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Abstract

We propose an alternative to the usual time-independent Born—Oppenheimer ap-
proximation that is specifically designed to describe molecules with non—symmetrical
hydrogen bonds. In our approach, the masses of the hydrogen nuclei are scaled dif-
ferently from those of the heavier nuclei, and we employ a specialized form for the
electron energy level surface. As a result, the different vibrational modes appear at
different orders of approximation.

Although we develop a general theory, our analysis is motivated by an examination
of the F'H Cl™ ion. We describe our results for it in detail.

We prove the existence of quasimodes and quasienergies for the nuclear vibrational
and rotational motion to arbitrary order in the Born—Oppenheimer parameter e. When
the electronic motion is also included, we provide simple formulas for the quasienergies
up to order € that compare well with experiment and numerical results.

*Partially Supported by National Science Foundation Grant DMS-0600944.



1 Introduction

This is the second in a series of articles devoted to the study of vibrational levels associated
with hydrogen bonds. The first paper [5] deals with stretching vibrations of the hydrogen
bond in the symmetric case in which the hydrogen binds two identical atoms or molecules.
Our prototypical example is FFHF~, which displays strong anharmonic effects, coupling
between vibrational modes, and a low frequency for the vibration of the hydrogen along
the F—F' axis. This second paper deals with all the vibrations and rotations in the non-—
symmetric situation. Our canonical example is F' H C'l~, which displays weaker anharmonic
effects and a high frequency for the vibration of the hydrogen along the F—C1 axis.

Both of our papers contain two main new ideas. The first is the same for both papers.
Standard Born—Oppenheimer approximations keep the electron masses fixed while all the
nuclear masses are taken proportional to e *. We take the hydrogen mass proportional to =3
while keeping the heavier atoms’ masses proportional to e~*. This is physically appropriate
for many molecules of interest: If the mass of an electron is 1 and € is defined so the mass
of a carbon C'2 nucleus is €~#, then ¢ = 0.0821,and the mass of a H! nucleus is 1.015¢ 3.

The second novel idea is to exploit the smallness of certain derivatives of the electron
energy level surface for the molecule being studied. Here our two papers are completely
different, and they are motivated by examinations of numerically computed electron energy
level surfaces using Gaussian 2003 software [3]. In the symmetric case, the second derivative
associated with moving the H along the axis of A H A is small, and we could allow it to be
small and negative if the H nucleus felt a double well potential. In the non—symmetric case,
if the H is more weakly bound to the B in A H B, we assume all the derivatives associated
with moving the B relative to A H in A H B are small. We assume all derivatives associated
with stretching the distance between A and H not to be small.

To describe the smallness of the small derivatives, we could have introduced another
small parameter. Instead, we have elected to let € play a second role. We take all the small
derivatives to be proportional to e. For the choice of ¢ = 0.0821 indicated above, that is
again appropriate for our F'H F'~ and F' H Cl~ examples. The small derivatives are on the
order of ¢ in units where the non—small derivatives are on the order of 1.

We shall now restrict our attention to triatomic non—symmetrical hydrogen bonded



molecules A H B, and assume the H is more strongly bound to the A. We do an asymptotic
expansion for small €, and our main results are the following:

1. To their respective leading orders, the vibrational levels are described by three inde-
pendent harmonic oscillators in appropriate Jacobi coordinates: two separate one—
dimensional harmonic oscillators and one two—dimensional isotropic harmonic oscilla-
tor. This is in contrast to the usual Born—Oppenheimer theory in which one obtains
one coupled four—dimensional harmonic oscillator. Our technique does not require go-
ing through the diagonalization process to separate the normal modes. The different
modes appear at different orders of the expansion, in contrast to the Born-Oppenheimer
situation, where all vibrations are of order €2.

2. The highest frequency vibrational states have energy of order €%/2. These are the stretch-
ing oscillations of the A—H bond with the B approximately sitting still.

3. The next highest frequency vibrations are the two degenerate bending modes. They are
of order €2.

4. The lowest vibrational energies are of order €/2

the weak bond between the A H and the B.

. They are the stretching oscillations of

For the specific case of F'H Cl~, we have the following comparison of results, where

vibrational energies are measured in cm™!.

The experimental results come from [2]. We
note that the experiments were not done in the “gas phase,” so they may not accurately
represent results for the isolated ions. All the Gaussian 2003 results presented in this paper
are obtained by using the MP2 technique with the aug-cc-pvdz basis set. The software
implements the standard Born-Oppenheimer approximation. The results for our model
come from approximating the ground state electron energy surface with Gaussian 2003 and

then applying our techniques.

Mode Experiment Gaussian ’03 Our Model
F — H stretch 2710 2960 2960
bends (degenerate) 843 875 871
FH — Cl stretch 275 246 251



Remarks
1. It is not surprising that the results for our model are close to those obtained by Gaus-
sian since we have used the same electron energy surface. The Gaussian software deals
with the full 4-dimensional harmonic oscillator, whereas our technique deals with two
1-dimensional harmonic oscillators and one isotropic 2—dimensional harmonic oscilla-
tor. Evidently the Jacobi coordinates we have chosen are very close to the normal mode

coordinates for the 4-dimensional oscillator.

2. The results from Gaussian and our model are just leading order (harmonic) calcula-
tions. Including higher order terms from the expansions might bring these into better
agreement with experiment. Also, we again emphasize that the experimental results

were not obtained for isolated ions.

A recent chemistry article [9] contains data for vibrations of eighteen hydrogen bonded
molecules in the gas phase. It also contains an idea for quantifying how symmetric or non—
symmetric a hydrogen bond is. Its conclusions are consistent with the analysis in our two
papers. Figure 2 of that article plots the vibrational frequency of the A — H stretch versus
the difference in the “proton affinities” of A and B for a molecule A H B. When A and
B are identical, the frequency is low (800-1000 cm™!), and when they attract the proton
very differently, the frequency is high (1600-3500 cm™!). In our symmetric analysis, this
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vibrational energy is of order €2, whereas in our non-symmetric analysis, it is of order €%/,

which is roughly 3.5 times larger when € = 0.0821.

Remarks

1. We assume that the ground state electron energy level we are considering is non-—
degenerate for all nuclear configurations of interest. Thus, we do not consider situations
that exhibit the Renner—Teller effect [8, 10, 6].

2. Since our analysis includes rotations of the whole molecule, some small effects show up
in the calculations. For example, [~type doubling [7] occurs for terms that have non—
zero eigenvalues of the L, operator at low order. (L, is the nuclear angular momentum
around the A— B axis.) States corresponding to L, eigenvalue +k with & > 1 generically

243k ;

have their degeneracy in energy split at order ¢ in our model.



The paper is organized as follows: In Section 2, we describe our model in detail. In
Section 3, we do the semiclassical expansion to all orders for the nuclei. In Section 4 we
include the electrons. However, when we include the electrons, we just show that the energy

expansion is valid through order €3. Going to higher order is extremely complicated.

2 Semiclassical Analysis for the Effective Nuclear
Hamiltonian

In this section, we give a precise description of the Hamiltonian for the nuclei. As mentioned
above, we consider a molecular system A H B in which the hydrogen is much more tightly
bound to the A than to the B.

We construct the coordinate system we use in two steps, as illustrated in the figures
below. The first step is to choose a standard Jacobi coordinate system for the nuclei in their
center of mass frame of reference. The first three coordinates are the components X, Xo,
and X3 of the vector X from the A nucleus to the H nucleus. The fourth, fifth, and sixth
coordinates Y7, Y5, and Y3 are the components of the vector Y from the center of mass of

the A and H nuclei to the B nucleus.

z

\

Jacobi coordinates for the molecule



We now change from these coordinates to new ones that we call (Y, 0, ¢, R, v, X). The
(Y, 0, ¢) are spherical coordinates for the vector described by (Y7, Y2, Y3) in the original
center of mass frame of reference. The (R, v, X) are cylindrical coordinates for the vector
(X1, X, X3) in a frame of reference that rotates so that the axis for these coordinates is in

the direction of the vector described by (Y7, Y2, Y3). The precise definition is below.

Jacobi coordinates fixed at the origin



The final coordinate system

One reason for using these coordinates is that the potential energy surface depends only
on Y, X, and R. A second reason is that in these coordinates, we can separate the total
angular momentum J? and its z component .J, from the other motions easily. Also, to low
order in perturbation theory, the angular momentum L,/ conjugate to 7 (which is the angular
momentum in the direction of (Y7, Y3, Y3), gives another convenient quantum number. Note
that L., does not commute with the full Hamiltonian.

The drawback to using this coordinate system is that the kinetic energy expression is
quite messy. The complication comes from the Laplacian in the (Y, 0, ¢) variables. The
Laplacian in (R, 7, X) is simply the usual cylindrical Laplacian.

These coordinates are closely related to ones used in [4] to deal with Born—Oppenheimer
approximations for diatomic Coulomb systems. There is a minus sign error in the expression

for L - J term on page 32 of that paper.

As mentioned above, (Y, 0, ¢) are just standard spherical coordinates. To describe the



other three coordinates precisely, we first define the rotation

cos(f) cos(¢p) — sin(¢) sin() cos(¢p)
R1(0, ) = cos(f) sin(¢)  cos(¢)  sin(f) sin(¢)

— sin(0) 0 cos(0)
0 Yy
It maps the vector | 0 | to the unit vector in the direction of | Y5 |. We then define
1 Y;
coordinates (&1, &2, &3) by
&1 X X1
S | = [Ru0,9)] Xy
&3 X3

Next, we define another rotation

cos(y) —sin(y) 0
Ra(y) = | sin(y) cos(y) 0 [,
0 0 1

where, for generic vectors £, + is defined by requiring the second component of [ Ra(7) ]71 £

to be 0 and its first component to be positive. We then define coordinates X and R by

R (&
0 ] = [Ra(v)] &2
X €3
Our Hamiltonian has kinetic energy
e et

T B SO g S0

where 11 (€) and po(e) are modified reduced masses that we describe in detail below. Since
Laplacians are rotationally invariant, under our coordinate changes, the first term simply

becomes the usual cylindrical Laplacian

2p1(e) \ OR? R OR R? 02 0x2 )
By a very tedious calculation, the second term in the kinetic energy is
et 0? 2 0
— = — — = {J-2L-J+ I*
2112(6) (aw F oy oy " }>
where
0? 9, 1 o? 0? 2 cos ) O?
22~ "% T sinZo (a¢2 3 2) SnZ0 0607 (21)
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is the total angular momentum operator,

: 0 . 0 X 0 1 0 0
L-J = (R&nya—X—XsmW@—ECOS’ya—W) (sin@%_mt08_7>

+ R cos i—XCOS i+£sin 8_ 8—
T ax Tor TR 7 5y) o8

and
02 02 0* X? o X2\ 0 0 02
2= R 2 X ox2 A )L yox L &
Bz 728 i axarn —X o R oy <R R>8R+ X o2
5 € tmaeSmy
The modified reduced masses are () = € and

edma + e 3my

-4 -3 —4

(e *maempy) e *mp . _4 _3
, where the three nuclei have masses € *my, € °>my,

4
€) =€

Ha(€) e tmy +e3my +etmp

and e *mp. The modified reduced masses have limits as € tends to zero. To isolate the leading

behavior, we abuse notation and define p; = lir% pi(e) = myg and py = lin% po(€) =

mampg
Then we have

maq+mp
€ € e
— + .
2 111 (€) 2 2my
Similarl
imilarly, P y E

2pa(e)  2p0 2my (ma + 2empy)
We define the operator

et €

4
D = — A A
€ (6) 2 ma (X1, X2,X3) T 2ma (mA + 9 emH) (Y1,Y2,Y3)s

written in the new variables, so that the kinetic energy can be expressed as

e et

a 2_,&]_ A(X17X27X3) o 2_/12 A(Y17Y27Y3) + 64 D(E)7

all written in terms of (Y, 0, ¢, R, v, X).

The quantum fluctuations of the nuclei around their equilibrium positions occur on short
length scales, so we now do the appropriate rescaling of variables. We assume the ground
state electron energy surface has a minimum at Y = Y, R = 0 (because the Hydrogen bond
is linear), and X = Xy. Under the rescaling, the angles 6, ¢ and v remain unchanged, but
we replace Y, R, and X by

y = (Y =Yy /¥4, r = R/e/? and r = (X — X))/

9



Under this rescaling, the total kinetic energy operator becomes

E3/2 82 E2 (32 la 1 82 ) B E5/2 82
T

w i T Ear) T 2, ap 22)

2w 02 2

13/4 P A

— — +
1o (Yo +hy) Dy 2 (Yo + &0

ME {J?=2L-J+L*} + € Dle),

where J? is still given by (2.1), but L-J and L? are now given by the e-dependent expressions

0 0 X 3/4 5}
L-J = (e rsiny — — e Y3(Xy+€¥42) sin v — — 671/2M cos ¥ —
ox or r 0y
1 0 ‘o 3}
sin 6 0¢ v
9 Xo+e/t 9
+ (6_1/47“ cos ¥ — — € YV Xy + ¥/*x) cos vy + 12 0ot e xsinv—)
r oy
. 2
00
and
2 1/2,2 0 3/4 3/4 1 3/4, 12 0
L = — € 7’@—‘—26 (X0+E az)rm—e (XQ+€ .Z')w
e (Xt ) & vt (e - (Xo +¥*2)*\ 9
r? 02 r or
+ 26_3/4 (X —|—€3/41’) i + i
0 Ox o2

Remarks

1. The operator L - J can be rewritten as

3/4
L.J = ¢l 9 <L+/ _ L_/> _ L2 Xo + T 0 <L+/ _ L_/>

2 Ox 2 or
Xo + 4z 9
) _1/2 0— _— ! !
i€ 5y o <L+ + L_ >, (2.3)
where
‘ 0 0 1 0

Ly = ™ [ £ = cot 0 — — 4 — .

- ‘ ( 89+ZCO oy "Sin 0 8gb)
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By explicit computation, one can verify that L., and L_, commute with both J? and
J,. The operators L, and L_. are raising and lowering operators for the eigenstates of
L.

2. The dominant order terms in the expressions in L-.J and L? are the ones of order ¢! in
L?. Because of the overall factor of €* that multiplies these operators in the Hamiltonian,

they are not relevant until the order €* perturbation calculations.

Motivated by numerical calculations for the FFHCI™ ion, we assume the ground state
electron energy surface near its minimum depends only weakly on R and Y. To exploit this,

we decompose the potential energy surface as

where V; and V5 have Taylor expansions of the forms

Vi(X) ~ ag + i a; (X — Xo), and (2.5)

Jj=2

Va(X, R Y) ~ Y bk (X = Xo) RF (Y = Yp). (2.6)

j+k+1>2
k+1>1
k even

The restrictions on the indices in V5 are obtained requiring all pure X dependence to be V;

and by requiring V5 to be even in R (because of the symmetry).

We now can state our results for the semiclassical analysis of the bound states for the

nuclei.

Theorem 2.1 Consider the Hamiltonian

e et

He) = =5 =58 - 5= A Vi(X X,R Y
(6) 2/14(6) (X1, X2, X3) 2#2(€> (Y1,Ya,Y3) + 1( ) =+ 6‘/2( ’R’ )7

rewritten in terms of the variables (X, R, Y, 0, ¢, ). Assume Vi and Vy are C* functions
that satisfy (2.5) and (2.6). Assume Vi has a unique global minimum ag at X = Xo > 0,
with as > 0 in (2.5), and that liminf x| V(X) > ag. Assume Vy has a unique global
minimum of 0 at X =Xy, R=0, and Y =Y, >0, with byso >0 and byos >0 in

N
(2.6). Given any integer N > 0, there exist a quasimode Vy/4(e) = Z ety and a
1=0

11



N
quasienergy Enju(€) = Z e &y, such that |[Yyl| = O(1) for each 1, &= O(1) for
=0
each 1, and

Y

H (H () = EN/4(€)) W nya(e) ’ < Cy NHD/A

for some C' that depends on the choices of n, k, m, and p below.

Furthermore,

& = ay, Eijg = Eyy = E3py = Eqyy = Espu = Eqpy = Egps = Enja = 0,

1
E/a = \ 2a2/111 <n+§>, for n=20,1,---,
Esjs = 1/ 2booo/tn (2m + |k| + 1), for an integer k, and m = 0,1, -,

/ 1
510/4 = 2b07072/[£2 (p + 5) s fO’f’ p = 0, ]_7 cee

and Eia/4 is given by the expression (3.7). The rotational energy first appears in Eg)a.
For fized angular momentum quantum numbers j and j,, for order N > 12, the states with

k =0 are non-degenerate, and the states with |k| > 0 have multiplicity at most 2.

Remark Theorem 2.1 is stated with global hypotheses and without growth conditions on
the potential. When the electronic motion is also included, the potential energy surface may
only exist locally. The cutoff functions that are introduced in Proposition 3.2 allow us to

obtain analogous results with only local assumptions.

For the FHC'™ ion, we have calculated values for the first few coefficients in the expansion
for V', based on numerically differentiating results from Gaussian 2003. Here distances are

measured in Angstroms, energies are in Hartrees, and we have used ¢ = 0.0821.

ay = —9560.160
ay = 0.567
bO’Q’O = 0597
bioi = 0.853
boo2 = 0.664

The € in (2.4) reflects the weakness of the hydrogen bond, and also that the molecule can
bend easily. The FHCI™ ion essentially looks like a slightly deformed F'H molecule with a

12



Cl~ ion quite a long way from the F'H. Gaussian 2003 assigns charges associated with each

atom, and it obtains:

F —0.58
H 0.51
Cl -0.93

The calculated F—H distance is 0.98 Angstrom, and the H-C' distance is 1.91 Angstroms.
(For HF alone, the charges are +0.33, the H—F distance is 0.925 Angstrom, and the calcu-
lated vibrational frequency is 4083 cm™'.)

Experimental values [2] for the vibrational frequencies of FHCI™ (in cm™!) are

275 FH oscillates relative to the Cl
843  bends (2 degenerate modes)
2710 FH oscillates

Gaussian 2003 calculates the harmonic vibrational frequencies (in cm™!) to be

246 FH oscillates relative to the Cl
875  bends (2 degenerate modes)
2960 FH oscillates

2

To leading order, our model has these frequencies proportional to €2, €2, 5/2

and €°/“ respec-

tively. The specific harmonic frequencies that we obtain for FHCI™ are

251 FH moves relative to the CI
871  bends (2 degenerate modes)
2960 FH oscillates

3 The Perturbation Expansion for the Nuclei

We now do the perturbation expansion for the semiclassical motion of the nuclei under
the global hypotheses of Theorem 2.1. When the hypotheses are satisfied only locally, see
Proposition 3.2.

The perturbation expansion describes the small ¢ dependence of the eigenvalue problem

for the following differential operator

e/ 2 € 0? 10 1 0? /2 2
- - AT 3.1
2y Ox? 2 1 (87"2 r Or * r2 672) 2 gy Oy? (3.1)
(13/4 9 o
— — + J* —2L-J + L*},
po (Yo +e3/4y) Oy 2 pp (Yo + €3/4y)? { }

o0
; ; 3+ +2k
+ ap + E a; ¥4 g7 4 E bigg et 1 alrhyl
Jj=2 jtk+1>2
k+1>1
k even
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At this point we should make the Ansatz that the eigenvalue and eigenfunction have

expansions of the forms

E =Y w)& and W,y 0,0,7) = D wle) by, r vy, 0, 0,7).

=0 =0

Here, vy(e) = 1, 1)y is non-trivial, and v;41(¢)/v(€) — 0 ase — 0.

However, one learns that every v;(e) that occurs is some power of €'/4, so it is somewhat
simpler just to take v;(e) = /4, i.e.,
& = Z El/4 gl/4 and ¢(I7 Y, Ha qba ’7) = Z 6j/4 ?/11/4(% Y, 07 Qb, ’y)
1=0 1=0

Our Hamiltonian, J2, and J, all commute with one another, so we can simultaneously
diagonalize these three operators. The eigenvalues of J? are j(j + 1), where j =0, 1, 2, ...,
and for a given j, they have degeneracy (2j + 1)2. We henceforth use the specific basis for
the eigenspace for fixed j that is given in Section 4.7 of [1]:

{|]7jzak>]z:_ja_]+177]7k:_]7_j+1aa.]}?
where
Jz|]7]zak> - ]z|]7]zak> and LZ’|ja]Z7k> - k|j7]27k>7
0 ¥ ) .
where J, = —i— and L, = —i —. Note that although J=, J,, and L, all commute with

¢ oy

one another, L., does not commute with the Hamiltonian.

For future reference, we note also that the operators in (2.3) have
L+’ |]7 jZJ k> = Q4 jij. .k ‘ju jz7 k+1> and L_ ’.77 jz; k> = O ji.k |.]7 jz; k_1>7

for some oy j ;. . When |k| =4, aij,; ;=0 and a_;; _; =0.
By restricting attention to given values of j and j,, the wave functions in our expansion

can now be regarded (with some abuse of notation) as

J
wl/4(l‘7 Y, 9, Qb, ’Y) = Z ¢1/4(l’, Y, k) |]7 jza k)

k=—j

We now substitute the Ansatz into the eigenvalue equation and equate terms order by

order. We do not worry about normalization, but produce a quasimode that is O(1) as €

14



tends to 0. To simplify some of the discussion, we take ;4 orthogonal to v for [ > 0. The

results of these computations yield the formal expansions of Theorem 2.1.

Order €° These terms simply require ag g = & Yg. So,

80 = dayp-.
Order /4 for 1 <1<5 The terms of these orders successively require
ap Yiyya = E Pya + Eyya Yo. So,
&ys = 0.
1 02
Order %/4 These terms require — —— Yo + az 2° y = g4 o
217 Ox?

This forces
E/a = <n+%) \/m for some n =20,1, - .-,
and
Yoz, r,y, k) = folr, y, k) @1(2),
where
O (z) = (20 ul)l/g g1/4 gn/2 (n!)_1/2 H,(z") e /2

1/4

with 2’ = (2ag p1)"*x. The function fj is not yet determined.

Order ¢7/4 We introduce the notation

1 02 2
+ ao x”°.

Hy, = — — —
0 24 Ox?

Then the €”/* terms require [Hy, — Eoja) Y1y = Erja 0.
We first examine the components of this equation that are multiples of ®(x). These ||,

components require

87/4 = 0.

We then examine the components that are perpendicular to ®;(z) in the x variables. These

1, components require

77[)1/4(.13, Yy, k) - f1/4(’l", Y, k) (I)l(l'),

15



where the function f;/4 is not yet determined.

Order %/4 These terms require

1 0? 10 1 02
[H07g;_56/4] ¢2/4 _ 2_Iu1 ( ¢0 ¢0 - wO

or? + r Or - r2 0v?

) + bo,z,o r? Py = 58/4 o.

The ||, components of this equation require

HO,T’,’Y w(] = 58/4 %7

where ) )
1 0 10 1 0
Hoyry = = 5= |53 T ~ 5.+ 353 ) + boaor™
Ory 2/, (87“2 * r Or r2 672) 020 7
This is a standard isotropic two dimensional Harmonic oscillator problem that one can solve
0
by separating variables. In our context, the angular operator L, = —1 % has eigenvalues
, Y
kE=0,+1, +2, ---, +j and eigenfunctions e**?. For each such k, the radial operator
1 0? 10 k> 4 h 9
—— | = - - — r
2y \ Or? r or 72 020

has eigenvalues

Esja = (2m + k| + 1) /2bo20/ 111, where m = 0,1, ---

The corresponding normalized eigenfunctions are

‘ !/
G (2hvaom) 7t ()4 L) e

where, 1/ = (2byap1)Y4r, m >0, and M g a Laguerre polynomial.
We permanently fix one such value of & 4. Since different pairs (m, k) can occur, we
define
K =A{keZ: |kl <j, and m(k)>0}.

wtt) = 5 (& /2ol ~ W - 1).

One can easily show that K is non-empty and has at most j + 1 elements.

where

For k € K, we define the normalized wave functions

2 (m(k)!)

P2kl ) =\ Gty + !

(20020pm)"" ()" leli‘(k)(rﬂ) o2/



and take

aoly, k) ®o(lkl, r) if ke K
fo(r, Y, k) -

0 otherwise.

The functions go(y, k) for k € K are not yet determined. However, we now have

Yoz, 1y, 0, 6.7) = Y goly, k) 1(x) Ba(|k], 1) |4, ey k).

keK

For future reference, we let Z; denote the subspace spanned by

{®(x) Oo(|E|, 1) | j, jos k) : K EK}.

The L, terms at this order require [Hy, — & /4] 194 = 0, which simply forces

oy = f2/4(7’a y, k) ®1(x).

Order ¢%/4 These terms require
[How — E6/4) Y34 + [Hopny — Esya) Y14 + az x* 1o

= &y 0. (3.2)

The ||, components of this equation require

[Ho vy — Esal Y1ja = Eopa o (3.3)

We first examine the components of this equation that belong to the subspace Z;. These
||z ||z, components require
Eyya = 0.
Next, the ||, Lz, components of (3.3) that are orthogonal to Z; require [Ho . — Es/a] V174 =
0. This forces us to choose
g1/a(y, k) @[k, ) if ke K
fijar,y, k) = { .
0 otherwise.
The L, components of (3.2) require [Ho, — Eja] V34 + a3 2° 109 = 0. We solve this
equation by applying the reduced resolvent operator [Ho, — & /al; L The result is
¢3/4($; Y, k) = —as Z Qo(y, k) @2(|k|, 7‘) [Ho,m - 86/4];1 (IS @1(I))

keK
+ f3/4(’l", Y, k) (I)l(x) (34)
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Order ¢10/4

(Ho . — 56/4] Va4 + [(Hor~y — 58/4] a4

1 0?
- — wQO + az P10 + boo2 ¥* Yo + brog zye = Eosa Yo (3.5)
200 Oy
. 821/}0 2 .
The ||, ||z, components require — 2 D + boo2 ¥~ o = &Eioja Yo. This forces us
H2 0y
to choose
1
s = (P-l- 5) \/2bo,2/ 2 where p =0,1, -,
and
90y, k) = cor P3(y) if kekK, (3.6)
where

12
Dy(y) = (2boo o)/ 74 2772 (p)TV2 H(y) 7V /2

Wlth y/ = (2 b07072 M2)1/4 Y.
So far, the coy, in (3.6) are arbitrary for & € K, but we henceforth assume they satisfy

> leoxl = 1.

keK

the normalization condition

For future reference, we let Z, denote the subspace spanned by
{ @1 (x) Po(|K], r) ®3(y) |J, jor k) = kEK Y},

The ||, Lz, components require

G24(y, k) Pa(|K], ) if keK
f2/4(7", Y, k) -

0 otherwise.

The 1, components require [Hy, — Ega] Yaya + az 23014 + bigr xzy y = 0.
We apply the reduced resolvent of H , to obtain

¢4/4(1'7 ry, k) = —as 91/4(?47 k) ®o(|k[, r) [Hox — 56/4};1 ($3 q’l(l'))
—bio1 cory O3 (y) Do(|k], ) [Hogc - 86/4];1 (x ‘bl(f))

+ f4/4(7“, Y, k) (DI(‘T)

Note that the first two terms are zero if k ¢ K.
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Remarks

1.

At this point, we have completely determined vy, except for the values of ¢y, for k € K.

Restoring the angular dependence in the notation, we have
Yo = Y cox Du(@) Bo(lkl, 1) Paly) | Jes k).
keK

Since j and 7, are fixed, this is a linear combination of at most j+1 linearly independent

states.

. As we shall see, the degeneracy generically partially splits at order €'2/4. At that point,

states with different values of |k| have different energy, but two states with k& = £\ for
A > 0 have the same £15/4. In terms of the energy, the degeneracy of these two states
generically splits completely at order €273}, When \ = 1, this splitting has long been

observed in the spectra of linear polyatomic molecules. It is called [-type doubling [7].

. We have determined the dominant terms for the eigenvalue:

1 /
50 + 63/2 (n—i— 5) 2&2/,&1 + 62 (Qm(k) + ’k’l + 1) 2607270/[14
1
+ 2 (p+§) \/2bo0.2/ -

This quantity does not depend on the quantum numbers 7, 7., or k € K.

The dominant contribution to the energy from the total angular momentum is

JjG+1)€

S y2 o SO it enters at order 16/4.
M2 Xg

. Below we impose the condition that every ;4 with [ > 0 be orthogonal to the subspace

Zy.

. At the next order, the pattern emerges for how to do all higher order formal perturbation

calculations. For [ > 11, we have the following:

the ||z ||z, ||y terms determine &4,

the ||, ||z, Ly terms determine the y-dependence of gi_10)/4(y, k)

the ||, Lz, terms determine the r and k dependence of f_g)/4(r, y, k), and
e the |, terms determine the z—dependence of _g)/a(x, 7, y, k).
Since the general pattern occurs at the next order, we present full calculations for only

one more order explicitly.
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Order '1/4
(Ho,» — 56/4} s + (Horny — 58/4] P34 + [(Ho,y — 510/4] (P

+ ag JU37?2/4 + b1 Y Yia + boga r?y o + b12,0 zr? o

= &y o
The ||, ||z |, terms require
&g = 0.
The ||, ||z L, terms require
g1a(y, k) = —boaa cor (Pa(lk], ), r* Do(|k], r) ) [Hoy — Eroaly ' (y Ps(y)) -

for k € K. This is the first place in the perturbation calculations where different values of
|k| yield different results. Note that we could add ¢;/4 ®3(y) to g1/4(y, k) when k € K, but
we have chosen ¢4 = 0 to impose the condition that 1,4 be orthogonal to the subspace
Za. See Remark 4 above.

The ||, Lz terms require
[Hory — Esyal f34 + Py [Hoy — Er0a] fra + boz1 y Piy, r? fo = 0,

where P, denotes the projection onto functions orthogonal to the subspace Z;. We have
already seen that the non-zero f/4(r, y, k) belong to the subspace Zi, so P, [Ho, —
Eio/a] fiya = 0. Thus, applying the reduced resolvent of Hy, , (which is zero on Z;), we

obtain
fapa(r, y, k) = = boza cor ¥ Pa(y) [Hor([k|) = Espalt Pry, 12 Po(|k], 7)
+ g3ya(y, k) ®o(|k], 7) if keK, and

f3/4(ra Y, k) = 0 it k §é K.

Here, we have used the notation

1 02 1 0 k?
Hy. (k) = — = =— — — — —
or (K1) 2 Or? 2r Or * 72
and the direct sum decomposition
[Hopwy —Espal,t = @D [How(lk]) — Esyal,
|k|<j



which results from H, ., commuting with L.

The 1, terms require
[HO,x - 56/4] ¢5/4 + [HO,T,'y - 58/4] ?ﬁg,L/Z

+ az2® Yoy + b1 Ty Yia + bigo 1y = 0,

where %L/jl denotes the component of ¢3,, orthogonal to ®;(x) in the x variables. By com-

bining this with (3.4) and (3.6), we have
— as Cok @3(3/) (I)Q(|k|, 7’) [H07x - 56/4];1 (SCS @1(1’)) if kekK

z/jo (x7 T? y7 k) -
) 0 if kédK.

So, we see that [Ho, — Es/4] ¢3L/'fl = 0. Thus, we have
1?5/4(% Y, k) = — a3 92/4(y7 k) @2(‘k’|7 T) ([HO,I - 56/4];1 (.’E3 (I)l(m)))
— bio1 Y guya(ys k) Lokl ) ([How — Eopali' (2 @1(2)))

— bioo cor P3(y) r? o(|k|, r) ([How — Eopal, " (@ P1()))

+  fsulr, y, k) ®1(2) if kelkK.
For k ¢ K,
¢5/4(957 roy, k) = f5/4(7"7 y, k) ®1(x).
Note that only g2/4(y, k) (for k € K) and f5/4(r, y, k) in these expressions have not yet been
determined.
Remarks

1. Amazingly, ¥1/4 # 0. This component of the wave function involves an anharmonic
correction related to the bending and AH—-B stretching modes. Restoring the angular

dependence to the notation, we have
1/}1/4(:57 Y, 97 ¢7 ’Y)

= — boz1 Y cox (Pallk], 7), r* Da(Kl, 7)),
keK

X O1(x) Po(|k], r) [Hoy — Eroal, " (v @3(y)) |4, dzs k).

12/4

2. Although we do not present the full calculations at order ¢“*, we do calculate &5/,

explicitly. It is generically contains non-zero anharmonic corrections.
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Before going further with the expansion, we present a summary of what has been deter-

mined so far.

1 /
E = 80 + 63/2 <7’L—|—§> 2a2/,u1 + 62 (2m(k:)—|—|k‘|+1) 2b07270///¢1
1
b (peg) 2hoal + 06,

The last information for £ came from order 11/4, ||, ||z |4

vy = Z cor P1(z) Po(lkl, 1) P3(y) [, 72 F).

keK

This was completely determined at order 10/4, ||, | z,-

¢1/4 = - bo,2,1 Z Co,k <(I)2(|/€|7 7“)7 T2‘I’2(|k’7 7”) >T

keK

X @(x) Po(r) [Hoy — 510/4];1 (3/ (133(9)) |7, Jz=0 k)

This was completely determined at order 11/4, ||, ||z L,-

Yo = Y Goaly, k) ®i(x) o[kl ) |, k).
keK
The last information came from order 10/4, ||, Lz,.
Yye = — boga Z cor Pr(z) (y P3(y))
keK

X [Hop([kl) = Espul,t (Poy, v @o(|k[, 7)) |4,420k)

T oy, B) @ua) Bo(lk], 1) 14k ).

keK

The last information came from order 11/4, ||, Lz,.
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Yapg = ag by [Hoy — Eropal,t (v P3(y)) [How — Eopal, ' (2° @1(2))

X Z Co,k <(I)2(‘k|7 T)? T2(I)2(|]{Z|, T) >7~ (I)Q(‘Mv T)|]>jz>k>

keK
— bioa (y 23(y)) [How — Espaly' (z 1(2)) Y cop Pallk], v) [4,js0 k)
keK
J
+ Z f4/4(r7 Y, k) (I)l(:r) |]7jzak>
—
The last information came from order 10/4, L,
(coupled with 11/4, ||z ||z Ly, because of g/4).
Uspy = — as Z 921(y, k) @2k, 7) ([How — Eopal, ' (2° ®1(2))) 14,42 k)
keK
— biroa boan Y ok { Pallk], v), P’ Dokl 7)), ([How — Eopal, "t (xP1(2)))

keK

X Dy(|k|, 7) (y [(Ho,y — 510/4]r_1 (y @3(9))) | 7, J=n k)

— bia2o Z Co,k <I>3(y) r @2(W, 7’) ([Ho,x—56/4];1 (517 (131(33))) |j>jz>k>

keK
J
+ Z Joa(ry y, k) @1(2) | 7,792, k).
k=—j

The last information came from order 11/4, 1,.

We now return to describing higher orders of the perturbation expansion. We determine
1974, and explicitly write the equations that must be solved through order €!%/4. That is the
order at which the angular momentum quantum number j appears, and the degeneracy due

to rotations is split.
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Order ¢'2/4
[Hoo — Eo/a] Vo/a + [Hopny — Esya] Yaya + [Hoy — Eioya] Yoya + as z? P34

+ ag 3t Py + bio1 vy Yoy + boao ry Y1 + bigpo zr’ 14

2

X,
+ boap by + WOYOQ Ho .~ 0

= &4 Yo.

From the ||, ||z, ||, terms, we can easily solve for £19/4.

o0 = — a3 (®(v), 2° [Hy, — 56/4];1 23 @ (7)),
+ ay (Di(z), 2* Dy(7)),
— Bgoq (Da(lk], ), 72 @a([El, 7))7 (Ps(y), y [Hoy — Eropals ' y P5(y) )y
+ boao (P2(lkl, 1), 7F o([k], 7))

Xo
+ YNG. \/ 20020/ (2m(k) + |k| + 1)

As long as by 4o # 0, this expression yields different values for different |k|. To see this,

first note that the factor

om(k) + [k| + 1)2

<(I)2(|k|7 T)v r ®2(|k|a r) >72~ -
V/2bo2,0 11

does not depend on k, and the term

Xo
m \/2bo20/p1  (2m(k) + |k + 1)

does not depend on k. In fact, the only term that has non-trivial dependence on £ in &5/4
is
(2 + 3|k + k) + 6 (|k| +1)m(k) + 6m(k)?
200,20 H11
We now show that different values of k yield different values of this quantity.

(@o(Jk], ), 14 @o([k], 7)), =

Let k1 > 0 and ko > 0 be two different values of |k| that yield the same result. Simulta-

neously solving
(24 3ky + k) + 6(k1 + D)m(ky) + 6m(ki)? = (24 3ky + k3) + 6(ky + 1)m(ky) + 6m(ky)?
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and

2m(ky) + ki +1 = 2m(ka) + ko + 1
forces
m(ky) = (=3 — 5ky + ko)/6
m(ks) = (=3 + ki — bky)/6.

However, m(k;) and m(ks) must both be non-negative. There are no simultaneous non-

negative solutions to
ky > 3+ 5k
ke < (=3 + k1)/5

since this would require 3 + 5k; < —3/5 + ky/5, which requires 24k; < —18 or k; < —3/4.
This contradicts k; > 0, so different values of || must yield different values for &5/4.
Therefore, at this level of perturbation, the eigenvalues generically have multiplicity 1

when £ = 0 and multiplicity 2 when k£ > 1.

Explicitly,
. o 1 az 2 (11+30n+30n2) + 3 a4 (1+2n+2n2)
12/4 32 11 s 8 ag i1
2
R S
800,2,0 bo,0,2 111
b
+ o (24 3K+ K*) + 6 ([k] + 1)m(k) + 6m(k)®)
2b02,0 11

Xo bo,2,0
+ = 2m(k) + |k| + 1). 3.7
2 \2m (2m(k) + [k + 1) (3.7)
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Order ¢13/4

[(How — E6a) Wr/a + [Hopn — Esya] Wspa + [Hoy — Eroa) V374

1 oy
2 115 Yo 8—y0 + az ¥ Yau + as 3 i 4 bior Y Yam + booa 7Y Yos

+ bigo xr’ Yoy + boao rt P1ja + boo3 y by + b10.2 Y’ + ba01 z® Yo

X2 Xo o 0
Hy, o -
* 2 g Y ory Yr/a F o Y <T Ox Or * Ox Yo

= &z o + 24 V1ya

Order ¢'4/4

[How — E6a) Wsya + [Hopn — Esya] Vo0 + [Hoy — Er0a) Yasa

I Oy
210Yy Oy

+ az 2° Y5 + ay ! Yosa + bro1 Y Yau + bapon $2?J¢1/4
+ boo1 Ty Y34 + bioo xr? Y34 + boao rt Yo/ + boogs y? 14

+ b2 Yy’ Ui/a + boze ?y? Yo 4 biog ar’y Yo + basg 2717 1y

Xz Xo 02 0 r? 0
H, 0 - -
+ 2, Y2 0 Va4 + 2 YZ (7“ 97 O + oz V174 Yo

+ ! X sin a—vLﬁcos 8— ! a——cot@a—
o Y 0 ST 5y r 7 oy sin 6 O¢ oy

+ (Xg cosy% _ Ao sin’ya—)%

r 0 } Yo

= Eupu o + Eiz/a Yiys + 24 Voya.

Note: This is where we first encounter operators that mix the various different values of
k. If we use (2.3) in the above expression and take 1)y to be a linear combination of the two
degenerate states with |k| = A, we see that the last term on the left hand side of the equation
contains Ly |j, 7., \) and Ly |j, j., —\), which are linear combinations of | j, j., A £ 1)
and L./ |j, j., =\ £ 1), respectively. Thus, 1g/4 is the lowest order term that involves
k # £+
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Order ¢15/4

[Hoo — Eo/a] Yo/a + [Hopny — Esya) V77 + [Hoy — Ei0/a] V54

L Ovap
2pu2Yo Oy

+ boz21 r’y Yan + bi2o zr? Yan +

+ b $29¢2/4 + bio2 zy° oy +

+ ag 2 Yea + a4 ! 3 + as z° o + bio1 Y V54

bo,4,0 r P34 + bop3 Y a4

bo.2.2 r’y? Yi/a + bi2a zry (P

b2.2.0 2 r? Yi/a + boan rty by + b1.40 zrt
X2 Xo 0? 0

0 A,

D V2 o Vsia ¥ (T dzor

X

o

Xo (0 Xy (&
f1o Y5 Yo or?
1 . 0 1

po Y T Be sin 6

Eisa Yo + Eraya Y1ya + Ei3pa Yoys +

27

7,,2
oz ) VT TvE o

+ ! Xy sin a—+—ocos 8_ La——(30’508—
po Y 08T G, r K oy sin 0 ¢ oy

0 Xo . 0 0
XOCOS’}/E—TOSIH’ya—)%}T/Jl/ZL
10 1
__+_2L3/>2/)0
r or r
0 0
8_¢_C0t08—’y)

92
— I COS 7 52 00 Yo
E12/4 Y34



Order ¢16/4

(Hoe — E/a] Y1072 + [Hopry — Esyal ¥sya + [Hoy — Er0/4) Ve/a

_I_

1 Ovsp
2pu2Ys 9y

+ as 2’ Yry + ag ! Yy + as z° Yija + b1 Ty Yesa
bo 2.1 ry Y50 + b2 zr’ P54 + Do rt Yaja + oo 2%y P34

bo,0.3 y? P34 + bioo zy’ Y374 + bogo r’y? Yo/ + bi2a zrly a4
b2.2.0 z?r? Yass + boan rty Y1y + brao zr! Yi/a + bogo 7% 1y

bo,0.4 y o + bi0,3 zy® Py + b20.2 2’ y* Yo + b30.1 RV

X2 X, 2 9 P2
0 Hy. z S
2pp Y O Vare ¥ 1o V¢ (r Jrdr | O Vs 212 Yy Ox? bars

1 0 Xo 0 1 0 0

Xo siny & 4+ 20 g g to
o Y { ( oS B T T8 87) (sin 00  ° 87)

X
+ (XO COS")/a— — 2% §in 87>8_} a4

pi2 Y

L — r sin 8— L a——cotéa—
o Y rr sin 6 0¢ oy
82

— 7 Cos 7y 81:89} P14

= Eea Yo + Ei5/a Vija + Eraga Yoy + Erzja Wsu + Erzja Yaa
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3.1 The Complete Asymptotic Expansion

We now prove the existence of a complete expansion in powers of €'/ for the quasienergies
and the corresponding quasimodes under suitable hypotheses. The following proposition

completes the proof of Theorem 2.1.

Proposition 3.1 We assume the potential energy surface (2.4) is smooth, with Taylor series
giwen by (2.5) and (2.6). Then, the eigenvalue problem for (3.1) can be solved by formal

asymptotic expansions of the form

N
£ = D & + O,
1=0
N
Ve ry, 0,0,9) = Y Ml iy, 06,7 + O,

1=0

for any N € N.

Proof

Keeping the original variables (X, R,Y"), we first make use of the invariant subspace £ gen-
erated by the basis {|k)}y=_j..; of eigenvectors of L., where we have dropped the fixed
parameters j and j, from the notation. In this basis, the operator J2 — 2L - J + L? can be

represented by a matrix. Let I denote the identity matrix, A denote the matrix represen-

tation of i zﬂg; (—z’ a%s +1 cos(@)%) + cos(v)%, and B denote the matrix representation of
i :?nsgg)) (—z' (% +1 cos(@)%) —i—sin(fy)%. Note that these angular differential operators can be

written as linear combinations of L. and L’ , which ensures that they leave £ invariant.

With these definitions, we can write

J? — 2L J+ L?

2 2 2 X2
= (j(j+1)+(—R28 +oxRrY —X28_+<R_§>i+gxi))ﬂ

0X? ORX OR? OR 0X

X? 0 0 X
+(ﬁ—1) Lj—z(Ra—X—X@)A—zﬁB.
Then, going to the rescaled variables and dropping the symbol I, the differential operator
(3.1) takes the form
66/4 H2 68/4 H2 1
C 2m(e) 822 2u(e) <ﬁ r

2 _ 1 L2 ) — ﬂ i
or rz 7 2 1o(€) Oy?
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e o xR (2 19 1,
ia(e) (o £ 71y) By 2 yle) (Yot P \ o ror 2 L
13/4(X + é¥g) o2
po(€) (Yo + €3/4y)? { 8x87“ }
. YA X, +€3/4 o 2, _1 - 14/4 82
oy ot v P T T ey o
(15/4 D) (16/4 N 9 ,
IR UE AL saEtnramp 0D g 1 )

. 3(]+l)+2k .
+ ao + E aj 63j/4 i -+ E bj,k,l 61+ z’ Tkyl.

Jj=2 jtk+1>2
k+1>1
k even

We get a matrix valued differential operator given as a formal infinite series in powers of
¢'/4 by expanding the reduced masses 1;(€) and the denominators (Y, +€*4) and (Y +€%/4)2.
Observe that in each term of the resulting expansion, the differential operators are at most
of order two.

The r dependence of these operators is explicit, which will allow us to check that that the
factors 1/r and 1/r* do not cause divergences in the expressions that we encounter below.
The measure in the r variable is 7 dr, so the only term that might yield a vector not in L?
is the L. /r?%. In the eigenspace where L. multiplies by zero, there is no problem. In the
eigenspaces where L., multiplies by something non-zero, the wave functions contain factors
of r, so again, there is no problem.

We introduce the notation

Yiyalz,r,y, —J)

¢l/4(l'77ﬂay7 _j + ]')
yya(, 1, y) wawry,ﬂlﬂz :

k=—j .
wl/4(xa Y, j)

We have already explicitly presented perturbation theory through order /4 for I < 11.

The equation we must solve at order €/* with [ > 12 now can be expressed as

(How — E6ya) Ya—eyya + (Hown — Esya) Yasya + (Hoy — Ei0ja) ¥a—10)/4
1
+agz® Ui_gys + bro1ryVi—10)a + Z DqV(1_g)/a

q=11

30



= Vo + - + E12/aV(-12)/4, (3.8)

where the symbols D, denote at most second order differential operators in z,r,y with
matrix valued coefficients whose entries are polynomials in these variables divided by 7P,
with p = 0,1,2. We note also that Hy, , is now matrix-valued, because of the centrifugal
term L? /r?, whereas Hy, and Hy, are scalar differential operators multiplied by the identity
matrix.

The point of this decomposition is to separate the vectors ¥, 4 of order less than or equal
to (I — 11)/4 from those of order (I — 10)/4 to (I — 6)/4.

Let P,, P, and P,, be the orthogonal projectors on the eigenstates ®;(x), ®3(y) and
on the subspace Zy = span{®s(r,|k|) |k)}rer, respectively. We abuse notation and use
the same symbols to denote the corresponding projectors when considered on L*(R,, dz) ®
LAR/S,rdr) ® L*(R,,dy) @ L. Note that these operators commute with one another and
that the following identity holds for any ¢ € N:

P 2 = P o* Pt where Pl =1- P, (3.9)
Also, we have constructed ¥;/4 so that

Vg = P,P,P,Vy and P, P, PV, = 0, forall [>1. (3.10)
Hence, for [ > 1,

Uy = PrVyy+ PPl Wy, + PPy Py, (3.11)

In terms of the quantities introduced in the explicit computations of the lower orders, we

have in particular

l
Px ‘Pl/4 = Z Cpl(x> fl/4<7a7y7 k) ‘k> (312)
k=—1
P, Pr,’y \Ijl/4 = Z @1(27) (I)Q(’I“, |k|) gl/4(y7 k) |k>
keK
P, Pr,’y Py \IJO = 1(&3) @2(7”, |k|) (I)g(y) Ck,0 ’k>7

i
KA

where ¢, € C and >, |cxo|* = 1. Note that by virtue of (3.10),

gia(y, k) = P; giya(y, k), forany k € K and any [ > 0. (3.13)
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We solve (3.8) by two independent steps. The first consists of determining the vectors ¥, 4
for any set of coefficients {co x }rer, and the other consists of solving an eigenvalue equation
for £;/4 in C#* %) which may reduce the set of free coeffcients {cox}rex. It is only when we
construct the actual quasimode that we restrict the values of the coefficients {cox}rer to
those given by the determination of the the & 4’s.

We now formulate our induction hypothesis for [ > 12.

IH: After solving equation (3.8) through order e!=1/* for vectors satisfying (3.10), we have:

e The following vectors are determined completely in terms of the coefficients {cox frex

and depend linearly on {cox}rex :

(e for ¢=0,1,---,1—11,

(I = P.Pry) Wa10)/4,

(I =Py Pry) Y-g)a, (3.14)
( ) (1—8) /45 and

(I— P, — PLP) Uynu

e The x dependence of the vector Pj P, W(_7y4 is determined and has the form

PrPo Vi nyu = PPy nu({ga-10)4}), (3.15)

with linear dependence on {gi—10)/4(y; k) }rer, the set of functions {g_10)/4} entailing

the unknown y dependence.

e There exist vector spaces W, C C*E) satisfying
CHE) — Wo2WyD--- DWW, (3.16)

such that &,/4 is determined by an eigenvalue equation in W,, for ¢ =0,1,---,1 — 1.

Our explicit computations show that these properties are satisfied for | = 12, with W, =
C#* %) for ¢=0,---,11. We now show that the induction hypothesis holds at order ¢/
Using (3.9) and (3.10) and applying P, P, P, to equation (3.8) yields

l
5;/4 v, = P, PT,7 Py (a3x3pgf\11(l_9)/4 + bl’(]’lxmeL\I/(l_lo)/zl + Z Dq\lf(l_q)/4> .

q=11
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We note that for s = 9, 10, the vectors Py W_g /4 = Py (I— P,P,,) V(_s4 are completely
determined by IH. By IH again, the right hand side depends linearly on the set {cox}rex-
Expressing the equation in the basis {®1(z)®y(|k|,7)P3(y) brex of Zo, we get a finite di-
mensional eigenvalue equation. Restricting attention to the subspace W;_; € C#) of free
coefficients, we get an eigenvalue equation in W;_; which we solve to yield &4 and the
subspace W; C W;_; of free coefficients.

We now turn to the computation of the vectors. Application of P, P, PyL to equation

(3.8) yields

PP P U 10y (3.17)

Y Ty

I
= — (Hoy— &), PPy Py <a3$3Pj‘I’(Z—9)/4 + 1012y P _10)/a + Z Dq‘lf(z_q)/4>

g=11
where Dq = Dy —&,/s4. The right hand side is known by IH, and since P, P, , Pyl V_10)4 =
Py Py W 104, (see (3.12), (3.13)), (3.11) implies that W(_10y/4 is fully determined up to
the coefficients {co}rex. Since the dependence of P, P., W_10)/4 is linear in the previ-
ously determined quantities, we get by IH that W(_10)/4 depends linearly in the coefficients
{cox}trer. Hence, the vector Py P, W _7)/4 ({ga-10)/4}) in IH is, in turn, fully determined,
and it depends linearly on the {cox}rex’s. Thus, the same is true for (I — P,) W_7/4.
Application of P, P to equation (3.8) yields

P, Pr%»y Wiosys = — (Hopn — Esja)y ' Po Prfv X (3.18)

!
<(H0,y —E10/4)V(1—8)/a + a3m3P;\II(l,g)/4 + bl,O,lzyP;_\Ij(lflo)/zl + Z Dq\Ijl—q> ;

q=11
where, by the same arguments, the right hand side is fully determined up to the coefficients

{cok}rex, on which it depends linearly. Now, from IH and the identity
Px \Il(l—S)/4 = Px Pr,'y \I/(l—S)/ZL + Pm PTJ;Y \Il(l—S)/él

we see that (I — P, P,,) W_g) is fully determined and depends linearly on the coefficients

{Co,kz}keK-

Finally, application of P+ to equation (3.8) yields

Py = — (How— Eoa)y' Py ((Ho,m — &) Py Vg at (3.19)

I
(Hoy — Er0ja) Py W10y + a37®V(_gy/a + broazy¥o 104 + Z D, ‘I’z-q> ,

q=11
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where, this time, the right hand side is not fully determined since there is no projector P;-
acting on \I/(l_g)/4. HOWGVGI, at this step, ‘1’(1—10)/4 and P;‘\If(l_g)ﬂ; = P;‘(H — PIPT,’}/)\I;(I—S)/ZL
are fully determined and linear in the {co}rex, so that from IH we see that the only

undetermined part comes from

Py Py Wiy = Y D1(x) a(r, |k]) gu—oy/aly, k) cro k).

keK

We conclude that the x dependence of the vector Pj W (1_6)/4 is determined, and that the
undetermined part of this vector depends on the set of functions {gq_g)/4(y, k) }rex purely
linearly.

Thus, we have reproduced the all the requirements of the induction hypothesis, which

ends the proof. |

3.2 The Expansion Around a Local Minimum

We now describe the construction of quasimodes of arbitrarily high order under assumptions
that are only local. This construction uses the formal expansions of Proposition 3.1 and the
insertion of cutoff functions. The construction is quite similar to that given in [5], so we
refrain from presenting all details.

Let N > 0 be fixed and set

N
VO (2,r,y,0,6,7) = > gl y,0,6,7),
=0
N
S(N) = Z €l/4 51/4, (320)
=0
VM(X)Y,R) = Y aX=Xo)+e Y bipi(X—Xo) R (Y —Yp),
I<(N+1)/3 jHk+1>2
k+1>1
k even

443G +1)+2< N

where the vectors 1,4 and the scalars &/, are defined in Proposition 3.1.
Then we introduce a cutoff function. Let F : IR — [0, 1] be C*° and such that supp F C
[—2,2] with F(t)=1 for t € [-1,1]. We set

F(X,RY) = F((X = Xo)/e") F(R/e”) F((Y = Yp)/e™),
where 0 < d; <3/4, 0<d2<1/2 and 0 < d3 < 3/4.
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The quasimode \Ifgv) is defined as

v (X, R,Y.6,,7) (3:21)
M FUXRY) WX = Xo) /e BRI (Y = Y0) [€4,0,6.7).

The factor of e ®* in this expression ensures asymptotic normalization of the quasimode

because of the Jacobian factor in the integral for the L? norm.

Proposition 3.2 Let

e et

H(e) = — —~ A o
9= 7 g ST 3,0

satisfy the hypotheses of Proposition 3.1. Then, for any N € N, there exists a constant Cy,
such that the vector (3.21) and the scalar (3.20) satisfy ||\Ifgv)|| =1+ 0(e"Y) and

A(Y17Y2,Y3) + W(X) + € ‘/2(X> R, Y)7

|H©wl - e

) < Oy eNFD/A as € — 0.
")

Proof

We begin by computing the norm of \I/(QN). The vectors 94, for [ = 0,---, N, are given as
a finite linear combinations of angular functions |k, j.,j), (kK = —j,---,j), multiplied by
Gaussians in x, 7, y, times polynomials in these variables. Thus, they all belong to L2.

In particular, by our choices for ¢y, we have

[ 10X = X e, RJEV2 (Y ~ Vo) e, 6,0, RARAX Y a9

= /|1/)0(x,r,y,0,gb,'y)|2rdrdxdde

where df) denotes the solid angle element in the angular variables. The norms of the other
)4 are similarly O(1).
Hence [[W{7)2 = [W™) 4+ (F2 — 1)TM|2, where,

(1 = F2) ™|’ (3.22)
< / (WM (X = Xo) /e, RIeV? (Y = Yy)/e¥*,0,6,7)]* RARdX dY dS.
| X — Xo| > €01
R > €%
Y — Yp| > €%
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The choice of exponents §; and the exponential decay of W) imply that (3.22) is of order
€, and we finally see that
N
pr(Q >H — 1 + O

By construction, there exist C' > 0 and D > 0, independent of ¢, such that
RM(X,RY) = Vi(X) + eVa(X,RY) — VV(XY,R)
satisfies
IRM(X,R,Y)| < C(X — Xo| VD3 4 e| X — Xo|*R|Y — Yo|©), (3.23)
where 4 +3(a +¢) +2¢ > N+ 1, if (| X — Xo| + R+ |Y — Yy|) < D. Consider now
V\Ifgv) B V4G \IJSV) + RW) \IJSV)
= VW FE W™ 4 RW) F g,

Due to the support conditions imposed by the cutoff, we can estimate F.R™N) by means of

(3.23), and, after passing to the rescaled variables z,r,y, we obtain
FXRY)RM(X,RY)| < FX,RY)NVAC (|| NV o [z)r]y|c)
Once again using the Gaussian decay of ¥V) we finally get the L? estimate
N Wl N+1)/4
HR< Jwl] H = O (N

We now have estimated everything except the terms in which the kinetic energy acts on
the cutoffs. First note that derivatives with respect to angular variables do not affect the
cutoffs. Next, by the Leibniz formula, the first and second derivatives with respect to z, v,
or r acting on F, UW) yield supplementary terms given by first and second derivatives of F.
multiplied by W) or first derivatives of WV, By construction of the cutoff, the successive
derivatives of F, are supported away of the origin in at least one of the variables x, y, or
r. Since UV and its derivatives are Gaussian times polynomials in these variables, these
supplementary terms are all of order €.

Finally, taking into account the formal expansions of Theorem 3.1, and the definition

€3 et

N
e A T0)

A(Y17Y2,Y3) + V(N)(X7 R7 Y7>)
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we get the L? norm estimate
N N
HH(E)\IJ((Q ) gWyl >H
= [EM@ul — w4 0 (i
= ||F(HM(e)w™) — eMGMN| 4+ O (VD) 4+ O ()

- 0 (€(N+1)/4) _

4 Inclusion of the Electrons

In this section we show that including the quantum mechanical treatment of the electrons
does not change the expression for the energy up to an error of order €.

We decompose the Hamiltonian for all the particles in the molecule as the sum of the
nuclear kinetic energy plus a self-adjoint electron Hamiltonian hy (Y, 0, ¢, R, v, X). The
electron Hamiltonian depends parametrically on (Y, 0, ¢, R, v, X) and acts on functions of
all of the electron variables, that we describe jointly with the single symbol Z. To avoid
questions about Berry phases, we assume hy(Y, 0, ¢, R, 7, X) commutes with complex con-
jugation, i.e., it is a real symmetric operator.

Because of rotational symmetries, the electron Hamiltonian can be written as
h1<Y7 67 (ba R7 Y5 X) = U<67 (ba ’Y) h2(X7 R7 Y) U(97 ¢7 7)717

where U (0, ¢, ) is unitary on the electron Hilbert space and depends smoothly on 6, ¢, and ~.
As a consequence, discrete eigenvalues of hy (Y, 0, ¢, R, v, X) do not depend on 6, ¢, or ~.

We assume that the resolvent of hy(X, R, Y) depends smoothly on (X, R, Y). As a
result, all discrete eigenvalues of hy(Y, 0, ¢, R, v, X) depend smoothly on the nuclear con-
figurations.

We assume further that the ground state eigenvalue V(X, R, Y) of h(Y, 0, ¢, R, v, X) is
discrete and non-degenerate for each fixed value of (Y, 6, ¢, R, v, X). We also assume that
V(X, R,Y) has a global minimum at (X, 0, Yy) with a strictly positive Hessian at that
minimum. To ensure that we are approximating discrete eigenvalues for the full molecular
Hamiltonian, we assume that the V (X, 0, Yp) is strictly below the bottom of the spectrum
of ho(X, R, Y) for all (X, R, Y) outside a small neighborhood of (Xj, 0, Yp).
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We now introduce e-dependence in hy, and hence h;. We choose functions Vi(X) and

Va(X, R, Y) that satisfy
VX, R, Y) = Vi(X) + € Va(X, R, Y)

and the restrictions imposed after expression (2.4). Here ¢ is a fixed value of € that we
take to be the fourth root of the electron mass divided by the carbon C'? nuclear mass. We
then define h(e, Y, 0, ¢, R, v, X) by replacing V(X, R, Y) by V1(X) + € Vo(X, R, Y) in
the spectral decomposition of hy(Y, 0, ¢, R, v, X). Thus, we only introduce e-dependence

in this single eigenvalue and alter none of the eigenfunctions.

Remark To minimize technicalities, we have made assumptions for all (X, R, Y). At the

expense of inserting cut off functions, our assumptions need only be imposed for (X, R, Y)

in a neighborhood of (X, 0, Yp).

We shall write down an explicit quasimode with an O(¢'?/4) energy error for the Schré-
dinger operator

e et

H<€> - - m A(Xl,XQ,Xg) - m A(Yl,Yg,Y3) + h(€7 Xl; X27 X37 }/17 }/27 }/3)7

rewritten in terms of the variables (Y, 0, ¢, R, v, X, Z).
The quasienergy will be

5(6) = 50 + 66/4 56/4 + 68/4 58/4 + 610/4 510/4, (41)

but the quasimode will be somewhat complicated.
To specify the quasimode, we first let x(Y, 0, ¢, R, v, X, Z) denote a normalized real
ground state eigenfunction of h(e, Y, 0, ¢, R, v, X) that depends continuously on its vari-

ables. Next, we let

5
_ X—-Xo R Y-Y
C(@Y,Q; Qb, Ra Y5 X) = ¢ 5/ Z 6l/4 ¢l/4(63—/407 6177 eszlovea Qb, 7)7

1=0
where the );,, are the wave functions from Section 3 with go/4(y, £X) = g3/4(y, £A) =
Jaja(r, y, k) = fs5,4(r, y, k) = 0. Note that when A = 0 there is one linearly independent

choice for (. When A > 0, we have two linearly independent choices corresponding to

k= =+
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The quasimode is

\11(67 Y? 07 ¢7 R7 ,Y7 X’ Z)

- fe(Xa Ra Y) C(Ea}/aea ¢7 Rv 7, X) X(Y> 97 ¢7 R7 e X7 Z)

3

-1
+ i F.(X,R,Y) [h(e, Y, 0,6, R, v, X) — V(e, X, R, Y) (4.2)
1 r
oC ox
(a—X(Ea va 6)’ Qb, R7 e X) 8—X(Y7 07 va R7 v, X7 Z)
a¢ ox
+ @(67 Y7 67 (ba R7 v X) ﬁ(yv 07 (b’ R7 e X7 Z))

Theorem 4.1 There ezists a constant C, such that the function V(e) given by (4.2) and
quasienerqy E(e) given by (4.1) satisfy

Iw@l =1+ 0()
and

| (1100 =€) w(e, )| < ¢ @ 43)

Proof The function (e, -) equals the normalized vector 1y x plus terms that are
orthogonal to vy y. Since the largest of these orthogonal terms is €'/* /aX, We see
that W(e) has norm 1 + O(e'/?).

To prove the second estimate of the theorem, we begin by noting that the electronic

eigenfunction x has the form
X(Y> 07 ¢7 R: e X7 Z) = U(ea (ba ’Y) X0<Y7 R7 X7 Z)?

where U(0, ¢, ) is unitary.

We next compute

(H(e) = £()) FLX, R Y) e, ) XL, (4.4)
where H(¢€) is decomposed as
€ el
H(e) = ——A - ——A
(77 g S T g Some

+ h(Ea X17X27 X37}/17Yéa }/E’)) - ‘/i(X) - 6‘/2(Xa R7 Y)
£ OVX) + WX R Y).
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with the two final terms expanded in their Taylor series of appropriate orders. We write the
resulting expression in the variables (Y, 0, ¢, R, v, X, Z). When the all the derivatives in
H (¢€) act on ¢, all terms that are larger than order €® cancel because of Taylor series estimates
and the choices of the /4. When all the derivatives act on y, all terms are O(e®) or smaller
because x is smooth and the cutoffs are zero the singularity at ¥ = 0. When any derivatives
act on F., we obtain terms of order O(e?), for any ¢, due to the rapid fall off of the functions
in (. The term that arises from [h(e) — Vi — e V5] yields zero because it acts only on the .

The remaining terms in (4.4) contain terms in which a partial derivative acts on ¢ and

the same partial derivative acts on y. All of these terms are O(€®) or smaller, except for

0 0
(e V10,6, Ry, X) DXV, 6,6, R, X, 2) (1.5

¢ X
+ ﬁ(ea K 97 (b? R’ Y, X) @(YV’ 6), Qb, Ra Y, Xa Z)

Thus, (4.4) yields (4.5) plus O(€?). However, when the [h(e) — V; — € V5] acts on the second
term in (4.2), the terms that arise from (4.5) cancel, leaving us with O(€®) errors plus the
kinetic energy and potential terms acting on the second term in (4.1). Because of the cutoff,
the potential terms yield bounded operators times O(e?) terms. When the kinetic energy

2

acts on these terms, we obtain terms of order €2 or smaller, since everything is smooth,

and the largest terms come from €® and two X -derivatives acting on (.

0
Note that when computing the norm in (4.3), it is essential that x be orthogonal to a—;
and ox or cross terms would yield terms of order greater than €. This orthogonality is

OR’
guaranteed by our hypothesis that the electron Hamiltonian A(e, - ) be real symmetric and

that we choose x to be real. [ |
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