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ABSTRACT. In this work we prove sharp weighted Rellich-type inequalities and their improved
versions for general Carnot groups. To derive the improved Rellich-type inequalities we have estab-
lished new weighted Hardy-type inequalities with remainder terms. We also prove new sharp forms

of the weighted Hardy-Poincaré and uncertainty principle inequalities for polarizable Carnot groups.
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1. INTRODUCTION

The classical Rellich inequality [26] states that for n > 5, for all ¢ € C§°(R"),

/R” |A¢(z)|*dx > n (nlg 4 /n |¢|§i| dx. (1.1)

n?(n—4)>2
16

per, Tertikas and Zographopoulos [28] obtained the following Rellich-type inequality

It is well-known that the constant in inequality (1.1) is sharp. In a recent pa-

that connects first to second-order derivatives:

/Rn‘A¢( )|2da >_/ |V|<il2 dz, (1.2)

where ¢ € C5°(R"), n > 5 and the constant - is sharp. There has been considerable
amount work on the Rellich-type mequahtles in Euclidean spaces and Riemannian
manifolds, e.g., [14], [5], [28], [24], [20] and the references therein. However, Rellich-
type inequalities have not been established for general Carnot groups. Our main
contribution in this direction is to find sharp weighted Rellich-type inequalities and

their improved versions for general Carnot groups.

The Rellich inequality (1.1) is the first generalization of Hardy’s inequality

/n V() |2de > (”;2) / 0@l (1.3)

o faf?
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to the higher order derivatives and they are intimately related. For example, the

Rellich inequality (1.1) is an easy consequence of (1.2) and the weighted Hardy in-

/ Vol S ("“4)2/ E@IF (1.4)

|z[* -4 [t

where ¢ € C°(R™), n > 5 and the constant @ is sharp.

equality:

It is well-known that Hardy and Rellich inequalities as well as their improved ver-
sions play important roles in many questions from spectral theory, harmonic analysis
and analysis of linear and nonlinear partial differential equations. A striking example
where the sharp Hardy inequality (1.3) plays a major role is the following linear heat

equation:
%zAu—i—#u in R" x (0,7),

(1.5)
u(z,0) = ug(x) >0 in R™
In their classical paper Baras and Goldstein [4] proved that the initial value problem

n—2
2

all positive solutions blow up instantaneously in the sense that if u,, is the solution

(1.5) has no nonnegative solutions except u = 0 if ¢ > C*(n) = (%2)2. Moreover,
of the same problem with the potential ¢/|z|? replaced by V;, = min{c/|z|*,n}, then
lim,, o0 tn (2, 1) = 00 for all z € R™ and t > 0. If ¢ < C*(n) = (%52)?, positive weak
solutions do exist.

Note that the above inequalities are strict unless ¢ is identically equal to O.
Therefore it is natural to expect some extra term might be added on the right hand
side of the inequalities (1.1), (1.2), (1.3) and (1.4). A remarkable result in this
direction has been obtained by Brezis and Vazquez [8]. They have discovered the

following sharp improved Hardy inequalities for a bounded domain 2 C R™

/Q|ng§(x)|2dx2 (";2>2 Q|¢(x)|2dx+ |Q| 2/”/¢2dx (1.6)

||
</gquw> , (1.7)

/\w )P > ( '(b

where ¢ € Hj(Q2), C = C(Q,n) > 0, w, and |Q] denote the n-dimensional Lebesgue
measure of the umt ball B C R" and the domain €2 respectively. Here p is the first

eigenvalue of the Laplace operator in the two dimensional unit disk, and it is optimal

when € is a ball centered at the origin. In (1.7) we assume that 2 < ¢ < 2% and

n—2
the critical Sobolev exponent g = 2* = nzT" is not included. The work of Brezis and
Vazquez [8] has been a continuous source of inspiration and a lot of progress has been
made to find further improvement of the inequalities (1.1), (1.2), (1.3), (1.4), (1.6)
and (1.7) in the various settings e.g., [30], [2], [6], [31], [1], [5], [19], [28], [24], [20],

[23] and the references therein.
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The connection between weighted Hardy and Rellich inequalities, and the impor-
tance of Hardy’s inequality in analysis and partial differential equations motivates us
to establish weighted Hardy-type inequalities and their improved versions on Carnot
groups. Indeed, in our earlier paper, we found some sharp weighted Hardy-type in-
equalities and their improved versions for L?-norms of gradients on Carnot groups
[23]. In the present paper we first prove a new (non standard) form of weighted
LP-Hardy-type inequality with a sharp constant and then derive new weighted L2-
Hardy-type inequalities with remainder terms for bounded domains in Carnot groups.
We stress here that weighted Hardy-type inequalities and their improved versions are
the main tools for establishing weighted Rellich-type inequalities and their improved

versions, respectively.

We should mention that Hardy-type inequalities have been the target of inves-
tigation in Carnot-Carathéodory spaces since the work of Garofalo and Lanconelli
[18], and there has been a continuously growing literature in this direction. We refer
to the recent papers by Danielli, Garofalo and Phuc [13], and Goldstein and Kombe
[21], and the monograph by Capogna et al. [11] and the references therein.

It is known that Hardy and Sobolev inequalities are closely related to the Heisen-
berg uncertainty principle in quantum mechanics. The Heisenberg uncertainty princi-
ple says that the position and momentum of a particle cannot be determined exactly
at the same time but only with an “uncertainty”. More precisely, the uncertainty

principle on the Euclidean space R™ can be stated in the following way:
2

([ fi@pa)( [ ws@re) = 5 [ v@ra)” o9

for all f € L?(R™). It is well known that equality is attained in the above if and only
if f is a Gaussian function (i.e. f(z) = Ae=**!" for some A € R, > 0). There exists
large literature devoted to deriving various uncertainty principle type inequalities in
the Euclidean and other settings (see [16], [23] and the references therein). However,
much less is known about sharp uncertainty principle inequalities on Carnot groups.

In [23] we obtained the following uncertainty principle-type inequality:

(/GN2|VgN|2¢2dx>(/G|VG¢|2dx) > <¥>2</G|VGN|2¢2CZI>2, (1.9)

where N = u/?-9) is the homogeneous norm associated to Folland’s fundamental
solution wu for the sub-Laplacian Ag and @) is the homogeneous dimension of G. It is
clear that this inequality is not sharp. In this paper, motivated by a result of Balogh
and Tyson [3], we prove a sharp analog of the uncertainty principle inequality (1.8)
for polarizable Carnot groups.

In order to state and prove our theorems, we first recall the basic properties of

Carnot group G and some well-known results that will be used in the sequel. Further
information can be found in [3], [7], [10], [12], [15], [17], [25], [27], [29].
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2. PRELIMINARIES

A Carnot group is a connected, simply connected, nilpotent Lie group G whose
Lie algebra G admits a stratification. That is, there exist linear subspaces Vi, ..., Vj
of G such that

G=Vi®..eV, [WV]=Vy, for i=1,2.,k—1 and [V},Vi]=0 (2.1)
where [V}, V] is the subspace of G generated by the elements [X, Y] with X € V; and
Y € V;. This defines a k-step Carnot group and integer k£ > 1 is called the step of G.

Via the exponential map, it is possible to induce on G a family of automorphisms
of the group, called dilations, d, : R™ — R™(A > 0) such that

(T, .y y) = (AN xq, o A 2y,)

where 1 = a1 = ... = ap < Ay < ... <, are integers and m = dim(1]).

The group law can be written in the following form
v-y=z+y+Ply), zyeR" (2.2)

where P : R” x R® — R"” has polynomial components and P, = ... = P,, = 0. Note

1

that the inverse ! of an element z € G has the form 27! = —z = (—x1, ..., —z,).

Let X4, ..., X, be a family of left invariant vector fields which form an orthonormal
basis of V; = R™ at the origin, that is, X;(0) = 0y, ..., X;n(0) = 0,,,. The vector

fields X; have polynomial coefficients and can be assumed to be of the form

Xj(x)=0;+ > ay(@)d, X;(0)=0;,j=1,...m,
i=j+1
where each polynomial a;; is homogeneous with respect to the dilations of the group,
that is a;;(0x(x)) = A%~ % a;;(x). The horizontal gradient on Carnot group G is the
vector valued operator
Ve = (X1, ..., Xm)
where X1, ..., X,, are the generators of G. The sub-Laplacian is the second-order

partial differential operator on G given by

Ag=> X7
j=1
The fundamental solution u for Ag is defined to be a weak solution to the equation

where 0 denotes the Dirac distribution with singularity at the neutral element 0 of
G. In [15], Folland proved that in any Carnot group G, there exists a homogeneous
norm N such that

u= N>
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is harmonic in G\ {0}. Furthermore there exists a constant co > 0 so that cyu satisfies
(2.3) in the sense of distributions. The number @, called the homogeneous dimension

of G, is defined by
k
Q=>_j(dimV})
j=1
and plays an important role in in the analysis of Carnot groups.

We now set
Ny =" e 70, (2.4)
0 it z=0.
We recall that a homogeneous norm on G is a continuous function N : G — [0, 00)
smooth away from the origin which satisfies the conditions : N(d)(z)) = AN(z),
N(z7') = N(z) and N(z) =0 iff z = 0.
A Carnot group G is said to be polarizable if the homogeneous norm N = /(@)

satisfies the following oco- sub-Laplace equation,

1 .
Ag N = 5(v((;,(|v@,N|2), VeN)=0, in G)\{0}. (2.5)
This class of groups were introduced by Balogh and Tyson [3] and admit the analogue

of polar coordinates. It is known that Euclidean space, the Heisenberg group and the

Kaplan’s H-type group [22] are polarizable Carnot groups (see [12], [3]).
In [3], Balogh and Tyson proved that the homogeneous norm N = u!/=9) asso-

ciated to Folland’s solution u for the sub-Laplacian Ag, enters also in the expression

of the fundamental solution of the sub-elliptic p-Laplacian:

Agpu = ZXi(|Xu|p_2Xiu), 1 <p<oo, (2.6)
i=1
on polarizable Carnot groups. More precisely, they proved that for every 1 < p <
00, p =@
p=Q
Nr=1  if ,
—logN, if p=Q.

is p-harmonic in G\ {0}. Furthermore there exists a constant ¢, so that c,u, satisfies

—Agp(cpup) =6
in the sense of distributions. In the setting of H-type groups, explicit formulas for

the fundamental solutions of the sub-elliptic p-Laplacian has been found by Capogna,
Danielli and Garofalo [10].

The following formula:

N |
VG-(W-VGN>:Q in G\Z (2.8)
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was proved by Balogh and Tyson [3]. Here Z := {0} U{zx € G\ {0} : VN (z) = 0}
has Haar measure zero and VgV # 0 for a.e. x € G.

The curve v : [a,b] C R — G is called horizontal if its tangents lie in V7, i.e,
v (t) € span{ Xy, ..., X, } for all t. Then, the Carnot-Carathéodory distance deco(z, y)
between two points z,y € G is defined to be the infimum of all horizontal lengths
f;w’(t),v’(t»l/zdt over all horizontal curves v : [a,b] — G such that v(a) = z

and v(b) = y. Notice that d.. is a homogeneous distance and satisfies the invariance

property

dee(z 2,2 y) = dee(x,y), forallz,y,z €G,

and is homogeneous of degree one with respect to the dilation d,, i.e.
dec(00(2),05(y)) = Mdee(z,y), for allz,y, z € G, for all A > 0.

The Carnot-Carathéodory balls are defined by B(y, R) = {z € G|d..(y,z) < R}. By
left-translation and dilation, it is easy to see that the Haar measure of B(y, R) is

proportional by R?. More precisely
|B(y, R)] = R®|B(y. 1)| = R?|B(0,1)|.

We now set

B,:=B(0,R)={r € G: o(z) < R}

where ¢ := d..(0,z) is the Carnot-Carathéodory distance of x from the origin. Note
that p is a homogeneous norm and equivalent to other homogeneous norm on G. At
this point we remark that |Vg/N| is uniformly bounded and N : (G,d.) — R is
Lipschitz (see [3]).

We now recall the following integration formula in polar coordinates on G

/@ f(z)dx = /0 h /S F(6xu) A9 do (u)dA

which is valid for all f € L'(G). Here S = {N = 1} is the unit sphere with respect
to the homogeneous norm N and do is a Radon measure on S (see [17], [3], [25], [7]).
Now it is clear the radial function p® ( ¢ is any homogeneous norm on G) is locally
integrable if a > —Q.

3. SHARP WEIGHTED HARDY TYPE INEQUALITIES

In this section we prove various weighted Hardy-type inequalities and their im-
proved versions. We begin this section by proving a new form of the weighted Hardy-

Poincaré-type inequality with a sharp constant.
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Theorem 3.1. Let G be a polarizable Carnot group with homogeneous dimension
Q>3 andlet p € CF(G), 1 <p<Q and a > —Q. Then the following inequality is

valid :
Vel - Vol O+ ane
Na“"G—Gd > /N“ Pdz. 3.1

/G |VGN|2p x—( D ) - ‘¢| €z ( )

Furthermore, the constant ( )P 4s sharp.

Proof. Using the volume growth condition formula (2.8) and integration by parts, we

get

p—2 Noz—i—l
(Q+ ) / N oPdx = —p/ %V@J\f -Vgodz.
G G

An application of Holder’s and Young’s inequality yields

w-0/p ([ NOTP|VGN - Vool | \ Vo
«@ P < (64 p
(Q+a)/GN 9] da:_p(/GN 9l7dz) (/G Vo dr)

o NetP|VeN - Vgol?
< (p—1)eP/ 1)/Na pdx—l—ep/ dzx
<(-1) i 9] i VN

for any € > 0. Therefore

NetP|VgN - Vgol?
G Ve V|?P

dr > ¢e® (Q +a—(p— 1)e_p/(p_1)> / N ¢|Pdx.  (3.2)
G

Note that the function € — ¢ 7 (Q +a—(p— 1)6"’/(”_1)) attains the maximum for

Q+a p . .
=*2) . Now we obtain the desired

p
VN - Vol Q + e
Na+p|@ Gd>—/N“ Pdy.
/ VN | x—< P ) G ¢l dz

P/ (=1) = ﬁ, and this maximum is equal to

inequality

Next we claim that (%)p is the best constant in (3.1):

f({} Na—i—pWGN VeolP dz

Cy:= inf Ve VPP
0£6€CE(C)  [g No|glrde
B <Q + a)P
= (=)

It is clear that

@ra, NS

p T o Ne[dedr
holds for all ¢ € C3°(G). If we pass to the inf in (3.3) we get that (%)p < Chy.
We only need to show that Cy < (%)p and for this we use the following family of

(3.3)

radial functions
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NG e if Nelo,1],

¢E(N) - Qta 4o if N>1,

(3.4)

N~
where € > 0. Notice that ¢.(/N) can be approximated by smooth functions with
compact support in G.

A direct computation shows that

Vol Vool _ | (%% + /N it N efo.1)

Na+p — )
Ve N[> (L2 4 )" N if N> 1.
<

Let us denote by B; = {z € G : N(x)

homogeneous norm N. Hence

1} the unit ball with respect to the

/ N ¢ |Pde = | NOT2oFreqy 4 N-9Pdy,
G By G\B1

Note that, for every € > 0, the weights N9+2¢+P¢ and N~9~7¢ are integrable at 0 and
oo, respectively. This implies that [, N*|¢|[Pdz is finite. Thus we have

Q -+ Oé / Na|¢€|pd (Q + « E)p|: NQ+2a+p€d{E + N—Q—pde]
B, G\B:
VeN - Vgoel?
— Na+p| d
/ VN |

On the other hand

Q+a p

(55 +e) IVeN - Veo | Q+a

—r [ NotP “dx > —l—ep/No‘ |Pdx
/ St = (Sl [ el

VeN - Vgoe [P
_ [ e Vel Veol”,
/G VeNE

It is clear that (% + e)p > (g and letting ¢ — 0 we obtain (%)p > Cy.

Therefore Cy = (w)p. O

p

The following LP-Hardy-type inequality is the weighted extension of Theorem 3.1

in [21] and plays important roles in the proof of Theorem 3.6 and Section 4.

Theorem 3.2. Let G be a polarizable Carnot group with homogeneous dimension
Q>3andlet p e CP(G),a eR, 1 <p<Q and Q+a—p > 0. Then the following

inequality 1s valid :

/@ Narvmv’da:z(%) /G VN e, (3.5)

Furthermore, the constant (Q+§_p

)P is sharp.
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Proof. Let ¢ € C§°(G) and define 1) = N~7¢ where 7 < 0. A direct calculation shows
that

[Veo| = |[yN"'9VeN + N'Vg|. (3.6)

We now use the following convexity inequality
ja + 0" — [al” > c(p)[bf + plal’"a -, (3.7)

where a,b € R", p > 2 and ¢(p) > 0 (see [6]). In view of (3.7) we have that
| NeIeopds 2 op [ NNl
G G
ol [ NETNP AT GN - V(o) da
G

+e(p) / N Vb Pdz.
G

Clearly
[ Ne1Taopdn = p [ N gaN s
G G
+ [y P2y /G NTOPTHVNP2VeN - Ve ([¢f)de,
and integration by parts gives
[ ¥e1Veopds = hp [ NeorrgaNplpds
G G
— Py /G Vg - (NP PH|V NP2V N) [ Pda.
We now choose v = ’#; then we get

/ Vg - (NP PH VNP2V N)|o|Pdr = / Vi - (N'C|VeNP 2V N)|o|[Pde.
G G
(3.8)

Since u, is the fundamental solution of sub-p-Laplacian —Ag ,, we then have

/G Ve - (N9 VNP2V N) @ Pde = —c(G, p)|¢(0)[P N @He=P)(0) 39)

=0

where ¢(G, p) is a positive constant (see [3]). Hence we obtain the desired inequality
— p VNP
/ N®|Vgo|d > (m) / nelVe N g (3.10)
G p G NP

P
To show that the constant (%) is sharp, we use the following family of radial

functions
Q+g*p te

N if N e][0,1],
¢6<N) = Qta—p

NG9 i N>,
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and pass to the limit as e — 0. Note that the Theorem (3.2) also holds for 1 < p < 2
and in this case we use the following inequality:

[bf*
(lal + [o[)>7
where a € R",b € R"™ and ¢(p) > 0 (see [6]). O

la+b|P —|al” > c(p) +pla’a- b (3.11)

Remark 3.3. We remark that if p = 2 then we remove the polarizability condition
and the inequality (3.5) holds in any Carnot group (see [23]).

IMPROVED HARDY TYPE INEQUALITIES. We now prove improved weighted
Hardy-type inequalities and also collect other known improved weighted Hardy-type
inequalities that will be used in Section 4. To motivate our discussion, let us recall

the the following sharp improved Hardy inequality from the Euclidean setting:

/|xya|v¢\2dx> (Pre=2 /|g;|a| pio + g /Ix\“ de,  (3.12)
Q

where Q is abounded domain with smooth boundary, 0 € €, ¢ € CgO(Q), n > 1,
a € R, R > esupg || and n+ o — 2 > 0. Furthermore, the constant }l is sharp and
this inequality has immediate applications in partial differential equations (see [2],
[31], [1] [19]). Motivated by the above results our first goal is to obtain the analog of

(3.12) for bounded domains in Carnot groups.

Theorem 3.4. Let G be a Carnot group with homogeneous norm N = u/?=9 and
let Q@ C G be a bounded domain with smooth boundary, 0 € Q, R > esupg N, a € R,
Q >3, Q+a—2>0. Then the following inequality holds:

N2 N2 2
[T C /N&‘VG D g2+ L /N"WG A
Q

(in £

(3.13)

for all compactly supported smooth function ¢ € C§ ().

Proof. Let ¢ € C3°(Q) and define ¢ = N=P¢ where 3 < 0. A direct calculation shows
that

Veo|? = BEN?P2|VeN|*Y? + 28N "1V N - Vg + N**|Vgip|?. (3.14)

Multiplying both sides of (3.14) by the N* and applying integration by parts over €2

gives

/ N®|VgolPde = 3 / N2V N PP de — g / Ag(N**)y?dx

Q Q +25 Jo (3.15)

- / N8|V gap 2 d.
Q
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We can easily show that

g - g -
- Ag(N*T28) = — 2 — 2)NH+22| g N2 — NOT2HR=2 A gy,
o rogle V) = —Blat+26+Q@-2) VeI - 55 G
(3.16)

Substituting (3.16) into (3.15) and using the fact that ¢ = N=2%¢? yield
|V<G

/ NVeolde = (5 — fla+Q - 2) / Ne
Q

+ / N8|V ap2d.
Q

The middle integral vanishes since u is the fundamental solution of sub-Laplacian

¢2d . ﬂQ/(AGu)NQ+Q2¢2dx
- Q

Ag, therefore we have

2
[ weveotar = (- # - s+ @-2) [ 7eE g+ [ Neiwespar
Q Q Q

Note that the quadratic function —3% — B(a+Q —2) attains maximum for 3 = 2_2_0‘

and this maximum equal to (£12=2)2. Therefore
—9\2 N|?
/N“|V@¢I2dx: (QL> /N“M¢2das+/N?‘Q|VGw[2dm. (3.17)
Q 2 0 N? Q

Let us define p(z) = (In %)’%w(x) where N is the homogeneous norm which is defined

as in (2.4). A direct calculation shows that
1
[ N Veupds = [ NOTeNP () + [ NI Veplds
Q 4 Jo N 0 N

_—_— 2-Qy 2 x.
Q(Q_Q)/QAG(N )p2d

It is clear that the last integral term vanishes. Therefore we have
1 R
[N eVeulds = ¢ [ NN
0 4 Jo N

1
= —/N‘Q|VGN|2
4 Ja

2

(
(In £)2

ZE/NMW N2 i
1/, U By

Substituting (3.18) into (3.17) which yields the desired inequality (3.13). O

dx (3.18)

One of the advantages of our approach is that it automatically yields a remainder
term and then using a suitable functional change lead us to obtain an explicit remain-
der term as in the Theorem 3.3. On the other hand, there are other techniques that
we can use to obtain explicit remainder term. In our earlier paper [23] we have used
weighted Sobolev-Poincare inequalities and obtained the following improved weighted

Hardy-type inequalities.
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Theorem 3.5. ([23]) Let G be a Carnot group with homogeneous norm N = u'/(2=Q),
and let p € C°(B,), « € R, Q >3 and Q+a —2 > 0. Then the following inequality

1s valid:
_ 2
/ N®|Vgg|*dx > (Q“‘ 2 / NC*’V‘G’N| $*dx +

where C' is a positive constant and R s the radius of the ball B,.

02R2 / Ne¢*dz, (3.19)

Theorem 3.6. ([23]) Let G be a Carnot group with homogeneous norm N = u'/(=9)
and let ¢ € C3°(B,), « € R, Q >3, Q+a —2> 0 and g > 2. Then the following

inequality s valid:

—2 VeN|? 2/q
N*|Vegl da:><Q+Ta /N"" M 2 +0232 /N”qzsqczx :

N
(3.20)

q—2

where C' > 0, R is the radius of the ball B,, o = w and K = (fBg NQ_de> !

By

Notice that the remainder terms in Theorems 3.4 and 3.5 contain functions of the
homogeneous norm N and ¢. Motivated by the recent work of Abdellaoui, Colorado
and Peral [1] we have following inequality (which is a weighted version of the inequality

(3.4) in [23]) so that remainder term contains functions of N and |Vgo|.

Theorem 3.7. Let G be a polarizable Carnot group with homogeneous dimension
Q > 3 and let Q be a bounded domain with smooth boundary which contains the
origin, « € R, Q+a—2>0, and 1 < q < 2. Then there exists a positive constant
C =0(Q,q,Q) such that the following inequality holds:

/NO‘|V o|?dz > (Q”‘_z /N"WG $*dx +0 /N2 |VG¢>|qd:g)
(3.21)

for all compactly supported smooth function ¢ € C§ ().

Proof. The proof is similar to the proof Theorem in [23] ( see also [24]). We only need
to use the weighted LP-Hardy-type inequality (3.5). O

4. SHARP WEIGHTED RELLICH TYPE INEQUALITIES AND
THEIR IMPROVED VERSIONS

Our main goal in this section is to obtain weighted analogues of the Rellich
inequality (1.1) and (1.2) for general Carnot groups. Furthermore, we shall also
obtain their improved versions for bounded domains. The following is the first result

of this section.
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Theorem 4.1. Let G be a Carnot group with homogeneous norm N = u*?=9) and
let p € CP(G), a €R, Q >3, Q+a—4>0. Then the following inequality is valid:

_4)Q - NP2
/|v N|2|AG¢|2de(Q+a 125( a) /(;Na%ﬁdx. (4.1)

(Qta—1)*(Q-0a)?

16 1s sharp.

Furthermore, the constant

Proof. A straightforward computation shows that

2

AgN*? = (Q+ a — 4)(a — 2)N**|VeN|* + QNQ+°‘ Au. (42)

2—
Multiplying both sides of (4.2) by ¢* and integrating over the domain G, we obtain

/ PP AN 2de = / N2(20A¢¢ + 2|Veo|*)dx
Since u is the fundimental solution ofG Ag and @ + a — 4 > 0 we obtain
/ ANz = (Q + a — (o — 2) / N4V N|2de.
Therefore ’ )

(Q+a—4)(a—2) / N> VN[> ¢*dx — 2/ N 2pAgopdr = 2/ N?|Vgo|dx.
G G G

(4.3)

Applying the weighted Hardy inequality (3.5) on the right hand side of (4.3), we get

(Q+a—4)(a—2) / N4 VeN|*¢*dr — 2 /@ N 2¢pAgodx

> (Q+0z—

Now it is clear that,

/Na HVeN[Pp*dz.

_/Na2¢AG¢d$2<Q+§_
G

Next, we apply the Cauchy-Schwarz inequality to the integrand — f«; N2 A¢dx

4)(Q ; O‘)/@NM\VGNP&M. (4.4)

1/2

and we obtain
Acol? /
el Nadx> . (45)

_/ NQ_Q¢AG¢dI < </ Na_4|VGN|2¢2dx>1/2<
G e ¢ [VeN|?

Combining (4.5) and (4.4), we obtain the inequality (4.1).

(Qta—4)*(Q—0a)?

T is the best constant

Now we prove that the constant C(Q, ) =
for the Rellich-type inequality (4.1), that is

|Acf|?
Je NQWGNde

inf
O;AfeC‘X’ G)f NolVeNE IVGNI f2dx

(@ta-1HQ- oy
16 '

CR:
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It is clear that

16 fG Ne }6\14 - fda

If we pass to the infimum in (4.6) we get that W < Cr. We only need to

show that Cr < % Given € > 0, we define the function ¢.(N) by

— (et L (N-1)+1  if Nelo,1],

¢6(N) = a—
N (#5540 if N>1.

(4.7)

Notice that ¢.(N) can be well approximated by smooth functions with compact sup-

port in G. By direct computation we get

(Lot 4 o2y Vel if N <1,
(o=t 4 2 (L2 — 2N-Q2|VN[*  if N> 1.

|AG¢5’2 -

Let us denote by B; = {z € G : N < 1} the unit ball with respect to the homogeneous

norm /N. Hence

/NO‘ G¢E2 :A(Q,a,e)/ Na—2|vGN|2da:+B(Q,a,e)/ N9V N|2dx
IV(GN‘ By G\Bl

where A(Q, o, €) = (Q—l)z(%—ke)z and B(Q, a,€) = ( +a 11¢)? ( < —¢€)%. Note
that the integrand [; N®?|VgN|[*dx is finite because ]VGN | is umformly bounded
and Q + o — 4 > 0. Therefore

Ao |?
/Na:vzi]:de:B(Q,a,e) [ NCHTaNPE o). (Y
Next,
|VGN|2 IVeNP [VeNP
N ¢p2dr = | N© Pdr + N pcdx
/ B, N4 G\B1 N*

It is clear that the first integrand fB N© WGN' Pdx is finite and we get

o |VGN|2 2 —Q—2¢ 2
N @2da = N |VeN[dz + O(1). (4.9)
G N G\B,

Taking the limit as € — 0 and noting that

N9V N|2dz — oo
G\B;

we get
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Cl{lA ¢e
Jo NeliStds (@ +a—4P2(Q - o)’
f NO‘|VGN|2¢zdI - 16 :

Therefore Cr = %w. O

Remark 4.2. In the Abelian case, when G = R" with the ordinary dilations, one has
G = Vi = R"so that ) = n. It is clear that the inequality (4.1) with the homogeneous
norm N(z) = |z| and a = 0 reduces the Rellich inequality (1.1).

IMPROVED RELLICH TYPE INEQUALITIES. In this subsection we obtain
various improved versions of the weighted Rellich-type inequality (4.1) for smooth
bounded domains. One virtue of our approach is that, one can obtain as many as
improved weighted Rellich-type inequalities as one can construct improved weighted

L?-Hardy-type inequalities. The following theorem is the first result in this direction.

Theorem 4.3. Let G be a Carnot group with homogeneous norm N = u?=9) and
let QO C G be a bounded domain with smooth boundary, 0 € Q, Q > 3,4—Q < a <@
and R > esupg N. Then the following inequality holds:
N s @ta- 4)*(Q — a)? \VGN!
——|Ago|*d NO‘ 2dx

(Q+a—4)(Q -« a\VGNP ¢?
* 8 /N N4 (ln%)2

(4.10)
dx

for all compactly supported functions ¢ € C3°(€2).

Proof. The proof of Theorem 4.2 is similar to that of Theorem 4.1. Let ¢ € C§°(2)

and using the same argument as in Theorem 4.1, we have the following identity:

(Q+a—4)(a—2) / N4 Ve N |*¢*dx — 2/ N 2pAgpdr = 2/ N2Vl de.
Q Q Q
(4.11)
We now apply improved weighted Hardy-type inequality (3.13) to the right hand side
of (4.11):

(Q+a—1)(a—2) / N1V NP ¢2da — 2 / N2¢Agedz

22[(& /Na Ve N|2p2dr + - /Na VNP —> da:]
(HN)
Now it is clear that
_/Na_2¢AG¢dIZ (Q+Oé_4
0

2

Oé) / No‘_4|V¢;,N|2¢2dx

¢2
(In )2

(4.12)

1
+ - /N“ HVeN? dz.
4 Jo
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On the other hand we have, by the Young’s inequality,
Ne
B |VeNP
where € > 0 and will be chosen later. Substituting (4.13) into (4.12) we obtain
Ne
5 [VeNP?

|Agop|dz,  (4.13)

1
—/ Na_QqSAngdx < e/ Na_4|V¢;,N|2gz52dx+ —
B B 4e

N AcoPdr > (— 4+ (Q+ a—4)(Q — a)e) /BN‘)‘4|VGN|2¢2d:c
2

Na—4v N2 ¢
J TN

It is clear that the quadratic function —4€*4 (Q+a—4)(Q —«)e attains the maximum
for ¢ — (@Fra—1)(@-a) (Qto—1)(Q0)?
8 16

dzx.

and this maximum is equal to . Hence we obtain

the desired inequality:

—_ 4)2 — ~)2 2
/IV N’2|AG¢|2d$Z Qta-4(Q-o /BNC“—’VET ¢ dw

16
(@+a—-4)(Q -0 o VeN]? ¢
+ S /N i (ln%)Qdm'

]

Using the same arguments as in Theorem 4.2 and improved Hardy-type inequal-
ities (3.19) and (3.20) we obtain the following improved Rellich-type inequalities on

a metric ball, respectively.

Theorem 4.4. Let G be a Carnot group with homogeneous norm N = u?=9) and
let B, C G be ap-ballinG, Q>3 aeRand4—-Q <a < Q. Then the following
inequality holds:

[VeN|?

N 2 (Q+a—-4*Q—a) a 2
J reaaptaotis 2 FEE N
(Q+a—-4)(Q—0a) o '
+ s /B N2y

4

for all compactly supported smooth functions ¢ € C§°(B,).

Theorem 4.5. Let G be a Carnot group with homogeneous norm N = u*?=9) and
let B, C G be a p-ball in G, p € C°(B,), @ >3, aeR, 4—Q <a<Q andq > 2.
Then the following inequality is valid:

N 2 (Q+a—4>Q —a)’ |VGN’ 2
> (0%
/BQ ‘VGN’2‘AG¢| dr > 16 BQN ¢

Qe b@-a) f Naququ)%,

2c2r2

(4.15)
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q—2

where ¢ is a positive constant, o = E=LC=OF@=Da g j - (fBg NQ_Qd£E> !

2

The following improved Rellich-type inequality holds for bounded domains in

polarizable Carnot groups.

Theorem 4.6. Let G be a polarizable Carnot group and let Q@ C G be a bounded
domain with smooth boundary, 0 € Q, a € R, Q@ >3 and 4 — Q < a < (). Then the
following inequality holds:

N (Q+a—4)2(Q—a)2/ [VeN[?
Ago|*dz > N© 2
Q |VGN|2’ G¢’ dr > 16 N4 ¢ dx

+C’(Q+a—4)(@—a)(/ ]VGMQN@dx)Q/q
2 Q

(4.16)

for all compactly supported smooth functions ¢ € C§ ().

Proof. The proof is similar to the proof of Theorem 4.2. We only need to use the
improved Hardy-type inequality (3.21). [

WEIGHTED RELLICH TYPE INEQUALITY II.

We now turn our attention to another Rellich-type inequality that connects first

to second order derivatives. The following theorem is first result in this direction.

Theorem 4.7. (Weighted Rellich-type inequality II) Let G be a Carnot group with
homogeneous norm N = u'/?=Q) and let ¢ € CF(G), Q > 3 and % <a<Q.
Then the following inequality is valid:

2 _ 2
/Na||vAG]<€||2 Oé /NQ'VG¢| ' (417)
G

Furthermore, the constant C(Q, «) = (%) 1s sharp.

Proof. Our starting point is the identity

—4 2
/Na_2|VG¢‘2dZL' — (Q+()é 5 )(Oé )/Na_4]VGN|2gb2dx
© © (4.18)
— / N 2pAgpdx
G
valid for all ¢ € C°(G) and @ +a —4 > 0 (see (4.3)).
By applying Cauchy’s inequality we obtain
_ _ 1 |Ago|?
— [ N*2pAgpdr < e | N4 VN |*¢*d —/Na d 4.1
/G ngngx_e/G VeN [t + - [ NS idn (119
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where € > 0 and will be chosen later. Combining (4.19) and (4.18), we get
— (-2
[ e wsoar < ((LEAE O L) [ v wentan
G G

2 (4.20)
p L[ yelBeol g,
46 G |VGN|2
We only consider the case w + € > 0 because other cases do not allow us

to obtain sharp weighted Rellich-type inequality that connects first to second-order
derivatives. We now apply the Rellich-type inequality (4.1) to the first integral term
on the right hand side of (4.20) and get

/NQIVG¢|2 <| 16 L 8a=2) i] [Acdl®

TR+ a-4PQ-0a) (@+a—-4)(Q-0a) ¢ [VeNP*
Note that the function ¢ — OFas i)(sf( B + o S(Q)(2) e + - attains the minimum
for € = w, and this minimum is equal to W Therefore we obtain the

desired inequality:

/NaWGjél; @—a) /NQW‘G’W2 . (4.21)
G

To show that constant (%)2 is sharp, we again use the same sequence of func-

tions (4.7) and we get

« A €
f N ||VG?V|‘2dx N <Q—Oé)2
[RTIT

as € — 0. ]

Remark 4.8. Note that one can also apply the weighted Hardy-type inequality (3.5)
with p = 2 to the first integral on the right hand side of (4.20) and reach the same
inequality (4.21).

IMPROVED RELLICH TYPE INEQUALITY II. We now present improved
versions of the Rellich-type inequality (4.17) for bounded domains. Their proofs are
very similar to that of Theorem 4.6, except instead of using plain weighted Hardy-type
inequality, we use improved weighted Hardy-type inequalities, (3.13), (3.19), (3.20)
and (3.21), respectively.

Theorem 4.9. Let G be a Carnot group with homogeneous norm N = ul/(Q_Q) and

let Q C G be a bounded domain with smooth boundary, 0 € Q, Q >3, E¢ <a < @
and R > esupn N. Then the followmg inequality holds:
|AG€Z5|2 — ) / |V<G</5|2
NY——— NY———
/ |VGN!2
(4.22)

dx

a—4 2
C(Q,a)/ﬂN V| (1n§)2
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for all compactly supported smooth functions ¢ € C§(2). Here C(Q, o) = w.

Theorem 4.10. Let G be a Carnot group with homogeneous norm N = u'/?=9) and
let B, be a p-ball in G, ¢ € C*(B,), @ > 3 and % < a < Q. Then the following
inequality holds:

/N | G¢|2d Q—a) /Na|Vcs¢|2
|VeN|? 193
+(Q_OC (@+ 30 -8 /No‘—dx -
4C?2 R?

where C' > 0 and R is the radius of the ball B,.

Theorem 4.11. Let G be a Carnot group with homogeneous norm N = u'/?=9 agnd
let B, be a p-ball in G, ¢ € CF*(B,), @ > 3 and % < a < Q. Then the following

inequality is valid:

| Agol® / |VG</5|2
Na dx NO——
[VeN[?
(Q (Q+3 8) (424
— X o — ’
K N7 ¢d
" 1C7R? p, P
where R is the radius of the ball B,, C > 0, o = (Q_Q)(2_§)+(O‘_2)q and K =

q—2

(fBg N27de> N
Theorem 4.12. Let G be a polarizable Carnot group with homogeneous norm N =
u/?=Q) and let Q be a bounded domain with smooth boundary, 0 € Q, Q > 3 and
M < a < Q. Then the following inequality holds:
|AG¢|2 (Q—Oé)Q/ IVeol ~ / a=2q , \2/4
NodZSO gy > Y [ NelVERL C( TN ) 4.25
| Nz > L [ neBhae O [ woorn 5 ar) " (425)

Q—a) (Q+3a )

for all compactly supported smooth functions ¢ € C§°(S2). Here C =
and C > 0.

5. UNCERTAINTY PRINCIPLE INEQUALITY

In [23] we obtained the following uncertainty principle-type inequality for general

Carnot groups:

<[GN2|V<(;N|2¢2dx>(/G|VG¢|2dx> > (%)2(/G|VGN|Q¢QCM>2, (5.1)

where ¢ € C§°(G). It is clear that this inequality does not recover the Euclidean
uncertainty principle inequality (1.8). As we pointed out before one of the main goal
of this paper is to establish a sharp uncertainty principle inequality for Carnot groups

and the following theorem is the main result of this section.
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Theorem 5.1. Let G be a polarizable Carnot group with homogeneous norm N =
ut/ =@ and let Q > 3 and ¢ € C°(G). Then the following inequality is valid:

/ N2 d / ||§§]f[|;dx> > Cf( / é dx) . (5.2)

Proof. By the volume growth formula (2.8) and integration by parts, we get

/Gg2¢2dx: —2/ (,Vijjwv@d) VGN>da: (5.3)
Applying Cauchy-Schwarz inequality to the right hand-side of (5.3) gives the desired
inequality: , )
Ve 2
/ NegPr) ||v@,1§3||2 0)2 %( /69252“")
It is easy to verify that the equahty is attained in Theorem 5.1 by the functions
¢ = Ae "N for some A € R, 5> 0. O

Remark 5.2. In the Abelian case, when G = R" with the ordinary dilations, one has
G = Vi = R"so that @ = n. It is clear that the inequality (5.2) with the homogeneous

norm N (x) = |z| recover the uncertainty principle inequality (1.8).

In connection with uncertainty principle inequality we now present the following
Caffarelli-Kohn-Nirenberg [9]-type inequality for polarizable Carnot groups. It is clear
that this inequality reduces to the uncertainty principle inequality (5.2) for a = 0
and p=q = 2.

Theorem 5.3. Let G be a polarizable Carnot group with homogeneous norm N =

w9 andlet Q >3, a>—-Q,p>1,qg= -2 and ¢ € C3°(G). Then the following

imequality is valid:

/N“W“qd) ( ggﬁ;w )" () [ Nriepar. 6

Proof. The proof is similar to the proof of Theorem 3.1. We omit the details. ]

REFERENCES

[1] B. Abdellaoui, D. Colorado, I. Peral, Some improved Caffarelli-Kohn-Nirenberg inequalities,
Calculus of Variations and Partial Differential Equations 23 (2005), 327-345.

[2]  Adimurthi, N. Chaudhuri and M. Ramaswamy, An improved Hardy-Sobolev inequality and
its applications, Proceedings of American Mathematical Society 130 (2002), 489-505.

[3] Z. Balogh and J. Tyson, Polar coordinates on Carnot groups, Mathematische Zeitschrift 241
(2002), 697-730.

[4] P. Baras and J. A. Goldstein, The heat equation with a singular potential, Transactions of
American Mathematical Society 284 (1984), 121-139.

[5) G. Barbatis, Best constants for higher-order Rellich inequalities in LP(Q), Mathematische
Zeitschrift 255 (2007), no. 4, 877-896.



SHARP RELLICH AND UNCERTAINTY PRINCIPLEINEQUALITIES 21

G. Barbatis, S. Filippas and A. Tertikas, A unified approach to improved LP Hardy inequalities
with best constants, Transactions of American Mathematical Society 356 (2004), 2169-2196.

A. Bonfiglioli, E. Lanconelli, F. Uguzzoni, Stratified Lie Groups and Potential Theory for their
Sub-Laplacians, Springer-Verlag, Berlin-Heidelberg, 2007.

H. Brezis and J. L. Vazquez, Blow-up solutions of some nonlinear elliptic problems, Rev. Mat.
Univ. Complutense Madrid 10 (1997), 443-469.

L. Caffarelli, R. Kohn, and L. Nirenberg, First order interpopationinequalities with weight,
Compositio Math. 53 (1984), 259-275

L. Capogna, D. Danielli and N. Garofalo, Capacitary estimates and the local behavior of
solutions of nonlinear subelliptic equations, American Journal of Mathematics 6 (1996), 1153~
1196.

L. Capogna, D. Danielli, S. Pauls and J. Tyson, An introduction to the Heisenberg group and
the sub-Riemannian isoperimetric problem, Birkhauser, Basel, 2007.

D. Danielli, N. Garofalo and Duy-Minh Nhieu, On the best possible character of the norm in
some a priori estimates for non-divergence form equations in Carnot groups, Proceedings of
the American Mathematical Society 131 (2003), 3487-3498.

D. Danielli, N. Garofalo and N.C. Phuc, Inequalities of Hardy-Sobolev type in Carnot-
Carathodory spaces, Sobolev Spaces in Mathematics I. Sobolev Type Inequalities. Vladimir
Maz’ya Ed. International Mathematical Series 8 (2009), 117-151.

E. B. Davies, and A. M. Hinz, Explicit constants for Rellich inequalities in L,(£2), Mathema-
tische Zeitschrift 227 (1998), 511-523.

G. B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups, Arkiv. fir
Math. 13 (1975), 161-207.

G. B. Folland and A. Sitaram, The Uncertainty Principle: A Mathematical Survey, Journal
of Fourier Analysis and Applications 3 (1997), 207-238.

G. B. Folland and E. Stein, Hardy Spaces on Homogeneous Groups, Princeton University Press,
Princeton, NJ.

N. Garofalo and E. Lanconelli, Frequency functions on the Heisenberg group, the uncertainty
principle and unique continuation, Ann. Inst. Fourier(Grenoble) 40 (1990), 313-356.

N. Ghoussoub, A. Moradifam. On the best possible remaining term in the Hardy inequality,
Proc. Natl. Acad. Sci. USA 105 (2008) no 37, 13746-13751.

N. Ghoussoub, A. Moradifam. Bessel potentials and optimal Hardy and Hardy-Rellich inequal-
ities, preprint

J. A. Goldstein and I. Kombe, The Hardy inequality and nonlinear parabolic equations on
Carnot groups, Nonlinear Analysis 69 (2008), 4643-4653.

A. Kaplan, Fundamental solutions for a class of hypoelliptic PDE generated by composition
of quadratic forms, Transactions of the American Mathematical Society 258 (1980), 147-153.
I. Kombe, Sharp weighted L?-Hardy-type inequalities and uncertainty principle-type inequal-
ities on Carnot groups, preprint.

I. Kombe and M. Ozaydin, Improved Hardy and Rellich inequalities on Riemannian manifolds,
Transactions of the American Mathematical Society 361 (2009), 6191-6203.

R. Monti and F. Serra Cassano, Surfaces measures in Carnot-Carethéodory spaces, Calculus
of Variations and Partial Differential Equations 13 (2001), 339-376.

F. Rellich, Perturbation theory of eigenvalue problems, Gordon and Breach, New York, 1969.

E. Stein, Harmonic Analysis, Real-Variable Methods, Orthgonality, and Oscillatory Integrals,

Princeton University Press, Princeton, NJ.



22

[28]
[29]
[30]

[31]

ISMAIL KOMBE

A. Tertikas and N. Zographopoulos, Best constants in the Hardy-Rellich Inequalities and
Related Improvements, Advances in Mathematics 209, (2007), 407—459.

N.Th. Varopoulos, L. Saloff-Coste and T. Coulhon, Analysis and Geometry on Groups. Cam-
bridge University Press, 1992.

J. L. Vazquez and E. Zuazua, The Hardy constant and the asymptotic behaviour of the heat
equation with an inverse-square potential, Journal of Functional Analysis 173 (2000), 103-153.
Z.-Q. Wang and M. Willem, Caffarelli-Kohn-Nirenberg inequalities with remainder terms,
Journal of Functional Analysis 203 (2003), 550-568.



