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1 Introduction

The first existence results of quasi-periodic solutions of Hamiltonian PDEs have been proved by Kuksin
[28] and Wayne [38] for one dimensional, analytic, nonlinear perturbations of linear wave and Schrodinger
equations. The main difficulty, namely the presence of arbitrarily “small divisors” in the expansion series
of the solutions, is handled via KAM theory. These pioneering results were limited to Dirichlet boundary
conditions because the eigenvalues of the Laplacian had to be simple. In this case one can impose the so-
called “second order Melnikov” non-resonance conditions to solve the linear homological equations which
arise at each KAM step, see also Poschel [35]. Such equations are linear PDEs with constant coefficients
and can be solved using Fourier series. Already for periodic boundary conditions, where two consecutive
eigenvalues are possibly equal, the second order Melnikov non-resonance conditions are violated.

Later on, another more direct bifurcation approach has been proposed by Craig and Wayne [I7],
who introduced the Lyapunov-Schmidt decomposition method for PDEs and solved the small divisors
problem, for periodic solutions, with an analytic Newton iterative scheme. The advantage of this approach
is to require only the “first order Melnikov” non-resonance conditions, which are essentially the minimal
assumptions. On the other hand, the main difficulty of this strategy lies in the inversion of the linearized
operators obtained at each step of the iteration, and in achieving suitable estimates for their inverses in
high (analytic) norms. Indeed these operators come from linear PDEs with non-constant coefficients and
are small perturbations of a diagonal operator having arbitrarily small eigenvalues.

In order to get estimates in analytic norms for the inverses, called Green functions by the analogy with
Anderson localization theory, Craig and Wayne developed a coupling technique inspired by the methods
of Frohlich-Spencer [24]. The key properties are:

(i) “separations” between singular sites, namely the Fourier indexes of the small divisors,
(79) “localization” of the eigenfunctions of —0,, + V(z) with respect to the exponentials.

Property (i4) implies that the matrix which represents, in the eigenfunction basis, the multiplication
operator for an analytic function has an exponentially fast decay off the diagonal. Then the “separa-
tion properties” (i) imply a very “weak interaction” between the singular sites. Property (i¢) holds in
dimension 1, i.e. € T, but, for € T¢, d > 2, some counterexamples are known, see 23].



The “separation properties” (i) are quite different for periodic or quasi-periodic solutions. In the first
case the singular sites are “separated at infinity”, namely the distance between distinct singular sites
increases when the Fourier indexes tend to infinity. This property is exploited in [I7]. On the contrary,
it never holds for quasi-periodic solutions, even for finite dimensional systems. For example, in the ODE
case where the small divisors are w - k, k € Z", if the frequency vector w € R” is diophantine, then
the singular sites k where |w - k| < p are “uniformly distributed” in a neighborhood of the hyperplane
w - k = 0, with nearby indices at distance O(p~*) for some a > 0.

This difficulty has been overcome by Bourgain [6], who extended the approach of Craig-Wayne in [17]
via a multiscale inductive argument, proving the existence of quasi-periodic solutions of 1-dimensional
wave and Schrodinger equations with polynomial nonlinearities. In order to get estimates of the Green
functions, Bourgain imposed lower bounds for the determinants of most “singular sub-matrices” along the
diagonal. This implies, by a repeated use of the “resolvent identity” (see [24], [I0]), a sub-exponentially
fast decay of the Green functions. As a consequence, at the end of the iteration, the quasi-periodic
solutions are Gevrey regular.

At present, KAM theory for 1-dimensional semilinear PDEs has been sufficiently understood, see e.g.
[29], [30], [16], but much work remains for PDEs in higher space dimensions, due to the more complex
properties of the eigenfunctions and eigenvalues of

(A + V(@) ¥j(2) = p; i ().
The main difficulties for PDEs in higher dimensions are:
1. the multiplicity of the eigenvalues j; tends to infinity as pu; — 400,
2. the eigenfunctions ¢, (x) are (in general) “not localized” with respect to the exponentials.

Problem 2 has been often bypassed considering pseudo-differential PDEs substituting the multiplica-
tive potential V(z) by a “convolution potential”
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which, by definition, is diagonal on the exponentials. The scalars m; are called the “Fourier multipliers”.

Concerning problem 1, since the approach of Craig-Wayne and Bourgain requires only the first order
Melnikov non-resonance conditions, it works well, in principle, in case of multiple eigenvalues, in particular
for PDEs in higher spatial dimensions.

Actually the first existence results of periodic solutions for NLW and NLS on T¢, d > 2, have been
established by Bourgain in [7]-[I0]. Here the singular sites form huge clusters (not only points as in d = 1)
but are still “separated at infinity”. The nonlinearities are polynomial and the solutions have Gevrey
regularity in space and time.

Recently these results were extended in [2]-[5] to prove the existence of periodic solutions, with only
Sobolev regularity, for NLS and NLW in any dimension and with merely differentiable nonlinearities.
Actually in [4], [5] the PDEs are defined not only on tori, but on any compact Zoll manifold, Lie group
and homogeneous space. These results are proved via an abstract Nash-Moser implicit function theorem
(a simple Newton method is not sufficient). Clearly, a difficulty when working with functions having only
Sobolev regularity is that the Green functions will exhibit only a polynomial decay off the diagonal, and
not exponential (or sub-exponential). A key concept that one must exploit are the interpolation/tame
estimates. For PDEs on Lie groups only weak properties of “localization” (i¢) of the eigenfunctions hold,
see [5]. Nevertheless these properties imply a block diagonal decay, for the matrix which represents the
multiplication operator in the eigenfunctions basis, sufficient to achieve the tame estimates.

We also mention that existence of periodic solutions for NLS on T¢ has been proved, for analytic
nonlinearities, by Gentile-Procesi [26] via the Lindstedt series techniques, and, in the differentiable case,
by Delort [I8] using paradifferential calculus.

Regarding quasi-periodic solutions, Bourgain [I0] was the first to prove their existence for PDEs in
higher dimension, actually for nonlinear Schrodinger equations with Fourier multipliers and polynomial



nonlinearities on T¢ with d = 2. The Fourier multipliers, in number equal to the tangential frequencies of
the quasi-periodic solution, play the role of external parameters. The main difficulty arises in the multi-
scale argument to estimate the decay of the Green functions. Due to the degeneracy of the eigenvalues of
the Laplacian the singular sub-matrices that one has to control are huge. If d = 2, careful estimates on the
number of integer vectors on a sphere, allowed anyway Bourgain to show that the required non-resonance
conditions are fulfilled for “most” Fourier multipliers.

More recently Bourgain [I3] improved the techniques in [I0] proving the existence of quasi-periodic
solutions for nonlinear wave and Schrodinger equations with Fourier multipliers on any T¢, d > 2, still for
polynomial nonlinearities. The improvement in [I3] comes from the use of sophisticated techniques de-
veloped in the context of Anderson localization theory in Bourgain-Goldstein-Schlag [I4], Bourgain [I1],
see also Bourgain-Wang [I5]. These techniques (sub-harmonic functions, Cartan theorem, semi-algebraic
sets) mainly concern fine properties of rational and analytic functions, especially measure estimates of
sublevels. Actually the nonlinearities in [I3] are taken to be polynomials in order to use semialgebraic
techniques. Very recently, Wang [37] has generalized the results in [13] for NLS with no Fourier multi-
pliers and with supercritical nonlinearities. The main step is a Lyapunov-Schmidt reduction in order to
introduce parameters and then be able to apply the results of [I3].

We also remark that, in the last years, the KAM approach has been extended by Eliasson-Kuksin [21]
for nonlinear Schrédinger equations on T¢ with a convolution potential and analytic nonlinearities. The
potential plays the role of “external parameters”. The quasi-periodic solutions are C°° in space. Clearly
an advantage of the KAM approach is to provide also a stability result: the linearized equations on the
perturbed invariant tori are reducible to constant coefficients, see also [22].

For the cubic NLS in d = 2 the existence of quasi-periodic solutions has been recently proved by
Geng-Xu-You [25] via a Birkhoff normal form and a modification of the KAM approach in [21], see also
Procesi-Procesi [36], valid in any dimension.

In the present paper we prove -see Theorem [I.T} the existence of quasi-periodic solutions for nonlinear
Schrédinger equations on T¢, d > 1, with:

1. merely differentiable nonlinearities, see (|1.2)),
2. a multiplicative (merely differentiable) potential V(x), see (1.3]),
3. a pre-assigned (Diophantine) direction of the tangential frequencies, see ([1.4))-(1.5)) .

The quasi-periodic solutions in Theorem have the same Sobolev regularity both in time and space,
see remark Moreover, we prove that, if the potential and the nonlinearity are of class C°°, then the
quasi-periodic solutions are C*°-functions of (¢, ).

Let us make some comments on the results.

1. Theorem confirms the natural conjecture about the persistence of quasi-periodic solutions for
Hamiltonian PDEs into a setting of finitely many derivatives (as in the classical KAM theory [33], [34],
[39]), stated for example by Bourgain [9], page 97. The nonlinearities in Theorem as well as the
potential, are sufficiently many times differentiable, depending on the dimension and the number of the
frequencies. Of course we can not expect the existence of quasi-periodic solutions of the Schrodinger
equation under too weak regularity assumptions on the nonlinearities. Actually, for finite dimensional
Hamiltonian systems, it has been rigorously proved that, if the vector field is not sufficiently smooth, then
all the invariant tori could be destroyed and only discontinuous Aubry-Mather invariant sets survive, see
e.g. [27]. We have not tried to estimate the minimal smoothness exponents, see however remark[1.2] This
could be interesting for comparing Theorem [I.I] with the well posedness results of the Cauchy problem.

2. Theorem [I.T]is the first existence result of quasi-periodic solutions with a multiplicative potential
V(x) on T d > 2. We never exploit properties of “localizations” of the eigenfunctions of —A+V (z) with
respect to the exponentials, that actually might not be true, see [23]. Along the multiscale analysis we
use the exponential basis which diagonalizes —A 4+ m where m is the average of V (z), see , and not
the eigenfunctions of —A 4+ V(z). In [I0] Bourgain considered analytic multiplicative periodic potentials
of the special form Vi(z1) + ...+ Vy(xq) to ensure localization properties of the eigenfunctions, leaving
open the natural problem for a general multiplicative potential V' (z).



We also underline that Theorem holds for any fized potential V(z): we do not extract parameters
from V, the role of external parameters being played by the frequency w = Aw.

3. For finite dimensional systems, the existence of quasi-periodic solutions with tangential frequencies
constrained along a fixed direction has been proved by Eliasson [19] (with KAM theory) and Bourgain [g]
(with a multiscale approach). The main difficulty clearly relies in satisfying the Melnikov non-resonance
conditions, required at each step of the iterative process, using only one parameter. Bourgain raised in
[8] the question if a similar result holds true also for infinite dimensional Hamiltonian systems. This has
been recently proved in [I] for 1-dimensional PDEs, verifying the second order Melnikov non-resonance
conditions of KAM theory. Theorem (and its method of proof) answers positively to Bourgain’s
conjecture also for PDEs in higher space dimension. The non-resonance conditions that we have to fulfill
are of first order Melnikov type, see the end of section [1.2

The proof of Theorem is based on a Nash-Moser iterative scheme and a multiscale analysis of
the linearized operators as in [I3]. However, our approach presents many differences with respect to
Bourgain’s one [13], about:

1. the iterative scheme,
2. the multiscale proof of the Green’s functions polynomial decay estimates.

Referring to section[I.2] for a detailed exposition of our approach, we outline here the main differences.

1. Since we deal with merely differentiable nonlinearities we need all the power of the Nash-Moser
theory in scales of Sobolev functions spaces. A Newton method valid in analytic Banach scales is not
sufficient. This means that the superexponential smallness of the error terms due to finite dimensional
truncations, see , can not be obtained, in Sobolev scales, decreasing the analyticity strips, but using
the structure of the iteration and the interpolation estimates of the Green functions, see lemmas [7.8] [7.9]
This is a key idea when dealing with matrices with a merely polynomial off-diagonal decay.

Actually, the Nash-Moser scheme developed in section [7| also improves the one in [2]-[4], requiring the
minimal tame properties for the inverse linearized operators, see comments after .

Another comment is in order: we do not follow the “analytic smoothing technique” suggested by
Moser in [33] of approximating the differentiable Hamiltonian PDE by analytic ones. This technique is
very efficient for finite dimensional Hamiltonian systems, see [34], [39], but it seems quite delicate for
PDEs (especially in dimensions d > 2) because of the presence of large clusters of small divisors. So we
prefer a more direct Nash-Moser iterative procedure more similar, in spirit, to [32].

2. The main difference between our multiscale approach, which is developed to prove the Green
functions estimates (7.62), and the one in [13], [14], [11], [I5], concerns the way we prove inductively
the existence of “large sets” of N,-good parameters, see Definition Quoting Bourgain [12] “...the
results in [13] make essential use of the general perturbative technology (based on subharmonicity and
semi-algebraic set theory) [...]. This technique enables us to deal with large sets of ‘singular sites’ [...],
something difficult to achieve with conventional eigenvalue methods.”. Actually, exploiting that —A+V (z)
is positive definite, we are able to prove the necessary measure and “complexity” estimates by using only
elementary eigenvalue variation arguments, see section @

Another deep difference is required for dealing with a multiplicative potential V(z): we define “very
regular” sites (see Definition [4.2)) depending on the potential V.

We hope that this novel approach will be useful also for extending the results of [T1], [13], [14], [15].

We tried to present the steps of proof in an abstract setting (as much as possible) in order to develop
a systematic procedure, alternative to KAM theory, for the search of quasi-periodic solutions of PDEs.
The proof of Theorem is completely self-contained. All the techniques employed are elementary and
based on abstract arguments valid for many PDEs. Only the “separation properties” of the bad sites
(section [5]) will change, of course, for different PDEs.

Since the aim of the present paper is to focus on the small divisors problem for quasi-periodic solutions
with Sobolev regularity of NLS with a multiplicative potential on T¢ and differentiable nonlinearities,
we have considered, among many possible variations, quasi-periodically forced nonlinear perturbations of



linear Schrodinger equations. In this way, we avoid the Lyapunov-Schmidt decomposition. Clearly the
small divisors difficulty for quasi-periodically forced NLS is the same as for autonomous NLS.

We now state precisely our results.

1.1 Main result
We consider d-dimensional nonlinear Schrodinger equations with a potential V', like
iu; — Au+V(z)u = ef (wt, =, |[ul*)u + eg(wt,z), =T, (1.1)

where V' € Cq(’IFd;R) for some ¢ large enough, € > 0 is a small parameter, the frequency vector w €
R” is non resonant (see ([1.5))), the nonlinearity is quasi-periodic in time and only finitely many times
differentiable, more precisely

feCuT” x T x R;R), g€ CYT” x T%C) (1.2)
for some g € N large enough. Moreover we suppose
S A+ V() = fol, By > 0. (1.3)

Remark 1.1. Condition (1.3) is used for the measure estimates of section @ Actually for autonomous
NLS it can be always verified after a gauge-transformation u — e '“‘u for o large enough.

We assume that the frequency vector w is a small dilatation of a fixed Diophantine vector @ € R”,

namely
w=Av, AeA:=][1/2,3/2], |o]<1, (1.4)

where, for some vy € (0,1), 7o > v — 1,

2
@1 > ”1‘1, Vi ez \ {0}, (1.5)

i
and |I| :== max{|l1],...,|l,|}. For definiteness we fix 79 := v.
If g(wt, z) # 0 then u = 0 is not a solution of (1.1]) for & # 0.

e Question: do there exist quasi-periodic solutions of (|1.1)) for sets of parameters (e, A) of positive
measure?

This means looking for (27)”T%-periodic solutions u(yp,x) of
w - dpu— Au+ V(x)u =cf(p,z, [ul*)u+eg(p, ). (1.6)
These solutions will be, for some (v + d)/2 < s < ¢, in the Sobolev space
H®:= H*(T" x T, C) = {u((pmc) = Z uy jeltetie) (1.7)
(1,§)ez x 74

such that |ul|? := K Z lug|? (i) < +oo}

iezZv+d

where

(4,4), (i) = max(ll], [7,1), |j] := max{[zl, ..., jal}-
For the sequel we fix so > (d 4+ v)/2 so that there is the continuous embedding

7

H* (T H) s L°(TVH) | Vs > s, (1.8)



and H? is a Banach algebra with respect to the multiplication of functions. The constant Ky > 0 in the
definition (1.7) of the Sobolev norm || || is independent of s. The value of K is fixed (large enough) so
that |u|pe < |Jul|s, and the interpolation inequality

1 C(s
Jurualls < &l + S lllually . Vs 2 50, s € B, (1.9

holds with C(s) > 1 and C(s) = 1,Vs € [so, s1]; the constant s; is defined in and depends only on
d,v, 1y := v. With respect to the standard Moser-Nirenberg interpolation estimate in Sobolev spaces, see
e.g. [31], the additional property in is that one of the constants is independent of s. The proof of
is given for example in Appendix of [4], see also [31].

The main result of this paper is:

Theorem 1.1. Assume . There are s := s(d,v), q := q(d,v) € N, such that: VV € CY9 satisfying
(11.3), Vf,g € C4, there exist e9 > 0, a map

u e CH[0,e0] x A; H®) with u(0,)) =0,
and a Cantor like set Co, C [0,e0] X A of asymptotically full Lebesque measure, i.e.
Ccl/e0 — 1 as ey —0, (1.10)

such that, ¥(e,\) € Coo, u(e, N) is a solution of (1.6) with w = \&.
Moreover, if V, f, g are of class C°° then u(e, \) € C°°(T¢ x T"; C).
We have not tried to optimize the estimates for ¢ := ¢(d,v) and s := s(d, v).
Remark 1.2. In [2] we proved the existence of periodic solutions in Hi(T; HX(T?)) with s > 1/2, for
one dimensional NLW equations with nonlinearities of class C°, see the bounds (1.9), (4.28) in [2].

1.2 Ideas of the proof
Vector NLS. We prove Theorem [I.] finding solutions of the “vector” NLS equation

iw - Oput — Aut + V(2)ut =ef (g, z,u”ut)ut +eg(p,z) (1.11)
—iw - Opu” — AuT + V(x)u” =ef(p,z,u”u)u" +eglep, ) ’
where
u:=(u",u")eH := H* x H® (1.12)

(the second equation is obtained by formal complex conjugation of the first one). In the system (1.11]
the variables u*, u™ are independent. However, note that (1.11)) reduces to the scalar NLS equation (1.1
in the set

U:= {u = (utu") ut = u_} (1.13)

in which u~ is the complex conjugate of u™ (and viceversa).

Linearized equations. We look for solutions of the vector NLS equation (|1.11)) in H* N/ by a Nash-
Moser iterative scheme. The main step concerns the invertibility of (any finite dimensional restriction
of) the linearized operators at any u € H* N, namely

L(w):=L,—cl1 =D,+T

described in —, with suitable estimates of the inverse in high Sobolev norm.

An advantage of the vector NLS formulation, with respect to the scalar NLS equation , is that
the operators £(u) are C-linear and selfadjoint. This is convenient for proving the measure estimates via
eigenvalue variation arguments. Moreover the matrix T is Toplitz, see , and its entries on the lines
parallel to the diagonal decay to zero at a polynomial rate.



Matrices with off-diagonal decay. In section[3|we develop an abstract setting for dealing with matrices
with polynomial off-diagonal decay. In Definition we introduce the s-norm of a matrix and we prove
the algebra and interpolation properties , . The s-norms are inspired to mimic the behavior
of matrices representing the multiplication operator by a function of H*. This intrinsic setting is very
convenient (in particular for the multiscale Proposition to estimate the decay of inverse matrices via
Neumann series, because product, and then powers, of matrices with finite s-norm will exhibit the same
off-diagonal decay.

Improved Nash-Moser iteration. We construct inductively better and better approximate solutions
u,, of the NLS equation by a Nash-Moser iterative scheme, see the “truncated” equations (P,) in
Theorem n The u, € H,, see ([7.1), are trigonometric polynomials with a super-exponential number
N,, of harmonics, see .

At each step we impose that, for “most” parameters (¢,A) € [0,g9) x [1/2,3/2], the eigenvalues of
the restricted linearized operators L, := P,L(u,)|g, are in modulus bounded from below by O(N, "),
see Lemma The proof exploits that —A + V is positive definite, see and remark Then
the L*-norm of the inverse satisfies ||£, !0 = O(N]). By Lemma [3.6| this implies that the s-norm (see
Definition satisfies

€5 s < NPy tlo = O(NGFHH4T) s > 0.

Such an estimate is not sufficient for the convergence of the Nash-Moser scheme. We need sharper
estimates for the Green functions (sublinear decay), of the form

IL:Ys = O(NI+%%), §€(0,1), 7' >0, Vs >0, (1.14)

which imply an off-diagonal decay of the inverse matrix coeflicients like

L NT'+63 ,

_ n -

(L )i < Cma li], [i'] < Ny,

see Definition Actually the conditions (|1.14]) are optimal for the convergence of the Nash-Moser
iterative scheme, as a famous counter-example of Lojasiewicz-Zehnder [32] shows: if 6 = 1 the scheme
does not converge. By Lemma the bound (|1.14) implies the interpolation estimate in Sobolev norms

1C3 s < ) (NG [R5, + N7 Ho0IR]ly) Vs = s,

which is sufficient for the Nash-Moser convergence. Note that the exponent 7' + s in grows with
s, unlike the usual Nash-Moser theory, see e.g. [39], where the “tame” exponents are s-independent.
Actually it is easier to prove these weaker tame estimates, see, in particular, Step II of Lemma [4.3]

In order to prove we have to exploit (mild) “separation properties” of the small divisors: several
eigenvalues of £, are actually much bigger (in modulus) than N, 7.

Estimates of Green functions. The core of the paper is to establish the Green functions estimates
at each step of the iteration, see Lemma These follow by an inductive application of the
multiscale Proposition once verified the “separation property” (H3), see Lemma

The “separation properties” of the N,-bad and singular sites are obtained by Proposition for
all the parameters (g,\) which are N,-good, see Definition and assumption (7). We first use the
covariance property and the “complexity” information on the set By(jo;e&, A) in (the
set of the “bad” 6) to bound the number of “bad” time-Fourier components, see Lemma (this idea
goes back to [20]). Next we use also the information that the sites are “singular” to bound the length of
a “chain” of N,-bad and singular sites (with ideas similar to [13]), see Lemma

In order to conclude the inductive proof we have to verify that “most” parameters (g, \) are N,-good.
For this, we do not invoke sub-harmonic functions theory, Cartan theorem as in [13], [14], [11].
Measure and “complexity” estimates. Using Proposition we prove first that most parameters

(e, \) are N,-good in a weak sense. The proof of Proposition is based on simple eigenvalue variation
arguments and Fubini theorem. The main novelty is to use that —A 4+ V' (z) is positive definite, see (|1.3])



and remark and to perform the measure estimates in the new set of variables . In this way
we prove that for “most” parameters (e, \) the set BY (jo; e, A) in (of “strongly” bad €) has a small
measure. This fact and the Lipschitz dependence of the eigenvalues with respect to parameters imply
also the complexity bound (6.3]), see Lemma Finally, using again the multiscale Proposition and
the separation Proposition we conclude inductively that most of these parameters (¢, \) are actually
N,-good (in the strong sense), see Lemma

Definition of regular sites. In order to deal with a multiplicative potential the key idea is to define
“very regular” sites, i.e. in Definition [£.2] the constant © will be taken large with respect to the potential
V, so that the diagonal terms dominate also the off diagonal part V;(z) of the potential, see Lemma
Taking a large value for the constant © does not affect the qualitative properties of the chains of
singular sites proved in Lemmal[5.2] Then we achieve in section [f] the separation properties for the clusters
of small divisors, and the multiscale Proposition applies. We refer also to Lemmas and [74] for a
similar construction at the initial step of the iteration.

Melnikov non-resonance conditions. An advantage of the Nash-Moser iterative scheme is to require
weaker non-resonance conditions than for the KAM approach. For clarity we collect all the non-resonance
conditions that we make along the paper below:

- w = A\w is diophantine, see , . It is used only in Lemma to get separation properties of
the bad sites in the time Fourier components.

- w = Al satisfies the non-resonance condition of first order Melnikov type. Physically, this
assumption means that the forcing frequencies w do not enter in resonance with the first Ny normal mode
frequencies of the linearized Schrédinger equation at the origin. This is used for the initialization of the
Nash-Moser scheme, see subsection [7.1]

- (MA@, ) satisfy the “first order Melnikov” non-resonance conditions at each step of the Nash-Moser
iteration: the eigenvalues of Ay, (A@,¢) have to be > 2N, 7, see also Lemma

- We also verify that most frequencies are N-good (see Definition imposing conditions on the
eigenvalues of the matrices Ay j,(A@,¢,0) as in Lemma These requirements can then be seen as
other “first order Melnikov” non-resonance conditions.

Sobolev regularities. Along the proof we make use of three different Sobolev regularity thresholds
Sp <81 <8.

The scale sg > (d 4+ v)/2 is simply required to establish the algebra and interpolation estimates, see
e.g. (1.9). The Sobolev index s; is large enough to have a sufficiently strong decay when proving the
multiscale Proposition see ([.5). Finally the Sobolev regularity S is large enough (see (7.16)) for
proving the convergence of the Nash-Moser iterative scheme in section [7]

Acknowledgments: The authors thank Luca Biasco for useful comments on the paper.

2 The linearized equation

We look for solutions of the vector NLS equation (1.11) in H* N/ (see ((1.13])) by a Nash-Moser iterative
scheme. The main step concerns the invertibility of (any finite dimensional restriction of) the family of
linearized operators

L(u) := L(w,e,u) := L, — T (2.1)
acting on H*, where u = (u™,u™) € C*([0,20] x A, H* NU),
(w0, —A+V(x) 0
Lo = ( 0 —iw -0, — A+ V(x) (2:2)

and

= < ff(sp’xi Q(ng ) (2.3)



with

ple.a) = flo,z [t ) + f'(o 2, [ut )P, qle,2) = f/(o, 2 [uF?) ()2 (24)
Above f’ denotes the derivative of f(p,x,s) with respect to s. The functions p,q depend also on €, A
through u. Note that u™u™ = [u™|* € R since u € U, see (1.13).

Decomposing the multiplicative potential
V(z) =m+ Vo(x) (2.5)
where m is the average of V(x) and Vj(z) has zero mean value, we also write
Lo=D,+T» (2.6)

where D, is the constant coefficient differential operator

([ iw-0,—A+m 0 (Vo) O
D, = < 0 w0, — A+m ) and Ty := ( . (2.7)

Hence the operator £(u) in ([2.1)) can also be written as

L(u)=D,+T, T:=T,—eT}. (2.8)
Lemma 2.1. L£(u) is symmetric in HY, i.e. (L(u)h,k)r2 = (h,L(0)k)z2 for all h,k in the domain of
L(u).

PROOF. The operator L, is symmetric with respect to the L2-scalar product in H°, because each
+iw -0, — A+ V(x) is symmetric in H(T” x T% C). Moreover Ty, Ty are selfadjoint in H® because V (z)
and p(yp,z) are real valued, being [u™|> € R and f real by (1.2), see [5]. m

The Fourier basis diagonalizes the differential operator D,,. In what follows we sometimes identify an

operator with the associated (infinite dimensional) matrix in the Fourier basis. The operator £(w, e, u)
is represented by the infinite dimensional Hermitian matrix

Aw) = Alw,e,u) :=D, + T, (2.9)
where o
Do = diag, ( —w-l +gj|| +m s ‘B||2 . ) 7 (2.10)
i=,7) ez =2"x2%,  |j*:=5 +...+j2, (2.11)
and

= —e(Th)] +(B); (2.12)

./ -/
T:= (T} )iczr iz » T}

K2 3

1 Pi—it Gi—if 1 Vo)j—j 0
)i = < (@i-i pi-ir > o ()i = ( ( >0J j (Vo)i—i ) ’ (213)
where p;, ¢;, (Vo); denote the Fourier coefficients of p(¢p,x), q(p, z), Vo(z).
Note that (Tf/)T = T} (the symbol { denotes the conjugate transpose ) because (§);_s = g7—; and
D; = DP—i, since p is real-valued. The matrix 7" is Toplitz, namely T, f, depends only on the difference of
the indices i — i’. Moreover, since the functions p, ¢ in , as well as the potential V', are in H®, then
Tii, — 0 as |i —i'| — oo at a polynomial rate. In the next section we introduce precise norms to measure
such off-diagonal decay.

Moreover we shall introduce a further index a € {0,1} to distinguish the two eigenvalues +w - [ +
17112 +m (see (2.21))) and the four elements of each of these 2 x 2 matrices, see Definition [3.1| and (3.2).

We introduce the one-parameter family of infinite dimensional matrices

A(w,0) == Aw) +0Y :=D, + T+0Y (2.14)



where
Y = diag;cze ( _01 (1) ) : (2.15)

The reason for adding Y is that, translating the time Fourier indices

(1, 5) = (I +1o,7)

in A(w), gives A(w,0) with 8 = w - Iy, see (2.20): the matrix T remains unchanged under translation
because it is Toplitz.

Remark 2.1. The covariance property (2.20) will be exploited in sectwn@ to prove “separation proper-
ties” of the “singular sites”.

We shall study properties of the linearized systems A(w,e,u)v = h in sections 3 — 6. To apply the
results of these sections to the Nash-Moser scheme of section 7, we have to keep in mind that u itself
depends on the parameters (w,e) (in a C* way, with some bound on |[ulls, + [|0(u ) ulls,). Therefore the
frame of sections 3 — 6 will be the following: we study parametrized families of (infinite dimensional)
matrices

A(e,\,0) = D(A) + T(e, \) + Y, (2.16)

where D(]) is defined by (2.10) with w = A, and T is a T6plitz matrix such that |T|s, + |0 o T|s, < C
(C depending on V).

The main goal of the following sections is to prove polynomial off-diagonal decay for the inverse of
the 2(2N + 1)°-dimensional sub-matrices of A(e, \, ) centered at (lo, jo) denoted by

AN .o (6,0, 0) = Aj_ig1< N, j—jol<n (€5 A, 0) (2.17)

where
1] := max{|L],.... L[}, 1] =max{|jal,....|jal}, 14l < 5] < Vsl ,. (2.18)

If l[j = 0 we use the simpler notation
ANJ'O(E,/\,H) = AN707J‘O(€,)\,9) . (219)

If also jo = 0, we simply write
AN(E, /\7 9) = AN’Q(E, )\, (9) s

and, for § = 0, we denote
AN»jO(ga /\) = AN,jo(ga )‘7 0) .

We have the following crucial covariance property
AN,ll,jl(Ea )\,0) :Aijl(s,)\,9+)\cD~ll), (220)

which will be exploited in Lemma [5.1
A major role is played by the eigenvalues of D()) + Y,

dE = dE\0) =420 -1+ ||j]|2 +m+6.
In order to distinguish between the + sites we introduce an index
a€{0,1}

and we denote
A

-

AP +m 0 ifa=0
A+ P +m -0  ifa=1.

€l

dio(M,0) = { (2.21)

€l
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3 Matrices with off-diagonal decay
Let us consider the basis of the vector-space H® := H® x H® made up by
eio = (WD) 0) ey = (0, = (1) e Zb =7 x 7.

Then we write any u = (ut,u~) € H* x H® as

u= Z uger, k= (i,a) € Z° x {0,1},
keZb x{0,1}

where uj ¢ := ufj, resp. ;1 := u; ;, denote the Fourier indices of u't, resp. u”, see (1.7)).
For B C 7 x {0,1}, we introduce the subspace

SB::{uEHSxHS : uk:OifkgéB}.
When B is finite, the space H does not depend on s and will be denoted Hp. We define
HB :H° — HB

the L2-orthogonal projector onto Hp.
In what follows B, C, D, E are finite subsets of Z° x {0, 1}.
We identify the space L5 of the linear maps L : Hp — H¢ with the space of matrices

ME = {M = (M )weprec, MF € C}
according to the following usual definition.
Definition 3.1. The matrix M € ./\/lg represents the linear operator L € ﬁg, if
VE = (i',d') € B, k= (i,a) € C, IyLep =M ey,
where €;, €;1 are defined in and M;’f/ eC.
For example, with the above notation, the matrix elements of the matrix (Tl)f in are
(Tl)z::bo = Pi—i’ (Tl)iibl =qQi—i, (T1)§:’10 =(Qi—v =T, (Tl)if’f = Pi—i’ -

NoTATIONS. For any subset B of Z° x {0,1}, we denote by

B := proj B

the projection of B in Z°. )
Given BC B, C C ¢! ¢ Z x {0,1} and M € ME, we can introduce the restricted matrices

ME =NcMuy,, Mce:=LcM, M?P:=Mpyg,.
If D C projy B, E C proj;C’, then we define
ME as ME where B:=(Dx{0,1})NnB, C:=(Ex{0,1}))nC".
In the particular case D = {i'}, E := {i}, i,7’ € Z", we use the simpler notations
M := My, (it is either a line or a group of two lines of M),

M" .= MY} (it is either a column or a group of two columns of M),

11



and My v
M =M (3.8)

it is a m x m/-complex matrix, where m € {1,2} (resp. m’ € {1,2}) is the cardinality of C' (resp. of B)
defined in (3.5)) with E := {i} (resp. D = {i'}).
We endow the vector-space of the 2 x 2 (resp. 2 x 1, 1 x 2, 1 x 1) complex matrices with a norm | |
such that
UwW| < |U[w],

whenever the dimensions of the matrices make their multiplication possible, and |U| < |V] if U is a
submatrix of V.

Remark 3.1. The notations in (3.5), (3.6), (3.7), (3.8), may be not very specific, but it is deliberate: it

is convenient not to distinguish the index a € {0,1}, which is irrelevant in the definition of the s-norms,

in Definition [3.4

We also set the L?-operatorial norm

MZBh
1MEllo = sup 1Mchlo (3.9)
A T
where || |lo := || ||zz2-

Definition 3.2. (s-norm) The s-norm of a matriz M € ME is defined by

|M[Z = Ko Y [M(n)](n)* (3.10)
nezd
where (n) := max(|n|,1) ,
max. 7|Miil\ if neC-B
[M(n)] .= { i—i'=nicC,i’€B o (3.11)
0 if n¢C—B

with B := proj;s B, C := proj C (see ), and the constant Ky > 0 is introduced in .
It is easy to check that | |5 is a norm on ME. Tt verifies | |, <| s, Vs < &', and
VMeME, VB CB,c' cC, |ME| <M.
The s-norm is designed to estimate the off-diagonal decay of matrices like T" in with p,q,V € H®.
Lemma 3.1. The matrices Ty, T in , with p,q,V € H?, satisfy
IT3ls < Kll(g.p)lls»  |T2ls < K[V (3.12)

PrOOF. By (3.11)), (2.13) we get

[T} (n)] := max

i—i'=n

Pi—ir Qi—i ‘<K 4
(2o 0 )] < Kol + o

Hence, the definition in (3.10]) implies
T2 = Ko > [Ti(n)*()* < K1 > (Ipnl + lan])*(n)** < Kol (p,q)II2
nezb neZzb

and (3.12) follows. The estimate for |T|s is similar. W

In order to prove that the matrices with finite s-norm satisfy the interpolation inequalities (3.15]), and
then the algebra property (3.16)), the guiding principle is the analogy between these matrices and the

12



operators of the form (2.3)), i.e. the multiplication operators for functions. We introduce the subset H
of Ng>oH?* formed by the trigonometric polynomials with positive Fourier coefficients

Hy = {h = Z hy e C9T9%) with by j # 0 for a finite number of (1, j) only and hy j € R+} .
Note that the sum and the product of two functions in H; remain in H.
Definition 3.3. Given M € Mg, h € Hy, we say that M is dominated by h, and we write M < h, if
[M(n)] < hy,, VYneZb, (3.13)
in other words if |M!'| < hi_y , Vi’ € projg B, i € projzC.
It is easy to check (B and C being finite) that

|M], = min {||h||s L heM,, M< h} and JheH, , Vs>0, [M] = A, (3.14)

Lemma 3.2. For M; € M%, M € Mg, M;s € ./\/lg, we have
My <hy, My <hy, M3 <hy — M;+ M3z~<hy+hy and M{Ms < hihs.

PROOF. Property My + M3 < hy + h3 is straightforward. For i € proj; D, i’ € projz» B, we have

(M M) | = ‘ S (M)IM)E| < Y T IMO)II(M) | <> (h)img(h2)g—i
q€C:=proj,;, C qeC qeC
< ) (h)img(ha)gir = (haha)is
qezb

implying M1 My < hihs by Definition [ ]
We immediately deduce from (1.9) and (3.14)) the following interpolation estimates.

Lemma 3.3. (Interpolation) Vs > so > (d + v)/2 there is C(s) > 1, with C(so) = 1, such that, for
any finite subset B,C, D C Z° x {0,1}, YM; € M$G, My € MZ,

|My Mals < (1/2)|Mi]s,|Ma|s + (C(5)/2)|Mi]s| Mo, , (3.15)

in particular,
|M Ma]s < C(s)| My |s|Ma]s - (3.16)

Note that the constant C(s) in Lemma is independent of B, C, D. By (3.16]) with s = sg, we get
(recall that C(sg) = 1)

Lemma 3.4. For any finite subset B,C, D C 7Zb x {0,1}, for all My € Mg, M, € Mg, we have
[My Ms|s, < [Miso|Mals, , (3.17)
and, VM € ME, vn > 1,
|M"|s, <IM[3,  and  [M"| < C(s)IM]5 HM]s s Vs > s (3.18)

PROOF. The second estimate in (3.18) is obtained from ([3.15]), using C(s) > 1. m

The s-norm of a matrix M € ME controls also the Sobolev H*-norm. Indeed, we identify Hp with
the space M{BP} of column matrices and the Sobolev norm || || is equal to the s-norm | |5, i.e.

Vw e Hg, |wls =|wly, Vs>0. (3.19)

Then Mw € He and the next lemma is a particular case of Lemma [3.3]

13



Lemma 3.5. (Sobolev norm) Vs > sq there is C(s) > 1 such that, for any finite subset B,C' C
7P x {0,1},
IMwlls < (1/2)IM]s, [wlls + (C(s)/DIM s|lwlls,,  ¥M € ME, we Hp. (3.20)

The following lemma is the analogue of the smoothing properties (7.4)-(7.5) of the projection operators.
Lemma 3.6. (Smoothing) Let M € Mg and N > 2. Then, Vs’ > s> 0,

M =0, ¥i-i|<N = |Ml;<NIMl,, (3.21)

|M]sr < N =] M|
|M[s < N*[M]fo -

ProoF. Estimate (3.21]) and the first bound of (3.22) follow from the definition of the norms | |s. The
second bound of 1) follows by the first bound in 1) noting that |Mfl\ <||M]||o, Vi, ',

|M[s < N*|M|o < N*\/ (2N + 1)*[[M]lo < N***|| M [lo

M =0,V|i—i|>N = { (3.22)

for N>3. 1

In the next lemma we bound the s-norm of a matrix in terms of the (s 4 b)-norms of its lines.

Lemma 3.7. (Decay along lines) Let M € MB. Then, Vs >0,

M, < Ky max Myl (3.23)

€proj,p
(we could replace the index b with any o > b/2).

PROOF. For all i € C := proj,C, i’ € B := proj, B, Vs > 0,

|Miipls+o _ m(s +)

il
|Mi | < <Z _ i/>s+b — <’L _ i’>s+b

where m(s + b) := max |My;|s4. As a consequence
ieC

1/2 1/2

M= (30 (MED2m*=) T <mls+0)( D)) =m(s + HEE)
ncC—B nezb
implying (3.23). m

The L?-norm and sp-norm of a matrix are related.

Lemma 3.8. Let M € M$,. Then, for so > (d+v)/2,
[M|lo < Mg, - (3.24)

PROOF. Let m € H, besuch that M < m and |M|s = ||m||s for all s > 0, see 1D Also for H € M{CO},
there is h € H, such that H < h and |H|s = ||h|s, Vs > 0. Lemma [3.2] implies that M H < mh and so

0
IMH|y < [mhllo < |m|e=|hllo < |mlls,|IBllo = [Mlso|Hlo, VH € ME?.

Then (3.24]) follows (recall (3.19))). m

It will be convenient to use the notion of left invertible operators.
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Definition 3.4. (Left Inverse) A matrizc M € ME is left invertible if there exists N € M$, such that
NM = 1Ig. Then N is called a left inverse of M.

Note that M is left invertible if and only if M (considered as a linear map) is injective (then dimH¢g >
dimHpg). The left inverses of M are not unique if dimHg > dimHp : they are uniquely defined only
on the range of M.

We shall often use the following perturbation lemma for left invertible operators. Note that the bound
(3.25) for the perturbation in sp-norm only, allows to estimate the inverse ((3.28)) also in s > s¢ norm.

Lemma 3.9. (Perturbation of left invertible matrices) If M € ME has a left inverse N €¢ MG ,
then

VP e ME  with  |N|s|Pls, <1/2, (3.25)
the matriz M + P has a left inverse Np that satisfies
[Npls, < 2|Nls, , (3.26)
and, Vs > sgq,
Wele < (1+C(s)INL[Play )V + CINE 1P, (3:27)
< C)(INL+INEIPL) - (3.28)
Moreover,
VPeME  with  [IN[oPlo<1/2, (3.20)
the matriz M + P has a left inverse Np that satisfies
INPllo < 2[[NTfo- (3.30)

PrOOF. We simplify notations denoting C(s) any constant that depends on s only.

Step I. Proof of .
The matrix Np = AN with A € M% is a left inverse of M + P if and only if
Ip =AN(M + P)=A(Ip+ NP),
i.e. if and only if A is the inverse of Iz + NP € ME. By (3.25) [N P|s, < 1/2, hence the matrix Ig + NP
is invertible and

Np=AN = (I + NP)"'N = i(—l)p(NP)pN (3.31)

p=0
is a left inverse of M + P. Estimate ([3.26]) is an immediate consequence of ([3.31)), (3.17) and (3.25).
Step II. Proof of .

For all s > s

Vp =1, |(NP)"Nls C($)IN]so|(NP)?ls + C(s)IN]s|(N P)Pls,

(3.18) 1
< C()INlsoINPIS, "IN Pls + C(s)IN[sIN P,
E2).619 .
< C(8)27P(INlso[Plso IN1s + N, IPs) - (3.32)
We derive (3.27) by
o0
INPl, "< INLs + ) I(NPYPN|y "< N[ + C(8)(INlso [Pl INIs + INE, |P],) -

p=1

Finally (3.30) follows from (3.29) as in Step I because the operatorial L?-norm (see (3.9)) satisfies the
algebra property as the sp-norm in (3.17). B
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4 The multiscale analysis: estimates of Green functions

The main result of this section is the multiscale Proposition In the whole section ¢ € (0,1) is fixed
and 7" > 0, © > 1 are real parameters, on which we shall impose some condition in Proposition
Given Q,9 € E C Z° x {0,1} we define

. L ot AN .
diam(E) := kskt/lgE |k —E'|, d(,Q): keﬂl,IlljeQ’

‘k - kl| )
where, for k = (i,a), k' := (i',a’) we set

|k — K| := max{]i —i|,|a — d|}.

Definition 4.1. (N-good/bad matrix) The matriz A € ME, with E C Z° x {0,1}, diam(E) < 4N,
is N-good if A is invertible and /
Vs € [s0,51] , |ATYs < N7 05, (4.1)

Otherwise A is N-bad.
We first define the regular and singular sites of a matrix.

Definition 4.2. (Regular/Singular sites) The index k := (i,a) € Z° x {0,1} is REGULAR for A if
|A¥| > ©. Otherwise k is SINGULAR.

Now we need a more precise notion adapted to the induction process.

Definition 4.3. ((4, N)-good/bad site) For A € ME, we say that k € E C Z° x {0,1} is
e (A, N)-REGULAR if there is F C E such that diam(F) < 4N, d(k, E\F) > N and A% is N-good.
e (A, N)-coob if it is regular for A or (A, N)-reqular. Otherwise we say that k is (A, N)-BAD.

Let us consider the new larger scale
N' = NX (4.2)

with x > 1.
For a matrix A € MZ% we define Diag(A) := (6kk,A§/)k$k/€E.

Proposition 4.1. (Multiscale step) Assume

§€(0,1/2), 7' >27r+b+1, C, > 2, (4.3)

and, setting k := 7' + b+ sq,
x(7" =27 —b) > 3(k + (so + b)C1), x6 > Ch, (4.4)
S>s1>3k+x(T+b)+ Ciso. (4.5)

For any given T > 0, there exist © := O(Y,s1) > 0 large enough (appearing in Definition , and
No(T,0,S5) € N such that:

VN > No(T1,0,5), VE C Z° x {0,1} with diam(E) < 4N’ = 4NX (see @2)), ifAe ME satisfies
e (H1) |4 Diag(A)],, <T
o (H2) [A7Yo < (V')
o (H3) There is a partition of the (A, N)-bad sites B = Uy8,, with

diam(Q,) < N, d(Q,,Q5) > N? | Va # 3, (4.6)
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then A is N'-good. More precisely
1 /
Vs € [s0,5] , |7 < 2(V) (V)" +]4 - Diag(4)],) (4.7)

The above proposition says, roughly, the following. If A has a sufficient off-diagonal decay (assumption
(H1) and (4.5)), and if the sites that can not be inserted in good “small” submatrices (of size O(N))
along the diagonal of A are sufficiently separated (assumption (H3)), then the L*-bound (H2) for A~*
implies that the “large” matrix A (of size N’ = NX with x as in ) is good, and A~! satisfies also the
bounds in s-norm for s > s7. It is remarkable that the bounds for s > s; follow only by informations
on the N-good submatrices in s1-norm (see Definition plus, of course, the s-decay of A.

According to the exponent x, which measures the new scale N’ >> N, is large with respect to
the size of the bad clusters (), i.e. with respect to C;. The intuitive meaning is that, for y large enough,
the “resonance effects” due to the bad clusters are “negligible” at the new larger scale.

The constant © > 1 which defines the regular sites (see Definition must be large enough with
respect to T, i.e. with respect to the off diagonal part 7 := A — Diag(A), see (H1) and Lemma In
the application to matrices like A in the constant Y is proportional to |V |s, + &[/(p, @)|ls, -

The exponent 7 > 7(b) shall be taken large in order to verify condition (H2), imposing lower bounds
on the modulus of the eigenvalues of A. Note that x in can be taken large independently of T,
choosing, for example, 7/ := 37 + 2b (see remark .

Finally, the Sobolev index s; has to be large with respect to x and 7, according to . This is also
natural: if the decay is sufficiently strong, then the “interaction” between different clusters of N-bad sites
is weak enough.

Remark 4.1. In @ we have fized the separation N? between the bad clusters just for definiteness:
any separation N, p > 0, would be sufficient. Of course, the smaller > 0 is, the larger the Sobolev
exponent s1 has to be. See remarkfor other comments on assumption (H3).

Remark 4.2. An advantage of the multiscale Propositz'on with respect to analogous lemmata in [13]
(see for example Lemma 14.31-[13]) is to require only an L*-bound for the inverse of A, and not for
submatrices. For this we use the notion of left inverse matriz in the proof.

The proof of Proposition is divided in several lemmas. In each of them we shall assume that the
hypotheses of Proposition [.1] are satisfied. We set

(H1)
T := A—Diag(A), |Tl,, < T. (4.8)

Call G (resp. B) the set of the (A, N)-good (resp. bad) sites. The partition E = B U G induces the
orthogonal decomposition Hy = Hp @ Hg and we write

u=ug+ug where up :=Ilgu, ug :=IMgu.

The next Lemmas [£.1] and [4.2] say that the Cramer system Au = h can be nicely reduced along the good
sites G, giving rise to a (non-square) system A’up = Zh, with a good control of the s-norms of the
matrices A’ and Z. Moreover A1 is a left inverse of A’.

Lemma 4.1. (Semi-reduction on the good sites) Let © 'Y < ¢y(s1) be small enough. There exist
Me ME, N € ME satisfying, if N > N1(Y) is large enough,

IMlsg <eNF, [Nsp <O, (4.9)
for some ¢ :=c(s1) > 0, and, Vs > sg,
Mg < C(s)N**(N*7° + N7\ T]s15), Wls < C()N"(N*7% + N~ T|s4s), (4.10)
such that
Au=h = ug=Nug+ Mh.
Moreover

ug =Nupg + Mh = Vk regular, (Au); = hy. (4.11)
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PROOF. It is based on “resolvent identity” arguments like in [I3]. The use of the s-norms introduced in
section [3| makes the proof very neat.

Step 1. There exist T', L € ME satisfying

Ilsy < Co(s1)07'Y,  |Lls, < N, (4.12)
and, Vs > sg,
Ils < C(s)N"(N*7*° + N~"T|s4s),  |Lls < C(s)N"F7 (4.13)
such that
Au=h = wug+Tu=Lh. (4.14)

Fix any k € G (see Deﬁnition. If k is regular, let F' := {k}, and, if k is not regular but (A, N)-regular,
let F C E such that d(k, E\F) > N, diam(F) < 4N, AL is N-good. We have

Au=h — A£UF+A§\FUE\F =hr = UF+QUE\F = (Ag)ilhp (415)

where
Q= (AR AR = (AT e M (4.16)

The matrix () satisfies
1» ED.E3) /
1Qls, < Cls)(AR) sl Tls, — < Cls)NTHr (4.17)

(the matrix AL is N-good). Moreover, Vs > s, using the interpolation Lemma and diam(F) < 4N,

(3.15)

|Qls+5 < C()(I(AF) ol Tlso +1(AF) ™ ool Ts+0)
(3.22)) bes B B
< C(s) (N> (AR) ool Tlso + 1(AF) ™ ool T ls4)
(4.1),(4.8) / ,
.g. C(s)NO=Dso(NsHb+7r L NT 0|7, (4.18)

Applying the projector Ilg;y in (4.15]), we obtain

Au=h = up+ Z F’,jluk/ = Z L]]z,hk/ (419)
k'cE k'cE
that is (4.14]) with
oF 0 / if ¥ecF and LF — [(Ag)_l}ﬁ if K'eF (4.20)
FUTlQE i K eE\F o if ¥eE\F ‘
If k is regular then F' = {k}, and, by Definition
|Af| > 0. (4.21)

Therefore, by (4.20) and (4.16)), the k-line of I" satisfies

E21),@E3)
< C(s0)

IPklso 45 < 1(AR) ™ Talso o e-!T. (4.22)

If k is not regular but (A, N)-regular, since d(k, E\F) > N we have, by (4.20), that Fil =0for |[k—F| <
N. Hence, by Lemma|3.6

1» «» «» ,
Cklsors < NG dry), "< N-Gmsom0|Q), "< C(sy) TNT Footb= (=0

< C(spe~'r (4.23)

18



for N > Ny(©) large enough. Indeed the exponent 7/ + 5o+ b — (1 — §)s1 < 0 because s; is large enough

according to (4.5) and § € (0,1/2) (recall x := 7" + so + b). In both cases (4.22))-(4.23)) imply that each
line I'y, decays like

Tilsoss < C(s1)O7IYT, Vkeq.

Hence, by Lemma (3.7, |T'|s, < C’(s1)© Y, which is the first inequality in (4.12). Likewise we prove the
second estimate in (4.12]). Moreover, Vs > sq, still by Lemma

o
ML < K supliliy < KIQl = CON N + N7T].s0)
S

where k := 7' + sg + b and for N > No(T).

The second estimate in follows by |L|s, < N* (see (£.12))) and (3.22) (note that by (4.20), since
diamF < 4N, we have L} = O for all [k —k'| > 4N).

Step II. By (4.14]) we have
Au=h = (Ig+T%wug=Lh-TPup. (4.24)

By (4.12), if © is large enough (depending on Y, namely on the potential Vp), we have [[¢|,, < 1/2.
Hence, by Lemma I + T is invertible and

(3.26)

|(Ic +T9)7 Y, < 2, (4.25)
Vs> s0, |Ie+T9) 7 "< C(s)1+ D) < Cs)N"(N*7* + N7°|T o). (4.26)

By (4.24), Au=h = ug = Mh+ Nup , with
M:=(Ig+T%7'L and N :=—(Ig +T%)~'TP (4.27)

and estimates (4.9)-(4.10) follow by Lemma [3.3] (4.25)-(4.26)) and (£.12)-([@.13).

Note that
ug+Tu=Lh <<= ug=Mh+Nug. (4.28)

As a consequence, if ug = Mh + Nugp then, by (4.20), for k regular,

Uk -l— Ak Z Ak Up = )_lhk R
K%k

hence (Au) = hy, proving (4.11]). m
Lemma 4.2. (Reduction on the bad sites) We have

Au=h = Aup=2h

where
A= AP L AN e MB Z:=1p - A°M e ME, (4.29)

satisfy
|45, (@), |Als < Cs, ©)N"(N**0 + N7 T|54s) (4.30)
1 Z]sy < eN™, 2|5 < O(s, ©)N*(N*7 + N™°|T|s4s). (4.31)

Moreover (A1) g is a left inverse of A’
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PROOF. By Lemma[11]

AGUG + ABUB =h
Au=h = — (AN + APYup = h— A Mh,
u {UG :NUB+Mh ( )UB

i.e. Alup = Zh. Let us prove estimates (4.30)-(4.31]) for A" and Z.
Step 1. Vk regular we have Aj, =0, Z;, = 0.

By (4.11)), for all & regular,
Vh, V’UJB €HB s (AG(NUB+Mh)+ABUB)k:hk s i.e. (AIUB)k:(Zh)k,

which implies A}, = 0 and Z; = 0.

Step II. Proof of -.
Call R C E the regular sites in E. For all k € E\R, we have |A¥| < © (see Definition . Then
implies

|[Ap\glse <O +1Tls, <¢(©), |Ap\rls <O +|T]s, Vs > s0. (4.32)
By Step I and the definition of A’ in we get

|4l = 1A%\ gls < 1AZ\gls + [AF\ g -

Therefore, Lemma (4.32), (4.9), (4.10), imply
|A'ls < C(s,O)N"(N*" + N7°|T|s3p)  and |4y, < ¢(0),
proving (4.30). The bound (4.31]) follows similarly.
Step III. (A™Y)p is a left inverse of A'.
By A7'A = A7V AP + ACN) = 1B + ISN we get

(A YA = (A 1A g =I5 —0=1E
proving that (A™')p is a left inverse of A’. m

Now A’ € MZ, and the set B is partitioned in clusters €, of size O(N1), far enough one from another,
see (H3). Then, up to a remainder of very small so-norm (see (4.35))), A’ is defined by the submatrices
(A')gr where 2, is some neighborhood of Q2 (the distance between two distinct €/, and Q2 remains large).

Since A’ has a left inverse with L?-norm O(N'"), so have the submatrices (A’)Z. Since these submatrices
—1
are of size O(N"), the s-norms of their inverse will be estimated as O(NC**N'7) = O(N'"X %) gee

4.41)). By Lemma provided x is chosen large enough, A’ has a left inverse V with s-norms satisfying
4.33). The details are given in the following lemma.

Lemma 4.3. (Left inverse with decay) The matriz A’ defined in Lemma has a left inverse V
which satisfies

Vs> 50, |V]s < C(s)NPXTHrF2s0t0)C(NCs 4 |T],,,). (4.33)
PROOF. Define D € ME by

ANy if ") € Ua(Qa x O,
DE, = (ADk 1 (k’k,) € Ua(f2a x ,a) where Q) :={kec E : d(k,Q,) < N?/4}. (4.34)
0 if (k, k") ¢ Ua(Qa x Q)
Step I. D has a left inverse W € ME with ||[W||o < 2(N')".

We define R := A’ — D. By the definition (4.34), if d(k’, k) < N?/4 then R}, = 0 and so

E21)
Rlso = AN TR OR) Ly < 4 NTE |

E30).[9)
S. C(Sl)N72(sl7bfso)Nf{(Nslfbfso + Nbe) < C(Sl)N2K751 (435)
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for N > No(T) large enough. Therefore

_ B @E35),(H2) B
IRIolI(A™)5llo < [RIso A7 o < C(s1)N?*~*1(N")"
E5)
C(s1)N?rs1txT ? 1/2 (4.36)

for N > N(sy). Since (A™')p € ME is a left inverse of A’ (see Lemma |4.2)), Lemmaand (4.36) imply
that D = A’ — R has a left inverse W € ME and

(3-30) (H2)
Wilo < 20(A Ysllo <2[A7 o < 2(N)T. (4.37)

Step II. Wy € ME defined by

C o WE i (k) € Ua(Qa x
woyt = Wi IR ,) ({2 x i“) (4.38)
0 it (k k") € Up(Qa x L)
is a left inverse of D and [Wols < C(s)NEHIOINT s > .
Since WD = Ip, we prove that Wy is a left inverse of D showing that
(W —-Wy)D=0. (4.39)
Let us prove (4.39)). For k € B = U, ., there is «a such that k € Q,, and
Yk € B, (W—-Wo)D)f = > (W —Wo)iD¥ (4.40)

a8,
since (W —Wp)i =0 if ¢ € Q. see the Definition (4.38).
CaSE I: k' € Q. Then D¥ =0 in (4.40) and so (W — Wo)D)f = 0.
CasE II: k' € Qg for some 3 # . Then, since D’;, =0 if ¢ ¢ Qj, we obtain by || that
’ ’ " ’ ‘) ’ ’ ’
(W =wop)t = 3 v —woyppy B 3wy B ST wipl = o)l = (1) =0,
€9, P keE

Since diam(€2,) < 2N, definition (4.38) implies (W)X = 0 for all |k — k| > 2N*. Hence, Vs > 0,

[Wols <

Step III. A’ has a left inverse V satisfying .
Now A" =D + R, Wy is a left inverse of D, and

). @39
< O

<

C(s)NCHIC W0 C(s)NHDCiHxT (4.41)

[Wols|Rlso s1)NGorIOExTH2nma T /o

(we use also that y > C by (4.4)) for N > N(s;) large enough. Hence, by Lemma A" has a left

inverse V with

Vls 2|Wols, " ontornoine (4.42)
and, Vs > sq,
B29)
Vs < C(s)(IWols + [Wol2,[R]s) < C(s)(IWols + [Wol2,|A']s)
é C(s)NHXTHr+2050+0)Cy (NCs [T )
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proving (4.33). ®
PROOF OF PROPOSITION [4.1] COMPLETED. Lemmata [4.1] [£.2] [£.3] imply

AU:h — {UG_Mh+NUB

ug =VZh
whence
(A Hp=VZ and (A NHg=M+NVZ=M+N(A")p. (4.43)
Therefore, Vs > sg,
). 6T
(A1) 5l < C)(VIlZls, + Vsl Zls)
(@-33),(-31), (@.8), (@.42)
- -S. - O(S)N2n+zxr+2(so+b)01 (NCls + |T”s+b)

using [T s < C(s)(N)?|T]s (by (3.22)) and defining

=21 +b+2x Nk +Ci(so+ b)), az:=x"'C;.

< C(s)(N) (V)" +1T]s)

We obtain the same bound for |(A™%)¢|s. Hence, for s € [sg, S],

|47 [(A™)5ls + (A7 Dels < C)N)™ (V)™ +1T1s)

|AE A

LT (V) 171,)

for N > N(S) large enough, proving (4.7).

5 Separation properties of the bad sites

The aim of this section is to verify the separation properties of the bad sites required in the multiscale
Proposition

Let A := A(e, \,0) be the infinite dimensional matrix defined in (2.16). Given N € N and i = (I, jo),
recall that the submatrix Ay, is defined in .

Definition 5.1. (N-good/bad site) A site k := (i,a) € Z° x {0,1} is:
e N-REGULAR if An; is N-good (Definition . Otherwise we say that k is N-SINGULAR.

e N-GOOD if
k is reqular (Definition{d.2)) or all the sites k' with d(k',k) < N are N —regular. (5.1)

Otherwise, we say that k is N-BAD.

Remark 5.1. [t is easy to see that a site k which is N-good according to Deﬁnition 18 (Ag, N)-good
according to Definition for any set E = FEy x {0,1} containing k where Ey C Zb is a product of
intervals of length > N. We introduce these different definitions for merely technical reasons: it is more
convenient to prove separation properties of N-bad sites for infinite dimensional matrices. On the other

hand, for a finite matriz Ag, we need the notion of (Ag, N)-good sites in order to perform the “resolvent
identity” also near the boundary OF, see Step I of Lemma [{.1]

We define
By (e, \) == {9 ER : Ayjo(e A 0)is N — bad} . (5.2)
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Definition 5.2. (N-good/bad parameters) A couple (g,\) € R? is N-good for A if

Vjo € Z%, Bn(joie,A) C U I, (5.3)

q:L.“’NQd+u+4

where I, are intervals with measure |I,| < N~7. Otherwise, we say (¢, ) is N-bad. We define

Gy ==Gn(u) = {(5, A) € [0,e0] x At (e,\) is N — good for A}. (5.4)
The main result of this section is the following proposition. It will enable to verify the assumption

(H3) of Proposition for the submatrices An- j, (¢, A, 0), see Lemmata and

Proposition 5.1. (Separation properties of N-bad sites) There exist C; := Ci(d,v) > 2 and
N; := N1(v,d, 0,70, m,0) such that if N > N1 and

e (i) (g,A) is N-good for A
e (ii) 7 > x70 (70 is the diophantine exponent of @ in ),

then V0 € R, the N-bad sites k := (I,7,a) € Z" x Z% x {0,1} of A(e, \,0) with |I| < N’ admit a partition
UaQq in disjoint clusters satisfying

diam(Q,) < N9 - d4(Q,, Q) > N2, Ya # 3. (5.5)
We underline that the estimates (5.5 are uniform in 6.

Remark 5.2. The N-bad sites appear necessarily in clusters with increasing size O(Ncl), due to the
multiplicity of the eigenvalues of the Laplacian; this happens already for the singular sites of periodic
solutions, i.e. for v =1, see [J]. It is also natural that the separation between clusters of N-bad sites
increases with N, because, roughly speaking, the N-bad sites correspond small divisors of size O(N~%).

Remark 5.3. The geometric structure of the bad and singular sites, determines the regularity of the
solutions of Theorem [I.1. Actually, the solutions of Theorem have the same Sobolev regularity in
time and space because the N-bad clusters are separated in the space-time Fourier indices, see .

We first estimate the time Fourier components of the N-singular sites. We use that, by (1.5)), the
frequency vectors w = Aw, VA € [1/2,3/2], are diophantine, namely

w1 > |l”|20, Vi e zv \ {0}, (5.6)
and we use the “complexity” information (5.3) on the set By (jo; e, A). This kind of argument was used
in [20] and [13].

Lemma 5.1. Assume (i)-(ii) of Proposition . Then, Vj, € Z%, the number of N-singular sites
(Ih,71,a1) € Z¥ x Z% x {0,1} with |I;] < N’ does not exceed 2N>3T+4,

PROOF If (l1,51,a1) is N-singular then Ay, ;, (¢, A,0) is N-bad (see Definitions [5.1] ﬂ an .
, we get that Ay j, (e, X, 0 + Av - [1) is N-bad, namely 6 + Ao - [; € Bn(j1;¢,A) (see
assumptlon (e, A) is N-good, and, therefore, (5.3) holds.

We claim that in each interval I, there is at most one element 6 +w-l; with w = M@, |l;| < N'. Then,
since there are at most N2?+* intervals I, (see ) and a € {0,1}, the lemma follows.

We prove the previous claim by contradiction. Suppose that there exist Iy # Ij with |I1],]l}] < N,
such that w1y + 6, w- 1] + 6 € I,. Then

w- (=) =W -l +0) = (-1 +0)| < |[ <N, (5.7)
By (5.6) we also have

7o Y0 —r T
o th =0l = g “he 2 Ny 2 e (5.8)
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By assumption (ii) of Proposition the inequalities (5.7) and (5.8) are in contradiction, for N >
No(v0,70) large enough. ®

We now estimate also the spatial components of the sites
Sy = {k = (I,j,a) € 2" x {0,1} : |I| < N’, k is singular and N — singular forA(e,)\,Q)} . (5.9)

In order to achieve a partition in clusters of Sy we use the notion of “chain” of singular sites already
used for the search of periodic solutions of NLS and NLW in higher dimension in [7], [3].

Definition 5.3. (M-chain) A sequence ko, ...,k € Z x {0,1} of distinct integer vectors satisfying,
for some M > 2, |kqy1 — kgl < M, ¥g=0,...,L —1, is called a M-chain of length L.

Proposition Will be a consequence of the following lemma. Here we exploit that the sites k = (7, a)
in Sy are singular, see Definition [1.2]

Lemma 5.2. There is C(d,v) > 0 such that, V0 € R, VN, any M-chain of sites in Sy has length
L < (MN)C@») (5.10)
PRrROOF. Let ky = (lg, jq,0q), ¢ =0,..., L, be a M-chain of sites in Sy. Then
mac{lly 1 — ol g1 —dal} < M, Vg€ (0,1, (5.11)
and, in particular, by Definition and ,
| —wlg+ g2 +m—0/<© (fag=1) or |w-ly+|jgl2+m+6<0O (if ag=0).
We deduce one of the following #-independent inequalities
| £ 0w (gt = 1g) + (g1l £ gl *)] < 2(0 +m).

By (5.11) we get |||lg+1]® £ [l74]?] < 2(© +m) + |w|M < KM for some K; := K;(©,m). Since
a1 % = 17l < g1l + lqll*, in any case [[|jg+1]l* = [l7qlI*| < K1 M. Therefore

Yq,q0 € [0, L], [[l7qll* = liaoI?| < g — o K1 M (5.12)
and, using also (5.11)),
lJao * (g = Jao)| = 5 ||Jq||2 - ||]qo||2 = |l7q *Jqo”Q < Kalg — QO|2]\42 . (5.13)
Let us introduce the subspace of R?
G = Spang{js —jg¢ : 0<¢,¢' <L} =Spang{jy—jo : 0<¢<L}

and let us call g (1 < g < d) the dimension of G. Define § := (2d + 1)~2. The constants C below (may)
depend on ©,m,d, v.

Case 1. Vqo € [0, L], Spang {jy = jq, : l¢ —qo| <L°, € [0,L]} =G.
We select a basis of G from j, — j,, (Jg — qo|l < L°), say f1,fa,.-., fy € G. By (5.11)) we have

|fil <ML,  Yi=1,...,9. (5.14)

Decomposing in this basis the orthogonal projection of j,, on G,

g
Pajq, = Z zifi (5.15)
i=1
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and taking the scalar products with f,, p=1,..., g, we get the linear system
Fz=b with Fj:=fi-fp, bp:=Palg  fp=1Jg  fo-

Since {fi}i=1,..4 is a basis of G the matrix F' is invertible. Since the coefficients of F' are integers,
|det(F)| > 1. By Cramer rule, using that 1) implies [Fj| < C|fil|fp] < (ML%)?, we deduce that

(F Y| < oMLY | vii'=1,....9. (5.16)
By (5.13), we have |b;| < Ko(ML%)? Vi=1,...,g, and (5.16) implies
lzy| < C(ML)Y, Yi'=1,....g. (5.17)

From (5.15), (5.14), (5.17), we deduce |Pgjg,| < C(ML?)%9%1 Vg € [0, L], and
|jq1 *ij| = |Pqu1 - Pquz| < C(ML(;)Z!HI < C(ML§)2d+17 V(q1,q2) € [O,L]2.

Since all the j, are in Z%, their number (counted without multiplicity) does not exceed C'(ML°)2d+14d,
Thus we have obtained the bound

#{jq; 0< g < L} < O(ML?)RHD, (5.18)

Now by Lemma for each gy € [0, L], the number of ¢ € [0, L] such that j, = jg, is at most QN2d+v+d
and so
L < C(MLé)(2d+l)d2N2d+V+4 ]

Since §(2d + 1)d < 1/2, we get
L < M2+ N2(2d+v+a) (5.19)

for N large enough, proving (5.10).
Case II. There is gg € [0, L] such that
/J’::dimspan{jq_jqo : |q_QO|§L57 qe[OaL]}Sg_la

namely all the vectors j, stay in a affine subspace of dimension y < g — 1. Then we repeat on the
sub-chain jg, |¢ — go| < L?, the argument of case I, to obtain a bound for L° (and hence for L).

Applying at most d-times the above procedure, we obtain a bound for L of the form L < (M N )C(d”’),
proving the lemma. H

We introduce the following equivalence relation in Sy .

Definition 5.4. We say that x =y if there is a M-chain {kq}q=0,....1 in Sy connecting x to y, namely
k‘o =, k‘L =Y.

PROOF OF PROPOSITION COMPLETED. Set M := 2N?. By the previous equivalence relation we get
a partition
Sy =J%,
[e%

in disjoint equivalent classes, satisfying, by Lemma [5.2

10j)
d(,, Q) > 2N?,  diam(Q,) < 2N?(2N?)9), (5.20)

All the sites outsides Sy are regular or N-regular, see (5.9)). As a consequence all the sites outside

Ut whee Q= {kez’ x{0,1} : d(k, ) < N}

e}

are N-good, see (5.1)). Hence the N-bad sites (see Definition of A(e, \,0) with |I] < N’ are included
in

U2 where Qo :=90n{(,j,a): lI| <N'}.

Then (5.5)) follows by (5.20) with Cy := 3C(d,v) + 3, for N > Ny(d, v, m, 0,9, 7o) large enough.
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6 Measure and “complexity” estimates
We define
BY(oie,n) = {0€R:[IA7Y, (&1 0)]0 > N7} (6.1)

= {0 € R : 3 an eigenvalue of Ay j, (¢, A, 0) with modulus less than N_T} (6.2)

where || ||o is the operatorial L?-norm defined in (3.9). The equivalence between and (6.2) is a
consequence of the self-adjointness of Ay j, (¢, A, 0). We also define

Gy =Gx () = {(aA)e[O,eo]xA:werd, B (jos e, A) C U L 63

q:l,...,N2’1+”+4

where I, are disjoint intervals with measure |I;| < N _T} .

Remark 6.1. The diﬁerence between the sets G defined in (6.9) and Gy defined in relies in the
different definition of B (jo; €, \) in and By (jo;€,A) in . For all 9 ¢ By (jo;€, A) the matrices

An jo (€, A, 0) are N-good, i.e. satisfy bounds on |Ay! JoEAO)s < N+ for s € [s0, s1], while for all

0 ¢ BY (jo;e, \) we only have the L*- bound ||A_ o (&N 0)]lo < NT. Using the multiscale Proposztzon
and the sepamtwn Proposztwnn 5. 1| (which holds for any 6) we shall prove inductively that the parameters
that stay in gNk (ug) along the Nash-Moser scheme are in fact also in Gy, (ug).

The aim of this section is to prove the following proposition.

Proposition 6.1. There is a constant C > 0 such that, for N > No(V,d,v) large enough and
2o (I T3llo + 19xTi]lo) < (6.4)
small enough (By is defined in and Ty in ([2:3)), the set BY == (GX)° N ([0,€0] x A) has measure
IBY| < CegN7L. (6.5)

Proposition [6.1]is derived from several lemmas based on basic properties of eigenvalues of self-adjoint
matrices, which are a consequence of their variational characterization.

Lemma 6.1. i) Let A(¢) be a family of square matrices in ME, C1 in the real parameter ¢ € R.
Assume that there is an invertible matriz U such that the matrices A(€) := A(§)U are self-adjoint and
0:A(§) > BI, > 0. Then, for any a > 0, the measure

{eer: 147 ©ll 2 a7 }| < 2Blas U (6.6)

where |E| denotes the cardinality of the set E.
it) In particular, if A= Z + W with Z,W selfadjoint, W invertible and 11 < Z < 821, 51 > 0, then

{eeR 1A Ol 2 0™} < 2ElaBB W 0. (6.7)

PROOF. i) The eigenvalues of the self-adjoint matrices A(¢) can be listed as C' functions p(€), 1 <
k < |E|. Now

{eer 1@z} < {eeRs 1Al > @IV}
= {¢eR: e LB, lum(©) < alUlo}
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because A(€) is selfadjoint. Since 8§Z(§) > BI, we have O¢p (&) > 6 > 0 and the measure estimate
follows readily. B
ii) Applying i) with U = W7 and self-adjoint matrices A(§) = ZW ' Z + £Z, we get

{eer 147l 2 a Y| < 2Blagr W o1 Zlo < 2Blats Wb,

which is (6.7).
From the variational characterization of the eigenvalues of selfadjoint matrices we can derive :

Lemma 6.2. Let A, A; be self adjoint matrices. Then their eigenvalues (ranked in nondecreasing order)
satisfy the Lipschitz property

[k (A) = (A < [A = Ao (6.8)

The continuity property of the eigenvalues allows to derive a “complexity estimate” for B?V (Jos &, A)
knowing its measure, more precisely the measure of

B nGioie, ) i= {0 € R ¢ AR, (.2, 0) 0 > N7/2} . (6.9)
Lemma 6.3. Vjy € Z%, V(e,\) € [0,£0] X A, we have B (jo; e, \) C Uge1... 2un+ 1, where I, are intervals
with |I) < N™7 and M := | B y(joi e, A)|.
PrOOF. If 6 € B (jo;¢, \), by and since ||Y]jo =1 (see ), we deduce that
- N~".0+ N‘T] C BYy(oie, )

= {9 € R : 3 an eigenvalue of Ay j, (¢, A, 0) with modulus less than 2N*T}.

Hence B%(jo;¢, ) is included in an union of intervals .J,,, of disjoint interiors,

B (ose, \) €| JJm € BY y(jose, A),  with length | J,| > 2N 7 (6.10)

(if some of the intervals [0 — N~7,0 + N~7] overlap, then we glue them together). We decompose each
Jm as an union of (non overlapping) intervals I, of length between N~7/2 and N~ 7. Then, by (6.10),
we get a new covering

BY(ose, ) € | I, € B n(joie,A) with N™7/2 < [I| < N7
q=1,...,Q
and, since the intervals I, do not overlap,

Q
QN[22 <Y || < B y(jose, A)| =i M.

qg=1
As a consequence @Q < 2M N7, which proves the lemma. B

We estimate the measure |Bj y(joi e, A)| differently for [jo| > 2N or |jo| < 2N. In the next lemmas
we assume
N > No(V,v,d) > 0 large enough and ¢||T1]o < 1. (6.11)

Lemma 6.4. V|jo| > 2N, ¥(¢,\) € [0,20] x A, we have | B y (jo;e,\)| < CN~7T4H7,
PROOF. Recalling (2.19) and (2.16]), we have
AN jo (&, X,0) = AN jo (8, A) + 0YN jo = D jo (A) + T jo (€, A) 4 0Y v o (6.12)
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We claim that, if |jo| > 2N and N > Ny(V,d,v), see (6.11)), then
P _ ljol?
4d|.70| 1> AN,]O (57)\) > ?I. (6.13)

Indeed by (6.12) and , the eigenvalues A, ; of A j, (e, \) satisfy

Mg =06+O0E|Tillo+ VIe) where & :=|lj|*+w-1. (6.14)
Since |w| = [A[|w] < 3/2 (see (L.4)), [lj]| = [5] (see (2.18)), [j — jo| < N, |I] <N, we have

+ , Y , 2 3 ol

85 = (Lol =17 = Jol)” = vlwlll] = (ljo| = N)™ = v N = == (6.15)

for [jo| > 2N and N > Ny(v) large enough. Moreover, since ||5* < d|j|?,

05 < d(|gol + 17 = jol)® + viwllI] < d(|jol + N)? + 20N < 3dljo|* (6.16)

for N > No(v) large enough. Hence (6.14), (6.15)), (6.16), (6.11) imply (6.13). As a consequence, by
Lemma ii) with W = Yy ., |[W o = 1, we deduce \BS7N(j0;s,)\)| <CN7HH m

Lemmas [6.3] and [6.4] imply that:
Corollary 6.1. V|jo| > 2N, V(e,\) € [0,e0] x A, we have

By (jo;e, A) C U Iy

where I, are intervals satisfying |I,| < N7T.
We now consider the cases |jo| < 2N.
Lemma 6.5. V|jo| < 2N, V(e,\) € [0,20] X A, we have
B3 n(jose,A) C Iy = (—11dN?,11dN?).
PROOF. The eigenvalues of Y are £6 and implies [[5]|> < d(|jo| + |7 — jo|)* < 9dN?. Hence, by
612, @19, 11l < N, 3, G10),
14N.jo (8 Mo < 1Dn.go (Mo + [ Tv,jo (&, Mo < 20N +9dN? + C(1 + ||V o) < 10dN?

for N > N(V,d,v) large enough. By Lemma if 0 ¢ Iy all the eigenvalues of Ay j,(¢,\,0) =
AN jo(g,A) + 0Yy j, are greater than 1 (actually dN?). ®

Lemma 6.6. V|jo| < 2N, the set
B v (jo) i= {(£.1,6) € [0.20] x A X R : HA;V}jO(s, /\,H)HO > N7/2} (6.17)

has measure
IBS v (jo)| < egN~ TS, (6.18)

PROOF. By Lemma B x(jo) C [0,€0] x A x In. In order to estimate the “bad” (e, A, ) where at
least one eigenvalue of Ay j, (e, A, ) is less than N7, we introduce the variables

1 0
&= T 1Ty where (§,m) € [2/3,2] x 2Ny (6.19)
and we consider the self adjoint matrix

1
Y

L0

12 .. w
AN, jo (e, A, 0) =" diag) <y j—jo|<n ( 0 5.1 ) +&Pnj, —e€Ti(e,1/8) +nY (6.20)
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where

~A+V(x) 0 . (L3
= > .
P ( 0 A+ V(2) satisfies P > (ol
The derivative with respect to £ of the matrix in (6.20) is

Py, —cTi(e, 1/€) + %8,\T1(5, 1)e) % Boy

i.e. positive definite (for ey small enough). By Lemma [6.1] for each fixed 7, the set of £ € [2/3,2] such
that at least one eigenvalue is < N~7 has measure at most O(N """ Then, integrating on 1 € Iy,
whose length is |Ix| = O(N?), on ¢ € [0, 0], and since the change of variables has a Jacobian of
modulus > 1/8, we deduce (6.18). m

By the same arguments (see also the proof of Lemma|7.13]) we also get the following measure estimate
that will be used in section |7}, see (54),.

Lemma 6.7. The complementary of the set
G = G (u) i= {(,3) € [0,20] x A + AR (&, llo < N7} (6.21)

has measure
165 N ([0,e0] X A)| < ggN~—THa+V+L (6.22)

Remark 6.2. For periodic solutions (i.e. v =1), a similar eigenvalue variation argument which exploits
—A > 0 was used in the Appendiz of [10] and in [5].

As a consequence of Lemma for “most” (e, A) the measure of BgyN(jO; g,A) is “small”.

Lemma 6.8. V|jo| < 2N, the set
1
FaGio) = { (e, 1) € [0,0] x A ¢ B (ose, N)| = g N7 H2w+4

has measure
[Fn (o) < 2eoN~41. (6.23)

PROOF. By Fubini theorem (see (6.17) and (6.9))

IBY (o) = /[ B e (6.24)
,EO| X

Let p:=7—2d—v—4. By (6.24]) and (6.18]),

N s / | BY \ (jos €, \)|de dA
[O,EU]XA

1 . 1. 1 .
5]\;ﬂtH(g,/\) € [0,e0] x A : |BY n(joie, N)| > N #H =l HFw o)l

Y

whence (6.23)). &

By Lemmal6.8] for all (g, \) ¢ F(jo) we have the measure estimate | By y (jo;&, A)| < N~7H24H+4 /9,
Then, Lemma [6.3| implies

Corollary 6.2. V|jo| < 2N, V(¢,\) ¢ Fn(jo), we have BY (jo;e, \) C U 1, with 1, intervals
q=1,...,N2d+v+4
satisfying |I,] < N77.

Proposition [6.1] is a direct consequence of the following lemma.
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Lemma 6.9. BY C U Fn(jo)-
ljol<2N

PRrOOF. Corollaries [6.1] and [6.2] imply that
(Ea )‘) ¢ U -FN(JO) = (Ea )‘) € gJOV

ljol<2N
(see the definition in (6.3))). The lemma follows. B
PROOF OF PROPOSITION [6.1] COMPLETED. By Lemma [6.9 and (6.23) we get

BY < D |1Fn(o)l < @N + D) Fn(o)l < (2N +1)72egN =471 < CepN " (6.25)
ljol <2N

7 Nash Moser iterative scheme

Consider the orthogonal splitting

H°=H,o H;
where H? is defined in and
H, = {u =u=@uru )ecH :u= Z UL j ei(l"p”'“")} (7.1)
[(L,3) <Ny
Hy = {u =u=(@uu)eH 1 u= Z uy ei(l'“”+j'x)}7
[(1,3)[>Nn,
with u j := (ulfj,u;j) € C?, and
N, := N&", namely N, = N2, ¥n>0. (7.2)
In the proof we shall take Ny € N large enough depending on €9 and V, d, v, see . We denote by
P, :H®* — H, and P-.H* - H (7.3)

the orthogonal projectors onto H,, and H,f The following “smoothing” properties hold, Vn € N, s > 0,
r >0,

[ Pattf| 47 < Ny Julls Vu € H” (7.4)
1Prulls < Ny ullsgr,  Yu € HHT. (7.5)
More generally, for jo € Z%, we denote Py j, the orthogonal projector from H* onto the subspace
Hy j, == {u cH® :u= Z upj 6i(l'¢+j'x)} i (7.6)
[(1,j—jo)I<N

With the above notation H,, = Hn,, o, see (7.1), and P, := Py, o, see (7.3). Moreover we also denote
Il j, the orthogonal projector from H*° (T4) (functions only of the z-variable) onto the space

Enj, = {u(:c) = Z ujel T u; e (C}. (7.7)
[§=Jol|<N

The composition operator on Sobolev spaces
s s ,x,u_u+ ut
foE S HY f(u)(t,:c):(;“” 2 _),
where f € CY(T" x T¢ x R;R) with

qg>S+2 (7.8)
satisfies the following standard properties (see e.g. [31]): Vs € [s1, 5], s1 > (d +v)/2,
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e (F1) (Regularity) f € C*(H®; H).
e (F2) (Tame estimates) Yu, h € H® with ||ulls, <1,
[F()lls < Cls)lulls, (D) whlls < C()([[Blls + ullslhlls,) - (7.9)
10 ()l < () (fula e oy + Rollllll, + e 1) (7.10)
As a consequence we get
e (F3) (Taylor Tame estimate) Vu € H® with [Ju||s, <1, Vh € H® with ||h]|s, <1,
1f (w+h) = fu) = (DF)(u) hlls < Cl)(NlullslIRlIZ, + 1Rlls, IRlls)- (7.11)
In particular, for s = sq,
1f (w+ 1) = f(w) = (D)(u) Alls, < Clsn)RI, - (7.12)
The values of the constants s; and S are fixed in below.

Remark 7.1. The differential (D f)(u) is the operator Ty defined in (2.3)) with (p,q) as in (2.4).

By Lemma and the first inequality in (7.9) applied to the composition operators in (2.4)), the
Toplitz matrix T which represents D f(u) satisfies, Vs € [s1, 9],

[T1]s = (D f)(w)ls < C(s)(L + [lulls) - (7.13)
For simplicity of notation we denote (g, g) simply by g. We shall use that g and the potential V satisfy
lgllca <C, |V]ca £C, (7.14)

for some fixed constant C'.
With the above more concise notations, the vector NLS-equation (1.11)) becomes

Lou=ce(f(u)+g). (7.15)
For definiteness we fix the Sobolev indices sy < s1 < S as
so:=b=d+v, s1:=10(1 + b)Cy, S:=127"+8(s1 + 1), (7.16)

where
Cy:=6(C1+2), T:=max{d+v+2,2Cy10+ 1}, 7 :=37+2b, 70 :=v (7.17)

(the constant 7y is introduced in ([1.5))) and C; := C1(d,v) > 2 is defined in Proposition Note that
80, 81,5 defined in (7.16)) depend only on d and v.
We also fix the constant § in Definition F1] as

§:=1/4. (7.18)

Remark 7.2. By - the hypotheses - of Proposition are satisfied for any x €
[C5,2C5), as well as assumption (ii) of Proposition[5.1. We assume 7 > d+ v+ 2 in view of (6.29). The
strongest condition for S appears in the proof of Lemma[7.10,

Setting
T i=d+v

and v > 0, we shall implement the first steps of the Nash-Moser iteration restricting A to the set

G = {/\EA : H(i)\@-Z+H0(—A+V(x))‘EO>7 jp < J\ffl,vugjvo}
= {)\eA Sl AL+ ] > NG V]G] < No, |l gNO} (7.19)
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where yi; are the eigenvalues of Ilo(—A + V(2)) g, where Iy := Iy, 0, Eo := En, 0 are defined in (7.7).
We shall prove in Lemma the measure bound |G| = 1 —O(7) (since 71 > d+ v). The constant v will

be fixed in (7.95]).
We also define

o:=T1"+0s51+2. (7.20)
Given a set A we denote N'(A,n) the open neighborhood of A of width ) (which is empty if A is empty).
Theorem 7.1. (Nash-Moser) There exist ¢,7 > 0 (depending on d,v,V o, B0) such that, if
No>2y"', v€(0,5), and Ny <e, (7.21)
then there is a sequence (up)n>o0 of C* maps u,, : [0,g0) x A — H¥ NU (see ) satisfying
(S1), un(e,A) € Ho NU, un(0,2) =0, Junlls, <1, [0 ayunlls, < C(si)Ng Ty 71

(82), (n>1) Foralll<k<n, |lup —up_1llsy < N Y [0 (wr — up_1)lsr < Ny /2.

(n>1)
o= uprlls, N7 = (n] G (ur-1) € G, (u) (7.22)
where G (u) (resp. G (u)) is defined in (Tesp.k;; ).
(S4), Define the set
Cai= () O (us) () G () () (10,501 x ) (7.23)
k=1 k=1

where Gy, (ug—1) is defined in , G in , G, (uk—1) in .

If (e, ) € N(Cp, N,;7) then uy (g, \) solves the equation

(Pa) Po(Luu—(f(u) + 9)) = 0.
(85),, Un :=llunlls, U}, := |0 tunlls (where S is defined in ) satisfy
(Z) Un S Ni(T'+551+1)7 (ZZ) U,’l S N$T’+251+4.

The sequence (up)n>o converges in C' norm to a map
u e CH[0,e0) x A,H*) with u(0,)\) =0 (7.24)
and, if (g,\) belongs to the Cantor like set

Coo = [ Cn (7.25)

n>0

then u(e, \) is a solution of ,d.e. (7.15), with w = A\@.

The sets of parameters C,, in (54),, are decreasing, i.e.
...CC,CCr1C...CCy C [0,60] ><§’;C [0,80] X A,

and it could happen that C,, = 0 for some ng > 1. In such a case u,, = uy,, ¥n > ng (however the map
u in is always defined), and Co, = (). Later, in , we shall specify the values of v, &g, Vg, in
order to verify that C, has asymptotically full measure, i.e. holds.

The proof of Theorem is based on an improvement of the Nash-Moser theorems in [2], [3], [4].
The main difference is that the “tame exponent” 7’ + Js in depends on the Sobolev index s. We
have chosen § = 1/4 in for definiteness. The Nash-Moser iteration would converge for any d < 1,
see section

Another difference with respect to the scheme in [2], [3], [4], is that we perform, at the same time, the
Nash-Moser iteration and the multiscale argument for proving the invertibility of the linearized operators,
see Lemma[7.7] This is more convenient for proving measure estimates.

32



7.1 Initialization of the Nash-Moser scheme

We perform the first step of the Nash-Moser iteration restricting A € N'(G,2N; ) (the set G is defined

in (7.19)).
Lemma 7.1. For all A € N(G,2N; “), the operator

Ly = PO(L)@)|HO (7.26)
(where L., is defined in (2.9)) is invertible and

1£5 sy < 2N Pyt (7.27)

ProOOF. With the notations of (7.19)), for all A € N'(G,2N, 7),

VIU )] S Noy |28 14+ py] > 90N ™ = 20@|N ™7 = TN ™, (7.28)
provided Ny > 4y~ @| (vecall (7.20), (7.17) and 7y := d + v). Then ||£5'|lo < 2y~ 'Ng* and (7.27)
follows by the smoothing property (7.4). B

A fixed point of
F() : H() — Ho N F()(’LL) = Eﬁalpo(f(u) + g) 5 (729)

is a solution of equation (Py).

Lemma 7.2. For ey *NJ'T5'T7 < ¢(s1) small, YA € N(G,2N; ), the map Fy is a contraction in
Bo(s1) :=={u € Ho : [lulls, < po:= Ny}

PrROOF. The map Fjy maps By(s1) into itself, because, V|u|ls, < po,

(F2), @)
<

— T1+5s — T1+5s
IFo(u)lls, < 26y N (1 (W5, + llglls,) ey NG T C(s1) < po

for ey ' NJ* 7117 is small enough. Moreover, V|ulls, < po,
_ E29.F2) _
[(DF) @), = <125 Po(D ) () NJT IO <1/2,(780)

implying that the map Fjy is a contraction in By(s1). W

Let @g(e, A) denote the unique solution of (Pp) in By(s1) defined for all (g, \) € [0, 0] x N(G,2N; 7).
For € = 0 the map Fp in (7.29) has u = 0 as a fixed point. By uniqueness we deduce (0, A) = 0. Since
the contracting map Fy leaves By(s1) NU invariant (see (1.13), we deduce that ug(e, \) € Y. Moreover,

by (7.30]), the operator

Lo(e) = Py (Lw - s(Df)(ﬂo))lH = Lo — ePy(DF) (o) 111, = Lo (1 - (DFO)(aO)) (7.31)
is invertible and =
15" )l < 205 o 2 vyt (7.32)

The implicit function theorem implies that o € C*([0, 0] x N'(G, 2N, 7); Ho) and

O:ug = ﬁal(S)Po(f(ao) + g) , O\ug = —ﬁal(f)(a,\ﬁo)ﬂo . (733)
Then, by (7.33), (7.32) and 0)L., = diag(+iw - 0,,), we get
|10tiols, < NG Ty C(s1), 0o, < 4BING Ty [dolls, 41 < CNgF=1 17747 (7.34)

using that ||ﬂ0||81+1 S N0||170Hsl S N()NO_U.
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Finally we define the C' map ug := 9ot : [0,¢0] x A — Hy with cut-off function 1 : A — [0, 1],

o = {1 ifAENG N, ) and D] < NC. (7.35)

0 if A ¢ N(G,2N; )
Then (7.35)), ||@olls, < Ny ° and (7.34) imply (we have 0.9 = 0)
luollsy < Ng7s 19 nyuolls; < Cls)Ng* =1yt (7.36)

The statement (S1)g is proved. Note that (S2)g, (93)9 are empty. Finally, also property (54)o is
proved because, by (7.35]) the function ug(e, A) solves the equation (Fp) for all (g, \) € N (Co, N, 7), since
CO = [0,60} X Q_

For the next steps of the induction we need the following lemma which establishes a property which
replaces (53),, for the first steps of the induction.

Lemma 7.3. There exists No := No(S,V) € N and ¢(s1) > 0 such that, if
NG T < e(s1), (7.37)

then YNy “* < N < Ny, V|julls, <1, Gn(u) = [0, 0] x A.
In order to prove Lemma [7.3] we prefix the following Lemma.

Lemma 7.4. For N > N(S,V) large enough, if

-1
H (191+ Ty, (A + V(x))‘ENJ_O) ‘ SN, 9ER, (7.38)
(see the definition of En j, in (7.7))) then, Vs € [sq, S],
-1 1 7' +6s
’(191 Ty (—A+ V(@) iy, ) ‘ < SN (7.39)

ProoF. We apply a simplified version of Proposition to 91+ Iy, (—A + V(x))‘ENJ.O. We sketch
the main modifications only. The scale N’ in Proposition is here replaced by N. Assumption (H1)
follows from the regularity of the potential V' (z) (see Lemma and (H2) is (7.38). With respect to
Proposition we use a stronger version of assumption (H3), calling “good sites” the regular sites only,
namely the j € Z%, |j — jo| < N, such that

dj| >©  where  dj:=0+|jl]> +m

and m denotes the average of the potential V(x), see . This is enough because here the singular sites
satisfy separation properties. For @ ||V, small enough we have the analogue of Lemma (the proof
is simpler because all the good sites satisfy |d;| > ©). The separation properties of the singular sites
j €7 |j—jo| < N, such that |d;| < ©, is proved as in section a M-chain of singular sites has length
at most L < MC3(d), see Lemma and . Then, taking M := NO/204C3(d) e get a partition of
the singular sites in clusters €, satisfying

Ad(Qa, Q) > NO/20+@D) - and  diam(Q,) < ML < M+ = No/2,

Estimate ([7.39) follows by the arguments of Lemmas in section |4} W
PROOF OF LEMMA We claim that, V(e, \) € [0,e0] x A, Vijo € Z¢,

ByGoieN e | {oer:I50I<N T} (7.40)
[(L,i—do)|<N
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where
5%(9) =x(w-14+0)+ 4, w= v, fi; = eigenvalues of IIn ;,(—A + V(z))

IEN,jo

(which depend on N) and the subspace Ey j, is defined in (7.7). Actually (7.40) is equivalent to
650 >N, ¥|(LLj—jo)l SN = Anj,(e,\0)is N — good (7.41)
with A = L(u) = L, + 0Y — (D f)(u). We first prove that the left hand side condition in ([7.41) implies

. — 1 /4685
Qnjo = PN jo (Lo +0Y) |y, ~satisfies |QN,1j0‘|S < §N +os Vs e [s0, 9], (7.42)
(the subspace Hy j, is defined in (7.6))). Indeed, the operator L,, is diagonal in time Fourier basis. The
left hand side condition in ([7.41)) is equivalent to

—1
H(i(m.z+9)1+HN,]»O(—A+V(9;))|ENJO) HL < N7, WI|<N.

Lemma implies, for N > N01/02 > N(V,S), that

—1 ,
(£ 0@ 1+ O+ Ty (A + V@)imy,, ) | < 5N, VIS N,

1
s 2
and (7.42) follows because Qn j, is diagonal in time Fourier basis.

We now prove ([7.41) by a perturbative argument. By (7.13) and ||ulls, < 1 we have |(Df)(u)]s, <
C(s1). Hence

, s @379
lQujols (DH@s, "< eNTH1C(s1) <eoNg 9 C(s1) < 1/2. (7.43)

Then, by Lemma (3.9, the matrix Ay ;,(g,A,0) = Py j, (Lo, +0Y —e(Df)(u))|g, . is invertible and
Jo Jo [HN,jq

. . .
Vs € [so, s1], |AN’1jU(€,)\79)|\S < 2|Q]\,’1j0\|S < N7 s (7.44)

namely it is N-good.

Finally, by , Bn (jo; €, A) is included in an union of 2(2N + l)b intervals of measure < 2N~7,
hence of 4(2N +1)% < N2+ intervals I, of measure |I,| < N~7. This proves that any (¢, \) € [0, 0] x A
is N-good (see Definition [5.2)) for A = L(u), namely that (¢,A) is in Gy (u), see (5.4). m

Finally we prove (55)g. With estimates similar to the proof of (S1)( using the smallness condition on
€o in , we deduce (55)o-(i). In order to estimate J(. x)uo, we use that the inverse of the operator
Lo(e) = Lo —ePoD f(to)|n, defined in (Lo is defined in (7.26)) satisfies, for A € N(G, 2Ny 7),

L5 (o)l < NS0, Vs € [s1,9]. (7.45)

Indeed, note that by lj for N = Ny and 6 = 0, the real numbers |5fj (0)] defined after 1) are
3.9

bounded from below by vN; ™ /2 > Ny 7. Hence Ly = Qn,,0 satisfies (7.42), and Lemma |3.9| implies,
Vs € [81, S],

B 20,03 B o\ g 465 -
125 @l < (1+ C)elQnn ool (D) E0)lsy ) 25— + C()=(NG 202 (D) o)
(7.42),(7.13),(S5) / 1. / /
EB-E2 o (14 C()eNG 220 ) SN +0% 4 C(s)e NG Tl 120300 D)

EDED s,
= 0
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since 47" +4ds1 +2 < S. The bound (55)0-(ii) follows easily from ([7.45)). Let us give the details for d.ug
(which is not small with €). We have

B 2P (o) + 9)ls

1251 ()]s 1f o) + glls + C(S)ILG (s 1 f (Tio) + glls,
C(S)Ng 2= (|[ito||s + 1) + C"(S)Ng 25

10-%0]ls
(13-20))
<

1) (2, @
<

(S5)0—(1) / / /
% C/(S)Ng("' +ds1)+2 + C/(S)Ng +58S < Nél'r +2s1+4

by (7.16) and 6 = 1/4. Then (S55)0-(ii) is proved.

7.2 Iteration of the Nash-Moser scheme

Suppose, by induction, that we have already defined u, € C*([0,50] x A; H, NU) and that properties
(S1)-(S5)k hold for all k < n. We are going to define u, 11 and prove the statements (S1),11-(55),+1-
Consider the operators £(u) (introduced in (2.1])),

L(u) = L(w,e,u) =L, —e(Df)(u). (7.46)
In order to carry out a modified Nash-Moser scheme, we shall study the invertibility of
L1 (un) = Poy1L(un)m, (7.47)

and the tame estimates of its inverse, applying Proposition [I.I] We distinguish two cases.
If 2”1 > (4 (the constant Cy is fixed in ((7.17)), then there exists a unique p € [0, 7] such that

Npp1 = NY, x=2"11"7 € [Cy,2Cs). (7.48)

If 2" < Cy then there exists x € [Cy,2C,] such that

Nop1 = NX, N =[Ny e (Ng/X, Ny) . (7.49)

If (7.48]) holds we consider in Proposition the two scales N' = N, 41, N = N, see (4.2). If (7.49)
holds, we set N' = N,y 1, N=N.

A key point of the whole induction process is that the separation properties of the bad sites of
L(uy,) + Y hold uniformly for all # € R and j, € Z.

Lemma 7.5. For all
n+1

(&, A) € () G (ur—1), O ER, jo €27,
k=1
the hypothesis (H3) of Propositz'on apply to An, . jo (€, A, 0) where A(e, X\, 0) := L(uy,) + Y.
PROOF. We give the proof when holds. By remark a site
ke E = ((O,jo) n [—Nn+1,Nn+1]b) x {0,1}, (7.50)
which is N,-good for A(e, A, 0) := L(uy,) + 0Y (see Definition [5.1| with A = A(e, A, 0)) is also
(AN, 11,0 (g, A, 0), Np) — good

(see Definition 4.3| with A = An €,A,0)). As a consequence the

n+17j0(

{ (AN, 1.0 (g, A, 0), Np)—bad sites } C {Np—bad sites of A(e, A, 0) with |I] < Nn+1}. (7.51)
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and (H3) is proved if the latter N,-bad sites (in the right hand side of (7.51])) are contained in a disjoint
union U, Q, of clusters satisfying (4.6)) (with N = N,). This is a consequence of Proposition applied
to the infinite dimensional matrix A(e, A, 0). We claim that

n+1 n+1

ﬂ G, (up—1) C Gn, (uyn), ie. any ( ﬂ G, (up—1) is N, —good for A(e,\,0), (7.52)
k=1 k=1

and then assumption (i) of Proposition holds. Indeed, if p = 0 then (7.52) is trivially true because
Gn, (un) = [0,20] x A, by Lemma[7.3]and (S1),. If p > 1, we have

[t — up—1lls, _ZHUIc—Uk 1||S1 < ZN_U ! <N, ZN <N, (7.53)
k>p

and so (53), implies
P
() 9%, (ur—1) C G, (un) - (7.54)

k=1
Assumption (ii) of Proposition [5.1] holds by (7.17)), since x € [C5,2C5).

When ([7.49) holds the proof is analogous using Lemma [7.3| with N = N and (S1),,. ®
Lemma 7.6. Property (53),+1 holds.

PrOOF. We want to prove that

n+1
lu—unlls, <N,7; and (g,N) ﬂ gNk ur—1) = (,A) €Gn,,,(u).

Since (g, \) € Qjo\,nﬂ(un), by 1) and Definition it is sufficient to prove that Vj, € Z,

BNn+1 (jO; g, )‘)(u) C B?VnJrl (jO; g, )‘)(un) 3
(we highlight the dependence of these sets on u, u,) or, equivalently, by (6.1), (5.2)), that

||A (NN (un)llo < Njpy = An,igo(e, A 0)(u) is Npyy — good, (7.55)

Nn n+1,J0
where A(e, X\, 0)(u) = L(u) +0Y = L, +0Y — (D f)(u).

We prove (7.55)) applying Proposition 4.1jto A := A, ., j, (€, A, 0)(u) with E defined in (7.50), N' =
Nyy1, N= N, (resp. N = N)if (7.48) (resp. (7.49)) is satisfied. Assumption (H1) holds with

1 B o1, 4171 ). (7.56)
By Lemma forall @ € R, jo € Z%, the hypothesis (H3) of Propositionholds for An, .1 jo (€, A, 0)(un).
Hence, by Proposition for s € [sg, 1], if
AN 1 o (52 A @) (un) o < Ny
(which is assumption (H2)) then
A3 506 A0 ()l < TNT (N2 + IV + D) )l (7.57)

Finally, since [|u — u,||s, < N, we have

‘|ANn,+1,j0 (Ev /\7 9)(“”) - ANn+11j0 (5’ )‘7 0)(“)”91 < C‘C:Hu - un”ﬁ < Nn_-&-l
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and ([7.55)) follows by (7.57) and a standard perturbative argument (see for instance (|3.26)) in Lemma
with any s € [so, s1] instead of sp). W

In order to define u, 41, we write, for h € Hy 11,
PnJrl (Lw (un + h) - E(f(un + h) + g)) = Pn+1 (qun - E(f(un) + g))

Poit (Lwh —e(D f)(un)h) + Ro(h)
= rp+ Lyy1(ug)h + Ry(h) (7.58)

+

where £,,41(uy) is defined in (7.47) and
r = Past (Luttn = £(f(un) +9)), Ra(R) = —=Pus1 (f(un + ) = f(wn) = (Df)(un)h) . (759)
y (S4),, if (e,\) € N(Cp, N,;7) then u,, solves the equation (P,) and so
r = Py P (qun —=(flun) +9)) = Pas1 Pt (VO tn = (f(un) +9)) (7.60)
using also that Pn+1PnL(Dwun) =0, see (2.7)). Note that, by (7.2) and o > 2 (see (7.20))), for Ny > 2, we
have the inclusion
N(Cn+1, 2Nn_—;-71) C N(Cn, N,,:J) . (761)

Lemma 7.7. (Invertibility of £, 1) For all (¢,\) € N(Cpy1,2N,7,) the operator Ly 1(uy) is invert-
ible and, for s = s1, S,

[ty ()l < NTG (7.62)

As a consequence, by , Vh € Hpy1,
”‘C;}rl (un)hH31 < C(SI)N;J:&SI ||hH81 ) (7‘63)
IIE;il(un)hlls < NI Blls + C(S)NT RS b, - (7.64)

PrROOF. We give the proof when ([7.48)) holds. The other case is analogous. First assume (¢, \) € Cp41,
see ([7.23)). Then since (¢, \) € GNW+1( ) (see (6.21)) with An(e,\) = Ln41(un)), the operator L, 1(uy)

is invertible and
H‘Cn-i-l(un)HO < N;L—Jrl (7.65)

We now apply the multiscale Proposition [{.1] to A := £, 11 (uy,) with

E:=[-Npi1,Noi1)” x{0,1}, N =N,y1, N =N, sce (7.45).

By remark and since x € [C3,2C3) (see (7.48)) the assumptions (4.3)-(4.5) hold. Assumption (H1)
holds with (7.56]). Assumption (H2) holds by (7.65)). Moreover, by the definition of C,,11, as a particular
case of Lemma [7.5|-for § = 0, jo = 0-, the hypothesis (H3) of Proposition {4.1| holds for £,,41(uy). Then
Proposition applies and we get that, V(e,\) € Cp41, Vs € {s1, 5},

- 1 A
bl £ NI (N2 + IV + 2D )l )

whence, for s = s1,

.. C19 1 .
ot ()l INT (N3 4 VI +2C(s0)) < g NI (7.66)
and, for s = S, recalling that U, := ||uy]|s,
. E.ED 1
1Lt (un)ls < 4Nn+1 (N3S) + 1Vl +=C(S) (1 + Un))
(S5)n T 58S / 2(7'+8s1+1) Lor '4+88
< ZNn+1 (N S|+ C'(S)N2 ) SN (7.67)
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by (7.16) and § = 1/4. Assume next (', \') € N(Cny1,2N, ;) and let (e,A) € Cpy1 be such that
(e, N) = (e, A)] < 2N, ;. We write

L1 (un (e, V) = Log1(un(e, ) + Rnya
where L,,41(un (e, A)) satisfies (7.66)-(7.67) and
Bnt1 := Lng1(un (€', V) = Losr(un(e, A) -
By (747, (C13), (F2), (L9, (7-21), (S1)n, (S5)n,
il < COONTTT L Rusils < CS)NIT+2HN 7, (7.68)
We apply Lemma [3.9] with
M= Loai(un(e ), N =Li0 (e, ), P =Ropr.
By (7.66)), (7.68]) and the perturbative assumpti holds with index s; instead of sg. Then

(3:26), (3.27) (with indices s1, S instead of sq, s) imply (7.62) for all (¢, \") € N'(Cr11,2N,,7;), by (7.66),
(767), (7.68), (7-20). m

By (7.58), setting
Foi1: Hpp1 — Hpya s Fryi(h) = _‘C;-}-l(un)(rn + Rn(h)), (7.69)

the equation (P,1) is equivalent to the fixed point problem h = F,, 11 (h).
Lemma 7.8. (Contraction in || ||s,-norm) VY(e,\) € N (Cr11,2N,7;), Fuy1 is a contraction in
Buvi(s1) i= {h € Hus1 + [lloy < puy1 = N7} (7.70)
The unique fized point En+1(€7 A) of Frt1 in Bpy1(s1) belongs to U (see ) and satisfies
[nsalls, < K(S)NE™ NS0T, (7.71)
Proo¥r. For all (g, \) € N'(Crs1,2N,7;), by and (7.63), we have
| Frr (W)l < CONT P (rallsy + | Ru(W)]]y) (7.72)

and 7, has the form ([7.60) because of (7.61]). Moreover (recall that U, := |juy]|s)

- (54
[rnlls, + [[Ra(h)]ls, < NS (Vo unlls + €l £ (un)lls + ellglls) +eC(s1)|R]12,
(7.9),(7.14)
._’ C(S)N,; 5= (U, + 1) + £ C(s1)||1]I2, (7.73)
(55)n ,
< C(S)N,; (SO N2 Hoa+D) 4 2 O(sy)|[h)12, . (7.74)

(7.72) and (7.74)) imply (using also (7.2))), for some K(S), K(s1) > 0,

7'+ —(S—s 7’
[Bllsy < i1 = [[Faga(B)]ls, K ()N IN 570 4 e K (1) N7 02

<
—o—1
< Pn+1 = Nn-gl )

because the choice of S in ((7.16]) and of ¢ in (7.20) imply (for N > Ny(S5))

: 1
eK(s))NT 0% piq < = (7.75)

K (SN HI N (570 < Pntl n+1 2

n+1 9 ’
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Next, differentiating (7.69)) with respect to h and using ((7.59) we get
DuFosa(W)[o] = £541 (wn)e Pasa (D) + 1)[e] = (D) (un) 0]

and, for all ||h|ls, < pnt1, using (7.10) with s = sq,

7 1

g7.63 s ’
1D Fpr(W)ollls, < eK(s1) Ny K% pugalolls, <

i Slel,

Hence F, 41 is a contraction in B,,41(s1). Since u, € U, it is easy to check that Fj, 11 leaves By11(s1) NU
invariant, hence h,41 € U. Finally, (7.69), (7.72), (7.73) and (7.75) imply (7.71). m

Since hyi1(e, M) solves, for all (£,A) € N(Cpi1,2N7,), the equation

n+1
Oni1(e, A\ h) = Py (Lw(un Y R) — e(f(un +h) + g)) =0, he Hpp, (7.76)
and u, (0, \) (1)~ 0, we deduce, by the uniqueness of the fixed point, that

hn+1(0, )\) =0, V(O, )\) S N(Cn+1, 2NT;€;1) .

Lemma 7.9. (Estimate in high norm) V(e,\) € N(C,41,2N,7;) we have

n+1
|hntills < K(S)NI U, . (7.77)
Proor. We have
Voneals | £ty )+ R (7.78)
NI (Iralls + 1R Fasn)lls ) + CENTES (Iralles + 1R (asa) s, ) -

Now, by (T60), (S1)n, (F2), (F3), (T.14), (7). (7-59). and setting U, := [[u, s (we can suppose U, > 1)

we get _ _
I7nlls + 1B (hnt1)lls < C(S)(Un + €pniallhnsalls) (7.79)
and, using also (7.73]), (7.71) and the second inequality in (|7.75)),
I7nllsy + [1Bn(Bng1) s, < C(S)N, =00, (7.80)
Then (7.78), (7.79), (7.80) imply that
lsils < CS) (NI + NSNS S=0) U, + C(8)eN 5 pra s (7.81)
10,679 , , _
< NI Un + eCENTH 7 b s

(2L , ss 1~
< (SNt Un + 5l ls

for g9 < £0(S) small. As a consequence we get ||hn41]ls < 20’(S)N;;+1551Un and |l follows. ®

Lemma 7.10. (Estimate of the derivatives) The map hni1 € C* (N (Cos1, 2N, 7)), Hnp1) and

10 s Bnsillon < Ny 10 shnslls < N (NP0, + 7). (7.82)
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PrOOF. For all (¢,\) € N(Cpy1,2N,7;), Ini1 (e, A) is a solution of Qui1(g, A, hni1(e,A)) = 0, see
(7.76). We have, see (7.47),

DpQnia (e, )\jiLnJrl) = Lpt1(un + En+1) = Lont1(un) — Pni1 ((Df)(”n + En+1) - (Df)(un)> (7.83)
which is invertible by Lemma [3.9] applied with
M — Lpyi(un), P — =P ((Df)(un +En+1> —(Df)(un)), so— s1.

Indeed the hypothesis (3.25) follows from (7.62) with s = sy, (F1), (S1),, Lemma ||En+1||s1 < Prt1
and (7.75). Therefore Lemma [3.9| with s = s; implies

~ (3.26) (7.62) /
Lopa(n +hnpn)| 7S 2L, 5 ()l < 2N (7.84)
and, by (3:28), ([62) with s = S, (T-77), (S5)., (10, & = 1/4, ([T-16),
Lot (i + hos)| | < CONTES. (7.85)

Hence, the Implicit function theorem implies n11 € C* (N (Co1, 2N, /), Hpy1) and

T (7.83) _ g rg
Dbt = =L (s + T (0en) @ni ) (€A Fn1) (7.86)

By (54), un(e, A) solves (P,) for (¢,A) € N (Cpy1,2N,,7;) N(Cp, N, 7). Then
(0:Qni1)(E A hns1) = Pay1 Pr(VoOcttn) + Po(f(tn) + 9) = Pt (f (tn + hg1) + 9)
+ Py (Df)(un)B:tin — ePri1(Df) (tn + Bny1)0-tin (7.87)

(we use also that Pn+1Pnl(Dwun) = 0 since u,, € Hy,, see (2.7)) and

(OrQni1)(E N 1) = Puy1 PE(Vo ) + (9rLo)hns (7.88)
+ apn(Df)(un)aAun - 6jt)n—i-l(Df)(un + hn-l—l)aAUn .

We deduce from ((7.84)-(7.88)) the estimates ((7.82)) using also (3.20), (F1), (F2), (F3), (S1),, (7.5)), (S5)x,
(7.14), (7.16), (7.71), (7.77). We omit the details. B

We now define a C'-extension of (F]:/Ln+1)‘cn+1 onto the whole [0,£¢] x A.

Lemma 7.11. (Extension) There is h, 1 € C*([0,60) x A, H, 11 NU) satisfying hn11(0,\) = 0,
ngiller < NI 10 ayhnsalle < N (7.89)

and Py 1 is equal to hyiqr on N (Cpar, N7

n
PROOF. Let

- wnJrl(E’ )‘)En+1(57 )‘) if (5’ )‘) € N(Cn+1’ 2N7:U )
Bngi(g,\) == { 0 (o) g N(Cn+1,2N;E) (7.90)

where 1,11 is a C°° cut-off function satisfying

L if (e,A) € N(Cry1, N, )

n

and |9z ¥nt1| < N7 O
0 if (e,A) ¢ N(Cpns1,2N, 1) 10(e, ) Ynt1] i

0<¢n41 <1, 1/Jn+15{
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Then [[fs1lls, < IWonsills, < Nygi ' by Lemma 7.8 and,

10 xyhntt s < 10 nyPnst] [nsillss + 10 hintills, < Npit?

thanks to the first estimate in (7.82)), and for Ny large. B
Finally we define u, 11 € C*([0,20) x A, Hy1 NU) as
Up41 = Un + hn+1 . (791)

By Lemma on N(Cpy1, N, 71) we have hy, 1 = En+1 that solves equation 1' and S0 U, 11 solves
equation (P,4+1). Hence (S4),4+1 holds. By Lemma property (52),4+1 holds. Property (S1),41
follows as well because

n+1 7(52)n+1 1 n+1 1
lunsillsy < lluollsy + D lhalls, < S NSS4 <
k=1 k=1

YNG4~ follows in the same way.

and the estimate [|0(c x)unt1lls; < C(s1
Lemma 7.12. Property (S5),4+1 holds.

PROOF. By the definition of U,, and since |[hni1]ls < |[ni1lls, we get

_ (55)n , , D oiiss
Un+1 S Un + ||hn+1HS S K/(S)N,Z_:EéslU < K/(S)N:l-_:iéSl N’[’QL(T +ds1+1) S 7215'_1+5 1+1) .

The estimate for U, follows similarly by (7.77] - (S5),

7.3 Proof of Theorem [1.1]
By Theorem it remains to prove that the measure estimate (|1.10)) holds.
Lemma 7.13. The set G defined in (7.19) satisfies
Gl=1-0(). (7.92)
PROOF. The A such that (7.19)) is violated are

Ny/23/2¢<  |J Ry where RE = {Ae[1/2,3/2]:\im~z+uj|< 1}. (7.93)
] ’ »J N01
1< Nolj1<No

Dividing by A, we have to estimate the & := 1/ € [2/3, 2] such that

|£@-1+&u| < C

N“ '

The derivative of the functions g;; (&) = 4@ - 1 + Eu; satisfies |8§gl )] = |¢jl = Bo > 0, because
Iy (—A + V() g, = Bol by (L.3). As a consequence, we estimate

| R

I, 3 Nn : (7.94)

Then (7.93]), , imply

_ Nd+u
1G°N[1/2,3/2]| < > Ri| < =0()

]VT1
[{|<No,|j|<No,x 6

sincey >d+v. i
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Finally we choose

yi=¢e§ with a:=1/(S+1), Ny: =4y, (7.95)
so that (7.21)) is fulfilled for £y small enough. The complementary set of Co in [0,£0] X A has measure
. 2,72 . ¢ S
c) = U 65, (1) U @R () (10, 20] % 6°)
k>1 k>1
< D165, (un—1)l + D 1(GR, (wr—1))°| + £0lG°]
k>1 k>1
T35
< Cep Z N,;l + Cegy < Ciso(l\f(;1 +7) < Csé*o‘
k>1

implying

1.10)).
Theorem ( 1.1) is proved with s(d,v) := s1 defined in (7.16)) and ¢(d,v) := S + 3, see (7.8]).

Regularity

Finally, we prove that, if V, f, g, are C* then the solution u(e, \) is in C°°(T? x T"). The argument is
the one of Theorem 3 in [4]. The main point is the proof of the following lemma which gives an a-priori
bound for the divergence of the Sobolev high norms of the approximate solutions u,,, extending property

(S5),. Its proof requires only small modifications in Lemmata

Lemma 7.14. VS’ > S, /
unlls < C(S")NRTHos1+1), (7.96)

PrOOF. First of all, by the arguments of Lemma [7.7] we get, the estimate
[k unlsr < C(S) (NS + N funlls) (7.97)
Note that the multiscale Proposition is valid for any S’ > s1, see (4.5). It requires also the condition

N > No(7,S") which is verified for N = N,, with n > ng(S’) large enough.
Then, following the proof of Lemma [7.9] we obtain

lnsalls < N (Iralls + 1 Ba(ns)lls)
+ ) (NIES + N llunls ) (Il + 1 Ra(rasn)lls, ) (7.98)
We also have the analogue of (7.79)-(7.80), namely
Iralls: + | Ra(ngt) s < C(S)(lunlls + €pnrallhnsalls),
70l sy + 1R (ns)lsy < CS YN S =5 || s
and, by , we deduce the analogue of , namely
e sallsr < CSINT O unls + C(S YN Ny =D un |3 + eC(SINT ™ pga [ [l (7.99)

For n > ng(S’) large enough,

7/ +6s 7o) s o 1
eC(S" )N pra eC(S)Ny oot < 5
and ([7.99)), (7.16]) imply the analogue of (7.77)), namely
[nslls < K (SN lunlls + K (SN Ny =0 |3 (7.100)
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Of course, h,41 defined in (7.90)) satisfies (7.100) as well. Therefore, as in Lemma

7' +38s1 T/ —(S'—s
[tns1lls: < l[unlls: + [[hnalls < 2K(S/)Nn+"i [unlls” + K (S" )Ny 1 Ny, 5 1)Hun”%/

and we deduce that the sequence ||un+1||5/N;f§T,+6sl+l) is bounded, i.e. (7.96). m

By (7.96) we deduce
hnllsr < K(S")NaTitossth), (7.101)

Now, consider any s > s1 and write s := (1 —t)s; + ¢S’ where S’ > s, t € (0,1). By interpolation

o au
<

1hnlls < B (51,8 |5 1Pl ()N, (TFDUZINRE = K ()N, (7.102)

having set « := 2(71 + ds1 + 1), and choosing S’ (large) such that

s—81 o+2

t= = .
S'—s1 o+1l+4+a

In conclusion, (7.102)) implies that Z [1hnlls < +oo and so u(e, A) € H?, for any s.
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