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ABSTRACT. We construct infraparticle scattering states for Compton scattering in the stan-
dard model of non-relativistic QED. In our construction, an infrared cutoff initially intro-
duced to regularize the model is removed completely. We rigorously establish the properties
of infraparticle scattering theory predicted in the classic work of Bloch and Nordsieck from
the 1930’s, Faddeev and Kulish, and others. Our results represent a basic step towards
solving the infrared problem in (non-relativistic) QED.

I. INTRODUCTION

The construction of scattering states in Quantum Electrodynamics (QED) is an old
open problem. The main difficulties in solving this problem are linked to the infamous
infrared catastrophe in QED: It became clear very early in the development of QED that,
at the level of perturbation theory (e.g., for Compton scattering), the transition amplitudes
between formal scattering states with a finite number of photons are ill-defined, because,
typically, Feynman amplitudes containing vertex corrections exhibit logarithmic infrared
divergences; [14, 20].

A pragmatic approach proposed by Jauch and Rohrlich, [19, 25], and by Yennie,
Frautschi, and Suura, [29], is to circumvent this difficulty by considering inclusive cross
sections: One sums over all possible final states that include photons whose total energy lies
below an arbitrary threshold energy € > 0. Then the infrared divergences due to soft virtual
photons are formally canceled by those corresponding to the emission of soft photons of total
energy below €, order by order in perturbation theory in powers of the finestructure constant
a. A drawback of this approach becomes apparent when one tries to formulate a scattering
theory that is e-independent: Because the transition probability P¢ for an inclusive process
is estimated to be O(e“"¢*)  the threshold energy e cannot be allowed to approach zero,
unless ”Bremsstrahlungs” processes (emission of photons) are properly incorporated in the
calculation.

An alternative approach to solving the infrared problem is to go beyond inclusive cross
sections and to define a-dependent scattering states containing an infinite number of photons

(so-called soft-photon clouds), which are expected to yield finite transition amplitudes, order
1
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by order in perturbation theory. The works of Chung [12], Kibble [21], and Faddeev and
Kulish [13], between 1965 and 1970, represent promising, albeit incomplete progress in this
direction. Their approaches are guided by an ansatz identified in the analysis of certain
solvable models introduced in early work by Bloch and Nordsieck, [2], and extended by Pauli
and Fierz, [14], in the late 1930’s. In a seminal paper [2] by Bloch and Nordsieck, it was
shown (under certain approximations that render their model solvable) that, in the presence
of asymptotic charged particles, the scattering representations of the asymptotic photon field
are coherent non-Fock representation, and that formal scattering states with a finite number
of soft photons do not belong to the physical Hilbert space of a system of asymptotically
freely moving electrons interacting with the quantized radiation field. These authors also
showed that the coherent states describing the soft-photon cloud are parameterized by the
asymptotic velocities of the electrons.

The perturbative recipes for the construction of scattering states did not remove some
of the major conceptual problems. New puzzles appeared, some of which are related to the
problem that Lorentz boosts cannot be unitarily implemented on charged scattering states;
see [18]. This host of problems was addressed in a fundamental analysis of the structural
properties of QED, and of the infrared problem in the framework of general quantum field
theory; see [28]. Subsequent developments in aziomatic quantum field theory have led to

results that are of great importance for the topics treated in the present paper:

i) Absence of dressed one-electron states with a sharp mass; see [26], [4].
ii) Corrections to the asymptotic dynamics, as compared to the one in a theory with a
positive mass gap; see [3].
iii) Superselection rules pertaining to the space-like asymptotics of the quantized elec-

tromagnetic field, and connections to Gauss’ law; see [4].

In the early 1970’s, significant advances on the infrared problem were made for Nelson’s
model, which describes non-relativistic matter linearly coupled to a scalar field of massless
bosons. In [15], [16], the disappearance of a sharp mass shell for the charged particles was
established for Nelson’s model, in the limit where an infrared cut-off is removed. (An infrared
cutoff is introduced, initially, with the purpose to eliminate the interactions between charged
particles and soft boson modes). Techniques developed in [15, 16] have become standard tools
in more recent work on non-relativistic QED, and attempts made in [15, 16] have stimulated
a deeper understanding of the asymptotic dynamics of charged particles and photons. The
analysis of spectral and dynamical aspects of non-relativistic QED and of Nelson’s model

constitutes an active branch of contemporary mathematical physics. In questions relating to
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the infrared problem, mathematical control of the removal of the infrared cutoff is a critical
issue still unsolved in many situations.

The construction of an infraparticle scattering theory for Nelson’s model, after removal
of the infrared cutoff, has recently been achieved in [24] by introducing a suitable scattering
scheme. This analysis involves spectral results substantially improving those in [16]. It is
based on a new multiscale technique developed in [23].

While the interaction in Nelson’s model is linear in the creation- and annihilation
operators of the boson field, it is non-linear and of vector type in non-relativistic QED.
For this reason, the methods developed in [23, 24] do not directly apply to the latter. The
main goal of the present work is to construct an infraparticle scattering theory for non-
relativistic QED inspired by the methods of [23, 24]. In a companion paper, [11], we derive
those spectral properties of QED that are crucial for our analysis of scattering theory and
determine the mass shell structure in the infrared limit. We will follow ideas developed in
[23]. Bogoliubov transformations, proven in [10] to characterize the soft photon clouds in
non-relativistic QED, represent an important element in our construction. The proof in [10]
uses the uniform bounds on the renormalized electron mass previously established in [9].

We present a detailed definition of the model of non-relativistic QED in Section II.
Aspects of infraparticle scattering theory, developed in this paper, are described in Section
I1I.

To understand why background radiation parametrized by the asymptotic velocities of
the charged particles is expected to be present in all the scattering states, a very useful point
of view has been brought to our attention by Morchio and Strocchi. It relies on a classical
argument: Consider a current J, describing a point-like classical particle of velocity v, and

charge —a%,
Ju(t,7) = (—4n32a' 2 68 (5 — wt) |, 4r32a? 560 (7 — bt)) . (I.1)
The Maxwell equations determining the e.m. fields generated by this current are given by

0 =V VALY = J.(7) (1.2)
0A(t, ) = 0  (0A=09,4Y), (1.3)

where A, (v,t) is the e.m. potential in an arbitrary gauge that satisfies (1.3). (Here and in the
rest of this paper, we are using units where ¢ = 1 for the speed of light.) The back-reaction
of the electromagnetic field on the charged particle is neglected in our considerations.

From (1.2), (I1.3), it follows that the field A,(7,¢) does not have compact support in

position space, because of Gauss’ law. A state of the classical system is parameterized by
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the data

(177 AH(075>7AH<07g>> ) (I4>

with (1.3) assumed to be valid at time ¢ = 0. It is of interest to distinguish states or solutions

according to the following criterion: We define a class, €”+W-, of states of the form (1.4) by

the property that A4,(0,7), A,(0,7) can be written as

75) = AZL'W'(()? g) + h,U»(O’ :J) ’ (15>
Au0.9) = AF(0,9) + h(0,5). (L6)

where:

o ATLw.(0,7), AZLW‘ (0, 9/) are the Cauchy data for the so-called Liénard-Wiechert (L.W.)-
or causal solution of the equations (I.2), (I.3), with a constant velocity 7 = ¥ ..

The corresponding electric and magnetic fields are given by

P - et
BUw(t,q) = [ft x B, (1.8)

where
Yorw = (1= Tw) 2, (1.9)

7 is the unit vector pointing from the charge to the observer in the point 3 at time t,
R is the distance between the charge and the observer, and [ |, implies evaluation
at the retarded time.

e 1,(0,7) and hu(O,gj) are such that
1
(O, = 0y hy) (9, 0) = O(W) , as |yl — Fo0. (L.10)
The spatial asymptotics of the fields is determined by (1.7), (1.8) and characterizes the class
€Vt Moreover, one can check that the fields corresponding to an initial condition in
€Prw. but with @ # 0w, in (I.1), (I.2), can be written as the sum of Liénard-Wiechert
fields FY, corresponding to a velocity ¢ (that is, by the fields (L.7) and (I.8), but with o .

replaced by ¥) and a solution of the homogenous Maxwell equations given by

gﬂw(tg) = 8;LA1/(t7 ?j) - a1114/,L(t7 37) - Fgu(tvg) . (111>
Hence radiation described by the ¢~ and v -dependent field .%,, is emitted in any state
in the class €7W, except when ¢ = U7. Notice that, at fixed time ¢, the fields F, do
not have compact support in position space. They decay like ﬁ This is because in the

decomposition

0, A (8, ) — QALY = Tt §) + FL 4T, (L.12)
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Fu(t, y)| restores the Cauchy data appropriate for a state in €>W-. The state considered

here corresponds to a velocity ¥ of the particle and Cauchy data
Au(oa ?7) = AZL‘W'(Ov ?7) + hu(ov ?7) ’ (113)
A 0.5) = AF(0.) + h(0,7), (L.14)

differing from those defining F7, (0, 7).
In the Coulomb gauge the free field in (I.11) has the form

= as 1

90i<t7y) = _aOA (t y) + 0<|y‘2) (Il5>
1
Fii(t,y) = —0AP(Y) + GAPF(LY) + 0(,y| ) (1.16)
where
B ) d3k: v EF

Ao (4, ) =5 / R e e ) (L.17)

|k‘ /{Z 5 —U- k)

The classes €72 of states of the classical system (indexed by ¥y, ) correspond to supers-
election sectors in the quantized theory; see e.g. [3]. In particular, the Fock representation,
which is the usual (but not the only possible) choice for the representation of the algebra
of photon creation- and annihilation operators, corresponds to v . = 0. This implies that,
in the Fock representation, an asymptotic background radiation must be expected for all

values v # 0 of the asymptotic velocity of the electron. In particular, after replacing the

—out/in ( —out/in

classical velocity v with the spectral values of the quantum operators v where v
is the asymptotic velocity of an outgoing or incoming asymptotic electron, respectively), the
background field (I.17), with o, w. = 0, corresponds to the background radiation described
by the coherent (non-Fock) representations of the asymptotic photon algebra labeled by

gout/i  This is explained in detail in Section VI; see also Section IIL.5.
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II. DEFINITION OF THE MODEL

The Hilbert space of pure state vectors of the system consisting of one non-relativistic

electron interacting with the quantized electromagnetic field is given by
H = Hag ® F, (11.1)

where H,; = L?(R3) is the Hilbert space for a single electron; (for expository convenience, we
neglect the spin of the electron). The Fock space used to describe the states of the transverse
modes of the quantized electromagnetic field (the photons) in the Coulomb gauge is given
by

F = @}-(N) . FO=cCQq, (I1.2)
N=0

where (2 is the vacuum vector (the state of the electromagnetic field without any excited

modes), and
N
FN = Sy b, N>1, (I1.3)
j=1

where the Hilbert space § of a single photon is
h = L*(R®x Zy). (I1.4)

Here, R? is momentum space, and Z, accounts for the two independent transverse polar-
izations (or helicities) of a photon. In (I.3), Sy denotes the orthogonal projection onto
the subspace of ®§V:1h of totally symmetric N-photon wave functions, to account for the
fact that photons satisfy Bose-Einstein statistics. Thus, F®) is the subspace of F of state
vectors for configurations of exactly N photons. It is convenient to represent the Hilbert
space H as the space of square-integrable wave functions on the electron position space R?

with values in the photon Fock space F, i.e.,
H = L*(R*; F). (I1.5)

In this paper, we use units such that Planck’s constant A, the speed of light ¢, and the
mass of the electron are equal to unity. The dynamics of the system is generated by the

Hamiltonian

g 7 +2a @) | gr (IL6)

The multiplication operators ¥ € R3 correspond to the position of the electron. The electron

momentum operator is given by §= —iVz o = 1 /137 is the feinstructure constant (which,

in this paper, is treated as a small parameter), A(Z) denotes the (ultraviolet regularized)
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vector potential of the transverse modes of the quantized electromagnetic field at the point

Z (the electron position) in the Coulomb gauge,
Vz-A@) = 0. (11.7)

HY is the Hamiltonian of the quantized, free electromagnetic field, given by
H =Y / &k |k @, ag | (I1.8)
A=+

where ar and ag , are the usual photon creation- and annihilation operators, which satisfy

the canonical commutation relations

[agss af ] = G ok — k), (11.9)
[af . al ] =0, (IL.10)

with a” = a or a*. The vacuum vector € obeys the condition
ag, Q2 =0, (I1.11)

for all k, k' € R3 and A\, X € Zy = {+, —}.

The quantized electromagnetic vector potential is given by

Lo Bk L s o
A@) =) / —={G e M ar, + & a1 (11.12)
A=="Ba /K|
where € _, £, are photon polarization vectors, i.e., two unit vectors in R? ® C satisfying
5§A €, = O k-ez, =0, (I1.13)

for A\, u = +. The equation k- 5,;7 , = 0 expresses the Coulomb gauge condition. Moreover,
B, is a ball of radius A centered at the origin in momentum space; A represents an ultraviolet
cutoff that will be kept fixed throughout our analysis. The vector potential defined in (I1.12)
is thus regularized in the ultraviolet.

Throughout this paper, it will be assumed that A ~ 1 (the rest energy of an electron),
and that « is sufficiently small. Under these assumptions, the Hamitonian H is selfadjoint
on D(Hy), the domain of definition of the operator

(=iVs)?

Hy = "+ HT . (I1.14)

The perturbation H — Hj is small in the sense of Kato.
The operator measuring the total momentum of a state of the system consisting of the

electron and the electromagnetic field is given by

P = p+ P, (I1.15)
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where p'= —iVz is the momentum operator for the electron, and
— L 3 — *
Pl = Z/d kkar, ag, (I1.16)
A=+

is the momentum operator for the radiation field.

The operators H and P are essentially selfadjoint on the domain D(H,), and since
the dynamics is invariant under translations, they commute: [H, 15] = 0. The Hilbert space
H can be decomposed on the joint spectrum, R3, of the component-operators of P. Their

spectral measure is absolutely continuous with respect to Lebesgue measure,
@
H = / Hsd*P, (I1.17)

where each fiber space H s is a copy of Fock space F.

Remark: Throughout this paper, the symbol P stands for both a variable in R® and a vector
operator in 'H, depending on the context. Similarly, a double meaning is also associated with

functions of the total momentum operator.

To each fiber space H 5 there corresponds an isomorphism
Is:Hp — F, (I1.18)

where F? is the Fock space corresponding to the annihilation- and creation operators bz
* L e ot ik-% —ik T % iP-z
bEA, where by, is given by e ap ), where

# is the electron position. To define I5 more precisely, we consider an (improper) vector

ag , and b%’A by e with vacuum Qy = I5(e

w(fl,l.., faiP) € H 5 with a definite total momentum, which describes an electron and n photons

in a product state. Its wave function, in the variables (7 lgl, R En; AL, -5 An), is given by
P -1 . .
iW(P—k1——kp)-& ] .
oi(P—k1 ) — Z Loy (B Ap1)) ==+ Fom) (Ko M) + (I1.19)
pEPn

P,, being the group of permutations of n elements. The isomorphism /5 acts by way of

W(P—kq——kp)-& 1 = -
I (' Fhamhn) mz.fp(l)(kl;)‘p(l)) o oty (B Apny)) = (I1.20)
Pn

1 - -,
= ﬁ/d?ﬁk’l...d%;ﬁ(lﬁ’l;)\l) s SR An) D by Qs (I1.21)

In the sequel, we will also use the notation f’\(l;) for f (E, A).

The Hamiltonian H maps each fiber space H 3 into itself, i.e., it can be written as

H = / Hsd*P, (11.22)
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where
Hpg : Hp — Hp. (I1.23)

Written in terms of the operators by ,, b;:; K and of the variable 13, the fiber Hamiltonian H 5
has the form

(]3 _ Py 041/211)2

Hp = 5 + HT, (I1.24)
where
Plo= Z/dgkkb* P (I.25)
H = Z/d3k|15| b5 bix (11.26)
A
and )
Sk, .
- Z/ T {b;g,fz;,x + 8,;Ab;;,k}- (I1.27)
VA
Let
< L]
= {PeR: |P|<3}. (I1.28)

In order to give precise meaning to the constructions used in this work, we restrict the total
momentum P to the set S, and we introduce an infrared cut-off at an energy o > 0 in the
vector potential. The removal of the infrared cutoff in the construction of scattering states
s the main problem solved in this paper. The restriction of PtoS guarantees that the
propagation speed of a dressed electron is strictly smaller than the speed of light. We start
by studying a regularized fiber Hamiltonian given by

BBy a2y
- ( 2a ) (I1.29)

acting on the fiber space H 3, for Pe S, where

i

= Z /B . \/T{b“e,M + 5,23%},
A A

and where B, is a ball of radius o.

(11.30)

Remark: In a companion paper [11], we construct dressed one-electron states of fixed
momentum given by the ground state vectors \Iloﬁj of the Hamiltonians H;j , and we compare
ground state vectors \I/Uﬁj, \If;j,' corresponding to different fiber Hamiltonians H;j , H;{’ with
P # P. We compare these ground state vectors as vectors in the Fock space F?. In the
sequel, we use the expression

% =3 (IL.31)
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as an abbreviation for
115(F) = 15 (T 37 (I1.32)
|| - || stands for the Fock norm. Holder continuity properties of U% in o and in P are proven

in [11]. These properties play a crucial role in the present paper.

II.1. Summary of contents. In Section III, time-dependent vectors ¢y, ,,(t) approximating
scattering states are constructed, and the main results of this paper are described, along
with an outline of infraparticle scattering theory. In Sections IV and V, v, () is shown to
converge to a scattering state wzqﬁ/ " in the Hilbert space H, as time ¢ tends to infinity. This
result is based on mathematical techniques introduced in [24]. The vector wz’uj/ m represents
a dressed electron with a wave function A~ on momentum space whose support is contained
in the set S (see details in Section II1.1), accompanied by a cloud of soft photons described
by a Bloch-Nordsieck operator, and with an upper cutoff x imposed on photon frequencies.
This cutoff can be chosen arbitrarily.

In Section VI, we construct the scattering subspaces H°“/™. Vectors in these sub-
spaces are obtained from certain subspaces, Hout/ n_ by applying "hard” asymptotic photon
creation operators. These spaces carry representations of the algebras Azzt/ " and AZZA/ ™ of
asymptotic photon creation- and annihilation operators and asymptotic electron observables,
respectively, which commute with each other. The latter property proves asymptotic decou-
pling of the electron and photon dynamics. We rigorously establish the coherent nature and
the infrared properties of the representation of A;Zt/ " identified by Bloch and Nordsieck in
their classic paper, [2].

In a companion paper [11], we establish the main spectral ingredients for the construc-
tion and convergence of the vectors {¥ ﬁ,a}v as o tends to 0. These results are obtained with
the help of a new multiscale method introduced in [23], to which we refer the reader for some
details of the proofs.

In the Appendix, we prove some technical results used in the proofs.
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III. INFRAPARTICLE SCATTERING STATES

Infraparticle scattering theory is concerned with the asymptotic dynamics in QFT
models of infraparticles and massless fields. Contrary to theories with a non-vanishing mass
gap, the picture of asymptotically freely moving particles in the Fock representation is not
valid, due to the inseparability of the dynamics of charged massive particles and the soft
modes of the massless asymptotic fields.

Our starting point is to study the (dressed one-particle) states of a (non-relativistic)
electron when the interactions with the soft modes of the photon field are turned off. We
then analyze their limiting behavior when this infrared cut-off is removed. This amounts to

studying vectors 7, ¢ > 0, in the Hilbert space H that are solutions to the equation
H¢" = E°(P)y”, (I11.1)

where H? = f@ HY d*P, and E"(ﬁ) is a function of the vector operator P; E"(ﬁ) is
the electron energy function defined more precisely in Section III.1. Since in our model
non-relativistic matter is coupled to a relativistic field, the form of E°(P) is not fixed by
symmetry, except for rotation invariance. Furthermore, the solutions of (III.1) must be

restricted to vectors of the form
Vo (h) = / h(P) V% d*P, (IIL.2)

where the support of h is contained in a ball centered at P = 0, chosen such that |V E” (P)| <
1, as a function of P. This requirement imposes the constraint that the maximal group
velocity of the electron, which, a priori, is not bounded from above in our non-relativistic
model, is bounded by the speed of light.

The guiding principle motivating our analysis of limiting or improper one-particle
states, 17, is that refined control of the infrared singularities, which push these vectors
out of the space H, as ¢ — 0, should enable one to characterize the soft photon cloud en-
countered in the scattering states. The analysis of Bloch and Nordsieck, [2], suggests that the
infrared behavior of the state describing the soft photons accompanying an electron should
be singular (i.e., not square-integrable at the origin in photon momentum space), and that it
should be determined by the momentum of the asymptotic electron. In mathematical terms,
this means that the asymptotic electron velocity is expected to determine an asymptotic
Weyl operator (creating a cloud of asymptotic photons), which when applied to a dressed
one-electron state v yields a well defined vector in the Hilbert space H. This vector is ex-

pected to describe an asymptotic electron with wave function h surrounded by a cloud of
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infinitely many asymptotic free photons, in accordance with the observations sketched in
(I.1) = (L.17).
Our goal in this paper is to translate this physical picture into rigorous mathematics,

following suggestions made in [15] and methods developed in [23, 24, 9, 10].

II1.1. Key spectral properties. In our construction of scattering states, we make extensive
use of a number of spectral properties of our model proven in [11], and summarized in
Theorem III.1 below; (they are analogous to those used in the analysis of Nelson’s model in
24]).

We define the energy of a dressed one-electron state of momentum P by

% = infspecHg Es = infspecHps = E%ZO. (I11.3)

We refer to Eg as the ground state energy of the fiber Hamiltonian H;g. We assume that the

finestructure constant « is so small that
IVES| < Voo < 1 (I11.4)

forall Pe S:={PcR3: |P|< 5 }, for some constant v,,, < 1, uniformly in o.

Corresponding to ﬁEg, we introduce a Weyl operator

. . VE"
W,(VE%) = exp | a2 / Pk —=—L—— (& b5 —hc)), 1I1.5
(VE3) ( Z g, k|30, () S ()
where .
~ - ok
0p,(k) :=1— VE%- @, (I11.6)

acting on ‘H 3, which is unitary for ¢ > 0. We consider the transformed fiber Hamiltonian

K% = Wo(VEZ)HIW;(VEY). (I11.7)
We note that conjugation by Wg(ﬁE;‘s) acts on the creation- and annihilation operators as
a linear Bogoliubov transformation (translation)

= lod # * = g _ # _ 1/2
W, (VER)bE W (VEg) = bf — a

— o _)#
“ VEY%-¢ (I11.8)

K365, (k) 7 B

where 1, A(/;) stands for the characteristic function of the set By \ B,. Our methods rely
on proving regularity properties in ¢ and P of the ground state vector, ®%, and of the
ground state energy, EZ, of KZ. These regularity properties are summarized in the following

theorem, which is the main result of the companion paper [11].

Theorem III.1. For P € S and for a > 0 sufficiently small, the following statements hold.
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(F1) The energy Eg is a simple eigenvalue of the operator Kg on Fb. Let B, := {E €
R3||k| < o}, and let F, denote the Fock space over L*((R3\ B,) x Zy). Likewise,
we define F to be the Fock space over L?(B, x Z3); hence F° = F, @ FS. On F,,
the operator K% has a spectral gap of size p~o or larger, separating E% from the rest
of its spectrum, for some constant p~ (depending on o), with 0 < p~ < 1.
The contour
o

Loy 650 (111.9)

v :={2€Cllz - EF| = 5

bounds a disc which intersects the spectrum of K% in only one point, {E%} The

ground state vectors of the operators K% are gwen by

o ot s 0 (IIL.10)
P ||27rz f’y K" dZQf”}- '

and converge strongly to a non-zero vector ® 5 € F°, in the limit o — 0. The rate of
convergence s of order 0%(1_5), for any 0 <9 < 1.
The dependence of the ground state energies E% of the fiber Hamiltonians K% on

the infrared cutoff o is characterized by the following estimates.
|E%— E% | < O(0), (I11.11)

and

1

|VES — VE% | < 00207, (111.12)

for any 0 < § < 1, with o > o’ > 0.
(#2) The following Hélder reqularity properties in P €S hold uniformly in o > 0:

[0% — % A5llx < Cy|AP|T (I11.13)

and
VEg — VEG, 5l < Cor AP, (11L.14)
for 0 < 6" < ¢ < 3, with P, P+ AP € S, where Cs and Cgsr are finite constants

depending on &' and 0", respectively.
(#3) Given a positive number Uy, there are numbers ro = Vpin + O(a) > 0 and Ve < 1
such that, for PesS \ B, and for a sufficiently small,

1> Vinao > |VE%| > Vinin > 0, (IIL.15)

uniformly in o.
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(F4) For PeS and for any k # 0, the following inequality holds uniformly in o, for a
small enough:
E% > FE%— Coulk|, (I1I.16)
where E%—E = infspec Hp i and % < Cy <1, with C, — % as a — 0.
(#5) For P €S, one has that

1/2 1U,A(E>

L gl <
ku,)\\IIP H = Ca |E|3/2

: (IT1.17)

where 1113’3 1s the ground state of H%; see Lemma 6.1 of [10] which can be extended to
k€ R® using (F4).

Detailed proofs of Theorem III.1 based on results in [23, 10] are given in [11].

I11.2. Definition of the approximating vector ¥, .(¢). We construct infraparticle scat-
tering states by using a time-dependent approach to scattering theory. We define a time-
dependent approximating vector v, . (f) that converges to an asymptotic vector, as t — oo.
It describes an electron with wave function A (whose momentum space support is contained in
S), and a cloud of asymptotic free photons with an upper photon frequency cutoff 0 < k < A.
This interpretation will be justified a posteriori.

We closely follow an approach to infraparticle scattering theory developed for Nelson’s
model in [24], (see also [15]). In the context of the present paper, our task is to give a

mathematically rigorous meaning to the formal expression
®(h) = lim lim e W, (T(t), t) e 97 (), (IT1.18)

where
*

1/ ok O) - {5 par e M — 2 ag e
Bﬁ\BU

W,y (U(t),t) := exp (a2 L %
(0(t),t) P( m k|(1—k-5(t))

The operator ¥(t) is not known a priori; but, in the limit ¢ — oo, it must converge to

the asymptotic velocity operator of the electron. The latter is determined by the operator
VE(P), applied to the (non-Fock) vectors W 5. This can be seen by first considering the
infrared regularized model, with ¢ > 0, which has dressed one-electron states 1?(h) in H,

and by subsequently passing to the limit 0 — 0. Formally, for 0 — 0, the Weyl operator
MW (T(L), t) e HT (I11.19)

is an interpolating operator used in the L.S.Z. (Lehmann-Symanzik-Zimmermann) approach
to scattering theory for the electromagnetic field. In the definition of this operator the

photon wave functions are evolved backwards in time with the free evolution, and the photon
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creation- and annihilation operators are evolved forward in time with the interacting time
evolution. Moreover, the photon wave functions in (II1.19) coincide with the wave functions
in the Weyl operator Wg(ﬁEg) defined in (IIL5), after replacing the operator VE(P) by the
operator (t). We stress that, while the Weyl operator WU(VE%) leaves the fiber spaces H 3
invariant, the Weyl operator W, (9(t), t) is expressed in terms of the operators {a, a*}, as it
must be when describing real photons in a scattering process, and hence does not preserve
the fiber spaces.

Guided by the expected relation between #(t) and VE(P), as t — oo and o — 0,
two key ideas used to make (II1.18) precise are to render the infrared cut-off time-dependent,
with 0, — 0, as t — oo, and to discretize the ball § = {P € R3||P| < 5}, with a grid
size decreasing in time ¢. This discretization also applies to the velocity operator ¥(t) in
expression (I11.18).

The existence of infraparticle scattering states in ‘H is established by proving that the
corresponding sequence of time-dependent approximating scattering states, which depend
on the cutoff o, and on the discretization, defines a strongly convergent sequence of vectors
in ‘H. This is accomplished by appropriately tuning the convergence rates of o; and of the
discretization of §. Our sequence of approximate infraparticle scattering states is defined as

follows:

i) We consider a wave function h with support in a region R contained in S\ B,._; (see
condition (.#3) in Theorem III.1). We introduce a time-dependent cell partition &®
of R. This partition is constructed as follows:

At time t, the linear dimension of each cell is 2%, where L is the diameter of R,
and n € N is such that

1
€

(2" < t < (27T« (I111.20)

for some € > 0 to be fixed later. Thus, the total number of cells in ¥® is N (t) = 2%",
where n = |log, t]; (|z] extracts the integer part of x). By gj(t), we denote the j™"
cell of the partition ¥®.

ii) For each cell, we consider a one-particle state of the Hamiltonian H*
= h(P)W%d* P (I11.21)
7,0t ® P

where

o h(ﬁ) € C3(S\ B,,), with supph C R;
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e 0, :=t ", for some exponent 3 (> 1) to be fixed later;
e In (II.21), the ground state vector, \Ifj;, of H;'; is defined by

V% = W (VES) 0%, (111.22)

where ®% is the ground state of K7%; (see Theorem IIL.1).
iii) With each cell %j(t) we associate a soft-photon cloud described by the following ” LSZ

(Lehmann-Symanzik-Zimmermann) Weyl operator”
eHtW,, (v, ) e (I11.23)

where

Sz ok ikt _ = LilRE
B U {5 axr e Ex Qp € }
/ i VENTE EATRA ) (IT1.24)
B:\Bo,

VIE| k(1 — k- )

e Here k, with 0 < k < A, is an arbitrary (but fixed) soft-photon energy threshold.

e U; = VE?(P}) is the c-number vector correspondlng to the value of the "veloc-
ity” VE(P) in the center, P;‘, of the cell % .

W,,(U;,t) = exp (a%

iv) For each cell, we consider a time-dependent phase factor

¢ T VER D) (I11.25)
with
t
Yo (75, VEZ 1) = —a / VEg / S (F) cos(k - VEG 7 — Fr) dkdr,  (111.26)
1 B S\Bat
and
klkl’ / 1
=2 Z v —. (I11.27)

Ik’l2 TIRP(L =& - 7)
Here, 07 := 77% and the exponent 0 < § < 1 will be chosen later. Note that, in
(II1.25), (I11.26), ﬁEg is interpreted as an operator.

v) The approximate Scattering state at time t is given by the expression

szh . — 1Ht Z Wo-t U]’ l’yat UJ VE 9t t) ZE'C"ttw( ) (III28)

7,0t 7

where N (t) is the number of cells in 4.

The role played by the phase factor "1 T VESL D g similar to that of the Coulomb
phase in Coulomb scattering. However, in the present case, the phase has a limit, as t — o0,

and is introduced to control an oscillatory term in the Cook argument which is not absolutely
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convergent; (see Section I11.3).

II1.3. Statement of the main result. The main result of this paper is Theorem III.2,
below, from which the asymptotic picture described in Section IIL.5, below, emerges. It

relies on the assumptions summarized in the following hypothesis.

Main Assumption II1.1. The following assumptions hold throughout this paper:

(1) The conserved momentum P takes values in S; see (I1.28).

(2) The finestructure constant « satisfies o« < a., for some small constant o, < 1
independent of the infrared cutoff.

(3) The wave function h is supported in a set R and is of class C', where R is contained

in S\ B,,, as indicated in Fig. 1, and r, is introduced in (II1.15).

T >

[ = L]
/: RO supp h T L
] ] [] ]
L 7N fh
Z O]
[ [ | O _||_ ||
]
u |
\ | L]
R | ] ]
u [ ] I
L] L] I__|_|

_L_

5ng» for some ng < 00.

Figure 1. 'R can be described as a union of cubes with sides of length
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Theorem II1.2. Given the Main Assumption I11.1, the following holds: There exist positive
real numbers 3> 1, 0 <1 and € > 0 such that the limit

s— lim gne(t) = o (I11.29)

exists as a vector in H, and ng:t)HQ = \h(P)|[2d3P. Furthermore, the rate of convergence

is at least of order t=*', for some p' > 0.

We note that this result corresponds to Theorem 3.1 of [24] for Nelson’s model.

The limiting state is the desired infraparticle scattering state without infrared cut-offs.
We shall verify that {¢y, »(t)} is a Cauchy sequence in 'H, as t — oo; (or t — —o0).

In Section II1.4, we outline the key mechanisms responsible for the convergence of
the approximating vectors ¢y, .(t), as t — oo. We note that, in (II1.29), three different

convergence rates are involved:

e The rate t=? related to the fast infrared cut-off o
e the rate ¢, related to the slow infrared cut-off 7 (see (I11.26));
e the rate t7¢ of the grid size of the cell partition.

We anticipate that, in order to control the interaction,

e (3 has to be larger than 1, due to the time-energy uncertainty principle.

e The exponent # has to be smaller than 1, in order to ensure the cancelation of some
“infrared tails” discussed in Section IV.

e The exponent ¢, which controls the rate of refinement of the cell decomposition, will

have to be chosen small enough to be able to prove certain decay estimates.
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[I1.4. Strategy of convergence proof. Here we outline the key mechanisms used to prove
that the approximating vectors ¢y, ,(t) converge to a nonzero vector in H, as t — =oo.

Among other things, we will prove that

1

Jim (0] = [l 1= ([ PP P2 (11L.30)

From its definition, see (II1.28), one sees that the square of the norm of the vector v, . (t)

involves a double sum over cells of the partitions 4

N()
Yo, (U1, p —iE%t % /= 5 Ve, (T, ot _E%
[ne @I =D <e““VEP DR W2 (5, 8) W, (5, £) €770 T ER ) o~ t¢§;t>,
lj=1
(I11.31)

where the individual terms, labeled by (I, j), are inner products between vectors labeled by
cells %(t) and %j(t) of ¥

A heuristic argument to see where (II1.30) comes from is as follows. Assuming that

e the vectors v, ,(t) converge to an asymptotic vector of the form

i T W, 5(6), 1) €707 (h) = W @(00)) wh) (111.32)
where
- . _out/inx oy _out/in
Wout/m( (:l:oo)) ‘= exp <a§/ d3k U(ItOO) { k)‘aEA 8];’)\@]—5’)\ }>
. /|];’| k(1 — % - U(£00))
and azu;/ e %u;/ " are the creation- and annihilation operators of the asymptotic
photons;

e the operators ¥(+o00) commute with the algebra of asymptotic creation- and anni-

out/in * out/in
EA

asymptotic decouphng of the photon dynamics from the dynamics of the electron);

hilation operators {a}"| }; (this can be expected to be a consequence of
e the restriction of the asymptotic velocity operators, ¥(+00), to the improper dressed

one-electron state is given by the operator VE (]3), ie.,
7(+00)¥ 5 = VE(P)U 5 (I11.33)
then, the two vectors

W, (0, ) €70 T VIO (ZIBE 0 and W, (0, £) €7 TV ERD o7 L0 (111 34)

J,0t Lot
corresponding to two different cells of 4® (i.e., j # [) turn out to be orthogonal in the limit
t — £00. One can then show that the diagonal terms in the sum (III.31) are the only ones
that survive in the limit ¢ — oo. The fact that their sum converges to ||h]|%, is comparatively

easy to prove.
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A mathematically precise formulation of this mechanism is presented in Section IV. In
Section IV.1, part A., the analysis of the scalar products between the cell vectors in (111.34)
is reduced to the study of an ODE. To prove (II1.30), we invoke the following properties of
the one-particle states wj(.gt and ¢l(2t located in the j-th and I-th cell:

e Their spectral supports with respect to the momentum operator P are disjoint up to
sets of measure zero.

e They are vacua for asymptotic annihilation operators, as long as an infrared cut-off
o, for a fixed time ¢ is imposed: For Schwartz test functions ¢*, we define

ag!"(g) = lim e / a9 () el e (111.35)
A

s—too

on the domain of H°t.

An important step in the proof of (II1.30) is to control the decay in time of the off-
diagonal terms. After completion of this step, one can choose the rate, t~¢, by which the
diameter of the cells of the partition ¥® tends to 0 in such a way that the sum of the
off-diagonal terms vanishes, as t — o0o. Precise control is achieved in Section IV.1, part B.,

where we invoke Cook’s argument and analyze the decay in time s of

d iH° 7 7;,VE s) —iE%ts
£<ezH W, (T, 5) €t TV ER ) o TiE G wggt) (I11.36)
— Z-eiH”ts[H}Tt ’ Wo’,g (Q_]}, 3)] ei"{at(gjaﬁE;t,S) e—iE;ts w](i)n (IIIB?)
iH° dUt _)'7VEﬁ7 i 7, VEt,s) —iE%ts
+Z-62H ts Wat (2—;»]7 S) 7 (U]d P 5) e Yoy ( J,VE'ﬁt7 )6 Eﬁt ¢§t;t 7 (11138)
S K

for a fized infrared cut-off oy, and a fized partition. As we will show, the term in (II1.37)

can be written (up to a unitary operator) as
o [dy{hen [ Ss@es@ g daull )
B \Bo,

plus subleading terms, where jgt (t, ) is essentially the electron current, which is proportional

to the velocity operator

—

i[H, @] = p+ a2 A, (7). (I11.40)
In (II1.39), the electron current is smeared out with the vector function

At = | o So@) conld- 7o) ', (111.41)
B \Bo,

which solves the wave equation

Os5G.(s,9) =0, (111.42)
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and is then applied to the one-particle state wj(t(),t Because of the dispersive properties of

the dynamics of the system, the resulting vector is expected to converge to 0 in norm at an
integrable rate, as s — oo. An intuitive explanation proceeds as follows:

i) A vector function gi(s,¥) that solves (I11.42) propagates along the light cone, and

1

SUPgegs |G:(8, ¥)| decays in time like s™", while a much faster decay is observed when

i/ is restricted to the interior of the light cone.
(t)

;0,0 the propagation of the electron current

ii) Because of the support in P of the vector WY
in (II1.37) is limited to the interior of the light cone, up to subleading tails.

Combination of i) and ii) is expected to suffice to exhibit decay of the vector norm of (II1.37)
and to complete our argument. An important refinement of this reasoning process, involving
the term (I11.38), is, however, necessary:

A mathematically precise version of statement ii) is as follows: Let y;, be a smooth,

approximate characteristic function of the support of h. We will prove a propagation estimate

7,0t

T\ i (7,9 E% —iE%¢ t
| x(Z) e @ TR i )

_ = o\ Y0, (3, VEDs) —iE%s (1)
Xh(VEIB)e ! Pre TP,

<

11

3¢
2

In(oy)] (I11.43)

as s — 0o, where v > 0 is independent of e. Using result (.#3) of Theorem III.1, and our
assumption on the support of 4 formulated in point ii) of Section II1.2, this estimate provides
sufficient control of the asymptotic dynamics of the electron.

An important modification of the argument above is necessary because of the depen-

dence of
At = | o Sold) contd- 7o) ', (111.44)
B \Bo,

on t, which cannot be neglected even if 3 is in the interior of the light cone. In order to

exhibit the desired decay, it is necessary to split g;(s, ) into two pieces,
/ i, () cos(7 - 7 — q1s)d°q (IT1.45)
B:\B,s
and

/ S5,(@) cos(q- § — |qls) d*q (I11.46)
B,s\Bo,

for s such that o9 > o;, where 09 = s7% with 0 < # < 1. (The same procedure will also
be used in (I11.49), below.) The function (II1.45) has good decay properties inside the light
cone. Expression (I11.39), with g (s, ) replaced by (II1.45), can be controlled by standard
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dispersive estimates. The other contribution, proportional to (I11.46), is in principle singular
in the infrared region, but is canceled by (II1.38). This can be seen by using a propagation
estimate similar to (II1.43). This strategy has been designed in [24]. However, because of
the vector nature of the interaction in non-relativistic QED, the cancellation in our proof is
technically more subtle than the one in [24].

After having proven the uniform boundedness of the norms of the approximating vec-
tors ¢ .(t), one must prove that they define a Cauchy sequence in H. To this end, we
compare these vectors at two different times, to > t; (for the limit ¢t — 00), and split their

difference into

¢h,n<t1) - ,lvz)h,/f(tZ) = A’l?b(tg, O-tzvg(m) - <(4(151)) + Aw<t2 - tla Utmg(tl))
+ AY(ty, 04, — 04, G (111.47)

where the three terms on the r.h.s. correspond to

I) changing the partition ¥*2) — @) in oy, . (t5):

AY(ty, 0y, 9" — @t))

N(t1)

iH - ,VE- t2) —iE 2y (t1)

2N "W, (0),15) €77 et ) (ITL.48)
7j=1

i H't o (U] VEﬂ7)—E2t (t2)

ciHb2 Z ZW"tQ Ul(] t2 Woy, (U(5) i 2 wl(]z o,
=1 1)

where [(5) labels all cells of 4(2) contained in the j-th cell %j(tl) of 4. Moreover,

g
Uy = VE % and @ =VEY;
Fitgy F;

I1) subsequently changing the time, ¢, — t;, for the fixed partition ¢, and the fixed

infrared cut-off oy,:

A’(ﬂ(tg — tl, O'tQ,g(tl))
N(t1)

. th1 z'yg (v; ,VEL 1) sz 24
= > W, (T, 1) €772 i) (I11.49)
7=1
N(t1)
2Ht2 W t) wth(vj,VEﬂ 2) —zE 2t2¢ .
Otgy U]7 2 j0't2’
7j=1

and, finally,
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I1I) shifting the infrared cut-off, oy, — oy,:

Aw(tl, Oty — O'tl,g(tl)>
N(tl) . S =0t .20t
= e N W, (@, 1) TV e ) (I11.50)
j=1
tl)

i Ht § s U VEﬂ )t —zE f24
z 1 Wot U]; 70,2(3 1)6 12/)]%2.

It is important to take these three steps in the order indicated above.
In step I), the size of ||At(ts, 0p,, 9*) — @®))|| in (I11.48) is controlled as follows:
The sum of off-diagonal terms yields a subleading contribution. The diagonal terms are

shown to tend to 0 by controlling the differences
Uigg) = Uj -
In step II), Cook’s argument, combined with the cancelation of an infrared tail (as in
the mechanism described above), yields the desired decay in t;.
Step III) is more involved. But the basic idea is quite simple to grasp: It consists in
rewriting
N(t1)
ZHtl Z Wg—t U],tl) Z’ya-tQ(’U],VE_. tl) e—lE.. t1 w;t;tz (11151)
j=1
as
Ne = 7t 2
i . « (SO S 120t oy, (5, VEL? t1) —iE
N W, (0, 1) Wi, (VES2) W, (VES?) eV ER 1) h ¢§t;t . (I11.52)
j=1

The term in (II11.52) corresponding to the cell gj(tl) of ™) can then be obtained by acting

with the “dressing operator”

MW, (T, 0) W, (VES?) e Frht, (I11.53)
on the “infrared-reqular” vector
(t) ._ 5\ t2 73
Qo = L oy M) 7P (111.54)

corresponding to the vectors ®% := Wj(ﬁEg)\IJ% defined in (II1.22), for all j. The advantage
of (II1.52) over (III.51) is that the vector (Dgtézz inherits the regularity properties of ®%
described in Theorem III.1. In particular, the vectors @gti,; converge strongly, as o, — 0,

and the vector

eirip() (I11.55)

2,0tg
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depends on ¢ in a strongly Holder continuous manner, uniformly in o,. This last property
entails enough decay to offset various logarithmic divergences appearing in the removal of
the infrared cut-off in the dressing operator (II1.53).

Our analysis of the strong convergence of the sequence of approximating vectors cul-

minates in the estimate

[Wn(t2) = Yn(t)] < O((In(t2))?/17) (IT1.56)
for some p > 0. By telescoping, this bound suffices to prove Theorem III.2.

¢ (out/in)

II1.5. A space of scattering states. We use the asymptotic states to construct

out/zn

a subspace, , of scattering states invariant under space-time translatlons, and with a

photon energy threshold x,

Hpelm = {\[ o™ (rd@) : h(P) € CYS\B,), TeR AR}, (UL5T)

where
N (7,q) = emi@ Pyt (ITL58)
This space contains states describing an asymptotically freely moving electron, accompanied

by asymptotic free photons with energy smaller than .

Spaces of scattering states are obtained from the space ﬁﬁut/ mn by adding “hard” pho-

tons, i.e.,
welin = L\ w™ s () € CUS\B,,), Fe CRRINO0;CH Y, (II159)
where _
N | € LY ) Ay (111.60)
h’F t*>+/700 ’
and
ff[ﬁt,t] (II1.61)
is the L.S.Z. photon field smeared out with the vector test function
dgk‘ e /7T i\ k|t+ik-i
7) = / r PA(E) e iIHE+E (I1.62)
Azi (2m)32 /T F
with
F(k Z FNE) e CF(R3\{0}; C?). (I11.63)

An a posteriori physical 1nterpretat1on of the scattering states constructed here emerges
by studying how certain algebras of asymptotic operators are represented on the spaces of

scattering states:

e The Weyl algebra, Aom/ " associated with the asymptotic electromagnetic field.
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e The algebra Acutlin generated by smooth functions of compact support of the asymp-

el

totic velocity of the electron.

These algebras will be defined in terms of the limits (I11.64) and (II1.66), below, whose

existence is established in Section VI.2.

Theorem IIL3. Functions f € C§°(R?), of the variable e £ e~ have strong limits, as

t — 00, as operators acting on HOW/'™,

. : iHt § —iHt jout/in _. out/in
s t_)lJlrr/riooe f<t)€ wh,ﬁ : wf@Eh,ﬁ (I11.64)

where f@Eﬁ = lim,_ f(ﬁE%)
Theorem II1.4. The LSZ Weyl operators

[ ACA-TGt) AR e LAR®, (1 + |F|V)dk), A = £}, (I11.65)
have strong limits in HO/™; j.e.,

WOUt/m(é) = s— lim ei(g[@t’t]_g[a’ﬂ). (I11.66)
t——+/—o0
ertsts.
The limiting operators are unitary and satisfy the following properties:
i)

p(G.G")

Wout/in(é) Wout/in(é/) _ Wout/in(é+ G_:,) e, (III67)

where

p(G.G) =2iIm (> / ARG (R) dF ) . (111.68)

ii) The mapping R > s — Wout/in(s é) defines a strongly continuous one-parameter
group of unitary operators.
iii)
ez’HT Wout/in(é) e*iHT — Wout/in(G_’;T) (III69)

where G_, is the freely time-evolved (vector) test function at time —7.

The two algebras, Agzt/ " and AZZ”/ m’ commute. This is the precise mathematical

expression of the asymptotic decoupling of the dynamics of photons from the one of the
electron. The proof is non-trivial because collective degrees of freedom are involved. The

appearance of collective degrees of freedom is reflected in the representation of the asymptotic
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electromagnetic algebra Aom/ " which is non-Fock (but locally Fock; see Section V1.2). We
will show that

e
(gl et Gy = / 2" D (P 2P, (I1L.70)
where

IGlla = ( [ 1GEER)". (ITL71)

and B

- . u-ex
0a(G) := 2iRe(az / \E) %d‘”’k . T11.72
G) = 2ine(ad 3 [ N (172

More precisely, the representation of A"”t/ m

on the space of scattering states can be de-
composed in a direct integral of inequivalent irreducible representations labelled by the
asymptotic velocity of the electron. For different values of the asymptotic velocity, these
representations turn out to be inequivalent. Only for a vanishing electron velocity, the rep-
resentation is Fock; for non-zero velocity, it is a coherent non-Fock representation. The
coherent photon cloud, labeled by the asymptotic velocity, is the one anticipated by Bloch
and Nordsieck.

These results can be interpreted as follows: In every scattering state, an asymptotically
freely moving electron is observed (with an asymptotic velocity whose size is strictly smaller
than the speed of light, by construction) accompanied by a cloud of asymptotic photons prop-

agating along the light cone.

Remark: We point out that, in our definition of scattering states, we can directly accom-
modate an arbitrarily large number of “hard” photons without energy restriction, i.e., we

can construct the limiting vector

At [ Aot [FOgeut = 5 — Jim AE™ 4] AIEN . (t) (I11.73)
which represents the state 1/1"” plus m asymptotic photons with wave functions ﬁ(m), cee F 1)

respectively. Analogously, we define

A G Am[GOgin = s — lim A[-G) 1) A-GD un.(t)  (ILT4)

oo
This is possible because, apart from some higher order estimates to control the commutator
ilH, Z], and the photon creation operators in (II1.73) (see for example [17]), we use the
propagation estimate (I11.43), which only limits the asymptotic velocity of the electron. This
fact is very important for estimating scattering amplitudes involving an arbitrary number of

“hard” photons.
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In particular, for any m, m’ € N, we can define the S-matrix element
S ({FYAGY) = (A (Fom) A FOgge | FGo) ARGy, ) (11L75)
which corresponds to the transition amplitude between two states describing an incoming
electron with wave function A, accompanied by a soft photon cloud of free photons of
energy smaller than ™, and an outgoing electron with wave function h°“* and soft photon
energy threshold x°“, respectively.
The expansion of S™™ ({F;}, {C_jj}) in the finestructure constant o can be carried
out, at least to leading order, along the lines of [1]. This yields a rigorous proof of the
transition amplitudes for Compton scattering in leading order, and in the non-relativistic

approximation, that one can find in textbooks.

Moreover, as expected from classical electromagnetism, ”close” to the electron a Liénard-

Wiechert electromagnetic field is observed. The precise mathematical statement is

hm|d|—>oo limy 400 |d]? {<¢Zul;/m , ettt / d3y F.(0,7) S(g— 7 —d) e—iH%ZL;/m >

—/FVE*(O DIPPEP) = 0, (IIL.76)
where 4 is a smooth delta function, 7 is the electron position,
F. = 0,A, — 0,A, (IIL.77)
with
71/201/2
— dSk 7zk — ik
A(0,7) = yaE/\ + (€,)ie ya,;;’A) , (IT1.79)

>l

and FZ,E’3 is the electromagnetic field tensor corresponding to a Liénard-Wiechert solution

for the current

- -

Tt 7) = (—4n*2a20®(F - VEst), 4n*%02 VE 6@ (§— VEst)) , |VEs| < 1;
(I11.80)

see the discussion in Section I.
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IV. UNIFORM BOUNDEDNESS OF THE LIMITING NORM

Our first aim is to prove the uniform boundedness of ||y .(t)||, as ¢ — oo; more

precisely, that
lim (0n(0), () = [ PP,

(IV.1)

The sum of the diagonal terms — with respect to the partition 4 introduced above — is

easily seen to yield [ |h(P)[2d*P in the limit ¢ — oo, as one expects. Thus, our main task is

to show that the sum of the off-diagonal terms vanishes in this limit.

In Section V, we prove that the norm-bounded sequence {t,,(t)} is, in fact, Cauchy.

We recall that the definition of the vector ), (¢) involves three different rates:

e The rate t=° related to the fast infrared cut-off o
e the rate ¢~ of the slow infrared cut-off o (see (I11.26));

e the rate ¢~ of refinement of the cell partitions ¥®).

IV.1. Control of the off-diagonal terms. We denote the off-diagonal term labeled by the

pair ([, 7) of cell indices [ # j contributing to the Lh.s. of (IV.1) by

L Ve, (0, VETEt) —iEtt | (t) V6, (0;, VEL t) —iE%tt (1)
M ;(t) = <e t B e P wl,gt,Wgt,lJ(t)e Y TR e T T

7,0t

where we use the notation
o 1 S o7 S s iRt o ilklt \ g3
We15(t) = exp (Oﬂ /B - i (k) - { &y ag e =& ag e F AR )
K ot

and

— —

(] (v
= 3 ~ — > 3 ~ .
k2 (1= k- 7)) |k[2(1 =k - 7))
We study the limit ¢ — +00; the case t — —oo is analogous.

N

(k) = a2

A. Asymptotic orthogonality

We introduce a family of operators
_ 1 LN (o ok —ilk]s o i|k|s
WYL, 1i(s) = exp (u 042/ i (k) - {%Aag’/\e ¥l _5E,>\al¥,x\€| | }d3k‘>
depending on a parameter p € R, and define

AT L Vo, (0, VEZ,s) —iE%s (1) m Vo, (U, VEZ 8) —iE%s (1)
Ml,j(t>5) = <€ t p e P gblm, w l,j(s)e t e B Y

Ot, J,ot

for s > t(> 1). Obviously, ]\/Zl’fj:l(t, t) = M ;(t).

(IV.2)

(IV.3)

(IV.4)

(IV.5)

(IV.6)
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The phase factor 75, (0;, VEY, s) is chosen as follows:

Yoo (U, VE%, 5) = —a / VEY - / Sy, (k) cos(k - VEG T — [k|r)d*kdr  (IV.7)
1 Baf\B"f
for s7% > o, and
_1
o, 4 . . . L .
Vo (U, VEZ , 5) = —a / VEZ - / 2, (k) cos(k - VEZT — \k|T)d*kdr , (IV.8)
1 BU§\Bgt
for s7% < oy. As a function of u, the scalar product in (IV.6) satisfies the ordinary differential
equation
M} (t,5) —
T = M Cl,j,oz Ml,j (tu S) + T’gt (t7 S) ) (IV9>
where
Cusar = [ IBPEE, (1v.10)
BK\BGt
and
Tgt (t, S) = - < ei'yat (6L7§E?’S) GiiEng)Dl(,ta)'t )
= Ve, (T;,VEZ s) —iE%s
WE L 5(8) Ao, (715) () € (3 VER) i %(',tc)n >
{0 (T 5)em O TR D)
Waut,l,j(S)e”"t (ﬁjﬁE?’S)e*iEgs%(‘gt > :
with
o, (T (s) =Y / (k) - &5 ag e dl . (IV.11)
>\ BN\BO't ’
The solution of the ODE (IV.9) is given by
—~ Cljo — wo Cljo ,
Myi(t,s) = e il MP,(t,s) + /0 rh (t,s)e” () du’, (IV.12)
where the initial condition at p = 0 is given by
Mp(t,s) = 0, (IV.13)

since the supports in P of the two vectors @/)l(tgt, @Z)](t;t are disjoint (up to sets of measure 0),

for arbitrary ¢ and s.

Furthermore, the vectors wl(gt, 1/%(‘?% are vacua for the annihilation part of the asymp-

totic photon field * under the dynamics generated by the Hamiltonian H°. This fact is

IThe existence of the asymptotic field operator for a fixed cut-off dynamics is derived as explained in part
B. of this section.
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implied by condition (.#4) in Theorem III.1. As a consequence, we find that
lim 7 (t,s) =0, (IV.14)

§—+00
for fixed p and t.

Therefore, by dominated convergence, it follows that

hgl ]\/[1 i(t,s)=0. (IV.15)
Since ]\Zl’j(t,t) = M, ;(t), we have
+o0 d —
Ml < [ |5 )] ds. (v 16)
¢

To estimate |dSM1 (t,s)| (see (IV.6)), we proceed as follows.
Since we are interested in the limit ¢ — oo, and the integration domain on the r.h.s.
of (IV.16) is [t,00), our aim is to show that

d o - 7 Vs Tt S —1 atS
’d_<ezH W, (T, )6 ot BV ) iB 5 (0 )’ (IV.17)
S

2,0t
is integrable in s, and that the rate at which the time integral in (IV.16) converges to zero

offsets the growth of the number of cells in the partition. This allows us to conclude that

> Myt) — 0 (IV.18)
1,3 (I#4)

in the limit ¢ — 400, and, as a corollary,

N(t)
tliglm;Ml,j / \h(P)[?d°P (IV.19)
7]
as asserted in Theorem II1.2. The convergence (IV.18) follows from the following theorem.

Theorem IV.1. The off-diagonal terms M, ;(t), | # j, satisfy
1
[ My;(6)] < € |In o7t (IV.20)
for some constants C' < oo and n > 0, where C is independent of | and 7, and n > 0 s

independent of €. In particular, M; ;(t) — 0, as t — +o0.

As a corollary, we find
1 1
Z ’Ml,j(t) ’ S ClN2(t)t_77 ]ln O't’2 t735 S Ct_ﬂ ‘ln O't|2t3€ (IV21>
1<IA<N (1)

since N(t) ~ t*. We conclude that, for e < 7, (IV.18) follows.
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B. Time derivative and infrared tail

We now proceed to prove Theorem IV.1. The arguments developed here will also be relevant
for the proof of the (strong) convergence of the vectors ¢, .(t), as t — 400, which we discuss
in Section V.

To control (IV.16), we focus on the derivative

d iHts — Vo, (7;,VEL s) —iE%s
£<e Ho W) (@, 5) eoe TV Es ) g miBp wj(tc),t> (IV.22)
_ ieiHats[H}n, W, (7737 S)] et (UjﬁE;’;,s) e—iE?s wj(t;t (IV.Q?))
i dat q'aﬁEﬁu i ¥;,VE% s) —iE%s
i Wy (5, ) Dot T VER ) oy @,9850) im0 (IV.24)

ds

where

— —

AUt (f) ) AUt (f)
5 :
We have used that W,, (0},s) = e “HoW, (v;,0)e’* 0 where Hy := H°* — H{* is the free

Hamiltonian, to obtain the commutator in (IV.23). We rewrite the latter in the form

H7' = azp- A, (Z) + (IV.25)

LHY*, W (T55) ] = Wil(55,5) (W (55, 8) H W, (5, 5) — HY' ). (1V.26)

and use that

N

We, (05, 8) Ag, () Wo, (T;,8) = Ay (T) + a 5

/ S5 (F) cos(h - 7 — |Fls) &k (IV.27)
Bi\Bo,

(see (II1.8)), where Z%](E) is defined in (II1.27). We can then write the term (IV.23) as

(Iv23) = ie™W,, (T, s)ai[H, T - / &k Sy, (k) x (IV.28)
B \Bo,
X COS(E N |IZ|S) o EF S oo (ﬁjﬁE;t’s)@[)](.fit
2
+ i e™7IW,, (v, s)%/ Sy, (k) cos(k - & — |k|s)d’k - (IV.29)
B.\Bo,

5 7.7 Yoy (T;,VEL s) —iE%ts
‘/B \B dngﬁj(@) cos(q- 7 —[qls) " (0 VEG ) ~ill w;,tc)rza

where we recall that i[H?, 7] = j+ a2 A,,(); see (I11.40).
From the decay estimates provided by Lemma A.2 in the Appendix one concludes that

the norm of (IV.29) is integrable in s, and that
(e} 1 .
[ ashavan) < Simapet (1v.30
t

for some 77 > 0 independent of e.
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The analysis of (IV.28) is more involved. Our argument will eventually involve the
derivative of the phase factor in (IV.24). To begin with, we write (IV.28) as

1
Hot +

(IV.28) = ie™™"W,, (v, s)a i H, ] - X (IV.31)

X(Hat n Z)/ d?’k iﬁ\j (E> COS(E . f . |E|S) e—iE;,tsei’YUt (17j76E;,t78)w§2_t .
BK/\Bgt

Pulling the operator (H? + i) through to the right, the vector (IV.31) splits into the sum of

a term involving the commutator [H*, 7|,

i EJOtS = . s 1
ietH Wgt(Uj,S)OKZ[HUtyx] . o +i>< (IV32>

J,ot

g / A S, (R) [H™", cos(k - & = [R]s)] e 5P D5 oy ()
B \Bs,

and
i MW (5, s)ai[H 7 / d X, () x (1v.33)
B \Bo,
1 = > i 7 VE® —iE%s :
X cos(k - & = Rls)e ™ O TP D iy

To control (IV.32) and (IV.33), we invoke a propagation estimate for the electron position op-
erator as follows. Due to condition (.#3) in Theorem III.1, we can introduce a C*°—function
xu(9), ¥ € R3, such that

. Xh(ﬁE;‘;) =1 for P € supp h, uniformly in o;.

o xu(7) =0 for |§] < Vmin and 7] > Viae -

It is shown in Theorem A.3 of the Appendix that, for § < 1 sufficiently close to 1 and s

large, the propagation estimate

:i" i - S0t _ ot
You (UV;,VEts) —iEts | (t)
H Xh<;)6 LR e P 77Z)J}Ut

—Xa(VER)e B VE ey ) (IV.34)
11
— 1

< & ow (@)l

holds, where v > 0 is independent of €. The argument uses the Holder regularity of ﬁEg‘; and
of @% listed under properties (.#2) in Theorem IIL1, differentiability of h(P), and (IIL.17).
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We continue with the discussion of the expressions (IV.32) and (IV.33). We split
(IV.33) into two parts using the definitions

1 — - — —
Tlos(s) = ailH™, ] / S5, (k) cos(k - @ — |k|s)dk if s > o
s HUt + 1 B"\Bog
= (IV.33) if s < oy, (IV.35)
and
]_ — — — —
TG (s) = ailH™ 4] / Yg, (k) cos(k - 7 — |k|s)d’k if s70 > oy
Hot +1 ng\BUt
= 0 ifs? < oy, (IV.36)

where we refer to 0 := s7% as the slow infrared cut-off.
To control J |§f(s) in (IV.36), we define the "infrared tail”

d?yat(@}’ f’ 8) _— 1 d(engtsfh<S)€_ngts) —
05) i Hs V.37
ds ae Hot +i ds ¢ (IV.37)

: / Sg, (k) cos(k - VE%s — |k|s) d*k if s > o,
Bafg\Bot

= 0 ifs? < o
where @ (s) := Zx;(Z). Summarizing, we can write (IV.22) as

(IV.22) = (IV.29) +

+ eI, (5, 8) T (s) €7 VIR T (o 4y ) (IV.38)

+ i€ MTTIW,, (T, 5) T2 (5) €17 VIR T (g ) ) (IV.39)
R d’yo— (U, VEU'_‘t’ S) . = o i

+ iezH tSWO't (17}7 S) t ]ds P et (UJ,VE};,S) e ZEﬁtS w](j‘gt (IV40>
- 1

+ ie™TEW, (U5, 8) aci [H, 7] - o7 ® (Iv.41)
g / @k S, (1) [H7" cos(F - 7 — [E]s)] e V509 7770 )

B \Bo,

where we recall that (IV.29) satisfies (IV.30). We claim that

o 1
H / [(IV.38) + (IV.39) + (IV.40)] dsH < ot (IV.42)
t
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for some n > 0 depending on #, but independent of €. This is obtained from

H / [(IV.38)+(IV.39)+(IV.40)]dsH (IV.43)
t
00 1 . . . N
< /t dsHm[HUt,f]-HUtH/&\Bqd%zaj(k) cos(k - & — |K|s) x

J,ot

(IV.45)

J,ot

> K T Vo, (0, VEL s) —iE%s/ o . t
+ [ as | Tl e iy ol

—

0o . . dA,, (0,2, s
+H/ s 7 W, (75,8) [ 125 () (D) — e Uik )] x (IV 46)
t

s ds

Vo, (7, VET —iE%t Nt
x e B VER ) (TR (B 4 ) Vi,

o Ao, (U5, VE%,8) Ry, (7, L, 5)
d 1Hts . = |: P _ agt\YJr g» ]
—1—” /t se W, (Uj, s) 7 s X

Vo, (U5, VEL 8) —iE% . t
I I (i )

(IV.47)

using the following arguments:

e The term (IV.44) can be bounded from above by + |In o¢|*¢3, for some n > 0

independent of €, due to the propagation estimate for (I11.43) and Lemma A.2, which
show that the integrand has a sufficiently strong decay in s.

In (IV.45), the slow cut-off 67 and the function y;(Z) make the norm integrable in
s with the desired rate, for a suitable choice of # < 1. In particular, we can exploit

that
0

| @EEaesE - foud)] < 05, ava
B"\Bo—g S S

ST

sup
TER3

see Lemma A.2 in the Appendix.
In (IV.46), only terms integrable in s and decaying fast enough to satisfy the bound
(IV.34) are left after subtracting

daot (Il_fju %7 8)

IV.49
s (IV.49)

from J Z;? (s). This is explained in detail in the proof of Theorem A.4 in the Appendix.

To bound (IV.47), we use the electron propagation estimate, combined with an inte-

gration by parts, to show that the derivative of the phase factor tends to the “infrared
tail” for large s, at an integrable rate. We note that due to the vector interaction
in non-relativistic QED, this argument is more complicated here than in the Nel-

son model treated in [24] where the interaction term is scalar. Here, we have to
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show (see Theorem A.4) that in the integral with respect to s, the pointwise velocity

7t sj( 7, Hot]le 1" can be replaced by the mean velocity ﬁE;'; at asymptotic times.

Finally, to control (IV.41), we observe that the commutator introduces additional decay

in s into the integrand when % is restricted to the support of ;. It then follows that

the propagation estimate suffices (without infrared tail) to control the norm, by the same
arguments that were applied to j|§§(s) in (IV.44), (IV.45).

Combining the above arguments, the proof of Theorem IV.1 is completed.
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V. PROOF OF CONVERGENCE OF 1y, ()

In this section, we prove that v, .(t) defines a bounded Cauchy sequence in H, as
t — oo. To this end, it is necessary to control the norm difference between vectors vy, . (t;),

1 =1,2, at times t5 > ;.
V.1. Three key steps. As anticipated in Section II1.4, we decompose the difference of
Yns(t1) and ¢y, . (t2) into three terms

Unwe(th) — Yni(ta) = A¢<t270t27%(t2) — g(tl)) + Aty — t170t27g(t1))
+ AQ/J(tl, Utg — O‘tl,g(tl)) s (V].)

where we recall from (I11.48) — (II1.50):

I) The term

AY(ty, oy, 9 — @t)

N(t1)

_ thg § : Vo (v],VEa tz) —zE 24,
= Wa’t2 Uj, tg) t2 1/}] oty (V2>
7=1
tl) -
= Ot Ot
i Ht i Uy, VE 2 ta) —iE .2t t
etz E E W0t2 7 %t2( 1) pot2) e B wl((;))JQ )
J=1 1@y

accounts for the change of the partition ) — @) in 1y, . (t,), where I(j) labels
the sub-cells belonging to the sub-partition %) N %j(tl) of %j(tl), and where we define

— = 10
Uy = VE 72 and U, =VE;
P 7

IT) the term

AY(ty — 1,04, 9M)

N(t1)
7 U ,VEq 71E ‘24
g ZHtl Z WO’t U], tl) 'YO'tQ( J ) e 1 w‘]’at2 (V3>
j=1
N(t1
iHto ( )W — Yoy (ﬁj,ﬁEitQ,tQ) 77,’Eit2t2 (t1)
—e oiy (Uj t2) €772 R S
j=1

accounts for the subsequent change of the time variable, t5 — ¢y, for the fixed parti-

tion ¢ and the fixed infrared cut-off o,,; and finally,



INFRAPARTICLE STATES IN QED I 37

III) the term
Aw(tlv Oty — Utlag(tl))

— it Z Wgtl (ﬁj,tl motl(fuy E ‘1 t1 —iE 1t1w(t1 (V.4)

2,0t

N(tl)
ZHt Y, ('U ,VE o tl) —lE B tl (tl
! § Wat U]7 tl) Tt2 ) w

JiOty
7j=1

accounts for the change of the infrared cut-off, oy, — oy,.

Our goal is to prove
[ 9ns(t2) = Yns(tr) | < O((In(t2))?/1) (V.5)

for some p > 0. To this end, we must take these three steps in the order displayed above.
As a corollary of the bound (V.5), we obtain Theorem III.2 by telescoping.

The arguments in our proof are very similar to those in [24], but a number of mod-
ifications are necessary because of the vector nature of the QED interaction. For these

modifications, we provide detailed explanations.

V.2. Refining the cell partition. In this section, we discuss step (V.2) in which the
momentum space cell partition is refined. It is possible to apply the methods developed in
[24], up to some minor modifications.

We will prove that

2

| AY(ty, or,, 91 — @g10) |” < O((In(t2))?/t)) (V.6)

for some p > 0. The contributions from the off-diagonal terms with respect to the sub-
partition 4(*2) of ¥(*1) can be estimated by the same arguments that have culminated in the

proof of Theorem IV.1. That is, we first express w

JUt

(t1) _ D\t 3 p _ C’t2 3 (t2
Vg, = /() h(P)V2d*P = % /() WPV Pd*P = Z Vi o, (V.7)
J J <3

Then,

N(tl

o~ _iEt2 ¢
Z Z < Oty UZ(J) ) WUtz (Uj7 t2)]6 P t2wl((J2'))7Ut2 ’
J:3'=11(5),V'(5")

o~ —

[Wat2 (?7”(]',), t2) - WatQ (Uj 7t2)] 72E~ thlh) Oty > ) (V8>
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where we define

— . L =0t
WG’tQ (67) t2) = WO'tQ (1777 t?) el’yct2 (Uj’VEﬁ ’ t2) 3 (V9>
— . — = Ot
Wa, @gsta) = Way, (T, o) €702 T VB2 12). (V.10)

Following the analysis in Section IV.1, one finds that the sum over pairs (I'(j’), I(j)) with
either [ # ' or j # j' can be bounded by O(t,), provided that e < 7, as in (IV.21).

Let ( )g stand for the expectation value with respect to the vector W. Then, we are
left with the diagonal terms

N(t1)
S5 (2 W2 (Wi, 12) Wi (55, 12) = W, (85,020 (B 1) ). (V.1D)

labeled by pairs (I(j), 1(5)), where I = e_iEp%g%(E‘/;))pm in the case considered here. For

each term
< Ul (4)> tz W0t2 (/17]7 t?) >\f; ) (V12>

we can again invoke the arguments developed for off-diagonal elements indexed by (I, 7)
(where [ # j) from Section IV.1.

In particular, we define for s > o

M [ iETs () Py Tou (= ~iE%s
Mﬁ(j),ﬁj],[z(j),ﬁl(j)}(t%3) = <€ F wz(;),ata 42 “(va )WfftQ (Tij)» s) € wl(] 0t>7 (V.13)
where

Wi (5, 5) W, (3, 8) = e o @By (i, s) W, (Tig), ) ¢ty (i) VEG? ).

G’t2 0’12 O’t2
(V.14)
and
* 5 i T —1 _’S % i_’s
we, (v], )W§t2(vl(j),s) = exp(,ua?/ 7731 (k) - {5“a Ikl — EEAOEAE Ikl }d3k>,
(V.15)

with p a real parameter.

Proceeding similarly as in (IV.12), the solution of the ODE analogous to (IV.9) for
]\/4\[’;( AN ﬁl(ﬂ(tg, s) at u = 1 consists of a contribution at g = 0, which remains non-zero
’ Ly

as s — 0o, and a remainder term that vanishes in the limit s — oo. In fact,

lim M 515106, 'Ul(])] (tQ, S) (V16>

S§——+00

-

Cl1e4) ot ) o - Ot
_ 6_% ezfygtz (v],VEﬂ at2 )¢(t2) ety (W(j)vVEﬁQ,O'tQQ ¢
)0ty i J)Jtz

)
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where

Clityon, = / |00 (B) P d*k (V.17)

to

as in (IV.10), with 77j71(j)(%) defined in (IV.4). Hence, (V.11) is given by the sum of

- Z Z / %M[é(j)7ij]v[£(j)7’l7g(j>] (t27 S) dS
— )i,
J )
N(t2) © g
A7l
_ Z Z/ %M[Z(j),ﬁé(]’)],[f(j)ﬁj](t27 s)ds (V.18)
=1 £(j) "2
J J
and
N(tz2) (t2) S C1() g0t (ta)
> < WGy » 12— 2008 (Ao, (T = Ty, VER? t))e” 2 [y, > , (V.19
i=14G)
where

D=

= O R = o — L 2O _1
A%HQ (17_7 — 'l_fl(j), VEﬁtz , t2) = 7@2 (Ul(j)7 VE];Q , O, ) — 7%2 (Uj, VEﬁtz , O't29) . (V20>

The arguments that have culminated in Theorem IV.1 also imply that the sum (V.18) can
be bounded by O(t;*), for n > 4e. The leading contribution in (V.6) is represented by the
sum (V.19) of diagonal terms (with respect to ¢2)), which can now be bounded from above.
It suffices to show that

RIOREN

2 — 2cos (A’y% (T; — Ui, 6Ej3t27t2))€_ 2

sup
Pes

1

for some 7 > 0 that depends on €. To see this, we note that the lower integration bound in
the integral (V.17) contributes a factor to (V.21) proportional to log?s. In Lemma A.1, it is

proven that

S

— — Ot _1 — — Ot — — —
’ Yo, (Uj7 VEIB‘2’ (Jtz) 9) — Yo, (Ul(j)v VEﬁ27 (0t2) ) | < O(|Uj - Ul(j)') . (V'22>

We can estimate the difference 7; — ;) = 6E;‘;j — ﬁE;tf , which also appears in 77}0)&(12),
i 1)
using condition (#2) of Theorem II1.1. This yields the e-dependent negative power of ¢; in

(V.21).

V.3. Shifting the time variable for a fixed cell partition and infrared cut-off. In

this subsection, we prove that

| A (ty — t1, 00, 9 ||° < O((In(t,))?/#7) (V.23)
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for some p > 0; see (V.3). This accounts for the change of the time variable, while both the
cell partition and the infrared cutoff are kept fixed. It can be controlled by a standard Cook
argument, and methods similar to those used in the discussion of (IV.22).

For t; < s <5, we define

Vou, (B, VET?, 5) / VE}? - / Sy, (k) cos(k - VEZ* — |k|7) d’kdr . (V.24)
B S\Bcrt2
Then, we estimate
t2 d iHt2 s = Yoy (Ujs VEﬂ s) —zEﬂQs (t1)
/t1 5 %5 ds < W, (U, 5)e7""2 Vjor, ) (V.25)

cell by cell. To this end, we can essentially apply the same arguments that entered the
treatment of the time derivative in (IV.22), see also the remark after Theorem A.3, by
defining a tail in a similar fashion. The only modification to be added is that, apart from

two terms analogous to (IV.23), (IV.24), we now also have to consider

. . L =0t )
R N A (V.26
which enters from the derivative in s of the operator underlined in
ot ot : = gpot gt
piHs —iH 25 iH7'2 s W, (&), 5)e (@.VES?9), zEﬁ25¢§f;32' (V.27)
To control the norm of (V.26), we observe that
) i, A,
H—H = a2i[Hd - Ae,,, — a% (V.28)
where
- &Pk, .
Aoy = ——={&,bn, + bt (V.29)
=2y (IR
and we note that
H,3] - Aoy, = Ay, - [H,7),
because of the Coulomb gauge condition. Moreover,
Wi, (T, 8)i[H, 7] We, (5, 5) = i[H, 7] + hy(@) (V.30)

with ||hs(Z)|| < O(1) and

Furthermore, we have

(t)  _
bE,)\ j,Ol't2 - 0

for k € B,,,, and

t1)
| Ao, a1 1 A<y, - Aoy i || < O(o,). (V.31)
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The estimate

| Aca,, - [H, 205211 < OCow, {IH,Z 05 |+ 1055 11}, (V.32)
holds, where
3€
I[H, @) || < Ot 2), (V.33)

because
I, A || < erll(H™ + i) |
for some constant c¢;, and
le2) || = ot #).

Consequently, we obtain that

) Wi (5 ) T 0
o’t Uy, J,0tq

< O(on, {I1H, 2 ¢ | + [Wf2) 1}) < Olon, 7). (V.34)

10ty

Following the procedure in Section I1.2.1, B., one can also check that

thg —iH%%2 s d iHt2 s = Yoy (vJ,VEa 7s) —zEﬂ s/ (t1)
e W, (U, 5)e"77t @/)],%

1 _ 3¢
< O(gloy "t 7)), (V.35)
1
for some 7 > 0. Similarly as in (IV.21), we choose € small enough that 7 > e.
The number of cells in the partition ¥®) is N(t,) ~ t3¢. Therefore, summing over all

cells, we get
3e

O(N(t) 1% o) + O(N(1) %\m%mﬁ) | (V.36)

as an upper bound on the norm of the term in (V.3).

The parameter ( in the definition of oy, = ¢, # can be chosen arbitrarily large, inde-

pendently of e. Hereby, we arrive at the upper bound claimed in (V.5).

V.4. Shifting the infrared cut-off. In this section, we prove that
| AY(ty, 00, — 03, 9) 2 < O((In(t)? /1) (V.37)

for some p > 0; see (V.4). The analysis of this last step is the most involved one, and will
require extensive use of our previous results.

The starting idea is to rewrite the last term in (V.4),

N(tl) -
=, t
iHt — Vo, (0;,VE ;2 t1) sz 24 (t1)
et E W, (U, 1) €772 075 e Vi, » (V.38)
Jj=1
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as
. Nt N - . S =Tty R
GZHtl Z )/Vm52 (Uj, tl) W;t2 (VE;Q) Wot2 (VE;Q) oty (vj,VEI3 1) eszﬁ t1 wj(f;; : (V39)
j=1
and to group the terms appearing in (V.39) in such a way that, cell by cell, we consider the

new dressing operator

ethl WO’tQ (17]7 tl) W;t2 <6E;‘3’52) e_iEIs 24 ’ (V40>
which acts on
(t) . )
o) o é L H(P) B PP, (V.41)
3

where % = Wg(ﬁEg)\P%, see (I11.22). The key advantage is that the vector @522 inherits
the Holder regularity of ®%; see (II1.13) in condition (.#2) of Theorem III.1. We will refer
to (V.41) as an infrared-regular vector.

Accordingly, (V.39) now reads

N(t1)

. - 5 . R i
N "W, (0, 1) W, (VES?) e (@ VEg? ) =iE 50 el (V.42)
j=1
and we proceed as follows.
A. Shifting the IR cutoff in the infrared-regular vector
First, we substitute
N(t1)
; = Oty \ Yoy, (05, VES —iEY
et Z W0z2 (17}’ tl)W:t2 (VEﬁtg) e Vou, (T3, VE 52 7t1)€ B %0 (I)gilriz (V43)
j=1
N(t1)
i = 10t i 7 VE! it
— TN, (@, )W, (VED?) e UV Ep e gl
j=1

where o0y, is replaced by oy, in the underlined terms. We prove that the norm difference of

these two vectors is bounded by the r.h.s. of (V.37). The necessary ingredients are:

1) Condition (.#1) in Theorem III.1.
2) The estimate

R ek o & 0 11— _
\%tQ(Uj,VEﬁtQ,tl)—%tl(vj,VEﬁfl,tl)\ < O(gtzl( )ti 9) " O(t10t1)7

for to > t; > 1, proven in Lemma A.1. The parameter 0 < # < 1 is the same as the
one in (II1.25).
3) The cell partition ¢() depends on ¢, < t,.
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4) The parameter [ can be chosen arbitrarily large, independently of €, so that the

infrared cutoff oy, = tl_ﬁ can be made as small as one wishes.

First of all, it is clear that the norm difference of the two vectors in (V.43) is bounded by the
norm difference of the two underlined vectors, summed over all N(¢;) cells. Using 1) and 2),

one straightforwardly derives that the norm difference between the two underlined vectors

in (V.43) is bounded from above by

11_g5) —3,
O(tiop" 4,7, (V.44)

—§€ . . . .
where the last factor, ¢, >*, accounts for the volume of an individual cell in ), by 3). The
sum over all cells in ¥®) yields a bound

1(1-6) ,1-2e

O(N(t) o472 (V.45)

where N (t;) =~ ¢3¢, by 3). Picking 3 sufficiently large, by 4), we find that the norm difference
of the two vectors in (V.43) is bounded by ¢, ", for some n > 0. This agrees with the bound
stated in (V.37).

B. Shifting the IR cutoff in the dressing operator

Subsequently to (V.43), we substitute
N(t1)

) ~ 2Ot Ot
iHtq . x (D 0t Yoy, (U, VE 1 t1) —iE 2ty x(t1)
e E We, (U, 1) Wy, (VE2)e "™ N (V.46)
Jj=1
N(t1) . o, o)
iHty = * = 0t oy, (U5, VE S t1) —iE Mt 5 (t1

— € E Wgt1<vj,t1)Wgtl(VE]3 )e 31 P e P (I)j,at17

J=1

where oy, — 0y, in the underlined operators. A crucial point in our argument is that when
oy, (> o,) tends to 0, the Holder continuity of (13(;1 in P offsets the (logarithmic) divergence
in 5 which arises from the dressing operator.

We subdivide the shift o, — oy, in

W, (U5, t0) W5, (VEZ?) — W, (5, t1)W;, (VE7!) (V.47)
into the following three intermediate steps, where the operators modified in each step are
underlined:

Step a)

Wi, (55 00, (0 War, (5) W, (VEG) (V.48)

s Wi (85, )W, (5) W, (05, (VEG?)
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Step )
W, (05, 0)W5, (05) W, (5))W;, (VES?) (V.49)
— Wy, (T, )W, (T)Wor, ()W, (VEL)
Step )
W, (85, 1) W, (5) W, (5)W5, (VEZ?) (V.50)
— W, (@, t)Wo, (5) W, (5) W5, (VEZ)
Analysis of Step a)
In step a), we analyze the difference between the vectors
Wi (T3, 1) W, (5)Wor (05 W5, (T B )e o B FE" 0B g(0) - (v50)
and
W, (T, )W, (5) W (55 W5, (VER2)e o O TP et (v.52)
for each cell in ¥*). Our goal is to prove that
| (V.51) — (V.52) || < const logts P(ty,t2), (V.53)
where
P(ty,ts) = sup H Rn—kD) _ )W, (5)W, (VEZ2)) x (V.54)
keByy,

. S =0t
Z'Yc’tg(vj7VEﬁ27t1) —iE] 2t1q) t1)
]Ut

‘ < O(t;"logts)

X e

as t; — 400, for some n > 0, and for (3 large enough.

Using the identity

Wi, (B )V (T5) = Wy, (55, t0) W, () x

cop( [ oSSy v
2 S, \Bo, [EI(L =k - 7))
S X i(|k

[un

[

< exp (a, / &k Ui {ERAbE
B \Boiy /| kI(L = k- 3)
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the difference between (V.51) and (V.52) is given by

| . S, (k) sin(k - 7 — |k]t)
ciHt WG’t Uit W: Vs exp @ / Ak A =
(U5, 1) t1( i) <2 Boy \Boy, [KI(1 =k - 7)) )
<€—i(|l€|t1—12-f) —1)— hec. }> }
— 7| x

L / &k Ui {8
X [exp (oz? = — ~
Boy, \Bory 4 /| |K|(1 =& - 7))
o' (V.56)

X W, (T)) W, (VEG) o TV B =i h g tn)
s - S, (R) sin(Fk - 7 — |E|t1>> 1]

W (35,00, @) [ e (5[ . CE s
X W, (5)W7, (VE?) e VE ) g=iBy Qtlcpgt;zl , (V.57)
where 7 is the identity operator in H.
The norm of the vector (V.56) equals
. Bk T {8abe (e Fn—Fa) — ) — pc )
H [exp(ow/ = — ~— )—I}x
Bo, \Bo,, m [FI(1 =k - 75)
X W, ()W, (VEG2)em OV E5" ) =Bt g (1) (V.58)
We now observe that
o for k € B,,,,
bgx W, ( W, (VE‘??) (V.59)
oy @)W, (VEZ?) b, (V.60)
+Wa,, (G)W;, (VEZ?) f3,(5, P), (V.61)
where
| @kl PP < Oflay) (V.62)
Boy, \Boy,
uniformly in 7}, and in P € 8, and where J enumerates the cells
o for k€ B,, ,
by €77 B VER N B g (1) (V.63)
because of the infrared properties of @gtéz
From the Schwarz inequality, we therefore get
(V.64)

(V58) S C“OgO’t2|P(t1,t2>,
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for some finite constant ¢ as claimed in (V.53), where

P(ty,ty) =

O't2

FeBo,,

|k|t1 k:E) _1) Wa’t2< )W* (VEUtQ) ’l’Yo-t2(’U] VEa tl) —’LE 2t1®(t1)

2,0ty

)

(V.65)

as defined in (V.54). To estimate P(t1,t5), we regroup the terms inside the norm into

- - _ . I ) . Ttg
—i(|E|t1—k-Z) — * Oty\ Yoy, (U5, VE5? t1) —iE 2t g (t1)
(e D Wa, (5) Ws,, (VEG) €100 5V Ep 500 780 g

2,0t1
- - . = Ot
_ * Ot —i(|k|t1—k-T Yoy, (0, VE 2 t1) szq t1 x(t1)
= Wat ( )W0t2 <VE13—|2—E) (e (klt1 )—I)G to \VJ B e (I)j e

=

+ Wo,, (0;) W, (VE E%2 ) o (T VEL? t1) e iE 77t gt
O't2

P+k J:0tq
— RS Yo, (U; VE‘ ‘2 t1) sz 7ty (t1)
— W, (0) W, (VEL?) et Qo -

We next prove that
I(V.66)[ . [[(V.67) = (V.68)] < O((0,)" 11 Inty)

for some p > 0. To this end, we use:

(V.66)
(V.67)

(V.68)

(V.69)

i) The Holder regularity of ®% and ﬁE;‘S described under condition (.#2) in Theorem

I1.1.
ii) The regularity of the phase function

Yo, (T, VEZ? 1)

(V.70)

with respect to PeS expressed in the following estimate, which is similar to (A.3)

in Lemma A.1: For ¢ € R? with |q] < 510
v, VE TR v =l _
”YatQ(vj,VEﬁtz,tl) - ’y%(vj,VEI;iE,tlH < O(|k| 1(-s )tgl 9))’

where 0 < §(< 1) can be chosen arbitrarily close to 1.
iii) The estimate

1o (K)

L gl <
o651 < € 2

from (#5) in Theorem III.1 for PesS , which implies
1N/l = ([ @D, 051 < € logo 2,
Likewise,
INPaR = (] (g OUR) w5 )

< Cllogo [,

(V.71)

(V.72)

(V.73)

(V.74)
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which controls the expected photon number in the states {@‘;1 }. As a side remark,
we note that the true size is in fact O(1), uniformly in o, but the logarithmically
divergent bound here is sufficient for our purposes.

iv) The cell decomposition ¥*1) is determined by ¢, < t,. Moreover, since 3(> 1) can
be chosen arbitrarily large and independent of €, oy, = tl_ﬁ can be made as small as

desired.

We first prove the bound on ||(V.66)|| stated in (V.69). To this end, we use

(emilFia—Fa) _ T gty (@ VEZ? 1) —iBL 1 g () (V.75)
1,0t
— ei'Yat2 (gjvﬁE;flg?tl) _Z‘E;?Etl( _i(IEItl_E'f) — I) (D;,tlz (V76)
50t
NG Ve Zotr) —ZE~ gt q)ﬁtclfz (V.77)
1
_ ooy (@ﬁEﬁtQ 1) efiEﬁtz t q)§t;2 ‘ (V.78)
0Oty
The Holder regularity of @gl from i) yields
1 5/) 3e

| (V76) || < Oty 1,7), (V.79)

where ¢’ can be chosen arbitrarily small, and independently of €. The derivation of a similar
estimate is given in the proof of Theorem A.3 in the Appendix, starting from (A.27), where
we refer for details. The Holder continuity of E;Q and ﬁEgQ, again from i), combined with

ii), with @ sufficiently close to 1, implies that, with ke By,
13
| (V.77) = (V8) || < O(tiofty * ), (V.80)

as desired.

To prove the bound on

sup || (V.67) — (V.68) | (V.81)
FeBo,,

stated in (V.69), we use that

Wi, (VE2) =W (VEZ?) = W;, (VEZ)(W;, (VEG: - VEZ?) ~1).  (V.82)

We apply the Schwarz inequality in the form

H(W* (VE%2 613;‘;)—1)513“ (V.83)

) P+k

<c(f )G - VE N
e
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. = VE 2 1) — Eq t1 g (t1)
where in our case, ® = ¢t (%7 Ve~ gl i ;t We have

HN}/Q o7 < cllogoy,|'? < ¢ (logty )2, (V.84)

as a consequence of iii). Due to i),

sup |§E;ﬁﬂ VE‘”2 | < O(o -

k€Bo,,

) (V.85)

where 0” > 0 is arbitrarily small, and independent of € (see (II1.14)). Therefore,

sup H (V.67) — (V.68) H < O((Inty) (0y,)")

k€Bo,,

for some p’ > 0 which does not depend on ¢ (recalling that t; < t5).

We may now return to (V.53). From iv), and the fact that the number of cells is

N(ty) ~ t3, summation over all cells yields

pA In(ts)
Z (V.51) — (V.52) ]| < Of i ) (V.86)

for some p > 0, provided that 3 is sufficiently large. This agrees with (V.37).
The sum Z;V:(?) | (V.57) || can be treated in a similar way.

Analysis of Step b)

We have to show that the norm difference of the two vectors corresponding to the change
(V.49) in (V.46) is bounded by the r.h.s. of (V.5). The proof is similar to the one just given
for step a), and we shall not reiterate it. The argument is based on the same properties i) —

iv) as used there.

Analysis of Step c)

Finally, we prove that the difference of the vectors corresponding to (V.50) satisfies

N(tl) . L = 0t .. Ot
H Z Wotl (?7]‘, tl) [W‘gg( )W* g:; (VEatl) o I} eZ’Yatl (Uj7vEﬁ 1 ,151)€—ZE13 1 wj(gzl
7j=1

O((In(t2))*/#]) (V.87)
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where we define

Wlon(T;) = W, (05)Wo,, (7)), (V.88)
Wi (VERY) == W;, (VEZ)W,, (VEZ). (V.89)

We separately discuss the diagonal and off-diagonal contributions to (V.87) from the sum

over cells in G,

e The diagonal terms in (V.87).

To bound the diagonal terms in (V.87), we use that

Wlow (0)W o (VER) = Wle (¥ — VEL), (V.90)
and that, by definition, v, = ﬁE"fl\ p_p+- Using the Schwarz inequality, we obtain an
J
estimate analogous to (V.83). Then, we note that
S e L (g
sup [VES =] < O("4"), (V.91)
Peg")

by the Holder regularity of ﬁE;‘S, due to condition (#2) in Theorem III.1; see (II1.14).
Moreover, we use (V.84) to bound the expected photon number in the states {\If;t1 }.

This shows that the sum of diagonal terms can be bounded by
1 —e(t_¢" _
O(N () [9§2) 12 (int2) 1,5 7")) < O(#;” nty) (V.92)
for some p > 0, using N(t;) = O(t3), and ||1p(“)1 1?2 = O@t;%).

J,0t
e The off-diagonal terms in (V.87).

Next, we bound the off-diagonal terms in (V.87), corresponding to the inner product of
vectors supported on cells j # [ of the partition ¥®). Those are similar to the off-diagonal
terms ]\/4\11J (t,s) in (IV.6) that were discussed in detail previously. Correspondingly, we can
apply the methods developed in Section IV.1, up to some modifications which we explain
now.

Our goal is to prove the asymptotic orthogonality of the off-diagonal terms in (V.87).

We first of all prove the auxiliary result

i ||, (7)(5) Wt (VEZ e 5wyl || = 0. (V.93)
To this end, we compare
W s (VEZ)1 g (P) (V.94)
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(where 1_,) is the characteristic function of the cell %j(tl)) to its discretization:
J
1. We pick £ large enough such that 4® is a sub-partition of ¥®); in particular, %j(t) =

(f) N
Zm(j G (), Where M = 5.

2. Furthermore defining y,(;) = VE’, 13 , where ]3;;( j) s the center of the cell %(r?(j),
m(J)
we have, for P € gm?j
| = ot Lye(d—om)
Ty — VER'] < € (3) 5, (V.95)
where C' is uniform in ¢;.
3. We define
gi; Z W* gg um(j ) g(i)j) (P) (V96)

m(j)=

and rewrite the vector

o, (75) (5) W[5 (VEG e 7 oy l) (V.97)
n (V.93) as
> / . &k e (WG (VES) — Woit (M)] x (V.98)
K oty
X g (F) - €7, by e e‘iEﬁ“Swﬁf;;
D SRLETH) o) AL RUI LD

( by BN\Bgt

m(j)= 1
x e—iEﬁ 1Sw7g?(j),0't1 . (V99>

We now observe that, at fixed ¢;, (II1.17) and the bound (V.95) imply that the vector in
(V.98) converges to the zero vector as ¢ — 400, uniformly in s. Moreover, the norm of the
vector in (V.99) tends to zero, as s — +oo, at fixed ¢. This proves (V.93).

The main difference between (V.87) and the similar expression in (IV.22) that is dif-

ferentiated in s is the operator
W o (5) W |52 (VER) (V.100)

which is absent in (IV.22). To control it, we first note that the Hamiltonian

69/\
H,, = [ Hp, &P, (V.101)

where

(V.102)
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with
P, = / kbe b, &k, (V.103)
R3\Bo, A
and
o, = / RIZRINE (V.104)
1 R \ - ) )
satisfies
Ht Ut = Egt vyt (V.105)
and
Wl (T) W[l (VESY), Hy, ] =0. (V.106)
Using (V.106), the vector in (V.87) corresponding to the j-th cell can be written as
0 W (5, ) €700 VR oo WG (@, — VEL) ), (V.107)

where
W|crt1( vEO’tl) _ W|g;;( )W* gz; (ﬁEgl) )
Similarly to our strategy in Section IV.1, we control ]\Zb(t,s) by integrating a suf-
ficiently strong bound on | (M;(t,s))| with respect to s over [t,00); see (IV.16). The

derivative in s of the j-th cell vector has the form

d il fz s ot = 0t
(et W, (5, ) € BIEE ) S o - G ). )

ds 3.0,
= et W, (5, 8) aill,, 7 / . S5 (R) cos(k - 7 — [E|s) &k x

% e*lE-‘ S 62701 (UJ>VE-‘ ,S) W|g2;( Utl) /gb] o

Liert W, (7, 5) o / . S5, () cos(k - & — |R]s) &k -

oty

. / igj(i) cos(7- 7 — |q]s)d>q x (V.108)
Bi\Boy,
o oty 5, VER s) i) SW|§§;( E;“Wﬁtl
_ Yo, (1, VEL, 5)
) ZHO_ s R ot 7 Y
+ie W, (U,8) —— ds - %
) o =0t ot Ot
% el’yatl(vj’VEﬁl’ s) 71E*18W|gt;( . VE 1)¢§Uzl .

Due to the similarity of this expression with (IV.22) — (IV.29), we can essentially adopt the
analysis presented in Section IV.1. The only difference here is the operator He" instead of

H?4 and the additional term involving the commutator

—;

[xh( ). Wion(VEZ)] (V.109)
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applied to the one-particle state

) o Ot Ot
Vo, (0;,VEZ1,s) —iEts (1)
¢ VB ) i s ylt) (V.110)

However, the latter tends to zero as s — +00, at a rate of order (’)(8%,), for some e-independent
n > 0. This follows from the Holder regularity of ﬁE;‘B (condition (.#2) in Theorem III.1),
and (II1.17). Similarly, we treat the commutator (V.109) with the infrared tail (IV.37) in
place of x,(%) (and with He replacing H 7). It is then straightforward to see that we
arrive at (V.5). O
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VI. SCATTERING SUBSPACES AND ASYMPTOTIC OBSERVABLES

This section is dedicated to the following key constructions in the scattering theory for

an infraparticle with the quantized electromagnetic field:

i)

i)

We define scattering subspaces H°"*/" which are invariant under space-time transla-

tions, built from vectors { \Ifzuz/ ",

To this end, we first define a subspace, H2""/™ depending on the choice of a thresh-
old frequency x with the following purpose: Apart from photons with energy smaller
than k, this subspace contains states describing only a freely moving (asymptotic)
electron.

Adding asymptotic photons to the states in Ho m) we define spaces of scattering
states of the system, where the asymptotic electron velocity is restricted to the region
(VEs : |P| < i},

We note that the choice of H2/™ is not unique, except for the behavior of the
dressing photon cloud in the infrared limit. It is useful because

— in the construction of the spaces of scattering states, we can separate “hard

photons” from the photon cloud present in the states in H2""/™. which is not
completely removable — each state in the scattering spaces contains an infinite
number of asymptotic photons.

— from the physical point of view, every experimental setup is limited by a thresh-

old energy k below which photons cannot be measured.

The construction of asymptotic algebras of observables, .Azzt/ "™ and AZZ“:/ " related
to the electromagnetic field and to the electron, respectively.

The asymptotic algebras are

— the Weyl algebra, A;Zt/ m’ associated to the asymptotic electromagnetic field;

— the algebra Azft/ " generated by smooth functions of compact support of the

asymptotic velocity of the electron.

The two algebras A;Zt/ " and A% commute. This is the mathematical coun-
terpart of the asymptotic decoupling between the photons and the electron. This
decoupling is, however, far from trivial: In fact, in contrast to a theory with a mass
gap or a theory where the interaction with the soft modes of the field is turned off,
collective degrees of freedom are involved because of the emission of soft photons for

arbitrarily long times.
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In this respect, the asymptotic convergence of the electron velocity is a new con-

ceptual result, obtained from the solution of the infraparticle problem in a concrete

model, here non-relativistic QED. Furthermore, the appearance of collective degrees

of freedom is reflected in the representation of the asymptotic electromagnetic alge-

bra, which is non-Fock but only locally Fock (see Section VI.2). More precisely, the

representation can be decomposed on the spectrum of the asymptotic velocity of the

electron; for different values of the asymptotic velocity, the representations turn out

to be inequivalent. Only for VE 5 = 0, the representation is Fock, otherwise they are

coherent non-Fock. The coherent photon cloud, labeled by the asymptotic velocity,

is the well known Bloch-Nordsieck cloud.

All the results and definition clearly hold for both the out and the in-states. We shall

restrict ourselves to the discussion of out-states.

VI.1. Scattering subspaces and “One-particle” subspaces with counter threshold

k. In Section III, we have constructed a scattering state with electron wave function h, and

a dressing cloud exhibiting the correct behavior in the limit k— 0, with maximal photon

frequency k.

To construct a space which is invariant under space-time translations, we may either

focus on the vectors

—i@-P_—iHrt, out
e e ok o

or on the vectors obtained from

N(t)

. ; i/ — Vo, (T;,VET t) —iETt (¢ -
s— lim ethE W;—;a(’l}j,t)6wgt(vj B )6 Ead= 77[)() (7_’ a)’

t——+o00 J,0t
Jj=1

where

N[

W;;a(ﬁj,t) ‘= exp (a

V1] [kI(1 — k- 5)

and

W) = [ By,

“J

= (=2 gk o—ilk|(tT) —iked
/ Bk Ui {&tk’/\aa)\e e h.c.}
B\Bo,

(VL1)

(VI.2)

) . (VLY

(VL4)
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Using Theorem II1.2, one straightforwardly finds that

e—zaP —zHTonut (VI5)
N(t)
: —id@-P —iHT i - Vo, (T, VEL t) —iBEDt ) (t
= S — tB+mw e ia Pe 7,H‘reth Z Wg't (Uj, t)el'Y t(’UJ P )6 2 w](’;t (VI6>
i=1
N(t+1)
_ : iHt T,a (= Yoy, (U5, VEOH'T A7) BT (t47) —
= s— tllerooe E Wt (U, t)e 7t e P L (r,a@). (VL7)
Jj=1

The two limits (VI.2) and (VL.7) coincide; this follows straightforwardly from the line of
analysis presented in the previous section.
Therefore, we can define the “one-particle” space corresponding to the frequency

threshold k as

Htln = L\ wpt!™(r,@) - h(P) € CH(S\B,,), 7€ R, d € R3], (VL8)

°out/in

By construction, H, is invariant under space-time translations.
General scattering states of the system can contain an arbitrarily large number of
“hard” photons, i.e., photons with an energy above a frequency threshold, say for instance

°out/in

k. One can construct such states based on H, according to the following procedure.

We consider positive energy solutions of the form

d*k ST
Fi(y) == | —————= F(k)e HHk7 VL9
0= | s P (VL9)
of the free wave equation

N 21(7f
which exhibit fast decay in |7] for arbitrary fixed ¢, and where F(k) € C3°(R3\{0}).

We then construct vector-valued test functions
d3k =5 PAE) o= r
Z / “F (k) e IMli+eky (VL.11)

satisfying the wave equation (VI.lO), with

—0, (VL.10)

F(k) =Y &, FMk) € CER\{0}; CY) (VI.12)
A
We set
A(t, ) = M A()e (VI.13)

here A(7) is the expression in (I1.12) with A = co. An asymptotic vector potential is

constructed starting from LSZ (t — +o0) limits of interpolating field operators

R NG R e T s (VL14)
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with F, as in (VI.11) for the positive-energy component, and with —F, for the negative

energy component. We define

Gl = s = lim g 5 (0), (VL15)
’ t—+/—00
where
W, 5() = o (AR A-AF) (). (VL16)

Here, vy, (t) approximates a vector ¢7% in o (we temporarily drop the dependence
on (@,7) in our notation). The existence of the limit in (VI.15) is a straightforward conse-
quence of standard decay estimates for oscillating integrals under the assumption in (VI.12),
combined with the propagation estimate (I11.43).

Finally, we can define the scattering subspaces as

Houtlin . — { \/ ¢y w(P) e CH(S\ B.,). Fe CP®Ri\0; CS)}- (VL17)

h,E

VI.2. Asymptotic algebras and Bloch-Nordsieck coherent factor. We now state
some theorems concerning the construction of the asymptotic algebras. The proofs can
be easily derived using the arguments developed in Sections IV and V; for further details we
refer to [24].

Theorem VI.1. The functions f € C°(R?), of the variable ¢* £ e~ have strong limits

fort — oo in HOY™ namely:

>€—th1/Jout/m _. 1/Jout/m (V118>

: Ht
s— lim """ f( iy h o F

t—+/—00

where fﬁEﬁ = lim, f(ﬁE%)

x
t

The proof is obtained from an adaptation of the proof of Theorem A.3 in the Appendix.

For the radiation field, we have the following result.

Theorem VI1.2. The LSZ Weyl operators

{6=4G) . @3B € 2R (1 + )R, A= £} (VL19)
have strong limits in H/ ™
Wl (@) = s = lim ¢ (A1G-AGu) (VI.20)
t—+/—00

The limiting operators are unitary, and have the following properties:
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<@ 9

Wout/in(é)wout/in(é/) _ Wout/in(é+é/) (VIZl)
where
p(G, G = 2itm(Y / CNRT (B)dk) (VI.22)
A

ii) The mapping R > 5 — Wou/in(s C_j) defines a strongly continuous, one parameter

group of unitary operators.

iif)
eiHTWout/m(G> —tHT Wout/m<G 7—) (VI.23)

where G_, is a freely evolved, vector-valued test function in the time —.

Next, we define

o A%™ as the norm closure of the (abelian) *algebra generated by the limits in

(VL.18).
° .A;Zt/ "™ as the norm closure of the *algebra generated by the unitary operators in

(V1.20).

From (VI.21) and (VI.23), we conclude that Am‘t/ " is the Weyl algebra associated to
a free radiation field. Moreover, from straightforward approximation arguments applied to
the generators, we can prove that the two algebras, Aom/ " and Aom/ " commute.

Moreover, we can next establish key properties of the representation II of the algebras
Azq,it/ ™ for the concrete model at hand that confirm structural features derived in [18] under
general assumptions.

To study the infrared features of the representation of A‘mt/ m

it suffices to analyze the
expectation of the generators { W*"(G) } of the algebra with respect to arbitrary states of

the form ¢,

(gt WG gt ) (VL.24)
N () )
—= tl‘}g_noo <6176t(U17vE t) —i B ttwl . (VI'25>
j=1,1=1

W* (f(_fl’ >€i (ﬁ[@ht}—A‘[G’Tt,t]) Wat (17}7 t)ei"/at (ﬁj,ﬁE;‘t7t)e_zEattwj( ()Tt > .

In the step passing from (VI.24) to (VI.25), we use Theorem III.2. One infers from the

arguments developed in Section IV.1 that the sum of the off-diagonal terms, [ # j, vanishes
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in the limit. Therefore,

N(t)
_ : Yo, (T, VEY 1) ,—iE%t (1)
(VI.25) = tE+mOOZ<e PO (VL.26)
‘]:
o (A[ét,t]fg[GTt,t})eggj (G) ey (75, VEG 1) —i Bt w§t()7t > 7
where o
0a(G) = 2iRe(azy / @A(E)u.—%d?’k) (V1.27)
’ s KR =R
After solving an ODE analogous to (IV.9), we find that the diagonal terms yield
out out [ AN, out _Sa QﬁEa(é) D12 73
(g, W (Gt ) = | e = e " |W(P)Pd*P, (VI1.28)
where
Cg = [ 1GEPd*. (V1.29)

Here, we also use that v; = ﬁEg{k, combined with the convergence ﬁE;‘; — VE 5 (ast — o0
j

and P € S).

out/zn) .

Now, we can reproduce the following results in [18]: The representation II(A, is
given by a direct integral on the spectrum of the operator 7.27™ in Ho/i defined by
FERm) = tim et (i (VL30)
t— +/—00 t

for any f € C5°(R?), of mutually inequivalent, irreducible representations. These representa-

tions are coherent non-Fock for values #.2"Y™ £ 0. The coherent factors, labeled by #.2"/™,
are
ﬁout/in B —»aosut/in Lo
as
% —»outfz: n and % —»outfi’:b\ R (V131>
21— a5 - k) B2 (1 — a5 - k)
for the annihilation and the creation part, azu;/ " and aou;/ "* respectively.

The representation H(Aout/ )

is locally Fock in momentum space. This property is
equivalent to the following one:

For any & > 0, and GF € C°(R3\ B, ; C3), the operator

A[-Gr 1] (VL.32)
annihilates vectors of the type wm” in the limit t — 400, i.e.,

lim A[=Gr po = 0. (VI.33)
To prove this, we first consider Theorem II1.2, then
lim A[-Gr, o = lim A[-Gr, t]ona(t). (VL34)

t——+o0 t——+o0
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Next, we rewrite the vector

N(t
A[-Gy tnn(t) = M A-Gy, 0] X(fwgt (7, £)e o TV B0 B L (1) (VL.35)
j=1
as
T d iHs 1T A ~ — o, (T;,VE% s) —iE%s (1)
—/t E{e A[—GQ,S]Z;WUt(Uj,s)e BT EE e R Y L Y ds (VI.36)
N() " o )
+ SEEFHOO etHs Z W,, (T, 8) A[-G*, 0] ei%’t(ﬁijg’s)e_iE;tsl/zﬁt : (V1.37)
=1

The integral in (VI.36), and the limit in (VI.37) exist. To see this, it is enough to follow the

procedure in Section IV.1, taking into account that the operator

= 1

A[-Gr o]m[m,f] (VI.38)

S

is bounded, uniformly in ¢ and s. The limit (VI.37) vanishes at fixed ¢ because of condition

(#4) in Theorem III.1. Therefore we finally conclude that the limit (V1.34) vanishes.

Liénard-Wiechert fields generated by the charge

Now we briefly explain how to obtain the result stated in (IIL.76). The assertion is ob-
vious for the longitudinal degrees of freedom; see the definition of £, in (II1.77). For the
transverse degrees of freedom, we argue as follows. Similarly to the treatment of (V1.24), we
arrive at a sum over the diagonal terms,

lim <¢Zu;/m , et / d*y Fir(0,9) o(f — & —d) e—z‘Htl/}sz;/m>

t—+oo
N(t)

o . ot 3 tr Yo v gt
- tlgl:noo Zl <wj7ot ’ /d Y FMV(()? y) 6(y —T = )wjv‘” > ’
J:

by exploiting the usual decay properties in time of solutions g; 5 of the free wave equation
whose Fourier transform behaves like |l§:‘|f1 for k — 0. Then, one uses Proposition 5.1 in 9]

which identifies the infrared coherent factor by showing that

1,4 (F)

1 =
RE R -FvE < oFCIRT - (VI39)

g g 1
(w5, bz, 95 ) + o
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for k — 0. This straightforwardly implies that
N(t)

i {3 (45 [ @vELOD5G- 7 d)ug,) - (VL.40)

t—=+o0
Jj=1

|

N(t) L
53 VEZ\ tr = -
=S [ ER e ) @S 0 er | < ogd ),
j=177;

which vanishes in the limit |d| — oo, as asserted in (IIL.76).
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APPENDIX A

In this part of the Appendix, we present detailed proofs of auxiliary results used in
Section III.

Lemma A.1. The following estimates hold for PeS:

(i) Forty >1t; > 1,
— = 0t _1 _1 — —
Vo, (U5, VE 52, (04,)77) = Yo, (Vi) VE ,(01,)77)] < O(|; = Gyy) (A1)
where vU; = ﬁE;tl and U; = ﬁE;‘;z )

(ii) Forty >t > 1,

| Vo, (UJ’ 6E;'3t2 ) tl) — Yoy, (ﬁﬁ ﬁE;tl ) tl) ’ < O( {(01‘4)%(176) tiie +h Utl] ) : (A2>

(iii) For s,t > 1 and 7€ {7 : |q] < s4=9},
| Yo (T, ﬁE? $) = Vo (Tj, 6E;‘3‘t+ga s)| < O(s~5079 01-0)) (A.3)

whenever vy, (T, ﬁE;’;, s) is defined different from zero.

Proof.
The proofs only require the definition of the phase factor, and some elementary integral
estimates, using conditions (.#1) and (.#2) in Theorem III.1. O

Lemma A.2. For s >t > 1, the estimates

L , 1
sup / S (K) cos(k - & — |k|s)d3k:( < O(M), (A.4)
zers | JB\B,, s
1 (1. .2 1. 3 r t’
sup Y5 (k) cos(k - & — |k|s)d°k xn(=) ‘ < O(=), (A.5)
zerd | JpaB s s s
hold, where
klkl’ 1
=2 (O — (A.6)
Z |/’f|2 |k‘| (1—k-i)
and where oy =t 0% == 77 with B> 1, 0 < 0 < 1. Moreover, x,(5) = 0 for |§] < Vmin

and | > Vmaz With 0 < Vpin < Vmae < 1 (see (I11.15)).
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Proof.

To prove the estimate (A.4), we consider the variable & first in the set
{FeR: |Z] < (1—p)s, 0<p<l1}.

We denote by 0 the angle between ' and k. Integration with respect to |/2 | yields

| / (k) cos(k - T — |k|s)d*k | (A.7)
K,\Bo't
_ | / f]l @) sin(kk - ¥ — KS)A— sin(t Pk - & —tPs) d0 ’ (A.8)
k-Z—s
< / 155, (k)|d; (A.9)

where X (k) := [k[2 3L (k).

For:r in the set
{FeR® |7 >(1-p)s, 0<p<l1},

we integrate by parts with respect to cos 6y, and observe that the two functions

SL (k) and @ (A.10)
% dcos b '
belong to L'(S?; d)z). This yields
/ S5 (k) cos(k - & — |k|s)d’k (A.11)
B.\Bs,
e sin(|k] | 2] + |k|s) -
= [ 8@l LR g (A12)
o k] 17]
S PN in(|k] |2 — |k|s) -
w8 @l PUELI) g1 (A13)
o1 k[ |Z]
A= (F)) sin(k - 7 — |F
_/ (35, (k) sin(k & |k|s) dJk|d0; (A14)
BB, Ac0SOf | |]

The absolute values of (A.12), (A.13), and (A.14), are all bounded above by O(1
easily verifies. This establishes (A.4), uniformly in 7 € R3.

) as one
ps

To prove (A.5), we consider Z in a set of the form

{FeR: (1—-p)s> 7] >(1—p)s, 0<p <p<l1}. (A.15)
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We apply integration by parts with respect to \l;\ in (A.12), (A.13), and (A.14) in the case

oy . As an example, we get for (A.12)

A12) = — [ SL(k q_ﬁcos(“(m“))d A
(a12) = = [ S Bl T (A16)
o cos(t~0 (|7] + s))
+/zﬁj<k)|%_ﬁ =T ERTE do (A.17)
B A e L i el LS Y A18
// o ()l 1512 2] (12] + 5) [Fldg (A.18)

Since & is assumed to be an element of (A.15), it follows that the bound (A.5) holds for (A.12).

In the same manner, one obtains a similar bound for (A.13) and (A.14). O

Theorem A.3. For 0 <1 sufficiently close to 1, and s > t, the propagation estimate

[ xu(yere 59 om0 (A19)
FER BT )
11
S C; % hl(O't>| (AQO)

holds, where v > 0 is independent of €.

Proof.
Since the detailed proof of a closely related result is given in Theorem A2 of [24], we only
sketch the argument.

Expressing x;, (which we assume to be real) in terms of its Fourier transform Y}, we

bound (A.19) by

|| / d3q X\h(q_’)(eiiqﬂ.ﬁE;t . 6—2‘(}%)ei’Yat(ﬁj,ﬁE;’;,S)Q*iE;ts@Z)}fg-t|| (A21)
. iR (EBY—ET s . o SRt

< | / P @) (e TV —e T AT @G VES 40 (A.22)
(E%t—E% s 7 ; = O RC

+ / EgRn(@ e’ "I (T Z ) BTl ) (A.23)

We split the integration domains of (A.22) and (A.23) into the two regions
Io={q7: |q] > "% and I ={7:1q < s"7%}. (A.24)

In both (A.22) and (A.23), the contribution to the integral from I, is controlled by the
decay properties of X(¢), and one easily derives the bound in (A.20). For the contributions
to (A.22) from the integral over I_, the existence of the gradient of the energy, the Holder
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64 .
property in P of the gradient, and the decay properties of X(¢) are enough to produce the
(A.25)

P
nd 0%
and 5

bound in (A.20).
To control (A.23), we note that the two vectors
\Ifgpf_i and \Ifat gi=e
belong to the same fiber space Hpz_ 7, and that, as vectors in Fock space, U7
coincide, i.e. ’
Ip_q(e7 T2 W) = [5(VF) (A.26)
We split and estimate (A.23) by
(423) = || [ %@ /() . h ehee T VI D% d*Pd? (A.27)
I_ ¢ s
29 Eﬁ s oy (05,VEY 8) yoe 13 p 13
-/ Xn(Q) (t) s hze PG dPd q| (A.28)
< I/ %@ / ., g P T Do Py (A.29)
I- ¢ s
E%t _—E%)s R
I_ rt s
_—E%)s
_q 7P Yo, (T, VEQ ,S) 3 3
-+ i Xn(Q) /(t> 1 hg e U g dPdq (A.30)
N i(E7 i~ ;t)s i”/gt(l_fj,ﬁEfit q,s) 3 3
_/ Xn(7) e s hp_qe P30T AP Pdq||
I F;t) s pP-3
: —E%) Yoy (17j,§Eit7:,s) - 3 3
P-4 P hﬁfge P-3 \Ijﬁt,gd Pd’¢  (A.31)

o xm/m
I_

—/I_Sé\h(ﬂ /F@e "
The terms (A.29), (A.30), and (Aj.?)l) can be bounded by
429) < [ 0@ [, IaPIp7) - Lo sy )3 EP e, (A3
and
(430) < | |>zh(q>|[/rm A (hpe ot VD)2 1 (0 3 DlFd’P J2d%, (A.33)
and J

(430 < [ R@IL[ | Ingl IV P . (A34)

Yo, (ajﬁE;?s) 7 (A.35)

where
A (h ei’ygt(ﬁj,VEﬁ S)) . h"ei’ygt(ﬁj7VE;t’s) _ h[}_g’

o by
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g of the cell F;t) .

and O’ := (Fg-t) U th)’%) \ (th) N Fé.t) ’ %), where F;t) * is the translate by
Using (A.3), the C''—regularity of hs, and the definition of I_, one readily shows that

the terms (A.33), (A.34) satisfy the bound (A.20), as desired.
(A.36)
(A.37)

(V%) = I5_a(YE_o)llF
< (W (FEZW) — I o (W (B 0% )15
(A.38)

5t (W3, (VEZ) = Wo (VEE ) Wa(VEE )W)

To estimate (A.32), we use the inequality

(A.39)

where it is clear that
W, (VEZ )W = &7
Moreover, we use properties (#2), (.#5) in Theorem III.1, where we recall that

(£2) Hélder regularity in PesS uniformly in o > 0 holds in the sense of
i (A.40)

< Cy|AP|T™

|95 — 05, 5plle
(A.41)

and
= o = o DL —8"
[VEE = VEE, jpl < Con] AP
for any 0 < §" < & < 1, with P, P+ AP €S, and where Cy and Cyr are finite
constants depending on &' and ", respectively.

VEC,
P AbA—h.c.)), (A.42)

=

B

We can bound (A.37) by use of (A.40).
In order to bound (A.38), we recall the definition of the Weyl operator
W,(VE%) = exp (oz5 / Ok L
’ v e k20, (F)
and we note that
1
Erllbpa®5 s F)°)  (A43)
Ba\Bo, s

(438) < c|VEY - VEY ;| R} (R} + (/
(A.44)

from a simple application of the Schwarz inequality, where
3k 3
)2 = O(|lna|?).

R? = (/ I
Ba\Bo, |k|3
Moreover, we have
| @b 1 < el (249
BA\BO't s

which is derived similarly as (V.74).
From Hoélder continuity of ﬁE% in 15, (A.41), we obtain a contribution to the upper

bound on (A.38) which exhibits a power law decay in s.
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We conclude that (A.32) is bounded by (A.20), as claimed. O

Remark: By a similar procedure, one finds that for to > s > t;,

T\ i (5, 9E2 5) —iE2s (¢
Hxh<;>€mz(% 5 ’8)6 il Sw( 1)

JiOty
. Xh(ﬁEitQ) o2 (ﬁjﬁE;Q ,8) e—iE;tQS 1/}(;1) c i In(o,) (A.46)
P J:0ty _— SV t:;/2
Analogous extensions hold for the estimates in the next theorem.
Theorem A.4. Both
+oo z dA, (U, & . 5 .
i Hot = o x o:\Ujy 55 Yo, (U5 9t s) —iE%s/ o .
H / 6zH SWa't(Uja 8) |}7|g§'(s)xh<;)_% e o i VES, )6 E5 (Eﬁt —f-Z) wj(_f;tds
t
(A.47)

and

P~

too o d ot 77'7275 i 7;,VE. —iE7,
H / i tswat(gj’s){ Mewat(vvaﬁt,s)e zEﬁts(E%t +14) ¢(t) (A.48)
t

Yo, (U}, ﬁE?, s)
— e
ds
are bounded by

L P, (A.19)
n
o A,_—,- ﬁ"is dot _"76 '—'it7 .
where n > 0 is e-independent. J gfg(s), il t(d;’s’ ), and = (Ujds e are defined in (1V.30),

(I1V.37), and (IV.7) - (IV.8), respectively.

Proof.
We recall from (IV.36) that for o2 > o,

P = aia [ S

J - C
Ba‘fgg\Ba't HUt _'_ t

where o := & is the slow cut-off, and from (IV.37)

d’?at(ﬁj,%78) o aeiiH%s 1 d{eiHatth(s)e_iHUts}eiH"ts .
ds ' Heot + 4 ds

: / Sy, (k) cos(k - VE%s — |k|s)d’k (A.50)
B,s\Bo,

For s such that 0% < o, the expressions (A.47) and (A.48) are identically zero. By unitarity

of €”'* and W,,(¥;, s), we can replace the part in the integrand of (A.47) proportional to
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O’S
Jlo: (s) by
eiHUtsWU (T, 8)ai[H" , 7] 1 Xh(§> . (A.51)
e U Ho 4+ s
/ dgk if)’j (E) COS(E . ﬁE;‘tS . |E|S> 6i’)/at(l7j76E;'3t,s) e—iE;ts(E%t + i)%(-t(),t 7
Bajg \BUt 7
up to a term which yields an integral bounded in norm by
1 c
— |In(o) Pt 7 . (A.52)
tn
To justify this step, we exploit the fact that the operator
rror = 1
i[H°, 7] oo (A.53)
is bounded. Moreover, we are applying the propagation estimate
14 / S5 (R) cos(k - & — [EJs)dk (A.54)
B,s\Bo,

J 1,0t

- / S5 (k) cos(k - ﬁE;';s — |k|s)dk } o (T VER ) e*iEgs(E;‘; + i)t
B,5\Bo,

1

< ¢
- sl F

In(ay)] ,

for some v > 0, which is similar to (A.19). To obtain the upper bound, we exploit the fact
that due to the slow cut-off 0% = s7% 6 > 0, in j|g;§ (s), the upper integration bound in the
radial part of the momentum variables vanishes in the limit s — co. We note that we have
to assume 0 < 1 as required in (IV.35), in order to use the result in Lemma A.2.

Next, we approximate (A.51) by

. 170 i 1 d¥d(s) Z(s)
iH%%s . = 1H%s . A.55
W,y (5, s)ar e Sy (B2 (4.55)
: /B . d*k Sy, (k) cos(k - VEZ's — |k|s) (Ej;+¢)e”at<WE?vS>¢§2t
o'§ ot

where 7(s) 1= e""57e™H""s To pass from (A.51) to (A.55), we have used

dé(s) 1 1 di(s) 1 di(s), H?] 1

= A.
ds Het+i  Hot+i ds Het +4 ds Het +4’ (A.56)
and we have noticed that the term containing
1 dz He 1

Hot +4 ds Het +14
can be neglected because an integration by parts shows that the corresponding integral is

bounded in norm by 2 |In(oy)|? % . This uses

Hn (Ut>’) (A.58)

sup

_ P
PeS

/ d*k S, (k) cos(k - VE%'s — |k|s)‘ < O
B, s\Bo,
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and
. - o . 1
Sup’ / kS5 () cos(k - VE% s — \k|s)‘ < O(—), (A.59)
PeS ds B_s\B P (51+0)
which can be derived as in Lemma A.2.

To bound the integral corresponding to (A.55), we note that up to a term whose integral

is bounded in norm by (A.49), one can replace %S) Xh(@) by
d [ ipgoe. e
£<61H ST (s)e 5) , (A.60)
where @ (s) := Zx,(Z), with x5 (¥) defined as in Section IV.1. This is possible because
d [ ipgoes, e
E(BZH th(s)e H S) (A.61)
ts = f —1H%s
= - [ - Vxa(2))e ™ (A.62)
s2 s
ts [ Jot z —iH%s
+e! ]Xh(g) o (A.63)
Uts f HCTt 3 f _iHCts
+ et ; [V)(h( ) A", 7] 5 ]}e " (A.64)
iHt [Hgt _)] Vi T —iHOt
e - ° A.
+e' s [ 9 VXh< s )} € ) ( 65)
dx(s)

where (A.63) corresponds to Xn( 4(3)) Moreover, we use the fact that the vector operator

i[H , Z] is bounded, and apply the propagation estimate (A.19) to £ “J \Y%i xh(i) and

H”t-i-
to —VJ Xn(% U with appropriate modifications (see (A.72) and recall that Vxh(VE;';) =0 for
Pe supp h).

We observe that

iHts . Lagees 1 d(eH7EE, (s)e )
€ " Wat (Uj7 S) ae " Hot + i dS : (A66>
- / d*k Sy, (k) cos(k - VEY s — [k|s) (E% + i) 1ot TV B 8) 1)
B S\Bo't ’
corresponds to
iHts = dfs/fft(gW §7S> Yo, (U VEQ ,8)
¢S, (T, 5) [d—fs EnGs o (A.67)
This immediately implies (A.47).
To prove (A.48), we need to control the integral
; iH%%s = —iH%s o d( eiH"tsfh(s)efiH"ts )
o Rl . * A68
/t e W, (U5, s)e o 7 ( )

. / @k S5, () cos(k - VEZs — [Rs) (EG + i) ds
B_5\Bo,
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for s — 4o00. An integration by parts with respect to s yields

iHts ~ @ o 3.5 (1
e W, (U5, ) -Tp(s) / d’k g, (k) x
J Hot —+1 B S\Bat
x cos(k - VE Es |k:| s)E% e —iBy S(E‘” + z)@bj( ; |f
° iH%%s — —1H°%ts iH%s Q
- Wo’ ) }
] & N

Here, we notice that

Furthermore, the operator
~i [ Va@e g
tends to

_Z/th q_)6 quEa

for s — oo, if it is applied to the vectors

Vo, (Tj, VEa s) 71Eat
6 w_] Ot )

or

/ dgk‘ igj(lz) COS(E ﬁ ats _ ’k’ ) Yoy (U, VEq s) *ZEUt wj(gt’
B_s\Bs,

Is

or

d . . R
{-- / @k (K, T) cos( - VEGs — []s) p e 7o VoR Dm0
dS B S\Bot

72,0t °
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(A.69)

(A.70)

(A.71)

(A.72)

(A.73)

(A.74)

(A.75)

(A.76)

(A.77)

The rate of convergence of the corresponding expression in (A.48) is bounded by (A.49).
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Therefore, we can replace expressions (A.69),(A.70), and (A.71) by

eiHJtSWUt ('Uja S)e—intsa SﬁE;t . (A78)

1,0t ¢

. / Bk S5, (F) cos(K - VEG s — [F]s)eloe @V E e 2y 1)
B,s\Bs,

5 d o . .
—/t ds{E(eZH W,, (0, s)e” 8)}asVE%t- (A.79)

| / e, (k) cos(k - VEGs — |R|s)dke T ey )

B _s\Bs,

—/ eH7IW, (5, 8)e 7 5 sﬁEg- (A.80)

t

{i/ i~g(l§) cos(k ﬁE;';s— |k:|s)d3k} X
ds B _Sg\Bg

Yoy (T3, VE 5) e—iE;fs¢(t) ds

1,0t

X e

Recalling the definition of the phase factor, the sum of the expressions (A.78), (A.79), and
(A.80) can be written compactly as

: iH s — d’}/a (U'7VE_"S) 7 ¥;,VE%t s) —iE%s
/t ds e W,, (v, ) —= jds B 7 (o5 VE s ) o =iy zﬁ](t;t : (A.81)
after an integration by parts.
This implies the asserted bound for (A.47). O
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