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Abstract

Contrary to the finite dimensional case, Weyl and Wick quantizations are no more asymptotically
equivalent in the infinite dimensional bosonic second quantization. Moreover neither the Weyl calculus
defined for cylindrical symbols nor the Wick calculus defined for polynomials are preserved by the action
of a nonlinear flow. Nevertheless taking advantage carefully of the information brought by these two
calculuses in the mean field asymptotics, the propagation of Wigner measures for general states can be
proved, extending to the infinite dimensional case a standard result of semiclassical analysis.

2000 Mathematics subject classification: 81530, 81505, 81T10, 35Q55

1 Introduction

Our main result is briefly presented in this introduction. Accurate definitions will be found in Section 2.
Let 7 =T';(Z) be the bosonic Fock space constructed over the complex separable Hilbert-space &,
I(Z)=®; ,V'Z where /" Z is the symmetric n-th hilbertian tensor power of 2. Consider the

Hamiltonian
,

He = dU(4) + () (2, 0,2°) "
=2
defined for the self-adjoint operator (A, Z(A)) on % and 0; = ;" € £ (V! Z). 1t is the Wick quantized
version of the classical Hamiltonian
h(z,Z) = (z,Az) + Z<z®j,sz®j>, 7€ 2(A)C Z.

j=2

When 2 = L*(R¢), the operator He is formally written
He = deA(xvy)a*(x)a(y) dXdy+ Z /]RZdj Qj(xlv ceey Xjy Ylyee e ayj)a*(xl) .. .a*(xj)a(yl) = Cl(y]) dXdyv
j=2

with the e-dependent canonical commutation relations [a(x) , a*(y)] = €8(x —y). Here A(.,.) and Q;(.,.)
denote the kernels of the operators A and Q;. The mean field asymptotics is concerned with the limit as
€ — 0, where % = N represents a large number of particles and where € enters in the CCR-relations by

Vg€ Z, la(f),a (g =¢(f, 81
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The number operator is N = dI'(I5), with Nz®" = gnz®". For a normal state p, € .2 (\/e 2) ¢ L ()
with 2 = L*(R¢), a standard tool considered in the mean field limit is the BBGKY hierarchy of reduced
density matrices:

(p) —
Ye (x,y)—/RWH)pe(x,X,y,X) dX, peN,

and such a definition will be extended to general 2 and normal states pe € £ () fulfilling the condition
Tr [pgNk] < oo forallk e N.

For a cylindrical function, b(z) = b(7z) for some finite rank projection & and b belonging to the Schwartz
class .7 (92), the Weyl quantization can be given by

pVerl _ /W , 7)) W(V21z) Ly(dz),

where W (v/27z) = ¢(a(2)+a" () and where L, and .% are respectively the Lebesgue measure on £2° and
the (e-independent) Fourier-transform on .’ (#.2"). Associated with a family (p¢)¢c(0,¢), Wigner measures
can be defined by

: Weyl
lim Tr [pg 6] = [ b(2) du(2)
after extracting subsequences under the sole uniform estimate Tr [pgNS] < Cg for some 6 > 0.

The problem of the mean field dynamics questions whether the asymptotic quantities as € — 0 associ-
ated with . .
pe(t) =e 'eflepeicte 1 cR

are transported by the flow F, generated by the classical Hamiltonian A(z,Z) and given, after writing z, =
Ft—s(zs)» by

10z = (0:h) (2, 2) = Az + Y j(& ', 0;27). (1)
j=2

The finite dimensional case enters in the standard framework of semiclassical analysis and has been studied
extensively in the 80’s and 90’s by various authors and with various methods ([48][35][29][42] [18][43][24]
and references therein).
It was first considered by Hepp in [36] and extended by Ginibre and Velo in [30][31] by the squeezed
coherent states method well-known as the Hepp method (see also [49][6]). More recently the question
of the mean field dynamics has been tackled with the so-called BBGKY-hierarchy approach inspired by
the BBGKY-method of classical kinetic theory (see [52][13][22][14] [32][1] [3][23] and also the related
works [37][17]). In [25][26][27] a specific use of the structure of the Wick calculus in the bosonic Fock
space was used to make work truncated Dyson expansions for the mean field dynamics of specific states.
The aim of our work started in [7] was to restore the phase-space geometric nature of the problem in the
spirit of [11][33][38][39] and to extend as much as possible to the infinite dimensional case, the methods
well understood for the semiclassical finite dimensional problem. In this first article, we explained the
construction of Wigner measures, analyzed accurately the gap of information carried by Weyl observables
and Wick observables and use these Wigner (or semiclassical) measures to reformulate known propagation
results. In [8], we reconsidered the truncated Dyson expansion method of [25][26][27] in order to prove the
propagation of Wigner measures for some specific families of states. We are now able to state the following
general result (still with a regular interaction term contrary to many other works cited above).

Theorem 1.1 Let (p¢) ec(0,¢) be a family of normal states on 7 with a single Wigner measure [ and such
that

Ve N, limTrlpeN%) = / 2% dpg(2) < +oo. 2
E—

|z
z
Then for all t € R, the family (pe(t) = e’iéHEpgeiéHf)ge(()’g) has a unique Wigner measure l; = (F;). o,
which is the initial measure [y pushed forward by the flow associated with (1).
Moreover the convergence

2gii%Tr {ps (t)bWiCk} = /gbOFt (z) dio(2)



holds for any b € Py,(Z) = @Z].ieN'@Pﬂ(g) .
Finally, the convergence of the reduced density matrices

D) 1 / P\ /0P AP
lim t)=— 4 P d =: t),
gl OYe ( ) ja ‘Z|2p d‘ut(Z) P |Z ><Z | ,U[(Z) ,y() ( )

holds in the £ (\/? Z)-norm for all p € N.

Comments: The existence of Wigner measures as Borel probability measures requires a uniform estimate
Tr [pENS} < Cg for some 6 > 0, but such an assumption would be redundant with the existence of bounded
limits stated in (2).

The uniqueness of the Wigner measure i is not really a strong assumption since it suffices to replace the
whole family (pe)ec(0,¢) by a suitable extracted sequence (g, )ken, lim .. & = 0, in order to fulfill this
requirement. Such a reduction argument after extraction will often be used.

The fact that the quantities Tr[peN®*] are uniformly bounded w.r.t € € (0, ) is also very natural within the
mean field framework and satisfied by all known physical examples.

Actually the strong assumption which is not satisfied in all cases is that the limit in (2) equals [, |2|** duo.
This condition prevents from the phenomenon of “infinite dimensional defect of compactness” identified
in [7] and which was shown to appear in the physical example of the Bose-Einstein free gas (the non
condensated phase is responsible for a discrepancy between the left- and right-hand sides of (2)). The
analysis of this phenomenon is improved in Section 2.

Finally our proof no more uses truncated Dyson expansions of the quantum flow and relies only on the
good properties of the classical flow, after exploiting all the a priori information given by the Weyl and
Wick calculus.

Outline: The Section 2 introduces the various objects used for our analysis, Wick and Weyl calculuses,
Wigner measures, reduced density matrices. The conditions presented in [8] are reduced to the simple
equivalent form (2) in Subsection 2.7. After this the Subsection 2.8 is devoted to the notion of states local-
ized in a ball.

The dynamics is studied in Section 3. First a simple condition is proved to ensure, via some equicontinuity
argument, the possibility of a common extraction process (& )xen for all times 7 € R . Then the propagation
of Wigner measures is proved for states localized in a ball. Then the truncation is removed and all the argu-
ments are gathered for the proof of Theorem 1.1 in Subsection 3.4. Finally, additional simple consequences
are listed in Subsection 3.5.

Examples are presented in Section 4. It is recalled that the regular interactions are physically relevant within
the modelling of the rapidly rotating Bose condensates in the Lowest Landau Level approximation. Details
are given about the propagation of non trivial Wigner measures supported on a torus, which shows the ad-
vantage of this formulation compared to the BBGKY hierarchy method. Finally, the propagation of Wigner
measures provides a nice formulation of the Hartree-von Neumann limit.

2 Information carried by Wigner measures

After introducing the symmetric Fock space with e-dependent CCR’s and recalling some properties of
the Wick quantization, the connection between infinite dimensional Wigner measures and the BBGKY
presentation of the many body problem is explicitly specified. This section ends with the notion of states
localized in a ball, which will be usefull in the proof of Theorem 1.1.

2.1 Fock space

Consider a separable Hilbert space 2 endowed with a scalar product (.,.) which is anti-linear in the left
argument and linear in the right one and with the associated norm |z| = /(z,z). Let 6 =Im(.,.) and
S = Re(.,.) respectively denote the canonical symplectic form and the real scalar product over &. The
symmetric Fock space on & is the Hilbert space

# =P\ " -T,(2),
n=0



where \/" & is the n-fold symmetric tensor product. Almost all the direct sums and tensor products are
completed within the Hilbert framework. This is omitted in the notation. On the contrary, a specific ¥
superscript will be used for the algebraic direct sums or tensor products.
For any n € N, the orthogonal projection of Q" 2 onto the closed subspace \/" % will be denoted by
. Forany (&1,&,...,8,) € 2", the vector § VE V-V E, € V' Z will be
1
SIVEV Ve =S(G1@08 - @6) = — Y, &) ®érp) @ Eaim) 3)

eSS,

where &, is the symmetric group of degree n. The family of vectors (§; V---V &) ¢ c # is a total family of
V" % and thanks to the polarization identity

1 n
51\/52\/...\/@[:27”' Z gl...gn(zgjéj)@n’ @
tg==+1 j=1
the same property holds for (§"),cy zc » -

For two operators A : \/'* & — \/’x %, k = 1,2, the notation A; \/ A, stands for
Al\/A2 =S+j,0 (A1 ®A2) 0. S 4y € g(\/ i1+i23”7\/j1+j25f)'

Any z € % is identified with the operator |z) : V2 = C 3 A — Az € Z = /! 2 while (z| denotes the
linear form 2 3 & — (z, &) € C. The creation and annihilation operators a*(&) and a(&), parametrized by
€ > 0, are then defined by:

a(é)\\/”ff = vén <§|®I\/"*'fg
Gy = Vem+l) Lpo(|§)@hmy)=Ven+1)§\/ e
and satisfy the canonical commutation relations (CCR):

[a(&1),a(G2)] = [a*(&1),a" (&)1 =0, [a(&1),a"(&2)] = &(&1, 62)1- )

We also consider the canonical quantization of the real variables ®(&) = %(a*(é) +a(&)) and TI(E) =

D(i&) = i(a(é) —a*(€)). They are self-adjoint operators on .5 and satisfy the identities:
(D(G1), P(&)] =ieo(81,62)1,  [P(&1),T1(&)] = ieS (&1, 6)1-

The representation of the Weyl commutation relations in the Fock space

WEW (&) = ¢ TTERWE +8) (©)
ORI (E)W (&),
is obtained by setting W (&) = ¢/®) . The number operator is also parametrized by £ > 0,
N‘vngf = 8n1|vn .
It is convenient to introduce the subspace

alg

%’in:@\/nff

neN
of 7, which is a set of analytic vectors for N.
For any contraction § € Z(Z), |S| ¢ < 1, T'(S) is the contraction in . defined by
LS)ynzy=S2S---®S.

More generally I'(B) can be defined by the same formula as an operator on %7, for any B € £ (%).
Meanwhile, for any self-adjoint operator A : 2 D P(A) — 2, the operator d['(A) is the self-adjoint oper-
ator given by

e edl(4) _ ()

n
dF(A) n,alg@ =& I®® A ®®I
v (4) kgl \k,-/
For example N = dI'(J) .



2.2 Wick operators

The Wick symbolic calculus on (homogenous) polynomials as introduced in [7] is recalled with its basic
properties.

Definition 2.1 For p,q € N, &, ,(Z) denotes the set of (p,q)-homogeneous polynomial functions on %
which fulfill : ) )
b(z) = <z®q , bz®l’> with be g(\/ Py v 1%).

The subspace of 2, ,(%) made of polynomials b such that b is a compact operator b € £=(\/? 2 ,\|1 Z)
(resp. be L (\VP 2 N1 Z)) is denoted by Py, (Z) (resp. ), ,(Z)).

On those spaces, the natural norms are
bl2,, = blepwzyiz) and |bloy = |blorrzyiz), 1=<r.

The set of non homogeneous polynomials, the algebraic direct sum &
with 1 < r < o), will be denoted by Pyo(Z) (resp. Py (Z)).

pquBZ (&) (resp. @pqu@r (2)

Owing to the condition b € .Z(\/* % ,\/? ¥) for b € P, ,(Z), this definition implies that any Géteaux
differential 9/ 9%b(z) at the point z € Z belongs to Z(\ ¥ 2,\/ /%) with

; ! ! L
<<p,8%3!‘b(z)w>= (plik)!ﬁ&@q IV @,bP* v y).

In particular, we recover the operator b from b(z) via the relation

i q

b= Efal’a bz)e L\ P2\ 12).
With any “symbol” b € 2, ,(Z), alinear operator b"ict
to:

called Wick monomial can be associated according

pVick %in - %‘ina

Vnntg—p)t &5 (N igpry) 2V 2\ M0z, ()

bWiCk
(n—p)!

V' — 1[p+°o)( )

with b = (p!)~'(g!)~'9792b(z) . The basic symbol-operator correspondence:

(z,8) «— a’(§) V25(8,2) — @) (z,Az) «— dI(A)
(6,2 «— a(&) V206(E,7) «—— TI(&) lZ> «—— N,

and more generally
? q Wick
[T@n) <12 =a"(m)---a" (mp)a(&r)---a(&).
i=1 j=1
We have the following properties.

Proposition 2.2 The following identities hold true on #7iy, for every b € 2, (Z):
(i) (bWiCk)* _ BWick.

(ii) (C(2)b(2)A(z)) """ = CWickpWickAWick if A € (%), C € Py p(Z).

(iii) 'z 4T (W) pWickp~5dl() — (b(@_imz))wwk, if A is a self-adjoint operator on Z.

A consequence of i) says that b is symmetric when ¢ = p and b* = b. Moreover the definition (7) gives

g=p and b>0)= (b"*>00n.,), ®)
f



which is false for general non negative polynomial symbols'. For an increasing net of non negative opera-
tors (bg)as bo € L (VP %) (again g = p), it also gives

(13 =sup bg in Z(\/"ff)) = <V<p € Hjin, (@,6""“@) =sup(p, b&”“"@) : ©)
a o
When 2 = L*(R?, dx), the general formula for 5" with b € 22, ,(Z) is simply

pWick — /Rdw) D1, Vg X1, s2p) @ (1) a* (V) a(xr) - alxp) dxy - dxpdyy -+ dyg,

where b(y,x) is the Schwartz kernel of b and where a(x;) = a(§,, ) according to the usual convention.
Proposition 2.3 For b € &), ,(Z), the following number estimate holds

P
2

_4 ic —
[ <lbls,, (10)

L)
The relations (8) and (9) now become for b € &, ,(Z) or by € Pp p(Z)

(g=p and b>0)= ((N)P/2pVik(N)=P/2>0 in.2()), (11
(b=supy boin L (VP Z)) = ((N)~P2pWick(N)=P/2 = sup,, (N)~P/2plick(N)=P/2 in 2 (o)) (12)
An important property of our class of Wick polynomials is that a composition of b‘l)ViCk o b‘z}v ick with by, by €
Pag(Z) is a Wick polynomial with symbol in P,(Z). For by € Pp, 4, (Z), by € P, 4,(Z), k €
N and any fixed z € 2, 9*b;(z) € L (V" Z;C) while 0¥b,(z) € \/* 2. The C-bilinear duality product
9%b)(2).0%by(z) defines a function of z € 2 simply denoted by d*b;.0%b,. We also use the following
notation for multiple Poisson brackets:
{b1,62} 0 = b0y — *by.0%b), keN,
{b1,b2} = {b1,b} V.

Proposition 2.4 Let by € ), 4 (Z) and by € P)y, 4,(Z).
Forany k € {0,...,min{p1,q2}}, 95b1.05b, belongs to P,y 4 _i(Z) with the estimate

kp Ak pi! 9! ]
056105l 5, < =11 (g2 =Rl 112,40, 102| 2, 4, -
The formulas
. . min{py,q2} gk Wick Wick
(i) bXVw"obEVw"=< Yoo 9z"b1.a§bz> = (%) (hr(@) [0 )
k=0 :

max{min{p1.q2} .min{p2.q1}} gk Wik
0 {b1,b,}M) ;

@ -
k=1

hold as identities on ¢iy.

2.3 Cylindrical functions and Weyl quantization

Let P denote the set of all finite rank orthogonal projections on 2 and for a given p € P let L, (dz) denote
the Lebesgue measure on the finite dimensional subspace pZ. A function f: 2 — C is said cylindrical if
there exists p € IP and a function g on p%Z such that f(z) = g(pz), for all z € Z. In this case we say that f
is based on the subspace pZ’. We set .%,,;(Z’) to be the cylindrical Schwartz space:

(fe€EI(Z)) e BpeP,Ige S (pZ), f(z)=g(pz)).

I'This property should not be confused with the positivity of the finite dimensional Anti-Wick quantization which associates a non
negative operator to any non negative symbol.




The Fourier transform of a function f € .#,,;(%°) based on the subspace pZ is defined as

FUIR) = [, 516) 5 Lyfag)

Q)= FIfE) &5 L),
pZ
With any symbol b € .#,;(Z) based on pZ, a Weyl observable can be associated according to
PVl = / Fbl(z) W(V2nrz) Ly(dz). (13)
pZ
After the tensor decompositions
1
H=T(2)=T(pZ)T(1—p)Z) dueto & =pZ&(1—p)Z&

Vzep%, W(V2mz) = W,,gg(\fZﬂz) @I (1-p)z

where W, » denotes the reduced representation in I'y(p.Z"), one sees that the Weyl quantization of cylin-
drical observables based on p.2” amounts to the usual finite-dimensional Weyl quantization. Hence more
general classes of symbols can be considered.

For p € P, the symbol classes defined for 0 < v < 1 on the finite dimensional phase space p. 2,

dz?

v _ qpalg n
v = OpezS((@)p 2 m) ; (14)
Y
where <z>12) =1+]z ?)Z’ are natural Weyl-Hormander algebras associated with the finite dimensional har-
monic oscillator Hamiltonian, N, = ( |z\f7 2)Vi = (] Z|?) o)V — %3_ They contains the polynomial

functions on pZ°. The associated class of Weyl quantized operators after tensorization with It ((_p)) # is
denoted by OpS/ . For a cylindrical polynomial b € Pq¢(Z’) based on pZ', b(z) = b(pz), the asymptotic
equivalence of the Weyl and Wick quantization in finite dimension says for any v € [0, 1]

pVik =P+ G, (e) in OpS) 4. (15)

Such polynomials have finite rank kernels and make a dense set in £27;

oig(Z) but notin Py (Z).

2.4 Wick observables and BBGKY hierarchy

When 2 = L?(R“), mean field results are often presented or even analyzed in terms of reduced density

matrices or more precisely in terms of a sequence (yép )) peN With }/ép le Y(V? Z). This follows the

general BBGKY approach of the kinetic theory and the ¢ correspond in the classical case to the empirical
distributions.

The basic example is when p; € £ (\/" Z),n=[L] : Forany pe N, p <n, W e LV P Z) is defined
as the partially traced operator with the kernel

yép)(xl,...,x,,;yl...y,,) ::/

) pg(.xl e ,x,,,X,yl S .y,,,X) LRd(n_,,) (dX) .

With the polarization identity (4), the family (|y®")(y®"|)yc # forms a total set of .#' (\/" Z'). Hence the
formal identity

n!
(n—p)!

14 Xn

a(x)..ale)ye")

(a(yr)...alyp)y
= Trla*(n)...a’(vp)alxr)...alx) [y ) (w™"]

WP Py () oy () w(n) - w(p)

carries over to p € L1 (\V/" Z) :

n! (

Vpe{l,...,n}, gp(n—p)! }/gp)(xl,...,xp,yl...,yp) =Trla"(y1)...a" (yp)a(x1)...a(x,)pe] .




The correct meaning of this definition is

- 11y 400 (1)
Pl — [p,+)
Tr [YS b] ern(n—1)...(n—p+1

JTr |peb™ ], Vb€ 2,,(2).

Moreover after noticing that the factor €”n(n—1)...(n— p+1) is nothing but Tr [pe(|z|*”)"] when
Tr[pe] = 1 and pe € L1 (/" &), it becomes

rz] _ Tr[pe] Wick
Tr [ys b] = G [pgb ] , Ybe P, (%), (16)

with the convention that the right-hand side is 0 when Tr [pg(|z\2p )W"Ck} = 0. The extension to general
pe € L1 () requires an assumption. Moreover it works for a general separable Hilbert space 2.

Proposition 2.5 Assume that pe € L' () satisfies pe > 0 and N¥/2pNK/2 € LV () forall k € N. Then
for any p € N, the relation (16) defines a unique element yép) >0of LY (VP Z).

Proof. Suppose Tr [pe (|z|*7)Vi*] > 0. Writing
Tr [pngi”k} =Tr [(1 +N)P2pe (14 N)P/2(1 4+ N)~P/2pWick(1 4 N)=P/2

with our assumptions and the estimates (10) ensures that b—Tr [pngi"k] defines a continuous linear form
on . Z(\/? %) . The positivity comes from (11) and the normality of the associated state after normalization,

which says 1) € .21 (\/? %), is a consequence of (12). O

‘We end with this discussion with a natural definition.

Definition 2.6 When p. € £ (%) satisfies pe > 0 and N¥/2pNK2 € LV () for all k € N, the reduced
density matrix }/ép >, p €N, associated with pe is the element of £ (\/? %) defined by

Pzl _ Tr[pe] Wick
Tr [yg b] = S [pgb ] , Vbe Py (), (17)

with }/ép) = 0 in the case when Tr [p£(|z|2P)WiCk] —0.

2.5 Wigner measures

The Wigner measures are defined after the next result proved in [7, Theorem 6.2].

Theorem 2.7 Let (p¢) ec(0,8) be a family of normal states on 7 parametrized by €. Assume Tr[peN%] < Cs
uniformly w.r.t. € € (0,€) for some fixed § > 0 and Cs € (0,+0). Then for every sequence (&,)neN With
lim,,_... &, = O there exists a subsequence (Snk)keN and a Borel probability measure U on % such that

. Weyl1 __
fim Tlpe, 71 = [, 602 @)
forallb € Upep F~' (My(pZ)).

Moreover this probability measure |L satisfies / 2128 dpu(z) < o.
z

Definition 2.8 The set of Wigner measures associated with a family (pe )ec(0.¢) (resp. a sequence (pe, )nen)
which satisfies the assumptions of Theorem 2.7 is denoted by

M (pe,€ €(0,8)), (resp. #(pe,,n€N)).
Wigner measures are in practice identified via their characteristic functions according to the relation

M (pere € (0.2)) = {u} & lim Te[pe W(V27E)] = 7 (1)(5).



The expression . (pe, € € (0,€)) = {u} simply means that the family (pe)ec(o¢) is “pure” in the sense

lim Tr [pgbweyl] :/ b(z) du,
e—0 ¥

for all cylindrical symbol b without extracting a subsequence. Actually the general case can be reduced to
this after reducing the range of parameter to € € {Snk ke N} .

A simple a priori estimate argument allows to extend the convergence to symbols which have a polyno-
mial growth and to test to Wick quantized symbols with compact kernels belonging to .@;g( ) (see [7,
Corollary 6.14]).

Proposition 2.9 Let (pg)ee(o’é) be a family of normal states on L () parametrized by € such that
Tr[peN%] < Cq holds uniformly with respect to € € (0,&) for all o € N and such that # (pe,€ € (0,€)) =
{1}. Then the convergence

lim Tr[pebuantized] — / b(z) du(z), (18)
e—0 %
holds for the Weyl quantization of any b € SI‘;} with p € P and v € [0, 1], and for the Wick quantization of
any b € 75, (Z).

Wigner measures are completely identified by testing with Weyl-quantized observable and possibly by re-
stricting to some countable subset U,y Dy, Where D, . is a countable dense subset of Z ! (.4, (p, %)),
and (pn)nen is a sequence of P such that sup, .y pn = Iz (see [7]). One may question whether testing on
all the b"ik with b € Pao(Z) also identifies the Wigner measures. When 2 is finite dimensional, this
amounts to the well-known Hambiirger moment problem of identifying a probability measure v on R from
its moments a, = [ x"dVv(x), n € N, for which uniqueness fails without growth conditions on the sequence
(an)nen (1471 [51), which can be translated in our case to growth conditions of (supge (o g) Tr[PeN%]) gen-
We shall circumvent this difficulty, by identifying the Wigner measures in two steps by approximating the
states (Pe)ee(0,z) by states (pg”")ee(0,z) for which the growth condition is satisfied. We shall reconsider the
moment problem later, but the comparison argument is given below.

Proposition 2.10 Ler (pgl Jec(0.6), J = 1,2, be two families (or sequences) of normal states on 7 such that
Tr [pg N‘s} < Cg uniformly w.rt. € € (0,8) for some 6 > 0 and Cg € (0,+00). Assume further //[(pé,s €
(0,€)) = {u;} for j=1,2. Then

/|H1 — 2| < lig(l)lﬂpgl _ng(f'(y“f)'

Proof. For a symbol b € .%,,;(Z), the finite dimensional Weyl semiclassical calculus says [p"'| 2 <
[16]|c + Op(€) With ||b]|ec = ||B|| = (, 2) - This implies for a given b € 7,1 (Z),

|/, b@)dn — ) (@) = fim [Tel(p} = p2)0" | < ] limint p} = pZ| 1

The measure f1; — 1y is absolutely continuous with respect to the Borel probability measure £ 1+“ 2. Hence

there exists a Borel function A on 2 such that ut; — pp = A(z) B2 112 \yith the additional property A(z)] <2
%-almost everywhere. But for any Borel probability measure v on %, it was checked in [7] that
Foi(Z) is dense in LP(Z,v) for p € [1,o0) on the basis of a general measurable version of Stone-

Weierstrass theorem (see for instance [19]). Hence there exists a sequence (B,),en in -7y (Z) such that

A
hmHﬁn ||1{)L;£0}HL| Mty = 0

21 2)1 120y (2), A1

2 _almost everywhere. By setting by = 2

and after extraction limy_... B, (z) = 1+\ﬁ[§k =
Mk

we get a sequence (by)ren such that

VkeN, b;e L%;yl and ||bglle <1,

: A](2) R
klglolobk(z) = A(Z) 1{1#0 (Z) 2 a




We conclude with

ol — Hl-HJz
[m=pal= [ Rt

lim [ bu(2) dlu' = 03)(2)| < 1 xTiminf|p! P2 10,

]
When the two sets .7 (p{, € € (0,&)) have more than one element, the extraction of subsequences, (&, )neN,
can be made simultaneously and the result has to be modified into:

inf / < hmsu 2 sy 19
(1 1) el (b £€(0.8)) %t (22 (0 “.11 IJZ‘ P|Pg [ |$1(jf) (19)

2.6 Wigner measures and the BBGKY hierarchy

The compactness condition b € W;g(a@” ) for the Wick quantization in Proposition 2.9 is not a technical
restriction and the convergence is no more true for a general b € ﬁalg( Z). It was identified in [7] as a
“dimensional defect of compactness” and illustrated with examples, one of them being related with the
Bose-Einstein condensation of the free Bose gas.

This terminology comes from the idea that this defect of compactness does not come from the infinity in
the phase space like in the finite dimensional case (see [53][28]) but from the non compactness in the norm
topology of balls in infinite dimension. Actually this was made more accurate in [8]: under the assumptions

M (pe,€ € (0,€)) = {u} and Tr [pNF] < A, we proved (T') = (P) with

(P) Vb Zu2), lmTr [peb] = /%b(z) du(z):
(T)  ¥n>03P, P, Tr[(1-T(Py))pel <,

where (T') appears as a quantum Prokhorov condition (or tightness condition in the strong topology).

The condition (P) which will be simplified in the next subsection, actually contains, for all o € N, the
uniform bound w.r.t. € of Tr[pN%] since N* = [(|z|*)"/]%. It implies actually a strong relationship
between the Wigner measure formulation and the convergence of reduced density matrices.

Proposition 2.11 Assume that (pe)ec(0¢) is a family of LYY with pe >0, Tr[pe] = 1, M (pe,€ €
(0,8)) = {u} with the condition (P) and assume [ # &. Define for p € N

P / P (P d (20)
,Y() jj‘Z'zp d[J. ‘ | nu()

(p) (p)

Then for all p € N, the reduced density matrix Y~ converges to ;' in the £ Lnorm.

Proof. For p =0, the result is nothing but 1 = [ = limg_o Tr[pe] =
For p € N*, the condition (P) with pt # & says first

. 2p\Wick | _ 2p
éli%Tr[pg(\ZI ) } [@,IZ\ du(z) >0

Hence, the reduced density matrix yép ) is well defined according to Definition 2.6 for € < €, small enough

(with Tr[pe] = 1). The condition (P) gives the general convergence:

. 3] _ Tr [peb™™] Job(z)du(z) ()7
lim T 78] =l e e = T g ~ 0]

forallb € &, ,(Z), where the last equality is a u-integration of the equality of continuous functions
b(z) = (%7, bz®P) = Tr [|2%7)(z*"|b] .

This proves the weak convergence of yép ) to }/(()p Vin 2! (V? Z). But since y(P)e and y(gp ) are non negative

with Tr[yép >] =1=Tr {y(gp )} , this implies the norm convergence according to [50][4][20]).> O

2In a more general framework, it is said that .2 (\/? Z) has a uniform Kadec-Klee property (see [40] and references therein).
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2.7 A simple criterion for the reliability of Wick observables

The proof of Proposition 2.11 can be adapted in order to make an equivalent condition to (P) with a weaker
and easier to handle formulation:

(PI) Vo N, limTr[p.N| = /j 122 dp(z) < +oo.
E— 9

Proposition 2.12 For a family (pe)ec(0¢) in LY such that pe > 0, Tr[pe] = 1, A (pe,€ € (0,8)) =
{u}, the condition (P) and (PI) are equivalent:

(\m EN, limTr[peN% = / Pk d,u(z)) = (Vb € Puo(Z), limTr {pngi"k} - / bdu)
£—0 3 e—0 3

Proof. The condition (PI) is a particular case of (P). Let us prove (PI) = (P).
We start with two remarks:

e For k € N¥, (|z]*)Vik = N(N —¢)...(N— (k—1)&). Hence the condition (PI) is equivalent to

Va e N, limTr[pe(|P) "] = / 2P du(z).
e—0 ¥

e For p =0 (resp ¢ = 0) the operators in .Z(C,\? %) (resp. in Z(V’ % ,C)) are compact and
Pog(Z) = P5,(Z) (tesp. Ppo(Z) = P;(Z)). Hence the convergence lime_g Tr[peb"ick] =
J b du, is consequence of Proposition 2.9 when p =0 or ¢ = 0.

According to Proposition 2.11, there are two cases. y ~
If u = &: Then for b € &), ,(Z), p € N*¥, such that b > 0, the inequality 0 < b < \b|gawl\/p 4 and the
positivity (11) says

0< 11m Tr [p bW’Ck} < hm \b|p pTr [pe (1z*) W’Ck / |2]*P &0 (2)

For a general b € &, ,(Z), p € N*, the decomposition b = bg 1 — b — + iby 4 — iby — with all the by > 0
now gives

VpENYbE P,,(2),  limTr | peb" ] = 0.
For p # q, p,q € N*, write
‘Tr {pgbw’“‘] ‘ _ ’Tr [pé/z(psl/ZbWick)] ’ < Ti[pe] /2 Tr |:p£bWiCkaiCkA*:| 172 .

Proposition 2.4 says that b"ickpWicks — 30 é, 9!b.0tb belongs to ©F 1 P 1(#) with an O(¢) term in
P0.0(Z). We have proved

Vp.g €N VbE P, (%), limTr [pngfck] —0= /jb(z)&)(z) :
E— 7
while the cases (0,¢) and (p,0) are already known.
If 1 # &: Then we know by Proposition 2.11 that limg_.g ||’yg(p - ’}/ép ) || o1 = 0, which implies

Ve Pp,(2), limTr [pngiCk] — lim Tr [yé) } Tr yo / b(z) du(z

e—0

Let us consider the general case b € &, ,(Z’). The above convergence is still true when the kernel b is
compact by Proposition 2.9. Consider now a general b € &, 4(Z). Since [ [z*7) (2] du(z) is nuclear
(or trace-class in \/! Z @ \/P &), for any n € N there exists a compact operator b, € Z(\/’ 2 V1 %)

such that [by| 2, = |bal 2(yp 2 s ) = b2 yp 2 o ) = |b] 2, and

e[ [ e au bl | <

n+1°

[, (0@ =bu(2) du)

11



The Lebesgue convergence theorem with

WnEN,  [b()~ba(@)]" < bl VI [ dp(z) <o,
Vz€ 2, lim b,(z) = lim (z%7,5,7°P) = b(z),

yields
(2) = ba(2)|" dp(z) =0.

Set n,(n) = [4 |b(z) — ba(z)|" dii(z) and use again the Cauchy-Schwarz inequality

lim [ |b
n—oo | g0

‘TI‘ [Ps (bWuk _ anlck)} ‘ <Tr {ps (leck _ bﬂchk)(bchk,* _ br"quk,*)} )

Owing to the result valid when p = ¢ we deduce

s 16— < [ | ) P dto)] = ma

e—0

Since for n € N fixed, limg_o Tr [peb)y | = [, by(z) dpi(z), we deduce

YneN, limsup|Tr [png""k} —/ b(z) du(z)| < —— +ma(n)"/?,
£—0 z n+1
while the right-hand side goes to 0 as n — oo. ]

2.8 States localized in a ball

The condition, Tr[peN®*] < A for all & € N, used in [8] is actually equivalent to

pe = 1101 (N)peljo2)(N)

(locate the spectral measure of p, for the self-adjoint operator N). Such an assumption remains an important
step in the present analysis, and N = (|z|?)"/* suggests that such a state is localized in ball of the phase-
space.

Definition 2.13 A family (pe)ec (0,) (01 a sequence (P, )nen) of normal states on ', is said to be localized
in the ball of radius R > 0, if pe = 1/ g2) (N)pe 11 g2 (N) for all € € (0,€).

The meaning of the geometric intuition contained in the terminology “localized in a ball of radius R”, can
be made more accurate.

Lemma 2.14 For a family(pe)ec(0,8) (01 a sequence (P, )nen) of normal states on F localized in a ball
of radius R > 0, all its Wigner measures are supported in the ball {|z| <R} .

Proof. A family (pe)ec(0,¢) localized in a ball of radius R satisfies Tr I:pgN(st < R?3 for all § > 0. Therefore
the set of Wigner measures .# (pg, € € (0,&)) is well defined and the convergence after extraction can be
tested with Weyl-quantized cylindrical functions in the symbol class S;,’ introduced in (14) for any p € P.
Let u € . (pe,€ € (0,&)) be associated with the sequence (&, ),cn. For any finite rank projection p € P, the
Wick quantized operator (|pz|?)"* is N, ® I ((1-p)z) Where N, is the number operator on I's(pZ’) and
equals (\z|[27 » —Cp€)"! in the finite dimensional framework of p.Z’. For any cut-off function y € ¢;°(R)
such that ¥ = 1 on [0,R?], the finite dimensional Weyl semiclassical calculus tells us (1 — x)(N,) = (1 —
X)(|2[2 )Y + O, (e) in Z(Ty(pZ)). Further the commutative decomposition N = N, @ Ir, ((1_p) ) +
Iry(p2) @N(1_p) = N @I, ((1-p) ) and choosing x decreasing on [0, +oco) implies

(1=x)(|pz)"" + 6,(e) < (1= 2)(Np @ Ir((1_p)2)) < (1= 2)(N).
We deduce

0< [ (1=x(1p2)P) dia(z) = lim T [pe(1 = 2(1pz)""] < lim Tr [pe, oy (N)(1 = 2(N)] = 0.

Hence the measure p vanishes outside a cylinder {|pz| > R}. This yields the result. ]
With such localized states we can solve the moment problem.

12



Proposition 2.15 Let (p¢)¢c(0,6) be a family (or a sequence (P, )nen) of normal states on H, localized in
the ball of radius R > 0. If there exists a Borel measure L on % such that

€ P 2), e [pet"] = [ b0 (o),

then
M (pe,€ € (0,8)) ={u}.

Proof. Although this is shown in [7, Proposition 6.15], we provide here a different proof.
Let p € P and consider the direct image by p of the measure u:

VE € B(pL), pE) = [ 1,1)(2) dula),

where Z(p%’) denotes the Borel o-set on p % .
Forany b € &7, (Z'), such that b(pz) = b(z) we have

1 Wick | __
b o] - |t
This holds in particular when b(z) = \pz|2k with pWick — N’; +6e) < NE 4 6(e) with
2%k . " _ ) "
/p » |2 duy(2) < lim Tr [psz} < lim Tr [peN } < R%*.

Hence all the moments [, » |z|%* dp,(z) are bounded by R** and the finite dimensional moment problem

applies (see [47][5]): u,, is completely determined by the set of values { I Iy bduy,,b polynomial} . Let

be a Wigner measure of the family (pe)ec(0,¢)- It is supported in the ball {z € 2, |z| < R} so that its direct
image by p, w,, is supported in the ball {z € pZ’, |z| < R}. Moreover there exists a sequence (&,),en, such
that

whesyy NmTe[oop"] = [ b du().

where the 5" can be replaced by b"i* for any polynomial b such that b(z) = b(pz) according to the finite
dimensional comparison of the Weyl and Wick calculus in (15). We deduce u, = u;,. Since this holds for
all the p € P, this ends the proof. O
Let x be a continuous cut-off function supported in [0, 1], with 0 < x < 1 and such that ¥ = 1 in [0, %]
Within the assumptions of Theorem 2.7 and especially Tr[pgNs] < Cs, the difference between the state pe

and the localized state p2™* = ﬁ x(}:—z) Pe x(%) can be made arbitrarily small according to

TT[PEXZ(REZ)
Cs

R/2% Gy’ @D

Ve e (0,8), |pe—pF | g1 <

where the right-hand side vanishes as R — oo. Then the comparison result in Proposition 2.10 or its variant
(19) says that the Wigner measures (pe)¢c(0,¢) can be identified by its approximation by states localized in
balls: c

inf [ e 22)
() (pe £ (0.8) x4 (pF™ £€(0.) (R/2)2° ~Cs

Then the question arises whether the family (pZ ’R)SE(OA’,—;), or an extracted subsequence, satisfies the condi-
tion (PI) (or equivalently (P)) if the family (P¢)ee(o,z) does.

Proposition 2.16 Assume that the family (Pe)ec (0,e) of normal states on F satisfies M (pe, € € (0,€)) =
{u} and the condition (PI). Let the function f € €°(]0,+o),R) be polynomially bounded such that the

quantity Tr[pe f>(N)] is uniformly bounded from below for € € (0,&). Then the family (pg)ge(oﬁg) given by
f_ 1 - , f S B ()" ;

p: = e 2N S(N)pef(N) has a unique Wigner measure 4 (p; € € (0,€)) = {ffz(\z\z)du} and satisfies
the condition (PI).

13



We will need the next lemma
Lemma 2.17 Let the family (pe)ec(0z) (0r a sequence (Pg,)nen) of normal states be localized in the ball
of radius R and assume the condition (PI) with M (pg,€ € (0,&)) = {}. Then the equality

lim Tr [ea‘NPseaszWiCk} = / e(“‘+a2)‘z‘2b(Z) du(z) (23)
£—0 3
holds for all oy, 00 € Cand all b € Py,(Z).

Proof. The right-hand side of (23) is the sum of the double series

(o)1 (
(@@ [ pitp(e) aue),
ky,kr €N 1:42
for u is a Borel probability measure supported in {|z| < R} and b is a polynomial function.
Due to pe = peljp g2)(N), the sum

(1+N*, Ky keN

LY o N)k2
2
Ski= Y, pe 2N
k=0

and the remainder term

1 (1 _I)KZ

o pe(0aN)KH 1N (1 L Nk gy
!

satisfy

. 2
Lo g2 (N)Skie = Sy With  [Sky [ 1) < €l 2R (14 RP)E,
i (o |R? )Rt

_ . |on |R? 2
and 1[07R2](N)RK27k—RK2,k with |RK21<|$1 ) S e T (1+R) (Ky+1)!

Repeating the same estimate on the left hand side with Sk, x and R, x instead of p, implies that the £ L)
norm of
0N Ky K (Oth)kl (azN)kz

Ry . Pe i

K1=0ky=0

(14+N)k

(1+N)k (Xlese

is bounded by

(|051 |R2)K1+1 (|OC2|R2)K2+1 (‘al |R2)K1+1(|a2|R2)K2+1
(Ky+1)! (Ky+1)! (Ki+ DK +1)! |7

e|a2\R2+|a1\R2(1 +R2)2k [

which vanishes as min(Kj,K>) — . We conclude with a §/3-argument after noticing that (14 N)~*pWick
(1+N)~* is bounded for k > k;, and that the convergence as € — 0 holds for b € Paig(Z) fixed and for

the finite sums ZkKll:() ):sz2:0 owing to the condition (PI). O

Proof of Proposition 2.16: Let C > 1 be a constant such that Tr [pe f2(N)] > & - and sup,c (o ye) S (5)(1+
§)~V < Cy. The inequalities Trp{N%] < C2Tr [peN*(1+N)?], & € N, ensure that the family (p; )ec(0,8)
admits Wigner measures without any way to identify them for the moment. So take a sequence (&;),en.,
such that lim,,_,.. €, = 0 and ///(pé;,n € N) = {uf} . We first prove that the sequence (pg; Jnen satisfies

the condition (PI), then check that u/ = TP (\fl\z)) in the cases when (pe)¢c(o,z) is localized in a ball and
then when f is compactly supported, and finally conclude with approximation arguments.

1) The condition (PI) for the sequence: The uniform control of Tr [pé; NO‘} < Cq, a € N, implies

J»

du’(z) < +eo and the Proposition 2.9 says that the convergence

tim Tr [pf, o] / b(z) du’ (2)

n—o0
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holds for any b € 2%

g (Z) with a compact kernel. In particular for b(z) = |pz|** with p € Pand k € N,

NS .
lim Tr [pé; ((lpzPye) } = lim T [pf, (1p2)"] = [ 1pe* du/ @), (24)

while we assumed

Vb Pug(Z), limTr pe, | = / b(z) du(z). (25)
n—oo ¥
Fix oo € N* and take 6 > 0. By Lebesgue’s convergence, there exists p € IP such that
/‘gg’ ||2]** = [pz[*| du'(z) < &

and [ [P peP| (14 [P ) <.

Reénember that (| pz|*)V* = N, @ I, ((1_p) ) = N, with N¢ < N* where both sides commute with f(N)
and we get:

0<Tr[p,(N*~N&)| < CfTr | F(N)(N*—N&)' e, (N —Ng) 2 £(N)]
< CAfMN)A+N) o
XTr [(14N)Y (N = N&) e, (N = NE)2(1 4 N) |
< CJTr[pe, (N* =N (1+N)>] .

But we know by (25) that the right-hand side converges as n — oo to
G [ (P~ lpzl) (1 + 2P duz) < 3o,
z
while (24) with (|pz|*)"i* = N, gives
lim Tr [ pf,N&| = / pz2 dp (2).
n—oo 3

Hence there exist ng € N such that

Vn>ng,

Te[pEN] = [ [peP* dy/2)

<(C}+1)8.
From [, ||2|*% — |pz|**| du/(z) < 8, we deduce

limsup | Tr {pé;Na} —/Qp|z|2a du(z)] < (Cj3c+2)5.

n—oo

Letting 6 — 0 ends the proof of this part.
2) Identification of 1/ when (Pe)ec(o,e) is localized in a ball: Assume that (pe)ec(o,¢) is localized in a
ball of radius R > 0. The Lemma 2.17 tells us

Vi b ER, Vb e (@alg(g)’ },}LHOIOTr [eitszgneithbWiCk} — /f[ ei(t1+t2)‘2|2b(z) [,,L(Z),

while the uniform boundedness of (1+N) % pWick(1 4 N)~* entail
‘Tr {eitszeneithbWick} ‘ <C,Tr [pg,,(l _~_N)2k,,} < Cy(1+RA)Ho.
Hence for f € .7~ '(L'(R)), we get

i TS (N)pe, fNBY ][ f(12P)bl2) dp(2)
n—s Tr[f(N)pg, f(N)] J F(12)? du(z)
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We have proved:

S F(12P)? b(2) din(z)
Jo f(12P)? duz)

The part 1) and 1} g2 (N)pé; Lio g2 (N) = pé; ensure that (pg: Jnen satisfies the sufficient conditions for
S
Sz f(2*)* du
3) Identification of u/ when f is compactly supported: Assume that f € €2(]0,-+)) is supported in

[0,Ro]. Consider for y € €°([0,4+)),0< x <1, x =10n [0,1/2] and for R > 0, the truncated states

1 N N
X(55)Pe,X(53), neN.
Tr pe, ()] R K

Vb€ Puy(Z), limTr [pgn bchk] _

solving the moment problem (Proposition 2.15) and u/ = in this case.

R
Pe, =

For R > 2R, we have

YneN, pf = }f(N)pSlf(N)-

1
Tr [p& f2(N)
By extracting a subsequence we can assume .# (pglk,k € N) = {[JR}, and Part 1) applied to (Pglk)kEN
ensures that the pair (pglk,pglk) fulfills all the assumptions of Part 2) if f € €°([0,4e0))N.Z 'L} (R).
f (2 Pp”
Jo lf (D) du® -

since f is a bounded function
/’Hf £(P)? A ’<c'
JIf(2?)Pdu| ~ R

Taking the limit as R — O gives the result when f € €°([0,4c0))N.% 'L (R). Removing the condition
f€.Z L1 (R) is obtained by a comparison argument between pg; and pgrf with f; € €°N.Z ~'L'(R) and
SUPycfo,4oo] | f(5) = fils)] < iy . for £ € N.

4) Final approximation argument and uniqueness of /: Consider now the complete problem with the

Thus the measure u/ equals From the comparison (22) we know [ |uR —u| = ¢(R™") and

—2
extracted sequence (pgn)neN We again use the cut-off x( > ) but now to compare p,3 with pg JAR™) | After

-2
extracting a subsequence, we can assume .# (psnk )7k € N) = { ul xR ~)} . The pair ( Pan fx(R .)’ Pe.)
fulfills the assumptions of Part 3) and

prrisy PO R P
T (P22 (R 21eP) du

But from the inequalities f(s)(1— x(R™%s))(1+s)"Y"! < CR™2 and Tr [p¢(1 + N)**2] < €, we deduce
the uniform estimate:

e C’
[ AR
VkeN, Pe,, — Péy Pl )<R2'
Again the comparison argument (22) gives
/ xz(szlzlz)ﬂ e
ff2 XP(R2[2) du |~ R*’
and we take the limit as R — co. We have proved u/ W for any sequence extracted from
p‘€ ec(0.z) With a single Wigner measure. This proves .Z (pg,€ € (0,€)) = % while the condi-
€(0) TF(eP?) du
tion (PI) was checked in Part 1). O

3 Dynamical mean field limit

Let Q be a real-valued polynomial in &,,(Z) given by

Q:ZQj, with Q;€ &, ().
Jj=2
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We consider the many-body quantum Hamiltonian for a system of bosons
He = dI(A) 4 QWick, (26)

with A a given self-adjoint operator on 2. Here Qi is the operator Yio Q;V"Ck with Q}yiek given by
(7). Clearly, He acts as a self-adjoint operator on the symmetric Fock space .7#. When 2 = L*(R%), the
Schrédinger Hamiltonian A = —A+ V(x) and the semi-relativistic Hamiltonian A = v —A+m? +V (x) are
among the typical examples (e.g. [21]).

3.1 Existence of Wigner measure for all times.

The first step to prove Theorem 1.1 is to show the existence of Wigner measures for all times. This is
accomplished in the Proposition 3.3 by following the same lines as in the proof of Theorem 2.7. For this
task two useful lemmas are stated below with the first one being proved in [7, Proposition 2.10].

Lemma 3.1 Forany b € Py4(2°) we have:
(i) Vi is a closable operator with the domain of its closure containing

Ay = veet{W (@)Y, ¥ € Hin, 0 € 2}
(ii) For any ¢ € Z the identity

i€

WE) BW(E) = (bt

£))Wick
holds on 7 with b(- + %é) € Pug(Z).
Lemma 3.2 For any k € N there exists a €-independent constant Cy > 0 such that
W(E) (N W (§) < Ce(®)“(§)(N)¥, 27
forany & € % and uniformly in € € (0,€).
Proof. Since N is a self-adjoint operator, the functional calculus provides the inequality
(N < (14N,

Therefore, it is enough to prove (27) with (N) in the Lh.s replaced by (1+ N). The Wick calculus in
Proposition 2.4 tell us that (1 +N)¥ is a Wick operator with symbol b (z) in @Ijzo P i(Z),ie.
k s~ o . .
biz) =Y (0 b2%)  with b € 2, (%),
=0

Now, applying Lemma 3.1 yields

W(E)* (1 +N)kW(.§) =W(&)* b,‘;ViCkW(é) = (by(z+ %é))Wick.

A Taylor expansion of the symbol gives us

. k -\
bi(z+ %5) =) le)

=0 J!V2I

DYb(2)[E],

k—j
m,n=0

with DU) is the jth derivatives and DU)by (2)[€] € @
can derive the following bound

Pun(Z). So, by the number estimate (2.3) we

)42 (D)™ 942 < cutey
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with Cy only depending on k € N. Hence, we obtain

yhey o) (owk(z)[&])

)OJ

Wick <N>,k/2 ng<5>k<§>k’

with Cy only depending on k € N. Thus, we conclude that W (&)* (1 +N)*W (&) as a positive quadratic
form is bounded by Cy(£)* (&)F(N)*. 0

Proposition 3.3 Let (p¢) ec(0,8) be a family of normal states on F satisfying the uniform estimate Tr[peN"]
< C; for some r>0.

Then for any sequence (&,)nen in (0,&) such that lim,_... &, = 0 there exists a subsequence (&, )xen and a
Samily of Borel probability measures (W, );cr satisfying

M (e 5 o pe, elntten € N) =},

for anyt € R. Moreover, we have

/2, e du(z) < C

Proof. We set

pe(t) = e eHepoeiete  and  pe(t) = e ieHe p oicHe =iz dl(4)

(i) Consider for € > 0 the function
Ge(t.€) = Tr [ pe(t) W (V278 .
Write for any (s, &), (£,7) € R x &
Gelt,) = Ge(5.£)| < |Tr [ (Be(r) = pe(s)) W (V2m) || + [T [pe(s) (W (v2rm) — W (v27¢) ) ||

By differentiation, we get

10 [[pet) - petsiw (Vanm)] | < 1| [ e [pe(e) 10w (vamn)]] ar (28)
with O, (z) = Q(e~"'"Az), while the second term is estimated by
T [pe(s) (W(v2m) - W(v27E) ) || < (1+C) |W(v2m0) —W(v/278)|(N+ 1) v @
Now, we claim that there exists a constant ¢ > 0 such that the r.h.s of (28) is bounded by
r B 2r | )
I NO,ID Y& inl™ (30)
=2 i=1
This can be proved by first writing
T [pe(r) @), W (V2rm)) | = (D)

Tr [(NY et ) (N ((N) " W(V27m) (N ) (N) "W (v/2m)* QW (v27m) — O] (N) |

and second estimating the r.h.s of (31) using Lemma 3.2 and Lemma 3.1 (ii) so that

(N)"[Qr (-4 —m) ' — Q| (N) ™"

<cl|t—s| sup
t'e[s,1]

/St"['r {pg(t')[Q:’yick’W(\/inn”} dr'

ie
V2

L() '
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Thus, the bound (30) follows from the number estimate in Proposition 2.3.
We recall the inequality proved in [7, Lemma 3.1],

W (V2rm) — W (V27E)|(N+ 1)~ 2| < € [n—&| [min(eln], |&]) +max(1,2)].
This leads to the following bound on the r.h.s of (29)

¢ @) n—¢| (1+\/In|2+|€'|2>-

Thus, we conclude that V(s,€),(r,n) € R x &,

IGe(nn)—Ge(s,é)l§5<|t—s(ln|+1)2’+In—él |n|2+|5|2), (32)

uniformly w.r.t. € € (0,€). Recall also that we have the uniform estimate |G¢ (s, &)| < 1.
Now, we apply an Ascoli type argument:

e Since R x & is separable, it admits a countable dense set .#" = {(#7,&), ¢ € N}. For any £ € N the
set {Ge(tr,80) }ee(0,6) remains in {o € C,|o| < 1}. Hence for any sequence (&,)nen such that &, — 0
there exists by a diagonal extraction process a subsequence, still denoted by (&, ),cn, such that for all
eN, Gg,(17,&) converges in {o € C,|o| < 1} as n — co. Set

G(tr, 6¢) := lim Ge, (11, 6r)
for all £ € N.
e The uniform estimate (32) implies that the limit G is uniformly continuous on any set
N 0{(t,z) ERx Z: |t|+|z]| <R}.

Hence it admits a continuous extension still denoted G in (R x 2, | |p, »). An “epsilon/3”-argument
shows that for any (7,&) € R x 2, lim,,_... Gg, (¢, &) exists and equals G(z,&).

Finally for any t € R, G(z,.) is a norm continuous normalized function of positive type since

G(t,0) = lim Tr[pe(r)] = 1

N N
Y A G(.&— &) = lim Y A2, T [pe,(OW(V2n(& — &) 7758 = 0,
ij=1 ij=1

The positivity in the last statement follows by Weyl commutation relations (6). Therefore, according to the
Bochner theorem (e.g. [12, Corollary 1.4.2]) for any ¢ € R, G(t,.) is a characteristic function of a weak
distribution or equivalently a cylindrical measure fi; on 2 (see [51] and also [7, Section 6] for specific
information).

(ii) The fact that [i, are Borel probability measures satisfying

B (|2)*) < Cr < o0, (33)

follows directly by [46, Theorem 2.5 Chap.VI] or by part (iv) in the proof of [7, Theorem 6.2].
(iii) Using (13) we see that for any b € .7,;(Z’) based on a finite dimensional subspace p.Z with p € P

lim Tr |:ﬁgn (t)bweyl} = lim Ge, (t,8) F[b)(§)Ly(dE)

n—oo n—oo pff

|, 6.8 FBIEL,E) = | b)dfu().
pZ JZ
Therefore, according to Definition 2.8 of Wigner measures we conclude that

VieR, M (Pg,(t),neN)={i}.

(iv) Finally the family of measures 1, which satisfy the claimed statement in the proposition are the push-
forward measures

= (")l

Furthermore, an analogue of (33) can be easily checked for the measures ;. ]
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3.2 Polynomial approximations of the classical flow.

With the classical hamiltonian

]’l() <Z AZ>+Q ZAZ i ®J QZ®J, ZE‘@(A)a
j=2

the related nonlinear field equation is

{ 07 = Az + 0-0s(z)

=0 =20 -

Actually this Cauchy problem is better studied when reformulated as an integral equation
= e_”Azfi/ e it=s)A 0:0(zy)ds, for z€ %, (34)
0

which admits a classical €0-flow F, : R x 2 — % 1) since the ; are bounded a fixed point argument
gives the local in time existence and uniqueness; 2) then the conservation |z;| = |zo| ensures the global in
time result. As a classical °-flow, F is a ©°-map satisfying F,(z) = F, oFy(z) and F;(z) solves (34) for
any z€ Z .

Moreover, if z; solves (34), and Q;(z) = Q(e "z), then w, = €™z, solves the differential equation

d

ar Wy = —iath(Wt) .

Therefore for any b € &, ,(Z'), the following identity holds

D) = 9bw) [ i3:0: (w,)] + Aub(owy)[—i0:Q; ()]

dt
= i{Q:,b}(wr).

Hence, we obtain the Duhamel formula

b(z) =bi(z) +i /0 t {04, b} (eMz,)) diy . (35)

A simple iteration of (35) yields
! ! 1 .
b(zt):b,(z)—i—i/o (01,5} () dt1+i2/0 dtI/O di {0, {01 b} (€™2,).
Therefore, by induction and after setting F,(z) = z;, we obtain for any K > 1:
K—1 . t t—1
boFi(z) = bz)+ Y. i /od“'”/o dt {0y, {-. {01, bi}.. }}(2)
k=1
K t K1 it A
i /Odt1-~/0 dig {0 {o - {Qn i} }H ez, ).

With the polynomial Q we associate the norm

ol = ; mz{)’( |Q1|52” _j r{r;ax |Q]|$ V Z N 2) (36)
and we note that ||Q,|| = ||Q|| for all + € R. Notice that the flow F, preserves the norm

Vze &, |Ft(Z)‘ = ‘Z|7

and is gauge invariant _ 4
Vze Z,¥0 €R, F, (%) =eF,(z).
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But for a given polynomial b(z), the map z — b(z;) does not remain a polynomial. Starting from a polyno-
mial b(z) € Z), 4(Z), we study polynomial approximations of b(z;).
Consider the expression

K—1 t te_1
Bz = b)+ Y & /dt1~--/ di 10y {... {Q.b} .. 1} () Zbktz (37)
k=1 0 0
R¥(r,z) = i’(/tdr~/%1dt {Qur{- - {Quy b} (e (38)
) 0 1 o K ks L tHottyf .- k)

The two approximation results that we will use are given in the two next propositions.
Proposition 3.4 For b € 2, ,(%), the polynomial b¥ (t,z) = Y&_, bi(t,z) defined in (37) belongs to
@f:(rfl) Pitp.ji+q(Z) with the estimates
Ibalt,2)| <2711 (p+ q) (4r) 0] [B] Pyt (gD (39)
Moreover, we have for R (t,7) the estimates
R (1,2)] < 27D T (pt-q) @)K QK [bl 7, o< (22K Pt (40)
Proof. Withb € &, ,(2) and Qr =¥}, Qj;, the polynomial

t te_1
t):(l)k/O dtl..-/ok dny, {th,{...,{Qtl,b;}...}}(Z)
is the sum of (r — 1)* < /¥ monomials

()= Y  bial)

ac{2,..r
T—1
with  bya(t) = /dtl /O dt{ Qo1 Lo Qo bi} 3} € Plogiplaltra(Z)-

A consequence of Proposition 2.4 says for c € Z,y 4(Z),
1{Qu11,¢} @) < (0 +4)) 10 |7y 0, 1], (27 THHATY,
We deduce

t k-1
aleal < [lan- [ drkrk<p+q>---<p+q+zk<r—1)) 101 ]2, (&) 2112

[a+k+2)
I'k+1I'(a+1) a+k+1

IN

(p+a)r*@(r— 1) el

11 |b] ,,, (z)P 201

ptq
2(r—

with a = ) and I" denotes the Gamma function. Now, we notice the relation with the Beta function

TCk+1)C(a+1) 1 1
B(k+1 N=— = at> ——
(k+La+1) [(a+k+2) /0 c1-ntdt= 20tk (g+k+1)7

which yields (39).
The remainder

K(1,2) = i{0,,bK) :iK/Oldtl.../o"“‘de (O Lo 0 B} o 1} (%A )

is analyzed like the term by(r) . O

Proposition 3.5 Let y be a positive Borel measure on % supported in the ball {|z| <R}, R > 0, then for
any polynomial b € 2, (%),

[ R du@) < R 25 (0 bl [4r100 (R In]

Proof. It easily follows from (40). O

Jr‘1
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3.3 Transport for a state localized in a ball

The previous approximation result allows to prove partly Theorem 1.1 for states localized in a ball, intro-
duced according to Definition 2.13 and studied in Subsection 2.8.

Proposition 3.6 Let (pg,)nen be a sequence of normal states on F localized in a ball with radius R > 0
and such that

Vie[-T.T), (e & np et neN)={y},
and Ve €N, limTrpg, N = /j 122 dpto ).

Then for all t € |[—T,T), the probability measure L is the push-forward by the flow ¥; of the measure L,
i.e, W = (F;).lo. Moreover the identity

fim Tr [¢ /4015 p, o & e pvaniced] / b(z) du(z / b(F,(2)) duto(2),
n—o0
holds for Weyl quantized cylindrical functions b € U ,cp F Y, (pZ)) and general Wick quantized poly-
nomials b € Pye(Z).

Proof. We set

L dr(A) ,— g—an,lpgeiéHgnefiédF(A).

Pe, (1) := €'
It is worth noticing that for all # € R, the sequence (P, (f))nen is localized in the ball with radius R.
For a fixed b € &, ,(Z), differentiating with respect to ¢ the quantity Tr[pe (t) 5" ], we obtain

T, (1)) = T, (0)8"] + — [T e (5) (01,64 s @41

n

and replacing b by b, we end up with
ic ic [ = ic
Trlpg, (06”4 = Trlpe, (0)5"“]+1 [ Tr [pe, () (@ b1}""] ds “2)
" / b Wick
+zz / Tr {pgn 9 (10,639) ] ds.

Consider now the case when b € &7 (Z°) with a compact kernel, be L\ Z;\V1%). Then we
know that the left-hand side converges to [ b(z) dp,(z). The number estimate of Proposition 2.3 with
Tr[N%pg,] < R** implies that the last term of the right-hand side converges to 0 as n — co. Finally the first
term of the right-hand side converges to [, b(z) dio(z), even when b is not compact.

We conclude that the limit of the second term of the r.h.s exists with

[ b an = [ @) duo)+ Jim i [T [, (5) {20014 s

and this initiates our induction process.
Given K € N, take the approximation bX (1) = YX_ b, (1) to b(F,(z)) given in (37), and assume

[p0ane = [ 502 duot) 43)
tim [ [ dneTe [ (1) (@ {0 bk D] @)

A simple differentiation with respect to rx gives for @ € Py, (%),
~ Wick ~ wick] | . [ .
e [ (160" | =Tt 35, (00" | i [ ™" 1T [pe, (0) ({21, 0})

A S N Wick
+iy, T/O Tr [pe,l(tKJrl) ({Qz,qp@}m) } digi -
=

Wick }
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Hence, choosing ® = {Qy,,---{Qy,, b} - - - } yields
[r@aue = [ 500 du
7 7
+ lim {iK/ an - [t T [pe,(0) (@i {Q i} )™

n—oo

+ 12 & / dt - / drg 1 Tr [ﬁ&(ﬁ(ﬂ) ({QIKH’...{Ql”bt}_”})wl'ck} }

=: I—|— lim (II +10).

n—oo

For any K, when n — oo, the second term (II) converges to [, ©(z) dio(z) because the initial states pe, (0) =
Pe, satisfies limg_o Tr [pg,cVk] = [, c(z) dpo(z) according to Proposition 2.12. Moreover, the third term
(I1I) vanishes, when n — oo, thanks to the number estimate in Proposition 2.3 and the fact that Tr[pg, N¥] <
R?® | Therefore, we have

/ b(z) dpu(z) = / b (1,2) duo(2)
z z
+ lim l'KH/O dn "'/()KdlK+l Tr |:ﬁ€n(tK+]) ({th]a"'{Qtl,br}“'})WiCk] .

n—oo

By Proposition 3.5 and the fact that g is supported in {|z| < R}, we deduce

‘/zb(z) dpu(2) _/ﬂ;b(Fz(Z)) dug

hm/ dt - /l JdtK Tr |:ﬁgn(tK)({QIK,...{Q[l’bt}“.})WiCk:|

n—oo

_ptq_ _ K
< (RT3 (p+g)lbls,,, (45101 (R V) (45)

The number estimate of Proposition 2.3 with the inequality (39) of Proposition 3.4 implies

q+l(

<N> ({Qllo {wabt}"'})WiCk <N>7

p+K(r—1)
2

_ptq_
<2200 (p+g) )5 Q¥ 1Bl 5, -

L(A)
This provides for the last term in the r.h.s of (45) the upper bound

PE K (e p+q
(R) T KD 23058 (4 ) (48K QIIF (bl 5, [

r with § < 1, taking the limit as K — oo now gives

For small times, |t| < T = W

Vb e 5 ( /b dpy(z) /th ) dpo(z) -

But according to Proposition 3.6, the measure u; is a Borel probability measure supported in the ball
{|z| < R} which is weakly compact. Meanwhile cylindrical polynomials which are contained in &5 (%),

alg
because they are associated with finite rank kernels, make a dense set in the €°(B(0,R),yeax, C) and there-
fore in L' (2, du) . Thus, we have proved

Vi€ [-T5Ts], 1= (Fr)llo.
Finally, since |F;(z)| = |z| and [Hg,N] = 0, the pair ((pg, (7))nen, ) satisfies the same assumptions as

((Pg, Jnen, Mo). Since the time T5 depends only on Q and R the result extends to all r € R. O

3.4 Proof of the main result

Gathering all the information of Section 2 and 3, we are now in position to prove Theorem 1.1.
Proof of Theorem 1.1:
Let (e )ee(0.¢) be a family of normal states satisfying hypothesis of Theorem 1.1 and let x € £°([0,),R)
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be a continuous cutoff function such that 0 < y <1, y(x) =1ifx < 1/2and y(x) =0if x > 1. For R > 0,
consider the family of normal states

oF = X (N/R*)pex (N/R?)
¢ Tr[x(N/R?)pex (N/R?)]’

localized in the ball of radius R. By Proposition 2.16, we know that

(/R -
Ty 12/ R)dho “0} =k}

(i) VaeN, limTrpfNe| = / P du ().
E— 2

(i) A(pRec(0.8) ={

Next, we use the notations

—iLHe —itHe R ,itHe

pe(t) = e e pe sl and  pR(r) = 7t pR o1

For any sequence (&,),cn there exists by Proposition 3.3 a subsequence (&,, )ren and a family of Borel
probability measures (uR),cr such that

(i) A (pg, (1).k € N) = {u}
(i) VaeN, lmTof N = [ P auf ().
Applying now Proposition 3.6 with (i)’ — (ii)’, we obtain that
M (Pg, (1), k € N) = {(Fp).u5}, (46)

for any time ¢ € R. Since for any sequence (€,),cn We can extract a subsequence (&, )ken such that (46)
holds we conclude that

A (PE(1),€ € (0,8)) = {(F1). 115} (47

for any R >0 and ¢ € R. Again applying Proposition 3.3 for (pe)ec(0,¢)> there exists for any sequence
(&1)nen a subsequence (&, )ken and a family of Borel probability measures (i );cr such that

M (pe,, (1), k € N) = {1}

The identification of the measures ({4, );cr follows by a § /3 argument. For any b € .%,,;(Z) based in pZ,
p € P, we write

Tilpe, (06"~ [ bl)d(F)-po| < [Trlpe, (08"") ~Trlpf, ()" 48)
+ Tk, (0p"") [ b(z)duf (49)

K z
] [, e naut - [ o @m0

Each term (48)-(50) can be made arbitrarily small by choosing R and k large enough and respectively
using the bound (21), the relation (47) and the dominated convergence theorem. So, we conclude that
W = (F;)« Mo and hence we have proved

A (Pe, € € (0,€)) = {(Fr) Mo}
Finally, the use of Proposition 2.12 with p(¢) yields
: Wick | _
i Tr [pe(6"] = [ boFi(2) dpo(o),
since limg_, o Tr[pe ())N%] = limg_, o Tr[peN¥] = [ |2*%d o = [ [z]**d iy, for all & € N. The reformula-

tion of this result in terms of BBGKY hierarchy of reduced matrices is a consequence of Proposition 2.11.
O
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3.5 Additional results

Although it was not written in Theorem 1.1, remember that the existence of Wigner measures contains a
result for Weyl observables.

Corollary 3.7 Let (p¢) ec(0,¢) be a family of normal states on A satisfying the hypothesis of Theorem 1.1.
The limit

lim Trfe 15 p, ofeHe plol] = / boF,(2) duo
£—

holds for any b in the cylindrical Schwartz space ey (%), any t € R and any b € S;)’ff, velo,1], peP.

The next result, shows that the class of observables can be extended to functions of Wick-quantized sym-
bols.

Corollary 3.8 Let (pg) ec(0,¢) be a family of normal states on S satisfying the hypothesis of Theorem 1.1.
Then

i) The limit
lim Trle /£ pe eifHe f(p"ich) / F(boFi(2)) duo 1)
E—
holds for any f € F~'(,(R)) and any b € P, ,(Z) such that b* = b.

ii) If additionally (pg)ge((),;:) is a family of localized states on a ball of radius R > 0, then the limit (51)
holds for any entire function f(x) = Y5_oax* over C and any b € 2, ,( %) such that b* = b.

Proof. i) Let y € ©°([0,%),R) be a continuous cutoff function suchthat 0 < y <1, y(x) =1ifx < 1/2
and y(x) = 0if x > 1. Consider the family (pe (1) = e e peeleH%), ec(0,8) With

ok = XN/R)pey (N/R?)
¢ Tr[x(N/R?)pex(N/R?)]’

Leth € 2, ,(Z) such that b* = b, then b"’* extends to a self-adjoint operator on ./ satisfying [N, p"ic] =
0. We claim that

R>0.

VO R, Tr[pR(1)e®""] = Z k'QkTr[pe( £)(BViF)H] (52)

Thanks to the estimate
TrlpR () BV ]| = TN () (N)2 (N) /201 (NP2
k| 1k
(RIS, (53)

IN

the 1.h.s of (52) is an absolutely convergent series uniformly in € € (0,&). Moreover, on can easily show
the strong limit

ic i Wick
s— lim Z 9" BV Y o) (N) = €977 114 o) (N).

N—eo &

Therefore, we see that
oo o ik
l i 1 ic g pWick
Z /Xl O TP (OB ) = Y 10 Trlpg (1) (5™ ) 10 o) (N)] = Trlpg (1) .
k=0""
This proves (52) and again by the uniform estimate (53) with respect to € € (0, ), we obtain

hmTr[pg )P Z k'ek/o (2)) dyo = /z —i0b(F:(2) gy
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Now, a similar § /3 argument as in the proof of Theorem 1.1

P pgnk pSnk

L)

‘g pWick
+ Tr[pgk (t)eteb ] 7/ i0b(F(z
z

+’ / (OPF) gy R /’e"eh(F’(Z))dyo ’
z z

using the bound (21), the relation (47) and the dominated convergence theorem, yields the limit

Trlpe, (1))~ [ 00000 dﬂo‘

lim Tr[pg, (1) "] = / ZLICI
£—0 k @

By integrating with respect to % (f) € .#},(R), we end the proof.
ii) The proof is similar to (i). Indeed, one shows

Telpe (1) £(6")] = Y axTelpe 1) (6¥e4)1), (54)
k=0

with a L.h.s absolutely convergent series uniformly in € € (0, &). Letting € — 0 in (54) yields the result. [

4 Examples

We review a series of examples. Firstly, the propagation of coherent states and Hermite states is recalled.
Secondly, bounded interactions occur naturally within the modelling of rapidly rotating Bose-Einstein con-
densates, owing to some hypercontractivity property. Thirdly, the tensor decomposition of the Fock space
allows to specify some Wigner measures for which the propagation cannot be translated in terms of the
reduced density matrices without writing all the BBGKY hierarchy. Finally, the result of Theorem 1.1
provides a new way to consider the Hartree-von Neumann limit in the mean field regime.

4.1 Coherent and Hermite states

The coherent states on the Fock space, I'y(Z) are given by E(&) = ( 25)Q Q where Q is the
vacuum vector of I's(%), € € & and [a(f),a*(g)] = €(f,g) 1. The Hepp method ([36][30][31]) consists
in studying the propagation of squeezed coherent states a slightly larger class which includes covariance
deformations. The normal state made with E(&) is

pe(8) = (e w(LZg)a).

We proved in [7] that . (pe(§), € € (0,€)) = {8 } and a simple computation shows that the property (PI)
is satisfied:
lim TelpeNY] = % = & ().

A second example is given by Hermite states, also well studied within the propagation of chaos technique
or other works (e.g., [44][13][23]). They are given by

(@) = [“N)(@™"], (55)
with (p € Z, |¢|# = 1 and discrete values for € = &. We know from [7] that .# (py(¢),N € N) =
{ 7. 0,0 P dO} where the rotation invariance is the phase-space translation of the gauge invariance of

the Hermlte states @ — ¢/ ¢ . One easily checks the property (PI):

2/ 12180,z

It is convenient to introduce a notation for this Wigner measure.

Jlim Tr[py ()N
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Definition 4.1 For ¢ € &, the symbol 5;;] denotes the Borel probability measure

w “or / S0 d

Theorem 1.1 applies and the Wigner measures associated with
—iLlH, iLHe —iLlH, iLHe
(e el Pe(é)elsH )se(o,é) and (e el PN((P)elsH )8:1/N.N6N*

. 1 . .
are respectively Og, and 5& , where & or ¢, evolves according to the classical flow.
For example when

)+ 5 [, VE—)a (0 Dlatx)aty) dudy

with 2 = L?(R?) the classical flow is the Hartree equation

iy =—Ay+(V*|y)y

We conclude by noticing that for such states (pn (@) and pe(€)) the asymptotic one particle reduced density
(1)

matrix y,"’ (¢) solves the equation

iatj/él) = {—A—F(V*n 1), y(g )]

(56)
16 =0) = 1£)(E] forpe(&), (resp. %"t =0)=Ig)o| forpu(e)),

with n.() (x) = y(()l)(x,x) .

0

4.2 LLL-mean field dynamics for rapidly rotating Bose-Einstein condensates

The case of bounded interaction terms occurs exactly in the modelling of rapidly rotating Bose-Einstein
condensates in the Lowest-Landau-Level (LLL) regime. The (LLL) one particle states can be described
(see [2]) within the Bargmann space

= {f € Lz(ccgl,e*$ L(d&)), 9 f= 0}

where L(d{;) is the Lebesgue measure on C, 2 > 0 is a parameter which is small in the rapid rotation
regime and where the norm on & is given by

)

= [lreope ¥ B - L) - e ¥

The multiparticle bosonic problem has been considered in [41] and the (LLL)-model has been justified
for the stationary states of such a system not only in the mean field asymptotics. The k-particle states are
elements of

k
\/ff:{FeLZ(ck, S L(dQ))), 9F =0, F(Csy--Cow) =F, Voe& }

L(d
Flay = [ IO Tt
112

With or without the symmetry condition, ®* 2 and \/* Z are closed subspaces of Lz((CIE, — L(dD))
and they are the image of the orthogonal projection (add the symmetry for VE2)

with the norm

eI = [ 60 T
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Within the modelling of rapidly rotating Bose-Einstein condensates, the one particle kinetic energy term is
A = h{ g, and it is associated with

0 < Exin(f) = (f,h&19;, f) »
The standard one particle nonlinear energy is given by
4 _lg?
o [ Ldg), w(G) = F(Ge .

where @ > 0 is another parameter provided by the physics (see[2]), but more general energies can be
considered

Eni(f) = i ocp/ ul® L(dC1), u(&r) :f(Cl)e*%, o, > 0. (57
p=2 C

The mean field Hamiltonian is thus given by

. _plgl
W(F) = Bin 1)+ Ene() = (f 1195 )+ ¥ e [ 7(G0Pre ™% L)
p=2
An important property of these nonlinear energies comes from the hypercontractivity of the semigroup
(eithéaé );>0 proved in [16] which can be written as

. L2 k
[Ulp2p S CppalUlpz if U(Q)=F({)e” %, FE®RZ, pe2,+o]. (58)

This implies that the nonlinear energy is a norm continuous polynomial with respect to f € 2 and therefore
the nonlinear mean field equation

i0,f =h10g, f+ Y paIT (|u*P~Vu)II) f (59)
p=2

defines a nonlinear flow on the phase-space 2 according to Subection 3.2 (we refer the reader to [45] for a
more detailed analysis of the nonlinear dynamics of the LLL-model) .

Let us consider the second quantized version H, of the energy /4 in I';(%). The kinetic energy is nothing
but dI'(A):

k
dL(A)|\e = € ) hC;0g, = €hl.0; .
j=1

and the quantum Hamiltonian H; is then
A)+ Z o, Q) (60)

)4
with /|u (SO L(d&) /If

L(dgr) = (f°F,0,f°F). (61)

The operator Qp is easily identified after removing the center of mass in multiple integrals (see [41] for
details) as

QPF(C) = HZ (

p—l , 1
H6<c,~>] F> (€)= (”h)pF(CH_ o ot +‘?P>

=1 p p

with C t=(i— Sh +C” . One easily checks as well, by using additionally the hypercontractivity estimate

(58) with p = oo, that 0, L\ Z).
The propagation result of Theorem 1.1 applies for such a model for all initial states which fulfill its
assumptions (boundedness of all moments and condition (PI)).
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4.3 Fock tensorization

We have already used, and it is the basis of the introduction of cylindrical observables, the fact that

i
[(Z)~T(2)RT(%) when & = 2 @ 25 . The definition of Wigner measures introduced via cylin-
drical observables, yields the next result.

1
Lemma 4.2 Assume % = 4@ %5 and let (pé)ee(o_’g), (pez)se((m) be two families of normal states on
I'(27) and T5(25) such that Tr [pgN?] < Cs holds uniformly for some § >0 and # (pf, € € (0,8)) =
{u’} for € =1,2. Let pg be the state on T's(%) identified with p} @ p? in the decomposition T's(Z) ~

[y(21) @ s(22). Then the family (pe)ec (0,e) admits the unique Wigner measure |1 = u! x u? on the phase
space ¥ = £ X 2.

Before giving applications and variations on this result it is worth to notice that the identification of
the “tensor” state pe requires some care. It is not equal in general to p! ® pg since such a states does not
preserve the symmetric Fock space I';(Z) .

Here is a simple example, take ¢; € 27 and ¢ € 25 with |@|#, = 1,N;,N, €N, and set p’ = \(png‘)((prq
for £ =1,2. The tensor states p' ® p? is the pure state |} ® 05™?) (o™ © 32| in Ty (27) ©T(25) .
It suffices to identify the vector ¢V M2) € Iy (%) associated with ¢, Mg @y N2
in \/N 12 % made with N- 1-times @ and N,-times ¢, and we can summarize the situation with

. It is the symmetric vector

N 1 N, times
S = ——— g ...at Q) inTy(2), (=1,2,
7 \/W (q)f) (‘PZH f> S( Z)
Ny (N1 +Mo)! &Ny - @N:
(p\/( 1N2) mleJer((pl T
1 N; times N, times

(¢2) [Q) inTs(Z).

ey ¢ ) (o (92).a

The tensor decomposition is especially useful when 2 is endowed with a Hilbert basis (e;) jen+ . An Hilbert
basis of I'(Z) is (") yei=  v+)s given by:
=

Ve |et]! @ 1 * (N0
A— S (e = a (e Q
with a natural multi-index notation & = (@i, ..., %), || = 0 + -+ 04, e“% =M @--- @ e* and

[a*(e)]* =a*(e1)™ ...a"(ex)%.

For example, the identification between I's(Ce; ) @ [s((Ce)*) and I'y(2) is done via the mapping defined
by ef M @eVY — V@) forall oy € Nand all & € U ((N\ {0,1})¥. This can be iterated but re-
member that the definition of infinite tensor products requires the additional specification of one vector per
component which is hopefully rather canonical for Fock spaces endowed with a vacuum vector (see [34]).
Below is a notation convenient to the definition of tensor states and which allows some extensions. Consider
the linear isometry C; on . = I'(Z’) defined by its action on the Hilbert basis (¢'%) aeUs o (N

1

1 ,
iy @) = e () = T, (62)
J

Ve(o+1)

with [1;| =1 and (1;); = 1. In the tensor decomposition I';(Z") ~ I'((Ce;) @ [s((Ce;)"), this isometry C;

Vo _
Cie'™ =

is nothing but the tensor product [\/]ﬁja*(e ])} ®I.

Definition 4.3 Let 2 be endowed with a Hilbert basis (e;)jen+, for j € N*, and take the isometries
(Cj) jen+ defined in S by (62). For j € N, the operator E; is defined on £1(H) by

Eip=C;pC;, Vpe L (H).
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For A = (A;) jen+ € €1([0,+o0)) such that Y71 Aj = 1, the notation A.E means

ME=Y AE;.
j=1

The operators E; and A.E transform normal states on V=1 % into normal states on \/* % and they all
commute. After taking @; = e; and @, = e, the tensor state on I';( ) identified with p! ® p? and studied
above with 27 = Ce; and 2 = (Ce;)" is nothing but

) N N N, =N
ENMIQ)(Qf = B EYQ)Q| = E)°E} Q)(Q.
Moreover the multinomial formula holds

N!
ALEW = —\OE%, 63
(A.E) ‘OENO” (63)

We use these notion to formulate the propagation of nontrivial Wigner measures. The Hamiltonian is

r

Wick
He =dI'(A) + <Z<z®«f,sz®f>> , &=

1
=2 N

with (4, 2(A)) self-adjoint and Q; = 0 € Z(\// Z) . Itis associated with the mean field Hamiltonian

h(z,2) = (z,Az) + Z 0i(2)

and the flow (F;),cg in the phase space & .

Proposition 4.4 Let 2 be endowed with an orthonormal basis (e;) jen+ and let the family (E;) jen+ be as
in Definition 4.3. Once pe(0) is fixed pe(t) is defined by pe(t) = e 'eHe pe (0)ef e

1) For k € N* and (vy,...,v;) € [0,1]F fixed such that ):];:1 V¢ = 1, assume that N; equals the integer part
[VeN] for £ € {1,...,k}. Then the family of states (pe(t))e—1 /v given by pe(0) = EWL-NO|QV(Q| admits a
unique Wigner measure

1 1
M= (Fl)*.u'o = (Ft)*((s\s}ﬁel Koo X 6\5}@@,() .

The reduced density matrices yép ) (t) converge in LV (\/P Z) to

W0 = [ ) duo(e) (64

by setting z; = Fyz.
2) Let A = (4}) jen+ € £1([0,40)) be such that Y71 Aj = 1. Then the family of states (pe(t))e=1/n given
by pe = (A.E)N|Q)(Q| satisfies the same properties as above with

Proof. Actually it suffices to identify the measure py and to check the assumptions of Theorem 1.1 at time
t=0.
1) It is a simple application of Lemma 4.2 with the decomposition

Fs(f) ~ I"S((Cel) Q.- ®FS(((Cek,1)) ®Fs(((Ce1 ©®-- '@(Cekfl)l).

In this decomposition E™1--M)|Q)(Q is nothing but a tensor product of Hermite states. |e§9Né> (e?Nq and
the result is a simple tensorization of the result for Hermite states with € = X,—‘/ .

2) The state pe(0) = (A.E)V|Q)(Q| belongs to £ (VN &) . It is therefore localized in the ball with radius
1. According to Proposition 2.15, its Wigner measures are completely determined if we know the limits of

Tr [ pe(0) bWick}
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for all the b € 7, ¢

the ball of radius 1. The estimates
Tr [pe(0) (b — )] | = [T [pe(0) 2 (N) (b~ )Y 2 (N)] | < Cplo— 1|5,

1,06 =@ ante)| = | (066) ¥ 2P ol

. 1 . .
(Z). Due to Pythagorean summation, the measure fy = X7_, 55//17 is supported in
jej

and =Cpqlb— b/|gap7q ,

with the first one deduced from the number estimate (10) in Proposition 2.3, hold for all b,b’ € Py (Z),
p-q € N as soon as y € ¢5°([0,+o0)) is chosen such that x =1 on [0,1]. Hence it suffices to prove
limg_o Tr [pe (0)6"K] = [, b(z) dpio(z) for a total set of Pae(Z) . With the compact kernel condition,

any b € £ (\/? 2 ,\)? Z) can be approximated by a linear combination of rank one operators of the form
1y! .
) (e"P| = |/ it S €)% | A1), 1Bl = p. |Y] = g With
(%9, €7 (P, 297)) ik = [a* (¢))" [a(e)]P

|
md  pe(0)= Y A% T[],
ooy O

we can compute directly

] . !
Tr [pe(0) (270, €)™, 7)) Wik = F Tia%(a(e)7e ™ ale)Pe’).
lo|=N 7"
Actually
sepera_ | e it a=op,
0 else,

with a similar identity for 7y yields

Tr [pe(o)(<z®q7 e®)/> <e®ﬁ , Z®p>)Wick} _ 6B,7€p% ( lz (]V;/'I))!Aa’> AB
*\|a/|=N-p :

= 8 E’N(N—1)...(N—p+1)AP.

With € = 1/N and (p, q) fixed, we obtain
Te[peO)((257, €T 27 "4] = 85,28 = [ 1) (e, 2°7) dpo(2).

O
‘We conclude with two remarks:

e The tensorized Hermite state EViNe-)| Q) (Q| with Ny = [A,N] and Y71 A;j = 1 can be studied and
behaves asymptotically like (A.E)V|Q)(Q].

e When those tensor states are not Hermite states, the reduced density matrices satisfy no closed equa-
tion and all the hierarchy has to be considered. In the example leading to (56) for Hermite states the

(

general equation for 701) (¢) writes

i (x9) = =8 e) + [ V= Wl ) =1 Wl Y (=)

and the equation for Y(gz) involves yé3> and so on. .. The propagation of Wigner measures gathers all

the asymptotic information in this case. Geometrically it is interesting to notice that if the initial
. . 1 1 . o . .
Wigner measure is 8% x 85 , with A; + A, = 1, it is supported by a 2-dimensional torus. After
1

llel \/Ze

the action of the continuous flow, the support of 1, remains topologically a 2-dimensional torus but in
general deformed in the infinite dimensional phase space with no exact finite dimensional reduction.
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4.4 Condition (PI) for Gibbs states

For o(g) € ' (%), which is a non negative strict contraction:

™

o(e) = ¥ ai(e)lee))ei(e) . 0<ai(e) <1, ioi<e><+oo,

i=1

where (e;(€));en+ is a Hilbert basis of 2, the operator I'(c(€)) belongs to £ () . Tt equals I'(c(€)) =
Yo o Iu(0(€))®".7, and the tensor decomposition gives
- 1
Tr[C(co(e)] =[] +———= €R+-

i=1 1— Gi(€>

Hence we can consider the quasi-free state

It is more convenient to write

Gile) = vi(€)

= TN~ ith i 07 ®),
Vi) + e with  v;(€) € [0, +)

and the condition Y. | 0j(€) < +oo is equivalent to };_; Vi(€) < +oo.

Lemma 4.5 Foro(e) =Y, %\@(8))(@(8” € LNZ), the quasi-free state pe = mr(o(e))
satisfies

Vke N, sup Tr {pENk} < oo
£€(0,8)

if and only if there exists C > 0 such that Y2, vi(€) < C. In such a case, the quantity Tr [pgNk], keN, is

equivalent to
kY vie)®
|oe|=k

as € — 0, with the usual multi-index convention, v(€)* =TI, vi(€)%.

Proof. Consider for x € [—c,c|, ¢ > 0, the quantity

When Tr [pN¥] is uniformly bounded w.r.t € € (0,&), for all k € N it is a " function around x = 0 with

N
€

N Ty [pg(l +ex) } |y =Tr[peN(N—g)...(N— (k— 1)g)] ~ Tr [pgNk} ase — 0.

But the first derivative is nothing but

oo

o Tr [pg(l +£x)g] |X:0 = Z vi(€),

i=1

which says that the uniform bound Yi7 ; vi(€) < C is a necessary condition.
Reciprocally when Y | v;(€) < C, then the function [T (1 — v;(€)x) ! is analytic with respect to x in a
disc of radius R¢ and equals

[0 - vie " =TT(E veyix) = ¥ [ )} v<8>°‘] 7

i=1 i=1 j=0 =0 ||al=k

which yields the result. ]
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A Gibbs state is a quasi-free state with o(g) = e €H(®)

here with a discrete spectrum:

where L(¢€) is a strictly positive operator assumed

oo

L(g) =Y li(e)le)eil, li(e) <lii(e), (65)
i=1

where the basis (¢;) jen+ is assumed independent of € € (0, ) for the sake of simplicity . There is a simple
traduction of the assumptions of Theorem 1.1, the non obvious one being the condition (PI) hidden in the
assumption (2).

Proposition 4.6 The Gibbs state pe = Wf(e’d(e)) with L(€) given in (65) satisfies the assump-
tions of Theorem 1.1 if and only if

o Forall i € N* the limit limg_,0 ¢;(€) = ¢;(0) exists in (0,+o0].

o IfJ € N*U{co} denotes the largest element in N* U {oo} such that £;(0) < oo for all i < J, the two
conditions are verified

L1

< oo, (66)

; ¢i(0)

) ge eli(e)
Proof. First of all, writing 6(¢) = ¢ ¢4€) allows to apply Lemma 4.5 with v;(g) = lgf:i’[(lz) . From
e~€ile) > 1 — g/;(¢) we deduce
e—€li(e)
vi(e) > 20
l

Hence the uniform boundedness of Tr [pgNk] for k € N, which is equivalent to Y7 ; v;(g) < C implies

inf /i(e)=x>0. 68
jenr.ee02) ! (&) =x %

We now use the assumption that the family (p¢ )ec(0,z) admits a unique Wigner measure o . As a quasi-free
state, pg is given by its characteristic function (see for example [15] and [7] for the e-dependent version)

o—€L(g)
7%<f7 iJr(st(S) )

Tr(peW(f)] =e - ‘

But the Wigner measure is characterized by its characteristic function

G(§) = /g,e‘z"”s“'g) dpio(2) = lim Tr [pew (V2rE)] .

By taking & = ¢;, i € N*, this implies that the limit

_en? 14e72li(E)
lime * 1-¢4(®
£—0

exists in R. With the constraint (68) there are two possibilities: either limg_ ¢;(€) = £;(0) € [k, 4o0) and
2

G(e;) = e 4O or limg_o/i(€) = +oo and G(e;) = 1. After recalling that the ¢;(&) are ordered and by
introducing the index J like in our statement, we get for £ =Y | Ee; € &

£
G(E)=e WL |

The measure iy has to be the gaussian measure

J [ 4;(0 (V= o
Uo = 'xl #e*f;(oﬂzz\z L(dzl) , = Zziei .
i= i=1
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Our assumptions imply that the integral [, |z|? dpio(z) equals

1 _ 2 _ .
Y= /2P diof) = lim Tr[peN).

After Lemma 4.5 we know that

1 D e . -
o) ili%l.zzlv’(g) = hm; I el(e)’

M-

i=1

which enforces the two conditions (66) and (67).
Conversely assume that all the conditions are satisfied. Reconsidering the final argument in the proof of
Lemma 4.5 says that the function

oo

[T (1—vi(e)o)™

i=J+1
converges to 1 in a given neighborhood of x = 0. Hence

) geelile) \“ .
i =1 | S =k! -
im T [peN'| = limkt emw | =KL U0

‘a|:k7 ‘a‘:ks
a;=0 for i>J ;=0 for i>J
which is easily checked to be equal to [, |z|* duo(z) . O

In the Bose-Einstein condensation of the free Bose gas in dimension 3, considered in [7], the first
eigenvalue is tuned so that £;(0) € (0,+oc) and all the other eigenvalues are such that ¢;(0) = 4+co. The
condition which fails and gives rise to a physical example of dimensional defect of compactness is (67) .

4.5 The Hartree-von Neumann limit

Let py be a non-negative trace class operator on L?(R9) satisfying Tr[po] = 1 and let
p®N:p®®p
Consider the time-dependent von Neumann equation for a system of N particles

{iatpN(t) = [Hy,pn(1)]

(69)
pnv(0) = pgv,

with py(t) is a trace class operator on L?(R?)®N ~ [2(RN). Here Hy is the Hamiltonian of the N particles
system

N 1
Hv=V 19 04021+ —-Y V(x —x:
N i;® RA® ®+N,§;<’ i)

with A is a self-adjoint operator and V € L™ (Rd) real-valued satisfying V (x) = V(—x). As will appear in
the proof, more general interactions could be considered in the spirit of Theorem 1.1, but we prefer to stick
to the usual presentation for an example.

The next result concerns the limit of the von Neumann dynamics (69) in the mean field regime N — oo
already studied in [10][9]. We shall see that although the particles are not assumed to be bosons, our
bosonic mean field result apply to this case due to the symmetry of the tensorized initial state png .

Proposition 4.7 Let (py(t)) denote the solution to (69), and consider the trace class operator Gli,k) () €
LV (L*(R*)) defined by relation

vB € Z(IAR)), Tr |0\ (1)B] =Tr v (1)(B@ 12 o)

Then the convergence
lim o) = p (1) (70)

N—oo
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holds in L' (L*(R%)) for all t € R and when p(t) solves the Hartree-von Neumann equation

iop(t) = [A+(Vxnyy),p(t)]
{ s . P (71)

with np(x,t) := p(x;x,1).

Proof. The proof will be done in three steps: Bosonisation, Liouvillian and mean field limit.
Bosonization: The phase space that we will consider is not the one particle space L>(R¢) but

Z = 2ALRY),
the space of Hilbert-Schmidt operators on L>(R?) . It is endowed with the inner product
(01,0) » = Trp2 [0] ]

where Tr;2[.] here denotes the trace on L?(R?) and o} is the adjoint of @; .
The cyclicity of the trace leads to

Trzyen | PN () (BO I gan-i)) | = (Pn (), (BO I ganv-1))Pu(0)) gon (72)
with Py () = e itHy \/IT()@Neit]H[N '

The important point is that at time =0, ¥y (0) = /po
preserves this symmetry so that

vieR, Wy e\ Nz, Wy(0)=p".

®N is a Hermite state in \/¥ % and that the evolution

With any bounded operator B : L?(R%) — L?(R%), the action by left (resp. right) multiplication is defined
by

Lp (resp. Rp) : \/kg@‘o — \/k.ff
o — A (Bo™), (resp. A (07B)),
where .% is the orthogonal projection from @ % onto \/* % . Since (0% ye # is a total family in Vol s
this defines a bounded operator Lg € . (\/k %) (resp. Rpe L (V¥ 2)) such that Lj = Lp~ (resp. R =Rp+).

When B(x1,...,Xk,Y1,---,yk) is the Schwartz kernel of B € .Z(L*(R%)), Lp (resp. Rp) is the left (resp.
right) multiplication by the operator with kernel

Hence the trace (72) equals

Tr(2)en [PN(f )(B ®1Lz<Rd<N—k>))} = (PN (), Liggrom—10)¥N () v o -
With an operator B € .2 (L*(R%)), we can now associate a symbol

ba(®) = (07, Lyo™), i, = Tr2ye0 [(w*)®k3w®k} € P Z).
Since Ly jo(v-u) is nothing but Lg \/ I -« , We get

(N—k)!
Nlek

1

Tr (2)en [pN(t)(B®1L2(Rd<N7k>))} = (N (0), by SN () o, €= e

Liouvillian: Let us now determine the appropriate Hamiltonian H of this problem which is actually a
Liouvillian. The map

R3¢t e M@t
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defines a continuous unitary group on 2 with a self-adjoint generator
Ca: ¥ — Z
0o — [Ao.
The interaction is a bounded self-adjoint operator Q1 \/ 22" — \/ 2% givenby 0 = 1 (Ly —Ry) € Z(\* %)
and we associate the symbol Q(@) = (%%, Qw®?) . For any ® € 2 the kernel of Qw®? € \/> Z is given
by
o 1 1
(Q0™7) (x1,y15%2,¥2) = EV(XI —x2)0(x1,y1)@0(x2,y2) — EV(M —y2)@(x1,y1)@0(x2,y2) .-
After introducing the Hamiltonian .
Hs — dF(SA) +QWle,
acting as a self-adjoint operator on I';(2), we get for ® € V¥ 27N 2(d[(£4)) ,
£ 'H.®=[Hy,0®] with &=1/N.
This implies
Wi (1) = e " (/o) N = e fele (/o) N € \/ Nz
Mean field limit: The initial data pe(0) = |/Po™" ) (\/po™"| is a Hermite state which fulfills the assump-
tions of Theorem 1.1 with
Sl
Uo = 6\/1)—0 :
The classical energy associated with the Hamiltonian H; is

1
h(o) =(0, La0) > + §<w®27 (Ly —Ry)0™?) »
and the mean field flow F; is nothing but the one given by
i0,0 = dgh(®) = [A, 0] + (V*nl) o — o (V*n2),

where V * n, are multiplication operators and nl)(x) = [pa |®(x,)[2dy, nl(y) = [pa|®(x,y)[*dx when
®(x,y) denotes the kernel of @ . Beside the invariance |F;(®)|» = |®| > and  F,(e ®w) = e °F,(w),
the flow F; also satisfies

F,(0") = F,(0)". (73)

Thus previous equation becomes equivalent to the Hartree-von Neumann equation (71) with p(¢) = @(z)?
when ®(0) = ,/po . The Theorem 1.1 says

: icl 1
Vb e Pk (Z), Alllixonrng, [\TN(t)><lPN(t)|bW k] — /gb(ak) 5%71 =b(\/p(t)).
In particular when B € £ (L*(R%)), this implies

Aim Tr {pN(t)<B®IL2(]Rd(N*k)))} = Trp2(gax {p(t)éng} :

This proves the weak convergence in (70), but since it is concerned with non negative trace class operator
and Tr {Gli,m (t)} =1="Tr [p(t)®*] the convergence holds in the .#'-norm. O

We end with three remarks:
e When p is a pure state, the result of Proposition 4.7 is the same as (56).

e When p is not a pure state the Subsection 4.3 has already shown that one has to be very care-
ful with tensor products. Actually p®V € £ (@Y 2) commutes with the symmetrization projec-
tion .%y (or the antisymmetrization .2zy for fermions) but the corresponding states in .Z!(\/N 2)
(resp. LV (NN Z)) are

InpN Iy (resp. dypN ).

But as shows the formula Tr[[s(p)] = [Taeo(p) ﬁ (resp. Tr[[a(p)] = [Trco(p) ﬁ)’ the trace
of Sp®N.Fy (resp. yp®N ofy) converges to 0 as N — oo. We leave for subsequent works, the
question whether normalizing these states would lead to the same asymptotics as in Proposition 4.7.
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e We recall that a tensorization based on the tensor decomposition of Fock spaces in Subsection 4.3 led
to the evolution of Wigner measures which cannot be translated in terms of Hartree-von Neumann
equations.

Acknowledgements: This work was finished while the second author had a CNRS-sabbatical semester in
Ecole Polytechnique.
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