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Abstract

We prove the existence of periodic solutions in a class of nonlinear partial differential equations,
including the nonlinear Schrodinger equation, the nonlinear wave equation, and the nonlinear beam
equation, in higher dimension. Our result covers cases where the bifurcation equation is infinite-
dimensional, such as the nonlinear Schrédinger equation with zero mass, for which solutions which
at leading order are wave packets are shown to exist.

1 Introduction and main results

The problem of the existence of finite-dimensional tori for infinite-dimensional systems, such as nonlinear
PDE equations, has been extensively studied in the literature. Up to very recent times, the only available
results were confined to the case of one space dimension (D = 1). In this context the first results were
obtained by Wayne, Kuksin, and Poschel [24, 20, 21, 22], for the nonlinear Schrodinger equation (NLS)
and the nonlinear wave equation (NLW) with Dirichlet boundary conditions, by using KAM techniques.
Later on, Craig and Wayne proved similar results, for both Dirichlet and periodic boundary conditions
[11], with a rather different method based on the Lyapunov-Schmidt decomposition. The case of periodic
boundary condition within the framework of KAM theory was then obtained by Chierchia and You
[10]. The case of completely resonant systems, i.e. systems where all eigenvalues of the linear operator
are commensurate with each other, was discussed by several authors, and theorems on the existence of
periodic solutions for a large measure set of frequencies were obtained by Bourgain [8] for the NLW with
periodic boundary conditions, by Gentile, Mastropietro and Procesi [16], and Berti and Bolle [3] for the
NLW with Dirichlet boundary conditions, and by Gentile and Procesi [17] for the NLS with Dirichlet
boundary conditions. The existence of quasi-periodic solutions for the completely resonant NLW with
periodic boundary conditions has been proved by Procesi [23] for a zero-measure set of two-dimensional
rotation vectors, by Baldi and Berti [2] for a large measure set of two-dimensional rotation vectors, and
by Yuan [25] for a large measure set of — at least three-dimensional — rotation vectors.

Extending the results to higher space dimensions (D > 1) introduces a lot of difficulties, mainly due
to the high degeneracy of the eigenvalues of the linear operator. The first achievements in this direction
were due to Bourgain, and concerned the existence of periodic solutions for NLW [6] and of periodic
solutions (also quasi-periodic in D = 2) for the NLS [7]. The case of quasi-periodic solutions in arbitrary
dimension was solved by Bourgain [9] for the NLS and the NLW. Bourgain’s method is based on a
Nash-Moser algorithm, which does not imply the linear stability.

A proof of existence and stability of quasi-periodic solutions in high dimension was given by Geng
and You using KAM theory. Their result holds for a class of PDE’s, which includes the nonlinear beam



equation (NLB) [13] and the NLS with a smoothing nonlinearity [14], with periodic boundary conditions
and with nonlinearities which do not depend on the space variable. Both conditions are required in order
to ensure a symmetry for the Hamiltonian which simplifies the problem in a remarkable way. Their
approach does not extend to the NLS with local nonlinearities — mainly because it requires a “second
Melnikov condition” at each iterative KAM step, and such a condition does not appear to be satisfied by
the local NLS.

Successively, Eliasson and Kuksin [12], by using KAM techniques, proved the existence and stability
of quasi-periodic solutions for the NLS with local nonlinearities. In their paper the main point is indeed
to prove that one may impose a second Melnikov condition at each iterative KAM step. However, given
a PDE equation, in general (see for instance the case of the NLW in D > 1), it can be too hard to
impose a second Melnikov condition — even on the unperturbed eigenvalues. Very recently, Yuan [26]
proposed a KAM-like approach which does not require the second Melnikov condition, and hence allows
to extend the proof of existence to other kinds of equations, including the NLW: with respect to Eliasson
and Kuksin’s approach the linear stability of the solutions does not follow from the construction.

In both Eliasson and Kuksin’s and Yuan’s papers Sobolev norms are used to control the regularity
of the solutions in the space variables, so that only finite smoothness is found even if the nonlinearity is
assumed to be analytic. This is a drawback which does not arise in Bourgain’s approach [9], where an
exponential decay of the Fourier coefficients is obtained.

Again very recently, Berti and Bolle [5] proved the existence of periodic solutions for PDE systems
with eigenvalues of the linear part satisfying rather general separation properties — weaker than those
considered in this paper. They use a Nash-Moser algorithm suited for finitely differentiable nonlinearities,
already employed in the one-dimensional case [4], and they find solutions belonging to suitable Sobolev
classes. By construction, their method looks for a Sobolev regularity, and hence it produces only a
finite smoothness even when applied to systems with analytic nonlinearities and with stronger separation
properties, as in the cases discussed in this paper. It is very likely that, if we considered analytic
nonlinearities and the same weaker separation properties as in [5], we would obtain solutions with only a
finite smoothness.

In this paper we revisit the case of periodic solutions with a different method, based on renormalisation
group ideas and originally introduced in [15]. We consider analytic nonlinearities, and formulate a general
theorem on the existence of periodic solutions in Gevrey class, which emphasises the main assumptions
that we need in the proof. From a technical point of view, besides the more abstract formulation — and
hence the wider range of application —, the present paper represents an improvement of the renormalisation
group method of [18], and allows to considerably simplify the technical aspects of the proof.

For the NLS, with respect to [18] and [14], here we remove the condition for the nonlinearity to be
smoothed by a convolution function, so recovering the case of local nonlinearities, as in [7]. Moreover, we
obtain results for other equations, including the NLW and the NLB. Finally — and this represents the main
novelty of this paper — we discuss cases in which the bifurcation equation is infinite-dimensional, such as
the zero-mass NLS and NLB, where the other methods have not been applied so far. In the resonant case
the linearised equation has an infinite-dimensional space of periodic solutions with the same period, so
that in principle we have at our disposal infinitely many linear solutions with the same period which can
be extended to solutions of the nonlinear equation. Indeed we find a denumerable infinity of solutions with
the same minimal period even in the presence of the nonlinearity. More precisely, we prove the existence
of periodic solutions which at leading order involve an arbitrary finite number of harmonics, and which
therefore can be described as distorted wave packets. Solutions of this kind are very natural in the case of
completely resonant PDE, where all harmonics are commensurate in the absence of the nonlinearity. An
essential ingredient for the existence of such solutions is the particular form of the bifurcation equation:
the proof strongly relies on the fact that the leading order of the nonlinearity is cubic and gauge-invariant.
Moreover, in order to prove the non-degeneracy of the solutions of the bifurcation equation we need some
condition on the higher orders of the nonlinearity. A sufficient condition is that the nonlinearity does not



depend explicitly on the space variables.

The problem of existence of periodic and quasi-periodic solutions in completely resonant systems in
higher dimension was already considered by Bourgain in [7], where he constructed quasi-periodic solutions
with two frequencies, in D = 2, for the NLS with periodic boundary conditions. In the case of Dirichlet
boundary conditions, proving the non-degeneracy of the solutions becomes rather involved. We use a
combinatorial lemma, proved in [18], and some results in algebraic number theory. With respect to the
nonlocal NLS considered in [18], the proof we give here is much simpler, however it has the drawback
that a stronger assumption on the nonlinearity is required.

In the remaining part of this section, we give a rigorous description of the PDE systems we shall
consider, and a formal statement of the results that we shall prove in the paper. Throughout the paper
we shall call a function F(z,t), with z = (z1,...,2p) € RP and t € R, even [resp. odd] in = — or even
[resp. odd] tout court — if it even [resp. odd] in each of its arguments z;.

Let S be the D dimensional square [0, 7]”, and let dS be its boundary. We consider for instance the
following class of equations

(1.1)

(i0 + P(—A) + p) v = f(z,v,0), (z,t) € S x R,
v(z,t) =0 (x,t) € OS x R,

where A is the Laplacian operator, P(z) is a strictly increasing convex C'*° function with P(0) = 0, p
is a real parameter which — we can assume — belongs to some finite interval (0, pg), with pgo > 0, and
x — f(z,v(x,t),0(x,t)) is an analytic function which is super-linear in v, v and odd (in ) for odd v(z, t):

fl@oo) = Y an(x)vo’,  N>1, (1.2)
r,sENir4+s>N+1

with a, s(x) even for odd r 4+ s and odd otherwise. We shall look for odd 2n-periodic solutions with
periodic boundary conditions in [—, 7] P.
We require for f in (1.2) to be of the form
o -
f(z,v,0) = %H(x,v,ﬁ) + g(z, ), H(z,v,9) = H(z,v,0). (1.3)

We also consider the class of equations

(0w + (P(=A) + p)?) v = f(z,v), (z,t) € S x R, (1.4)
v(z,t) =0 (z,t) € OS X R, '
and finally the wave equation
(8tt_A+:u’)U:f(Iav)a (Z‘,t)ESXR7 (15)
v(z,t) =0, V(z,t) € 8S x R, '

where f(z,v) is of the form (1.2) with s identically zero and a,(x) := a, o(x) real (by parity a,(z) is even
for odd r and odd for even r).

We shall consider also (1.1), (1.4) and (1.5) with periodic boundary conditions: in that case, we shall
drop the condition for f to be odd.

For all these classes of equations we prove the existence of small periodic solutions with frequency w
close to the linear frequency wg = P(D) + p for (1.1) and (1.4) and wg = v/ P(D) + p for (1.5), with w
in an appropriate Cantor set of positive measure. We introduce a smallness parameter by rescaling

vz, t) = e Nu(z, wt), e >0, (1.6)



with w = P(D) + pu — ¢ for (1.1) and (1.4) and w? = P(D) + u — ¢ for (1.5).
We shall formulate our results in a more abstract context, by considering the following classes of
equations with Dirichlet boundary conditions:

D(e)u = ef (z,u, a,e/N), (z,t) € Sx T,
@ {u(w,t =0, (x,t) € IS x T, (1.72)
an D(e)u = ef (z,u,e'/N), (x,t) €S x T, (L.7h)
u(x,t) =0, (x,t) € 0S x T, '

where T := R/277Z and D(¢) is a linear (possibly integro-)differential wave-like operator with constant
coefficients depending on a (fixed once and for all) real parameter wy and on the parameter e.

We can treat the case of periodic boundary conditions in the same way:

0 D)
(I D(e)

u = 5f(:z:,u,ﬂ,51/N), (z,t) e TP x T, (1.8a)
u=cf(x,u,e/N), (z,t) € TP x T, (1.8b)
with the same meaning of the symbols as in (1.7).

In Case (I) we assume that f(z,u,u,e"/") is a rescaling of a function f(z,u,u) defined as in (1.2)
and satisfying (1.3). In Case (II) we suppose D(e) real and f real for real u, so that it is natural to look
for real solutions u = a.

For v € ZP*! set v = (vg,m), with vy € Z and m = (vy,...,vp) € ZP and |v| = || + |m| =
lvo|+|v1|+. . .+|vp|. Forx = (t,z) = (t,z1,...,2p) € RPT set v-x = vot+m-x = vot+v121+. . .+VpTp.
Set also Z, = {0} UN and ZP*! = 7P+ \ {0}. Finally denote by &(i,7) the Kronecker delta, i.e.
0(i,j) =11if i = j and 6(i,5) = 0 otherwise. Given a finite set 2 we denote by |2| the cardinality of the
set. Throughout the paper, for z € C we denote by Z the complex conjugate of z.

Since all the results of the paper are local (that is, they concern small amplitude solutions), we shall
always assume that the hypotheses below are satisfied for all € sufficiently small.

Hypothesis 1. (Conditions on the linear part).

1. D(e) is diagonal in the Fourier basis {e™*},czpt1 with real eigenvalues 6, () which are C* in
both v and €.

2. For all v € ZP+! one has either §,(0) = 0 or |6,(0)| > vo|v|~™, for suitable constants o, 79 > 0.

3. For all v € ZP*! one has |06, (g)| < calv|® and, if |5,(g)| < 1/2, one has |0-6,(¢)| > c1|v|® as
well, for suitable e-independent constants cg,c1,co > 0.

4. For all v € ZP+L such that |6, (c)| < 1/2 one has [0.0,0,(¢)| < cs|v|®~L, for a suitable e-indepen-
dent constant c3 > 0.

5. In case (I) we require that if for some & and for some vi,vo € ZP+! one has |9, ()], |0,,(¢)] < 1/2
then v —va| < |y +va.

We now pass to the equation for the Fourier coefficients. We write

and introduce the coefficients u by setting v} := u, and u}, := %,. Analogously we define

fu({U},n) = [f(x7uvﬂa 77)]11 = Z [ar,S(I)uras]v + Z 77T+87N71[ar,8($)uras]u

r,sENir+s=N+1 r,seENir4+s>N+1



where {u} = {ug}°=% [], denotes the Fourier coefficient with label v, and we set f := f, and

A vezP+1
fo = fu. Naturally f,, depends also on the Fourier coefficients of the functions a, s(z), which we denote
by a, sm, with m € ZP: we sct a,‘f"S’m = Qp,m and Ar s m = Qr.sm-

Then in Fourier space the equations (1.7) and (1.8) give
ou(e)ul =efs({u},eN),  wvezPtt o=+, (1.10)

and in the case of Dirichlet boundary conditions we shall require u,, = —ug, () foralli =1,..., D, where
S;(v) is the linear operator that changes the sign of the i-th component of v.

Remark 1. The reality condition on H in (1.3) spells
(S + 1) as_Jrl,rfl,m = ra:s —-m-* (111)

Moreover, by the analyticity assumption on the nonlinearity, one has |ay s m| < AjTse=A2ml for suitable
positive constants Ay and As independent of r and s.

— which

Remark 2. We have doubled our equations by considering separately the equations for uf andu

v
clearly must satisfy a compatibility condition. In Case (II) one can work only on uj, since u, = u',.

In other examples it may be possible to reduce to solutions with u, real for all v € ZPTY, but we found
more convenient to introduce the doubled equations in order to deal with the general case.

Following the standard Lyapunov-Schmidt decomposition scheme we split ZP*! into two subsets
called B and 9 and treat the equations separately. By definition we call  the set of those v € ZP+!
such that 4, (0) = 0; then we define f = ZP*!\ Q. The equations (1.10) restricted to the P and Q
subset are called respectively the P and ) equations.

Hypothesis 2. (Conditions on the Q equation).

1. For allv € Q one has \,(g) := e 15, (g) > ¢ > 0, where c is e-independent.
2. The @ equation at € = 0,
A (0)ul = f7({u},0), veq, o ==+l1,
has a non-trivial non-degenerate solution
Ot = Y ud,
ve

where non-degenerate means that the matrix

o0’ / ’ ofy
T35 = 2(0) 80, 8(e0") ~ S22 ({41, 0

v,/

’
0,0

/ .
vu| = Age= 2= for suitable

is invertible. Moreover one has |u5,0)| < Age= ol and )(J_l)

constants Ao and A\g.

Remark 3. The solution of the bifurcation equation, i.e. of the Q equation at € = 0, could be assumed
to be only Gevrey-smooth. Note also that, even when £ is infinite-dimensional, the number of non-zero
Fourier components of ¢©) (z,t) can be finite.

Definition 1. (The sets &g, O(e) and O). Givene € €y := [0,g0] we set O(e) :={v € P : |d.(e)| <
1/2} and O = Uzee,O(€). Finally we call R the subset P\ O.



Remark 4. Note that v € R means that |0, ()| > 1/2 for all € € &.

The following definitions appear (in a slightly different form) in the papers by Bourgain. The notations
which we use are those proposed by Berti and Bolle in [5].

Definition 2. (The equivalence relation ~). We say that two vectors v,v' € O(e) are equivalent,
and we write v ~ V', if for § small enough the following happens: one has |0,(¢)|, |0y (€)] < 1/2 and

there exists a sequence {v1,...,un} in D(eg), with vy = v and vy = V', such that
1 C
|6Vk(€)‘<§7 ‘Vk—VkJrl'§§(|Vk|+‘uk+l|)ﬂv k:L""N_L]

where Cy is a universal constant. Denote by A;(e), j € N, the equivalence classes with respect to ~.
Remark 5. The equivalence relation ~ induces a partition of O(e) into disjoint sets {A;(e)}jen. Note
also that, if v,V € Aj(e), then it is not possible that for some ¢’ one hasv € Aj (¢') and v' € Aj,(€)
with j1 # jo.

Hypothesis 3. (Conditions on the set D (g): separation properties). There exist three e-

independent positive constants a, 3, C1, with a small enough and B < a, such that |A;(e)| < C1p§(e),
where pj(e) = mingen, () V|, for all j € N.

Remark 6. Hypothesis 3 implies the following properties:
C
dist(A;(). Aje(e)) = 5 (0(e) +pyr(e))”  V).5" €N such that j # ',

diam(A, (<)) < CoCopP(e). max |y <2pi(e)  VjEN,
. veEA;(e

and, furthermore, we can always assume that 2°°~1Cy Cgp;”ﬁ < (pj, with (c3 < ¢1/4, where the constants
c1 and c3 are defined in Hypothesis 1.

Remark 7. Given N > 0 and for all e outside a finite set (depending on N ) the sets Aj(e){v : [v| < N}
are locally constant, namely for all € outside a finite set there exists an interval J such that € € T with the
following property: There exists an e-independent numbering of the sets Aj(e) contained in {v : |[v| < N}
so that Aj(e) = A;(€) for alle € 7.

We can now state our main result.

Theorem 1. Consider an equation in the class described by (1.7) and (1.8), such that the Hypotheses
1, 2 and 3 hold. There exist a positive constant 9 and a Cantor set € C [0,e], such that for alle € &
the equation admits a solution u(x,t), which is 2m-periodic in time and Gevrey-smooth both in time and
in space, and such that

u(z,t) — ¢ (z,t)| < Ce'/N,
uniformly in (x,t). The set € has positive Lebesgue measure and

lim meas(€ N [0,¢])

e—0t £

=1, (1.12)

where meas denotes the Lebesgue measure.

2 Applications

2.1 Non-resonant equations

Let us prove that the equations (1.1), (1.4), and (1.5) — in particular the NLS, the NLB and the NLW —
comply with all the Hypotheses and therefore admit a periodic solution by Theorem 1.



2.1.1 The NLS equation
Theorem 2. Consider the nonlinear Schriodinger equation in dimension D
10w — Av+ pv = f(z,v,0),

with Dirichlet boundary conditions on the square [0, 7], where u € (0,10) C R and f is given according
to (1.2) and (1.83), with N =2, as1 =1 and a5 = 0 forr,s such that r +s =3 and (r,s) # (2,1), that
is f(z,v,9) = |[v]?v+ O(|v|*). There exist a full measure set M C (0, o) and a positive constant g9 such
that the following holds. For all ;n € 9 there exists a Cantor set €(p) C [0,e0], such that for all e € E(u)
the equation admits a solution v(x,t), which is 2w /w-periodic in time and Gevrey-smooth both in time
and in space, and such that

, 4\ D/2
|v(z,t) — Veqoe™ sinay ...sinap| < Ce, w=D+pu—e, lqo| = (§> ,

uniformly in (x,t). The set € = E(u) has positive Lebesque measure and satisfies (1.12).

With the notations of Section 1 one has 6, (¢) = —wn + |m|> + p, with w = wg — € and wy = D + p.
Then it is easy to check that all items of Hypothesis 1 are satisfied provided g is chosen in such a way
that | — won + |m|?| > ~o|n|~™. This is possible for x in a full measure set; cf. equation (2.1) in [18].
Then Hypothesis 1 holds with ¢cg = ¢3 = c3 =1 and ¢; = 1/v/1 + 4dwy.

The subset 9 is defined as Q = {(n,m) € Z'*P :n =1, |my| = 1 Vi = 1,... D}, and one can
assume take go to be real, so that, by the Dirichlet boundary conditions, £ is in fact one-dimensional,
and uy,m = £qo for all (n,m) € Q. The leading order of the @ equation is explicitly studied in [18],
where it is proved that Hypothesis 2 is satisfied.

Finally, Hypothesis 3 has been proven by Bourgain [7] (see also Appendix A6 in [18]).

Of course, Theorem 2 refers to solutions with m = (1,1,...,1), but it easily extends to solutions
which continue other harmonics of the linear equation; see comments in [18].

Also, the condition on the nonlinearity can be weakened. In general N can be any integer N > 1, and
no other conditions must be assumed on the functions a, s(z) beyond those mentioned after (1.2). In that
case (for simplicity we consider the same solution of the linear equation as in Theorem 2), the leading
order of the Q equation becomes qo = sign(e)Apq}’ (again by taking for simplicity’s sake g to be real),
where Aj is a constant depending on the nonlinearity. If Ay is non-zero, this surely has a non-trivial
non-degenerate solution qg either for positive or negative values of €. In general the non-degeneracy
condition in item 2 of Hypothesis 2 has to be verified case by case by computing Ag.

2.1.2 The NLW equation
Theorem 3. Consider the nonlinear wave equation in dimension D
v — Av + po = f(z,v),

with Dirichlet boundary conditions on the square [0, 7], where u € (0,10) C R and f is given according
to (1.2), with s = 0, N = 2, azo = 1, that is f(x,v) = v> + O(v?). There exist a full measure set
M C (0, uo) and a positive constant g such that the following holds. For all yn € 9 there exists a Cantor
set €(u) C [0,¢e0], such that for all e € E(u) the equation admits a solution v(x,t), which is 2w /w-periodic
in time and Gevrey-smooth both in time and in space, and such that

)

4>(D+1)/2

|v(x,t)—qo\/gcoswtsinxl...sinwp| < Ck, w = m, qo = (3

uniformly in (x,t). The set € = E(u) has positive Lebesque measure and satisfies (1.12).



In that case one has §, (¢) = —w?n?+|m|?+pu, with w? = w? —¢ and w? = D?+ . Once more, it is easy
to check that Hypothesis 1 is satisfied provided p is chosen in a full measure set, with cg = co = ¢c3 =1
and ¢; = 1/(1 + 4wd).

The subset 9 is given by Q := {(n,m) € Z*P :n =41, |m;| =1Vi =1,... D}, and, if one chooses
to look for solutions that are even in time, then £ is one-dimensional. The @) equation at € = 0 can be
discussed as in the case of the nonlinear Schrédinger equation. For instance for f as in the statement of
Theorem 3 the non-degeneracy in item 2 of Hypothesis 2 can be explicitly verified. Again, the analysis
easily extends to more general situations, under the assumption that the @) equation at € = 0 admits a
non-degenerate solution. For a fixed nonlinearity, this can be easily checked with a simple computation.

Hypothesis 3 has been verified by Bourgain [6], under some strong conditions on w. Recently the same
separation estimates have been proved by Berti and Bolle [5], by only requiring that w? be Diophantine.

2.1.3 Other equations

Of course, the separation properties for the NLS equation imply similar separation also for the nonlinear
beam (NLB) equation

onv + (A + u)z v = f(z,v),

and in that case we can also consider nonlinearities with one or two space derivatives.

As in the previous cases one restricts p to some full measure set, and Hypothesis 1 holds with
co=c3=2,c0=1and ¢; =1//1+ 2wp. This implies that the subset 9 is one-dimensional, provided
we look for real solutions which are even in time.

The same kind of arguments holds for all equations of the form (1.1) and (1.4). The separation of the
points (m,|m|?) in ZP*! implies, by convexity, also the separation of (m, P(|m|?)), with P(z) defined
after (1.1).

2.2 Completely resonant equations

Here we describe an application to completely resonant NLS and NLB equations, namely equations (1.1)
and (1.4) with P(z) = z and p = 0, and with Dirichlet boundary conditions (the case of periodic boundary
conditions is easier for fully resonant equations). Since the equation is completely resonant we need some
assumption on the nonlinearity in order to comply with Hypothesis 2. We set f(z,v,9) = |v|?v for the
NLS and f(z,v) = v® for the NLB (the NLB falls in case (II) and we look for real solutions), but our
proofs extend easily to deal with higher order corrections which are odd and do not depend explicitly on
the space variables. In the case of the NLS we say that the leading term of the nonlinearity is cubic and
gauge-invariant. !

The validity of Hypothesis 1 can be discussed as in the non-resonant equations of Subsections 2.1.
The separation properties (Hypothesis 3) do not change in the presence of a mass term, and they have
been already discussed in the non-resonant examples of Subsection 2.1. Thus, we only need to prove the
non-degeneracy of the solution of the @ equation. Since the nonlinearity does not depend explicitely on
x we look for solutions such that u, € R. We follow closely [18], but we set wp = 1. This is done for
purely notational reasons, and is due to the fact that a trivial rescaling of time allows us to put wy = 1.

2.2.1 The NLS equation

The subset 9 is infinite-dimensional, i.e. Q := {(n,m) € Nx ZP : n = |m|*}. We set ugym) = ¢m =
am + O(e'/?) for (n,m) € Q and restrict our attention to the case g,, € R. At leading order, the Q

li.e. the equation up to the third order is invariant under the transformation v — v*® for any o € R.



equation is (cf. [18])
|m|am, = Z Gy Ay Qg - (2.1)

my,m2,m3
mi+mo—m3z=m
(mi1—m3z,ma2—msz)=0

Note that in the case of [18], the left hand side of (2.1) was |m|**?* D~ 1a,,, with s a free parameter; then
(2.1) is recovered by setting s = 0 and rescaling by 1/v/D the coefficients g,,.

By Lemma 17 of [18] — which holds for all values of s —, for each Ny > 1 there exist infinitely many
finite sets M C ZP with Ny elements such that equation (2.1) admits the solution (due to the Dirichlet
boundary conditions we describe the solution in Z%)

07 m € ZE \ M+
- 1
oD+l _ 3D <|m|2 —C Z |m’\2)a me My,
m/eMy
with ¢; = 2P+ /(2P+1(Ny — 1) + 3P). The set M, defines a matrix J on Z” such that
(JQ)m = |7/n|2 - 2 Z lea”InQamg - 2 Z amlaszmgv (22)
mi,m2,Mm3 mi>mo,ms3
mi-+mgo—m3z=m mi-+mg—msz=m
(m1—mg,mo—m3z)=0 (m1—m3,mo—ms3)=0

where m; > ma refers, say, to lexicographic ordering of Z”; see in particular equations (8.5) and (8.7) of
[18].

Moreover we know (Lemma 18 of [18]) that the matrix .J is block-diagonal with blocks of size depending
only on Ny, D: we denote by K(Ny, D) the bound on such a size. Whatever the block structure, the
matrix J has the form diag(|m|?) + 2T where all the entries of T are linear combinations of terms Gm; Gm;
with integer coefficients. If we multiply J by z := (2P — 3D)(2P+1(Ny — 1) + 3P) — which is odd —, we
obtain a matrix J' := diag(z|m|?) +27T", where all the entries of T” are integral linear combinations of the
square roots of a finite number of integers. Let us call the prime factors of such integers pg = 1, p1, po, . . ..

Definition 3. (The lattice 72 ). Let ZP := (1,0,...,0) + 2Z be the affine lattice of integer vectors
such that the first component is odd and the others even. Let Z&_ be its intersection with ZE, Of course,
for all m € ZP one has |m|? odd.

Since we are working with odd nonlinearities which do not depend explicitly on the space variables
we look for solutions such that wu, ,, = 0 if m ¢ ZP.

Let 1,p1,...,pr be prime numbers (as above), and let aq,...,ax be the set of all products of square
roots of different numbers p;, i.e. a1 =1, az = |/p1, a3 = \/p1p2, etc. It is clear that the set of integral
linear combinations of a; is a ring (of algebraic integers). We denote it by a. The following Lemma is a
simple consequence of Galois theory [1]. For completeness, the proof is given in Appendix A.

Lemma 1. The numbers a; are linearly independent over the rationals.
Immediately we have the following corollary (I denotes the identity).

Corollary 1. In a consider 2a, i.e. the set of linear combinations with even coefficients.
e 2a is a proper ideal, and the quotient ring a/2a is thus a non-zero ring.

o if a matriz M with entries in a is such that M — I has all entries in 2a, then M is invertible.



The point of Corollary 1 is that the determinant of M = I 4+ 2M’, with the entries of M’ in a, is
1+ 2a, with a € a. Hence, by Lemma 1, 2« # +1.

Lemma 2. For all Ny and for all M4 C Zf+ the matriz J defined by M is invertible. Its inverse is
a block matriz with blocks of dimension depending only on Ny, D so that for some appropriate C' one has

(J Ymm < Cif jIm —m/| < K(No, D), while (J™1)y.m = 0 otherwise.

Proof. We use Corollary 1, the fact that the matrix J’ has entries in a and the fact that z|m/|? is odd for
allm € fo L [ |

Now, we can state our result on the completely resonant NLS.

Theorem 4. Consider the nonlinear Schriodinger equation in dimension D
i0v — Av = f(v,0),

with Dirichlet boundary conditions on the square [0, 7|7, where f is given according to (1.2) and (1.3),
with N =2, a21 =1, ar5 =0 forr,s such that r + s =3 and (r,s) # (2,1), and a, s(x) independent of
x for r+s > 3 (so that in particular a, s = 0 for even v+ s). For any Ny > 1 there exist sets M. of
Ny vectors in Zf and real amplitudes {am}mem, such that the following holds. There exist a positive
constant €9 and a Cantor set € C [0,e¢], such that for all € € € the equation admits a solution v(x,t),
which is 2w Jw-periodic in time and Gevrey-smooth both in time and in space, and such that, setting

qo(z,t) = (21)7 Z ame ™ sinmyzy .. sinmpzp, w=1-—g¢, (2.3)
meMy

one has
}U(xat) - \/EQO(‘T7Wt)| < 087

uniformly in (x,t). The set € has positive Lebesgue measure and satisfies (1.12).

2.2.2 The beam equation

We set w? = w2 —e = 1 —¢ (recall that we are assuming wg = 1 by a suitable time rescaling). The subset
0 is given by Q := {(n,m) € Nx ZP : |n| = |m|?}. We set u,, , = ¢, for n = |m|? and u,, ,, = g, for
n = —|m|%. We can require that ¢}, = ¢, = ¢, for all m (we obtain a solution which is even in time).
Since we look for real solutions, this implies that ¢, € R if D is even and ¢, € iR if D is odd. Since
the nonlinearity does not depend explicitly on z, we can look for solutions u,, ,, such that m € ZP (see
Definition 3).

Finally the separation properties of the small divisors do not depend on the presence of the mass
term, so that we only need to prove the existence and non-degeneracy of the solutions of the bifurcation

equation.
The @ equation at leading order is

4 D
Im[*am = (=1) § Amy myAmg),
mi+mo+mz=m
*[ma > £|ma|* £|ms|*=%|m|?

where we have set |¢,,| = an + O(e1/?).

Lemma 3. The condition &|m1|? £ |ma|? & |m3|> = £|m|?, for m;,;m € ZP, is equivalent to (my +
ms, Mo + m3> =0.
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Proof. The condition |m1|?+|ma|?+|m3|? = (m1+ma+ms3)? is equivalent to (mq, ma+m3)+ (ma, m3z) =
0, which is impossible since the left hand side is an odd integer. The same happens with the condition
|mq |2 —|mz|? —|m3|? = (m1+ma+ms3)% Thus, we are left with |my|?+|ma|? —|m3|? = (m1 +ma+ms3)?,
which implies (mq + mg, ma +mg) = 0. ]

Lemma 3 implies that the bifurcation equation, restricted to Z¥, is identical to that of a smoothing
NLS with s = 2; cf. [18]. Indeed by recalling that g, = (—1)Pq_,, one has

Im|*a,, = Z Uy oy A - (2.4)

mi1+mo—ms=m
(m1—mz,ma2—ms3)=0

Then we can repeat the arguments of the previous subsection. By Lemma 17 of [18] — which holds for all
values of s — for each Ny > 1 there exist infinitely many finite sets M, C Zf . with Ny elements such
that the equation (2.4) has the solution

0, mEZE\M+

- I
o \/2D+1_3D(|m|4—01 S omt), me M,

m/eMy

with ¢; = 2P+ /(2P (N — 1) 4 3P).

The matrix J is defined as in (2.2), only with |m|* on the diagonal. We know (Lemma 18 of [18]
does not depend on the values of s) that the matrix J is block-diagonal with blocks of size bounded
by K(Noy,D) (defined as in subsection 2.2.1). Whatever the block structure, the matrix J has the
form diag(Jm|*) 4 27", where all the entries of T are linear combinations of terms ay,,a,, with integer
coefficients. If we multiply J by z := (2P — 3P)(2P*+1(Ny — 1) + 3P) — which is odd —, we obtain a
matrix J' := diag(z|m|*) +27T", where all the entries of 7" are linear combinations of the square roots of a
finite number of integers; finally z|m|* is clearly odd and we can apply Lemma 1 to obtain the analogous
of Lemma 2. Thus, a theorem analogous to Theorem 4 is obtained, with go(x,t) in (2.3) replaced with

qo(x,t) = oD+l E Qyy, COS |m|2t sinmixy...sinmpxp, wr=1-=¢.
meMy

We leave the formulation to the reader.

3 Technical set-up and propositions

3.1 Renormalised P-Q equations

Group the equations (1.10) for v € O as a matrix equation. Setting

oo o . o==
- {U 1/63’ = {u VEER’ = {’LL ueﬂ’ = {fu ueDv D(E) = dlag {6U(€)}yeg 3 (31)
the P equations spell

{D(E) U=cF(UV,Q,e/N), (3.2)

’U,g 266;1(6) fg(Ua VaQ,El/N)v Ve %7
with a reordering of the arguments of the coefficients f7J.

We want to introduce an appropriate “correction” to the left hand side of (3.2). We shall consider

self-adjoint matrices M(g) := My, MZ2 (e }5‘:,29, which for each fixed e are block-diagonal on the sets

11



Aj(e) (cf. Definition 2), namely M\ZZ,/ (¢) # 0 can hold only if v,v" € Aj(e) for some j. Moreover we

require for M\ZZ: (¢) to depend smoothly on €, at least in a large measure set.

We shall first introduce the self-adjoint matrices M as independent parameters, and eventually we
shall manage to fix them as functions of the parameter €. Note that in order to have u = u; we must
require that M), = M, ~°.

Definition 4. (The set & and the matrix Xx,). Call & = {1/4 > 5 > 0 : [|06,(0)] — 7] >

Fo/|v|™ for all v € ZPH1}, for suitable constants Yo, 7o > 0. For ¥ € &, we introduce the step function

X1(z) such that x1(x) = 0 if |[x| > 7 and x1(z) = 1 if |x| < 7, and set xo(x) = 1 — x1(x). We then

introduce the (e-dependent) diagonal matrices X1 = diag{)zl(é,,(a))}zzg and Yo = diag{io(éy(s))}zzg.

Remark 8. One has & # (. Moreover, for any interval $4 C (0,1/4), the relative measure of the set
NGB tends to 1 as ¥y tends to 0, provided Ty is large enough

Remark 9. Note that X7 = X1 and X1Xo = 0, with 0 the null matriz.

Definition 5. (Resonant sets). A set N = {vy,...,v;n}t C 9O is resonant if there exists € € € and
J € N such that v1,...,vy € Aj(e). A resonant set {v1,v} with m = 2 will be called a resonant pair.
Given a resonant set N = {v1,...,vn} we call Cyr the set of all v € O such that N U {v} is still a
resonant set. Finally set Cyr(g) := {v' € Cnr : |6, (e)] < 7).

Define the renormalised P equation as

(3.3)

(D) + M) U =n¥F(U,V, Q) + LU,

with M = {1 MX1, where 7 is a real parameter, while M = {MZZ:}ZSZ% and L = {Lzzi}gzl,zg are
self-adjoint matrices of free parameters with the properties:

’ ’
1. MJ7, =Ly%, =0if {v,v'} is not a resonant pair.

v,v’
’ ’ ’ ’
o0’ _ —o',—0o oo’ _ -0 ,—0o
2. MJ?, =M, " and Ly, = L7, .

v,v’ v,v’

The renormalised () equation is defined as

ug = Z Z (Jil)g’,?//’fg//(Uv Vvaaﬂ)v veE. (34)

veQo'=+

The parameter n and the counterterms L will have to satisfy eventually the identities (compatibility
equation)

—~

n=e'N  M=L. (3.5)

We proceed in the following way: first we solve the renormalised P and @ equations (3.3) and (3.4),
then we impose the compatibility equation (3.5).

3.2 Matrix spaces

Here we introduce some notations and properties that we shall need in the following.

12



Definition 6. (The Banach space B, ). We consider the space of infinite-dimensional self-adjoint

’ I ’
matrices {M;'Z,}Zi,gg such that M.0, = 0 if {v,v'} is not resonant. For p,x > 0 we equip such a
space with the norm
’ T
M|, := sup sup ‘MZZ, ey ="

v, eO o,0'==%

so obtaining a Banach space that we call B,,. For L a linear operator on B, define the operator norm

|LM|y
Llop = sup .
[Llop MeB, | M

Definition 7. (Matriz norms). Let A be a d X d self-adjoint matriz, and denote with A(a,b) and

M) (A) its entries and its eigenvalues, respectively. We define the norms

1
— — 2 —
Al = 1g%§d|fi(a,b)l, Al == \/a\/tr(A ) Al |§I|12a§1|Ax|2’

where, given a vector x € R, we denote by |z|y its Euclidean norm.

Lemma 4. Given d x d self-adjoint matriz A, the following properties hold.

1. The norm ||A|| depends smoothly on the coefficients A(a,b).

2. One has ||A||/Vd < |Als < Vd|A|.

3. One has max;<,<q |\ (A)]/Vd < ||A]| < maxi<qa<q |\ @ (A)].

4. For invertible A one has da(qpn A~ (a/ V) = —A"(a',a) A7 (b, V) and Da(an||All = A(a,b)/d||A].

Here and henceforth we shall write A = D(e) + M in (3.3).

Definition 8. (Small divisors). For v € O define A¥(¢) as the matriz with entries X1(3,(g)) AZ172

vi,V2
such that vi,vy € Cy(e) and 01,00 = £. If [6,(¢)] < 7, define also d¥(e) = 2|Cy(e)| and p,(e) =
min{|v'| : v' € C(e)}. For real positive £, define the small divisor

e 1 v —1 -1
2y () = 6 (A,

if A is invertible, and set x, () = 0 if A is not invertible.

Remark 10. Note that for v € Aj(e) one has p, () = p;(€), du(e) < 2|1A,(e)], and A¥(e) = A (¢) for
all v' € Cy(e). This shows that dy,(¢), z,(g) and p, () are the same for all v’ € C,(g). Note also that,
if v € Aj(e) for some j € N, then one has Cy(e) = {v' € Aj(e) : |6/(g)] < 7}. Hypothesis 3 implies
dy(g) < 2C1p%(e).

Definition 9. (The sets Do, D1(7), D2(7), and D(v)). We define D¢ = {(e, M) : € € &y, | M|, <
Coeo}, for a suitable positive constant Cy, and, for fized 7,71 > 0 and v < 7, we set D1(y) = {(e, M) €
Doz > v/pL(e) for all j € N}, Do(y) = {(e, M) € Dg : ||6.(e)| — 7| > ~/|v|™ for allv € O}, and
D(v) =D1(y) ND2(7)-

Definition 10. (The sets Zn(v) and Inr(7v)). Given a resonant set N we define Iy (y) := {e €
€o : v € Cpr such that |0 ()| — 7] < v|v|™™ }, and set () :={(e, M) € Do : e € Iy (7)}.
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3.3 Main propositions

We state the propositions which represent our main technical results. Theorem 1 is an immediate conse-
quence of Propositions 1 and 2 below.

Proposition 1. There exist positive constants Ko, K1, Kk, p,no such that the following holds true. For
(e, M) € D(v), there exists a matriz L(n,e, M) € By, such that the following holds.

1. For each ¢ the matriz L(n,e, M) is block-diagonal so as to satisfy L(n,e, M) = X1L(n,e, M)X1

2. There ezists a unique solution ul(n, M, ), with v € ZP+1, of equations (3.8) and (3.4), which is
analytic in n for |n| < no, and such that for allv € ZP*! and 0 = +

g (1, M, €)| < || Koe """,

8. The matriz elements L7, (77,5 M) are analytic in n for |n| < no, and uniformly bounded for

(e,M)€D(y) a
|L(n,e, M)|,, < |n|™ Ko.

4. The functions uZ(n,e, M) can be extended on the set Dy to C' functions uf?(n,e, M), and
the matriz elements L‘”T (n,e,M) can be extended on the set Do \ Ljy iy (y) to C* functions

LEod (n,e, M), such that LEod (n,e, M) = LUU (n,e, M) and uf?(n,e, M) = ug(n,e, M) for

v,V v,

all (e, M) € D(27).

5. The matriz elements L” U’g/(n,a, M) satisfy for all (e, M) € Do \ Zgy 13 () the bounds

v,/

LT (e, M) < eV igiNEy 0.Ll 5 (e, M)| < e gV K[y [

v,v’ v,

10, LE 7 (1,6, M)| < e 1" N g N1 K,

v,V

for all (e, M) € Do \ ULy, 13 (), where the union is taken over all the resonant pairs {v,v'}, one
has

OuLE e M|, < 30 > D0 |Oyre LA M) < Inf VG

veO v'eC, o,0'=% K

and, finally, one has
1/2

|ug 7 (.6, M)| < |n| ¥ Kre™1]
uniformly for (e, M) € Dg.

Remark 11. In our analysis we choose M € B, because eventually we obtain L € B, but — as the
bound on the M -derivative in item 5 of Proposition 1 suggests — we could also take M in a larger space,

say Boo with norm [M|e = SUp,, e SUP, -y | M o [.

v,V

Once we have proved Proposition 1, we solve the compatibility equation (3.5) for the extended coun-
terterms LE(sl/N, g, M), which are well defined provided we choose € < &g, with g9 = 7.

Proposition 2. There exist C* functions e — (e, MSZ: (€)) from €\ L1y 3 () — Do, with an appro-
priate choice of Cy in Definition 9, such that the following holds.

1. M(e) verifies the equation
MJ () = LSS (YN e, M(e)), (3.6)

v, v,V
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and the bounds

‘MO'O' ‘<K2€e klv—v’

DE)| < K+ e e,

for a suitable constant K.

2. The set €(2y) = {e€ & :(e,M(e)) € D(2y)} has large relative Lebesgue measure, namely
“lmeas(€(27) N (0,¢)) =

liIIlE*,OJr g

3.4 Proof of Theorem 1

By item 1 in Proposition 1 for all (¢, M) € ©(y) we can find a matrix L(n,e, M) so that there exists a
unique solution u%(n, e, M) of (3.3) and (3.4) for all [n] < no, for a suitable 7y, and for g small enough. By

item 3 in Proposition 1 the matrix elements L), (777 g, M) and the solution ug(n,e, M) can be extended
to C! functions — denoted by LZ %’ (n,e, M) and ul?(n,e, M) — for all (¢, M) € Do\ Iy} (7) and for

all (e, M) € Dy, respectively. Moreover LU o " (n,e, M) = LZ;';, (n,e, M) and uZ°(n,e, M) = u3(n,e, M)
for all (e, M) € ©(2y). 7

Equation (3.3) coincides with our original (3.2) provided the compatibility equation (3.5) is satisfied.
Now we fix g9 < 1YY so that L¥ (/N e, M) and uZ (/N ¢, M) are well defined for |¢| < g9. By item
1 in Proposition 2, there exists a matrix M () which satisfies the extended compatibility equation (3.6).
Finally by item 2 in Proposition 2 the Cantor set (2v) is well defined and of large relative measure.

For all € € €(27) the pair (¢, M(g)) is by definition in ®(27), so that by item 3 in Proposition 1 one has
L”U (eVN e, M(e)) = Lfg,g( UN e M(e)) and u® ("N, e, M(¢); z,t) = uP7(e"/N, e, M(e);x,t), and
hence u? (e 1/N,8,M(E)) solves (3.3) for n = /M. So, by item 1 in Proposition 2, M(e) solves the true
compatibility equation (3.5) for all € € &(2). Then u? (¢'/N e, M(g); x,t) is a true nontrivial solution of
(3.3) and (3.4) in &(2v). Then by setting € = &(27) the result follows.

4 Tree expansion

4.1 Recursive equations

In this section we find a formal solution uZ, L of (3.3) and (3.4) as a power series on 7; the solution ug, L
depends on the matrix M and it will be written in the form of a tree expansion.

We assume for u?(n,e, M) for all v € P and for the matrix L(n, e, M) a formal series expansion in 7:

ug(n,e, M) =Y n*ulf,  Lne M) Z n*L®), (4.1)
k=N

with the Ansatz that Lf,kz,/

that L = ¥1LX1. We set also ul)? =0 for all k < N and v, v’ € B same for L,(/]f,)j’a, for v,v’' € O.
For v € 9 we set

= 0 if either x1(d,(€))x1(0u(g)) = 0 or the pair {v, v’} is not resonant, so

ul(n,e, M) = ul? +Znu (4.2)

with u(0)+ u,(,o) and u,(,o)_ = u,(,o) (cf. item 2 in Hypothesis 2 for notations). Again we set u(k)a

0<k<Nandven.

=0 for
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Inserting the series expansions (4.1) and (4.2) into (3.3) we obtain

*) (k—N)o
g = 7,
B 5u(e) ve
(k)o _ —1\o,0" p(k)o’
w'? =3 (TN veQ, (4.3)
v'EN,0'=%
k—N
(D(e) + J/\/[\) Uk = pk=N) o Z LMy k=)
r=N

4.2 Multiscale analysis

Definition 11. (The scale functions). Let x be a non-increasing function C*(Ry, [0,1]), such that
x(z) =0 if x > 2y and x(x) = 1 if & < v; moreover one has |0, x(x)| < Ty~ for some positive constant
T. Let xn(z) = x(2"z) — x(2"*1x) for h > 0, and x_1(z) = 1 — x(=).

Recall that for each ¢ the matrix A = D(e) + M is block diagonal with a diagonal part whose
eigenvalues are larger than 4 > v and a list of C1p%(e) x C1p2(e) blocks A¥ containing small entries. In

the following if A is invertible — i.e. if z,, # 0 — we will denote the entries of (A¥)~! by (A’l)Z’;l, even
though it may be possible that the whole matrix A is not invertible.

Definition 12. (Propagators). For v,v' € O, we define the propagators

, Xn(@(£) X1 (6, ()T (5w (E)(A™) S, if i =1 and xn(wu(2)) #0,
(Gin)y e =4 Xo(6u(2)) 8,1 (e), ifi=0,v=v,0=0 and h=—1,

s

0, otherwise.

In terms of the propagators we obtain
oo
AT =" N Gin, (4.4)
i=0,1 h=—1

which provides the multiscale decomposition. Notice that if (A_l)zi/, # 0 then z,(c) = x,/(€) (see
Remark 10), so that the matrices G, j, are indeed self-adjoint.

Remark 12. Only the propagator G, can produce small divisors while the propagator Gy _1 is diagonal
and of order one. Hence, there exists a positive constant C' such that we can bound the propagators as

< 2"Cypt(e)V/pe(e), (4.5)

where the condition d,(g) < 2C1pS(e) — ¢f. Remark 10 — and item 2 of Lemma 4 have been used.

Go, 1], <Cy7Y, ‘(Gl,h)w’

v,v’

We write L(*®) in (4.1) as

oo

01,0 k)o1,0
LET = 3 xnlon @)L (4.6)
h=—1
for all resonant pairs {v1,vs}; we denote by Lgk) the matrix with entries Lglk,)zl;j?. Finally we set
v S S o a
i=0,1 h=—1
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so that (4.3) gives

7= S ved,
V’(Ekﬂ N
(k)o fV e
v = < N = m’
U o » v (4.8)
Uy = GinF SN 8, 1) G Yo Y LU i=0.1 k>
hi=—1r=N

which are the recursive equations we want to study.

4.3 Diagrammatic rules

A connected graph G is a collection of points (vertices) and lines connecting all of them. We denote
with V(G) and L(G) the set of nodes and the set of lines, respectively. A path between two nodes is the
minimal subset of L(G) connecting the two nodes. A graph is planar if it can be drawn in a plane without
graph lines crossing.

Definition 13. (Trees). A tree is a planar graph G containing no closed loops. One can consider
a tree G with a single special node vy: this introduces a natural partial ordering on the set of lines and
nodes, and one can imagine that each line carries an arrow pointing toward the node vo. We can add an
extra (oriented) line £y exiting the special node vo; the added line by will be called the root line and the
point it enters (which is not a node) will be called the root of the tree. In this way we obtain a rooted tree
0 defined by V(0) = V(G) and L(0) = L(G) U ly. A labelled tree is a rooted tree 6 together with a label
function defined on the sets L(6) and V (0).

We shall call equivalent two rooted trees which can be transformed into each other by continuously
deforming the lines in the plane in such a way that the latter do not cross each other (i.e. without
destroying the graph structure). We can extend the notion of equivalence also to labelled trees, simply
by considering equivalent two labelled trees if they can be transformed into each other in such a way that
also the labels match.

Given two nodes v,w € V(0), we say that v < w if w is on the path connecting v to the root line.
We can identify a line with the nodes it connects; given a line £ = (w,v) we say that ¢ enters w and exits
(or comes out of) v, and we write £ = £,,. Given two comparable lines ¢ and ¢;, with ¢; < ¢, we denote
with P(¢1,¢) the path of lines connecting ¢; to ¢; by definition the two lines £ and ¢; do not belong to
P(¢1,£). We say that a node v is along the path P(¢1,¢) if at least one line entering or exiting v belongs
to the path. If P(¢1,£) = () there is only one node v along the path (such that ¢; enters v and ¢ exits v).

Definition 14. (Lines and nodes). We call internal nodes the nodes such that there is at least one
line entering them; we call internal lines the lines exiting the internal nodes. We call end-nodes the nodes
which have no entering line. We denote with L(0), Vo(0) and E(0) the set of lines, internal nodes and
end-nodes, respectively. Of course V(0) = Vo (0) U E(0).

We associate with the nodes (internal nodes and end-nodes) and lines of any tree 6 some labels,
according to the following rules.

Definition 15. (Diagrammatic rules).

1. For each node v there are p, > 0 entering lines. If p, = 0 then v € E(6), if p, > 0 then either
po=1o0rp,>N+1andv e Vy(h). If L(v) is the set of lines entering v one has p, = |L(v)].
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10.

11.
12.
13.

1.

15.

16.
17.

18.
19.

20.

21.

With each internal line £ € L(0) one associates a label q, p or r. We say that £ is a p-line, a q-line
or an r-line, respectively, and we call Ly(6), L,(8) and L.(0) the set of internal lines £ € L(6)
which are q-lines, p-lines and r-lines, respectively. If p, = 1 then the line ¢ exiting v and the line
£y entering v are both p-lines.

With each line ¢ € L(0) one associates the type label iy =0, 1.

With each line £ € L(0) except the root line £y one associates a sign label oy = £.
With each internal line ¢ € L(0) one associates the momenta (v, v)) € ZP+1 x 7P+,
With each line £ € L(0) exiting an end-node one associates the momentum vy.

With each line £ € L(0) one associates the scale label hy € NU{—1,0}.

With each end-node v € E(0) one associates the mode label v, € Q, the order label k, = 0, and the
sign label o, = +.

With each internal node v € V() one associates the mode label m,, € ZP, the order label k, € N,
and the sign label o, = +.

For each internal node v € Vy(6) one defines r,, as the number of lines £ € L(v) with oy = oy, and
one Sets Sy = Py — Ty-

If a line £ € L() is not a p-line one sets iy =0
If a line £ € L(0) has iy =0, then hy = —1.

Let £ € L(0) be an internal line. If £ is a p-line with iy = 0, then vy = V). If £ is a p-line with
ip = 1, then {v¢,v}} is a resonant pair. If { is a q-line, then vy, v, € Q. If £ is an r-line, then
v, =v) €R.

If £ exits an end-node v, then vy = v,.

If two p-lines £ and ¢’ have iy = iy = 1 and are such that {v¢, V), ve, vy} is a resonant set, then
|hg - hg/‘ <1.

If ¢ € L(0) exits an end-node v € E(0), then one sets oy = 0.
If ¢ is the line exiting v and l1,...,¢p, are the lines entering v one has
/
I/gz(O,mv)—FUU(O’glI/gl—|—...—|—0’gml/gpu):(O,m”)—pav Z oy Vyr,
L'eL(v)
which represents a conservation rule for the momenta.
Given an internal node v € Vy(0), if p, = 1 one has k, > N, while if p, > N one has k, = p, — 1.

Given an internal node v € Vy(0), if p, = 1, let {1 be the line entering v and ¢ be the line exiting
v. One has ig, =1ip =1 and {v),ve, } is a resonant pair.

With each end-node v € E(f) one associates the node factor n, = u,(,??ov; cf. item 2 in Hypothesis
2 and (4.2) for notations.

With each internal node v € Vy(6) with p, > 1 one associates the node factor n, = a® ;. ., , where
ay s ., satisfies equation (1.11).
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(kv)ow,00,
7
he,vy,ve,

still to be defined (see Definition 25 below), where £ and {1 are the lines exiting and entering v,
respectively.

22. With each internal node v € Vy(0) with p, = 1 one associates the node factor n, = L

23. One associates with each line ¢ € L(0) a line propagator g, € C with the following rules. If £ is a p-
line exiting the internal node v one sets gy := (Giz,hz)Zi’Zz, if € is an r-line one sets go := 1/4,,(¢),
if £ is a q-line exiting the internal node v one sets gy == (J~1)

ge = 1.
24. One defines the order of the tree 6 as

00,00

ver) if € exits an end-node one sets
e

k(0) = Y k.

veV ()

the momentum of 0 as the momentum v, of the root line £, and the sign of 8 as the sign o, of the
node vo which the root line exits.

Definition 16. (The sets of trees ©F)7 and ©). We call 07 the set of all the nonequivalent
trees of order k, momentum v and sign o, defined according to the diagrammatic rules of Definition 15.
We call © the sets of trees belonging to @,(,k)o for some k>1, 0 =+ and v € ZP+1.

4.4 Clusters and resonances

Definition 17. (Clusters). Given a tree 6 € 0% 4 cluster T on scale h is a connected mazimal set
of nodes and lines such that all the lines £ have a scale label < h and at least one of them has scale h;
we shall call hp = h the scale of the cluster. We shall denote by V(T'), Vo(T') and E(T) the set of nodes,
internal nodes and the set of end-nodes, respectively, which are contained inside the cluster T, and with
L(T) the set of lines connecting them. Finally k(T) = ZveV(T) k, will be called the order of T.

An inclusion relation is established between clusters, in such a way that the innermost clusters are
the clusters with lowest scale, and so on. A cluster T' can have an arbitrary number of lines entering it
(entering lines), but only one or zero line coming out from it (exiting line or root line of the cluster);
we shall denote the latter (when it exists) with ¢,. Notice that, by definition, |V(T)| > 1 and all the
entering and exiting lines have i, = 1.

Definition 18. (Resonances). We call resonance on scale h a cluster T on scale hr = h such that
1. the cluster has only one entering line (% and one exiting line . of scale he, > h+2,
2. one has that {I/IZT, vy} is a resonant pair and min{|v |, |V2T\} > 2(h=2)/7
3. for all £ € Pl 0r) with ig =1 the pair {v}, Vng} s not resonant,
4. for all € € L(T) \ P(€s, Ly) the pair {v), vy} is not resonant.
The line £ of a resonance will be called the root line of the resonance.

Definition 19. (The sets of trees RMW7 ond R). For k> N, h > 1 and a resonant pair {v,v'}

’
h,v,v

such that min{|v|, ||} > 2=2/7 we define Rglk)wl as the set of trees with the following differences

v,V

with respect to @E,k)a.

1. There is a single end-node, called e, with node factor n. =1 (but no label no labels v. nor o.).
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2. The line £, exiting e is a p-line. We associate with £, the labels vy, = V', o9 =o', and iy, =1 (but
no labels v}, nor hy), and the corresponding line propagator is gs, = X1(0v(€)).

3. The root line {y is a p-line. We associate with £y the labels is, = 1 and V}O = v (but no labels vy,

nor hy, ), and the corresponding line propagator is ge, = X1(0,(€)). Let vy be the node which the
line lo exits: we set o, = 0.

4. One has maneL(g)\{gmge} h@ = h.
5. If L € P(le, by) is such that {v},V'} is resonant, then iy = 0.

6. For L & P(Le,ly) one has that {v,,V'} is not a resonant pair.

We call R the sets of trees belonging to Rh v, o for somek>1,h>1,0,0 ==, andv,v € O such that
{v,v'} is resonant and min{|v|, |V'|} > 2(h=2)/7

Definition 20. (Clusters for trees in R). Given a tree 0 € R, a cluster T on scale hy < h is a
connected mazimal set of nodes v € V(0) and lines ¢ € L(0)\ {lo, L.} such that all the lines £ have a scale
label < hp and at least one of them has scale hp.

Note that if 6 € R)7%" then for any cluster 7" in 0 one necessarily has hp < h.

howw!' o

Definition 21. (Resonances for trees in R). Given a tree € R, a cluster T is a resonance if the
four items of Definition 18 are satisfied.

Remark 13. There is a one-to-one correspondence between resonances T of order k and scale h with
vp =, V%T =V, 0y, =0, o =0 (here vg is the node which y exits) and trees 6 € Rglkl),aj ; cf.
[18], Section 3.4 and Figure 7.

Definition 22. (The sets of renormalised trees @%c)f, Rg‘”)h";’u,, @R and Rr). We define the

set of renormalised trees @S%); and R R )hU: . as the set of trees defined as @ and Rglkl),gj , respectively,

but with no resonances and no nodes v with po = 1. Analogously we define the sets O and Rr.

O'

In the following it will turn out to be convenient to introduce also the following set of trees.

Definition 23. (The set of renormalised trees Sgg),:,f;, and Sg). Fork > N, h > 1 and
v,V € O such that [v'| > 2(h=2/7 we define the set of renormalised trees Sg;f:u, as the set of trees
with the following differences with respect to R%ﬂ){;;j, (see Definition 19).
Items 1 and 2 are unchanged.

3" One assigns to the line Ly the further label hy, < h, and requires |v| > 200 =2)/7,

4" One has maxer, o)\ {o,} he = h
Items 5 and 6 are unchanged.
The set Sg s defined analogously as Rpg.

Remark 14. Note that if 0 € R 7., then Val(8) = Val(§') with 6' € S5\, such that hey = h — 1.
Thus, it is enough to study the set Sp in order to obtain bounds for trees in Rpy.

Definition 24. (Tree values). For any tree or renormalised tree 0 call
val(o) = ( TT o)( IT =)
¢€L(0) VeV (6)

the value of the tree 8. To make explicit the dependence of the tree value on € and M, sometimes we shall

write Val(0) = Val(0;e, M).
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Definition 25. (Counterterms). We define the node factors L;l ,)/ o (cf. item 21 in Definition 15)
by setting
L = 3 Y val), o0 ==, (4.9)
h'<h—1 eeR(k)o o!

R,h! v,/

for allk > N, all h > 1, and all resonant pairs {v,v'}. The counterterms L are then expressed in terms
of (4.9) through (4.1) and (4.6).

Lemma 5. For any tree 6 € Rg;]:)ho;;/, there exists a tree 8’ € Rf’)hjs,:’;a such that Val() = Val(9").
Proof. Given a tree 6 € R%)h ».» consider the path P = P(Le,{o), and set P = {{1,...,{x}, with
by =01 = ... = Un = byy1 = L (1f P =1, set N =0 in the forthcoming discussion). For k =0,..., N
denote by vy, the node which the line ¢, exits and by Lo (vi) the set L(vg)\{€r+1} (cf. item 1 in Definition
15).

We construct a tree 6 € R\¥)=7~7

R o in the following way.

1. We shift the sign labels down the path P and change their sign, so that oy, — —0,, and o,, —
—0oy,,, for k=0,...,N. In particular £y acquires the label —c,,,, while /. loses its label o,, (which
with the opposite sign becomes associated with the node vy).

2. The end-node e becomes the root, and the root line becomes the end-node e. In particular the line
£, becomes the root line, and the line ¢35 becomes the entering line, so that the arrows of all the
lines £ € P are reverted, while the ordering of all the lines and nodes outside P is not changed.

3. For all the lines ¢ € P we exchange the labels v, v}, so that vy, — V}k and V}k — vy, for

k=1,...,N, and we set vj, = v’ and vy, = v.
4. For all K =0,..., N we replace m,, — —0y,0¢,_ My,
(k)—=o',—c

By construction, the tree 8’ belongs to R Rhw' v and all line propagators and node factors of the lines
and nodes, respectively, which do not belong to P remain the same.

. N —Oup>—0, Tly Ty .
Moreover, the line propagator of each ¢y € P in 6" is (G, n,, Jv. )y, = (Gisy he, ),,Z;c,,,,Z , hence it

does not change with respect with the line propagator of the corresponding line in #. For each node vy,
the conservation law

/
Vi = (0, =00, 00, My, ) — 0ty ( — Oy, + E a@/w/) (4.10)
2'€Lo(vk)

is assured by the conservation law (cf. item 17 in Definition 15)

vy, = (0,my,) + oy, (agkﬂwk+1 + Z U@/V@I) (4.11)
ZIGL(](’Uk)

for the corresponding node vy, in 6: simply multiply (4.11) times o, 0y, ,, in order to obtain (4.10).
Finally we want to show that the product of the combinatorial factors times the node factors of the

nodes v, ..., vy do not change. Take a node v = vy, for k =0,..., N, and call 7/, and s/ the number of
lines ¢’ € Lo(v) with oy = 0, and o = —0,, respectively. Set o, = o and oy, ,, = 0’
Consider first the case ¢/ = 0. In that case in 6 one has r, = r,, + 1 and s, = s, and the

combinatorial factor contains a factor r, because there are r, lines ¢ entering v with oy, = . In 6’ one
has 0, — —0, 7, — s, + 1, s, — 7, and m,, — —m,, (because oo’ = 1). Moreover the corresponding
combinatorial factor contains a factor (s, + 1) because there are s, + 1 lines ¢ entering v with o, = —o.
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Therefore, taking into account also the combinatorics, the node factor associated with the node v in 6 is
(80 +1)ag’ 1 vy -1 —m, = Tv a5, 5, m,, -6 the same as in 0, by the condition (1.11).

Now, we pass to the case 0 = —¢’. In that case in 6 one has r, =1/, s, = s/, + 1. In 0’ one has the
same values for r,, s, and o0,, so that, by using also that —co’m, = m, in such a case, the node factors

ag’ . m, donot change. Of course the combinatorial factors do not change either.

Tv;Sv,

In conclusion, one has Val(§) = Val(#’), which yields the assertion. |

Remark 15. By Lemma 5 we have that the matriz Lgf) is self-adjoint, and the Definition 25 together
with (4.6) implies that we can write

L0 = N Cuan(e) Y Valld),  Cu@)= 3 @), o==
h=-1 QER(k)U'U/ h'=h+2

R,h,v,v’/

for all k > N, all h > 1, and all resonant pairs {v,v'}. By construction z, () = x,/(c) whenever
ke £ 0, so that also L'®) is self-adjoint. Finally we have that L*) = L)Y, (cf. the definition of

h,v, v’

the line propagators ge, and g, for trees 0 € RE;’Z)U’U, , in Definition 19).

h,v,v
Lemma 6. One has
ulflo = 3" Valh), o=+, (4.12)
o0y
for all k > 1 and all v € ZP+1,

. . k)o .
Proof. For any given counterterm L, the coefficients uf, )7 can be written as sums over tree values

ulMo = Z Val(9).
gco”

This can be easily proved by induction, using the diagrammatic rules and definitions given in this section;
we refer to Lemma 3.6 of [18] for details. Then, defining the counterterms according to Definition 25, all

contributions arising from trees belonging to the set @,(,k)a but not to the set @5?; cancel out exactly —
see Lemma 3.13 of [18] for further details — and hence the assertion follows. |

5 Bryuno lemma and bounds

Given a tree § € Op, call &(0,~) the set of (¢, M) € D¢ such that for all £ € L,() with 7, = 1 one has

27T ly Sy, (o)) <270y, he # -1, (5.1)
|70, (€)] = 7, he = —1, '
and for all £ € L,(0) one has
|§Vz (6)‘ <7 |5u; (€)| <% w=1, (52)
7 < 0w, ()], ig =0

Define also D(6,v) C Dg as the set of (¢, M) € Dg such that for all £ € L,(#) with i, = 0 one has
|0,,(e) £7| > v/|ve|™, while for all £ € L,(#) with i, = 1 one has

i - g
@ 0u(e) £7] > = YW €, UCy, (5.3)

|

Ty, (g) >
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for some 7,7 > 0. Note that the second condition in (5.3) does not depend on M.

Analogously, given a tree 6 € Sg, we call §(0,7) the set of (¢, M) € Dg such that (5.1) holds for
all £ € L,(0) \ {lc, ¥t} with i = 1 and (5.2) holds for all £ € L,(#), and we call D(6,7) as the set of
(e, M) € ® such that (5.3) holds for all £ € L,(8) \ {£e, 4} with i, = 1, while for all ¢ € L,(8) with
ig = 0 one has |d,,(e) £ 7| > v/|v|™.

Remark 16. If (e, M) € &(0,~) then Val(0;e, M) # 0, while (¢, M) € ©(0,v) means that we can use
the bounds (5.8) to estimate Val(0;e, M). Analogous considerations hold for trees 6 € Sg.

Remark 17. If for some € one has Val(8;e, M) # 0 and for two comparable lines £,¢' € L(0) the pair
{V},ve} is resonant, then all the set {vy, V), vy, V) } is resonant. This motivates the condition in item
15 in Definition 15.

Remark 18. If 6 € R%ﬂ)half;,, is such that Val(6;e,M) # 0, then v,v' € Aj(e) for some j, so that

pu(e) = pur(e) and |v — V| < C1CopdtP(e) < C109p2%(g). Moreover py(e) < |v|, V| < 2pu(g). Such

properties follow from Hypothesis 8 — cf. also Remark 6.

Definition 26. (The quantity Np(0)). Define Ny(0) as the set of lines £ € L(0) with iy = 1 and
scale hy > h.

Definition 27. (The quantity K(0)). Define

K@O)=kO)+ D> Imul+ Y |we—vil+ Y v,

veEVH(0) LeLq(0) vEE(H)
where k(0) is the order of 0.

Lemma 7. There exists a constant B such the following holds.

1. For all § € O and all lines £ € L(0) one has |vy| < B(K(9)) 4.

2. If 0 € Sg, for all lines £ € L(0) \ (P(Le, o) U {lo,¢.}) one has |ve] < B(K(0))F4, while for all
lines £ € P(Le,ly) U{ly} one has |v)| < B(|v,,| + K(6)) 4.

3. Given a tree 0 let £,0' € L(0) be two comparable lines, with £ < ¢, such that iy =iy =1 and ign =0
for all the lines (" € P(,0'). If v, — vep| > BK(0)'™*, then one has Val(f) = 0 for all e.

4. If 0 € Sg, £ € P(le,ly) U{ly} and, moreover, ip = 0 for all lines £/ € P(Lc, L), then |v)| <
v |+ B(EK(6)) .

Proof. Let us consider first trees § € O . The proof is by induction on the order of the tree k = k(6). For
k =1 the bound is trivial. If the root line ¢y is either a g-line or an r-line or a p-line with ¢,, = 0, again the
bound follows trivially from the inductive bound. If {; is a p-line with iy, = 1, call vy the node such that
by = £y, and 6y, ...,05 the subtrees with root in vy. By the inductive hypothesis and Hypothesis 3 one
obtains, for a suitable constant C' and taking B large enough, |v,| < |my,|+ B (K(0) — 1 — |my, e 4
C (M| + B(K(0) — 1 — [may, |)** %) < B(K(6))*+4*, which proves the assertion for O in item 1.

As a byproduct also the bound for Sg is obtained, as far as lines ¢ ¢ P (., £o) U{ly, L.} are concerned.
The bound |v)| < B(|ve,| + K(0))' T4 for the lines ¢ € P(le,fy) U {{o} can be proved similarly by
induction. Thus, also item 2 is proved.

ol

Given two comparable lines ¢, ¢ such that i;» = 0 for all lines ¢/ € P(¢,¢'), then by momentum
conservation one has min{|v, — v |, |V, + ve|} < B(K(0))'T4 in case (I) and v}, —vy| < B(K(9)) T4«
in case (II). This proves the bounds in item 3 in case (II) and in item 4 for both cases (I) and (II).
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In case (1), if iy = ¢ = 1 and max{|d,,(¢)],[0u, ()|} < 1/2, then [v) —vp| < |V} + ve| by item
5 in Hypothesis 1. On the other hand if iy = i = 1 and max{|d,,(¢)],[0u, ()|} > 1/2, one has
Val(0;e, M) = 0. Hence item 3 follows also in case (I). |

Lemma 8. Given a tree § € O such that ©(0,v) N &(0,v) # 0, for all h > 1 one has
Ni(0) < max{0,c K (0)2@3~8/2 _ 1},
where ¢ is a suitable constant.

Proof. Define Ej, := ¢~ 12("=28/27 S0 we have to prove that N, (0) < max{0, K(0)E; ' — 1}.

If a line £ is on scale h > 0 then v/p], (¢) < xy,(e) < 27"y by (5.1) and (5.3). Hence B(K(0))? >
B(K(0))'4 > |uy| > py, () > 2("=D/7 by Lemma 7, so that K(0)E, ! > cB~1/22(h=1)/2r2(2=h)5/27 >
2 for ¢ suitably large. Therefore if a tree ¢ contains a line £ on scale h one has max{0, K()FE, ' — 1} =
KO)E'—1>1.

The bound Nj(0) < max{0, K (9)E; ' — 1} will be proved by induction on the order of the tree. Let
£y be the root line of # and call 64, ...,0,, the subtrees of 8 whose root lines ¢1,...,¥¢,, are the lines on
scale hy, > h — 1 and 4y, = 1 which are the closest to ¢y.

If hg, < h we can write Ny(0) = Np(01) + ... + Np(6,), and the bound follows by induction. If
he, > h then {y,...,¢,, are the entering lines of a cluster T" with exiting line {y; in that case we have
Np(0) =14 Np(61) + ...+ Np(0y,). Again the bound follows by induction for m = 0 and m > 2. The
case m = 1 can be dealt with as follows.

If {v},,ve } is a resonant pair, then either there exists a line £ € P({1,£y) with iy = 1 such that
{v},v¢, } is a resonant pair or there must be a line £ € L(T') \ P(¢1,4p) with {v}, v, } a resonant pair.
In fact, the first case is not possible: indeed, also {v ,v}} would be resonant (cf. Remark 17), so that
|he — hey| <1 (cf. item 15 in Definition 15), and hence the contradiction h —2 > hy > hyy —1 > h — 1
would follow. In the second case, one has |[vy| > p,, () > 2(h=2)/7 hence if ¢ is the subtree with root
line ¢, then one has K () — K(61) > K(0') > 2E}, and the bound follows once more by the inductive
hypothesis.

If {v},, V¢, } is not a resonant pair, call 7 the line along the path P(¢, ) U{¢1} with i; = 1 closest to
£y. Since i; = 1 and by hypothesis hy < h—1 then {vj, v, } is not a resonant pair (see item 15 in Definition
15). Call T the set of nodes and lines preceding £y and following £, and define K(T) = K(#) — K(6;)
and K(T) = K() — K(f), where 6 is the tree with root line /. Set also ¥ = v; and vy = v,
One has 2|0 — vo| > Ca(pp(e) + pu,(€))? > Capl), (€) (see Remark 6), so that by Lemma 7 one finds
B(K(0) — K(61)? > B(K(T))? > [ — vo| > Capl, (e)/2 > C22(h=D8/7 /2. Hence (K (0) — K(61))E, " >

K(T)E;* > K(T)E,* > 2, provided ¢ is large enough. This proves the bound. ]

Lemma 9. There exists positive constants & and Do such that, if &€ > &y in Definition 8, then for all
trees 6 € O and for all (e, M) € ©(0,~v) N &(0,v) one has

IVal(0)] < Dfe "5 TT p, 7% (e), (5.4a)
LeL(0)
1p=1
|0-Val(0)| < Dfe "X T p, %) (o), (5.4b)
LEL(0)
ip=1
DI f’wa:Val(@)‘SDé“e‘“K(” [T w0 (5.4¢)
veDQ V' eC, o,0'=% v LeL(0)
=1
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Proof. The propagators are bounded according to (4.5), so that for all trees 6 € @g)u one has

[Val(@ |<Ck( H e_A2|m”|)( H e_)‘olw_"“)x

vEVL(6) 0€L,(0)
(T et (I 2"@) T mofe@ ),
veE(6) h=ho+1 0€L(6)

211

for arbitrary hg and for suitable constants C' and ag. For (e, M) € D(0,7) NS (0, ) one can bound Ny, (6)
through Lemma 8. Therefore, by choosing hg large enough the bound (5.4a) follows, provided £ —ag > 0
and k is suitably chosen.

When bounding 9. Val(f), one has to consider derivatives of the line propagators, i.e. d.g,. If £ is an
r-line then |0.gy| is bounded proportionally to |v|°, whereas if £ is a p-line, then the derivative produces
factors which admit bounds of the form

a 2hy ,C —
Cpyi(e) 2°Mpis, (€)py, £ (e), (5.5)
for suitable constants C' and a4 ; see the proof of Lemma 4.2 in [18] for details (and use item 3 in Hypothesis
1).

The extra factor 2" can be taken into account by bounding the product of line propagators with

o0
92hok ]._.[ 92hNw(0)
h=ho+1

One can bound |v,| < B(K(6))?, and use part of the exponential decaying factors e~ A2lmv| e~ Xolve—v2]
and e *0¥*| to control the contribution D vevo0) Ml + 2 eer, ) Ve = Vil + X e po) Vol to K(6) (cf.
Definition 27). Then, if £ is large enough, so that £ — a; > 0 for all possible values of a7 in (5.5), the
bound (5.4b) follows.

Also the bound (5.4¢) can be discussed in the same way. We refer again to [18] for the details. |

Remark 19. Note that for (¢, M) € ©(0,~) the singularities of the functions x1 are avoided, so that
0:x1(0u,(€)) =0 for all £ € L(). Note also that the bound (5.4¢) is not really needed in the following.

Lemma 10. There are two positive constants Ba and Bs such that the following holds.

1. Given a tree 0 € Sg such that Val(0;e, M) # 0, if K(0) < ngﬁ/Q( ) then for all lines £ € P(Le, o)
one has iy = 0. Moreover for all such lines ¢, if {vj, v} is not a resonant pair, then one has
10w, (€)] = 1/2.

2. Given a tree @ € Ry such that Val(;e, M) # 0, one has ’1/20 — vy, | < Bs(K(0))Y?, with p depending
on « and f3.

Proof. Suppose that 6 € Sl(%k)hgf;, and P (L., {o) contains lines ¢ with 4, = 1 and consequently with {v}, v’}

not resonant (cf. Definition 23). Let £ be the one closest to £; thus, one has |[v;—v'| > C(|vj|+[v/])? >
C3p§,(€) = C3pl(e), so that we can apply item 3 in Lemma 7 to obtain B(K(6))? > CpZ(e), for some
positive constant C. This proves the first statement in item 1. The proof of the second statement is
identical, since |d,,(¢)| < 1/2 implies that v, € Aj, (€) for some j1, so that if {v}, v’} is not a resonant
pair then v’ ¢ Aj (¢), and therefore v, —v'| > Cgpf (e).

To prove item 2, notice that |[v — /| < C1Cop2TP(e) (cf. Remark 18). If K(6) > Boph/? (e) then
K(9) > Clv - u'|ﬁ/2<a+5>. If K () < Byph/?(¢) then P(Le, £y) has only lines with i, = 0, so that by item
3 in Lemma 7 one finds |v — v/| < BK(0)%. ]
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Lemma 11. Given a tree § € Sg such that D(0,7) N S(0,7) £ 0, if Np(0) > 1 for some h > 1, then
cK(0)2@=MB/27 > 1 with ¢ the same constant as in Lemma 8.

Proof. Consider a tree 6 € Sgchguau, for some k > 1, h > 1, 0,0/ = + and v,v' € O such that [v/| >

2(h=2)/7  Assume Ny (0) > 1 for some h > h > 1.

If there is a line £ € L(0), which does not belong to P := P (¥, {y), such that hy > h, then one can
reason as at the beginning of the proof of Lemma 8 to obtain K(G)Eh_1 > 2, with B, = ¢~ 12(h=2)8/27 > 1,

Otherwise, there are lines ¢ € P on scale hy > h, and hence such that i, = 1 and, consequently, {v}, v’}
is not a resonant pair. Let £ be the one closest to £, among such lines; thus, one has wr—v'| > C’gpg,(s),

so that one obtains B(K (6))? > Cpfj, (e) > C2(h=2)8/7 for some positive constant C. So, the desired
bound follows once more. |

Lemma 12. Given a tree 0 € Sg such that D(6,7) N &(0,~) # 0, for all h > 1 one has
Nu(0) < cK(0)22-10/27

where ¢ is the same constant as in Lemma 8.

(k)o,o’

Proof. Consider a tree 0 € SR,E,u,u'

2(;172)/7.
For k(0) = 1 one has Np(0) < 1, so that the bound follows from Lemma 11.

For k(f) > 1 one can proceed as follows. Let £y be the root line of  and call 6y, ..., 6,, the subtrees
of § whose root lines ¢y, ...,¥¢,, are the lines on scale hy, > h — 1 and 4y, = 1 which are the closest to
£o. All the trees 6; such that ¢; ¢ P(£.,£y) belong to some 6) ),i with k; < k. If K(0) > ngﬁ/ (e) (cf.
Lemma 10) it may be possible that a line, say ¢1, belongs to P(Ee, {p), so that Val(6;) = gg, Val(67), with

6, € S¥ 77 with hy <k, o1 = % and ky < k.

for some k > 1, h > 1, 0,0’ = + and v,v’ € O such that [v/| >

If hy, < h one has Nj,(0) = Nu(61) + ...+ Nyp(6,n), so that the bound Ny () < K(0)E; ' follows by
the inductive hypothesis.
If hy, > h one has Np(0) =1+ Np(61) + ...+ Np(0). For m = 0 the bound can be obtained once

more from Lemma 11, while for m > 2 at least one tree, say 6,,, belongs to ol R > £ for some &’ and v/ so
that we can apply Lemma 8 and the inductive hypothesis to obtain

Ny (0) + (K (01) + ...+ K(0m—1)) E;, " + (K(0)E; " — 1)

<
< (K(01) + -+ K1) By + K(00) B, ' < K(0)E,

which yields the bound.

Finally if m = 1 one has N (0) = 1+ N, (01). Hence, if £; ¢ P(L.,{p), again the bound follows from
Lemma 8. If on the contrary ¢; € P(l,, ), one can adapt the discussion of the case m = 1 in the proof
of Lemma 8. [ |

Lemma 13. There exists positive constants k, & and D1 such that, if € > & in Definition 8, then for

26



all trees 0 € Ry and for all (¢, M) € D(6,7) N &(0,7), by setting v = vy, and v' = vy, one has

[Val(9)] < D2 "e 1" TT p, (), (5.6a)
LeL(9)
ip=1
|0=Val(9)] < DF27"peo () e =1 T pp o), (5.6b)
LEL(O)
7;14:1
S Y |ouggvae)| < Dbt T ple e, (5.60)
v1€OQ v2€Cy, 01,02=% LeL(0)
ig=1

with p as in Lemma 10.

Proof. Set for simplicity P = P(£., {p) and

2O = Y el Do -+ Y v,
veVH(0) LeLqy(6) vEE(D)
() = H eAg\m1,|/8)( H e>\0|u(—ui|>< H e>\0|u,,|>
veVy () LeLy(6) vEE(D)

If 9 ¢ Rg)ha;;/ for some k > 1, h > 1, 0,0’ = + and {v,v'} resonant, then N,(f) > 1, so that
K(0) = k + %(0) > C2"8/27for some constant C, which imply 1 < 27"C*TI(f), for some constant C.
This produces the extra factor 27",

By item 2 in Lemma 10 one has (B3 'y —v'|)? < K(6), so that 1 < e~ *=*'I” C¥T1(9), for some constant
C. The factor TI(f) can be bounded by using part of the factors e~42lmvl e=2olul and e Nolve—vil
associated with the nodes and with the g-lines. This proves the bound (5.6a),

To prove the bound (5.6b) one has to take into account the further e-derivative acting on the line
propagator gy, for some ¢ € L(#). If the line ¢ does not belong to P then one can reason as in the proof
of (5.4b) in Lemma 9. If £ € P one has to distinguish between two cases. If there exists a line £ € P
such that i; = 1 then K(0) > ngﬁ/ (¢) by item 1 in Lemma 10, so that, by item 2 in Lemma 7, one
has py,(e) < [V} < B(|ve.| + K(0))* < B(2p,(e) + K(0)) 4> < C(K(0))*/#, for some constant C.
If iy = 0 for all lines £ € P then, by item 3 in Lemma 7, one has p,,(¢) < |v}| < |vg, | + B(K(#))?. Then
item 3 in Hypothesis 1 implies the bound (5.6b).

To prove (5.6¢) one has to study a sum of terms each containing a derivative aMsll:Zg ge, for some

¢ e L(F). If £ € P we distinguish between the two cases. If K(0) > Bypl/? (€), the sum over vy, vy has
the limitations |v1 —vs| < Cp2HP(e), [v1—v| < Cp2HP(e) and |vo| < (v, [+BEK(0)) 4 < O(K(0))*/?,
for some constant C: hence the sum over vy, vy produces a factor C(K(#))C" for suitable constants C
and C’, and one has (K(0))¢" < CFII(0), for some constant C. If K () < ngﬂ/ (€), then i, = 0 for
all lines ¢ € P, so that the line propagators g, do not depend on M. Finally if £ ¢ P then one has
lvg| < B(K ()14, so that the sum over v, vy is bounded once more proportionally to (K (6))C", for
some constant C’, and again one can bound (K (6))°" < C*II(6), for some constant C. [ |

Remark 20. Both Lemma 12 and 16 deal with the first derivatives of Val(0). One can easily extend the
analysis so to include derivatives of arbitrary order, at the price of allowing larger constants & and D
— and a factor p2(e) for any further e-derivative. Therefore, one can prove that the function Val(0) is
C" for any integer r, in particular for r = 1, which we shall need in the following — cf. in particular the
forthcoming Lemma 14.
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6 Proof of Proposition 1

Definition 28. (The extended tree values). Let the function x_1 be as in Definition 11. Define

val®(0) = (T xcalew, @Ipn @) ( IT T xcaisn(@ =31wi™) x

(eL(0) CEL(O) VEC,, 11y

7:[71 'Lg—l
T X 1116w, ()] = 41 el ™)) Val(6) (6.1)
LELy(0)
’Lz =0

for 6 € O and

vare)= (I xaalen©le,E) (11 [T o @l =71pzE))

LeL(0)\{£o,Lc} /EL(G)\{/()/ JveC, iy
ie:l Z1/—

(T el @)l = Al ™) ) Val(6) (6.2
LeLp(9)
igZO, l/eic{u’u/}

for 0 € le)h v We call Val® (0) the extended value of the tree 6.

The following result proves Proposition 1.

Lemma 14. Given 0 € le)hgfy,, the function Val(8) can be extended to the function (6.1) defined and
Cl in®g \Z(v 1} (), such that, defining the “extended” counterterm L,, V/U/ according to Definition 25,
with Val() replaced with Val® (0), the following holds.

1. Possibly with different constants & and Ko, Val®(0) satisfies for all (e, M) € Dy \ Z{poy () the
same bounds in Lemma 13 as Val(0) in D(y).

2. There exist constants &, K1, k, p and ng, such that, if £ > & in Definition 8, Lf’,‘j’/g/ satisfies, for
all (e, M) € Do \ Zgp oy (7) and |n| < no, the bounds

Eo,o’ N —k|lv—=v|? N co ,—k|lv—V'|P

Lll v’ < ‘77| K1€ ! ! ’ Vu’ < |77‘ Klpuoe ! ! ’
Eo,0’ N—-1 — —_u'|P
0,LE 57| < NN Ky,

n|u—u’|" < |77|NK1.

3 > |l

v1€D ,01=% VQEC,,l ,oo=1%

3. Val? () = Val(0) for (e, M) € ©(27) and Val®(0) = 0 for (e, M) € Dy \ D(7).
Analogously, given 0 € @RV , the function Val(f) can be extended to the function (6.2) defined and C*!
in Do, such that, defining u, B®) 4s in Lemma 6 with Val(0) replaced with ValE(G), the following holds.

1. Possibly with different constants & and Ky, ValE(H) satisfies for all (e, M) € Dy the same bounds
in Lemma 9 as Val(0) in D(v).

2. There exist constants &1, Ky, k and ny such that, if € > & in Definition 8, uf? satisfies, for all
(e, M) € D¢ and |n| < no, the bounds

7] < By

for allv € ZP+1,
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3. Val? () = Val(0) for (e, M) € ©(27) and Val®(0) = 0 for (e, M) € Dy \ D(7).
Proof. We shall consider explicitly the case of trees 6 € Rg)haf;, The case of trees 0 € @%): can be
discussed in the same way.

Item 3 follows from the very definition. The bounds of item 1 can be proved by reasoning as in
Section 5, by taking into account the further derivatives which arise because of the compact support
functions x_; in (6.2). On the other hand all such derivatives produce factors proportional to pg2(e) for
some constant as (again we refer to [18] for details); in particular we are using item 2 in Hypothesis 1
to bound the derivatives of d,,(¢) with respect to €. Therefore by using Lemma 8 and possibly taking

larger constants & and Ky the bounds of Lemma 13 follow also for the extended function (6.2).

Finally the bounds on L¥ in item 2 come directly from the definition. Indeed, the counterterms
Lf;’,ol are expressed in terms of the values Val(f) according to Remark 15, and the factor 27" is used
to perform the summation over the scale labels. Hence we have to control the sum over the trees.

Let us fix €. For each v € E(f) the sum over |v,| is controlled by using the exponential factors
e Molvul For each line £ € L(6) the labels v/, are fixed by the conservation rule of item 12 in Definition
15, while the sum over v, gives a factor C1pg,(¢) for the p-lines (see item 2 in Hypothesis 3), and it is
controlled by using the exponential factors e~ Molve—vil for the g-lines. The sums over 4, and hy can be
bounded by a factor 4. Finally the sum over all the unlabelled trees of order k is bounded by C* for

some constant C. Thus, the bounds on L[, are proved.

Finally, the C! smoothness follows from Remark 20. [ |

7 Proof of Proposition 2

The following result proves item 1 in Proposition 2. Here and henceforth we write L = L(n,e, M) and
LT = LP(n,e, M), and we fix n = e'/V,

Lemma 15. There exists constants g > 0 such that there exist functions Mgg: (e) = Ms,‘:,/(s) well
defined and C* for e € & \f{,,y,,/}(ﬂy), such that the “extended” compatibility equation

MZ(e) = LEST (YN e, M(e))

v,v’

holds for all € € (0,e9) \f{u,u’}(’Y>'

Proof. By definition we set Mo, (€) = 0 for all € such that x1(d,(€))x1(d.(¢)) = 0. Consider the Banach

space B of lists {Mgg: (e)}, with {v, v’} a resonant pair, such that each Ml‘fg: (¢) is well defined and C*
ine e €\Z,,y(y) and Mgg,/(e) = 0for e € Iy, (7). By definition {LZ 73,72 (e¥/N ¢, (M2, (2)})} is

vi,V2 v,
(k)D'l,O'Q

R,h,vyi,v3?
the value Val®” (0) by definition smoothes out to zero the value of each line propagator g, in the corre-
sponding intervals Z(,, . }(27)\Z (s, 0,3 (7)- Again by definition L¥(0,0,0) = 0 and |9 L(0,0,0)|op = 0,
so that we can apply the implicit function theorem. [ ]

well defined as a continuously differentiable application from B in itself, since, for each tree § € R

Now we pass to the proof of item 2 in Proposition 2. We need some preliminary results.

Lemma 16. Let A = A(e) a self-adjoint matriz piecewise differentiable in the parameter . Then,
if X9 (A) and $'*)(A) denote the eigenvalues and the (normalised) eigenvectors of A, respectively, the
following holds.

1. One has |\ (A(e))| < [|A(e)]]2-
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2. The eigenvalues N\ (A(e)) are piecewise differentiable in c.

3. One has |01 (A(e))] < ||0-A(e)||2.

Proof. See [19] for items 1 and 2. Moreover, for each interval in which A is differentiable, let A, be an
analytic approximation of A in such an interval, with 4,, — A as n — oo: then the eigenvalues ¢(*(A4,,)
are piecewise differentiable [19], and one has

N (4,) = (¢(a> A ¢(a)) =A@ (4,)0. (¢<a) (/)(a)) n (qb(“),agAnqS(“)) - (¢<“),65An¢(a)),
which yields item 3 when the limit n — oo is taken. [ |

For M € B, we can write M = @, M;, where M; are block matrices, so that we can define ||]/\4\H2 =
sup; || M;||2, with [|M}||2 given as in Definition 7.

Lemma 17. For M € B, one has HM”Q < Ceq for some constant C depending on x and p.

Proof. If M € B, then M = @j M;, with M; a block matrix with dimension d; depending on j,

and M;(a,b) = Ml‘f" for suitable v,v’, 0,0’ such that |M‘7‘7 | < Dege "*=¥'I for some constant D.

Therefore Y o
d;
2
1M;l; = |H|la<Xl|M jaly < max |Mj(a, b)| |z(b)] |M;(a, c)| x(c)|
a,b,c=1
1 &
< g max > [M;(a0)|[M;(a,0)] (Ja(b) + 2()])
|zl2<1 a,b,c=1
dj dj dj dj ?
2
< max 3@ Y M@0 le®F < | 30 |
—a=1 c=1 b=1 a=1
which yields the assertion. [ ]
Lemma 18. Let A, B be two self-adjoint d x d matrices. Then
d
A@ (A + B) — A@(A ) 3 ’Mb) ‘
b=1
foralla=1,...,d.
Proof. The result follows from Lidskii’s lemma; cf. [19]. n

Define €& = {e € & : z,(e) > 2v/pL(e) Vv € O} and &; = {e € & : ||0,(e)|—7F| = 2v/|v|™ Vv € O},
and set ¢ = & N Esy.

We can denote by A% (A), with v € O and ¢ = £, the eigenvalues of the block matrix A =D + M. If
|0, ()| > 7 then A () = d,(g). Moreover for each € € &, and each v € O such that |4, (¢)| < 7, there
exists a block A¥(e) of the matrix A, of size d, () < 2C;p%(g) such that A\ (A) depends only on the
entries of such a block. This follows from Remarks 6 and 12.

Therefore we have to discard from &g only values of € such that |0, ()| < 7 for some v € O: for all
such v the matrix A¥(e) is well defined, and one has A% (A) = AZ (AL (¢)).

One has, by item 3 in Lemma 4,

1
min min |AJ, (AY(g))|, (7.1)
pg( )u eC, (a)U_i

2 % min
po () a=1sdu(e)

XD (4*())| 2
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so that, by using that A%, (A4%(e)) = A%,(4¥ (¢)) = A%, (A) for all v/ € C,(e), we shall impose the
conditions o
A2 (AY > =
A @) >
for suitable 5 > 2v. Thus, the conditions (7.2), together with the bound |v| < 2p,(¢) (cf. Remark 18),
will imply through (7.1) the bounds (5.3) for z, ().
Define

ved, o==, (7.2)

A {seeo A(A)] < 2 } veo, o—t (7.3)

v

with 79 = 7 — &, so that we can estimate

meas(€g \ €;) Z Z meas(87). (7.4)

veD o==%
Moreover, by defining
_ 2y .
Due=1€€ & :|0(e) —o7y| < PRk velC;, jeN, o=, (7.5)

with 71 to be determined, one has

meas(&p \ €) < Z Z meas(9, ) (7.6)

vezP+tl o=

Lemma 19. There exists constants wy and wy such that & = () for all v such that [v]| < wq/ey*. There
exists constants yo and y1 such that $, + =0 for all v such that |v| < yo/ef".

Proof. We start by considering the sets R for v € O and ¢ = +. If |6,(g)] < 4 one can write
A¥(e) = diag{du/(0), 6,/ (0)}, <z, () + B (€), which defines the matrix B (¢) as

B(e) = ding{0, (o) — 0 (0)}5,  + M (),

where MY (e) is the block of M(e) with entries MZ!:22(¢) such that vq,v5 € Cy(e). By Lemma 18, one

Vi,V
has
du(e)

IAZ(A) |<Z\M>Bv )| <20mEIB O, veDd, o=+ (1)

where we have used Remark 10 to bound d,,(¢).

One has [6,(0)] > vo/l¥|™ > ~/(2p.(e))™ by item 2 in Hypothesis 1, whereas ||B¥(¢)|2 <
c2(2pu (€))% + ||M¥ (€)]|2, by items 1 and 2 in Hypothesis 1, and [|[M¥(e)|l2 < ||M(e)|l2 < Coeo by
Lemma 17. Therefore (7.7) implies

- Cplcjo+1(€) €0,

XA T

for a suitable constant C, so that, by setting w; = ¢ + 1 + 79 and choosing suitably the constants s, T
and wp, one has |AZ(A)| > v0/2(2p,(£))™ > v2/p72(€) for all v such that |v| < wg/eh.
For the sets ), , one can reason in the same way, by using that 7 € & (cf. Definition 4). [ ]

Lemma 20. Let £ > & and g9 = n’ be fized as in Lemma 14. There exist constants v, T and 11 such
that meas(€q \ &) = o(eg).
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Proof. First of all we have to discard from &g the sets §, ,. It is easy to see that one has

2y 2
meaS(fJu,a) < |I/‘Tl 01|I/‘CO’

for some positive constant C, so that, by using the second assertion in Lemma 19, we find

Z Z meas(y ) < Z Z meas(9, ) < Cag1(’r1+cofD71)7

veD o=%1 ved o==1
lv|>yo/ed?

for some constant C, provided 71 +co—D > 1, so that we shall require for 7, to be such that 71 +cog—D > 1
and y1 (11 +co— D —1) > 1.

Next, we consider the sets ££. For all v € O consider A¥(e) and write A¥(¢) = 6, (¢)I + B¥ (&), which
defines the matrix B¥ () as

B (e) = diag{0,/(£) — 6, ()} 5 ) + MY (e),

with MY (e) defined as in the proof of Lemma 19.
Then the eigenvalues of A¥(g) are of the form MO (A% (€)) = 6,(e) + M@ (B¥(¢)), so that for all
€ € & \Z,(7) one has

‘GEA(“)(A")

2 10:0u(e) = 10:B¥ (@)l

where item 3 in Lemma 16 has been used. One has |0.0,(¢)| > c;|v|®, by item 2 in Hypothesis 1,
and [|0.BY (g2 < max,, <z, (o) 10:(6u () = 0w (€))| + [[0-M¥(¢)]l2 < Ce3pue) p~L(e) 4+ goCp (¢), for a
suitable constant C, as follows from item 4 in Hypothesis 1, from Hypothesis 3 (see Remark 6 for the
definition of ¢), from Lemma 14, and from Lemma 15. Hence we can bound [9.A(*)(AY)| > ¢1|vo|® /2
for ¢ small enough.

Therefore one has

meas(89) < 2y 2 <C|V|(a+ﬁ)(D+1)) , (7.8)
Y[ (e) ealv]

for some constant C, where the last factor C|v|(@+8(P+1) arises for the following reason. The eigenvalues
A (A) are differentiable in € except for those values e such that for some v’ € C, one has |0,/ ()] = ¥
and [0, ()] < 7. Because of item 3 in Hypothesis 1 all functions d,(¢) are monotone in ¢ as far as
|0,/ ()] < 1/2, so that for each v’ € C,, the condition |0,/ ()| = 7 can occur at most twice. The number of
V' € C, such that the conditions |4,/ ()| = ¥ and |0, (¢)| < 7 can occur for some ¢ € & is bounded by the
volume of a sphere of centre v and radius proportional to |v|**# (cf. Remark 6). Hence C|v|(@+#)(P+1)
counts the number of intervals in €q \ Z, (7).

Thus, (7.8) yields, by making use of the first assertion of Lemma 19,

Z Z meas(RZ) < Z 8Ci|y‘*72*00 (6|V‘2a) < 068111(T2+co—2a—D—1)’

veD o=+ veznbH
[v[>wo/egt
for some positive constant C, provided 7o +cg —2a — D =7+ ¢o — 2 — D — £ > 1, so that (7.4) implies
that meas(€q \ ¢;) < ngdl(rz—s-co—D—l).

Therefore, the assertion follows provided min{m, 7 —2a} > D —co+ 1, y1(m1 +co— D —1) > 1 and
wi(me+co—2a—D—1) > 1. ]
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A  Proof of Lemma 1

Lemma 1 is a consequence of the following elementary proposition in Galois theory.

Proposition 3. If p1,...,px are distinct primes then the field

F = QP VP2, -5 V/PH]

obtained from the rational numbers Q by adding the k square roots \/p; has dimension 2% over Q with
basis the elements [[;c; /Pi as I varies on the 2% subsets of {1,2,...,k}.

The group of automorphisms® of F which fix Q (i.e. the Galois group of F/Q) is an Abelian group
generated by the automorphisms 7; defined by 7;(,/p;) = (—1)5(i*j)\/17j.

Proof. We prove by induction both statements. Let us assume the statements valid for py,...,pr—1 and

let F' := Q[\/p1,/P2,---,/Pk—1) 50 that F' = F'[,/pr]. We first prove that \/py ¢ F’. Assume it to be
false. Since (/pr)? is integer, each element — say 7 — of the Galois group of F’/Q must either fix /pg or

transform it into —,/py; (by definition 7(px) = T(\/ﬁk)Q = pi).
Now any element b € F’ is by induction uniquely expressed as

b= Z a]H\/]I', aIG(@.

Ic{1,2,...k—1} i€l

If h of the numbers a; are non zero, it is easily seen that b has 2" transforms (changing the signs of each
of the ay) under the Galois group of F’. Therefore b = VP, if and only if h = 1, that is one should have
Vo =m/n]]c;/Pi, I C{1,2,...,k — 1} for m,n integers. This implies that ppn? = m? [I;c; pi which
is impossible by the unique factorisation of integers. This proves the first statement.

To construct the Galois group of F/Q we extend the action of 7; for ¢ = 1,...,k — 1 by setting
7i(y/Pk) = /Pk- Finally we define the automorphism 75 as 74(,/p;) = (_1)5(1@,3‘)\/}7—], forj=1,....k. ®
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