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Abstract

We consider a class of nonlinear Schrédinger equation in two space dimensions with an attractive potential.
The nonlinearity is local but rather general encompassing for the first time both subcritical and supercrit-
ical (in L?) nonlinearities. We study the asymptotic stability of the nonlinear bound states, i.e. periodic
in time localized in space solutions. Our result shows that all solutions with small initial data, converge
to a nonlinear bound state. Therefore, the nonlinear bound states are asymptotically stable. The proof
hinges on dispersive estimates that we obtain for the time dependent, Hamiltonian, linearized dynamics
around a careful chosen one parameter family of bound states that “shadows” the nonlinear evolution of
the system. Due to the generality of the methods we develop we expect them to extend to the case of
perturbations of large bound states and to other nonlinear dispersive wave type equations.

1 Introduction

In this paper we study the long time behavior of solutions of the nonlinear Schrédinger equation (NLS) with
potential in two space dimensions (2-d):

idwu(t,r) = [~A,+V(2)u+gu), teR, zecR?
u(0,2) = wup(x) (1.2)

—~
—_
—_

~—

where the local nonlinearity is constructed from the real valued, odd, C? function g : R — R satisfying
g(0)=4¢'(0)=0 and |¢"(s)] < C(|s|** +|s|*?), s€R, % <a;<as <o (1.3)
which is then extended to a complex function via the gauge symmetry:
g(es) = eg(s), 6 eR. (1.4)

The equation has important applications in statistical physics, optics and water waves. It describes certain
limiting behavior of Bose-Einstein condensates [8, 15] and propagation of time harmonic waves in wave guides
[14, 16, 18]. In the latter, ¢ plays the role of the coordinate along the axis of symmetry of the wave guide.

It is well known that this nonlinear equation admits periodic in time, localized in space solutions (bound
states or solitary waves). They can be obtained via both variational techniques [1, 28, 22] and bifurcation
methods [20, 22, 13]. Moreover the set of periodic solutions can be organized as a C? manifold (center
manifold), see [11, 12] or next section. Orbital stability of solitary waves, i.e. stability modulo the group of
symmetries u — e~ %u, was first proved in [22, 30], see also [9, 10, 24].

The main result of this paper is that solutions of (1.1)-(1.2) with small initial data asymptotically converge
to a bound state, see Theorem 3.1. While asymptotic stability results for bound states in NLS have first
appeared in the work of A. Soffer and M. I. Weinstein [25, 26], and continued in [20, 29, 2, 3, 4, 7, 11],

our main contribution is to allow for subcritical and critical (L?) nonlinearities, 3 < a; < 1 in (1.3). To
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accomplish this we carefully project the nonlinear dynamics onto the center manifold of bound states and
use linearization around this time changing projection to study the motion in the radiative directions, i.e.
directions that are not in the tangent space of the center manifold. Previously, linearization around a fixed
bound state has been used, see the papers cited above. By continuously adapting the linear dynamics to
the actual nonlinear evolution of the solution we can more precisely capture the effective potential induced
by the nonlinearity g into a time dependent linear operator. Once we have a good understanding of this
time dependent linear dynamics, i.e. we have good dispersive estimates for its semigroup of operators, see
Section 4, we obtain information for the nonlinear dynamics via Duhamel formula and contraction principles
for integral equations, see Section 3. Note that we have recently used a similar technique to show that in the
critical (cubic) case, (1.1) with g(s) = s3, s € R, the center manifold of bound states is an attractor for small
initial data, see [13]. In this paper the technique is much refined, we use a better projection of the dynamics
on the center manifold and sharper estimates for the linear dynamics. The refinements not only allow us to
treat a much larger spectrum of nonlinearities including, for the first time, the subcritical ones but also allow
us to obtain actual convergence of the solution to a bound state.

However, the main challenge for our approach is to obtain good dispersive estimates for the semigroup of
operators generated by the time dependent linearization that we use. This is accomplished in Section 4 via
a perturbative method similar to the one we developed in [13]. As described in that section, we could have
obtained sharper estimates by using a generalized Fourier multiplier technique to remove the singularity of

i(A—V)t

le itz ~ [E7Y,

see [12, Section 4]. We chose not to do it because it requires stronger hypotheses on V without allowing us
to enlarge the spectrum of nonlinearities that we can treat.

Finally, we remark that our method is quite general, based solely on linearization around nonlinear bound
states and estimates for integral operators with dispersive kernels. Therefore we expect it to generalize to the
case of large nonlinear 2D ground states, see for example [7], the presence of multiple families of bound states,
see for example [27], or to the case of time dependent nonlinearity, see [6]. In all three cases our method
will not only allow to treat the less dispersive environment, 2D compared to 3D, but it should greatly reduce
the restrictions on the nonlinearity. The first author and collaborators are currently working on adapting the
method to other dimensions and other dispersive wave type equations. The work in 3-D is complete, see [12].

Notations: H = -A+V;
LP = {f:R? — C | f measurable and [, |f(2)[Pdz < 0o}, 1 < p < 00, endowed with the standard norm

[£lle = ([ge |f(x)\pdac)1/p, while for p = 0o, L = {f : R? +— C | f measurable and essup|f(x)| < oo}, and
it is endowed with the norm: ||f||p~ = essup|f(z)[;

<z >= (14 |z|?>)'/?, and for ¢ € R, 1 < p < oo, LE denotes the LP space with weight < = >P7, i.e.
the space of functions f(x) such that (< z >7 f(x))? are integrable endowed with the norm || f(z)||.z =
| <2z >7 f(x)||p, while for p = oo, L denotes the vector space of measurable functions f(z) such that
essup| < x > f(x)| < oo endowed with the norm [|f(2)|re = || <2 > f()[|Le~;

(f,9) = [pe f(z)g(x)dx is the scalar product in L? where Z = the complex conjugate of the complex
number f;

P, is the projection associated to the continuous spectrum of the self adjoint operator H on L?, rangeP, =
Ho:

H™ denote the Sobolev spaces of measurable functions having all distributional partial derivatives up to
order n in L2, || - ||z~ denotes the standard norm in this spaces.

2 Preliminaries. The center manifold.

The center manifold is formed by the collection of periodic solutions for (1.1):

up(t,r) = e "Flpp(z) (2.1)
where £ € R and 0 # ¢ € H?(R?) satisfy the time independent equation:
[-A+VIYE +9(YE) = EYe (2.2)



Clearly the function constantly equal to zero is a solution of (2.2) but (iii) in the following hypotheses on the
potential V' allows for a bifurcation with a nontrivial, one (complex) parameter family of solutions:

(H1) Assume that

(i) There exists C' > 0 and p > 3 such that:

V(z)| <C <z >, forall xcR?%

(ii) 0 is a regular point® of the spectrum of the linear operator H = —A + V acting on L?;

(iii) H acting on L? has exactly one negative eigenvalue Fy < 0 with corresponding normalized eigenvector
¥o. It is well known that ¢g(x) can be chosen strictly positive and exponentially decaying as |z| — oo.

Conditions (i)-(ii) guarantee the applicability of dispersive estimates of Murata [17] and Schlag [23] to the
Schrédinger group e~ *#*. These estimates are used for obtaining Theorems 4.1 and 4.2, see also [13, section
4]. In particular (i) implies the local well posedness in H' of the initial value problem (1.1-1.2), see section 3.

By the standard bifurcation argument in Banach spaces [19] for (2.2) at E = Ej, condition (iii) guarantees
existence of nontrivial solutions. Moreover, these solutions can be organized as a C? manifold (center manifold)
for x € R™, see [12, section 2] or [11]. The proofs for the following results can be found in [12, section 2] or
[11]:

Proposition 2.1 There exist § > 0, the C? function
h:{aeRxR : |a|<d}— LZNH?* c€R

and the C function E : (—6,6) — R such that for |E — Eo| < § and |{(¢0, V)| <  the eigenvalue problem
(2.2) has a unique solution up to multiplication with ¢, 6 € [0,27), which can be represented as a center

manifold: ‘ ‘
Yg =ayo +h(a), E=E(la]), ($o,h(a)) =0, h(c’a)=e"h(a), |a] <4. (2.3)

Moreover E(|al) = O(|a|*T*1), h(a) = O(|a|?*T*), and for a € R, |a| < 6, h(a) is a real valued function with
Lha) = O(la]*r) and %(0) = 0.

Since 1o (x) is exponentially decaying as |#| — oo the proposition implies that g € L2. A regularity
argument, see [25], gives a stronger result:

Corollary 2.1 For any o € R, there exists a finite constant C, such that:

| <z > Ye|p: < Collvel g

We are going to decompose the solution of (1.1)-(1.2) into a projection onto the center manifold and a
correction. To insure that the correction disperses to infinity on long times we require that the correction is
always in the invariant subspace of the linearized dynamics at the projection that complements the tangent
space to the center manifold. A short description of the decomposition follows, for more details and the proofs
see [12].

Consider the linearization of (1.1) at a function on the center manifold ¢r = ayo + h(a), a = a1 +iaz €
C, la| <¢:

% = —iLy,[w] —iEw (2.4)

where

Ly,lwl=(-A+4+V —E)w+ Dgy,[w]=(-A+V —-E)w+ lim g(YE +ew) — g(¥E)

2.
e€R, e—0 IS ( 5)

Isee [23, Definition 7] or M, = {0} in relation (3.1) in [17]



Remark 2.1 Note that for a € R we have $g = ay + h(a) is real valued and

VE VE
hence

IDges ul < wlmax{m'(wE), je)

} < O(lel"* + el )l (2.6)

where we used (1.3). For a = |ale’’ € C we have, using the equivariant symmetry (1.4), Y = ao + h(a) =
e (|alibo + h(la]) = ef9isal) where i is real valued, and Dgy,[w] = elngereal [e=%w], hence (2.6) is valid
for any Vg on the manifold of ground states.

Properties of the linearized operator:

1. Ly, is real linear and symmetric with respect to the real scalar product R(-,-), on L?(R?), with domain
H?%(R?).

2. Zero is an e-value for —iL,, and its generalized eigenspace includes {%ﬁf , %ﬁf }

daq
product in L?(IR?), are invariant subspaces for —iLy,, and, by possible choosing § > 0 smaller than the
one in Proposition 2.1, we have:

1L
3. spang {%ﬁ’f , %ﬁf } and H, = {—z %ﬁf , j9ve } , where orthogonality is with respect to the real scalar

oYE OYgp
8 8(12

L?*(R?) = spa R{ }@'HQ, for all a € C, |a| < 4.

Note that Hy coincides with the subspace of L? associated to the continuous spectrum of the self-adjoint
operator H = —A 4+ V.

4. the above decomposition can be extended to H~!(R?) :

B oVE OYg
12y _ o
H(R?) = spanR{ 90, ag } ® Ha, for all a € C, |a| < 6, (2.7)
where (91P -
1 E o E o
{¢GH | R{=igs, @) =0, and R(iy @_o}

Our goal is to decompose the solution of (1.1) at each time into:
U:¢E+U:a¢o+h(a)+na TIEH(L

which insures that 7 is not in the non-decaying directions of the linearized equation (2.4) at ¢'g. The fact that
this can be done in an unique manner is a consequence of the following lemma:

Lemma 2.1 There exists §/2 > 61 > 0 such that any ¢ € H~1(R?) satisfying ||¢|| -1+ < 61 can be uniquely
decomposed:

¢ =vE+n=ay+h(a) +n

where a = ay +ias € C, |a| < 8, n € Hy. Moreover the maps ¢ — a and ¢ — n are C' and there exists the
constant C' independent on ¢ such that

lal <2(¢la-+, Al < Cllolla-r,

while for ¢ € L?(R?) we have n € L*(R?) and:

lal <2[|llzz,  lInllze < CllgllLa-



Remark 2.2 The above lemma uses the implicit function theorem applied to

F:R*x H'R*) »R*>  F(a,a2,¢) = [ ﬁg; ii _ zi }

where YE = (a1 + ia2)o + h(a1 +iaz) and

) ) B -
Ve, a2) = i aﬁf (WZ aﬁf’ aiﬁ)

0 ) ) -1
Pa(ar,02) = ’aif (%@ aﬁf’ ai?)

form the dual basis of { %ﬁf, %ﬁf} with respect to the decomposition (2.7). Note that

oF
v = Tws — M
8(a1,a2) (a17a27¢) R (a1;a25¢)
where the entries of the two by two matrix M are
ov;
i =Wz — ¢—
M;; = R( da, ¢ —VE)

and, consequently, M(0,0,0) is the zero matriz. Thus the implicit function theorem applies to F = 0, in a
neighborhood of (a1, a2, ®) = (0,0,0) and the number 01 in the above lemma is chosen such that:

OYgp OYp

7
80,1 ’ 8a2

1
’§R< > 5 whenever |(ay,as)| < 261,

and the norm of the matriz M as a linear, bounded operator on R? satisfies:

1

1Mo ]| = 1M (a1(9), az(¢), )| < 5, whenever [|g]|g-1 < 41, (2.8)

see [12, section 2] for details.

We need one more technical result relating the spaces H, and the space corresponding to the continuous
spectrum of —A 4+ V :

Lemma 2.2 With §; given by the previous lemma we have that for any a € C, |a| < 2601, the linear map
P.|y, : Ha — Ho is invertible, and its inverse Rq : Ho — H, satisfies:

||RaCHLEU < C—a||§||Lgd, o €R and for all ( € HoN L%,
IRCller < Cpll¢llLe, 1<p<ocandforall (€ HyNL?
R, = R,
where the constants C_,, C, > 0 are independent of a € C, |a| < 26;.

We are now ready to prove our main result.

3 The Main Result

Theorem 3.1 If hypothesis (1.3), (1.4), (H1) hold and
5 <

442an
3+2as

then there exists qf) < and g9 > 0 such that for all initial conditions uo(x) satisfying

max{||uoll o, [uollmr } < €0



the initial value problem (1.1)-(1.2) is globally well-posed in H', and the solution decomposes into a radiative
part and a part that asymptotically converges to a ground state.
More precisely, there exist a C function a : R — C such that, for all t € R we have:

u(t, z) = a(t)po(x) + hlalt)) +n(t, )

YE(t)

where }p(t) is on the central manifold (i.e it is a ground state) and n(t,x) € Hy), see Proposition 2.1

and Lemma 2.1. Moreover, there ezists the ground states Vg, and the C* function 6 :R — R such that
hmmﬁoo Q(t) =0 and:

i s(t) — e EE OO0 s =0, 0 € R (3.1)
whz’le 1 satisfies the following decay estimates. Fix py > max{il/z, 4+ 20@)#13%)}, where gy =
. Then for2 <p < % we have:
172//p
) .
CEOW if oy >1ora; <1 and pgm,
In@®)|lrr < (3.2)
a1—2/pg

Cow if a; <1 and p >

2
(L+l¢[)>1=2/70 T—a1+2/po’

for some constant C = C(py).

Remark 3.1 The estimates on n show that the component of the solution that does not converge to a ground
states disperses like the solution of the free Schrédinger equation except for a logarithmic correction in LP
spaces for critical and supercritical regimes, ay > 1. In subcritical regimes, a; < 1, the decay rate remains
comparable to the free Schrédinger one in LP spaces for 2 < p < 2/(1 — 1), while it saturates to [t|]** =170 in
L*, p>2/(1 - o).

Proof of Theorem 3.1. It is well known that under hypothesis (H1)(¢) the initial value problem (1.1)-
(1.2) is locally well posed in the energy space H! and its L? norm is conserved, see for example [5, Corollary
4.3.3. at p. 92]. Global well posedness follows via energy estimates from ||ug|| g1 small, see [5, Corollary 6.1.5
at p. 165].

We choose gy < 01 given by Lemma 2.1. Then, for all times, ||u(t)||g-1 < ||u(t)|lL2 < g0 < 41 and, via
Lemma 2.1, we can decompose the solution into a solitary wave and a dispersive component:

u(t) = a(t)o + h(a(t)) + n(t) = Y (t) +n(t), where |a(t)] = |a1(t) + ias(t)| < 260 < 26, VE€R. (3.3)

Note that since a — h(a) is C?, see Proposition 2.1, and a is uniformly bounded in time we deduce that there
exists the constant C'i > 0 such that:

e Vg

max{”z/JE( )| &2, || (t )|H2’8(t)”H2} < Cgeo, for all t € R,
ay ag

which combined with Corollary 2.1 implies that for any o € R there exists a constant Cgr» > 0 such that:

Vg g

Ol < >7 T

max{” <z > Yet)|p2 | <x>° —(t )HHz} < Ch,sc0, forallt € R. (3.4)

Consequently, using the continuous imbedding H?(R?) — LP(R?), 2 < p < oo and L2(R?) — LY(R?), o0 > 1
we have that for all 1 < p < oo and all o € R, there exists the constants C}, , such that

E p

SupmaX{lliﬁE( Mz 5= ®lles, 15 = Ollez, P (alt))lleg, II‘Pl(a(t))HLz;} < Cpoco, (3.5)
teR ai as

see Remark 2.2 for the definitions of ¥;(a), j = 1,2. In addition, since

ue C(R,H' (R*))nCY R, H ' (R?)),



and u — a respectively u — 1 are C1, see Lemma 2.1, we get that a(t) is C* and n € C(R, H')NCH(R, H™1).
The solution is now described by the C! function a : R +— C and n(t) € C(R, H')NC*(R, H~!). To obtain
estimates for them it is useful to first remove their dominant phase. Consider the C? function:

0(t) = [ Blats))is (3.6)
and
a(t) = e ®u(t), (3.7)
then @(t) satisfies the differential equation:
i0u(t) = —E(la(t)))u(t) + (=A + V)a(t) + g(a(t)), (3.8)

see (1.1) and (1.4). Moreover, like u(t), @(t) can be decomposed:

a(t) = a(t)yo + h(a(t)) +7(t) (3.9)
—_—
Pu(t)
where
a(t)y =eWa(t),  7t) = "Dn(t) € Hag (3.10)
By plugging in (3.9) into (3.8) we get
_ . & ) ) i i
ST DIl = (A~ B + ) + 9(06) + o( + 1) — o)

Ly, i1+ 92(4m, )

or, equivalently, } R
on | OYgdar | OYgday

ot dar dt T ey @t Laell —i92(Ve:0) (3.11)
7 - cHa
Espang{ %?15 ,%’ﬁ;@ 1

where L is defined by (2.5):

. e, 4 .
Ly = (=A+V = E(ja)q + -g(¥r +ei)le=o

and we used |a| = |a|, while g, is defined by:

92(V. 1) = 9(bp + 1) — 9(¥p) (¥ + &) |e=o (3.12)

d

dsg
and we also used the fact that &E is a solution of the eigenvalue problem (2.2). Note that go is at least
quadratic in the second variable, more precisely:

Lemma 3.1 There exists a constant C' > 0 such that for all a,z € C we have:
l92(a, 2)] < C(la]** + |al2 + [2]* +[2]*2)]2|*
Proof: From the definition (3.12) of go we have:
1 1,1
2(0.2) = gla+2) ~ 9(0) = Dgale) = [ (Dgusre = D)l = [ [ Dguvovfralllards.
0 0o Jo
Now (1.3) and (1.4) imply that there exists a constant C; > 0 such that the bilinear form Dg on C x C

satisfies:
||D29b|| < C1(|b]* + |b]*2), Vb e C. (3.13)



Hence 1
l92(a, )| < C1 ((2max(|al, [2]))*" + (2max(|al, |2]))*?) §IZ\2,

p OE _
o ez}, and Ha. More

which proves the lemma. [
We now project (3.11) onto the invariant subspaces of —iL 5 Damely spanp{

precisely, we evaluate both the left and right hand side of (3.11) which are functionals in H~1(R?) at ¥, =

U;(a(t)), j =1,2, see Remark 2.2, and take the real parts. We obtain:
} d [ a } _ [ 921 (Y, ) ]
922(VE, 1)

dt | as
where ~ ~
92 (Y, 1) = RV, —ig2 (Y, 1)), Jj=12. (3.14)

Note that from Lemma 3.1 and Hoélder inequality we have for all ¢ € R :

>t I @Ollzr2 7 zes" |

2

s (D, O) < C [ 195 ([Fs(62)[* + [t/ + i) + (e, )" it )Pde - (315
< IOl (I0e@lg + 19aOI5% ) 17O + 1250 17012 e

where 75 4 (p2/2) ! =1, ri (/24 ) =1, j=1,2
; 8”}, Jj = 1,2 we use the fact that 7j(t) € Hg, for all t € R, i.e.

To calculate R(V;, 5!
R(Y;(a(t),7(t)) = 0.

Differentiating the latter with respect to t we get:

a7 oW, da, OV day . .
R, —) = —R(—L— + —L—= =1,2
i ) B @ T dam @ ITh
which replaced into above leads to:
d | a } —1 [ 921 (P, 7) ]
— | - = (Ig2 — My SE 3.16
dt [ az (T ) 922(VE, 1) (310
where the two by two matrix My is defined in Remark 2.2. In particular
R(W1, 1) ] -1 [ 921(,7) ]
') | = My (Ige — My oe 1) |
{ 5}3<‘1’27%> (Ix ) 922(V, 1)
which we use to obtain the component in Hz = {W;(a), ¥2(a)}+ of (3.11):
o = iy~ g2, 1) — (1= M) s, )
ot ¢E77 92\VYE, N [ gs\VYe,n
where g3 is the projection of —igs onto spanR{%if, %if} relative to the decomposition (2.7):
- o4
22 (3.17)

_ _ 9 _
93(VE,N) = 921(¢E,77)%]f + 922(¢E,77)87az,

see (3.14) for the definitions of go;, 7 = 1,2, and I — My is the linear operator on the two dimensional real
9ve e\ 5 oo — My. It

vector space spanR{%ﬁf, %if} whose matrix representation relative to the basis { 5ar Das
is easier to switch back to the variable n(t) = e~ ?W7(t) € H,, :

an . ) . _

g; = 1A+ V)N —iDgygn = ig(Ym,n) — (1= M) Lg3 (¢, ) (3.18)



where we used the equivariant symmetry (1.4) and its obvious consequences for the symmetries of Dg, g2, g3
and M. Since by Lemma 2.2 it is sufficient to get estimates for ((t) = P.n(t), we now project (3.18) onto the
continuous spectrum of —A 4+ V :

% = _’L'(_A + V)C - Z-P)cl)gwE}%aC - ich2(wEa Rag) - 1:)0(]I - Mu)_lg?)(wE’ Rag)’ (319)

where R, : Hg — H, is the inverse of P, restricted to H,, see Lemma 2.2.
Consider the initial value problem for the linear part of (3.19):

0z
ot
z(s) = wveH

= —i(-A+V)z— iPcDgwE(t)Ra(t)Z(t) (3.20)

and write its solution in terms of a family of operators:
Q(t, s) : Ho — Ho, Qt,s)v =2(t), t, seR. (3.21)

In Section 4 we show that such a family of operators exists, is uniformly bounded in ¢, s with respect to the
L? norm and it has very similar properties with the unitary group of operators e *(=2+tV)(t=9) P generated
by the Schrédinger operator —i(—A + V) P.. In particular (¢, s) satisfies certain dispersive decay estimates
in weighted L? spaces and LP, p > 2 spaces, see Theorem 4.1 and Theorem 4.2. For all these results to hold
we only need to choose g¢ small enough such that eoCp 45/3 < €1, where 0 > 1 and &1 > 0 are fixed in Section
4 and the constant C 4, /3 is the one from (3.4).

Using Duhamel formula, the solution ¢ € C(R, H! N Hy) N CY(R, H~1(R?) NHy) of (3.19) also satisfies:

) = QL)) i / Qt, 5) Pogs (05(5), Rage)C(5))ds

—/0 Q(t,8)Pe(I— My(s)) ' g3(VE(8), Ra(s)¢(s))ds. (3.22)

Note that the right hand side of (3.22) contains only terms that are quadratic and higher order in (, see
Lemma 3.1 and (3.15). As in [13, 12] this is essential in controlling low power nonlinearities and it is the main
difference between our approach and the existing literature on asymptotic stability of coherent structures for
dispersive nonlinear equations, see [13, p. 449] for a more detailed discussion.

To obtain estimates for ¢ we apply a contraction mapping argument to the fixed point problem (3.22) in
the following Banach space. Fix pg > 2 such that

2 q0_2
> maxd ——— (442ay)—d0 "2 L 3.93
bo {a11/2 ( 2)q0(4+2a2)} (3.23)
and let Dot
pp = — 0% 3.24
T po+qo—2 (3:24)
and 5
- ifa <], 3.25
p1 170[1 +2/p0 L ( )
then
Case I if a; > 1, 0r 1/2 < a; < 1 and p; > po, let:
1—2
(L[t 7

1— 2

Y ={veCR,L*NLP?) : sup|jv(t)||z> < oo, sup
teR teR 2
log(2 + [t))] "7




Case Il if 1/2 < ay < 1 and py < po, let:

Yy = {UGC(R,LQOLMOL”) 2 sup ||v(t)]|Lz < oo,
teR
2
1+ ¢t L+ [t))** o
sup — LD )m < o0, sup—0 DT e < 00 b
teER 17@ al;s(l
log(2 + [#)] 7 log(2 + |#))] 7
endowed with the norm
1+ [th e
lolly = mas d sup ()], sup — Do) 1o
teR teR p22

in Case I, while in Case II

2 2
1+ thter 14 [t) %
lelly = max { sup [o(®)] 2, sup — D@yl sup ST,
teR teR a1 teR 1 2o
log(2+ )] 7 log(2+ t)] T

Consider now the nonlinear operator in (3.22):

N0 = i [ 0005 Pagap(s), Rugyr(s))ds = [ 0050~ M) gs(s) Ragoyv(s))s. (320
We have:
Lemma 3.2 N :Y — Y is well defined, and locally Lipschitz, i.e. there exists C > 0, such that
INvy = Nually < Clloally + loally + llor 57 + floz 57 + o572 + lloz 52 llor = vally-

Assuming that the lemma has been proven then we can apply the contraction principle for (3.22) in a
closed ball in the Banach space Y in the following way. Let

v = Q(¢,0)¢(0)

then by Theorem 4.2
HU”Y < maX{C27 Cpo,;ﬂl ’ CPO’P2}||C(O)HL2QL46

where we used the interpolation [[((0)|[z- < [[C(O)[|,2q a0 90 < 7 < 2 with 7 = ¢ and r = p’ defined in
theorem 4.2 for p = p;, j = 1,2. Recall that

¢(0) = Pen(0) = Peuo — h(a(0)) = uo — (o, uo) o — h(a(0))

where ug = u(0) is the initial data, see also (3.3). Hence

IS o pat < Nwoll ponpan + luollzzl[toll ey + Dilluollze < Deo

where Dy, D > 0 are constants independent on ug and the estimate on h(a(0)) follows from Proposition 2.1
and |a(0)| < 2||ugl|z2> see Lemma 2.1.
Therefore we can choose €¢ small enough such that R = 2||v||y satisfies

Lip ™ 20(R + R+ + R*o2) < 1.
In this case the integral operator given by the right hand side of (3.22):

K(¢) = v+ N(C)
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leaves B(0,R) = ¢ € Y : |||y < R invariant and it is a contraction on it with Lipschitz constant Lip defined
above. Consequently the equation (3.22) has a unique solution in B(0, R) and because ((t) € C(R, H') —
C(R, L?, LP*, LP?) already verified the equation we deduce that ((¢) is in B(0, R), in particular it satisfies the
estimates (3.2).

Then 7n(t) = R, (t)¢(t) satisfies (3.2) because of Lemma 2.2. Moreover, the system of ODE’s (3.16) has
integrable in time right hand side because the matrix has norm bounded by 2, see (2.8), while go; satisfy (3.15)
where 7(t) differs from 7(¢) by only a phase and the LP, 1 < p < oo norms of ¥;(¢), ¥g(t) are uniformly
bounded in time, see (3.5). Consequently a;(t) and as(t) converge as t — %00, and there exist the constants
C, e > 0 such that:

im a(t) = lim (1) + iaa(2) Y e, |a(£t) — ases| < C(L+ )¢, for all t > 0.
We can now define
VB = Grocto + h(atoo), (3.27)
and we have

, lixin [ (t) — VYEs o NB2n02 =0, for o € R (3.28)

where we used (3.9) and the continuity of h(a), see Proposition 2.1. In addition, since E : [—2d1, 1] — (=06, 9)
is a C' function, see Proposition 2.1, the following limits exist together with the constant C; > 0 such that:

tiirinoo E(la(t)]) = Etoo, |E(Ja(£t)]) — Etool < C1(1+1t)" ¢ for all t > 0.
If we define .
3 1 Jo E(la(s)]) = Eroeds if >0
0t)=¢ 0 if t =0 (3.29)
LV E(|a(s)]) — B—cods ift <0
then R
| l‘im 0(t)=0
t|—oo
and
t 5 .
t(Fioo +6(t) ift>0
ot)= | E ds = - 3.30
) /0 (lals)l)ds { H(Eoo + (1) if £ <0 (3:30)
where we used |a(t)| = |a(t)], see (3.10).

In conclusion, since g (t) = e?Mp(t), see (3.3), (3.9) and (3.10), we get from (3.28) and (3.30) the
convergence (3.1).
It remains to prove Lemma 3.2:

Proof of Lemma 3.2: It suffices to prove the estimate:
|Nvi = Nualy < Clforlly + [loally + [lor 57 + [zl + [[onll3™2 + [loall372) or = vally,  (3:31)

because plugging in vo = 0 and using N(0) = 0, see (3.26), will then imply N(v1) € Y whenever v; € Y.
Note that via interpolation in LP spaces we have for all v € Y and any 2 < p < ps :
1-2/p
||U||y%% ifa;>lorag <land p< m,
lo(®)]lLr < (3.32)

a1—2/pg
log 1=2/P0 (24]t|)

HUHYW if ; <1 and p >

[
1—a1+2/po "
Now, from (3.12), we have for any vy, vo € Y :

92(VE, Rav1) — 92(¥E, Rav2) = g(WE + Rov1) — 9(VE + Rave) — Dgy [Ra(vi — v2)]

1
= /O (DGt Ra(ror+(1—7ys) — DGy ) [Ra(vr — v2)]dr

1 1
/ / DGt s (et (1—ryom) [Ra (701 + (1 — 7)02)][Ra (01 — v2)|drds
0 0
= Ai1(Wg,v1,v2) + As(Wg,v1,v2) + As(Vg, v1,v2), (3.33)
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where we consider x;(t,z), j = 1,2 to be the characteristic function of the set S; = {(t,z) € R x R?
‘¢E(t7x)| 2 max(|Ra(t)U1 (t,$)|, |Ra(t)v2(tax)‘)}, respectively
Sy ={(t,z) € Rx R? : max(|R,1)v1(t, 2)|, |Rayv2(t, x)]) < 1} and

1 1
e = [ [ 0D o Ralro + (1= 7)) [Raor ~ eo)ldrds,
0 0
1 1
As(Yp,v1,v2) = / / (1= X1)X2D? Gyt R (rir +(1—1)02) [RaTV1 + (1 — T)02)][Ra(v1 — v2)]dTds,
0 0
1 1
A3(Yp,ur,ug) = / / (1= x1)(1 = X2)D?GyptsRo (r01 4+ (1—1)w2) [Ra (701 + (1 = T)v2)][Ra(v1 — v2)]drds.
0 0

Note that there exists a constant C' > 0 such that for any ¥g, v1, v2 € Y, any t € R and almost all z € R?
we have the pointwise estimates:

|[A1(Vp(t,2), v1(t,2), vt 2))| < C 2% [t z)|* + 2% [Wp(, 2)|*?) ([Ra@vi(t, 2)] + |Ragyva2(t, 2)))

X[ Raey (vi(t, ) — va(t, )]
|As (Vg (t, x),v1(t,x),va(t, z))] < 29C (|Ra(t)v1 (t, )|t T + |Ra(t)v2(t,x)\1+a1) |Raq) (vi(t, ©) — va(t,x))|
[As(Wp(t,2), vt a),v2(t, @) < 2920 (|Ragyor (8, 2) 772 4 | Ragryva(t, @) [7792) [ Ry (01 (t, @) — va(t, )|

where we used (3.13). Consequently, for any o € R there exists a constant C, > 0 such that for any t € R :

[A1(E () v1 (), v2)llzz < ClU2 [ + 2% [Ye®)]*?| s ([Ra@vi (@) ez + [[Rayv2(t)[|r2)
X[|Ragty (v1(t) — v2(t)) || Lre
Cylog™ (2 + |t])
- (L4 [t])b

A

Ly (

(lorlly + lloally ) lor = v2lly (3.34)
(3.35)

where ¢ + 5 = %
(R, (at), —iAr1(Pp@),vi(t),v2(O)] < [¥5(al®)lrz, AL (e (), vi(t), v2(t))llz2
Cylog™ (2 + |t])

, and, for ¥;, j = 1,2 defined in Remark 2.2:

< Oy (l[vrlly + [Jvally)[vr — vally (3.36)

(L4 [t)br
where 1-2
4 . —</DP2 3
b — 2 — o \ .1n Case I, o — 21_3/21}0 .1n Case I, (3.37)
2001 — = in Case II, 221=2/Po i Case 1T
Po 172/1)0 ’

see the definition of the Banach space Y, and we used Hoélder inequality together with (3.5) and Lemma 2.2.
Similarly, for any 1 < 7’/ < 2 we have (2 + a1)r’ < (2 + a2)r’ < po, hence the above pointwise estimates
and (3.32) imply that there exists a constant C,» > 0 such that for any t € R :

[A2(b5 (@), vi(t), v2() < 27 IRa(t)Ul(t)lHal+IRau)Uz(t)l”al||L—<2+fl>~ [Rage) (v1.() = v2 ()| Ltan
I+aq

Cyr 1og® ) (2 4 |t))

< L+ e (lonl3F e + [lvzlls™) o1 = vallv, (3.38)
where
ba(r') = oy + 2, as(r') = i‘l_;r%g, ifag>1lora; <land (24 ay)r <ps, (3.39)
bg(r’):(2+a1)(a1—p%), ag(r’):(2+a1)°‘11:22/p{’]", if o <1land (24 ai)r’ > py, '

with 1/r+1/r' =1, and
A3 (Ve (t), v1(t), v2(t)|l L

IN

292 0| |Raqyor (8)|"°2 + [Rayva(t) 702 ”L“ff?)“ [ Rage) (v1(t) = v2(8))l| Leaanye
az

Cpr log® (2 + |t))
B (1 [])bsC)

(loally* + [loally ) oy = valy, (3.40)
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where

b3(7"’):0[2+%, asz(r') = ?i;%:, if g >1orag <land (24 ag)r’ <py,

— . 3.41
b3(r') = (24 az)(ay — %)7 az(r') = (2+ a2)a11722/pz;o7 if oy <1and (2+ a2)r’ > p1. (3.41)

Moreover, using Cauchy-Schwartz inequality and (3.5) we have:
[R(W;(a(t), —iA2(¥u(t), vi(t),v2(D))] < [[W;(a(d)]z2l|A2(¥r(t), vi(t), va(D))] L2

Colog™®) (2 + [t]) 1+a 1+a
< Cyp 1 1) (o Iy + Nlozlly™ ) lor — v2||43.42)

and

Cs log™?)
R (), ~ida( ), 01 (0) ()] < Cao B on 72 eal)ln = waly- (349

Now, from (3.17) and (3.14) we have
93(VE, Rav1) — g3(YE, Ravz)

= R 0), 02 (Vs Ratn) = 9200 Raa))) G + RO (), 02 (0 Ratn) — 9o Ra))
= R(Uy(a), —i(A; + Az + A3)(Yp, v1,02)) a% + R(Ts(a), —i(Ay + As + A3) (g, v1,02))) %ﬁf
Consequently, for
As(p,01,02) E (1= M) (g3, Ravr) — g5(p, Rav2)) (3.44)

we have that for any o € R there exists a constant C, > 0 such that:

||A4<wE<t>,v1<t>7w(t))HLgSmax{n E @l 1520l | VEIE - Mago) o

</ [R(T —i(A1 + Az + A3) (1)) * + [R(W2(a(t), —i(Ar + A2 + A3) (1))
Cylog™ 2+t o o o o
B (1+|(t|)”4||)(||”1Y +loally + forlly™ + ool + forlly™2 + foally2) or — v2lv(3.45)
where
by = min{by, b2(2),b3(2)}, aq = max{a,as(2),a3(3)}, (3.46)

and we used (3.5), (2.8), (3.36), (3.42), and (3.43).
We are now ready to prove the Lipschitz estimate for the nonlinear operator N, (3.31). From its definition

(3.26) and (3.33), (3.44) we have for any vy,v3 € Y, any 2 < p < po, and a fixed o > 1:

IN(v1)(t) — N(v2)(t)|| e = H/ (t,8)P(—iA; —iAs — iAsz — Ay)(VE(s),v1(s),v2(s))ds

Lr

/O 1908, )| L2 Lr (141 (W5 (5), v1(5), v2(8)l L2 + [|As(¥E(s), v1(s),v2(s)) || 12) ds

[l
+ /O 120 )l Lo e o ([A2(VE(5), v1(8) v2() Lo + [ As(VE(5), 01(8), v2(8)) | Lar ) ds-

where
1/p+1/p=1,¢ =p(o—2)/(po—1"), 1/qg+1/¢ =1. (3.47)

From Theorem 4.1 and estimates (3.34), (3.45) we get:

I¢l
/O 122, $)ll 22— e (I[A1 (¥1(5), v1(5), v2(9) L2 + [|Aa(¥r(s), v1(5), v2(s)) | 2 ) ds

< (loally +llozlly + o]y + oy + o]y + o2y lon = vally

X/t Cp [Colog”1(2+|8|) Colog™ (2 + s | ..
o |t—s['=2/7 (14 Is]) (14 |s])
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while from Theorem 4.2 and estimates (3.38), (3.40) we get:

Il
/ 12(t, 8| o 157 o [ A2 (W (5), 01(5), v2 (D Lo ds < (Joa ™ + ozl lor = valy
0

- /P ’ ’
/ *Cpoplog™ o 2+ [t —sl) [ Cplog™ (24 |s]) G log™ (2 + Js])
X : max ; , y ds
0 6= s (L + [s)P@) (L + s

and

Il
1
/ 12t )| ot oo [ A3 (@(5), 01.(5), v2 () Lo ds < (oally™™ + flozlly™ ) o — valy
0

—2/p / /
/t Chop log1=2/7 2+ [t —s]) Cylog™ ) (24 |s]) Cp log®®) (2 + |s])
X : max ; , ; ds.
0 |t — s|t=2/p (14 |s])bs(a? (14 |s[)bs(®")

In Case I, ie. a3 > 1,0r 1/2 < oy < 1 and p; > po, since az > a; and py > 4 + 22 > 4, we have from
(3.37), (3.39), (3.41) and (3.46) for v’ € {¢/,p’,2} and 1/r+1/r' =1:

4 2 2

by =2——>1, bz(r/):alﬁ-* > 1, b3(7‘l):a2+* > 1, b4:min{b1,b2(2),b3(2)}> 1.
P2 r q

We now use the following known convolution estimate:

[¢] a _ c log®(2 t
/ log™(2 + |tb s1) log™(2 + |fl|)ds < C(a,b, ¢, d)L—Hb'), ford>1, b<l, (3.48)
0 |t — s (L+1s]) (1+1t])

to bound the integral terms above and obtain for all 2 < p < ps :
1-2/p
log ™% (2 + [t
(14 J¢)r=2/p

([orlly + loally + loally™* + floalls™ + llon 572 + Joally™)llor = vally (3.49)
(3.50)

[N (v1)(t) = N(v2) @) zr < Cp

which, upon moving the time dependent terms to the left hand side and taking supremum over ¢ € R when
p € {2,p2}, leads to (3.31) for C' = max{Cy, C,,}.

In Case II, i.e. 1/2 < oy < 1 and p; < p2, we have from (3.37) by = 2(aq — p%) > 1 because py >
2/(ay — 1/2), see (3.23). From (3.39), under the restriction 2 < p < pq, with p’, ¢/, ¢ defined by (3.47), we
have either:

ba(p') > b2(q) = a1 +2/9 > 1,

ba(p') = b2(q') = 2+ a1)(e1 — 2/po) > 2+ 1)/2 > 1.

Since ag > aq implies bs(-) > ba(-) we deduce that, under the restriction 2 < p < py, we also have
b3(p') > b3(q') > ba(q') > 1,

and
by = Hlil’l{b]_, b2(2), b3(2)} > 1.

We can again apply (3.48) to the above integral terms and get for 2 < p < p; the estimate (3.49). For p > p;
one can show that (2 + a1)q¢’ < p1 hence by(¢’) = a1 + 2/q, and, in the particular case of p = py, we get

bg(qé) =y +2/QQ <1,

where ¢4, g are given by (3.47). We now have from convolution estimates:

a1-2/p
log 277" (2 + t])
(1 [thor=2/p0

log%ﬂ”(q;) (24 1t])
(L ey 272/

1-2/p ’
/tl logﬁ@ + |t — s]) IOgU‘?(QQ)(2 +s])
0

A
It — s|1-2/p2 (1+ |s])P=(@) < C(p2)

ds < C(p2)
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where we used (3.47) and p2 < pg to obtain:

2 3_ 2 (1—2/p2) z
1—2/290

Since by (ph) > b2(qh) and bs(ph) > bs(gh) > ba(qh) we deduce

D2 q2 - Po

DPo

a1 —2/p
log 2750 (2 + |t])
(1 + [¢[)er—2/po

*(lorlly + loally + lloalls™* + oalls ™ + loalls 7 + loally ") lor = vally

IN(01)(t) = N(v2)(t)l| ez < Gy

(3.51)

which, combined with (3.49) for p € {2,p;}, after moving the time dependent terms on the left hand side and
taking supremum over ¢ € R, gives (3.31) in the Case II with C' = max{Cs, Cp,,C,, }.
This finishes the proof of Lemma 3.2 and of Theorem 3.1. [

4 Linear Estimates

Consider the linear Schréodinger equation with a potential in two space dimensions:

i% = (-A+V(z))u
u(0) = up.

It is known that if V satisfies hypothesis (H1)(i) and (ii) then the radiative part of the solution, i.e. its
projection onto the continuous spectrum of H = —A + V| satisfies the estimates:

1
(1 + [t]) log?(2 + |¢])

le=* " Poug |2 < Cwu l[uollzz teR, (4.1)

for any o > 1 and some constant C; > 0 depending only on o see [17, Theorem 7.6 and Example 7.8], and

lle™ " Poug || » <

= Wfpg/pHuoHLP/ (4.2)

for some constant C,, > 0 depending only on p > 2 and p’ given by p'~* + p~! = 1. The case p = oo in (4.2)

is proven in [23]. The conservation of the L? norm, see [5, Corollary 4.3.3], gives the p = 2 case:
le™ " Peuo || 2 = [Juo]| 2

The general result (4.2) follows from Riesz-Thorin interpolation.
We would like to extend these estimates to the linearized dynamics around the center manifold. In other
words we consider the linear equation (3.20), with initial data at time s :

0z
ot
z(s) = veHy

= 71‘(7A + V)Z — iPcDgwE(t)Ra(t)Z(t)

Note that this is a nonautonomous problem as the bound state {r around which we linearize may change
with time.
By Duhamel’s principle we have:

¢
2(t) = e HE= Py — z/ e_iH(t_T)PCDgwE(T)Ra(T)Z(T)dT (4.3)

S

As in (3.21) we denote
Qt,s)o “ 2). (4.4)

15



Relying on the fact that ¢g(t) is small and localized uniformly in ¢ € R, we have shown in [13, Section 4] for
the particular case of cubic nonlinearity, g(s) = s3, s € R, that estimates of type (4.1)-(4.2) can be extended
to the operator Q(t,s). Due to (2.6) which implies for 0 >0 and 1 <p’ <2:

14aq 1+ao
IDgusRazlly; < C(Wmlpie  +IslEE? ) Coollzllie, (4.5)
1 1 1
|DgyeRazll o < c(nwEn;m)q +|wE|1Lm>q)c_g|z||L2a, S =+ (4.6)
o/(14a1) o/(1+ag) p q
1 1 1
1Dgus Razllior < C(Wellghhna + 108 1ESm,) Crlleler, = ot (47)

see also Lemma 2.2, we can use, with obvious modifications, the arguments in [13, Section 4] to show that:

Theorem 4.1 Fiz 0 > 1. There exists ¢, > 0 such that if | < x >/3 ¢p(t)||g> < &1 for all t € R, then
there exist constants C, C, > 0 with the property that for any t, s € R the following hold:

C
Q t,S — L2 )
1922 $)llaz 2, (1+ [t —s|)log2(2 + |t — s|)
C
120, $)ll oz, < , Tl_g, for any 2 < p < oo where p' ! +p~! =1,
_ g3
Gy
192(t, 8)l| 22— v W, for any p > 2 (4.8)
_ g3
and, for: 4
T(t,s) =Q(t,s) — e HE=p, (4.9)

Lemma 4.1 Assume that || < x >/3 ¢p(t)| g2 < €1, t € R, where & is the one used in Theorem 4.1. Then
foreach 1 < ¢ <2 and2 < p < oo there exist the constants Cy, Cp o > 0 such that for allt, s € R we have:

O ’
1T )l prpe e, < ﬁa
Cp.q log(2+ |t — s])
”T(tvS)HleLq’»—»LP 2 2
(1 + |t — SD B

Note that according to the proofs in [13, Section 4] Cyy — 0o as ¢’ — 1 and Cp, o — 00 as ¢’ — 1 or p — oo.
These could be prevented and an estimate of the type

Clog(2 + |t —s|)

T(t e <
I rrne € =P

(4.10)

can be obtained by avoiding the singularity of |le=*#!||;1 1~ ~ t~! at t = 0 via a generalized Fourier

multiplier technique developed in [12, Appendix and Section 4]. We choose not to use it here because it
requires stronger restrictions on the potential V () like its Fourier transform should be in L' while its gradient
should be in LP, for some p > 2, and convergent to zero as || — oo.

We now present an improved L? estimate for the family of operators T'(t, s) :

Lemma 4.2 Assume that || < x >7/3 ¢p(t)| g2 < €1, t € R, where &1 is the one used in Theorem 4.1. Then
there exists the constants Co > 0 such that for all t, s € R we have:

|T(t, s)l| 22 < Co
Proof: We are going to use a Kato type smoothing estimate:

| <> e MRS @) | pee 2y < Ccllfllee, (4.11)
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see for example [21]. We claim that the previous estimate still holds if we replace e =) P, by Q(t, s),
namely, there exists a constant Cx > 0 such that for any s € R :

I <z >77 Q%) fllzw,L2) < Crell fl2- (4.12)
Indeed, from (4.4) and (4.3), we have

t
<z > Qt,s)v =<z > e HE=py —|—/ <z >"° efiH(th)PCDgwE(T) [Ro(T)Q(, s)v]dT

and using (4.5):

t
e ez, € 1Pl + [ IR s 1D o)z
< —iH (t—s) ( 1+as 14+ )
< e+ Comp (opMIEED, .+ los@IE

[€2(7, s)v(s)l 2
/ I+ [t—r)log?2+|t—7])
By Young inequality: || f * g|lz2®) < || fllzr ) ll9]lL2@) and (4.11) we get
190, s)vllzw,r2 ) < Ckllvllez + CerllQ(, s)oll Lz, L2 )

which implies (4.12).
Finally we turn to the estimate in L2 for T'(t, s) :

1Tt s)vllZ2 =

¢ ¢
= / —iH{t=7) p D gy [RaT, 8)v ]dT,/ e_iH(t_T/)PCDgwE[RaQ(T’,s)v]d7">

S

/ / drdr'(Dgy, [RUT, s)v], e iH(T?T/)PcDgwE[RaQ(Tlv5)”]>

2
< C ( 1+aq 14+as )
< Oswp (eI, +Iws@IEE,
t t
< [ [ drar i sl e TR s |96 S0l
S S

€L2(R) €L (R) €L2(R)
Using (4.1) combined with Young then Holder inequalities the integral above is bounded by
CM”Q(';S)U”%Z‘(R,L{U) < CMO?(HUHLE,-

where, for the last inequality we employed (4.12). Consequently, there exist a constant Cs such that for any
t, seR:
1T (¢, s)vllz < Callv] 2.

This finishes the proof of the Lemma. [J
Fix now 2 < pg < oo and let pj = po/(po — 1). By applying Riesz-Thorin interpolations to the operators
T(t, s) satisfying for all ¢, s e R:

Cy
Cpy log(2 + |t — s])
(Lt —s])' "o
we obtain that for any 2 < p < pg there exists a constant Cj,, , between C5 and C),, such that:

1T (¢t 5)]| L2 2

IT(t, s)

IN

||L10LP6.—>LP0 <

1-2/p
Cpo.plog =270 (2 4 |t — s|) P po — 2
||T(t’3)||L<1’mLP’»—>LP < Lo-b ; where p/ = 7 q/ =p—

) =D .
(1+t—s)) % p—1 po—p
Finally, using (4.9) and the estimates for the Schrédinger group (4.2) we get:
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Theorem 4.2 Fiz 2 < py < 0o and assume that || < x >*/3 (t)||g> < 1, t € R where €, is the constant
obtained in Theorem 4.1. Then there exists the constants Ca, Cp,p > 0 such that for all 2 < p < po and
t, s € R the following estimates hold:

12, 8)l| L2 2

IN

Co;

1-2/p
C log(2 + |t — 1-2/p -2
P0,P Og( + | QSI) 0 . where p/ _ p ’ q/ _ p/ Po .
|t —s|' > p—1 pPo—p

HQ(taS)HLq/mLP’»—»LP <

Note that the estimates for the family of operators (¢, s) given by the above theorem are similar to the
standard L' — LP estimates for Schrodinger operators (4.2) except for the logarithmic correction and a
smaller domain of definition L% N L¥" ¢ LP" where ¢’ < p’ when p’ < 2. If we would have proven (4.10) then
we could use pg = oo, hence ¢’ = p’ in the above theorem and obtain:

Cylog(2 + |t — s|)'—2/P P
1, )| 1o pr < —2 (2+] 172|) where p’ = —/——.
|t—8‘ P p—l
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