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Abstract

The standard Born-Oppenheimer approximation for a diatomic molecule yields an expansion
in powers of e for the bound state associated with a given electron energy level, a fixed
vibrational quantum number n, and a fixed angular momentum quantum number [. The
expansion parameter € is the fourth root of the ratio of the electron mass divided by the mean
nuclear mass. In this paper we present an explicit approximation whose errors are uniformly
bounded by C'¢® whenever the angular momentum quantum number satisfies | < ke 3/,

We apply our approximation to the H) and HD™ ions and compare the results with
published rotational—vibrational energies.

*Present Address: San Diego Mesa College, Accelerated College Program-H207, 7250 Mesa College Dr.,
San Diego, CA 92111
"Partially Supported by National Science Foundation Grant DMS-0600944.

1



1 Introduction

In the standard fourth order Born—-Oppenheimer approximation for a diatomic molecule, one
fixes the k™ electron energy level, the n'* vibrational level, and the angular momentum /.
The approximation then yields an expression that agrees with an exact energy level &, (€)

5. The expansion parameter ¢ is

of the molecule up to an error that is bounded by Kj ;€
the fourth root of the ratio of the electron mass to the mean nuclear mass.

In this paper we keep k and n fixed, but allow [ to grow as € is reduced. Our main result
is an expression that agrees with & ,,;(e) up to an error that is bounded by K [ e for
all [ that satisfy [ < k € %/2. This estimate is summarized in (1.3) below and in Theorem
4.1.

We prove this result in three steps:

Step 1. We first consider the small i asymptotics for the low-lying eigenvalues of

—— — + Vo(r) on L?((0, 00), dr),

where Vo(r) = V(r) + 2173 We assume that V' is C® and has a unique global minimum
at some positive value ro > 0, with second derivative V(7o) > 0. We impose a Dirichlet
boundary condition at 7 = 0, and assume that lim inf V(r) > V(ro). We prove that there
exists B > 0, such that C' € [0, B] implies that {/Coilas a unique global minimum at some
rc > 1. Furthermore, if we fix N > 0 and restrict n < N and C € [0, B], then the n'®

eigenvalue &,(C, h) satisfies the uniform estimate

E(C.F) — Volre) — (m%) (v(g%(m))” h

2
(1t V) 1143043002 (VP (re) o
32 VP (re) 288 V& (re)

< Kpy B2 (1.1)

Step 2. We next study the behavior of r¢ and the derivatives V™ (r¢), for small C' > 0.
We then replace C by I(I + 1)h? and study the small A asymptotics of the n'® eigenvalue

(c:n’l(h) Of
_h_282 N I(1+1)h?
2 Or? 212

+ V(r).
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For fixed 1 > 0, we prove that for small & and all [ < k; A%/ the energy level &,,(h) sat-

isfies

)~ Vi

B 1+ 2n 4 2n% VW (ry) ~ 11+30n + 30n2 (VO (ry) ? B2
32 V) (rq) 288 V@ (rg)

] @) )
B <n I _> 3V (TO) + To V (TO) l(l + 1) h3

2 2 rg [V (rg)]3/2

1

5 V@ rg) [1(1+1)]* *

1\ =57(V®(rg))? = 3r2(V®(rg))? + 2rgVE (10) (—=9VE (ro) + 1oV W (rp)) 5 s
S Gs) 5 1§ VO (1) o
9 V(2)(To) + 7o V(3) (7’0) 3 26
_ 60 VO] [+ 1)) K
—156(V 3 (19))? = 3ro(V® (r0))2 + V@ (rg) (=36V ) (rg) + 10V (1)) 4 og
- 2T V(o) e
< K B (1.2)

for some K.
Step 3. We use (1.2) with & replaced by €* to obtain our Born—Oppenheimer result. In

the notation introduced below, the full molecular Hamiltonian can be expressed as

82
_%W + 2—L2 + h(r, 0, ¢) + ¢ D(e),

where L? is the usual angular momentum operator and h(r, 0, ¢) is the electron Hamiltonian.
We denote the k'™ electron energy level by V(r) and the corresponding electronic state by
O(r, 0, ¢, -). We assume this level has a non-degenerate minimum at ry > 0, and that
it is isolated from the rest of the spectrum of h(r, 8, ¢). Then we prove the existence

of k>0, such that for small ¢, any fixed n, and all [ < x €32, we have
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+ (@, D(0) <1>>|M0> ¢

2
+ 2 2 <(D7L @Mr*r

2 V@(ry) 2883 V@ (1)

I(1+1) €

<1+2n+2n V@(rg) 11+ 30n + 30n? (V<3)(ro)>2> .

1> (T0)+T0 V(S)( 0)
2§ VO (o)

W [(I+1))* €

B (n N 1) —57(V® (r))? = 3r2(V3) (1r0))? + 2reVE (r0) (=9VE) (rg) + eV W (1)) 11+ D) 0

2 815 [V (ro)]/?

9V (rg) 4+ 1oV (ry) 3 12
- e M)
—156(V(2) (To))2 — 37’0(‘/(3)(7"0))2 + ToV(Q) (To)(—36v(3) (7"0) + TQV(4)<7’0)> 4 16
24 73 [V@ (ro)]5 I+ 1)]" e

< K&,

for some K. The precise result is stated in Theorem 4.1.

Remarks 1. The idea that there should be expansions of this type for large angular
momenta goes back to Dunham [5], whose work is described in Herzberg’s book [10]. No
error estimates are presented in those references.

2. Many more details can be found in the Virginia Tech Ph.D. dissertation [11].

3. The only other mathematically rigorous work of which we are aware that handles large
angular momentum is the article by Sordoni [18]. She proves the existence of expansions

to all orders in powers of € under the more restrictive assumption [ < e~!. She does not

(1.3)



present explicit energy formulas.

4. The first rigorous results for the time—independent Born—Oppenheimer approximation
were those of [2, 4]. They proved the validity of the expansion through order ¢* for fixed k, n,
and [. Expansions to all orders were proved in [6] under the assumption that the potentials
were smooth. The expansion to all orders in € was extended to Coulomb potentials for
diatomic molecules in [7], and for polyatomic molecules in [13]. By using optimal truncation
of the series, approximations with errors of order exp(—c/€?) were proved under analyticity
assumptions on the potentials in [8, 9] when the nuclei had only one degree of freedom.

5. We place smoothness assumptions on the resolvent of the electron Hamiltonian that are
not satisfied if the potentials between the particles are Coulomb potentials. We believe the
techniques of [7, 13] would yield the same large angular momentum formulas in the Coulomb
case, but proving that would be extremely technical. We note that even in the Coulomb
case, V (r) is analytic [12]. In the final section of the paper, we present comparisons between
the results from our formulas and published energy levels for the H,” and H D" ions, which,
of course, have Coulomb potentials.

6. Semiclassical expansions for fixed n and [ were first proved in [3, 17]. Optimal truncation
of these expansions to yield approximations with errors of order exp(—c/h) were obtained
by Toloza [19, 20].

7. If one keeps [ bounded by a constant, then the usual fourth order approximation is

1 1
5k,n,l ~ V(TO) + (n + 5) (V(z) (To))1/2 62 + W l(l + 1) 64
0

L4+ 2n+20° VW(rg) 114300 +300° (V®(r) i 4
32 VO(n) 288 V®(ro) ‘

1 0*d
’ (— 2 (%)

In the order presented here, these have the interpretation of the electron energy at the

1
=79

optimal nuclear configuration, the harmonic vibrational energy, the rotational energy, the
first anharmonic vibrational corrections, and the diagonal Born—-Oppenheimer correction.

8. It is trivial to extend the result (1.3) to allow n < N and [ < s ¢ %2 In formula
(1.3), one can see the coupling of rotations and vibrations of the molecule since there are

terms that involve (n+1)I(l+1) and (n+3)[I(l+ 1)



2 Uniform Semiclassical Estimates for V,

This section is devoted to proving estimate (1.1). The crucial idea is to show that
{Ve : C €0, B]} isacompact subset of a Banach space X of C® functions.
We assume V' € C5((0, oo)) has a local minimum at 79 > 0, and that the second derivative

V@ (ry) is strictly positive. By explicitly calculating derivatives of V(1) = V(r) + e

—, W
272’

see that there exists B > 0, such that Vo has a minimum at ro > rg, such that ro depends
smoothly on C' and VC(Q) (r¢) > 0 whenever C' € [0, B]. By shrinking B if necessary, we can

assume 7¢ € (a, b), where 0 < a < b < 0.

Definition Let X denote the space of C® functions on [a, b] C (0, c0), such that

5
1A lx = > 19 leeaen
j=0

is finite.

Lemma 2.1 For Vi as above, the mapping C — Vo is continuous from [0, B] into X.
Thus, its image is compact, and || Vc(j) | oo (o, b)) @8 uniformly bounded for C' € [0, B] and
j=0,---,5.

Proof: The continuity follows from explicitly computing the form of V> and its first five

derivatives. [ |

Because we make no assumption on the growth of V' or its derivatives as r tends to 0 or
0o, we introduce a cut-off function Fo(r) = F(r —r¢). We take F' to be C* with compact
support, such that Feo(r) =1 for |r —r¢| < § and Fe(r) =0 for |r — ro| > 26, where § > 0
is chosen so that the support of F is contained in (a, b) whenever C' € [0, B].

We now employ the following strategy to prove (1.1): For each fixed C' € [0, B], we

expand V¢ in its fourth order Taylor series around r¢, and study the operator

h? 0? C 1 3C
-tz — - (2) o — )2 21
5 97 + {V(rc) + 27%] - ) {V (re) + Té] (r —rc) (2.1)
1 12C 1 60C
- (3) _ =~ _ 3 il 4) - _ 4
+ 5 {V (re) 3 } (r—re)’ + 51 {V (re) + 5 } (r—re).

We apply formal perturbation theory to this operator defined on the whole real line. After

completing the perturbation calculations, we multiply the formal approximate eigenfunctions
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by the cut-off function Fz to obtain rigorous quasimodes for the original operator. We then
use the results of [17] to see that the n'® quasimode approximates the n' lowest eigenvalue.
We obtain the uniformity for C' € [0, B] as a consequence of Lemma 2.1.

To study the eigenvalue equation for (2.1) it is convenient to subtract

C
Ey = V(r¢) + = and to change variables from 7 to
r'c

y = Ag" (r—re)/e,

where

3C
AC == V(2)(Tc) + -
rc

We divide the eigenvalue equation by h Alc/ ®. This leads us to study the eigenvalue problem

1 82 1, EM2AM 12C
3) _ == 3 2.2
( oy T [V - 22T (2.2

60 C
il {V(4)(rc)+ ;; ] y4+...) - (E2 + W?Ey + RE, + ) v,
c

We expand ¥ = WUy + A/20; + AV, + - - -, and equate terms of the same power of A'/2 in
(2.2). Rather than normalizing W, we require that each W; with j > 1 be orthogonal to V.
At each order one sees that this condition can be fulfilled, and that it imposes uniqueness

on the ¥; for j > 1.

0th Order. The R° terms require

1 02 1,
— = — = Uy = Ey V.
( 2 P T 5Y ) 0 2 Wo
The eigenvalues are Ey = (n + 1/2) for n = 0, 1, 2, --- and the normalized eigenfunctions

are
U, = g V4o /2 (n!)_1/2 H,(y) e v’/2,

15t Order. After some rearranging, the A'/? terms now require

1 8 1, AT 12071
<—§8—y2+§y _E2)\I]1+T V()<Tc)—€ y\I/():Eg\IIQ

The left hand side of this equation is orthogonal to ¥q, and the right hand side is a multiple

of Wy. Thus, both sides are zero, and we have
ES = 07
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and

1 9? 1 oA 12C
Uy = — (- =— + =y* — E ¢ V(3)(7’C) - — y® U,
2 2 T

82 1 -1 . .
where (— ——— 4+ -y - E, denotes the reduced resolvent operator, i.e., the in-

1 1
verse of the restriction of (— 3 52 + 3 T EQ) to vectors orthogonal to Uy.
Y

27d Order. The A! terms now require

1 92 1 A 12C
(12 b m) w2 [y - 2] i,

2 Oy? 6 re
A2 60 C
+ 5—4 |:V(4)<7"C) -+ T—6:| y4 \Ifo = E4 ‘Ilo.
C

The first term on the left hand side is orthogonal to ¥y, so if we take the inner product with

Uy, we learn that

A2 60 C
+ <\I’0, ¢ |:V(4)(’f’0) + 7"_6:| y4 ‘1’0 .

By expressing 3® and y* in terms of raising and lowering operators and using the explicit

form for the reduced resolvent, we can evaluate these inner products to obtain

11+ 30n +30n2 | _ 2 14 2n+2n? _
B, = -— A05/2 <VC(3)(7"C)> A03/2 VC(4) (ro),
288 32
12C 60 C
where V(gg)(rc) = VO (ry) — 5 and Vc(fl)(ro) = VB (re) + 5
C

C
Multiplying by & A2 we see that formally, the n'® eigenvalue for the Hamiltonian (2.1)
should equal

vetre) + i () )" () 23)

2 (@) 2 ®) ’
14+ 2n+2n° V5 (re) 11+ 30n 4 30n (VC (T0)> + O (K.

K2 —
32 V& (re) 288 V& (re)

The main result of this section is that the O (h5/ 2) error term in this expression is uniform

for C € [0, Bl and n < N.



Theorem 2.2 Suppose V € C°((0, 00)) has a unique global minimum at rq. Suppose
V®(ry) >0 and that limionf V(r) > V(rg) and liminf V(r) > V(ry). There exists a
positive value of B, such that Vo(r) =V (r) + 5% has a unique global minimum rc > 7o,

V(E?)(rc) >0 and liminf Vo(r) > Vo(re) whenever C € [0, B].  Furthermore, for any

fixed N and sufficiently small h, the operator

h? 9 C
-z 1% il
2 0r? + V) + 2r2
has at least N + 1 eigenvalues at the bottom of its spectrum. There exists Kp n, such that
the n'* eigenvalue of
PO vy + C
— —_— [ /r‘ —_—
2 0r? 212

on L*((0, 00)) satisfies (1.1) whenever C € [0, B, n < N, and h is sufficiently small.

Proof We have already commented that Vo has a global minimum at r¢ for small C'. The
results about the liminf’s are easy to verify for small C'. By the implicit function theorem

applied to the derivative V'(r) we see that r¢ is a smooth function of C.

- =,
r
For given n =0, 1, 2, - -+, we construct approximate eigenfunctions

AV — AV — AV —
w = FC<7") <@0< < ;1/2 C>) + hl/Q\IJl( < ;1/2 C) + hV, < ;1/2 C)

with the corresponding approximate eigenvalues given by (2.3). We then substitute these
into the two sides of the eigenvalue equation and estimate the difference. This rather tedious
task is presented explicitly in [11], and for the sake of brevity, we only describe the details
here.

We rewrite the potential V¢ in its fourth order Taylor series around r¢ plus the remainder.
By standard estimates, on the support of F, the remainder is bounded by the maximum of
[VE)(r)| on the support of F¢ times (r — r¢)®/5!. Because of the scaling in A, the norm of
(r —7¢)°9(r) is bounded by a constant times 4°/2 for C' € [0, B] and fixed n. This bounds
the contribution from the remainder term.

When any derivatives in the Hamiltonian act on F(r), they produce terms that are of
order O (e*C/ h). This is due to the rapid fall-off of the functions ¥; when % becomes
large. When A is small, the derivatives of F» are non-zero only where this quantity is large.

The terms from the kinetic energy which do not involve derivaties of Fz and the Taylor

series terms from the potential are precisely the ones that entered our formal perturbation
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calculations. The choices of W; for j = 0, 1, 2 and the E; for j = 2, 3, 4 force all terms of
order h*/? to cancel whenever k < 4. Thus, for each sufficiently small C and sufficiently small
h, it follows that the approximate eigenfunctions are quasimodes of the Hamiltonian with
O(R*/?) errors. Since the Hamiltonian is self-adjoint, this implies that there is spectrum
within an O(h%?) distance of the approximate eigenvalue. That the spectrum nearby is
discrete and that there are no other eigenvalues follow from the techniques of [17]. (The
results of [17] apply on the whole real line with a growth assumption on the potential.
The only difference here is that we introduce the cut—off function and insist on uniform
estimates in C.) For fixed n, the uniformity of the error estimate for small C' follows from
the smoothness of all relevant quantities as functions of C' and the compactness of the interval
0, BJ.

The uniformity in n then follows because there are only finitely many values n =

0,1,2,---, N. [ |

Due to the presence of the cut off functions, this theorem and its proof extend to the
situation where V' is only defined in a neighborhood of ry and is increasing when r > ry and

decreasing when r < ry.

3 Rewriting the expansion in terms of rg

We now do the second step in our analysis. The estimate (1.1) contains terms that depend
on r¢. We show that if C = I(I+ 1) A? and [ < k;A3/%, then (1.1) can be replaced by (1.2).

Note that the restriction on [ forces C' to be bounded by a constant times /2, so it is small.

Proposition 3.1 Assume the hypotheses of Theorem 2.2, and set C' = (I + 1) h?, where
| < kR34 Fiz N and restrict n < N. Then the eigenvalue &,; of Theorem 2.2 satisfies
the estimate (1.2).

Proof We have already noted that ro depends smoothly on C' by the implicit function

theorem. It thus has a Taylor series expansion
rce = rog + (110 + CLQC2 + -
We substitute this into the equation

Vi(re) = 0, where Ve(r) =V(r) + —.
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We further expand V' in its Taylor series around ry, and then recursively determine the

coefficients a;. This yields
1

a, = 7“3 V(2) (T())’

a _ 6‘/(2)(7’0) -+ To V(?’)(To)

: 275 (V@(r))® 7

. 90 (V@ (rg))? + 2710 VO (rg) + 312 (VO (r())? — 12V (1) VW (1)
3 = .

6 T (VO (r))?

In the notation we used for the perturbation expansion, the estimate (1.1) states

E(C, h) — Eo(C) — AL Ey(C)h — AU ENC)R?| < Kp, b2

Using the calculations above, we expand Ey(C) = V(ro) + % to fourth order in C' and
make an error that is bounded by a constant times C°. We expand Agz E5(C) through
second order and make an error that is bounded by a constant times C®. We similarly
approximate Aé/ 2 E,(C) by its zeroth order Taylor series in C' and make an error that is
bounded by a constant times C.

When C =1(I+1)h? and [ <k  h™34 C €0, B] forany B, aslongas h is small.
Thus, the conclusions of Theorem 2.2 apply. By replacing Ey(C), Agz Ey(C), and
A}J/ > E4(C) by their expansions, we obtain the estimate (1.2), since we make another error

that is uniformly bounded by a constant times /%2 when C =[(l+ 1)Ah? is bounded by a

constant times A'/2. [ |

4 The Born—Oppenheimer Result

We now turn to the discussion of diatomic molecules, which requires some preliminary kine-
matical technicalities.

Consider a system of two nuclei of masses ¢~* M, and e¢~* M,, together with N — 2
electrons whose masses are 1. The full Hamiltonian for this system is

4 N
€ 1
He) = — — Ax, — — Ay, — — Ax. Vi (| X — X5]).
(© on, ~N T 2am, T ijg 5 Bx + ZKj il i)
Here X; € R? denotes the position of the j™ particle, A x; denotes the Laplacian in X, and

the potential V;; depends only on the distance between the i and j™ particles.
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To remove the center of mass motion, we use a particular set of clustered Jacobi coor-
dinates [16]. We let & = X3 — X denote the vector from the first nucleus to the second.
We let & = X, — X3 denote the vector from the first electron to the second. We then let

&3 = X5 — §(X4 + X3) denote the vector from the center of mass of the first two electrons
1 Jj+1
to the third, etc. In general, §; = X, o — 1 Z X;. Finally, we let ¢ denote the vector
J—
from the center of mass of the nuclei to the center of mass of the electrons.
In this coordinate system, the Hamiltonian we obtain by removing the center of mass

motion from H () is

et 1 =
H(e) = —Z—MA& - mﬁc - ]z; Z_MAEJ' + V(&, &, -+, En—a, €).

In this expression, the reduced mass v(¢€) has a limit as € tends to zero. We denote this limit

by v, and define
1 1
D) = e* | —— — — | Ac.
(€) ‘ ( 2v(e) 2w ) ¢

We can then write H(e) as

4

H() = = 5— A + h(&) + € D(e).
211
Here, the electronic Hamiltonian
1 «— 1
h = — — A; — — Ag. Vv _
(§1> 2Qu ¢ ]22 2”] &j + (517 527 ) éN 2 C)

depends parametrically on & and is independent of e.
By rescaling &;, we may assume p; = 1. We use spherical coordinates (r, 6, ¢) for the
rescaled &, and we multiply the wave function by r. Slightly abusing notation, H(e) takes

the final form
4 82 64 ) A
H(e) = _§W + 2—L + h(r, 0, ) + € D(e),
where L? denotes the usual angular momentum operator.
Note that the 6 and ¢ dependence of h(r, 0, ¢) is just a rotation that is implemented
in the electron Hilbert space L2(R3N=2), d¢,y dés - - - dén_o dC) by a unitary transformation.

Thus, any discrete eigenvalues of h(r, 0, ¢) depend only on r.

We henceforth assume that h(r, 6, ¢) satisfies the following hypotheses:

12



H1. We assume the resolvent of h(r, 8, ¢) is a C® function for r € (0, c0).

H2. In an open neighborhood of some 9 > 0, we assume h(r, 0, ¢) has a simple discrete

eigenvalue V(r) that has its minimum at o and has V" (r¢) > 0.

Since h(r, 0, ¢) is a real differential operator, the eigenvector ®(r, 6, ¢, z) associated
with V(r) can be chosen to be real and normalized in L?(R3" =2 dz), where we have let
z = (&, &, -+, En_2, () denote the electron variables. We shall frequently drop the z

dependence in the notation so that the electron eigenvalue equation is

h(r, 0, ¢) ®(r, 0, ¢p) = V(r) ®(r, 0, ¢).

Note that Hypotheses H1 and H2 imply that V (r) is a C® function in a neighborhood of ry.
The reduced resolvent, [h(r, 8, ¢) — V(r)] !, i.e., the inverse of the restriction of [h(r, 0, ¢) —
V(r)] to the subspace orthogonal to ®(r, 0, ¢), is also C° for r in the neighborhood of ry.

We now apply the results of the previous sections with A replaced by €2 to see that if
C=1+1)e* and | < kye 2 there exists K > 0, such that

et 0? etl(l+1)
2 Or? 212

+ V(r) - ETS> sz < Ké,
where, using earlier notation,

w _ FC(?") (‘I’O <A1/4(r Tc)> + € \111 <A1/4(:—rc)) + 62 \IJQ <A1/4(:—T‘C)) >7

and
1 ) 12 1 A
Ers = V(To) + n—+ = (V (To)) € —+ — l([ + 1) €
2 2rg
+ L42n+20" VW(rg) 114300 +300° (VE(ry) ’ 4
32 V() 288 VO (ro) ¢
LY 3VE(r0) +r0 VI ) 1
— 1 6 1 2 8
+ (n + 2) 2 18 [V ()2 (+1) e + 318 V@ (rg) LI+ 1)) €

1+ 1) €

1\ =57(V@(r))? = 3r2(VE) (10))% 4 2rg VA (1) (=9V O (rg) + 1V W (1))
o (n43) S5 V()72

9 V(2)(T0) + To V(3)<7’0>

T TS VO()P

11+ 1)) e
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—156(V 3 (19))2 = 3ro(VE (r))2 + 10V (1) (=36VE) (rg) + 1oV (1))

24 7,(1)4 [V(g) (ro)]? (11 + 1)]4 16

We let V), denote the usual spherical harmonic Y;,,(6, ¢), and we let Q@ = Q(r, 6, ¢)
denote the projection onto the subspace orthogonal to ® in the electron Hilbert space. Then

we define five more quantities, the first four of which are familiar from [6]:

Y = ¢(T) }/l,m(a ¢) CI)(T7 ‘97 Qb, Z),

~ 1 0?P 1
By = = 5 <(I)7 W> r=rc i ﬂ <(I)’ L2(I)>|r=7“c’
0 0P
vi = N G 6, 0) — VO O,
2
vy = %w Yim [h(r, 0, ¢) = V()7 Q (27? - 2D(0)¢>
- % U [h(r, 0, ¢) — V()] t (LYim) - (L®)
B QL2 w Yim [h(?", 97 ¢) - V(r)];l Q (L2 (D)’
re
Yoy = € |- Q(T;TC) il ;4TC)2 ¥ [W(r, 0, ¢) = V() (LYym) - (L®).
C C

Remarks

1. The inner products in the definition of E are in the electronic Hilbert space.

2. The function v is Fo(r) times functions of (r — r¢)/e. Thus, the derivative of ¢ with
respect to r contains exponentially small terms and terms that contain factors of e~*. This
leads to the following observations:

3. The norm of w3 is O(1).

The first and last terms in ¥ are O(1).

When [ < ke ®? LY, is O(e3?), so the second term in 3 is O(e3/?).
When [ < ke ®?2 the norm of 1,4 is O(€/2).

Because of the scaling of a harmonic oscillator state ¢y, the norm of (r —r¢) ¢ is O(e).

® NS ok

The quantity E, depends on r¢. However, by doing a zeroth order Taylor series in C,

14



it agrees with

= 1 9*P
Ei= =3 <‘Da—>

up to an O(e) error.

t gz (&),
r=rg

9. Similarly, (®, D(0) ®) depends on r¢ via ®. However, up to an O(e) error, it equals

D = (&, D(0)®)]

r=rg °

Theorem 4.1 Assume Hypotheses H1 and H2. Fix N > 0 and k > 0, and restrict n < N
and | < ke 3% Then there exists M such that

4
)'(—§w+%L2+h(T9¢)+E4D(E)

- {ETs+€4E4+€45}) (Z + @y + € vr + Yug) H < Mé.

The norm of the quasimode X + €313 + e i + Vag is O(1), so as long as the quasimode
enerqy FErg + € E’4 + €4 D lies below the essential spectrum, it describes a bound state of
the molecule. That bound state energy satisfies (1.3) since the norm of the resolvent of a

self-adjoint operator is the reciprocal of the distance to the spectrum.

Proof: From Remarks 8 and 9 above, it is sufficient to prove this result with e* E4 +étD
replaced by € Ey + € (®, D(0) ).

To make use of cancellations, we rewrite the operator

82 4 ~
— S 53 g L+ b 0.6) + €D — {Brs + B+ € (0, D0)2)}

as

et 0? erl(l+1)

2 Or? + 272 + Vi) - ETS}

+ — [P = 1U(l+1)] (4.1)
+ [h(r, 0, ¢) — V(r)] + ¢¢D(e) — ¢*Ey — (@, D(0)®).
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We then explicitly compute (4.1) applied to the quasimode X + ¢35 + €' + Vug.
This results in a large number of terms. The terms which contain derivatives of F(r) have

exponentially small norms, so we omit them. The remaining terms are

et 92 etl(l+1)
({_5 or? 272 V) - ETSl ¢) Yo © 42
oY 0P
J— 4 _—
‘ (07“ 87’) Yim (4:3)
et 0?d
el
+ 50 (LY (L) (45)
et 9
+ 3,2 Y Y, L*® (4.6)
— ¢ E Y (4.7)
et 02 1l +1)
+ — 5 w + 727"2 + V(T> — Ers ¢’ ¢3L (48)
el 2 3,1
+ 53 [L* — 11+ 1)] € y3 (4.9)
oY 0P
4 —_—
+ € Yl,m o or (410)
— € By s (4.11)
et 0? etl(l+1)
—+ — 5 w + 727”2 + V<T) - ETS 64 wi_ (412)
el 2 4 L
et 0?P
+ B YV Yim 92 (4.14)
6 Yim Q (D(0)®) (4.15)
4
— S (LY - (L) (1.16)
c
4
€
~ 5 ¥ Yin Q (L2 0) (4.17)
c
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— & Ey (4.18)

4 2 4
i {_ % % o lél; ) + Vi(r) — ET5:| Vagj (4.19)
4
+ ;—ﬂ (L2 = 114+ 1)] Yy (4.20)
+ e [2(7"7%7”0) A ;CTCP} ¥ (LYim) - (L®) (4.21)
— € By oy (4.22)
+ ¢ Dle) % (4.23)
+ € D(e) (€95 + €'V + thag) (4.24)
— & (®, D(0)®) ¥ (4.25)
— & (®, D(0)®) (€ v3 + €' Vi + Yaqj) (4.26)

It is beneficial to add and subtract the following terms from this expression:

A N 2

. ( 5 (@, 55) + 55 (@, 1°0) ) T (4.27)
et 0>

+ (2 55)E (4.28)

G (®, [2®) ¥ (4.29)
272 V7 ’

From the proofs of Theorem 1.1 and Proposition 1.2, the norm of (4.2) is O(e%). Terms (4.3)
and (4.10) cancel one another. The sum of the terms (4.4), (4.14) and (4.28) is zero. Terms
(4.11), (4.18), (4.22), (4.24) and (4.26) are at most O(€’) in norm.

The sum of terms (4.5), (4.16) and (4.21) is

o . 2
¢ (% - %) Y (LYim) - (L®) + € Q(TTgm) - rém Y (LYi) - (L)

We expand the T% in this expression to second order about r¢ and then observe the cancel-
lation of everything with norm larger than O(€).

The sum of (4.6), (4.17) and (4.29) is

64 4 4

WY, (L2D) — Y, Q (L2®) — —— (&, L2®) ) V), ®.
27,21/15, (L*®) 27%:&1,@( ) 2r2<’ ) VY,
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Expanding the first and third terms in this expression about r¢ to first order yields
4 4 4

€ € €
— YV, PP — — Y, Q (L?P) — — (D, [*P) Y Y], D 4.30
2r%¢ l, 27%¢ l, Q( ) 2T%~< ) >¢ l, ( )
— 5 (r=rc) Y Yim (L°®) + 5 (r—rc) (®, L°®) ¥ Vi, @
o o

The sum of the first three terms in (4.30) is zero. The remaining two terms are O(€°).

The sum of terms (4.7) and (4.27) is
) >
r=rc

1 R 1
— & =2 (D, — P, L2 P
‘ < < ’ 8T2> r=rc + 27”0 < >

1 9*P 1
b (mp@Ga s on @) s
0

2
o, T2y 4 55 (P, L? ®) to first order about r¢ in this expression yields:

Expanding — 5 (P, 45
1 R 1
Y T o, L2 )2
¢ ( 2 < ’ 87”2) r=rc + 27“2 < ’ > r=rc
1 9*P 1
L T it (D, 12 )2 4.31
T e ( 2 < ’ 8T’2> r=rc + 27”% < ’ > r=rc ( )

+ € (r—re) [% <_%<(I)’ 8827(5 " 212 > LQ(b))]

The first two terms of (4.31) cancel; the remaining term is O(e®).
(1 +1)
g

Dy

r=rc

By taking V' (ry) and out of the expression Erg, term (4.8) can be written as
et 9? etl(l+1) etl(l+1) ) —

Tt g~ T V) = Ve 0] ¢ v

1l +1)
27?2

than O(¢€) to cancel.

Expanding + V(r) about r( to first order causes all the terms with norm larger

The term (4.9) can be expanded as follows:

;—;2 (L2 =10+ 1)] v5 = Esl;lf;”) Vi [B(r,0,6) — V(r)]; g:f g‘f
G (2 (000 -vor 2250
e N (U B Ry
- Dy 0,9) v 2 2
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The first and last terms on the right hand side cancel, leaving two terms that are at most
O(€®) in norm.

When examining term (4.12), it is beneficial to express 1 as

0 {5 Vi 100,00 = VO Q 53 = 3 [ 000) = VO (LYi) - (L)

1
— g Vi (00,0~ V0L Q (229 |
Denote the factor in the braces by G, and observe that G is O(e=%*2?) in norm. Then term
(4.12) can be written as

4 o2 4 4 4 o2
T I ) - s (LEWIG e 0U
(6 [ 28r2+ 272 TV = Brs| v ) G+ 2 Or Or 2 or?

As we have shown before, when the expression in square brackets acts on ), the result is
O(€%) in norm. So overall, the above expression is at most O(€®) in norm.
The term (4.13) equals
8

A (R

68

- e 2 (v -ve @ 57 )

. 9@
£ Vi L2 (¢ [h(r,0,¢) =V ()], W)

% L* (¢ [h(r,0,¢) =V (r)];") ((LYim) - (L®))

% (L (¥ [h(r,60,6) = V(I)) - (HI+1) Vi L®)

- 30 (L (¢ [h(r6,6) = V(")) - (LYim I2®)

_ %1/} [h(r,8,¢) — V()];t (201 +1)Yim L2® + (LYi,,) - (L(L*®)))
g (DY) - (L (6 h(r0,6) - V()L @ (179)

Vi 2 (0 0,0 - VO Q (220))
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Of the terms in the square brackets on the right hand side, the one with largest norm is
O(e73). Since the entire expression is multiplied by €®, this term is O(¢°) in norm.

Term (4.19) can be rewritten as

et 9 etl(l+1) (1 +1) 5
|:— 5 w + 9 2 - 27‘(2) + V(T) - V(TO) + O(E) wadj

by taking the appropriate terms out of Erg. The second derivative with respect to r acting

on 14q; can be expanded as

et 02
~ g g Ve

= (5 | 252 - R hin00) - VO (0¥ - (20

3
re rc

2

- o2 [2“”;%“) 3 ;éfc)ﬂ &0 000,0) VO (Vi) - (L)
- 5 1A - T 6 b0 - VO (L) - (1)

Each of these terms is at most O(€®) in norm. By expanding 642(%1) + V(r) about ry as was

done for (4.8), we see that the remaining terms of (4.19) are also O(€°) in norm.

Term (4.20) can be expanded as

26—:2 [L* — 11+ 1) ] Yags
o Ll (Rl e e R R (2
b b (00 - vot [ 2T Ml ]
< (1Y) (L) + (LYi) (£79))
T R e

< ((L*Yim) (L®) + (LYyn) (L*®))

Again, each of these terms is at most O(e°) in norm.
Finally, by expanding D(e€) in € in term (4.23), we see that the first term cancels with
(4.25) and (4.15). The remaining terms are O(e’) in norm.

Since every term has norm at most O(e°), the theorem is proved. |

20



5 Numerical Comparisons for H; and HD™"

In this section we present comparisons of our results with other published results for the
HJ and HD™" ions. We selected these examples because the electron eigenvalue equation
separates into three ordinary differential equations and they can be solved to exceptional
accuracy. (See the end of this section for a summary of the details.)

We have chosen V(r) to be the ground electron state. As a function of n and [, our
results for n < N and | < ke 32 yield the following approximation for the associated
vibrational-rotational levels with an O(€®) error:

Vi) + (V)" (n+%) e 4+ — Il+1) ¢

1420 +20° VO(rg) 114300 +300° (V®(r)\’ 4
32 |4®)) (TO) 288 ‘

1, 9% 1 , )

+ - 5 < ,W) . + 2_7"8 <(I), L CD>|T:T0 + <(I), D(O) (I)>|rr0> €

3V(2) (7“[)) + 7o V(g) (7”0) 1 6
- e (nrg) e
+ . 11+ 1)

2 18 V@(rg)
N —57(V®(1))? = 3r3(V®) (ro))82 421V (ro) (—9V ) (rg) + 1oV B (1)) - 1 1+ 1))

8 18 (V@ (ry)]7/2 2
9 v(2) (7’0) + To V(g) (TQ)
1 3 12

T T e werp TR
N —156(V @ (rg))2 = 3ro(VE (r))? + 1oV (1) (=36V ) (10) + 1oV B (1)) 041 S,

24 rit [V@(rg))?

This expression can be written as a linear combination of the following quantities:

1, (n—i—%) (n—i—%) W+, [I+DE 0 e+ DPE, e+ D),

(n + %) 1(1+1), and (n + %) 11+ 1))

Since one is normally interested in transition energies and because terms that depend on the

electron state ® are hard to evaluate, we ignore the multiples of 1 in that linear combination.
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They are

€ —_ —

1 V(4)(7’0) 4 7 (V(S)(TO))Q A

64 V(Q) (To) 576 V(2) (7“0)
1 R 1
_ — (P, L*D ®. D(0)d 4
+ < 2 < ’ 87‘2>r:r0 * 27’8 < ’ >|r=ro + < ’ (0) >|T=T0> €

The following table lists coefficients of the remaining terms for the H, ion. The first
column of coefficients is obtained from our formula. The second column of coefficients is
obtained by a least squares fit of the energies with 0 <n <3 and 0 <[ <19 given in the
paper of Moss [15]. The third column of coefficients is from the NIST web site
http://webbook.nist.gov/cgi/cbook.cgi?ID=C12184906& Units=SI&Mask=1000#Diatomic.
All energies are expressed in wavenumbers (cm™1), and --- indicates that no number was

given.

Table 1: Coefficient comparison for H,

Our Approximation | Fit of Data from [15] | NIST
I(141) 30.01570 29.7985 30.2
[1(1+1))? 0.01997 —0.01902
L1+ 1) 0.00001 0.00001
11+ 1)) —2.4997 x 10710 ~7.01838 x 10~°
(n+13) 2326.63 2304.69 2321.7
(n+ [ +1)] —1.7326 —1.45401 ~1.685
(n+ Y[+ 1) 0.00361 0.00052
(n+ 3)? —76.199 —60.0183 —66.2

The next table lists the analogous data for the HD™ ion. The first column of coefficients
is obtained from our formula. The second column of coefficients is obtained by a least squares

fit of the states with 0 <n <3 and 0 <[ <15 listed in the paper of Moss [14]. The third
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column of coefficients is from the NIST web site
http://webbook.nist.gov/cgi/cbook.cgi?ID=C12181167& Units=SI&Mask=1000#Diatomic.
All energies are expressed in wavenumbers (cm™!), and - -- indicates that no number was

given.

Table 2: Coefficient comparison for HD*

Our Approximation | Fit of Data from [14] | NIST
I(1+1) 22.5118 22.3958 22.45
[1(1+1)]? 0.01509 —0.01088
[+ 1) 1.6875 x 10~° 6.08 x 1076
11+ 1) —3.0582 x 1078 —2.7551 x 107°
(n+3) 2007.81 2000.51 1913.1
(n+ 1)1 +1) —1.03985 —0.96072 ~1.00
(n+2) [+ 1)) 0.00274 0.00028
(n+3)? —57.196 —45.7563

Although we shall not speculate on the discrepancies in some of these numbers, we are
very skeptical of the NIST coefficient of 1913.1 for (n + %) for HD™ since it disagrees with
the other two results by roughly 5%. The NIST values for this coefficient in Tables 1 and 2
are not consistent with one another. Since they are the harmonic frequencies, the value in
Table 2 should be \/ﬂ times the value in Table 1 because 3/4 is the ratio of the reduced
masses of the nuclei. In fact, 2321.7 x \/ﬂ = 2010.7. Furthermore, using Gaussian 2003
with the large aug-cc-pvqz basis set, we obtain 2007.3811.

Numerical Techniques

We conclude this section with a discussion of our numerical techniques for solving the
electronic problem for these ions.
The electronic eigenvalue problems for Hy and HD™ are the same. It is well-known that

they separate in elliptical coordinates.
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Two of the coordinates are

T+ o
¢ = Do <€,
and
r — Ta
= -1 <n<1
77 R —?7—7

where R is the distance between the two nuclei and r; is the distance from the electron to
the " nucleus. The third coordinate is ¢, the angle of rotation about the internuclear axis.

In these coordinates, the Laplacian takes the form

o 0 0 ! 0
E-D5 55 F BmEHam a7

I
RE(&2—n?) [ 0§
We set

A:

v o= X(§) Y(n) e

where A must be an integer. Since we are only interested in the ground electronic state, we

have A = 0, and we can ignore ¢. The functions X (§) and Y (n) satisfy

d dX 1 A?
d ay 1 A?
an {(1_772)(1_77} + (—515}227]2_14_1_772)Y:o7 (5.2)

where A is a separation constant. In our notation, R =r and £ = V (r).

To solve (5.1) and (5.2) efficiently and accurately, we replace £ by w = a(§ — 1) and
expand X (§) in Laguerre polynomials in w times exp(—w/2). We choose a = 2/ —2FE to
get the proper exponential fall off of X (). We expand Y (n) in Legendre polynomials. For
both expansions, we use polynomials of degrees up to 50, which is overkill. The expan-
sions converge rapidly. We use an iterative root—finding procedure to determine E and the

separation constant A for any given R > 0.
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