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Abstract

We prove existence of a ground state and resonances in the standard
model of the non-relativistic quantum electro-dynamics (QED). To this end
we introduce a new canonical transformation of QED Hamiltonians and use
the spectral renormalization group technique with a new choice of Banach
spaces.

I Introduction

Problem and outline of the results. Non-relativistic quantum electro-dynamics
(QED) describes the processes of emission and absorption of radiation by systems
of matter, such as atoms and molecules, as well as other processes arising from in-
teraction of the quantized electro-magnetic field with non-relativistic matter. The
mathematical framework of this theory is well established. It is given in terms of
the time-dependent Schrédinger equation,

idpp = HM,

where H, gSM is the standard quantum Hamiltonian given below. Here SM stands
for ’standard model’. This model has been extensively studied in the last decade,
see the book and reviews [60, 2, 44, 46] and references therein for a list of early
contributions.

For a large class of systems and under an ultra-violet cut-off, the operator H, ;M
is self-adjoint (see e.g. [11, 43]). The stability of the system under consideration is
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equivalent to the statement of existence of the ground state of H 5 M j.e. an eigen-
fuction with the smallest possible energy. The physical phenomenon of radiation
is expressed mathematically as emergence of resonances out of excited states of
a particle system due to coupling of this system to the quantum electro-magnetic
field. We define the resonances and discuss their properties below.

In this paper we prove existence of the ground state and resonance states of
H gSM originating from the ground state and from excited states of the particle
system. Our approach provides also an effective way to compute the ground states
and resonance states and their eigenvalues. We do not impose any extra conditions
on H 5 M except for smallness of the coupling constant g and an ultraviolet cut-off
in the interaction.

The existence (and uniqueness) of the ground state was proven by soft, com-
pactness techniques in [11, 40, 41, 42, 47, 3, 32] and in a constructive way, in [6].
The existence of the resonances was proven so far only for confined potentials
(see [9, 10] and, for a book exposition, [33]).

Our proof contains two new ingredients: a new canonical transformation of
the Hamiltonian H 5 M (which we call the generalized Pauli-Fierz transformation,
Section II) and new — momentum anisotropic — Banach spaces for the spectral
renormalization group (RG) which allow us to control the RG flow for more sin-
gular coupling functions (Section VI). A part of this paper which deals with adapt-
ing and clarifying the RG technique for the present situation is rather technical but
can be used in other problems of non-relativistic QED.

Quantum Hamiltonian. We now describe the standard model of non-relativistic
QED and the corresponding quantum Hamiltonian. We use the units in which the
Planck constant divided by 27, the speed of light and the electron mass are equal
to 1( A =1, ¢ = 1and m = 1). In these units the electron charge is equal to —/a,
where o = 4;2% =~ # is the fine-structure constant, and the distance, time and
energy are measured in units of i/mc = 3.86- 10" em, h/mc® = 1.29-10" 2! sec
and mc? = 0.511M eV, respectively (natural units).

We consider the matter system consisting of n charged particles interacting
with quantized electromagnetic field. The particles have masses m; and positions
x;, where j = 1,...,n. We write x = (x1,...,2,). The total potential of the
particle system is denoted by V' (z). The Hamiltonian operator of the particle
system alone is given by

1

H,:= _Z%A“ + V(x), (L.1)
7j=1

where A, is the Laplacian in the variable x;. This operator acts on a Hilbert space

of the particle system, denoted by H,, which is either L*(R*") or a subspace of

this space determined by a symmetry group of the particle system. We assume
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that V' (z) is real and s.t. the operator H, is self-adjoint.
The quantized electromagnetic field is described by the quantized vector po-

tential B

A = [ alh) + e G T 12
in the Coulomb gauge (divA(y)). Here x is an ultraviolet cut-off: (k) = m
in a neighborhood of £ = 0 and it vanishes sufficiently fast at infinity The dynam-
ics of the quantized electromagnetic field is given through the quantum Hamilto-

nian
Hy = /d?’k‘ w(k)a* (k) - a(k), (1.3)

where w(k) = |k| is the dispersion law connecting the energy of the field quan-
tum with its wave vector k. Both, A(y) and H #» act on the Fock space H; = F.
Thus the Hilbert space of the total system is H := 'H, ® F.

Above, a*(k) and a(k) denote the creation and annihilation operators on F.
The families a*(k) and a(k) are operator-valued generalized, transverse vector

fields:
at (k)= Y exk)af(k),
xe{-1,1}

where ey (k) are polarization vectors, i.e. orthonormal vectors in R? satisfying
k- ex(k) = 0, and a (k) are scalar creation and annihilation operators satisfying
canonical commutation relations. The right side of (I.3) can be understood as a
weak integral. See Supplement A for a brief review of definitions of the Fock
space, the creation and annihilation operators and the operator H.

The total system is described by the standard Hamiltonian'

n

HEY =3 iV, + 9A(x)? + V(@) + Hy a4

m
j=1 =

acting on the Hilbert space H = H, ® H, which is the tensor product of the
state spaces of the matter system H,, and the quantized electromagnetic field H .
Here, as was mentioned above, the superindex SM stands for ’standard model’
and, as explained below, g is related to the particle charge, or, more precisely, to
the fine-structure constant.

Consider (I.4) for an atom or molecule. Then, in the natural units, g = /a and
V' (z), which is the total Coulomb potential of the particle system, is proportional
to o. Rescaling z — o~ 'z and k — o’k we arrive at (1.4) with g := o*/? and
V (z) of the order O(1) (see [11]). After that we relax the restriction on V' (x) and
consider the standard generalized n-body potentials (see e.g. [52]):

"For discussion of physics emerging out of this Hamiltonian see [19, 20].
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(V) V(z) =, Wi(mx), where ; are a linear maps from R*" to R™, m; < 3n
and W; are Kato-Rellich potentials (i.e. W;(m;x) € LPi (R™) + (L>°(R3")).
with p; = 2 for m; < 3, p; > 2 for m; = 4 and p; > m;/2 for m; > 4, see
[58, 48]).

Under the assumption (V), the operator H 5M ¥ is self-adjoint. In order to
tackle the resonances we choose the ultraviolet cut-off, x(k), so that

The function § — x(e~?k) has an analytic continuation from the real axis,
R, to the strip {0 € C||Im 0| < 7/4} as a L? () L°°(R?) function,

e.g. x(k) = e /% "and we assume that the potential, V(z), satisfies the condi-

tion:

(DA) The the particle potential V'(z) is dilation analytic in the sense that the
operator-function § — V(e’x)(—A + 1)~! has an analytic continuation
from the real axis, R, to the strip {6 € C||Im 0| < 6y} for some 6y > 0.

In order not to deal with the problem of center-of-mass motion, which is not
essential in the present context, we assume that either some of the particles (nu-
clei) are infinitely heavy or the system is placed in a binding, external potential
field. This means that the operator /1, has isolated eigenvalues below its essential
spectrum. However, the techniques developed in this paper can be extended to
translationally invariant particle systems (see [22]).

Resonances. We define the resonances for the Hamiltonian /1 gs M- as follows.
Consider the dilations of particle positions and of photon momenta:

— eexj and k — ek,

Ly
where 6 is a real parameter. Such dilations are represented by the one-parameter
group of unitary operators, Uy, on the total Hilbert space H := H, ® F of the

system (see Section I1I). Now, for § € R we define the deformation family
HiM = XpHIM X" (L5)

where Xy = Upe " with F, the self-adjoint operator defined in Section II.
The transformation HJ™ — e~"9" HJM 9" is a generalization of the well-known
Pauli-Fierz transformation. Note that the operator-family Xy has the following
two properties needed in order to establish the desired properties of the reso-
nances: (a) Xy are unitary for 6 € R and (b) Xy, 19, = Up, Xp, where Uy are
unitary for 0 € R.

It is easy to show (see Section III) that, due to Condition (DA), the family
H 59M has an analytic continuation in 6 to the disc D(0, 6), as a type A family in
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the sense of Kato ([53]). A standard argument shows that the real eigenvalues of
H gSGM , Imf > 0, coincide with eigenvalues of H, 5 M and that complex eigenvalues
of H 59M , Imf > 0, lie in the complex half-plane C~. We show below that the
complex eigenvalues of H 59M , Im@ > 0, are locally independent of . We call
such eigenvalues the resonances of H 5M .

As it is clear from the definition, the notion of resonance extends that of eigen-
value and under small perturbations embedded eigenvalues turn generally into res-
onances. Correspondingly, the resonances share two *physical’ manifestations of
eigenvalues, as poles of the resolvent and and frequencies of time-periodic and
spatially localized solutions of the time-dependent Schrédinger equation, but with
a caveat. To explain the first property, we use the Combes argument which goes

as follows. By the unitarity of X, := Uye=% for real 6,
(U, (HM = 2)7'®) = (Vg, (H} — 2)7'®y) , (1.6)

where Uy = XV, etc, for @ € R and 2 € C'. Assume now that ¥y and ®y
have analytic continuations into a complex neighbourhood of § = 0. Then the
r.h.s. of (I1.6) has an analytic continuation in # into a complex neighbourhood of
6 = 0. Since (I1.6) holds for real 6, it also holds in the above neighbourhood.
Fix 6 on the r.h.s. of (1.6), with Im# > 0. The r.h.s. of (I1.6) can be analytically
extended across the real axis into the part of the resolvent set of [ ;%M which lies

in C- and which is connected to C*. This yields an analytic continuation of the
Lh.s. of (1.6). The real eigenvalues of H feM give the real poles of the r.h.s. of
(1.6) and therefore they are the eigenvalues of H 5 M The complex eigenvalues of
H ;;M , which are at the resonances of [ 5M , yield the complex poles of the r.h.s.
of (I.6) and therefore they are poles of the meromorphic continuation of the L.h.s.
of (1.6) across the spectrum of [ 5M onto the second Riemann sheet. This pole
structure is observed physically as bumps in the scattering cross-section or poles
in the scattering matrix. There are some subtleties involved which we explain
below.

The second manifestation of resonances eluded to above is as metastable states
(metastable attractors of system’s dynamics). Namely, one expects that the ground
state is asymptotically stable and the resonance states are (asymptotically) metastable,
i.e. attractive for very long time intervals. More specifically, let z,, Imz, < 0 be
the ground state or resonance eigenvalue. One expects that for an initial con-
dition, vy, localized in a small energy interval around ground state or resonance
energy, Rez,, the solution, v, of the time-dependent Schrodinger equation, 0y =
HgSMw, is of the form

e_iH‘;?Mtz/}O - e—z’z*t¢* + Oloc (t_a) + Ores(gﬁ)7 (17)

for some «, 3 > 0 (depending on v)y). Here ¢, is either the ground state (if z,
is the ground state energy) or an excited state of the unperturbed system (if z, is
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the resonance), the error term Oy, (t7°) satisfies || (1 + |T']) 7O (t7) || < Ct™2,
where 7' is the generator of the group Uy mentioned above, with an appropriate
v > 0, and the error term Ores(gﬂ ) is absent in the ground state case. The reason
for the latter is that, unlike bound states, there is no ’canonical’ notion of the
resonance state.

The asymptotic stability of the ground state is equivalent to the statement of
the local decay. Its proof was completed recently in [27, 29] (see [11, 12] for
complementary results). A statement involving survival probabilities of excited
states which is related to the metastability of the resonances is proven in [1] using
the results of this paper (see [37] for related results and [11, 55, 54] for partial
results).

The dynamical picture of the resonance described above implies that the imag-
inary part is the resonance value, called the resonance width, can be interpreted as
the decay rate probability, and its reciprocal, as the life-time, of the resonance.

Main results. Let ¢”)°s be the isolated eigenvalues of the particle Hamiltonian

H,, labeled with their multiplicities. In what follows we fix an energy eép ) <

v < inf 0.4 (H,) below the ionization threshold inf o, (H,,) and denote eé%),, =
el) (1) = min{|e? — egp)||z’ # 7, el(p), Egp) <wv}and j(v) :=max{j: ¥ < v}.

J
We now state the main results of this paper.

Theorem I.1. Assume Condition (V). Fix e(()p) < v < info.(H,) and let g <

min(efy (1), \/ & (v) tan(0/2) ). Then

(i) The ground state of H;M for g = 0 turns into the ground state of H;M
and the excited states below the energy level v turn into resonance and/or bound
states;

(ii) The eigenvalues/resonances, €;, of H gSM are related to the unperturbed
eigenvalues of Hy™ as ¢; = e§-p) + O(g%);

(iii) €;’s are independent of 8, provided Im6 > 6, /2.

The statements concerning the excited states are proven under additional Con-
dition (DA).

In particular we have ¢, := inf o(H;"). Let

S;={z€e?Q; | Re(e’(2—¢;)) > 0and [Im(e?(2—¢;))| < %|Re(69(z—ej))|}.

(1.8)
Information about meromorphic continuation of the matrix elements of the resol-
vent and position of the resonances is given in the next theorem.

Theorem L.2. Assume g < eé@,(u) and Conditions (V) and (DA). Then for a dense
set (defined in (1.9) below) of vectors ¥ and ®, the matrix elements F(z, ¥, ®) :=
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(0, (HgM — 2)7'®) of the resolvent of H;?M have meromorphic continuations
from C* across the interval (€, v) of the essential spectrum of H;™ into the do-
main {z € C™| ¢y < Rez < v}, with the wedges S;, j < j(v), deleted. Further-
more, this continuation has poles at ¢; in the sense that lim, ., (¢; — z)F(z, ¥, ®)
is finite and, for a finite-dimensional subspace of V'’s and ®’s, nonzero.

Discussion.

(1) Condition (DA) could be weakened considerably so that it is satisfied by
the potential of a molecule with fixed nuclei.

(i1) Generically, excited states turn into the resonances, not bound states. A
condition which guarantees that this happens is the Fermi Golden Rule (FGR)
(see [11]). It expresses the fact that the coupling of unperturbed embedded eigen-
values of Hy™ to the continuous spectrum is effective in the second order of the
perturbation theory. It is generically satisfied.

(ii1) With our labeling the eigenvalues counting their multiplicities the result
(1) of Theorem 1.1 implies that the total multiplicity of the eigenvalues and reso-
nances emerging from a given eigenvalue of H,, is equal to the multiplicity of this
eigenvalue;

(iv) With little more work one can establish an explicit restriction on the cou-
pling constant g in terms of the particle energy difference eé@, and appropriate
norms of the coupling functions.

(v) The second theorem implies the absolute continuity of the spectrum and its
proof gives also the limiting absorption principle in the interval (¢g, /), but these
results have already been proven by the spectral deformation and commutator
techniques [11, 12, 27].

(vi) The meromorphic continuation in question is constructed in terms of ma-
trix elements of the resolvent of a complex deformation, ;3/[ , Imf > 0, of the
Hamiltonian H ™.

(vil) The proof of Theorem 1.1 gives fast convergent expressions in the cou-
pling constant g for the ground state energy and resonances.

The existence of the ground state for full vector model was proven by a com-
pactness technique in [11, 3, 40, 41, 42, 32, 46] and in a constructive way, in [6].
A computational algorithm for the ground state energy was designed in [6]. Thus
the main new result of this work is the existence of resonances and an algorithm
for their computation.

The dense set mentioned in the Theorem 1.2 is defined as

D:= [J Ran(xn<nXiri<a). (1.9)

n>0,a>0

Here N = [ d*ka*(k)a(k) is the photon number operator and 7" denotes the
self-adjoint generator of the one-parameter group Uy, § € R. Since N and T’
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commute, this set is dense. We claim that for any 1) € D, the family Uye 9" @)
has an analytic continuation from R to the complex disc D(0, fy). Indeed, by the
construction in the next section, the family Fy(z) := Uy F(z)U, ' has an analytic
continuation from R to the complex disc D(0, 6y). For # complex this continuation
is a family of non-self-adjoint operators. However, the exponential e~*9%(*) is
well defined on the dense domain Un oo RANX N<p. Since

UgeigF(w)iﬁ — eigF‘)(””)XNSnU@MT\galp

~19F(*)4) has an analytic

for some n and a, S.t. Xn<nX|1|<a® = ¥, the family Uye
continuation in ¢ from R to D(0, ).

Infrared problem. As is shown in Theorem I.1 and is understood in Phyisics
on the basis of formal - but rather non-trivial - perturbation theory, the resonances
arise from the eigenvalues of the free Hamiltonian H5™. To find the spectrum
of Hy™ one verifies that H; defines a positive, self-adjoint operator on F with
purely absolutely continuous spectrum, except for a simple eigenvalue 0 corre-
sponding to the vacuum eigenvector {2 (see Supplement A). Thus, for g = 0 the

low energy spectrum of the operator H5™ consists of branches [e(p ), 00) of abso-

() ’

i

lutely continuous spectrum and of the eigenvalues e
spectrum ’thresholds’ el(-p )°s. The absence of gaps between the eigenvalues and
thresholds is a consequence of the fact that the photons are massless. This leads
to hard and subtle problems in perturbation theory, known collectively as the in-
frared problem.

This situation is quite different from the one in Quantum Mechanics (Stark
effect or tunneling decay) where the resonances are isolated eigenvalues of com-
plexly deformed Hamiltonians. This makes the proof of their existence and estab-
lishing their properties, e.g. independence of € (and, in fact, of the transformation
group Xpy), relatively easy. In the non-relativistic QED (and other massless the-
ories), giving meaning of the resonance poles and proving independence of their
location of 6 is a rather involved matter (see below).

The point above can be illustrated on the proof of the statement (I.7). To this
end we use the formula

’s, sitting at the continuous

o0
e () = 1 / dAf(N)e ™ ™MIm(H — X —i0) ™!
™ —0o0
(see e.g. [58]) connecting the propagator and the resolvent. For the ground
state the absolute continuity of the spectrum outside the ground state energy, or
a stronger property of the limiting absorption principle, suffices to establish the
result above. In the resonance case, one uses the fact that the meromorphic contin-
uation of matrix elements of the resolvent (on an appropriate dense set of vectors)
to the second Riemann sheet has poles at resonances and performing a suitable
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deformation of the contour of integration in the formula above (see e.g. [51]).
This works when the resonances are isolated (see [S1, 52]). In the present case,
proving (1.7) is a subtle problem.

Resonance poles. Can we make sense of the resonance poles in the present
context? The answer to this question is obtained in [1], where it is shown based
on the results of this paper, that for each ¥ and ® from a dense set of vectors, the
meromorphic continuation, F'(z, ¥, ®), of the matrix element (¥, (H>M —2)~1®)

4,

described above is of the following form near the resonance €; of H;
F(z,¥,®) = (¢j — 2) 'p(¥,®) + (2, ¥, D), (1.10)

where p and 7(z) are sesquilinear forms in W and ¢ with r(z) analytic in z €
Q= {z € C"[ o <Rez < v}/« 5 and bounded, on the intersection of a
neighbourhood of €; with (), as

J<i(v

|7(2, U, @)| < Cyole; — 2|7 for some v < 1.

Moreover, p # 0 at least for one pair of vectors ¥ and ¢ and p = 0 for a dense
set of vectors ¥ and @ in a finite co-dimension subspace. The multiplicity of a
resonance is the rank of the residue at the pole. The next important problem is
to connect the ground state and resonance eigenvalues to poles of the scattering
matrix.

Approach. To prove Theorems 1.1 and 1.2 we apply the spectral renormalza-
tion group (RG) method ([4, 9, 10, 28]) to the Hamiltonians e~ 9" H>M e/ (the
ground state case) and H 59M (the resonance case). Note that the version of RG
needed in this work uses new — anisotropic — Banach spaces of operators, on
which the renormalization group acts. It is described in [28]. Using the RG tech-
nique we describe the spectrum of the operator 59M in{zeC|e <Rez<v}
from which derive Theorems 1.1 and 1.2.

In the terminology of the Renormalization Group approach the perturbation in
(I.4) is marginal (similar to critical nonlinearities in nonlinear PDEs). This leads
to the presence of the second zero eigenvalue in the spectrum of the linearized RG
flow (note that there is no spectral gap in the linearized RG flow). This case is
notoriously hard to treat as one has to understand the dynamics on the implicitly
defined central manifold. To avoid it the previous works [9, 10] had either to
assume the non-physical infrared behaviour of the vector potential by replacing
|k|~/2 in the vector potential (I.2) by |k|~'/?*%, with € > 0 or to assume presence
of a strong confining external potential so that V (z) > c|z|? for z large. Our work
shows that in non-relativistic QED one can overcome this problem by suitable
canonical transformation and choice of the Banach space.

Our approach is also applicable to Nelson’s model describing interaction of
particles with massless lattice excitations (phonons) described by a quantized,
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massless, Boson field and Theorems 1.1 and 1.2 are still valid if replace there the
operator H gs M by the Hamiltonian H év for this model (see Supplement B). In fact,
we consider a class of generalized particle-field operators (introduced in Section
IV) which contains both, operators [ f Fand H gN .

Organization of the paper. The paper is organized as follows. In Section II
we introduce the generalized Pauli-Fierz transformation (e~ " H)M " —=: HI'F
) and in Section III, the complex deformation of quantum Hamiltonians. In Sec-
tion IV we introduce a class of generalized particle-field Hamiltonians and show
that the Hamiltonian H " obtained in Section IT and the Hamiltonian H," as well
as their dilation deformations belong to this class. In the rest of the paper we study
the Hamiltonians from the class introduced and derive Theorems 1.1 and 1.2 from
the results about these Hamiltonians. In Section V we introduce an isospectral
Feshbach-Schur map and use it to map the generalized particle-field Hamiltonians
into Hamiltonians acting only on the field Hilbert space - Fock space (elimination
of particle and high photon energy degrees of freedom). The image of this map is
shown in Section VII to belong to a certain neighbourhood in the Banach spaces
introduced in Section VI. The latter spaces are an anisotropic - in the momentum
representation - modification of the Banach spaces used in [4, 9, 10]. In Section
VIII we use the results of [28] on the spectral renormalzation group (cf. [4, 9, 10])
to describe the spectrum of generalized particle-field Hamiltonians. Finally, in
Section IX we prove Theorems 1.1 and 1.2. In Appendix A we recall some prop-
erties of the Feshbach-Schur map and in Appendix B we prove the main result
of Section VI. The results of both appendices are close certain results from [4].
Some basic facts about Fock spaces and creation and annihilation operators on
them are collected in Supplement A and in Supplement B we describe the Nelson
Hamiltonians and their dilation deformations.

II Generalized Pauli-Fierz transformation

In order to simplify notation from now on we assume that the number of particles
is 1, n = 1. We also set the particle mass to 1, m = 1. The generalizations to an
arbitrary number of particles is straightforward. We define the generalized Pauli-
Fierz transformation mentioned in the introduction: with F'(x) introduced below

we let
HEF = e 9P @ goMeigh (@), (IL1)

We call the resulting Hamiltonian the generalized Pauli-Fierz Hamiltonian. Here
F(z) is the self-adjoint operator on the state space H given by
d*k

F(Z‘) = ; /(fx,)\(k)a)\(k) + fx)\(k)ai(k))\/ﬁ’ (H.Z)
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with the coupling function f, »(k) chosen as f, \(k) := e~ \(T (|k|zex(k) - ).

The function ¢ is assumed to be C?, bounded and satisfying ¢’(0) = 1. We assume
that » has a bounded analytic continuation into the wedge {z € C| |arg(z)| <
0o }. We compute

1
Hy" = 5(p = gAi(2))” + Vy(2) + Hy + 9G(x) (L.3)

where A (z) = A(z) = VF(2), Vy(z) :==V(z)+2¢* >, [ k|| fer(k)[?d*k and

. . Bk
CEEDY / HUa(Floxth) — FeaBas ) S 1)

(The terms gG and V,—V come from the commutator expansion e~*¢%(®) [f ;¢19F' (@)
= —ig[F, Hy] — ¢*[F, [F, H;]].) Observe that the operator-family A;(x) is of the

form
= Z/(e“‘“ax(l@) etk *(k))X”(k)j%’ (IL5)

where the coupling function x . (k) := ey (k)e ™" ’\‘/(% V. fu (k) satisfies the

estimates
X (F)] < const min(1, v/[E[(x)), (IL6)
with (z) := (1 + |z|?)"/?, and
d3k
/ 7 Ixaz(B)]? < oo, (IL7)

The fact that the operators A; and E have better infra-red behavior than the origi-
nal vector potential A, is used in proving, with a help of a renormalization group,
the existence of the ground state and resonances for the Hamiltonian j M,

We mention for further references that the operator (I.13) can be written as

HPY = HJ' + 17", (IL.8)

where H'F = Ho+29° 0, [ [Kl| for(B) Pd%k+ g% 2, [ 2A®E g, with Hy :=
H, + Hy and I'F is defined by this relation. Note that the operator 1" contains

linear and quadratic terms in the creation and annihilation operators and that the
operator H{'"" is of the form H{'¥ = H'F + H; where

XA
HPF = H, + 2¢° Z/ |l for (B)Pd®k + g* ) | l;‘” Pk (IL9)
A A
with H, given in (L.1).
Since the operator F'() in (IL1) is self-adjoint, the operators H7™ and H*
have the same eigenvalues with closely related eigenfunctions and the same es-
sential spectra.
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III Complex Deformation and Resonances

In this section we define complex transformation of the Hamiltonian under con-
sideration which underpins the proof of the resonance part of Theorem I.1 and
the proof of Theorem 1.2. Let uy be the dilatation transformation on the one-
photon space, i.e., ug: f(k) — e 32 f(e~%k). Define the dilatation transforma-
tion, Uyy, on the Fock space, Hy = F, by second quantizing ug: Usg 1= etrd
where T := [ a*(k)ta(k)dk and ¢ is the generator of the group uy (see Supple-
ment for the careful definition of the above integral). This gives, in particular,

Ufga*(f)Uf_gl = a*(uef) . (HI.I)

Denote by Uy the standard dilation group on the particle space: Upy P(x) —
e%9¢(e%) (remember that we assumed that the number of particles is 1). We
define the dilation transformation on the total space H = H, ® H; by

Us = Ups @ Usp. (I1L.2)

For §# € R the above operators are unitary and we can define the family of
Hamiltonians originating from the Hamiltonian /1 5M as

HyM = Upe WO HiM 9@yt (IIL3)

Under Condition (DA), there is a Type-A ([53]) family H, 59M of operators analytic
in the domain |Tmf| < 6, which is equal to (IIL.3) for § € R and s.t. H"* =
HEM,

HiM = Ureo H o Urg- (111.4)
Indeed, using the decomposition [ ; F = H:f FyH FA1 f F (see (11.8)-(I1.9)), we
write for § € R

HM =H @1+ 71, @ Hy + I (IIL5)

where HoM = UpHIFU ' and I3 = UpIPFU, . Tt is not hard to compute
that H5M = —e 25 A 4 Vy(e’z), where
D (k)2

Vo) = V(2) +2¢° ) / Bl fen(R)PdPk + g7 Td% (I11.6)
A A

with V' given in (I.1). Furthermore, using (III.1) and the definitions of the inter-
action I}'"', we see that I5,"' is obtained from I by the replacement a# (k) —

6’379@#(/4) and, in the coupling functions only,

k —ekandz — ez (I11.7)
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By Condition (DA), the family (IIL.5) is well defined for all § satisfying |Im6| < 6
and has all the properties mentioned after Eqn (II1.3). Hence, for these 6, it gives
the required analytic continuation of (III.3). We call H, ;,M with Imf > 0 the
complex deformation of H 5M .

Recall that we define the the resonances of H 5 M are the complex eigenvalues
of H 59M with Imé > 0. Thus to find resonances (and eigenvalues) of H, !}9M we
have to locate complex (and real) eigenvalues of H feM for some # with Im@ > 0.

In Sections V - VIII we prove the following result

Theorem IIL.1. Assume Conditions (V) and (DA) holds. Fix eép ) < v < inf Tess(Hp)

and let g < eéﬂ)p(u). Then the operators H gng , with Imf > 0, have eigenvalues

€, ] < jv), st ¢ = egp) + O(g?) and €; are independent of 0. The essential
spectrum of erM, Imé > 0, is a subset of the set | J ) S;, where the sets S;
are given in (1.8).

J<i(v

Theorem III.1, together with the discussion in paragraphs containing Eqns
(1.9)- (1.6) implies Theorems 1.1 and 1.2 (for the ground state part of Theorem 1.1
it contains unnecessary Condition (DA)).

Furthermore, one can show that the eigenvalues ¢;, j < j(v), have the prop-
erties

(1) If the FGR condition is satisfied, then Ime; = — gQ’yj +O(g*), where 7, are
given by the Fermi Golden Rule formula;

(i1) €; can be computed explicitly in terms of fast convergent expressions in
the coupling constat g.

IV Generalized Particle-Field Hamiltonians

It is convenient to consider a more general class of Hamiltonians which contains,
in particular, both, the generalized Pauli-Fierz and Nelson Hamiltonians and their
complex dilation transformations. We consider Hamiltonians of the form

H, = Hy, + I, IV.1)

where g > 0 is coupling constant, Hy, := H,, + Hy, with Hpy, = —rkA +
Vo(z), k € C, k # 0,and I := g> 1o Winn. We assume that V(z) is
A—bounded with the relative bound less than |x|/2, more precisely, that it obeys
the bound

vl < Bljav) + ol av2)

uniformly in g < 1, where we set the constant in front of the second term on the
r.h.s. to 1. This constant plays no role in our analysis. Moreover, we assume that
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the operators W, ,, are of the form

m-+n m

Wonn = / a*(k
’ R3(m+n) 1:1 |lC |1/2 1:[
m—+n
KW (K1, oo ] [ @) (IV.3)
m+1

where w,, k|, k := (k1, ..., kmin), the coupling functions, are operator-functions
on the particle space H,, obeying

SUp || Wy, < o0, (IV.4)
g<1

for some ;¢ > 0 and ¢y > 0 (the latter parameter is not displayed, see the next
equation). Here the norm ||wm,n||,(¢0) is defined by

6—5(:{:) mn[k] 5<:c)<p>—(2—m—n)

0) .
Wm,n ‘= sup sup ; — . (IV.5)
H HM 16|<d0 keRr3(m+n) | [min({z)m+ [} + (|k:j|1/2)7 1)) Hpart
Here || - ||part 18 the operator norm on the particle Hilbert space H,,. We observe

that for g sufficiently small
D(Hy) = D(Hy) C D(Iy).

We denote by G'H,, the class of (generalized particle-field) Hamiltonians sat-
isfying the restrictions (IV.1) - (IV.5). We also denote by GH,T” the class of
operators of the form (IV.3) - (IV.5).

Clearly, both, the Pauli-Fierz and Nelson, Hamiltonians belong to G H,, with
p = 1/2 for the generalized Pauli-Fierz Hamiltonian and x> 0 for the Nelson
Hamiltonian and with x = 1/2. Indeed, for the Nelson model, (XIII.1)- (XIIL5),
Vy = V obeys (IV.2) and w,, 5, are 0 for m + n = 2 and multiplication operators
by the bounded functions x(k)e~** and x(k)e** for m +n = 1. For the QED
case (the generalized Pauli-Fierz Hamiltonian, (I1.3)) V, is given by (II1.6) and
I, == p- A (2) + 39 : Ai(z)? : +G(x), where the operator G(z) is defined in
(IL.4). From these expressions we see that V; satisfies (IV.2) and w,,, obey the
conditions formulated above.

Dilation deformed Pauli-Fierz and Nelson Hamiltonian also fit this framework.
Let H ;%M be a complex deformation of the QED Hamiltonian H 5M i.e. the di-
lation transformation of the generalized Pauli-Fierz Hamiltonian H PEThen the
operator H,, ‘9H SM satisfies the restrictions imposed above w1th p=1/2and
Kk = e Reb / 2. For the Nelson model we have and ;1 > 0.
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V Elimination of Particle and High-Photon Energy
Degrees of Freedom

In this section we map the operator families /1, — A, where the operator H, =
Hy + 1, € GH, (see Section IV), into families of operators acting on the Fock
space only (elimination of the particle degrees of freedom). We will study proper-
ties of the latter operators in Sections VII and VIII after we introduce appropriate
Banach spaces in Section VI.

Fix 1 < 7 < j(u) and consider an eigenvalue \; € o4(H,,) and define

5, = dist(Ay, 0(Hyg) [ {As} + [0, 00)). V1)

We assume J; > 0 and we define the set
1 1

Let P,; be the orthogonal projection onto the eigenspace of H,,, corresponding
to A; and, as usual, ij = 1 — P,;. We define Hgg = e YHp,e? and Plfj =
e ¥P,; e¥ with ¢ = §(z). We use the following parameter to measure the size of
the resolvent of Hgg:

-1 . 5 1750
Rji= Sup sup [(Hpy = A Pl (V.3)
for 09 > 0O sufficiently small. Note that if the operator H,, is normal, as in the
case of the problem of the ground state, where H,, is self-adjoint, then x; can be
easily estimated for oy sufficiently small. If the operator H,, is not normal, then
getting an explicit upper bound on its resolvent requires some work. This will be
done in the proof of Theorem III.1 given in Section IX.

Our goal now is to define the renormalization map on the class generalized
particle-field Hamiltonians G H,,. This map is a composition of three maps which
we introduce now. First of these is the smooth Feshbach-Schur map (SFM)?, or
decimation, map, F;., which is defined as follows. We introduce a pair of almost
projections

T=m; =7w[Hs] = Py ® X< (V.4)

and T = 7T[H/] which form a partition of unity 7 + 7> = 1. Note that 7 and 7

commute with H, introduced in Section IV. Next, for H, = Hy, + I, € GH,,
we define

H; = Hy, + wl,7. (V.5)

%In [9, 10, 4] this map is called the Feshbach map. As was pointed out to us by F. Klopp and
B. Simon, the invertibility procedure at the heart of this map was introduced by I. Schur in 1917,
it appeared implicitly in an independent work of H. Feshbach on the theory of nuclear reactions,
in 1958, see [31] for further extensions and historical remarks
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Finally, on the operators Hy, — A s.t. H, = Hy, + I, € GH,, and
H- — X\ is (bounded) invertible on Ran 7, (V.6)
we define smooth Feshbach-Schur map, F., as
F.(H,—\) := Hoy — X\ + wlym — wl,7(Hz — N) " 'R,mr. (V.7)

Observe that the last two operators on the r.h.s. are bounded since, for any operator
I, as described in Section IV,

I,m and 71, extend to bounded operators on H.

Properties of the smooth Feshbach-Schur maps, used in this paper, are described
in Appendix A. For more details see [4, 31].

Next, we introduce the scaling transformation S, : B[H] — B[H], which acts
on the particle component of H := H,, ® H by identity and on the field one, by

S,(1) =1, S,(a*(k):= p~"*a®(p k), (V.8)

where a” (k) is either a(k) or a*(k) and k € R>.
Now, on Hamiltonians acting on H := H, ® H; which are in the domain of
the decimation map [ we define the renormalization map R ,; as

Ryj=p 'S,0Fy, (V.9)

where recall m = ;. The parameter p here is the same as the one in (V.4). It gives
a photon energy scale and it is restricted below.

To simplify the notation we assume that the eigenvalue \; of the operator Hp,
is simple (otherwise we would have to deal with matrix-valued operators on H¢).
We have

Theorem V.1. Let H, be a Hamiltonian of the class G H,, defined in Section 1V
with p > 0. We assume that 6; > 0. Then for g < p < kj and X € Q)

H, — X € D(R,;). (V.10)

Furthermore, R ,;(Hy—\) = P,; ® Hyj+(Hoy—\)(P,; ® 1) where the family of
operators Hy;, acting on F, is s.t. Hy; — Hy is bounded and analytic in \ € Q);.

A proof of Theorem V.1 is similar to that of related results of [9, 10, 11]. We
begin with

Proposition V.2. Let ¢ < p < kj and A\ € ();. Then the operators Hz — X are
invertible on Ranm and we have the estimate

7 (Hr = X) '] < dp™ (V.11)
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Proof. First we show that for A € (); the operator Hy, — A is invertible on Ran7
and the following estimate holds for n = 0, 1

I(Ip|* + Hy 4+ 1)"Ro(N)|| < Cp*! (V.12)

where Ro(\) := (Ho, — A\)~'7. If the operator H,, is self-adjoint then the es-
timates above are straightforward. In the non-self-adjoint case we proceed as
follows.

Write T = P,; ®XHpr+ij®1, where, as usual, P,; = 1— P,;. Since Hy, =
Aj + Hy on Ran(P,; ® Xu,>,), the operator Hy, — A is invertible on Ran(F,; ®
XH,>p) for A € Q; and

[(Hog = N) " (P @ xr,2p) [ <207 (V.13)

NCXt U(HOQ‘Ran m®l)) - U( P9|Ranﬁ )+ U(Hf) - U( Pg)/{A } +R+
Now, by the definition of ); we have 1nfs>0 dist(A; — s,Q);) < §,/2. This and
the definition of d; give

dist(0( Hogl gonp, ony)s Q1) = 63/2. (V.14)

Therefore, for A € Q;, the operator Hy, — A is invertible on Ran(P,; ® ® 1). Since
the operator (Hp, — A\)~ (ij ® 1) is analytic in a neighbourhood of Q; we have
that supycq, [|(Hog — A)~ 1(P,; ® 1)]| < .

We claim that

sup I(Hog — X~ (Pp; @ 1)|| < Oy (V.15)
E J

where x; is defined in (V.3). Indeed, since the operator H is self-adjoint with the
known spectrum, [0, 00), and since Q); = @; — [0, 00), we can write, using the
spectral theory,

Lh.s. of (V.15) = sup |[(H,y — )" Pp,ll. (V.16)

AEQ;

Now, our claim follows from the definition (V.3) of ;.
Since p < k;, the inequalities (V.13) and (V.15) imply

[Ro(N)|| < 4p7" (V.17)

which implies (V.12) with n = 0 and C' = 4.

The estimate (V.17) and the relation Hy,Ry(A\) = Ranm + ARy(\) imply the
inequality ||HogRo(N)|| < 2 + 4]el”|/p. Finally, since by (IV.2), |||p|2¢| <
2||Hog|| + 2||%]|, we have (V.12) with n = 1.
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The inequality (V.12) implies the estimates
[(p)> ™" (Hy + 1)"*(Hog — N)'7|| < Cp7', (V.18)

forn=1,2.
Now, we claim that

| Z(Hog — A)~'x|| < Cgp™* (V.19)

Indeed, let f(k) be an operator-valued function on H,,. Then we have the follow-
ing standard estimates

el < (f ) (v20)

(cf. Eqn (V1.10) with m +n = 1) and

(v —/Ilf W 2are k][] + [Jalf)e]|". (V.21)

Eqgn (V.19) follows from the estimates Eqn (V.18), (V.20) and (V.21), the pull-
through formula

a(k) flHs] = f[Hf+ [k a(k), (V.22)

and from the conditions on the operator /, imposed in Section IV. For instance,
for the term Wy ; we have

Whot|| < /| st o W

wlok ! art 3 1
S(/l [wio(k)(p) "3 &1 o)

K<t |kl

||w1;0<k)< > 1||pg/rt 3 1 1/2
d’k)?||H
+(/|k|<1 k|2 ) H f <p>¢H

< Jlwrollf? [[p) (Hy +1)%0 (V.23)
for any i > —1/2. This together with Eqn (V.12) implies HWLO(HOQ—A)_ITTH <

C le,oH,(LO) p~t. Now, the term W) 5 is estimated as follows:

dPky Ak

Wi ki, ko)a(ky)a(ks)
02811 [ st bt 7o oo

||U)02 k17k2>||part 3 1/2 dgkl
d’k H, a(ky)
/k1|<1 /k2|<1 | ko ) | MZ)H\/|k/‘1|
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lwo,2(k1, k2) || d*k
/ / O R [Ny
k<1 J|ke|<1

|ka| VAL
lwo,2 (K1, ko)l 20r /2 ks
d’k (k1)
/k1<1 /kg|<1 |k2’ 2) H 1 f 7/’“ V |k51|

(k1, k
/ / |w02 15 2)Hpartd3k1d3k2) HwaH
e <1 J [k <1 Ky || Ko

< ool [ Hp | (V.24)
forany p > —1.
Eqn (V.19) implies that the series
> (Hog — N7 (FI,Ro(N))" (V.25)
n=0

converges absolutely on the invariant subspace Ran7, and is equal to (H,,z —\)~*,
provided g < p. Estimating this series using (V.19) gives the desired estimate
(V.11). O
Proof of Theorem V.1. The last proposition together with the fact that the op-
erators 7/, and I, are bounded yields Eqn (V.6). The second part of the theorem
follows from the definition of the Feshbach-Schur map, (V.7), the proposition and
the Neumann series argument. O
Note that K := R ;(Hy—A) |Ran(p,;0 1)= (Hog—A) |Ran(p,;® 1) and therefore
o(K)=0(Hy)/{)\;} +[0,00) — A. Hence for any A € (); we have

min{|p — Al [ € o(Hpg)/{A;} +[0,00)}
>@—M—MZ%® (V.26)

Therefore 0 ¢ o(K). This, the relation o(R,;(Hy; — A)) = 0(H,;) U o(K) and
Theorem X.1 of Appendix A imply

Corollary V.3. Let A € ;. Then A € o(H,) if and only if 0 € o(Hy;). Similar
statement holds also for point and essential spectra.

This corollary shows that to describe the spectrum of the operator H, in the
domain ), it suffices to describe the spectrum of the operators /; which act on
the smaller space F. In the next section we introduce a convenient Banach space
which contains the operators H); for A € @);.

Furthermore to prove bounds on resolvent in terms of bounds on ;jl one uses
the relation

Ryy(H, — N = Hy)

J

(P @ 1)+ (Hog — A) ' (P @ 1). (V.27)



ResonQED, June 19, 2008 20

VI A Banach Space of Hamiltonians

We construct a Banach space of Hamiltonians on which the renormalization trans-
formation will be defined. In order not to complicate notation unnecessarily we
will think about the creation- and annihilation operators used below as scalar op-
erators, neglecting the helicity of photons. We explain at the end of Supplement
A how to reinterpret the corresponding expression for the photon creation- and
annihilation operators.

Let B{ denote the unit ball in R3¢, I := [0, 1] and m,n > 0. Given functions
W : I X BT — C,m+n > 0, we consider monomials, W,,,,, = W, n[wp.n,
in the creation- and annihilation operators defined as follows:

Wm,n[wm,n] =
dk(m.n . ~
/Bm+n W a (/{:(m)) wmm [Hf; k(m,n)] a(k(n)) . (VI.])

Furthermore for wy ¢ : [0, 00) — C we define using the operator calculus W o :=
wo,o[Hy] (m = n = 0). Here we are using the notation

k‘(m) = (kl, RN k’m) € R3™ , a#(k(m)) = H:il a#(/{i), (VIL.2)

konny = (kny, b)) dkgnny = [1is, @k TL2 ki, (VI3)
where a* (k) stand for a(k) either or a*(k). The notation W, ,,[w, ] stresses the
dependence of W, , on wy, ,,. Note that W o[wo o] := woo[H]-

We assume that, for every m and n with m +n > 0 and for s > 1, the
function wy, » 7, , K@, is s times continuously differentiable in - € I, for almost
every k(mn € B'™", and weakly differentiable in k() € B""", for almost
every r in 1. As a function of k(;, ), it is totally symmetric w. r. t. the variables
kany = (K1, ... kyp) and k(ny = (K1, .. ., k,) and obeys the norm bound

“wm,nHu,s = Z ||a?wm,n||u < 00, (VL5)
n=0

where ;4 > 0, s > 0 and

|Wm.nll, = max sup } & | Wi n [ Ko ’ . (VL6)
r€Lk(m nEBT T

Here and in what follows k; € R3 is the j—th 3— vector in E(m,n) over which we
take the supremum. For m + n = 0 the variable r ranges over [0, 00) and we
assume that the following norm is finite:

lwooll,s == [woo(0)]+ D sup |3 woo(r)|- (VL7)

1<n<s r€[0,00)
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(This norm is independent of u, but we keep this index for notational conve-
nience.) The Banach space of functions wy, ,, of this type is denoted by W/,.7,.

We fix three numbers 1 > 0, 0 < ¢ < 1 and s > 1 and define the Banach
space

Wi = Wi = @ Wi, (VL8)
m—+n>0
with the norm
lwl e == D & Jwmpllus < oo (VL9)
m-+n>0

Clearly, WX C WESif i > 8" > sand € < €.

Let x1(r) = x»<1 be a smooth cut-off function s.t. xy; = 1 forr <9/10, =0
forr > 1land 0 < x;(r) < 1 and sup|9)'x1(r)| < 30 Vr and for n = 1,2. We
denote X, () = Xr<p = X1(r/p) = Xr/p<1 and X, = X1, <p-

The following basic bound, proven in [2], links the norm defined in (V1.6) to
the operator norm on B[F].

Theorem VI.1. Fix m,n € Ny such that m +n > 1. Suppose that w,, ,, € ng}n,
and let W, ,, = W, n[Wi ] be as defined in (VI.1). Then for all X\ > 0

[(Hy + X)W (Hy +X) 2| < Jlwmnllo, (VL10)
and therefore
p(m+n)(1+u)
HXPW”%”XPH < anm,nno, (VLL11)
where || - || denotes the operator norm on B[F].

Theorem VI.1 says that the finiteness of ||wy, ,||o insures that W, ,, defines a
bounded operator on B[F].

With a sequence w := (Wpn)min>0 in WH® we associate an operator by
setting
H(w) = Woolw] + > xiWaalwlx: (VL12)
m+n>1
where we write W, ,,[w]| := Wy, n[wy,.n]. The rh.s. of (VI.12) are said to be in

generalized normal (or Wick-ordered) form of the operator H (w). Theorem VI.1
shows that the series in (VI.12) converges in the operator norm and obeys the
estimate

| H(w) = Woo(w) || < &]jw ||, (VL13)

for arbitrary w = (Wmn)minso € WH? and any p > —1/2. Here w;, =
(Wm.n)m4n>1. Hence the linear map

H:w— H(w) (VI.14)
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takes YWY into the set of closed operators on Fock space F. The following result
is proven in [2].

Theorem VI.2. Forany > 0and 0 < £ < 1, the map H : w — H(w), given in
(VL.12), is injective.

Furthermore, we define the Banach space

Wi = @ Wi (VL15)

m+n>1

to be the set of all sequences w; := (Wi, 5 )m+n>1 ObEying

lwillpse = D & Jwmpllus < o0 (VL.16)

m+4n>1

We define the spaces Wiy* := H(OWH*), Wi'> := H(W/["") and W= =

1,0p mn,op

H(W)y»). Sometimes we display the parameter & as in W, " := H(W;""). The-
orem V1.2 implies that W := H(W*"*) is a Banach space under the norm
| H(w) Hu,s,é = [jw ”u,s,é' Similarly, the spaces Wi, and Wi are also Ba-
nach spaces in the corresponding norms.

In this paper we need and consider only the case s = 1. However, we keep the

more general notation for convenience of references elsewhere.

VII The operator R ,;(H, — \)

In this section we give a detailed description of the family of operators H); :=
Rpi(Hy — ) |Ran(p,;® 1) (see Theorem V.1). Here, recall, that P,; denotes the
projection on the particle eigenspace corresponding to the eigenvalue ;. We
define the following polydisc in W,:*:

DS (e, B, ) = {H(w) e Wi | woo(0)] < o, (VIL1)

sup (On(r) =1 < B, s < 7}
rel0,00

for o, 3,7 > 0. Recall that w; := (Wpn)m+n>1- In what follows we fix the
parameter £ in (VIL.1) as £ = 1/4.

Theorem VII.1. Let H, be a Hamiltonian of the class G H, defined in Section 1V
with > 0. We assume that 6; > 0. Then for g < p < min(r;,1/2) and X € Q;,

Hy; —p '\ = A) € D**(a, §,7), (VIL.2)

where o = O(g?p"~2), 6 = O(g?p" 1), v = O(gp").
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Note that if @DJ(-p )is an eigenfunction of H,, with the eigenvalue \; and ¥; :=

1/;](-p ) ® Q, then we have
A= A= (H, — Ny,

The proof of Theorem VII.1 follows exactly the same lines as the proof of
Theorem IV.3 of [28]. It is similar to the proofs of related results of [9, 10, 11].
Since it is technically rather involved, it is delegated to Appendix B.

VIII Spectrum of H,

In this section we describe the spectrum of the operator H, € GH, defined in
Section IV. We begin with some definitions. Recall that D(\,r) := {z € C||z —
Al < r}, adisc in the complex plane. Denote D := D*!(a, 3,7) with o, 3,7 < 1
and let D, := D*'(0, 3,) (the subindex s stands for ’stable’, not to be confused
with the smoothness index s which in this section is taken to be 1). For H € D
we denote H, := (H)q and H, :== H — (H)q 1 (the unstable- and stable-central-
space components of I, respectively). Note that if / € D, then H, € D;.

Recall that a complex vector-function f in an open set D in a complex Banach
space WV is said to be analytic iff it is locally bounded and Gateaux-differentiable.
One can show that f is analytic iff V€ € W, f(H + 7€) is analytic in the complex
variable 7 for |7| sufficiently small (see [13, 38]). Furthermore if f is analytic in
D and g is an analytic vector-function from an open set €2 in C into D, then the
composite function f o g is analytic on (2.

Our analysis uses the following result from [28]:

Theorem VIIL1. For o, 3 and vy sufficiently small there is an analytic map e :
Dy — D(0,4c) s.t. e(H) € R for H = H* and for any H € D, 0(H) C
e(H) + S, where

1
S :={w € C|Rew > 0, [Imw| < gRew}. (VIIL1)

Moreover, the number e(H ) is an eigenvalue of the operator H.

Let H, be in the class GH,, defined in Section IV with 1+ > 0 and let H; be
the operator obtained from H, according to Theorem V.1. By Corollary V.3, for
z € (), we have that z € o(H,) if and only if 0 € o(H ;) and similarly for point
and essential spectra. By Theorem VIL1, Vz € Q;, H,; € D"'(«a,3,0) with
a=0(g*p1), 3= 0(g% and v = O(gp"). Since by our assumption g < 1, we
can choose p (under the restriction g < p < min(x;, 1/2)) so that

g@pt, gt < 1. (VIIL.2)
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In this case the condition of Theorem VIII.1 is satisfied for H ;s € D,. Therefore
it is in the domain of the map e : Dy — C described in Theorem VIII.1 above and
we can define

©;(2) == Ej(2) + e(H.s), (VIIL3)

where E;(2) := H,j,, = (2, H.;Q) and z € Q);. Let I', be the unitary dilatation
on F defined by
T, =Up(—Inp) (VIIL4)

where Us(— In p) is defined in Section III. Our goal is to prove the following

Theorem VIIL.2. Let the Hamiltonian H be in the class G H,, defined in Section
IV with 1 > 0 and let g < k. Then:

(i) The equation ¢;(€) = 0 has a unique solution e; € (); and this solution
obeys the estimate |e; — \;| < 15a;

(ii) e; is an eigenvalue of H, and

o(Hy)NQ; C{z€Qj|Re(z—¢;) >0 (VIIL5)
and [Im(= — ¢,)] < 3 [Re(z — ;)]};

(iii) If v; is an eigenfunction of the operator H.,; corresponding to the eigen-
value 0, then the vector

U; = Qr(Hy — ;)T # 0, (VIIL6)

where ™ and (), (H ) are defined in Eqns (V.4) and (X.1), respectively, is an
eigenfunction of the operator H, corresponding to the eigenvalue e;.

Proof. In this proof we omit the subindex j. (i) Since e : Dy — D(0, 4«) is an
analytic map, z — H_, is an analytic vector-function and z — E/(z) is an analytic
function on Q*, by Theorem V.1, we conclude that the function ¢ is analytic on
Q™. Here Q™ is the interior of the set Q.

Furthermore, the definitions (VIIL.3) and A¢F(z2) := E(z) — p~'(\ — 2) (re-
member that in this proof A = \;) imply that o(X) = AgE(N) + e(Hyy).

We have, by Theorem VIL1, that [AgE(A)| < a. Hence |p(A\)| < 5a. Fur-
thermore since () is inside a square in C of side /3, we have, by the Cauchy
formula, that

0N E(2)] < a(3/8)™ form =0, 1. (VIIL7)

(remember that in this proof ¢ = 4,). Similarly we have:

0.e(H(2),)| < 4a(3/6)7". (VIILY)
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The last two inequalities and the equation AgE(2) := E(z) — p~'(\ — 2) give
0.¢(2) + 1| < 15a/6. (VIILY)

Hence by inverse function theorem, for « sufficiently small the equation ¢(z) = 0
has a unique solution, e, in ) and this solution satisfies the bound |e — \| < 15a.
(ii) By Theorem VIIL.1, () is an eigenvalue of the operator H, = FE(z) +
H..;. Hence 0 is an eigenvalue of the operator H.. By Corollary V.3, z is an
eigenvalue of H, < 0 is an eigenvalue of H.. Hence e is an eigenvalue of the
operator H,,.
Next, by Corollary V.3, we have for any z € ()

z€o0(Hy) «~0€o0(H,). (VIIL.10)

Due to Theorem VIIL.1 we have that o (H,) = E(z)+0(H.s) C E(2)+e(H,s)+
S = p(z)+ S, where the set S is defined in (VIIL.1). This together with (VIIL.10)
gives z € 0(H,) N Q < p(z) € =S or

o(Hy)NQ = ¢ '(=9). (VIIL11)

Now the second part of the proof will follow if we show that o~ !(—S) is a
subset of the r.h.s. of (VIIL.5). Denote i := 2z — e and let

|Tmyp| > %|Re,u|. (VIIL.12)
Let w := —p(2). Since p(e) = 0 we have by the mean-value theorem
¢(2) = 0:0(2)(z —e) (VIIL13)
for some Z € ();. This gives
Imw| = |Rey'Tmu + Img'Rep. (VIIL.14)

Now, the definitions (VIIL.3) and AgE(z) := E(z) — p~(\ — z) (remember that
in this proof A = ;) imply that

0.0(2) = =14 0.M0F(2) + 0.e(H.s). (VIIL15)
This and Eqns (VIIL.7) and (VIIL8) give (below ¢'(2) = 0,¢(z))
IRey/(Z)] > 1 — O(a) and [Im¢/(Z)| < O(a). (VIIL16)
Relations (VIII.14) and (VIIL.16) imply the estimate

[Imw| 2> (1 — O(a))[Tmp| — O(a)[Repl
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which together with (VIII.12) gives
1 3
|Imw| > 4_1(1 — O(a))|Imp]| + §(1 — O(a))|Rep. (VIIL.17)

Similarly, we obtain

|Rew| = |Rep'Rep — Imp'Tmy| (VIIL.18)
< (14 O(a))|Rep| + O(c) [ Imp].

The last two relations imply [Imw| > #|Rew| and therefore w ¢ S or what is the
same z € o }(—9).

Now let Repr < 0. Then Eqns (VIIL.15)-(??) imply that Rew = —Re¢'Rep
+Imy'Tmp = (=1 + O(«))|Rep| + O(almpy). Thus, Rew = (—1+ O(«))|Repl,
provided |Imy| < |Rep|. Hence also in this case we have z € ¢! (—S). Thus we
conclude that ¢! (—S) is a subset of the set on the r.h.s. of (VIIL5), as claimed.

(ii1) Finally, the last part of the theorem follows from Theorem X.1(iii) of
Appendix A. Theorem VIIL.2 is proven. [l

IX Proof of Theorems 1.1 and 1.2

We begin with the proof of existence of the ground state. Let [, be a Hamilto-
nian from the class GH,,, @ > 0 defined in Section IV. We assume that H, is
self-adjoint. Special cases of such Hamiltonians , are the Pauli-Fierz and Nel-
son Hamiltonians, H"" and H)', given in (IL.8) and (XIIL1), respectively. Then
the operator Hy, g < ko, clearly satisfies the conditions of Theorem VIIIL.2 with
J = 0. Moreover, the particle Hamiltonian H,, entering H, is self-adjoint which
implies that the constant o, defined in (V.3), is ko = dist(0(Hpg| panp,, ) @5) =
d0/2. Here, recall, §y := dist(A\y, o(Hpy)/{Ao}), Where ), is the smallest eigen-
values of the operator H,,. This implies the existence of the ground state for
H g 9 < 50.

Now, H'F = H,+0(g?) (see (11.9)) and H, = H,+0(g°) (see the paragraph
after (XIIL.2)). Hence, if H, is either H'" or H), then \; = €§p) + O(g?*) and

do = eé%(eép )) +0(g?), where, recall, where ), are the eigenvalues of the operator

(»)

H,, labeled in order of their increase and counting their multiplicities, € are the

eigenvalues of the operator H, given in (I.1) and
eap(v) 1= min{|e” — Vi # j, e < v}

Consequently, it suffices to assume that g < €2 (e”). Since H, Fis unitary

equivalent to H gS M 'this proves the part of the statement of Theorem 1.1 concerning
the ground state.
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Note that the energy of the found ground state solves the equation ¢q(€) = 0
(see (VIIL.3) for the definition of ¢;(¢)).

Now we prove Theorem III.1 which implies the part of the statement of The-
orem I.1 concerning the excited states and Theorem L.2. Let H, := eeng where

H jf, is the complex deformation of the Hamiltonian /1 f, which is either the Pauli-
Fierz Hamiltonian, H)'", or the Nelson Hamiltonian, H", defined in (IIL.5) and
in (XIIL8), respectively. Then the Hamiltonian H, belongs to the class GH,, de-
fined in Section IV with > 0. We will assume 0 < ITm# < min(6y, 7/4), where
0y is defined in Condition (DA) in Section I, and Ref = 0 and we will assume
g < min(k;, eé%(l/)).

Let HjE and Hj; be the particle Hamiltonians entering H f and ng, respec-
tively. We show that

§; = dist(\;, 0 (Hpy)/{N\;j} + RT) >0

for the particle Hamiltonian H,, := ¢’ H?,

by entering H,,, provided j < j(v), with

v < inf aess(Hp), and g < eé’;},(y). Here, recall, \; are the eigenvalues of the

operator H,,, := eeng, Jj(v) = max{j : egp) < v} and €, (v) is defined above.

To do this we note first that, since Hf =H,+ O(g?*), we have v < inf aess(Hj*)
for g sufficiently small. Furthermore, since we have chosen Ref = 0, we have
that §; = dist (e, o(H,) /{e7 } + e "RT), where ] = e~’); are eigenvalues of
the operator H. ;ﬁ. By the definition of the operator H f = —%G*Q(’A + Vo and the
Balslev-Combes-Simon theorem (remember that Vg = Vj + 0(92) and that Vj
is A—compact, by Condition (V), which implies the A—compactness of V' in the
one particle case, and Condition (DA), which implies the A—compactness of Vj
in the one particle case, of Section I) we have that it has no complex eigenvalues
in the domain {Rez < v} and therefore its eigenvalues ef, j < j(v), coincide

with the eigenvalues of the operator Hf which are < v. Hence we have that
§; = min(dist(e}#, U(Hf)/{e;’%}), (ejﬁ_l — ef{) tan(Imd))

and therefore 9, > 0.

Thus, for any j < j(v), the operator H,(:= eGHz;), g < min(/fj,eé%)p(y)),
satisfies the conditions of Theorem VIIL.2. This implies that the spectrum of Hj;
near ¢; = e ?)\; is of the form

o(H) NeQ; C {z€e’Q; | Re(e’(z — ¢;)) > 0 (IX.1)

and | Tm(e'(= — ) 1< 3 | Re(e’(z — ) [}
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where €; € e ?Q); is an eigenvalue of Hj;. Moreover, e’

to the equation ¢;(e) = 0 and ¢; — e}# as g — 0.

Let ¢;(e,6) = ¢;(e) be the function constructed in (VIIL3) for the operator
H, = eQng. It is not hard to see that ¢, (e, #) is analytic in 6. Since by Theorem
VIIL2 €%; is a unique solution to the equation ¢, (¢, ) = 0 we conclude that ¢,
is analytic in (a fractional power of) 6. On the other hand, by Eqn (IIL4), ¢; is
independent of Refl. Hence it is independent of 6.

The eigenvalue ¢ is always real and therefore is the eigenvalue also of H f.
This is the ground state energy of H f. For 7 > 0 the eigenvalue ¢; can be either
complex or real, i.e. either a resonance or an eigenvalue of f. (If the (FGR)
condition is satisfied then Ime; < 0 for j # 0 and, in fact, Ime; = —v;¢* + O(g*)
for some v; > 0 independent of g, see [11]). In the degenerate case, the total

multiplicity of the resonances and eigenvalues arising from ef is equal to the

€; 1s the unique solution

multiplicity of ef.

Thus we have proven all the statements of Theorem III.1, but under the stronger
assumption g < min(x;, eéﬁ)p(y)). Now we relax this assumption.

Define 5J# = dist(e}#, o(Hf)/ {ef&}) The following proposition states that
the restrictions g < 53# and [Imf| < 5;# imply the restriction g < ;. Recall that
k; and ¢; are defined in Eqns (V.3) and (V.1), respectively.

Proposition IX.1. Assume that |Imf| < 5;#. Then there is a numerical constant
c>0s.t K; > 0(5;-‘7£ tan(Im#).

Proof. Observe first that this proposition concerns entirely the particle Hamilto-
nian H,, := eeng. In its proof we omit the subindices p and g.

First we estimate J; in terms of (5;#. We assume Ref) = 0. By the definitions
of 6; and of H := ¢’ H} we have §; = dist(e;%, J(H‘;#)/{e}#} + e %R+). Since
o(H)) = {7} e R+, this gives

;= min[dist(ef, J(H#)/{Gf}), dist(e;%, 5;%—1 + e 'RT)]
which can be rewritten as

§; = min((Sj#, (6}éﬁ - ef_l) tan(Imd)). (IX.2)

This, in particular, gives 6]# >0, > 5;# tan(Im#).

Now we estimate the norm on the r.h.s. of Eqn (V.3). We begin with the case
of & = 0. In what follows \ € @, is fixed. First, we write P; = P.; + P~ ;, where
P.j:= ZK]. Piand P :==1— ZKj P;. Here, recall, P, are the eigenprojections

of H := ¢’H} corresponding to the eigenvalues \;. Since (H — \)~'P.; =
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> ic;(Ai=A)T' P, we have ||(H —A)~' P < C(min;; | \;—A[)~". To estimate
the r.h.s. of the above inequality we write for A € Q);

min [A; — Al > min [Im(A; — A)]
1<j 1<J

> minTm(A — Ay)| - [Im(A, — A).
1<)

By the definitions of ¢; and @); (see Eqns (V.1) and (V.2)) and by Eqn (IX.2),

we have [Im(\; — A)| < 36; < %(ef — ef_l)tan(ImH)). On the other hand,

Im(\; — A;)| = (e — €) sin(Im). Hence

%

1
min |\; — A| > (e;éé - ef_l)(sin(lmé’) — — tan(Imd)).
i<j 3

For 0 < Imf < /3, this gives min;; |A; — A| > %(5J# sin(Imf) for any A € Q;.
This, together with the estimate derived above, yields

I(H = X) ™' Poj|| < C(67 sin(Imf)) . (IX.3)

To estimate (H — \) ' P~; we write it as the contour integral

1 _
(H—=X\"'P,; = —_6_9]{ (H(;# —2) 1(z —e Nz, (IX.4)
21 r
where the contour I is defined as I" := p + iR, where p := ie}# + %6?:1-
Next, expanding €2V, (e’z) in 6, we have H]' = e=* H# 4+ O(f). Hence for

Imf| < inf,cp dist(z,o(H;]')) and Ref) = 0, this gives
I(H) = 2)7M < 2ll(e ™ H* — 2)7 || < 2/dist(z,0(e”* H*)).

Again, by H} = ¢=? H# + O(6) and the condition |f] < inf.cp dist(z, o(H})),
the spectrum of e~2? H# is at the distance < inf ¢ dist(z, o(H} )) from the spec-
trum of Hf . Using these estimates and using Eqn (IX.4), we obtain

I(H = 2)"'Poy| < % f (dist(z, o (HF) |z — e A 'dz. (X.5)
T

We estimate the integrand on the r.h.s. of the above inequality. We have for
A€ Qj

lef2 — A > sup(|e?z + 5 — Aj| — |\j — s — A]).
s>0
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Forz € T, we have inf s |e?2+s—Xj| = [z—e] | = [(2(e],, —€)))?+(Imz)?|V/2.
Moreover, the the definition of ¢); and (IX.2) imply that sup, ¢, infs>g |\ — s —
A < %5]- < %(ﬁ Combining the last three estimates we obtain
1
: 0 #
/\lencgj ez — A\l > g(éj + |Imz]). (IX.6)
Next, we have for z € T, dist(z,0(H])) = [(ef,; — (
(Im2)2]Y/2 = [(L(e7,, — €))% + (Imz)?]'/2, which gives
) 1
dist(z, o (H})) > g@# + [Imz|). (IX.7)
If [Imf| < 67, then estimates (IX.5) - (IX.7) give
I(H —X)7'Psy| < C(57) 7" (IX.8)
This together with the estimate (IX.3) yields
I(H —X) 7| < C(67 sin(Im)) "

This gives the desired estimate of the norm on the r.h.s. of (V.3) for § = 0.

Now we explain how to modify the above estimate in order to bound the norm
on the r.h.s. of (V.3) for § > 0. First we recall the definitions H° := e ¥ He¥ and
P? := e ¥P; e# with ¢ = §(z). By a standard result, for ¢ sufficiently small,

o(H?) ﬂ{Rez <v}=o0(H) ﬂ{Rez <v}.

This and the boundedness of Pf show that the estimate (IX.3) remains valid if we
replace the operators H and P_; by the operators H° and P?;.

Now to prove the estimate (IX.8) with the operator H replaced by the operator
H® we use in addition to the estimates above the estimate ||R°(2)|| < 2||R(z)]
for z € I' which is proven as follows. By an explicit computation, H° = H + W,
where

W =€ (~Vp-V—-V-Vo—|Vy]).

Hence for small § (recall that ¢(z) := §(x)) the operator H° is a relatively small
perturbation of the operator /1. In particular, for z € I', HR(Z)WH <C§<1/2
and R¥(2) := [1 — R(2)W] 'R(2), where R(z) = (H,, — 2)* and R°(z) =
(Hj,—z)~". Using the last two relations we estimate |R%(2)|| < 2||R(z)|| for = €
I'. This, as was mentioned above, implies the estimate (IX.8) with the operators
H and P replaced by the operators H° and P2 ;- This completes the proof of the
proposition. [
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Since ef = egp) + O(g?), we have that 5j# > € (1) — O(g?) for j < j(v) ==
max{j : ey’ ) < v}. Therefore the restriction g < min(x;, eéﬁ)p(u)), used above,
is implied by the restriction

g <€D (v),

gap
imposed in Theorem III.1. As was mentioned in Section III, Theorem III.1 and
the Combes argument presented in the paragraph containing Eqn (I1.6) imply The-
orems 1.1 and 1.2, provided we choose 6 to be g-independent and satisfying 0 <
Imf < eé’;),,(y). This completes the proof of Theorem I.1. O]

X Appendix A. The Smooth Feshbach-Schur Map

In this appendix, we describe properties of the isospectral smooth Feshbach-Schur
map introduced in Section V.

In what follows H, = Hy, + I, € GH, and we use the definitions of Section
V.

We define the following maps entering some identities below:

Q«(Hy— ) = 7 — 7a(Hy =N "'#l,m, (X.1)
QF(H,—\) = 7 — nl,7(Hz — \)7'7. (X.2)

™

Note that Q. (H, — \) € B(Rann, H) and Q¥ (H, — \) € B(H,Ran).
The following theorem, proven in [4] (see [31] for some extensions), states
that the smooth Feshbach-Schur map of H, — A is isospectral to H, — A.

Theorem X.1. Let H, = Hy,+1, satisfy (V.6). Then, as was mentioned in Section
V, the smooth Feshbach-Schur map F’; is defined on H, — X and has the following
properties:

(i) A€ p(Hy) < 0 € p(Fr(H, — N)), i.e. Hy — X is bounded invertible on H
if and only if F.(H, — \) is bounded invertible on Ran x;

(ii) If v € H \ {0} solves Hyp = X\ then ¢ := xp € Ranw \ {0} solves
E(Hg =N =0;

(iii) If ¢ € Rany \ {0} solves Fr(Hy — \) p = 0 then ¢ := Q(H, — \)p €
H N\ {0} solves Hyip = \ip;

(iv) The multiplicity of the spectral value {0} is conserved in the sense that
dim Ker(H, — \) = dim KerF,(H, — \);
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(v) If one of the inverses, (H, — \) ™' or F, .(H, — \) ™, exists then so does the
other and these inverses are related by

(Hg_)‘)_l - Qw(Hg_)‘) Fw(Hg_)‘)_l Qw(Hg_)‘># + 7 (Hﬁ_)‘)_lﬁ'7
(X.3)
and
F.(Hy—N"'=na(Hy,—AN)'m + 7 (Hyy — \)'7.

XI Appendix B. Proof of Theorem VII.1

In this Appendix we prove Theorem VII.1. As was mentioned in Section VII,
the proof follows exactly the same lines as the proof of Theorem IV.3 of [28].
It is similar to the proofs of related results of [9, 10, 11]. We begin with some
preliminary results.

Recall the notation H, = Hy, + I, (see (IV.1)). According to the definition
(Egn (V.7)) of the smooth Feshbach-Schur map, F;, we have that

Fr(Hy—X) = Hoy— X + wlym (XL.1)
— L7 (Hoy — A+ 7l,7) 7 I,

Here, recall, 7 = w[H/| is defined in (V.4) and @ = 7[Hy] := 1 — w[H/]. Note
that, due to Eqn (V.19), the Neumann series expansion in 71,7 of the resolvent in
(XI.1) is norm convergent and yields

00 L—-1
Fo(Hy—\) = Hog— A+ > (1) xl, ((Hog — )R Ig> 7. (XL2)
L=1

To write the Neumann series on the right side of (XI.2) in the generalized
normal form we use Wick’s theorem, which we formulate now.

We begin with some notation. Recall the definition of the spaces GH,™ in
Section IV. For W, ,, € GHL”" of the form (IV.3), we denote W, ,, = W, ,,[w],
where W := (W )1<m+n<2 With wy, ,, satisfying (IV.4) (not to confuse with the
definitions of Section VI). We introduce the operator families

A (p,q)
1/2

W [ ko] = /B s [ 12

X Wy pnrq | Kim)» T(p) > Kiny> T(g) ] (T (g)),

CL* (x(p)) (XI.3)

form +n > 0 and a.e. kg, € BY'". Here we use the notation for z(, 4, Z(),
Z(y), etc. similar to the one introduced in Eqs. (II1.2)—~(II.4). For m = 0 and/or
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n = 0, the variables k() and/or l%(o) are dropped out. Denote by S, the group of
permutations of m elements. Define the symmetrization operation as

wEym) [ k(m,n)] (X1.4)

m,n

1 3 3
= Z Z Wi [ Kr(1)s - - s Brgmy) 5 k) - - Kam) )-

TESm TES

Finally, below we will use the notation

S[kmy] = [ka] + oo+ [kl (XL5)
kouwy = (K s ke o) ki = (kg EG)) . (XL6)
re == SkG) ] + +Z[k(( D)+ Sk SR (XL
Fo = Sk 4 4 Sk + SR T+ Sk )] (XL8)
withry = 0ifny = ...ny_y = myy; = ... my = 0 and similarly for 7, and

m1+...+mL:M, n1+...+nL:N.

Theorem XI.1 (Wick Ordering). Let W,,,, € GH,T", m+n > 1and F; =
F;[Hy],7 = 0... L, where F;[r] are operators on the particle space which are C*
functions of  and satisfy the estimates ||(p) 2" F;[r](p)™"|| < C forn =0,1,2.
Write W =3 < Wi With W, 1y := Wi [Win . Then

FRWRW---WF,_ WF, = P& W, (X1.9)

where W := W], @ := (@](\f[y]nvj)) M4+N>0 With @g\i’fyﬁ) given by the symmetriza-

tionw. r. t. ko and /~€( N), of the coupling functions

Gl koow) = Y > H { (mé . pz) (W \ ‘N) }

mi+...+mp= M, P1-915-- P14y, — qé
ny+..4+np=N mz+Pz+”£+ql>1

(m2 nz)}

F()[T—f—fo] <77/}](p) ®Q‘Wl[k((717217 )} Fl[Hf+T+T1] Wg[k'
FL 1[Hf+7"+T'L 1] WL[k(anL)} w ®Q>FL[T+TL], (XI 10)

with

—~

Wel kmemn] = W™ w| Eamgpng)- (XL.11)

Pe,qe



ResonQED, June 19, 2008 34

The proof of this theorem mimics the proof of [10, Theorem A.4].
Next, we mention some properties of the scaling transformation. It is easy to
check that S,(Hy) = pHy, and hence

Se(xp) = x1 and p~'S,(Hy) = Hy, (X1.12)

which means that the operator H; is a fixed point of p='S,. Further note that
E - 1 is expanded under the scaling map, p~'S,(E-1) = p 'E -1, atarate p .
Furthermore,

p 'S, (Wmn[w]) = Win [SP(Q)} (XI1.13)

where the map s, is defined by s,(w) = (S,(Wmn))m+n>o0 and, for all (m,n) €
NZ,
$p(Wmn) [Kmmy] = 2" Wi | 0 kmm] - (XL.14)

As a direct consequence of Theorem XI.1 and Eqgs. (V.7), (X1.13)—(XI.14) and
(X1.2), we have

Theorem XIL.2. Let A € Q; so that Hy — A € dom(R,). Then R,(H, —
A) |Ran(P;@ 1) —pal()\j — \) = H(w) where the sequence w is described as
follows: w = (zfjg\jy;,n)) M+N>0 With wﬁf’}y), the symmetrization w. r. t. k™) and

k) (as in Eq. (X1.4)) of the kernels

o0

Wy N[ 75 koun)] = pMHN Z(—l)kl X (X1.15)
L=1

> > ﬁ { (me ' pe) (W ’ qg) } Vinpn.all's K],

my+..tmp=M, P1:d1:PL9L (=] Y2 de
ny+..4np=N mpt+petngtqp>1

for M + N > 1, and

00 L
oolr] =r+ p Y (-DET ST ] Vopodlrl,  (XL16)
L=2

PL:d1sPLAL¢ f—1
ppt+aqp>1

forM = N = 0. Here m,p,n,q = (mlap17n1>q17 "'7mLapL7nL7qL) S N4L;
and

Vi 73 karn] = (WP @ Q, gFFy[Hy + 1] (XL.17)
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with M :==mqy +...+mp, N :=n1+...+ny, Fyr] = P,; @ xalr + 7], for
¢=0,L,and
Filr] = lp(r + 702 (Hpg + p(r +7) = X) 7, (X1.18)

for ¢ = 1,...,L — 1. Here the notation introduced in Egs. (X1.3)-(X1.8) and
(XL.11) is used.

We remark that Theorem XI.2 determines w only as a sequence of integral
kernels that define an operator in B[F]. Now we show that w € WH*, j.e.
|w|l,.s.e < oo. In what follows we use the notation introduced in Egs. (XI.3)—
(X1.8) and (XI.11). To estimate w, we start with the following preparatory lemma

Lemma XL3. Let A\ € Q;. For fixed L. € N and m,p,n,q € Ng¥, we have
Vinpng € Wz‘\}SN and

Co\T +
||Vm,p,n,II||u,s < lerlLS <7g> H me£+pg,né+qz HLO)- (X1.19)
(=1

Proof. First we derive the estimate (XI.19) for p = 0. Recall that the operators
W, might be unbounded. To begin with, we estimate

L
Vinpanalrs Eoum)| < g" || FolHy + ]| T] Ae (X1.20)
=1

where A, := HW[ [ pk((fim()] Fy[Hyp+7] H We use the resolvents and cut-off func-
tions hidden in the operators F;[H; + r] in order to bound the creation and anni-

hilation operators whenever they are present in IV/,.
Recall that the operator Fy[H; + 7| we estimate below depends on A, see
(XI.18). Now, we claim that for A € @,

[(IpI* + pH + 1) Fy[Hp +7]|| < Cp* (XL21)

for ¢ =1,..,L — 1 and ||(|p|* + Hy + 1)FL[H; + r]|| < C. The last estimate
is obvious. To prove the first estimate we use the inequality (IV.2), in order to
convert the operator |p|? into the operator H,,,:

|(Ip]* + pHy + 1) Fo[Hy +7]||

< 2|[(Hpg + p(Hy + 1+ 7o) + 3)Fy[Hy + 1]

Clearly, it suffices to consider A changing in sufficiently large bounded set. The
the above estimate gives

[(1pI* + pHy + 1) F,[Hy + r]|| < C||Fi[Hy +r]|| + C. (X1.22)
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If the operator Fy[Hy + r] inside the operator norm on the r.h.s. is normal, as
in the case of the ground state analysis, then its norm can be estimated in terms
of its spectrum. For non-normal operators we proceed as follows. Using that
T[Hy) := Py @ X, + Pp; ® 1, we write

Fy[Hy + 7] i= By @ [xszp)? (0 +5—A)

+ij ® 1(Hpg +5— /\)_17 (X1.23)
where s := p(Hy +r +7), recall, B,; := 1 — P,; and H,, :== H,,P,. Now, since
Re(A\j—A) > —p/2 > —s/2for A € j and s > p, we have that \;+s—\ > p/2
for the first term on the r.h.s.. For the second term on the r.h.s., we observe that by
the spectral decomposition of the operator s in (XI1.23) we have

— - -1 I -1
sSup ||(ij®1)<Hpg+3_)‘) H < sup ||ij (Hpg+/‘_)‘) ||pa7“t' (XL24)

Since Q); — [0, 00) = @; and due to (V.3) we have

_ - 1 I ~1 _
sup ||(Pp; ® 1) (Hpg +5— )\) | < sup || By, (Hpg — )\) llpart < K; 1 (X1.25)
)\EQ]' )‘EQj

Since p < k;, the last estimate, together with the estimate of the first term on
the r.h.s. of (XI.23) mentioned above, yields HFg[Hf + r]H < Cp~!fort =
1,..., L — 1. This, due to (X1.22), implies the estimate (XI.21).

Next, since Wg [pk((fgé )} contain products of p;+q, < my+pe+ne+qp < 2

creation and annihilation 6ﬁerators (see (XI.3) and (XI.11) and the paragraph after
(IV.1)), we have, by (IV.4), (V.20) - (V.23) and similar estimates (cf. (V1.10)), that

WLk, ) 0) 0 (4 1) 72| < Cllwm gl (X126)

where my, := my+p; and ny, := ny+q and sy := mj+n; (remember that s, < 2).
Consequently,
Ay < Cp 0wy |15 (X1.27)

Now, since || Fo[H +r]|| < 1 we find from (X1.20) and (XI1.26) that

. < (C9\* . (0)
|Vm7p7n7q|:/r7 k(M’N)}| — p( p ) H meé‘i’p27n2+ql“0 (XI'ZS)
/=1

and similarly for the r— derivatives. This proves the isotropic, (XI.19) with p = 0,
bound on the functions V;,, ;. q[7; K(ar, )]
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Now we prove the anisotropic, x> 0, bound on Vi, 4[5 ks,n]. Let
@(x) := §(x) for § sufficiently small. Define for { =1,...,L — 1

F)[Hy+ 1] := e ?F)[Hf + r]e?

and wor @ w,[1©
s — o
1% [k(me,ne)} =e W, [ k(mwz)} e¥.
Note that this transformation effects only the particle variables.
Exactly in the same way as we proved the bounds (X1.21), with¢ =1, ..., L—1,

one can show the following estimates
|(Ipf* + pHy + 1) FY[Hy +7]|| < Cp ", (X1.29)

provided A € @); and ¢ < d.
Now, expression (XI.17) can be rewritten for any j as

VinpnalTs k(M,N)] = gL Fo[Hy +7]e? x

7j—1
TT{21ok0, ] FoLEs + 11}
=1

e*ﬁovaj [pkgij,nj)] F;[Hy + 7] x

L
[T {Weloh,,.) Fulty +01}.

l=j+1

Since, by the definition, the operator Fy[H s + 7] contains the projection, P,, we

conclude that the operator Fy[H; + r]e? is bounded. Hence we obtain for j =

1,...,L
j—1 L

Vinpaalrs korw]| < Co" A TT A0 ] A (X1.30)
=1 t=j+1
ot ¢ 7 T ¢
where A) = HWf[pk(( ) ]Ff[Hf+r]H and A? = He @Wg[pkgnil )]Fg[Hf+

mzfﬂz) e

r]||. Furthermore, since Wf [ pkgﬁié W)] contain products of py + g, < 2 creation

and annihilation operators (see (XI.3) and (XI.11)), we have, by (IV.4), (V.20)-
(V.23) and similar estimates (cf. (VI.10)), that

(m£7ne

HWf[pk(f) )} <p>_(2_se)(Hf + 1)—55/2H

< Oty e 1§ (X1.31)
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and
€ wWZ[ k(m; m)} <p>_(2_82)(Hf + 1)_82/2
4
< Clpkf, oI I, (X1.32)

where mj := my + pg and nj := ny; + g, and s, := mj + n;. Consequently,
AY < CpH[wy I and A5 < CoP k(D w0 (XL33)

Putting the equations (X1.30), (X1.33) and (X1.27) together we arrive at

Cg\ "L )
Vi pmalrs ks w)]| < p’”l(?) Ll

mej+Pjv”j+Qj HELD) H “wme+pz7nz+q;z ||(()0) (X1.34)
(]
and similarly for the r—derivatives. Since any ¢, k; is contained, as a 3—dimensional
component, in k((fzj’n,) for some 7, we find (XI.19). O
Proof of Theorem VII.1. As was mentioned above we present here only the
case s = 1, which is needed in this paper. Recall that we assume p < 1/2
and we choose & = 1/4. First, we apply Lemma XI.3 to (XL.15) and use that
(™F7) < 2™*P. This yields

i, < S 0L (%’) (2p)"* (X1.35)

L=1

D VR VI | CE i

mi+...+mp=M, P1:91:-- P41, —
ni+..4np=N mgtpetngtae=1

Using the definition (VI.16) and the inequality 2p < 1, we derive the following
bound for W, := (W, N) M+N>1,

= Y &

M+N2>1

< zpﬂﬂgp(%y DS 3

M+N>1 mi+..4+mp=M, P1,91> Pr,4r:
ny+..4np=N mp+petngtqp>1

L
pe +aq¢ ¢—(mg+pet+ne+qe) H ’ ’ (0)
H { 25 5 Wing+pe,net+ae u

(=1

s
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5 )

L=1
(Y S (2)%) & a0}
m+n>1 p=0 q=
Let leﬂff)% = ) MAN>1 g (mn) me,anto), where, recall, w; 1= (W 1) m+n>1

(we introduce this norm in order to ease the comparison with the results of [4]).
Using the assumption { = 1/4 and the estimate " ((2£)? < > (2 ¢’ =
2 T3¢ We obtain
@yl < 24 3002, L° BY, (X1.36)
where

= s I o137)

Our assumption g < p also insures that B < 5. Thus the geometric series
on the r.h.s. of (XI.36) is convergent. We obtain for s = 0, 1

ZL‘” Bl < 8B. (X1.38)

L=1

Inserting (X1.38) into (X1.36), we see that the r.h.s. of (XI.36) is bounded by
16 p**! B which, remembering the definition of B and the choice & = 1/4, gives

il < 64Cg p [|any || (X1.39)

Next, we estimate wg . We analyze the expression (XI.16). Using estimate
Eq. (XI.19) with m = 0,n = 0 (and consequently, M = 0, N = 0), we find

P [Vopoallns < L7 p"( H|| T (X1.40)

In fact, examining the proof of Lemma XI.3 more carefully we see that the fol-
lowing, slightly stronger estimate is true

7t s |95 Vagaslrl| < 1 (0 Hnmu@ (X141)
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Now, using (X1.41), we obtain

Pilz Z Sup|8 VOPOq[H

—o prarrppar: TEL
pp+ap=>1

Pt iLs (@)L Z |w H(O) g
I—2 P i

ptg>1

IN

< ps-l-u iLs DL,

where D := Cgép|05w, || .0 With, recall, w; := (W0 )mtn>1. Now, similarly
to (X1.38), using that > 7>, L*D* < 12D?, for D satisfying D < 1/2 (recall
g < p), we find for s =0, 1

2D *Vowo.alr]]
=2 P1:41:-PL-4L" rel
Ppt+ap>1
C 2
< 12y <%§ s | %) (X1.42)
Next, Eqns. (X1.16) and (X1.42) yield
wool0] | < 12p“<09 < |(°)> . (X1.43)
We find furthermore that

sup | Diigo[r] — 1] < 12p“+1( Co¢ H_1||(0)) . (X1.44)

ref0,00)

Now, recall that [|u,||*") < C and € = 1/4. Hence Eqns (XL43), (XI.44)

2 2
and (X1.39) give (VIL2) with s = 1, o = 12p" (%) L3 = 12p+1 (%) and
v = C p*g. This implies the statement of Theorem VII.1.

XII Supplement A: Background on the Fock space,
etc

Let b be either L*(R?, C, d®k) or L*(R3, C?, d3k). In the first case we consider
as the Hilbert space of one-particle states of a scalar Boson or a phonon, and in the
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second case, of a photon. The variable k¥ € R? is the wave vector or momentum
of the particle. (Recall that throughout this paper, the velocity of light, ¢, and
Planck’s constant, h, are set equal to 1.) The Bosonic Fock space, F, over § is
defined by

= P s.pe, (XIL1)
n=0

where S,, is the orthogonal projection onto the subspace of totally symmetric
n-particle wave functions contained in the n-fold tensor product h®" of b; and
Soh®° := C. The vector 2 := 1 @, 01is called the vacuum vector in F. Vectors
U € F can be identified with sequences (¢,,)32, of n-particle wave functions,
which are totally symmetric in their n arguments, and 1)y € C. In the first case
these functions are of the form, v,,(k, ..., k,), while in the second case, of the
form ¢, (k1, A1, - .., kn, An), where A; € {—1,1} are the polarization variables.

In what follows we present some key definitions in the first case only limiting
ourselves to remarks at the end of this appendix on how these definitions have to
be modified for the second case. The scalar product of two vectors ¥ and & is
given by

Z/Hd3k Un(kis o k) onlky, ..o k) (XIL.2)

Given a one particle dispersion relation w(k), the energy of a configuration of
n non-interacting field particles with wave vectors &y, .. ., k,, is given by > 7| w(k;).
We define the free-field Hamiltonian, H ¢, giving the field dynamics, by

(HpU) (K, . K <Zw )wn (B, k), (XIL3)

forn > 1and (H;W¥), = 0forn = 0. Here ¥ = (¢,,)7%, (to be sure that the r.h.s.
makes sense we can assume that ¢, = 0, except for finitely many n, for which
Yn(ki, ..., k) decrease rapidly at infinity). Clearly that the operator Hy has the
single eigenvalue 0 with the eigenvector {2 and the rest of the spectrum absolutely
continuous.

With each function ¢ € b one associates an annihilation operator a(y) de-
fined as follows. For ¥ = (1),,)2%, € F with the property that ¢,, = 0, for all but
finitely many n, the vector a(y)V is defined by

(a() W), (ki, ... k) == Vn+1 /d3 (k) Ygr (ko kyy oo ky).  (XIL4)
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These equations define a closable operator a () whose closure is also denoted by
a(p). Eqn (XIL.4) implies the relation

a(p)Q = 0. (XIL.5)

The creation operator a*(y) is defined to be the adjoint of a(y) with respect to the
scalar product defined in Eq. (XII.2). Since a(y) is anti-linear, and a*(y) is linear
in ¢, we write formally

aly) = / PEpBak),  a'(p) = / Prp(k)a(k),  (XIL6)

where a(k) and a* (k) are unbounded, operator-valued distributions. The latter are
well-known to obey the canonical commutation relations (CCR):

[a®(k), a®(K')] = 0, la(k), a*(K)] = &k —FK), (X11.7)

where a” = a or a*.
Now, using this one can rewrite the quantum Hamiltonian H in terms of the
creation and annihilation operators, a and a*, as

Hy = /dgk a* (k) w(k) a(k), (XIL.8)

acting on the Fock space F.

More generally, for any operator, ¢, on the one-particle space f) we define
the operator 1" on the Fock space F by the following formal expression 7' :=
[ a*(k)ta(k)dk, where the operator ¢ acts on the k—variable (7" is the second
quantization of 7). The precise meaning of the latter expression can obtained by
using a basis {¢; } in the space b to rewrite it as T := >_. [ a*(¢;)a(t*¢;)dk.

To modify the above definitions to the case of photons, one replaces the vari-
able k by the pair (k,\) and adds to the integrals in k also the sums over \.
In particular, the creation and annihilation operators have now two variables:

a¥ (k) = a#(k, \); they satisfy the commutation relations

[a¥(k), al(K)] =0,  |aa(k), ay(K)] = ok —F).  (XILY)

One can also introduce the operator-valued transverse vector fields by

(k)= 3 ea(k)af (k).

xe{-1,1}

where e, (k) = e(k, \) are polarization vectors, i.e. orthonormal vectors in R?
satisfying k - ex(k) = 0. Then in order to reinterpret the expressions in this paper
for the vector (photon) - case one either adds the variable A\ as was mentioned
above or replaces, in appropriate places, the usual product of scalar functions or
scalar functions and scalar operators by the dot product of vector-functions or
vector-functions and operator valued vector-functions.
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XIII Supplement B: Nelson model

In this supplement we describe the Nelson model describing the interaction of
electrons with quantized lattice vibrations. The Hamiltonian of this model is

HY = HY + I}, (XIIL.1)

acting on the state space, H = H, ® F, where now F is the Fock space for
phonons, i. e. spinless, massless Bosons. Here g is a positive parameter - a cou-
pling constant - which we assume to be small, and

HY = HY + Hy, (XII1.2)

where HI],V = H, and H; are given in (I.1) and (I.3), respectively, but, in the last
case, with the scalar creation and annihilation operators, a and a*, and where the
interaction operator is / év := gl with

3
L [ERE e m) + ab) (XI1L3)

(we can also treat terms quadratic in a and a* but for the sake of exposition we
leave such terms out). Here, x = x(k) is a real function with the property that

|k(k)| < const min{1, |k|*} | (XII1.4)
with g > 0, and
&Pk ,
o B < oo (XIILS)

In the following, x is fixed and g varies. It is easy to see that the operator [ is
symmetric and bounded relative to H, with the zero relative bound (see [58] for
the corresponding definitions). Thus H ;V is self-adjoint on the domain of H for
arbitrary g. Of course, for the Nelson model we can take an arbitrary dimension
d > 1 rather than the dimension 3.
The complex deformation of the Nelson hamiltonian is defined as (first for
0 € R)
HYy = UgHM U, (XII1.6)
Under Condition (DA), there is a Type-A ([53]) family H é\é of operators analytic in
the domain [Imf| < 6, which is equal to (XIIL6) for § € R and s.t. Hyy* = H g]\é,

HY = Ureo H 1o Upes- (XIIL.7)

g

Furthermore, H g% can be written as

Hyy = Hyy®@1p+e 1, @ Hy + 1y, (XIILS)
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where H) := Uy H,Y Ua and [y := Ug[éVUgl.

In the Nelson model case one can weaken the restriction on the parameter p
to p > g% One proceeds as follows. Assume for the moment that the parameter
A is real. Then the operator R, is non-negative and, due to Eqn (V.13) and Eqn
(VL10), with m + n < 1, and the fact that the operator I is a sum of creation and
annihilation operators, we have

IRy1,Ry?|| < Cp~Y2g, (XIIL9)

where Ry/? := (Hy, — \)"Y/27. Hence the following series
ZRl/z Ré/2f R1/2) R(l)/Q

is well defined, converges absolutely and is equal to 7(Hx — \)~'7. Estimating
this series gives the desired estimate (IV.4) in the case of real A. For complex A
we proceed in the same way replacing the factorization Ry = Ré/ 2R1/ ? we used,
by the factorization Ry = |Ro|"2U|Ry|'/?, where |Ro|*/? := |Hp, — )\]_1/27? and
U is the unitary operator U := (Ho, — \) " Hoy — Al
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