, write ¢ =ir+ Vv, here t € R, [t| < s,
v € T. Then R )
W(p:0)= Y Wk o) . (2.4)
k<K

Inserting this formula into (2.2) and checking the coefficients of the mode e'XV, we get an algebraic
equation involving parameter ¢:

(A(®) +B(1;0))W (1; 0) = R(t; ), 2.5)

where N R
A(o) = diag((ko +A)E, : k| < K), B(t;w) = (B(k—Lw)e )y 1<k,

W (t;0) = (W (k; w)eikt)\k\gl(a R(t;0) = (R(k; w)efk[)wc\gx,
here E,, is the unit matrix of order n. Note that A(®),B(t; ®) are matrices of order K = (2K + 1)n,
while W (t; ®),R(r; ) are vectors in CK. R ~
Case 1: || < 2bK. By the symmetry condition (1.6), we have (B(k—1; a)))* = B(l —k; ®) (here
* means the transpose and conjugate of a matrix), thus it is easy to check that B (1; w) satisfies:

(B(t;0))" = B(—t; w). (2.6)
Then we introduce some notations:
Ut0) = B(:0)+ (B(w))" _ B(t;w)+B(—t;w)’ @7
2 2
Vi) = B(t; o) —2( (t; ) _ B(no) —ZB(ft;a)), 28



At 0) :=A(0)+U(t; o). (2.9)
Now all of U (t; @), V(t; @) and A (#; @) are self-adjoint for all |¢| < s,
U'(to) =U(t0), Vi(be)=V(o), Alo)=A (1) (2.10)

And R
A(w)+B(t;0) =A(t;0)+V(t; w). (2.11)

Without loss of generality, we may assume that A > 1. Using Lemma 5.7, and noting (1.7), (1.8),
we have

~ 1 ~ 1 ~ 1 1
B(t; )| < n4 max Blk—1l:@)le kD < pa Blk; )| < n# (B, <enir®, (2.12
Aol <n' pay X Bkt <nl Bk <nilal <en'a?, @1

00B(1;0)| <nmax ¥ [9uB(k— o)l * D < n? ¥ |9uB(k )| < nt B4 < e3n¥A’.
<K §<k keZ "

So by the definition of U (z; ) in (2.7), we obtain that for |¢| < s,
U(1:0)| < |B(1;0)| < eni A, |9oU(1;0)| < |90B(1;0)| < e3niA®. (2.13)

And by definition of V (#; ®) in (2.8), using Lemma 5.7, we get that for |¢| < s,

na

V(o) < —max Y [Blk—Lo)| |e” k0 — k=0
2 =K 4Tk
< nimax Y [B(k—1;0)|(slk—1]e/1IM)
M<K <k
< snimax Y |[Bk—L )| [k— el
II‘SK\k\gK
< snt Y |B(k; )] [kles < sn¥[B|s; < esn®A°. (2.14)
keZ
Similarly, we have
|00V (1; )| < sn¥|B|Z < e3sn¥2°. (2.15)
In order to estimate [W ()|, we need to estimate |(A(@) + B(@))~!| = |(A1(@) + V(0))"!| (we

shorten A (t,®) = A;(w), and other notations B(®), U(w), V(w) are defined similarly). To this
end, we firstly consider the estimate for |[A;(®)~'|, and then we are able to get the estimate for
|(A1(@)+V(®))~!| by virtue of |A;(®)~'|. By (2.9), we consider

A1(0) = diag((ko +A)E, : k| < K) +U(0), (2.16)

where A;(w) is continuously differentiable in Whitney’s sense in @ € [a,b]. Using Lemma 5.1,
there are continuously differentiable functions p;(®),---, uz(®) which represent the eigenvalues

of A (@) for @ € [a,b]. Moreover there exists a unitary matrix G of order K, which depends on ®,
such that for every ® € [a, b], the following equality holds true

Aj(w) = diag((ko +A)E, : [k| < K) +U(w) = G(w)diag(u (@), -, uz(0))G*(®).  (2.17)
Then by the perturbation theory of self-adjoint matrix, we have

j— (ko + )| < |U(w)| < eniA® j=1,--- K, [k|<K. (2.18)



Introduce
M ={keZ: k| <K, ko+A| <A}, ={kcZ: |k <K, |ko+Ai|>A%},

and by Kf , Kg we denote for their cardinality, respectively. Thus by (2.18), we have

| > %/19, (2.19)
for k € J#. And for k € %], we have
o (A% —-2) <k<o 'A% -2). (2.20)
So
Ki<207'2°. (2.21)

Following the above discussion and without loss of generality, we may assume that |g;| < --- <
|I~LK11\ < %).9. Arbitrarily take u € {py, -, I.J.Kﬁ}, and let y be the normalized eigenvector corre-
1 1

sponding to . Using Lemma 5.2 and noting (2.17), we get
dolt = (do(A1(@))V,y)
= (do(diag((ko +A)E, : [k| <K)+U())y,y)
k+(doU (@)Y, ¥).

Thus by (2.13) and (2.20), we have
1
Ew—% < |dou| <2074, (2.22)

where in the last inequality, weuse A > 1,0 <0 < land0< e < 1.
Let

% ={0€lab]: (o) <~(b-a)sr®}, =1, K.

FN,

By (2.22), MeasZ, < =% Thus by (2.21),

:
Kl

Meas(U%l) < (b—a)sA® .  (b—a)sA®
=1

<
20-14 1T 2012

20 '29) < (b—a)sA?01.

;
Let Q = [a,b]\( IKZII %)), therefore we have
Meas Q > (b—a)(1 —sA?071). (2.23)

And for any o € Q,
1
(@) > y(b—a)sA®, I=1, K

Furthermore by (2.17), for any @ € Q, we have

41(0)7' <[6(®)| [G(@)'| max [um(@)!| < —

T (2.24)
1<I<K} (b—a)sA®



So by (2.14), (2.24) and (1), for any w € Q,

4esni )8 4£n4 1
-1 < -1 <- .
@) V()] < () V() < G2 = ST < .25)

where in the last inequality we use b —a > € and 0 < € < 1. Now using Neumann series, we see
that there exists the inverse of A () + V() for € Q, and

(A1(@) +V (@) < ZlAl o) |A1(0) "' <2141 (@), (2.26)

Thus for @ € Q and |f| < s, we have

~ 8
I(A(@) +B(t;0)) | = |(Ai (1, 0) + V (1;0)) 7} < b a)she (2.27)
Recall that R R R
(A(w)+B(t; )W (t;0) = R(t; 0). (2.28)
Then for ® € Q and |¢] <'s,
. ~ ~ 8 ~
W(1:0)| < [(A(@) +B(1:0)) | [R(1;0)| < mlR(t;w)l- (2.29)

Set Y = {1,—1}. Arbitrarily take k € {1,—1}. Lett = s’k with s’ = s — 0/10. Then by (2.28) we
have
64 =~ , 2

Recall that W (1; @) = (W(k;a))e’k’)wg( and R(r; 0) = (ﬁ(k;a))e’k’)mgg. Thus we have

W (s w) <

Y W) < Y Y Wko)le ¥ P= Y  |[Wiko), (2.31)
|k|<K ke{l,—1} |k|<K ke{l,—1}
R o)> < Y |R(k) P (2.32)
[k|<K

Consequently, by combining (2.30), (2.31) and (2.32), we have

. , 64 ~
Y ko)t < 2 ¥ Rk w)]
k<K (b—a)*s?220 xe{l —1}
128
Gapsm L [Rko)Pet. (2.33)
k<K

Using |R(k)| < |R|se ¥l and Z‘kKKe’Z'k“’/lo < 10%‘10@, we have

128 _ 128(10+ 10¢) RE.

72|k\ s=5")|R|2
( 2 s2)20 Hg[{ | |S - (b_a)ZGSZAZG

(2.33) < (2.34)

10



Therefore by Cauchy’s inequality and (2.32), (2.33), we finally arrive at

W(@)-o < Y Wkao)el
k<K
_ |W(k (I))|€‘k| 5'70‘/10)6\k|(790‘/10)
k|<K
< Z —18|k|c /10 1/2( Z |W(k;a))|2ez\k\s/)1/2
k<K k<K
so\f 2(1+e)

— 1. [R(@)l;, (2.35)
3(b—a)sc A0 '
where in (2.35) we use ¥y <x e~ 18K0/10 < 10£10¢

Case 2: |A| > 2bK. Wlthout loss of generality, we may still assume A > 1. In this case, for
|k| < K, we have [k + A| > 4 then |A~!(w)| < % Using (2.12) and the Neumann series, we get
that for |¢] <'s,

1
2> 2eni)? . 4
(A(@) +B(:0) | < Z|A Bro)la @) < Y (57— <7 @30
j=0
Thus, similarly to the proof for (2.35), we have

80v2(1+
W ()]s < SVZIED g @37

3Ao?2

Now by (2.35) and (2.37), we get (1.10). And the proof of (1.11) is as follows:

(1-T)(BW)ls2e < Y | ¥ Blk—1)W(1)]el=2)

K=K |[|<K
< ¢ 9K0/10 Z ‘ Z Blk— D)W |e\k\ (s—116/10)
k=K |1\<1<
< 79K0’/10 Z Z |k |(s— 116/10)| ()|e\l|(s7116/10)
[k|>K |I|<K
< —9K6/10 Z max|B( 71)‘€|k 1(s— 116/10)( Z ‘W(l)‘e\l\(s—llc/m))
>k <K <k
< 791(5/10 IB(k) |65 110/10 K)le k| (s— 110/10)
< e OKo/W0|p| (Y ¢~2Ko/10) 1/2 Z (k) |22 KIs=0)y1/2
|k|<K k<K
3 1
< 160VS(L+e)Tent okapiopp (2.38)
3(b—a)so
3 1 3 1
< 160(1+¢)2en | ‘s{% < 160(1+e¢)2ens \R|§, (239)
(b—a)so (b—a)so

2k/10 ~ 10+10e
— o

g < enidd Yyge , while in (2.39) we use
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9

¢~9K0/10 — |R| 0 and |R|, < 1. Using the fact |R(k)| < e~ /¥’|R|; and e K® = |R],

(1-Tx)Rls-o < Y |R(K)|eH=)
|k|>K

< Z(|R|se_‘k|s)e‘k|(s_“>
|k|>K

(Y e HoyR

|k|>K
2(1+e)

IN

€_KG|R|X

2(1+e)
= 2

where in the last inequality, we use Y ez e ¥ < (1“)

Applying d, to both sides of (2.2), we have

i0-L (9W) + A(BW) + Tk (B(doW)) = Tk (duR) — Tk (JB)W )+1%

do

By the same proof as (2.35), we have

C'(a,b) ~
9oWls30 < R g

5O 2

where C'(a,b) = 803{# Note that \QwR( )| < e k5|94, R|;, we have

Tk(@oR)lsoc < Y |9R(K)|H06~)

k|<K
= Z (|aa)R|xe_‘k|s)e|k|(S—c)
k<K
B 2(1+e
< ( Z e \k|6)|awR|s < ( - )|8wR‘s,
k<K

Using (2.35) and |dpB|s < |0pBls1 < 8%),9, we have

Tk ((uwB)W)ls—26 < Z| awB |e‘k‘ s=20)
k| <K
< Z (l(awB)W|S7Gef\k\(sfa))e|k\(s720
k<K
< (Y ¢ M9)9uB|s|W|s—o
[k <K
S 2(1+€) 1)‘9 80[( ) |R|s
o (b a)sGI AP
160V/2(1+¢)%e’3 R
3(b—a)s6% v
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(2.41)

(2.42)

(2.43)

(2.44)



where in (2.43) and (2.44), we use ¥ <x ¢ ¥17 < 2019 Moreover, by (2.35) and ¥ < [kle ¥l <

1+e

ec?’
|d¢W‘b 20 — Z<, lk lk¢|3 20
< Z ||k|e‘k| 20)
k<K
< W | ge K0 k| el(s=
k|<K
< (X ke Moy wl
[k|<K
l+e 80vV2(1+e
S 2 ( 1 ) IR
€0” 3(b—a)sozA?
_ 80v2(1+e)? |
B Se(b—a)scgle :
Thus, by (2.43), (2.44), (2.45), we have
1
~ 2(1+ a,b,n)es
Rla < (U 3R 1 COLIE ).
$SO2
And by (2.42), we have
C'(a,b) ~
|a(1)W|5736 § (1 )|R|3726
soz )P
C'(a,b) 2(1+e a,b,n
¢ Clad) 2t9), py  Clabnel
so2A soz

And the proof for (1.13) is as follows:

20)

(2.45)

(2.46)

IR|s). (2.47)

(1-Tx)((QuBW)ls-26 < Y | ¥ (9uBlk—1))W(1)[eldls20
K>K |[|<K

< 6791(6/10 Z ‘ Z (awg(k_l))W(l)’e\kK‘vfllc/lO)
K=K |I|<K

< —9K6/10 Z Z |awB | |k—1](s— 116/10)| ()| [1|(s—115/10)
[k|>K|l|<K

< 791((7/10 Z max|8a,B( —l)|e|k I|(s— llc/l()) Z ‘W( )‘e|l\s 110/10)
K>k 1=K ll|<K

< 6791(6/10(2: ‘awB( )|e\k|(s7116/10))( Z |W(k)|e\k|(s7116/10))
kEZ |k|<K

< 6—91(6/10‘3‘;%( Z e—2|k\c/10)1/2( Z |W(k)|2€2\k|(s—6))1/2

k<K k<K

< K00 g pdpe. V2(1HE) 8OV +)IRI, (2.48)

B ot 3(b—a)soz AP

< 160((1 +6))% et koo, Clabnlel DIET (2.49)
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where in (2. 48) we use (2.35), B[ < e3ni A0, Lycge 2Ho/10 < 10410 while in (2.49) we use

e %Ko/10 — |R|] T and |R|s < 1. Similarly, by (2.47), we have

(1 -TOB@W)so < ¥ | ¥ Bll—1)(@W (1))
K=K |[|<K
< 791(0'/10 Z max B —1 ‘elk l\ Z |a W |e\l\s 310/10)
K>k =K \1\<K
< 6791(6/10 Z ‘B g|k\s Z |a W |k\s '%10‘/10))
keZ K|<K
< e—9KG/1O‘B‘S71( Z e—2|k\0/10)1/2( Z |&wW(k)‘262\k\(s—3G))l/2
IK[<K k|<K
1 C'(a,b) 2(1 b
< |R|]0 en 419 \/>( +e) (Cl )[ ( +e)|aa)R|s (a I’l)
o2 SGZA0 503
C(a,b,n)e _ 9 l+e) a,b,n
o Clobmley Ate) gy, Clabnlel )
50 502
Using the fact \82,7?(/(” < e k5|9, R|, and e =K = |R|,, we have
(1-Tx)(@oR)ls-c < Y |daR(K)|eH6~)
|k|>K
< (¥ eHo)9,R),
[k|>K
2(1
< ( +e)ech|R|S
c
2(1+
_ A - PN (2.50)

Remark 2.1: By (1.9) and the above proof, in the m-th KAM iteration we obtain
1
Meas(Q) > (b—a)(1—s|A?? 1) > (b—a)(1 — 5,(26)*° K20~ = (b—a)(1 - O(ﬁ)) (2.51)

Therefor the estimate in (1.9) is sufficient in KAM iteration.

3 The Proof of Theorem 1.2

1. Iterative constants. Theorem 1.2 is proved by a KAM iteration which involves an infinite se-
quence of coordinate changes. In order to make our iteration procedure run, we need the following
iterative constants:

lLeg=¢cg=e@ 1=12,.;

2.m _8,1/3 1=0,1,-;

3. Ko=1,K = ‘0"“5'(4/3)061 with ot > 1=1,2,-;

2(1- i>’
4. Let so > 0 be given (without loss of generality, we can let so = 1). And let s; = (4/ 3) g0,
0, =15/10,1=1,2,---. Thus e K19 = g for 1 = 0,1,2,--;
5.rp > 0is given, ry =nyro, [ =1,2,--+;

6. Ty, ={xcC/2xZ: |Imx| < s:};

14

RI]



7. D(sp;r) = {(x,y,2,2) € 2Pt [lmx| < sy, |y < o7, |[ellap < 71,112l ap < i}

In the following part of this paper, with C or ¢ a universal constant, whose size may be different
in different places, these constants might depend on n, d, p and q. If f < Cg, we write this inequality
as f < g, when we do not care about the size of the constant C or ¢. Similarly, if f > g we write f > g.

2. Iterative Lemma. Consider a family of Hamiltonian functions H; (0 <1 <m):

H =Ni+P=0&)y+ Y Ai(zj,z) + Y (Brjj(x:€)zj,2) + Pi(x,5,2,5:€), 3.1
Jj=1 j=1

where By jj(x;&)’s are analytic in x € Ty, for any fixed & € 11;, and By (x; &) ’s (for fixed x € Ty,) are
continuously differentiable in & € I1;, P/(x,y,z,7Z;&) is analytic in (x,y,2,Z) € D(s;,r1) and continu-
ously differentiable in § € I1;. Assume B;(x;&) = diag(By jj(x;&) : j > 1)’s satisfying the following
conditions:

(1.1) Reality condition.

(Ble(x;é))T:Bl’jj(x;é) ERd-ide7 A4 ()C;é) GTXHI. (32)
(1.2) Finiteness of Fourier modes.
Bjj(x:&) =Y Byjj(ki&)e™. (3.3)
|k|<K;

(1.3) Boundedness.

1
[1B1(x: &)z, iy < €, |IBr(xsE)llgem, ry, < €3 G4

Moreover, we assume the parameter sets I1;’s satisfy:
(1.4)

Iyo---D---1I;--- DI, 3.5
with

1
Meas I1; > (Meas IT)(1 —0(1—2)), 1<I<m. (3.6)

(1.5) The perturbation P,(x,y,z,7;€) is analytic in the space coordinate domain D(s;,r;) and contin-
uously differentiable in & € T1;, and

Pl(x>y7Z75§§) = Pl('x7yaz>z;é)7 v ('x7yaz7z;§) € DSK(S[J’[) X I_Il~ (37)
Moreover its vector field Xp, := (0yP;,—0xP,, i0.P;,—id:P;) defines on D(s;,r;) a analytic map
Xp, : D(s;, 1) C PP — 2, (3.8)

(1.6) In addition, the vector field Xp, is analytic in the domain D(s;,r;) with small norms

@ 1/3
HXPz ‘ |rl,q;D(sl,rl)><Hl <ég, HXPI ||rl7q;D(s1,r1)><Hl <g / : (3.9

Then there is an absolute positive constant €, small enough such that, if 0 < € < &, there is a
subset I, 1 C I, and a change of variables ®p 1 : Dit1 := D(Sma1,Tm+1) X Wpp1 — DSy Fin)
being real for real argument, analytic in (x,y,2,Z) € D(Sm+1,"m+1) and continuously differentiable
in & € 11, as well as the following estimates hold true:

. 1/2
@1 — idl| 1y e, < Eml s (3.10)
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and

R 1/4

@ = ][ 5, <l 3.1
1/2

DDyt 1|5 g7 < (3.12)
% 1/4

D@1 =117 g5, <0 (3.13)

The estimate of D®,,1 — I holds also with p for q. Furthermore, the new Hamiltonian H,,, | :=
H,, 0®,,11 is of the form

Hy1 = Nyps1 + Pt = Oni 1 (§)y+ Y, Ai(25,2)) + Y (Bur1,jj (6:8)25,Z)) + Py (x,3,2, ),
j=l jz1

and it satisfies all the above conditions (1.1-6) with [ being replaced by m+ 1.

Proof: The iterative lemma is proved by the usual Newton-type iteration procedure which involves
m+ 1 symplectic coordinates changes. At each step of the KAM scheme, we consider a Hamiltonian
vector field with

Hy=Ny+P, v=12,-,

where N, is an ”integrable normal form” and P, is defined in some set of the form D(sy,ry) x IT,.
We then construct a map

Dy D(syi1,7vy1) X Myy 1 CD(sy,ry) X Iy — D(sy,ry) x Iy,
so that the vector field X, e, defined on D(sy1,rv1) satisfies

K
Xty o, = XNy ‘|rv+17q;D(Sv+17rv+1)XHv+1 <&

with some new normal form Ny and for some fixed v-independent constant k¥ > 1. To simplify
notations, in what follows, the quantities without subscripts refer to quantities at the v-th step, while
the quantities with subscripts 4 denote the corresponding quantities at the v + 1-th step.

Expand P into the Fourier-Taylor series

B kx [ _oy =0t
P= Y Pggk)e™yz%z%,
ko ,00

where k € Z,1 e N={0,1,2,---} and 01, € ® ez, N¢ with finitely many non-vanishing compo-
. . ; . 1
nents, i.e. there exists jo > 0 such that z% = Hj.ozl z?]" = Hj.ozl H;ii 1 (zlj)a'J and similar equalities
for z%2. Let R be the truncation of P given by
Rxyz2)= Y Y Poek)eyzz%, (3.14)
21|+ 0t [+ o | <2 kEZ

. dj . .
here for ot € ® jez, N%, we denote || =¥ jez, ¥/, |OCJ1~|. We will approximate R by P, and we have
some estimates of R:
|| Xg| |j,q,D(s,r)XH <||Xp| |:q,D(s,r)><1'I <Ey, (3.15)

| ‘XP*R | |jf.,q,D(s,417r) xI1 <n | |XP| ‘t,q7D(s,r) xI1 < 778;, (3 16)

1
for 0 < 1 < 1, where *= the blank or .Z (that is, &) = &, or &;). Actually, the proof of (3.15) and
(3.16) are similar to that of formula (7) of [15]. It is convenient to rewrite R as R = R® + R! + R2,
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where

R = R'+RY,
1 7 = 7 =
R' = (R.2)+(R.2)=Y (R.z)+ ) (R.Z)),
jz1 j=1
1 - 1 -
R = §<Rzzz,z>+<RZZZ,Z>+E<RZZZ,Z>
1
= 3 Z <R§fz,,zl + Z Rﬂz,,zl 4= Z RZZZI,Z,
i,j>1 i,j>1 i,j>1

with R R 1 Ty x IT— C; Ro = (RS 1 j > 1), R = (R j > 1) : Ty x T — 249 R = (R 10, j > 1),
RZZ:(Rj.f_.:i,jz 1), RZZ—(RZZ i,j>1): Tyx I — L(Z&*P,2%). By (3.7) and (3.14), we have

R(x,y,2,Z) = R(x,%,2,2), (x,5,2,Z) € Dg(s,r) xIL. (3.17)

Then by (3.17), we have that for real x,

R(x) =R*(x), R'(x)=R(x), (3.18)
R (x) = R¥(x), (3.19)
(RE(0)" = RE (), R(x) = R5(x), (3.20)
(RE(x))" =RE(x),  R%(x) = R%(x). (3.21)
Let -
[kR = Yy Y Poyon (k)e®y/2%2% | Ry = R—TkR.

20|+ o |+|op <2 [k|<K

And by the choice of K, K, s, 6 = s/10 and n; we have 6K, > oK =
Kin4 < 1. Then by Lemma 4.2 in [20], we have

||XFK+R| ‘Zq,D(S—G r)xIT = ||XR| ‘rqD (s—o,r)xII < 8:’ (3.22)
IXre, |1 n(s—0r)xm <<N+Ey < €y (3.23)

1
where *=the blank or . (that is, &), | = &y or &, ;). Now we can rewrite P = R+ (P —R) =
I'k,R+Rg, +(P—R). Let Z =T'x, R. Thus we can write

R = RB+RBy+(F,2)+(%,32)
1 _ -
E(%ZZz,z> + (F7,7) + §<<%’ZZZ7 2),
here .
Z =Y Ri(k)e™ for =xy2772 % (3.24)
k<K

And as 7 (0) does not affect the equation of motion, we may assume 7 (0) = 0. Furthermore,
under the smallness assumption (3.9) on P, we have the following estimates by Lemma 4.3 in [20]:

%1, xn < ey, T |F o < P& (3.25)

\B |1, xn < &y, | B|E n< €L, (3.26)
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12| prort < v, || [rn < r&, we {22}, (3.27)
12" || pgroxn < v, [|B |y S & wve{zz}. (3.28)

Then we shall find a function F defined in domain D (s,7,), such that the time one map ¢>}
of the Hamiltonian vector field Xr defines a map from D, — D and transforms H into H,. To this
end, we suppose that F is of the same form as R, that is, F = FO+ F!' 4+ F2, where

FO - Fx—l-Fy)%
j=1 121
1 s 1
F2 _ §<FZZZ,Z>+<FZZZ7Z>+ 2<Fzz— —>
1 -
- 5 FZZZ“Z/ + Z Fl‘zZ“Zj + Z FZZZ[;

i,j>1 i,j>1 z J>1
Thus by second order Taylor formula, we have

Ho¢t=(N+RZ)oX}:+ (Rk+P—R)oX} =Ny +PL+P2,

where
N+:N+'@(O) Z<%) 2 2)) = a’+)’+z)“j<zjazj>+Z<B+,jj(x;§)zj,2j>,
jz1 j>1 j>1
0. = 0+7(0),
B, jj(x:€) = Bjj(x: &) + %5 (x: ), (3.29)
1 s
:%/ ds/ {{N+%,F},F}oXpdi+{%,F}+ (R +P—R) o X, (3.30)
0 0
and R
P} ={N,F}+%—%0)y— Y (%#%z;,2)). (3.31)
j>

Actually we make our attempts to find out a function F' to make (3.31) vanish or of higher order in
the following. Moreover, we can compute the Poisson Bracket {F, N} with respect to the symplectic

structure dx Ady +1} ;> Z, ldz A dz and derive the homological equations in components. That
is, F satisfies the following three k1nds of homological equations according to the small divisor
condition:

(1) The Kolmogrov condition:

w%w — B (xE), (332)
a)%FY =B (x;E)— &(0). (3.33)
(2) The first Melnikov condition:
. d . .
—i0 o Fj = AF} = Bjj( §)Ff = —iZj(x.§), j= 1, (3.34)
N : : L .
—1(1)&1*7—1—1/%? +Bjj(x;8)Ff = —i%j(x;6), j> 1, (3.35)
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d
0= FE — (At M) FE — Bl &)FF — FEBy(8) = -5 (6€), i,j =1, (3.36)

dx
d 7 i ..
—la)dxFZZ+()b +)~ )FZZ+Btl( é)FZ +FZZB ( ‘g) = _I%ff(X;‘g)7 i,j>1. (3.37)
(3) The second Melnikov condition:
—i0 FF — (L= A)FF = Bi( §)FF + F7Bjj(x:6) = %5 (0. 8), i# ), (3.38)
and Ff =0.

Lemma 3.1 (Solutions of (3.32), (3.33)) There exists a subset HL C I with MeasHL > (MeasII)(1—
K;l), and on Ts_s x I}, (3.32) has a solution F*(x;E) which is analytic in x € Ty_ for & fixed
and continuously differentiable in & for x fixed, and which is real for real argument, such that

d

X C 2
T F g <Kirey,

d
| - —F* Tf el <KSrlef. (3.39)

|dx

Similarly, on Ts_s x 1L, (3.33) has a solution F*(x; &) which is analytic in x € Ty for & fixed and
continuously differentiable in & for x fixed, and which is real for real argument, such that

d I — @
| F b <KSey, 2P <KCe?. (3.40)
Furthermore, we have
<z
HXFO||I‘7]7;D(S73G,V) <K££V7 ||XF0||rpD (s—30,r) < KEEV : (341)
Proof: The proof is standard in KAM theory, see Proposition 1, 2 in [20] for details. O

As to (3.34)-(3.38), we can use Theorem 1.1 to obtain the estimates. In the following we con-

sider the equation for Flf » which is slightly more complicated than the ones for F7, F; f . B and Fj “

Lemma 3.2 (Solutions of (3.38)) There exists a subset H2 C IT with MeasHi > (MeasIT)(1 —
(V-:l) ), and on Ts_g X H+, (3.38) has a solution FZZ( ;€) whzch is analytic in x € Ty_4 for & fixed

and continuously differentiable in & for x fixed, and which is real for real argument, such that

U= ooy g 1FE ga, 5 < KSEV, (3.42)
HFZZHPPTJ 267 HFZZqu, Ts—20 —KCEV ) (3.43)
d . _
|lio— - FZ 4 (A+B)FZ — FE(A+B) — B¥| 40T, 2y < Evil, (3.44)
d - , }
i F=+ (A+B)F¥ — F(A+B) - AN, <E51 (3.45)

Proof: Firstly for i # j, we can use Lemma 5.6 to change (3.38) into vector equations:

0L (B — (= ) () — B @ Bals) — By (€)@ Ea) ) = i(5) (). (3.46)

Here ® means the tensor product of two matrices. And note that F% ?/Z’ZZ are d; x d; matrices, if we

lj ’
denoteFZZ (Fliz17 : 7F;§Zd) then (FZZ) ((FSZ]) - (Flizd) )7 Slmllarly, we have (%’fj)

19



(v.1), (v.2) and (v.3) and the definition of the tensor product, we can check that (1)-(4) in Theorem
1.1 holds true on T,_g. By the proof of Theorem 1.1 in Section 2, for |A; — A;| < 2K, there exists

a subset Hi C IT, with
1

MeasIT2. > MeasIT(1 — m), (3.47)
where in the last inequality, we use the estimate (1.9) and s|A; — A; |29 I < use < (v+1) And
on T_g x IT2, there exists (Fljz) which satisfies

|(F5) o1, <KSI(ZE) I, (3.48)
and

- ff = > E(Z
((FF)' I, oxmn, <KE(I(Z5) Inoxm+ (%5) [ n)- (3.49)

And for [A; — Aj| > 2K, we can get (3.48) and (3.49) or even better estimates. Thus by Lemma 5.4,
we can get (3.42) and (3.43). Furthermore, by similar proof, we obtain (3.44) and (3.45) hold. [
The same, and even better estimates hold for F% and F%. Multiplying with z and Z we then get

rlz IF?|p(s—20,) <K&,
and finally with Cauchy’s estimate
X2 piD(s—30.r) <KS v
Applying 85 to both sides of (3.38) and using the method similar to the above, we get
1Xp21l7,

C .7
rnp;D(s 3G,r)<K+£V .

And similarly, we have

1 P
; ‘Fl |D(s—2c7.r) < KEEW HXF1 ||r,p;D(s—3G7r) < KESW HXF1 ||rp ;D(s—30,r) <K£8{_/£~
Thus
HXF||r.,p;D(s73G,r) <KJ€£V7 ||XFHrp :D(s—30,r) <K4Cr8\;£
By (3.21), we have
2 ENT — P £ — DL 1 .
() = FE(:E) = FE(E), (&) € TxIL (3.50)
Then (v + 1.1) holds true. By (3.24), we have (v + 1.2) fulfills. And by (3.28), we get
|diag (%55 (x:€) : j = D[} gmom < || <11 < s (3.5D)

where * = the blank or 7. As €, < €, we also can get (v +1.3). Let I, =T} NIT12, then we have

1

MeasIT; > MeasII(1 — e

). (3.52)

Thus (v + 1.4) is true. The estimate for Pi is well-known in KAM theory, we have

||XP1 HrqD (84,r) <8\t+1'
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Moreover, by (3.44) and (3.45) and similar formula for other terms, we have

Xp2 | gen(s, ) < Ev1- (3.53)
Then we can get

||XP+H:,q;D(s+.r) < 834»17 (354)

where *= the blank or .# in the above three inequalities. As F*, FY, F%, F%, F% F% F% are
the unique solutions of the homological equations (3.32)-(3.38) respectively, by (3.18)-(3.21) and
Bii(x;€) = Bji(x; &) for (x;€) € T x I. Thus by the uniqueness of the solutions, for (x;&) € T x I,
we get

Fi(x)=F*, F¥(x)=F", F(x)=F*(x), (3.55)
(FF0)) = Fi(x), Frk)=F;®), (3:56)
(FF)" =Fi(x), Fi(x)=F(x). (3.57)

To sum up, by (3.55), (3.56), (3.57), we have
F(xay>Z7Z§‘§) = F(X,y,zj;?;‘), V (%)&Zyié) € DEK(S+7V+) X H-‘r‘ (358)

So (v + 1.5) also holds true. The estimates (3.10)-(3.13) can be similarly obtained as in [20]. ]
3. Proof of Theorem 1.2. The proof is similar to that of [10]. Here we give the outline. By assump-
tion in Theorem 1.2, the conditions (/.1-6) in the iterative lemma are fulfilled with / = 0. Hence the
iterative lemma applies to H which is defined in Theorem 4.1 Inductively, we get what as follows:
(i) Domains: form =0,1,2,---

-@m ::D(Sm;rm) Xnma -@erl - -@m;

(i1) Coordinate changes:
P — CD] O--- O<I3m+] : @erl — D(So,ro);

(iii) Hamiltonian functions H,,(m = 0, 1,-- ) satisfy the conditions (/.1 — 7) with [ replaced by m.
Let Il = N—o L, oo = (0 Dim- By the same argument as in [10, p.134], we conclude that
", DY"™, Hy, Xn,,, @ converges uniformly on the domain Z.., and Xj; o¥* = D¥W™ - X, where

ﬁm = lim ﬁm = a)my-l- Z Afn<Zn,Zn> + Z <B;.;1Znazn>;

m—ee n>1 n>1

here By, = limyy—co By un, and Xg,, is the constant vector field . on the torus T. Thus, T x {y =
0} x {z =0} x {Z = 0} is an embedding torus with rotational frequencies @ € ®(Il.) of the
Hamiltonian H... Returning to the original Hamiltonian H.., it has an embedding torus ®=(T x {y =
0} x {z =0} x {£=0}) with frequencies .. This proves the Theorem. O

4 Preserving of finite-gap solutions for coupled KdV Equation

Consider the coupled Korteweg-de Vries equation

U = — Uy + Ol + E[M]m
2 “ ) 4.1)
Vi = =V +6Vyy + 8[%]){7
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where x € T and € > 0 is sufficiently small. Introduce for any integer Z > 0 the phase space
HE < HE = {ue L*(T;R) : 2(0) =0, [Jul|z < oo} x {v € LX(T;R) : 9(0) =0, ||v]|z < oo}

of real valued functions on T = R/27Z, where ||u||3 = |@(0)|?> + Yiez [k|??|i(k)|? is defined in

terms of the Fourier transform & of u, u(x) = ¥z i(k)e'*™. We endow 57 x ;7 with the Poisson
structure proposed by Gardner

(F,G} :/T{au(x)38u(X) + av(x)£av(x)}dx’

where F,G are differentiable functions on J#Z x 7 with L>-gradients in %! x 5. The Hamil-
tonian corresponding to (4.1) is then given by

1 1
H(u,v) = /T(Eu%—l—§v§+u3+v3)dx+£/Tf(x,u,v)dx

= Ho(u,v)+eK(u,v), (4.2)

where Ho(u,v) = [p(3u2 + 3v2 +u® +v3)dx, K (u,v) = [; f(x,u,v)dx. And

d u) d Z)—'Z
a\v) dx\ 9
v
is (4.1) written in Hamiltonian form.

To write the Hamiltonian system more explicitly as an infinite dimensional system we introduce
infinitely many coordinates u = (u;) j.o,vV = (v;) j0 by writing

u=Fu) £y yjujeijx, v=S(v)2Y) YjVjeijx, (4.3)
j#0 J#0
where

i =1l

are fixed positive weights. The sequence (u,v) is an element of 7, x f, (see Section 1 for the
definition of /1,). Due to the choice of the weights, we have an isomorphism % : fiz |/, — A for
each Z > 1. The complex space /i, is canonically identified with the real space £, by setting

wi = (xj—iy;)/V2, w_j=w;, j>L

The minus sign in the definition of w; is chosen so that dw; Adw_; =idx; Ady;. A function on 7, is
said to be real analytic, if with this identification it is real analytic in x; and y; in the usual sense. The
complexification of 7, is the same space of sequences, but with the condition w_; = w; dropped.

The Hamiltonian expressed in the new coordinates u, v is determined by inserting the expansion
(4.3) of u,v into the definition (4.2) of H. Using for simplicity the same symbol for the Hamiltonian
as a function of u,v we obtain

H(u,v) =A(u,v) +L(u,v) +eK(u,v) 4.4
with
Awy) =21 Y P+ i), Lwv) =27 ¥ wl (s +vevivm), (4.5)

Jj=1 k,l,m#£0,k+1+m=0
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and

K(u,v) = / S(x, Z yjujeijx, Z }/jvjeijx)dx. (4.6)
T j# J#0
The phase space 7, x i, is endowed with the Poisson structure

. JF 9G  9F 9G
{F,G}zljéé)ﬁj(a*w@*a?ﬁ)’

where 0 is the sign of j, and the equations of motion in the new coordinates are given by
. OH
uj=io0j=—, j#0
J J ’ ’
Ju_ j
. _OH
vi=i0j=——, j#0.
J J )
0 V_j
Since the transformed Poisson structure is nondegenerate, it also defines a symplectic structure

—iZ(duj/\du,j-i—dvj/\dv,j)
j=1

on 7, X Iy, according to which the above equations of motion are the usual Hamiltonian equations
with Hamiltonian. The associated Hamiltonian vector field with Hamiltonian H is given by

X iZc(aH 8+8H a)
H — i\ ——53 T3 . 3. /)
20 J 8u,j &Mj 8v,j 8Vj

We study (4.1) as a perturbed system of the integrable Hamiltonian system

{ Up = —Uyxy + OUy, 47
Vi = —Vexx + 6VVy,
and the Hamiltonian corresponding to (4.3) is
1 1
Ho(u,v) :/(7u§+7v§+u3+v3)dx. (4.8)
T 2 2
Actually, we can regard the two KdV equations u; = —uyxy + 6uu, and vy = —vyy + 6vvy in (4.1)

as independent with each other. Thus similar to the discussion for the KdV equation, we have the
following observations. The vector field of the quadratic Hamiltonian A takes values in /i,,_3 X fi,,_3
for (w,v) in 7, x %,, hence it is unbounded of order 3. Strictly speaking, it is not a genuine vector
field. The vector field of the cubic Hamiltonian L is also unbounded, but only of order 1. More
precisely, we have the following regularity property of X .

Lemma 4.1 The Hamiltonian vector field Xy, is real analytic as a map from h, X h,, into h, | X I,
for each p > % Moreover,

1X2lp—1 = O(l[ul[3) +O(IIv[[3)-
Proof': 1t is similar to the proof of Lemma 14.1 in [8]. We omit it here. O

Theorem 4.2 (The Birkhoff normal form) There exists a real analytic coordinate transformation

v. {u:CI)(wl)

= G 4.9)
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defined in a neighborhood of the origin in h3;; X iz, which transforms Hamiltonian H, into its
Birkhoff normal form up to order four. More precisely,

HyoW=A—B+M (4.10)

with
B=6x Y (jwi;[*+wa[*),  |Xulli2 = O(w1ll32) +O(|wal[3,)- (4.11)

Jj=1
Moreover, for each r > 3 /2, the restriction of ® to some neighborhood of the origin in hy, defines a

similar coordinate transformation in hy, so that
X llp-1 = O(wil[3) +OClIwa][})- (4.12)
Proof: Choose @ just be the real analytic symplectic coordinate transformation in Theorem 14.2,

then we can get the result. O
Now we consider the transformed Hamiltonian

Ho¥ = HyoW+éeKoV¥
= A—B+M+E€R
A([wi [, [wal?) = B(Iwi[?, [w2[?) + M (|wi [, [wa|*) + eR(w1, w2),

which is real analytic on U C 7, X .
The perturbing Hamiltonian vector field in the origin phase space is

g (42K 40K,
K= ou’dx av

It is defined on V and of of order 1. Since W is a symplectic diffeomorphism of the two Hilbert scales

(A, 1% hy,. ! )z>1 and (HF x HF)z>1, the vector field of the transformed Hamiltonian R = K o'¥
is

JdK JK

< v < _—, =

Xkl 1.0 = CliXkllz-1v < Cll(5 - 5~

As a second step, We introduce symplectic polar and real coordinates by setting
wi1 =/ 11 +ye_lx,
w2l =21,

(wij,waj) =25, J =2,
(W1j,W2) =2;, j=>2.

Nlzv <C.

(4.13)

Setting Ip = (&,0) the integrable Hamiltonian in (4.10) in the new coordinates is, up to a constant
depending only on &, given by

H=N+0=N(2%&{)+0(»z%¢&), (4.14)
where

N=a1(§)y+Qi(§)z1+ Y Q&) (zn:Zn),

n>2

Q;(§) = w;i(§), Jj=2
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Andwith Iy = yand I; = (z),2j), j 2 2, @ = ¥ j=1 Qi (&, DIl with | L jy Qij(To, D)Ij| < cil T[]y, (see
(17.3) in [4,pp140] for details). We check Assumptions A-E of the KAM Theorem 1.2 for this nor-
mal form. Its external frequencies £ ; may be written as

Q;(§) =Q;+9,(8),
with Q; = Q;(0) and Q;(&) = Q;(&) — Q;(0). We have
Qj = 87T3j3,

and a map

Q=(Q))jz1: M- 7y,

00

where £ is the Banach space of all real sequences z = (z1,22,-++) with [z]g = sup P |zj| < oo. So

Assumption A and B are satisfied with d = 3, d=2and § = 1. Assumptions C is satisfied as we
have (&) = 87> — 6& 4 - -- where the dots stand for the higher terms in &.
This coordinates transformation is real analytic and symplectic on the phase space

D(s,r) {Ima] < shx {lyl <~} {lfellp + 120l <7}
CxCx (hyxhy)x (hy,xhp)

= gzp,(Ca

N

for all s > 0, and r > O sufficiently small, where p =Z+ % In the following we may fix such an s
arbitrarily, while we keep the freedom to choose r smaller. And the parameter domain

B =U_4028, E.={ :0<&<r},

where U_, E is the subset of all points in E with boundary distance greater than p. The total Hamilto-
nian H is well-defined on these domains, and we have ||Xp||,.,_1.p(s,») x11 = O(r?). Thus Assumption

D is satisfied with ¢ = p — 1. Furthermore, by we have K (u,v) = K(@,¥) = K(u, v), also as ® is real
analytic, we have

u= CD(W1) = qD(\TV1),
4.15
L5~ @1
Thus
P(wi,wy) = P(w,wp). (4.16)

Denote Dy (s,7) = {(x,y,2,Z) € D(s,7) : x,y € R}. By the coordinates (4.13) and (4.16), we have for
P(x,y,2,2) = P(x,,2,2), (%.5,2,Z) € Dg(s,r). (4.17)

In other words, Assumption E is also satisfied. Then we can use Theorem 1.2 to get Theorem 4.1
and thus Theorem 1.3. O

5 Technical Lemmas

Lemma 5.1 Consider a n x n complex matrix function Y (&) which depends on the real parameter
& €R, and Y (&) satisfies the following conditions:

(1) Y (&) is self-adjoint for every & € R, i.e. Y(E) = (Y(&))*, where star denotes the conjugate
transpose of a matrix;

(2) Y (&) is continuously differentiable in an interval I of the real variable &.
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Then there exist n continuously differentiable functions Uy (&), , (&) on I that represent the re-
peated eigenvalues of Y (€).

Proof: See pagel122-124 of [9]. O

Lemma 5.2 Assume Y =Y (§) satisfies the conditions in Lemma 5.1. Let L = (&) be any eigenvalue
of Y and ¢ be the normalized eigenfunction corresponding to |L. Then

Ozt =((dY)9,9).
Proof. See page 125 of [9]. O

Lemma 5.3 For 6 > 0, v > 0, the following inequalities hold true:

n
2o < (I+e) ,

-~ (5.1)
kezn °
1
Y e 2oy < ( ) (1) (5.2)
kezn
Proof: See page 22 of [1]. O

Lemma 5.4 Let Uj, j > 1 be complex n-matrix functions on T that their elements are real analytic
onTy={x € C/2nZ: |Imx| < s}. Then

(Y sup [U;(0)[2ee)? < = sup (Y U () B2 (5.3)

j>1x€Ts—6 x€Ts j>1

Proof: Note that for complex functions u;, j > 1 defined on T that are real analytic on T, we have

(Y sup [u;(x)*)2 sup (Y luj(x) (5:4)

j>1x€Ts—c O xeTy j>1
LetUj(x) = (Uf’(x) 11 <k,l <n), then

1
(X swp U;)for)? = (¥ sup (max zwk’

j>1x€Ts j>1x€T g 1=k=n)

Z sup n> max Z Ukl

>1%€Ts_ o I<k<n;

= n() sup max Z|Ukl )

j>1x€Ts I<k<n;

= nZ sup Z\U )2 kje{l,---,n}

j>1x€Ts 6 |=

IN

1

< (XY s 09 P)}

j>11=1x€Ts—c

= (Y swp U 0P (5.5)

j>1,1<i<n*€Ts—6
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By (5.4),we have the above

4n kjl 1
(55) < —sup( ), |U/ ()2
x€Ty j>1,1<i<n
kl 1
< —sup ZZ|U )2
x€Ty j=1l=
< 4—nsup2max2|U 7
o del‘ o1 Isksni=
< 2 (X105 0) o)

x€T; j>1

Lemma 5.5 Let A = (Aij)i,jzl be a bounded operator on 0% which depends on x € T such that all
coefficients are analytic on Ty, here A;j is a n x n-matrix. Suppose B = (B;;); j>1 is another operator
on (* depending on x whose coefficients satisfy

1 .,
sup |Bl]( Ne_pe < sup ‘AU( Ne e,  i#],
x€Ts |l .] x€Ty

and Bj; = 0 for j > 1. Then B is a bounded operator on 2% for every x € Ty, and

3

16n2
sup [|B(x)[[2_p2 < sup [|A(x)[| 22,

x€Ts_ o x€Ty

for0<o<s<l1.

Proof: For x € T,_s, we have by Schawarz inequality and Lemma 5.3

Y Bij(®)|pe < Y, sup [Bij(x)|p_p

j>1 j>1x€Ts— 6
1 1
< (Y sup AR 2)2 (Y ) )2
j=1x€Ts—0 J# L _J|
1 1
< Vi osup |Ai(x)[Fe ) Z 5) )2
x€Ts— o Hél ]l
16n> 1
< sup Z|Au ‘f‘x‘aém)z
xeTy j>1
16n 1
S sup Z'AU ‘52*%2)2
x€Ty j>1
16n
< sup [[A(X)][2—2-

x€Ts
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The same estimates applies to Y~ |B;;(x)|2_ 2. Hence, forx € Ty_¢,v = (v;)j>1 € £2, herev; € C",

B[ < Y () 1Bij(x) ®)e_elvile)

i>1 j>1
2
< Y (Y Bij@le_p) (Y [Bij(x)|aelviliz)
i>1 j>1 >1
2
< PZ|BU Ne—e) SUPZ|BU Ne—e)(Y Ivilz)
ij>1 Joi>1 j>1
3
16n2 21112
< ( sup [|[A(x)|[2_pe)7[VI]2-
x€Ts
From this the final estimate follows. O

Lemma 5.6 Let A, B, C be respectively n x n, m x m, n X m matrices, and let X be an n X m unknown
matrix. The matrix equation
AX-XB=C (5.6)

is solvable if and only if
(En®A—BRE)X =C

is solvable. Here if we denote A = (Ay,---,A;), C = (Cy,--+,Cn), X = (X1, ,Xin), then X' =
(XITW ’ m) C' = (C]Tf" 7Cr£)T‘

Proof: We can find the proof of this lemma on page 526 in [14]. 0
Lemma 5.7 Let A = (A(k—1) : k,l € Z), where A(k—1) = (Ajj(k—1) : 1 <i,j <n). Then

Al < n max Y A(k=Dp_p < n Y AR p (5.7)
ez ez

Proof: By Riesz interpolation theorem, we have

Alle—e < 1Al VTTA e
= %Sjngﬁez y |A,-,<<k1>|%§;gg;,gez Y A1)

1<i<nk€Z 1<j<n|leZ
< max max Aiilk—1 max max A;ji(k—1
= \/leZ kZZ l<]<n1<12‘2n| i )D\/k Z 1<,<,11<Zj:.§n| (k=00

= A(k—1 A(k—1) |
e E A= Dl frax B A= Dl
< \/IZTIEEIZXZ\fM —Z)VLZZ\/YI?EIXZM —Dlp_pe

keZ 1€Z
1
= n* [max Y |A(k—1)|p_p maxZ|A —Dp_p
ez (7, =}

IN

ni 1}1€aka’ [Ak—D]p_p < ni Y JAK) |2
€7 keZ
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