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Abstract

A physical subspace and physical Hilbert space associated with asymptotic
fields of nonrelativistic quantum electrodynamics are constructed through the
Gupta-Bleuler procedure. Asymptotic completeness is shown and a physical
Hamiltonian is defined on the physical Hilbert space.

1 Introduction

1.1 The Gupta-Bleuler formalism

Quantization of the electromagnetic field does not cohere with normal postulates such
as Lorentz covariance and existence of a positive definite metric on some Hilbert space.
This means that we chose to quantize in a manner sacrificing manifest Lorentz co-
variance; conversely if the electromagnetic field is quantized in a manifestly covariant
fashion, the notion of a positive definite metric must be sacrificed and the existence
of negative probability arising from the indefinite metric renders invalid a probabilis-

tic interpretation of quantum field theory. One prescription for quantization of the
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2 Physical state

electromagnetic field in a Lorentz covariant manner is the Gupta-Bleuler procedure
[Ble50, Gup50]. This procedure provides a covariant procedure for quantization at the
cost of a cogent physical interpretation.

In this paper we will consider the so-called nonrelativistic quantum electrodynamics
(NRQED). A significant point is that NRQED is nonrelativistic with respect to the
motion of an electron only; the electromagnetic field is always relativistic. Although
it is customary to adopt the Coulomb gauge in the theory of NRQED, it can be
investigated using the Lorentz gauge by the Gupta-Bleuler approach [Bab82]. This
will be rigorously pursued in this paper.

Indefinite metric and Lorentz condition: Let <7, = a,(x,t), p = 0,1,2,3, be a
quantized radiation field and <, = o7, (x,t) its time derivative. 7, and its time

derivative <7, satisfy the commutation relations

(A, 1), (2, 1) = —igud(z — ), (1.1)
[%(wat}v%(xlvt)] =0, 1.2)
[, (2, ), A, (', £)] = O, (13)

where g, is the metric tensor given by (2.9). An inevitable consequence of the com-
mutation relations (1.1)-(1.3) is to introduce an indefinite metric (-|-) onto the state
space. This creates problems in physical interpratations and in formulating things in a
mathematically well defined way. For example, the Hamiltonian H cannot be defined
itH

as a self-adjoint operator and so the time-evolution e"* is not unitary. So we have to

investigate questions concerning the domain of e*#.
In addition to the indefinite metric, the Lorentz condition also poses a dilemma.

We impose the Lorentz condition:
o', (x,t) =0 (1.4)

as an operator identity. Here and in what follows 0" X, is the conventional abbreviation
for o*X,, = 0,Xo — 0,1 X7 — 0,2 X9 — 0,3 X3. Under (1.4), as is well known, we find that
the conventional Lagrangian formalism is not available.

To resolve this difficulty, in the Gupta-Bleuler procedure mentioned below, we first
single out the so-called physical subspace from the Lorentz condition, and it is required
that the Lorentz condition is valid only in terms of expectation values on the physical
subspace. The sesquilinear form (-|-) restricted to the physical subspace is merely

semidefinite. So, we define the physical Hilbert space to be the quotient space of the
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physical subspace divided by the subspace with zero norm with respect to (-|-). This
space has a positive definite form, and a self-adjoint Hamiltonian can also be derived.

Gupta-Bleuler formalism: Here we present an outline of the Gupta-Bleuler formal-
ism in NRQED for the reader’s convenience, without mathematical rigor. Let Hy be
the full Hamiltonian for NRQED with form factor ¢ . Note that H, is not self-adjoint.

Let X be an operator. Generally, a solutions X (¢) to the Heisenberg equation:

%X(t) —i[Hu, X(1)],  X(0) = X, (1.5)

is called a Heisenberg operators of X associated with Hi.. Since Hy is, however, not
self-adjoint, intuitively a solution to (1.5) is possibly not unique. In order to ensure
uniqueness we give an alternative definition of Heisenberg operators in Definition 3.10.

Let p and ¢ be the momentum and position operators respectively of an electron,

—

and 7 (f) = (A(f), Z(f)) the smeared electromagnetic field, i.e.,

()= [ ) (@)

—

Let p(t), q(t) and <7 (f,t) = (A(f,t), (f,t)) be the Heisenberg operators of p, ¢ and
< (f), respectively. We denote <7(f,t) by

A (f 1) = / F@) e (@, t)da.

Then formally the equations

x,t) = p(z,t) (1.7)

can be derived. Here p and J are the charge and the current density of the electron,

respectively, given by

ep(r —q(t)), (1.8)

(2,1)
I (el — a)®) + 5@ - a(t)) (1.9)

p
J(x,t)

Do

where e denotes the charge on an electron and 9(t) the velocity:

(0 = itt) = - (00 ¢ [ lert)etc — att)a:).
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It can be seen from (1.8) and (1.9) that the 4-current j = (p, J) = (%, j*, j2, j3) satisfies
the continuity equation
9"j, = 0. (1.10)

By this, together with (1.6) and (1.7), the kernel o7 (z,t) automatically satisfies that
the condition
00", (z,t) = 0. (1.11)

Equation (1.11) tells us that 0*.27, is a free field and hence formally, it can be described

in terms of some annihilation operator c¢(k) and the creation operator cf(k) by
ot (v,t) = / (c(k)e_i‘k‘tﬁk:c + cT(kJ)eilk‘t—ik””) dk. (1.12)

The term including the factor e~ in (1.12) is called the positive frequency part of
o"df,(r,t) and written as [0%.e7,)P)(x,t). On the other hand the negative frequency
part [0%.e7,]7)(z,t) is defined by the term including e***. As is mentioned above
the Lorentz condition (1.4) is not valid as an operator identity. We may demand that
some state ¥ should satisfy 0".#7,(x,t)¥ = 0. This is however too severe a condition
to demand, since [0*.e7,|P) (z,t)V + [0*e7,]7) (x,t)¥ = 0 and the negative frequency
part contains creation operators, so not even the vacuum could satisfy this identity.
However, since the positive frequency part contains the annihilation operator, we could

adopt the less demanding requirement
[0".27,] ) (2, 1) = 0. (1.13)

The state ¥ in (1.13) is called the physical state, and (1.13) is called the Gupta-Bleuler
subsidiary condition. The set of physical states is denoted by ¥,y and is called the
physical subspace. Moreover the Lorentz condition is realized as the expectation value

on the physical subspace:
(W[O*A, V) =0, Y E Ppnys.

In much of the physical literature little attention is paid to the existence of a
nontrivial physical subspace. The absence of a physical subspace was, however, recently
pointed out in [Suz07]. In this paper we want to derive sufficient conditions for the
existence of a physical subspace and characterize such a subspace in the NRQED

framework.
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1.2 Main results and plan of the paper

Our main concern in this paper is to develop the Gupta-Bleuler formalism for NRQED,
and to characterize the physical subspace rigorously. The physical subspace, however,
can be trivial because of the infrared singularity [Suz07]. The difficulty in construction
of the physical subspace of our system is due to the fact that Hi. is n-self-adjoint
but not self-adjoint on a Klein space. Therefore one cannot realize the solution of the
Heisenberg equation (1.5) as e/Htet of =it Hor

In this paper we introduce a dipole approximation to Hy, to reduce this difficulty.
Let H denote the Hamiltonian with a dipole approximation. Even so, although the
Hamiltonian H is n-self-adjoint, it is not yet self-adjoint. However, thanks to the dipole
approximation, we can construct the Heisenberg operators <% ( f, t) and o (f,t) exactly.
See Theorem 3.12.

On the other hand, there is a disadvantage in using the dipole approximation.
Unfortunately, with this approximation, the system does not conserve the 4-current

Jaip = (Pdip, Jthp). In fact, the 4-current in the dipole approximation turns out to be

pan(w,t) = (), (1.14)
Jawn(@,1) = 5 (0(@) (1) + T (Do () (1.15)
where
() = - (00— ¢ [ entreterie)
and

0" jaip,, # 0. (1.16)

Hence 0*.47, is not a free field in the sense of (1.11), and we lose the method of defining

the positive frequency part [8“424](”. Therefore, in the dipole approximation, the
physical subspace cannot be defined in the usual way.

Nevertheless the asymptotic field provides a tool for employing the Gupta-Bleuler

formalism. Decompose H with respect to the spectrum of the electron momentum:
®
H = / HpdP. (1.17)
R3

We shall generally consider Hp for an arbitrary fixed P € R® throughout this paper.

The main results of this paper are

(i) Asymptotic completeness of Hp based on the LSZ method (Theorem 4.3);
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(ii) Characterization of the physical subspace (Theorems 5.8 and 5.9) and the physical
Hilbert space (6.5);

(iii) Construction of the physical scattering operator (Theorem 6.4);

(iv) Construction of the physical self-adjoint Hamiltonian (Theorem 6.11).

(i) The explicit form of the Heisenberg operator with respect to Hp allows us to
construct the asymptotic fields @™/ ™(f,t, P) exactly and we prove the asymptotic
completeness in Theorem 4.3. As far as we know, the asymptotic completeness of
NRQED with the dipole approximation was proven initially by Arai [Ara83a, Ara83b]
but for the model without both a scalar and a longitudinal component. See also Spohn
[Sup97]. We extend this to our case.

(i) "™ (f,t,P) is a free field defined in terms of asymptotic annihilation and
creation operators, therefore so is O*.@7,; ut/ in( f,t, P). Therefore one can define the non-
trivial physical subspace ¥}, ;;1/;; associated with 9*.a7>""™ (£, ¢, P) by the Gupta-Bleuler
subsidiary condition

[0 ™M) (f 8, P)W = 0. (1.18)

. out/in out/in . " . e
We characterize ¥p - and prove that #p = is positive semi-definite in Theorem 5.8.

Moreover, in Theorem 5.9, we show that

out in
P,phys P,phys

which cannot occur in the case where the 4-current is conserved [Sun58, 1Z80]. The

physical subspace is decomposed as the direct sum: ”//];EECS = ”//F?Ut/ R V;ﬁlﬁn, where

”//If’ﬁtuﬁn is the null space with respect to an indefinite metric and the Hamiltonian leaves
it invariant. Then the physical Hilbert space is given as the quotient space

out/in . -out/in out/in
%,phys - %P,phys /7/P,ull :

See [KOT79, Nak72].
(iii) Next we determine the physical scattering operator. Consider the scattering

operator

Sp Iggiys - I;,rlphys
as a unitary operator; namely S p”f/ﬁ‘rﬁlys = ﬁf;hys. We can check that Sp leaves the
null space invariant and define the physical scattering operator Sppnys by

SP,phys [‘1]] out +— [SP \I’] in
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for [W]out/in € %”; g;/;: . It can be shown that this is also a unitary operator from ﬁgflys
to 35,y in Theorem 6.4.

(iv) It can be seen from Lemma 6.10 that

out/in ex
HP,phys - [HP IVD(HP)H,VPS,XphySP

ex
is a well defined operator on J57) ., where P denotes the projection onto ¥5*. We

call this the physical Hamiltonian. It is proven in Theorem 6.11 that H out/in

Pophys 18 & self-

adjoint operator on %If;i@; . Note that the physical Hamiltonian H;u;}/l;g is self-adjoint,
whereas our Hamiltonian Hp is not self-adjoint,

This paper is organized as follows. In Section 2 we define NRQED. In Section 3 we
present the explicit form of the Heisenberg operators. In Section 4 we construct the
asymptotic fields &7™"/™ (f,t, P) based on the LSZ formalism and define the scattering
operator Sp. In section 5 we define physical subspaces in an abstract way, and char-
acterize the physical subspace at time ¢ and for t = £o00. In Section 6 we define the

physical Hamiltonian on the quotient space %”Ifgg,f .

2 NRQED in the Lorentz gauge

2.1 Boson Fock space

We begin by defining elements of a Boson Fock space. The Boson Fock space over
the Hilbert space ©%L?*(R?) is given by the infinite direct sum of the n-fold symmetric
tensor product of &*L?(R3):

7 = F(' L(®) = P (@ (@4L2(R3))> . (2.1)

n=0 s
Here ®" denotes the symmetric tensor product and we set ®°(®1L?(R?)) = Cc. We

denote the scalar product on .% by

[e.9]

((I), \If)gz = Z(CI)(”), \I/(n))®n(@4L2(R3)) (22)

n=0
for U = {¥M}> and & = {®M™}> € .F, which is anti-linear in ® and linear in .
Then .# becomes a Hilbert space with scalar product given by (2.2).
The creation operator a*(F) : .% — % with a smeared function F' € ®*L?(R3) is
defined by
(a*(F)U)") = /i + 18, (Fo U™), n>0, (2.3)
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with domain

D(a"(F)) = {{‘I’}Z"o =

D+ 1)[|Spn (F e ¥™)|? < OO} )

n=0
where S,, denotes the symmetrizer defined by S, (F1®- - -®F,,) = (n!)™! > ores, Fry -+ ®
Fr(ny with S, the set of permutations of degree n. The annihilation operator a(F) is
defined by the adjoint of a*(F) with respect to the scalar product (2.2), i.e., a(F) =
(a*(F))". We can identify .F as

F 2T QFQFQF, (2.4)

where .7, = %, (L*(R?)), p = 0,1,2,3. Hereinafter we make this identification without
further notice, and under this identification we set
a(f,1) =a(f)@le0lal,
)= 1saneien
W)= o(r ) —1o1@af) @1,
a(f,0)=1212 1 a(f).

We also define a*(f, 1) in a similar manner and formally write

Ha0 = [Emmm, =

with the informal kernel a*(k).

) € Z denotes the Fock vacuum defined by Q = {1,0,0,...}. The Fock vacuum
is the unique vector such that a(f, u)¥ = 0 for all f € L*(R®) and u = 0,1,2,3. Let
Q, € #, be the Fock vacuum. Then = Q) ® {2, ® 23 ® () follows. The set of vectors

Fan = L.H. { [ (im0

i=1

fi € L*(R?), :o,1,2,3}

is called the finite particle subspace and it is dense in .%. The annihilation and creation

operators leave %5, invariant and satisfy the canonical commutation relations:

[a(f,,u),a*(g,l/)] :5uu(fag)v [aﬂ(f,u%aﬁ(ga’/)] :()7 M?V:O717273’ (25)

on 4.
Next we define the second quantization. Let %' (K) denote the set of contraction
operators on Hilbert space K. The functor ' : € (®?L*(R?)) — €(.F) is given by

ﬁa* F)Q = Ha TF,)Q

i=1
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and T'(T)Q = Q for T € €(®*L*(R?)), which is called the second quantization of T
Let
w(k) = |k|, keRr. (2.6)

The second quantization of the one-parameter multiplicative unitary group e on
L?(R?) induces the one-parameter unitary group {I'(®%e™")},cp on .Z. Its self-adjoint

generator is denoted by Hy, i.e.,
N(@te ™) = t R, (2.7)

and it is formally written as

Hy=>_ / w(k)a* (k, p)a(k, p)dk. (2.8)

u=0

Replacing w(k) with the multiplication by the identity 1 in (2.8), we define the number
operator N; of .%. Furthermore let

Ny = /a*(k:, 0)a(k,0)dk.
This is the number operator on .Z.

2.2 Indefinite metric

Let g be the 4 X 4 matrix g = (g,u)up=01,2,3 given by

L, p=v=0,
Guv = _17 :U’:V#O: (29)
0, p#v.

Now we introduce the indefinite-metric on .%. Let [g] be the linear operator induced

from the metric tensor g:

-1 0 0 O
0 —-1 0 O

dl=1 o o -1 ¢ | ®'LVE®) LR,
0 0 0 1

and define n : # — .Z by the second quantization of —[g], i.e.,

n:=T(=[g]) = (). (2.10)
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From the definition,
=1 (2.11)
By using 1 we introduce an indefinite metric on .% by

(V[@) := (¥, nP)5. (2.12)

In order to define the adjoint with respect to the indefinite metric (2.12) we introduce
the n-adjoint of a(f, u) by

a'(f, 1) = na*(f, . (2.13)
Then (¥]a’(f, n)®) = (a(f, 1) ¥|®) and
a'(f,n) = { _ZE}C{); Zig: b9 (2.14)

hold. Hence we have the commutation relations:

[a(f, 1), a (g, v)] = —guw(f.9),  [a'(f,1),al(g,v)] =0. (2.15)

Let us define the quantized radiation field <7, (f, z), x € R®, = 0,1,2, 3, for a test
function f € L*(R®). Let ¢/(k) € R®, k € R®, j = 1,2,3, be unit vectors such that
e3(k) = k/|k|, and let three vectors e!(k), e?(k) and e*(k) form a right-handed system
for each k € R?. We fix them. The quantized radiation field,

((f, ).~ (f.2), —aho(f.). —h(f.2)) = (o (F.0) S (fo0), (216)

smeared by the test function f € L?(R3) at time zero is defined by

JZZ(f,(f) %Zl dk euil(fli) (CLWk,])]g(lﬂ)e*ikx—l— (k j)f(—k)eikx),
H(f,7) = LZ dk :(k) (a!(k, 0) f (k)™ + a(h, 0) f(—k)e™)
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27/° is a scalar potential and o a vector potential. Conventionally the vector potential
of is decomposed as o = dt + o I where o/ is the transversal part and 7|l the
longitudinal part given by

1 _ 1 e’ (k) N —ika N F(— ) eike
A= 5 3 | s (@ DR etk ),

d(f, ot (k,3) f(k)e™™ + a(k, 3) f(—k)e“”) .

1 e3(k)
=7 7

Note that 377 | 0,9 (f, ) = 0. Set

) = A0, p=01,23 (217)
By the canonical commutation relations (2.5) and (2.15) we have
[Zu(f): u(9)] = —igu (. 9) (2.18)
and
[ (), Z(9)] = 0, [u(f), ()] = 0 (2.19)
for all f,g € L*(R3). It can also be seen that
[He,al (f, )] = al(wf, ), [H a(f,w)] = —a(wf, w), (2:20)
by which we have
(He, ()] = =i, (), [He, d,(f)] = i, (=Af). (2.21)

We introduce notions of n-self-adjointness and n-unitarity [Bog73] below.

Definition 2.1 (1) A densely defined linear operator X is n-self-adjoint if and only

ifnX*n=X.
(2) A densely defined linear operator X is n-unitary if and only if X is injective and

Xt =nX*n.

The next lemma immediately follows from the definition of n-self-adjointness.

Lemma 2.2 (1) X is n-self-adjoint if and only if nX is self-adjoint. (2) Let X be

n-self-adjoint. Then X is closed on D(X). (8) Let X be n-self-adjoint and nX is

essentially self-adjoint on D. Then D is a core of X.

For real-valued f, note that the closures of 27;(f,z) and szj(f, x), j = 1,2,3, are

self-adjoint and n-self-adjoint for each x € R®. However the closure of «%(f,z) and

,Q/O( f,x) for real-valued f are n-self-adjoint but not even symmetric. Moreover the free

Hamiltonian Hy is self-adjoint and n-self-adjoint.
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2.3 Definition of NRQED in the Lorentz gauge

The Hilbert space of our system consisting of one electron coupled with photons is

given by the tensor product of L?*(R3) and .Z:
H = LR F, (2.22)

where L*(R3) describes the state space of one electron and .# the photon field. The

full Hamiltonian of our system is defined by
1 - 2
i i= 5 - (p ®1— e (, -)) +1® Hr + el ® o (2.23)

for a given fixed test function ¢ on R® which satisfies some conditions mentioned later.
Let m > 0 and e € R denote the mass and charge of the electron, respectively, and p =
—iV, denote the momentum operator of the electron. Instead of this full Hamiltonian
in this paper we take the dipole approximation; namely we replace <7 (¢, ) in Hy by
1 ® o/ (p). We set

Ay = (). (2.24)

We make the following assumptions about ¢ throughout this paper.

Assumption 2.3 (Assumptions for n-self-adjointness). ¢/w,p/v/w,/wp € L*(R?)
and p(—k) = ¢(k).

Then our Hamiltonian is given by

1 22
H::—<p®1—61®,@7> F1® Hy+ el ® o (2.25)
2m
with domain
D(H):=D(-A®1)ND(1 ® Hy). (2.26)

Proposition 2.4 H is n-self-adjoint and nH 1is essentially self-adjoint on any core of
—A®14+1® H¢. In particular H is closed and an arbitrary core of —A® 1+ 1 & Hy

1s also a core of H.
Proof: Set H = H —el ® o). Let L=—-A® 1+ 1® H¢+ 1. Then we have

(LY, H'®) — (H'V, L®)| < C||L1/2(I’HHL1/2‘I’H



Physical state 13

for some constant C' by the fundamental inequality ||a*(f)¥| < C'||(H; + 1)/29|).
Thus by the Nelson commutator theorem, H' is self-adjoint on D(—A®1)ND(1® Hy).

We can also see that

Ineto®|| < C'(|(HD)>W | + || w]) (2.27)
and [H',n] = 0, which implies that
Ineto® || < C'(I(H)20]| + [|%]]) < ellnH" W[ + b ¥

for arbitrary € > 0. Since . is skew symmetric and {.#,n} = 0, we have (nH)* =
H*n D nH, which yields the result that nH is symmetric. Then we can see by the
Kato-Rellich theorem that nH is self-adjoint on D(—A®1)ND(1® H¢). This completes
the proof. qed

We divide # into a scalar part and a vector part. Let S8 = %y, T = F1 @
Fo @ F3 and H7, = L*(R?) @ Fr. Then S can be realized as the tensor product

of the scalar part and the vector part:
T = Ay, ® ). (2.28)

We use this identification without further notice through this paper. This identification

is inherited by the Hamiltonian H and we have
H=Hp,®1+1® H,, (2.29)
where Hry, is the vector component of H:
Hrp, = %(p@l—d@«@f)z%—l@HfTL (2.30)
defined on %y, = L*(R?) ® Zrr, and H, the scalar component:

Hy = edly + HY (2.31)

defined on 4. Here H!" denotes the free Hamiltonian in Fry:

HI" = Z/ a*(k, j)a k:]dk_Z/ a(k, j)dk

and HY in Zy:

HY = /w(k)a*(k,o)a(k,())dk = —/w(k;)aT(k,())a(k,o)dk.
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Proposition 2.5 (1) Hry, is self-adjoint on D(—A® 1) N D(1® HY) and essentially
self-adjoint on any core of —A®@ 1+ 1® HI. (2) Hy is n-self-adjoint on D(HY). In

particular Hy is closed on D(HY) and an arbitrary core of HY is also a core of Hy.

Proof: (1) has been proven in the proof of Proposition 2.4. By (2.27), nH, is self-adjoint
on D(HY). Hence the proof is complete. qed

3 Heisenberg equations

In this section we first diagonalize the total Hamiltonian by making use of a certain 7-
unitary operator, and solve the Heisenberg equation exactly. The first rigorous results
on the diagonalization of NRQED are in Arai [Ara83a, Ara83b|, where the electromag-
netic field is quantized with respect to the Coulomb gauge and then there is no scalar
potential 2% nor longitudinal potential /1.

In addition to Assumption 2.3, from now on we make the following assumption.

Assumption 3.1 We assume (1)-(5).
(1) fes [@(R)]* /w(k)*dk < oo,
(2) there exists € > 0 such that ||eT™@||o < 00,

(3) there exists a function p on [0,00) such that (k) = p(|k|),

(4) p(s) >0 fors #0,

(5) F(s) := p(\/5)*V/s € LP([0,00);ds) for some 1 < p, and there exists 0 < a < 1
such that |F(s + h) — F(s)| < K|h|* for all s and 0 < h < 1.

We explain Assumption 3.1.
(1) This condition is called the infrared regular condition, which is used to construct
n-unitary operators Vj in Section 3.1 and Up in Section 3.2.
(2) This ensures that [|wdlle < 00, [[VW@]leo < 00 and ||P]lec < 00. Then the
operators T and W introduced in Section 3.2 can be defined as bounded operators.
Furthermore we can construct the Heisenberg operators defined by Definition 3.10 by

(2), where we need analytic continuation of e~ with respect to t.

(3) This means that ¢ is rotation invariant.
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In Section 3.2 we introduce the function

D.(s) =m — §4w {lim AWDO Wdr F 2m’p(\/§)2\/§} (3.1)

e—0 s—r

and define

_ p(k)

 Di(w(k)?)

Conditions (4) and (5) are used to ensure that ) is well defined.
(4) This condition implies that the imaginary part of Dy is strictly positive for all

Q(k) (3.2)

s > 0, in particular it is non-zero except for s = 0.

(5) Note that
Fls)

|s—r|>er>0 S — T

HF(s) = (2mi) ' lim

e—0

dr

is the Hilbert transform of F'(s). By the Lipshitz condition (5) the real part of Dy is
also Lipshitz continuous with the same order o as F'(s) and belongs to LP(R). See e.g.,
[Tit36, p.145, THEOREM 106]. This yields the result that the real part of Di(s) — 0
as s — 00.

Thus (4) and (5), together with D, (0) > 0, ensure that there exists ¢ > 0 such that

|D(s)| >¢, Vs>0 (3.3)

and hence () is well defined.

Assumption (4), however, seems to be unusual. We note that, as mentioned above,
assumptions (4) and (5) are sufficient to allow the definition of Q. It is possible
to choose an alternative p so that ) is well defined. In particular, one can choose
p satisfying (5) but not (4). For example suppose that p(s) has compact support
|s| < N. Then in order to define @ it is enough to assume further that ReD, (s) =
m — (2me*)(2mi)HF (s) > 6 > 0 for all |s| > N — 1 for some § > 0. Notice that this

assumption is satisfied, because HF'(s) — 0 as s — oo and m > 0. We omit the detail.

3.1 Scalar potential

Let us begin by discussing the scalar part of the Hamiltonian. The scalar part Hy of

H can be easily diagonalized by an n-unitary (but not unitary) operator. Let

o (2 (o (£30) o (£0))). o
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This is unbounded n-unitary on .%,. It can be seen that the finite particle subspace

Fo.in of F( contains analytic vectors of V4. Then

1. (9 @ !
%@:Za(a (mo) +a(m,0>> v (3.5)
n=0

for ¥ € %) s,. By the commutation relations and (3.5), we have
(Ho®, Vo) = (@, Vo(H{ + Eo) V)
for ¥, ® € % s, where ,
By = 2|/l (3.6)
Thus VoW € D(H,) and HoVoW = Vo(H? + Eo)¥; furthermore Hy VoW € D(V; ™). Then

we have

Vo 'HoVo = Hy + Eq (3.7)

on Zo g Since F gy is a core of HY, we have

Vo "HoVo[ 76, = Hf + Eo (3.8)

on D(HY). From (3.7), we can see that V) is an eigenvector of Hy associated with

eigenvalue Fjy:

HoVyQo = EqVo. (3.9)
Define
7,0) = alf,0) = (2%, 1), (3.10)
(1,0) = al(,0) = 25/, ). (3.11)
These operators satisfy the canonical commutation relations:
[b(£,0),6'(9,0)] = —=(f,9), [b(f,0),b(g,0)] = 0= [b'(f,0),b'(g,0)] (3.12)
and
[Ho, b(f,0)) = 0" (wf,0),  [Ho,b(f.0)] = —b(wf,0). (3.13)
Thus the quadruple
(Fo, Vo, {b'(,0),b(f,0)|f € L*(R*)}, Ho) (3.14)

corresponds to the free case (Fy, Q, {a(f,0),a*(f,0)|f € L*(R*)}, HY), but Hy is not

self-adjoint.
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3.2 Vector potential

In this subsection we investigate the vector part Hryy, of H. Hryy, is quadratic and can
also be diagonalized by a Bogoliubov transformation.

Hry, is self-adjoint on D(—A ® 1) N D(1 ® H) and essentially self-adjoint on any
core of (—1/2)A® 1+ 1® H;. This can be proven by virtue of the Nelson commutator
theorem as stated in the proof of Lemma 2.4. Since Hyy, commutes with p;, j = 1,2, 3,

Hry, and %71, are decomposable with respect to the spectrum of p; and are given by

®
Hr1, = / 11, pdP
R3
and
o
Hrr, :/ Hry, pdP,
RS
where 7, p = Zr1, and Hrp, p is the self-adjoint operator on %1y, given by

1 5
Hryp = %(P — el )? + HfTL, P e Rr3. (3.15)

The fiber Hamiltonian Hry, p is, indeed, self-adjoint on D(H[) for all (P e) € R? x R
and bounded from below. In the similar way as Proposition 2.4 this can also be
proven by virtue of the Nelson commutator theorem with the conjugate operator L
replaced by Ntp, + 1, where Npp, denotes the number operator on Z1;,. Now for

each (P,e) € R® X R, let us construct a quadruple (3.16) relevant to the free case
(ﬁTLyQTLv {a(f7.])aa'*(f7])|f S LQ(R3>7J - ]-a 273}>H?L):

(}\TL) QTL,P) {bP<f7.7>? b;‘(faj)‘f € L2<R3>7j = 17 27 3}7 HTL,P) (316)
such that
(1) bp(f,7j) and b}(g, 7) satisfy the canonical commutation relations,

[bP(f7.])7b};(gvl>] = 6ij(f_7 g)? [bp(f,]),bp(Q,Zﬂ =0= [b}(f7.]>7b};(g72>]7

(2) [Hrvp,bp(f,))] = —bp(wf,j) and [Hyy,p, bp(f,5)] = bp(wf, ),

(3) Qrp,p is the unique vector such that bp(f,7)Qrr, p = 0 and is the ground state of

Hry, p.
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From (1) to (3) above we will be able to infer the unitary equivalences: Qrp p = €,
bgg(f,j) >~ of(f) and Hryy, p & H"+ E1,(P) for each P, where Erp,(P) = inf Sp(Hry, p)
is given explicitly.

In order to construct bﬁj we make explicit the relationship between af and o Tt
can be seen that the creation operator and the annihilation operator can be expressed

as

where (f) = o (f) and 7 (g) = #(§), and f(k) = f(—k). Note that f —
Modifying the right-hand side of (3.17) and (3.18), we can construct b* in (3.16

- 7 ,
6.10) = || e T

. Let

e > 0.

Then G, is bounded and skew-symmetric on L*(R*). Moreover the strong limit G :=

lim, |y G, exists as a bounded skew-symmetric operator.
Let

D(z) :=m — é? /]R3 %dk, (3.19)

which is analytic on C\ [0, 00). Let Dy(s) := lim, o D(s=%i€) for s € [0, 00); then we see
that |Di(s)| > ¢ for some ¢ > 0 by (4) and (5) of Assumption 3.1. See (3.3) and (3.1)
for the explicit form of Dy. Then we can define Q(k) := ¢(k)/D(w(k)?). Operator
T : L*(R*) — L*(R®) is given by

Tf = f+ 2QVwGvwdf. (3.20)
Since G is skew-symmetric, we have T*f = f — €24 /wG/wQf.
Lemma 3.2 T satisfies the following algebraic relations:

(1) T is unitary on L*(R3) and bounded on L*(R3,w"dk), n = &1;

- 4 A
(2) T EQ = where meg := D(0) = m + €2||p/wl|?;

(3) W T*)f = —e*(Q. f)g, W Tf = +e*(&, £)Q;
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(4) To =mQ.
Proof: This is a slight modification of [Ara83a, Ara83b]. We omit the proof. qed

Now, for f € L*(R?), we define
l.
b (1) = ( (e o) + isf(Td ) = P (w—/Qf>) (321)

b}<f7 l) =

Sl -
zmwzmw

( (T ) = isf)(Te =) - P<w/Qf>> (322)

and set b(F) := 30 bH(F}, 1) for F € G3LA(R®).

Lemma 3.3 It follows that (bp(f, 7)) = bs(f,7), and the commutation relations below
hold:

[HTL,Pa bP(faj)] = _bP(wf7j)7 [HTLJD? b*P(fm])] = b};(wfaj) (324>

Proof: By the definition of bga we have

bp(f,J) =

=1

3
<a*(w"'j £8)+a(WY f,0)+ > (R, f)) ,

M- M-

3
<a*<v‘vf Foi) + a(Wf,i) + S (R, f)) ,

=1

bp(f.) =

i=1

_ — 1 €Q
— j L G
WhereXf—Xf,Ll—e\/§ 372

and Wy, : L(R%) — L*(R®) is defined by

3

o

Then W, = (Wf )
below. Let

l<ii<s @3L*(R3) — ®3L*(R?) has the symplectic structure (3.26)

2 2

[W I/;/J Plae’L*®)] — Ple*L* (&%) (3.25)
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Using (4) and (5) of Lemma 3.2, it can be determined that W satisfies

W JW = WJW* = J, (3.26)

B 1) DR
R

This is equivalent to (3.23). Next we show (3.24). Note that

L (0 R 7 I
[%J)P(fal)] = _mﬁ (ﬁaf) ) [%J)P(fal)] - +mﬁ (ﬁaf) ) jal - 172737

where

and
(Heobe(£.1)] = %Z (- (e s ) —ish (rean) )
[He, bp(f.1)] = %Z (szf; ( ST ) ~id (T*éémf)) |

Then we have
[Hrw.p, bp(f,1)]
—CS B b+ 3 i bl D]+ [, b1, 1)
> e 1 63@ e? 1 eéQ
-y <_Epj—2<—m> (W,f> + () <ﬁ,f>
1

(aeref) virsen)
5 (s (o) on (1)

7=1
= —bp (wfa l)
Here we used the fact that w?T*el—f = T*e l\/_wf —é? el-_Q f @ See (2) of
\/_ vw' )
Lemma 3.2. Then (3.24) follows. qed

Lemma 3.4 There exists a unitary operator Up : Fry, — Fr1, such that

Up'bi(f,0)Up = d*(f,5), f € L*(®). (3.27)
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Proof: Since W_ is a Hilbert-Schmidt operator on @*L?*(R?), there exists a canonical
linear transformation U (W) associated with W [Rui78] such that for F' = (Fy, Fy, F3) €
@3LA(R3), U(W)'B*(F)U(W) = a*(F), where

{Bwq _ [z?_l S0 (WP i)+ a* (WO F, i)

“(F) 2321 23:1 (G(WUFw i) +a’ (WUFM ))
Since
{bp(F)} _ { (F )] S Ez (R, Fy)
bp(F)| (B (F)] |3 Sl (RL )|
we see that

Up := S(P)U(W) (3.28)

satisfies (3.27), where S(P) is the unitary operator given by

S(P) :=exp (%;; -

P €;p . el
()0 () o

Hence the lemma is complete. qed

Let
QTL,P = UpQlry, € igZTL, (330)

where O, = Q21 @ Ny, ® O3 € ﬂTL.

Lemma 3.5 (1) It follows that Up maps D(H{") onto D(Hry p)(= D(H{Y)) and
Up'Hry pUp = H'Y + By (P), (3.31)
where
L e B[O/ A
T BN EYV I

(2) Qr1 p is the unique ground state of Hry, p. (3) QrL.p is the unique vector such that
bP(fa])‘;[l = 0; j = 172737 fOT all f € Lz(Rg)'

ETL(P) =

ds. (3.32)

Proof: (3.32) is a minor modification of [HS01]. Suppose that bp(f,7)¥ = 0 for all
f € L*R?) and j = 1,2,3. Then we have Upa(f,)Up'¥ = 0 and Up'¥ = aQry,
a € C. Hence (3) follows. By the commutation relation [Hry, p, bp(f,j)] = —bp(wf, j)
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we can see that bp(f, 7)etH TP Qpy, p = etHrLrpp(e™ f §)Qr, p = 0 for all f € L*(R3?).

Then there exists a real number ¢ such that e™.rUpQrp, = €“Qrp, p and

UgleitHTL'PUP H a*(f;, ji)Qrr, = € H a*(e™ fi, ;) rL.-
i=1 i=1

Since the linear hull of H?Zl a*(fi, 7:)QrL is dense in Fp,,

U;leitHTL’P UP — eit(H;FLJrc)

and ¢ = B, (P) follows. Then (1) is valid. (2) follows from (1). qged

3.3 Total Hamiltonian

In the previous sections we diagonalized Hry, p and Hy. Thus we can also diagonalize

the total Hamiltonian. Define
HP = HTL,P®1+1®HO (333)

with domain

D(Hp) = D(Hy) (3.34)
for P € R? on & = P, ® ..

Proposition 3.6 Hp is n-self-adjoint. In particular Hp s closed and an arbitrary

core of Hy is also a core of Hp.

Proof: The proof is similar to that of Proposition 2.4. qed

We have already shown that Hp can be diagonalized by making use of the n-unitary

Up ® V. We summarize with a proposition. Let
‘pr = QTL,p X ‘/OQO (335)

Proposition 3.7 It follows that

(Up @ Vo) 'Hp(Up @ Vo) [ p(rrriye s e = (Hi -+ Ern(P)) @ 1+ 1@ (Hf + Ey). (3.36)

Moreover
HP\I’p - (EO + ETL(P))\IJP (337)
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Proof: On D(H{) @ % gy it follows that
(Up @ Vo) "Hp(Up ® Vg) = (H{™ + ErL(P)) @ 1 + 1@ (Hf + Ep). (3.38)

Since D(H{M™) ® Z sy is a core of the right hand side of (3.38), the proposition follows.
qed

Remark 3.8 The operator Up ® Vg is n-unitary.

Next we will indicate the diagonalization of Hamiltonian H. Note that

52
H = (/ HTL,PdP) ®1+1® H.
R3

Define the n-unitary operator by

@
U = (/ Upd}?)@%ZU(—iV)@Vo:,%”—n%”. (3.39)
R

3

Thus we have the proposition.

Proposition 3.9 % is n-unitary on 7 and

1 3 [ _es9/(s* +w?)|

U YHU Fo g = — AR1I+1QHi+— ds—+Ej.
T o fwmr el
(3.40)

Proof: It can be seen that
U(—iV) ' Ho U(—iV) = HF'" + Ep(—iV). (3.41)

Then by (3.7)

U YHWU = B, (—iV)® 1+ 1® Hy + Ey (3.42)

follows on D(Hrr,) ® Fogin. Since D(Hrr,) ® o gy is the core of the right hand side of
(3.42), the proposition follows. qed



24 Physical state

3.4 Heisenberg operators

In this section we construct a Heisenberg operator X (¢) as a solution to the Heisenberg
equation
d

XM =iH X)), X(0)=X, (3.43)

where we notice that H is not self-adjoint but n-self-adjoint. In particular the solution
to (3.43) cannot always be expressed as e X (0)e~"H. So care is required in defining
the Heisenberg operator associated with the non-self-adjoint operator H.
Set
Hy =S RHDF o, (3.44)

where & denotes the algebraic tensor product and

Z4 = L.H. { [ (im0

i=1

fie SR, u; =0,1,2,3,i=1,--- ,n,n> 1}.

The dense subspace 77 is useful to study algebraic computations of operators, since
Hy C D(H") for all n > 1.

Definition 3.10 (Heisenberg operators) X (t), t € R, is called the Heisenberg op-
erator associated with H with the initial condition X (0) = X if and only if

(1) For eacht € R, X(t) is closed and .y is its core.

(2) For each W, ® € 5y, Hb € D(X(t)) and (V| X (t)®) is differentiable with

d :

S (TX(O)2) =i (HY|X(1)2) — (YX()HD)).

(8) For each ¥, ® € 5y, the function (V|X(-)®) on R can be analytically contin-
ued to some domain O C C, which is also denoted by (V|X(z)®) for z € 0.

Furthermore, for alln > 1, H"® € D(X) and
dn

don

(V[X(2)®)

= i"(V|ad"(H) X ®),

z=0
where (V]ad"(H)X®) is defined by

n

(U)ad™(H)X®) =Y -

n! (
I — i)
= M=)

)" HMU|XHI®), U, € Hy.
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(2) of Definition 3.10 is a realization of the Heisenberg equation (3.43) in the weak
sense. (3) ensures the uniqueness of the Heisenberg operator. See [Suz08| for the
detail.

Now let us consider the Heisenberg operators with the initial conditions X =
p,q,A,(f) and %(f), where p = —iV and ¢ = x. Define the operator b*(f,j) on
A = [*(R?) @ Fy, by b(f, j) with P € R? replaced by p, i.e.,

1 o 1 gy ee;Q
22( (T*e \/_f)+uzf(T 7) p3<w3/2,f)> (3.45)

J

= (@) - () v () e

Jj=1

Define the operators <7(f, ), ,ij(f, t), (f,t), %(f, t), pj(t) and ¢;(t), j = 1,2,3, by

1 < TR . 1 -
(i) == (b* (ewt—wei-T f, l) +0 (e“‘”fﬁeng, z)

e 95 1w f —1tw f:
A (f,t) = % <a* (e”“ wf, O) —a (e_”w\/c_uf, O))
_% (%’ eztwf itwf:') ’ (3 50)
pi(t) = pj, (3.51)
t et e
) =0y + = (14 -l )

+e—z{b*< wt_1)el gz,z) —b((e—iwt—ng ?/2,1)}.(3.52)

Remark 3.11 All the operators above are defined on # = L*(R3) @ %, but we omit

the tensor notation ® for notational convenience. For example we used p; for p; ® 1
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and a*(f) for 1 @ a*(f), etc.

Since the operators <7 (f,t)[ ., Zi(f,) [, Go(f,t) ey, G(f,t) [, 2i(t)[ 2, and
q;(t)[ », are closable, we denote their closed extensions simply by @ (f,t), < (f,t),
2 (f, 1), Ay (f, t), p;(t) and g;(t), respectively.

Theorem 3.12 Let f € CO(R?). Then o,(f,t) (resp. ,(f,t), p(t), q(t)) is the
Heisenberg operator associated with H with the initial condition <,(f,0) = ,(f)

(resp. ,(f.0) = <,(f), p(0) = p, ¢(0) = q).

The heuristic idea of the proof of Theorem 3.12 is as follows. We note that .27y commutes
with Hry, and &7, p, ¢ commute with Hy. So the informal solutions to the Heisenberg
equation (3.43) for the initial condition X = g, p, < (f) and .<7;(f) are given by

a}(t> — eitHTque*itHTL’ p](t) — eitHTijefitHTL (353)

and

T (fot) = ML (F)e I o (f1) = (L G (f)em it (3.54)

for j = 1,2, 3, respectively.

Moreover since %(f) and Hpp commute, in order to construct the Heisenberg
operators with initial conditions #(f) and o(f), it is enough to find the Heisenberg
operators sz%;(f, t) and <7, (f,t) associated with Hy instead of H:

d ] d ] -~
E 0(f7t> :Z[Hm%(f?t)]? E%O(fvw :Z{H079Q{0<fvt)]‘ (355)

—~

We will show that Z,(f,t) = (f,t), &u(f,t) = Gu(£,8), By(t) = py(t) and G(t) =
¢;(t) on % and prove that they are the Heisenberg operators.

Proof of Theorem 3.12

By the assumption f € C5°(R3) and (2) of Assumption 3.1, [|e™@||o < 00, it is im-
mediate that (HU|<,(f,t)®) (resp. (HVU|o,(f,t)®), (HU|p;(t)®) and (HT|q;(t)®))
can be analytically continued to some domain with respect to t. So it is enough to
check (2) of Definition 3.10.

We see directly that (3.49) and (3.50) satisfy the Heisenberg equation (3.43).
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Next we examine (3.47) and (3.48). The vector potentials .7 (f) and .7 (f) can be

expressed by means of b} and bp. In fact direct computation shows that

1 N ' o f
o T ) e )
(3.56)
Ry — s (L omo i) e (it
%U)—\@ZXﬁ<ﬁﬂan b (it} ). (357)
Note that
L b (f, )R = by L, ), SRR, fle L by (e,

Then &(f,t, P) = e®Hrur o ( f)e TP is given by

% f
—er (W’%) . (358)

Thus (3.47) satisfies the Heisenberg equation (3.43).
Finally we analyze (3.51) and (3.52). By the dipole approximation, p and e

itHrr,

itHrr,

commute. Then eHTLp; e~ = p;. Thus it is trivial to see that p; is the Heisenberg

operator. We see that
¢
()Y = / e Hopy, qile” 7™ Wds + ¢; @
0
1 [t .
= —/ etsHrL (pj — eengj)e’”HTL\I/ds +q; ¥
mJo
t e [*
= VgV —— ; (¢, s)Wds.
By (3.47) we can compute < [' (¢, s)¥ds as

e t
< [ et spvas

.3 ~ )
— EL * twt l Q —iwt l Q i €
=5 > {b ((e — 1)ejw3/2’l> —b ((e — 1)ej_w3/2’l>} + e

Then (3.52) satisfies the Heisenberg equation (3.43). qed
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We utilize (3.53)-(3.55), Maxwell’s equations and Newton’s equation of motion for
NRQED. For all f € ./ (R?),

—

S0 - s = [ T

dt?
) = B 8) = [ plat) sy
and P .
() = —eclp.1),
where
J(@,1) = 5= (p@)(p(t) = e/, 1)) + (1) — e (0,))0(2))
pla,t) = ep(z).

4 LSZ formalism and asymptotic completeness

We shall construct the asymptotic field ap , (f, ) by the LSZ method in this section.
Let

3

apy(f.) =1 _(A(fi7t,P)— aA(f7t.P), j=123, (4.1)

=1

aP,t(fa O) = i(%(fto’ t) - %(ftov t))? (42)

for f € L?*(R?), where both «%(f,t) and %(f, t) are regarded as operators in %,
M(f’ L, P) = eitHTL’PJZ{l(f>eiitHTL’P7 'dl(fa t, P) = eitHTL’PJZ%(f>€7itHTL7P and

ff:F—l(j;%f), Lik) = F! (e\;;t_:é{f), i=123 (43

. itw L +itw
fo=pt (wj%f>, Li(g) = FL (mi/%ég ) (4.4)

and F~! denotes the inverse Fourier transformation of L?(R?). We also set

o (CLP,t(fa ))* ’ -
@Jfrv,t(f’ )= { — (aP,t(}fa O))*’ 'Z

From the expression of (3.17) and (3.18) it can be seen that

ape(h, ) = €Hr e 1 g, )t ¢ty (4.5)
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for j =1,2,3 and

a0 = al£.0) = = (550 =) (1.6)

From (4.6), the strong limit of agg’t( f,0) as t — 400 is easily obtained. In order to
have an explicit form for a%D’t(h, J), j = 1,2,3, it is enough to obtain explicit forms
for <7 (f,t) and <7 (f,t). Fortunately this can be done using (3.47) and (3.48). In the
next lemma we show that the strong limits of a;t( f, 1) can be represented by b%;( fip)
defined in (3.10),(3.11), (3.21) and (3.22).

Lemma 4.1 Let V € %5,. Then the strong limits

apout/in(h, )V =5 — tliimoo apt(h, p)v, (4.7)
Ayt fin(Bs ) = s = lim_a (b, 1) ¥ (4.8)
exist where "out”, 7in” stand for t — +oo, t — —oo respectively, and are given
explicitly by
apin(h, j) = bp(h, j), (4.9)
ahin (B, 5) = bp(h, ), (4.10)
3
apout(h,j) =Y _bp(LVh,i), (4.11)
i?
b o (B §) Zb’;, (L7, ) (4.12)
apout(h,0) = b(h, 0) = api(h,0), (4.13)
Aot (B, 0) = 0F(h, 0) = a?,in(h, 0), (4.14)
where Lih = §;;h —ine*Q@w Y, eilelh] and [f)(k) := [y f(|k|S)dS, dS = sinfdfdg,

0<#<2m,0< o<

Proof: The proof is parallel with [Ara83b]. (4.13) and (4.14) can be proven by the
Riemann-Lebesgue lemma. We shall prove (4.9)-(4.12). By Theorem 3.12 we have

3
ZZ (W ¢, PY — e (R t, P))
=

= Z (b}(e_it“(Wii)*e+itwﬁ, i)+ bp(e_it‘”(Wii)*eJrit“’fL, z)) + const.

=1
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Since we can see that W7' is an integral operator with kernel in L?(R® x R?), it is a
Hilbert-Schmidt operator. Then ||(W7)*e™h| — 0 ast — +oo. Hence b (e~ (W/')*ewh, i) —
0ast — =+oo. Next we shall estimate bp (e~ (W/*)*eh, 7). Let X;;(t) = e« (W) eitwh,
Then

d i~ .
_ij(t) _ _Ze—ztw i |: T\/_+\/_T_:| 6] ztwh
dt 2 P TVw Vw
S .
_ 7 €_itw€“w2,T]€g€%wh
=1
a2 3 itw i J —itw 2 a2
S PR < %) = oy(t)
— Vw Vw
Then
_Z'GQ t
X(0) = W0y = [ dsayts.). (1.15)
0
Since 4 h || < const./s? the integral of the right-hand side of (4.15) as

\/E
t — oo is well defined. First we investigate the case t — —oo. Then
_je2 [T

- / ds@ij<57 k)

2 o

i@Q ds/dk/ —is(w(k)—w(k’ +ze)el(k)@{(k’)@(k)@(k/)h(k/)

= — hm
Vw(k)y/w(k)

610

:_i N AR (R)QR)H)A(K)
20 (k) — w(k) + i) Jw(k) yw k)
A [ @)+ w()eiR)el (F)QU)S(K ()

i (w(k)? — w(k)? +ie)/w(k)\/w(k)

—(WE)*h(k) + b;5h(k).

Hence lim;_._ o X;;(t)h = 0;;h and (4.9), i.e., ain(h, j) = bp(h, j) follows. Next we show
that
lim X;;(t)h = 6;;h — ie%r@gbwei[heé-]. (4.16)

t—4o00
We have

;52

lim X,;(t)h = (WH)*h + ;6/ dsoii(s,") = ”/ ds0ii(s,) + 6.
; )

t—-+o0 2 o)
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Since, by the Fourier transformation, we have

. 3
—Ze —’LSW ZQ st(p .9 R i ]
E Jh | ds = —ie*mQpw E e;lhef],
/ ( \/C—u ) £ l[ l]

(4.16) and then (4.11) follows. (4.12) is similarly proven. Then the proof is complete.

qed

In what follows ”ex” stands for ”out” or ”in”. Next we consider the asymptotic field
Z & and construct the scattering operator S connecting .Z1 and .#2". We denote by

F btn = Fpan the linear hull of the set

{Ha})’ex(hh/}éi)quyqu hl € y(R?)),ILL,L = O, 1,2,3, 1= 1, e, N Z 1}
=1

and by Zp* the closure of #5%, in #. In the next lemma, commutation relations are
established.

Lemma 4.2 The following commutation relations hold for Fp,

[apex(Bs 1), @ (9, )] = =g (R, g), (4.17)
[apex(hy 1), apex(9,v)] = 0 = [a} o (h, 1), b (9. 7)), (4.18)
[Hp, apex(h, p)] = —apex(wh, p), (4.19)
[Hp, by o (h, 1)) = a} o (Wh, 1) (4.20)

and apex(h, 1) ¥p =0 for all h € L*(R?).

Proof: (4.19) and (4.20) follow directly from the commutation relations between Hp
and b*. The commutation relations in (4.17) for 4 = 0 or v = 0 are obtained by
direct computation. Other commutation relations can be proven by apex(h,j) =

. . _ TL . o .
iyt apy(h, j) = ePHTLP = HHE g ( §) it " e=itHTL P and a limiting argument. ged

We constructed the quadruple
(Z5 Hp, {ape(h, 1), abo (b, p)|h € LA(R)}, Wp) (4.21)
relevant to (3.16), including the scalar potential.

Theorem 4.3 (Asymptotic completeness) It follows that F8 = Fp* = F.
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Proof: Let

n
‘gzg(ﬁn,TL = {H aJer,ex(hhji)QTL,P: Qrrp

=1

hic S(R?),5;=1,2,3,i=1,---n, nZl}

and

n
ﬁgl);o - {Ha;ex(hho)vme %QO hz € y(R?))? L= 17 n,n 2 1} |
i=1
Since F 55, = F Sin L@ Fx o, we need only prove that Zg5, 1y, (resp. FgX ) is dense

in Zrp, (resp. Fy). We assume that there exists a vector ® € %1y, such that

(H aTP,in(hhji)QTL,P? qD) =0

i=1

for all h; and j; = 1,2,3. By Lemma 4.1 and the relations Uy 'b*(f, /)Up = a*(f, j), we

have
(H a*<hi,ji>QTL,U;1<1>> =0

i=1
for all h; and j; = 1,2,3. Thus ® = 0, which yields that .#p}, 1 is dense in Fry.
Similarly, suppose that ([];_, a},}out(hi, 7). p, ®) = 0 for all h; and j; = 1,2,3. Then
we have , .
> (H aT(Elijihi,li)QTL,U;@) = 0. (4.22)
i1yin=1 \i=1
Let L = (LY), ;3 @ L*(R’) — @©’L*(R?). We note that, as a consequence, L =
limy 0o e”™Wie™ . From the symplectic structure W*JW = WJw* = J, it fol-
lows that WiW, — W*W_ = 1. In particular it follows that e ™WiW e =
e MWW _e™ + 1. Thus
LL* = lim e ™WiW,e™ =1,

t——+o0

since e "IV *W_e" vanishes as t — £oo. Then L has an inverse as an operator from
@3 L*(R?) to itself and the linear hull of vectors of the form []}_, a'(Lf;)Qrr, is dense
in Zrr. Hence (4.22) implies that ® = 0 and F 3, 1y, is dense in Fr..

We prove that g}  is dense in F. Denoting by Fg, o the linear hull of the set

{Hb*(hi,O)VOQO,VOQO hie Z(R®), i=1,---n, n> 1} ,
i=1
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by Lemma 4.1, we have .0 = Fg) ), and hence we need only prove that F, is

dense in .%,. Setting

Dy = {HaT(hz’,O)Qo,Qo h; € fﬂ(R?’)’ i=1,---n, n> 1}’
=1

we have the result that the linear hull of Dy is dense in .%;. Let

o e () +(229)

Then we observe that Uy is unitary and that

3/2H2

VE)QO = 662/2‘|¢/w U()Q(). (423)

We shall prove Dy C U,y ' Fn o by induction. It is clear from (4.23) that Qg € Uy ' Fgno-
Assume that [, af(hi,0)Q € Uy ' Fano. Then we have

n+1

H CL]L (h“ O)QO

i=1

= (B (hns1,0) = €@/, b)) TT 0" (s, 00 + (/™2 i) T ! (i, 0)2
i=1 =1

= Uy "0 (hnyer, 0)Uo [ [ @ (i, 0)2 + e(@/w™?, hir) [ [ @' (i, 0)22.
=1 =1

It follows that [[/* at(hs,0)Q0 € Uy ' Fpno and we have the desired result. qed

Let Sp : Zg" — Z1 be defined by
SPHaJrP,out(fi7Mi)\DP = Ha}),in(f%:ui)‘llp' (424)
i=1 i=1

Then ||Sp®@|| = ||®|| for ® € F* follows from (4.13) and (4.14) in Lemma 4.1 and the
commutation relations (4.17) and (4.18) in Lemma 4.2. Thus Sp can be extended to a

unitary operator from Zg" to Z%. Sp is called the scattering operator.
Theorem 4.4 Sp is unitary and n-unitary, i.e., Sp = Sp' = S};.

Proof: The unitarity of Sp is already proven. [Sp,n] = 0 implies that Sp is n-unitary.
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5 Physical subspace

5.1 Abstract setting

We begin with an abstract version of physical subspace. Let K be a Klein space with
a metric (-|-). For a densely defined linear operator X on K, we denote by X' the
adjoint of X with respect to (:|-). We denote the set of densely defined operators on
K by €(K).

Definition 5.1 The map F : /(R*) — € (K) is called an operator valued distribution

if and only if there exists a dense subspace D such that
(1) Flaf + B9)¥ = (aF(f) + BF(g))¥ for a, B €C, f,q € #(R) and ¥ € D;
(2) the map % (R3) > f s (V|F(f)®) is a tempered distribution for ¥, ® € D.

Definition 5.2 Let B = {B(-,t) }ier be a family of operator valued distributions. This
family is in class 2(K) if and only if

(1) there erists a dense subspace Dy in K such that, for allt € R and f € (R3),
DB - D(B(f7 t)) N D(B<f7 t)T) and B(fv t)”DB = B(fa t)|'DB7.

(2) for each W € Dg, B(f,t)V is strongly differentiable in t and its derivative, de-
noted by B(f,t)¥, is continuous in t.

By Definition 5.2, {B(-,t)}ier € Z(K) implies that B(-,t) is also an operator-valued
distribution which satisfies (1) of Definition 5.2 with B replaced by B. We now provide

an abstract definition of a free field .

Definition 5.3 A family of operator valued distributions {B(-,t) }ier € 2(K) is called
a free field if and only if B(f,t)V is strongly two-times differentiable in t and

d2
T BULOY = BAS, )T =0 (5.1)

holds for all f € #(R®) and ¥ € Dg. The set of free fields is denoted by Dieo(K).

Further to introducing the Gupta-Bleuler subsidiary condition, the positive fre-
quency part of it has to be defined. Let {B(+,t)}ier € Z(K). Then one can automati-
cally construct a free field from B(-,t), as described below. Define

cilg) =1 (B(905) — Blinrs)) (5.2)
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where g, and g, are defined by

gs = F (iﬁi&)) y o gs =095 = F! (i§€i8w> : (53)

2w

Note that in (5.2)

B(gs,5) = B(f,)[ y=g.-
Set cl(h) = (Cs(f_l>)T. Let us define the operator F(f,s,t): K — K for f € . (R3) and
s,t € R, by )

F(f,s,t):= cs (e‘m’f) +cf (e““’f) . (5.4)
It can be proven that for each s € R, {F(+, $,t) }ter € Phvee(K). Then we can define the
family of maps ©,, s € R,

Os: 2(K) = Dhee(K), {B(,t) hier — {F (-, 8,t) }ier-

In particular © leaves Zeo(K) invariant. In the next lemma a stronger statement is
established.

Lemma 5.4 Let B={B(-,t)}ier € 9. Then
(1) B(f,t) = F(f,t,t) holds for all f € #(R®) and t € R;

(2) If, in addition, we assume that B € Dge(K) and that for each ¥ € Pp, there

exists a continuous semi-norm Cy on . (R3) such that
sup | B(f, )| +sup | B(f,1)¥|| < Cu(f). (5.5)
teR teR
then cs(h) (resp. cl(h)) is independent of s € R and
B(f.t) = c(e™f) + el (e™f).
holds. Here we set ¢, = ¢ and ¢l = .

Proof: We have

it 5 . . efi(tfs)w . efi(tfs)w
cs(e f,t):z(B< " f,s) —@B( 5 f,s)) ,
o . i(t—s)w i(t—s)w
cle™f t)=—i (B <e 5 f,s)—l—z'B (e 5 f,s)).
w
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Together with (5.4) we have (1). Let us fix arbitrarily W, ® € Dy and define the
function S(s) by B(s) = (®|cs(h)¥). Under the assumption of (2), we have

%5(8) =i <<I>‘ (B(Ags, s) — B(02gs, 5)) \1/> —0

Hence, by the arbitrariness of U € Dpg, we obtain the desired results. qed

By virtue of the above lemma, we introduce the definition of the positive (resp.

negative) frequency part of a given family in the class 2(K).

Definition 5.5 (Positive frequency part and physical subspace) )
(1) Let {B(-,t)}ter € Piee(K) and (5.5) be satisfied. Then we call c(e™™ f) (resp.
cT(eitwf)) the positive (resp. negative) frequency part of B(f,t) and denote it by

BO(f8) i= cle ™ f),  (resp.BO(f,t) = (€™ ). (5.6)

(2) Let B = {B(-,t)}ter € 2(K) and ci(h) be defined by (5.2). For each t € R, we
define the physical subspace ¥ by

V= {V € Dplc,(h)¥ =0, h € .Z(R*)}. (5.7)

Remark 5.6 In the abstract setting the physical subspace ¥ depends on time t. The
physical subspace associated with free fields is, however, independent of t. More pre-
cisely, assume that {B(-,t)}ier € Dhee(K) and (5.5) is satisfied. Then ¥ = ¥ is
independent of t € R.

5.2 Physical subspace at time ¢

We return to NRQED. Applying the abstract theory explained in the previous section,
we shall construct a physical subspace at time ¢ < oo as the kernel of some operator.

First we define an operator valued distribution. Let

Bp(f.t) = 0"ad,(f,t.P), (5.8)
Bp(f,t) = "o, (f,t,P). (5.9)

More precisely the right-hand side of (5.8) and (5.9) are abbreviations of

a#%(f’ tv P) = at%(fﬂ t) + M(axlfuu P) + %(aﬂf:t? P) + %(az3f7t7 P)7 (510)
0" e, (f,t, P) = 0yl (f,t) + S (0p f,t, P) + (D2 f,t, P) + o3 (Dys f, t, P). (5.11)
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Then {ABp(-,t) her € Z(F). Define the positive frequency part of #Bp(h,t) as
cpu(h) =i <<%"p(ht,t) - %p(ht,t)> ,

where the functions h; and h, are defined as in (5.3), and the physical subspace is
defined as
Vi onys = 1Y € Flepy(h)V =0, h e (R%)}. (5.12)

Of course, in general, ¥ we

phys phys?
introduce unitary operators. Let I'([y]) be a unitary operator defined by the second

is not independent of time ¢. To characterize ¥}

quantization of the unitary operator

10 0 0
] = 8(1)1/?/5 1 /(2/5 SR — B L(RY), (5.13)
00 1/vV2 -1/v2

Furthermore we define the unitary operator W by

W = exp (—% (a* (%2,3) —a (%3))) T([]). (5.14)

Theorem 5.7 ¥}, . is positive semi-definite and

Py = € I WFLY, (5.15)
where ,94%) = 1L ® {aQ|a € C}.
Proof: We notice that

cpo(h) = a(v/wh,3) — a(v/wh, 0) +

(&

(h, ¢/w), (5.16)

3

and by the definition of ¢p;(h) we can observe that

7: ; _i+HgTL g TL
CP’t<h) _ GltHTL’Pe ZtHf CQ(h)e’LtHf e ltHTL,P‘

V2
Moreover, it follows directly that W™lepo(h)W = v/2a(y/wh,0), where we have used

L()alf, )TV =
L(alf.3)0 (V)" =

L(alf,0)0([Y]) " =

faj)> J=12,
[a(f,3) +a(f,0)],

=
G- 2

2

L la(f.3) - alf,0)].

Sl

2
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Hence (5.15) follows from the equality {V € F|cpo(h)¥ = 0} = Wﬁé(i) Let U =
etHrLr o= itHT W H ¢ ¥t where ® € ZY. Then (U|¥) = (I([y])®,nl([4])®) =
(©, =I'([vg7])®) = 0. Here

1 000
01 00

_h/g’ﬂ = 00 0 1 : ®4L2(R3> - @4L2(R3)
0010

denotes the interchange between the Oth and 3rd components. Then the theorem is

complete. qed

W leaves the transversal part .%; ® %, invariant, %, and .%3 are, however, mixed
together by W. Although the Hamiltonian Hp = Hr,p ® 1 + 1 ® H, is subdivided
into a scalar and a vector component , the physical subspace is, however, of a more

complicated form.

5.3 Physical subspace at t = +o0

In this subsection we consider the physical subspace at ¢t = +o0o. We have already
presented the explicit form of the asymptotic field apex(h, i), £ = 0,1,2,3, and proven
its asymptotic completeness. We can construct the free field in terms of apex(h, 1) and
define the physical subspace independent of .

Formally, we write

b o (B ) = / (k) o (k. 1)l

We now define the smeared field </*(f, ¢, P) in terms of agg’ex by

3 el (k . .
(1P = 3 [ b2 (DS il D),
ji=1,2,3, (5.17)

B 4 ap ek, 0) f (—k)e ™ >t). (5.18)

A (o1, P) = /¢— (e (k. 0)F ()™

Let us define the operator valued distribution

Bpe(f.t) = d(f,1,P), Bpelfi.t) ="}t P). (5.19)
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Here the right-hand side of (5.19) is understood as in (5.10) and (5.11) with .27, replaced
by @*. Then {ZBpex(-,t) er € Z(F). In addition, by the definition of &7* it is clear
that {Bpex(-,t) }er € Dhree(). From Lemma 5.4, the positive frequency part

CP,ex(g) = 1 <=@P,ex(gt; t) - %Rex(gtu t)) (52())
is independent of ¢, and the physical subspace at time t = +o00 is defined by
Senys = {¥ € Flepex(h)¥ =0, h e S (R)}. (5.21)

Let
Wp = UPW (522)

We can characterize the physical subspace 75* in the theorem below.

Theorem 5.8 Both V3%, . and V4 . are positive semi-definite and

in 0
Vi s = Wp Ty, (5.23)
VL = Sp W ZL). (5.24)

Proof: Directly, we have

CP,ex(h) = E (aReX(\/(’_‘)h? 3) - aP,eX(\/;f% 0)) : (525)

Here we have used >, , S kel = 0. In particular

(a(\/ahv 3) - a’(\/c_‘}h7 0))

follows. Then (5.23) follows. By a%;,in(h,u)Sp = Spagzout(h,u), (5.24) also follows.
Finally the semidefinite property of #5%, . can be obtained from the fact that Sp is

U;16p7in(h)Up =

Sl =

unitary and [Up,n] = 0. Then the proof is complete. qed

By Theorem 5.8, we observe that 737, == Sp¥gu .. We find, however, that ¥25,

is not identical to VB3 .
Theorem 5.9 We have V3%, # VB
Proof: Let W = Wpd € V50, . with ® € 33%) Then we have

cpout(h)¥ = %Up (; a(LB\/wh,1) — a(v/wh, 0)) Wo.

One can easily find some vector ¢ € L%E%) such that the right-hand side above does not

vanish. Then the theorem follows. qed
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6 Physical Hamiltonian

6.1 Physical Hilbert space and physical scattering operator

We defined Y5}, in the previous section and it includes the null space ¥g7 , with
respect to (-|-). We want to define the physical Hilbert space by 7%, . divided by the
null space and a self-adjoint physical Hamiltonian on it.

We first of all characterize the null space of 757, . Let Fr = F1 ® Fy and

(0) = 21 @ {afds]a € C} ® {af)|a € C}. (6.1)

Then JéL) can be decomposed as JéL) = ﬁ’éo) @ <ﬁé0)L N ﬁé@) Let

V= WpFW W= W (ﬁg’” m%@), (6.2)
7/Out = 51317/15117 /V]Slrlltull =5p 17/Pnuu (6.3)

Then Y57, 1s also decomposed as
S = T V. (6.4)

Here 75* is closed, positive definite and satisfies (¥ |¥]) = (U, ¥)) for ¥, U] € 755,

and 75y, is closed, neutral and
V= 1o € Pphys’(\II0|\IJO) = 0}.
Definition 6.1 For subspaces Y, Z and X in %, we use the notation
X=Y [+ Z

if and only if (1) for all x € X, there exist unique vectors y € Y and z € Z such that
r=y+2z (2) (y|z) =0 holds for ally € Y and z € Z.

Lemma 6.2 It follows that V5%, . = V5 [+] V55

Proof: Since V5%, is positive semi-definite with respect to the metric (-[-), we have,
by the Schwartz inequality, |(¥1]|%o)|* < (U1|U)(¥o|Po) = 0 for ¥y € ¥£* and ¥, €
Vsnan- Hence (U1|Wg) = 0. Then the lemma follows. ged

We define the physical Hilbert space in terms of the quotient Hilbert space

<%j:’phys = Pe,);()hys//yf?,)l(iull‘ (65)
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We denote by [W]ex the element of JZ5%,  associated with W € ¥5¥, ~and the induced
scalar product on ﬁ’;hys is denoted by (v, “)ex, 1€, ([V]ex, [Plex)ex = (¥, ®). Further-
more let Tey @ 7, — S5, be the natural onto map defined by ey (®) := [®]e,. Thus
Tlex 18 an isometry and so is a unitary operator between ¥ and J57), .

We have already defined the scattering operator Sp. This operator maps the null

space ¥gSmgy into the null space ¥35,,. Now we can define the physical scattering
operator.
Definition 6.3 The physical scattering operator Sppnys : Huhys — Hponys 15 de-
fined by

SP,phys[\Ij]out = [Sp\If]in. (66)
Theorem 6.4 (Physical scattering operator) Sp s is unitary.
Proof: Since Sp is a unitary operator from ¥ to ¥4", the theorem follows. qed

6.2 Physical Hamiltonian

In the previous section we defined the physical Hilbert space. Next we define the
physical Hamiltonian Hp, . on J#5%, . and prove its self-adjointness.
We define
= WpPrpWp', P =S "WpPr Wp'S.

Here Pr;, =1 ®1® 1 ® Py, is the orthogonal projection onto ﬁéoL), where P, is the
orthogonal projection onto {af)y|a € C}. Then P** is the orthogonal projection onto

Prohys- We have to say something about relationships between the domain of Hp and

ex
P,phys*

Lemma 6.5 (1) P leaves D(Hp) invariant, i.e., P*D(Hp) C D(Hp).
(2) Hp leaves V¥, invariant, i.e., Hp(D(Hp) 0 VE50) C VS hys:
Proof: Let us define the operator
Hp := H; — a*($/v/w,3) — a($/vw,0) + Er(P) + Eo

with domain D(Hp) = D(Hy). Since —a*(p/+/w,3) — a(¢/+/w,0) is infinitesimally
small with respect to H, we have |[HyU|| < C(|Hp¥| + ||¥]]) for some constant C.
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Then Hp is closed. Furthermore by |Hp¥|| < ¢(||Hs¥|| +||¥||) for some constant ¢, an
arbitrary core of H; is also a core of H p. Thus both Hp and H p are closed and have

the same domain D(Hp) = D(H;) = D(Hp); moreover have the common core

Fin(w) = L.H. { [[e (im0, 0
=1

fi S D(w),ui:O,l,Q,?),i: 1,...,71,771,2 1}

It is immediate that Wp' HpWp = Hp on the common core Ffin(w). Then WpD(Hp) C
D(Hp) and we have the operator equation W;alWp = Hp. Since, by Pr,Hy C
H;Pry,, Pry, leaves D(Hp) invariant, we have

P™D(Hp) C WpPr,D(Hp) C WpD(Hp) C D(Hp),

P D(Hp) C Sp'WpPr,D(Hp) C S5'WpD(Hp) C D(Hp),

where we have used the intertwining property SpHp = H pSJ;I. Thus the first half of

the lemma is proven. For ¥ € D(Hp) N ¥3%, ., we have
HpV = HpP"™ U = WpHpPryW;p'0
= WpPrL (Hy — a*(¢/v/w, 3) + ErL(P) + Eg) Wp'U € 730, . (6.7)

Then for W € D(Hp) N 7By

Hp¥ = S Hp PO = Wp Hp PrpyWp' Sp¥
= Sp'WpPry, (H — a*(¢/vw,3) + ErL(P) + Eo) Wp'Sp¥ € 7540 . (6.8)
Hence the proof is complete. qed

Let K7 be the restriction of Hp to D(Hp) N V55,

Kp* = Hp[pup)nye: (6.9)

,phys

By Lemma 6.5 K% is a densely defined closed operator on 7553, .. Note that 5y, . is

closed. In order to study K% we introduce the operator
Hp == H; — a*(¢/v/w,3) + Erv(P) + Ey

with domain D(Hp) = D(Hy). In a similar way as in the proof that H, is closed, one
can determine that Hp is closed. By (6.7) and (6.8), we have, for all ¥ € D(K%),

KU = WpHpW5' T, (6.10)
K20 = S WpHpWptSpW. (6.11)
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Lemma 6.6 (1) K% is reduced by ¥V

P,phys~

ie., PRK®R C Kinpin,
(2) K§* leaves V¥, invariant, i.e., K (D(KE) N 7Shm) C VSna-

Proof: (1) follows from (6.10), (6.11) and the fact that Hp is reduced by 9’%08, ie.,

PTLHP C f{pPTL. Let ¥y € D(Kgl) N %};ﬁlull and set &, = W;l\lfo S D(ﬁp) Then
P, € ﬁéO)L N 40/\1(‘(1)4) Since f{pq)o S yéO)L N ﬁé?}? we have K}g\lfo = Wpﬁp@o € nf/ﬁn

null*

in in : : P out out
Thus Kj' leaves 73, invariant. Similarly, one can prove that K™ leaves ¥pu,

, 11

invariant. qed

We denote by p(X) the resolvent set of a linear operator X. By (6.10) and (6.11)
it follows that p(Hp) C p(K%) and for z € p(Hp),

(KB —2)"" = Wp(Hp — 2)"'Wp', (6.12)
(Kpt —2)7! = S5 We(Hp — 2) ™ Wp' Sp. (6.13)

Let us now define the physical Hamiltonian Hp |, - on the physical Hilbert space
Pihys: 0 order to define the domain D(Hy ) consistently, we first consider the
resolvent of K§'.

Let

16/wll*/(2€) + o/ Vll/v2
|ETL<P) + E() — Z|

R:{Z€p<Hf+ETL(P)+EO> 2¢ + <1f0rsomee>0}.

Since ||a*(¢/v/w,3)(Hy + Ern(P) + Ey — 2)7Y|| < 1 for z € R, for all z € R, the

Neumann expansion is valid and

o0

(ﬁp —Z)_l = Z(Hf+ETL<P) +E0 - Z)_l (a*(gb/\/a, 3)(Hf + ETL(P) + E() - Z)_l)n
n=0
(6.14)
Let us fix z € R. Then, by (6.12) and (6.13), z € p(K$%*) and the resolvent
RE(2) == (K& — 2)! (6.15)

is bijective on Yg¥, ..

Lemma 6.7 R(2) is reduced by V5, and leaves V55 ) invariant, i.e., P*RE(z) =
Rp (2) P and RE(2)Y 5 C Voma-
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Proof: The first half of this lemma has already been proven via Lemma 6.6 (1). We
prove the second half. Let ¥ € ¥/ ) and set & = Wp'¥y. Then ®, € ﬁ’éoﬂ ﬁﬁﬁ).
By (6.12), (6.13) and (6.14), we observe that

Rp(2)¥o = Wp(Hp = 2) 10 € Wp(ZL N Z10) = Vi (616)
Thus RB(z) leaves ¥, invariant. Similarly one can prove that R3™(z) also leaves
Vo invariant. qed

Since RB(z) leaves the null space invariant, the following operator, [R%(z)]ex, on
H ppnys 18 well-defined:
[RE(2)]ex[P]ex := [RE(2) ¥lex-
It is clear that [R$(2)]ex is bounded and ||[[RE(2)]ex|lex < [|R$(2)] holds.

Lemma 6.8 [RS(2)]ex is injective and [RE(2)],L is closed.

Proof: By the boundedness of [RE(2)]ey, [RS(2)]! is closed if [RE(2)]ey is injective.

X

Let [R$(2)]ex[V]ex = 0. Then R (2)¥ € ¥puu. It follows from Lemma 6.6 (2) that
U= (Kp' = 2)RF(2)¥ € V55 Thus [¥]e, = 0 and [RP(2)]ex is injective. qed
Definition 6.9 We define the physical Hamaltonian Hg o on FE55, by

Hp s 7= 2+ [RE(2)] (6.17)

ex

By Lemma 6.8, Hp\,, is closed. We further prove that Hp', . is independent of z € R
and that the domain of Hp\, . is dense in JZ57, .. We define P by

P = WpPrW5p', P = S.'WpPrW5'Sp. (6.18)

Here Pr = 1 ® 1 ® Py, ® Po,. Then P* is the orthogonal projection onto 75*. We

] ex ex
define a linear operator Jp* on J5%, « by

Jp¥]ex = [KPP Ve, (6.19)
D(JF) = {[V]e € A5 PPV € D(KF)} . (6.20)

Note that the domain D(Jg) is independent of the representative. Indeed if [V]e =
[W]ex, then P*W = P00’ because W — W' € 5% ) and PP*75Y = {0}. Thus the
operator J&¥ is well-defined. Moreover since P* leaves D(K¥) invariant, D(Jg) is

3 ex
dense in Apy) o
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Lemma 6.10 [t follows that

HE s = Jp° (6.21)
In particular, Hp . s a densely defined closed operator and independent of z € R.
Proof: Let [V]ex € D(J5F). Then PP*V € D(KE) and set Oy := (K§ — 2)PP*W. We
observe that

[Pex = [PTVP)ex = [RE(2)]ex[Po]ex € D([R?(Z)]_l)

ex

and hence D(J5) C D(HE,,.). We show the inverse inclusion. Let [V]e, € D(HES, o)
Then there exists a vector [®]e, € H5%),  such that [V]e, = [RE(2)]ex[Plex = [RP(2) Pex.
Since Py* leaves D(K§) invariant, we have PP*V = PP*RY(z)® € D(K§). Then
D(J5) D D(Hps) follows. Thus

D(H;),(phys) - D(J}ej’x)
For all [W]ee € D(HE,,), we see that (1) there exists [®]ex € J5%,,, such that
[V]ex = [RE(2)]ex[Plex and (2) PP*¥ € D(K§). We have
Hp phys[Vlex = Jp [ Wlex = [20 + & — K P 0oy

We need only prove that W + & — K PP*W € 755 . Together, (1) and (2) imply that
PPU — RE(2)® € 755 N D(KE), which, together with Lemma 6.6, yields

U4 & — KEPPU = 2(1— PP — (K5 — )PV — RE(2)®) € V.

Thus the lemma follows. qed

Now we are in a position to state the main theorem in this section:

Theorem 6.11 H3 s self-adjoint and has a unique ground state with energy Erp(P)+
Ey.

Proof: For all U], € D(J&), we have JE&[W]ey = Mo PPEKE PP} [W]ey. This equality
implies that

ex ex Frex ex _—1
JP - 7TeXPl HP,physpl Mex -

Conversely if [U]ex € D(Tex PEKEP), then PPXW = PP W] € D(KE) and

X ex

henceforth D(7re PP HES PP met) € D(JEF). Thus we have obtained the result that

Jo = Mo PP K& Pt (6.22)
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Combining Lemma 6.10 and (6.22), we establish that

ex _ ex 77ex pex,_—1
Pphys — Tex Pl Kp Py Moy

Then HE), is self-adjoint if and only if PP*KE Py is self-adjoint. By (6.10), (6.11)
and (6.18), we have

PRKR PR — Wy PrHpPrW5! = UpPr(HY + Eru(P) + Eo)PrU5! (6.23)
and, by the intertwining property,

PPKR P = SﬁlePTﬁPPTWIZISP
= SglUPPT(HfT + ErL(P) + Eo)PrUp'Sp, (6.24)

where H = > 12 J w(k)a*(k)a(k)dk. The above equations imply that Pf*Kg Pr™ is

self-adjoint and hence we have the desired properties. qed
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