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Abstract

A randomization test was developed to determine the statistical significance of QCD inter-
mittency in single-event distributions. A total of 96 simulated intermittent distributions
based on standard normal Gaussian distributions of size N=500, 1000, 1500, 2000, 4000,
8000, 16000, and 32000 containing induced holes and spikes were tested for intermittency.
Non-intermittent null distributions were also simulated as part of the test. A log-linear
model was developed to simultaneously test the significance of fit coefficients for the y-
intercept and slope contribution to ln(F2) vs. ln(M) from both the intermittent and null
distributions. Statistical power was also assessed for each fit coefficient to reflect the pro-
portion of times out of 1000 tests each coefficient was statistically significant, given the
induced effect size and sample size of the Gaussians. Results indicate that the slope of
ln(F2) vs. ln(M) for intermittent distributions increased with decreasing sample size, due
to artificially-induced holes occurring in sparse histograms. For intermittent Gaussians
with 4000 variates, there was approximately 70% power to detect a slope difference of
0.02 between intermittent and null distributions. For sample sizes of 8000 and greater,
there was more than 70% power to detect a slope difference of 0.01. The randomization
test performed satisfactorily since the power of the test for intermittency decreased with
decreasing sample size. Power was near-zero when the test was applied to null distri-
butions. The randomization test can be used to establish the statistical significance of
intermittency in empirical single-event Gaussian distributions.
Keywords : Scaled factorial moment, Intermittency, Hypothesis testing, Statistical power,
Randomization tests, Permutation tests, Kernel density estimation, Rejection method,
Permutation tests
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1 Introduction

Intermittency has been studied in a variety of forms including non-gaussian tails of dis-
tributions in turbulent fluid and heat transport [1,2], spikes and holes in QCD rapidity
distributions [3], 1/f flicker noise in electrical components [4], period doubling and tan-
gent bifurcations [5], and fractals and long-range correlations in DNA sequences [6,7].
The QCD formalism for intermittency was introduced by Bialas and Peschanski for un-
derstanding spikes and holes in rapidity distributions, which were unexpected and difficult
to explain with conventional models [3,8,9]. This formalism led to the study of distribu-
tions which are discontinuous in the limit of very high resolution with spectacular features
represented by a genuine physical (dynamical) effect rather than statistical fluctuation
[10-19].

The majority of large QCD experiments performed to date typically sampled millions of
events (distributions) to measure single-particle kinematic variables (i.e., rapidity, tran-
verse momentum, azimuthal angle) or event-shape variables [20-24]. These studies have
employed either the horizontal scaled factorial moment (SFM)

Fq ≡ 1
E

E∑
e=1

1
M

M∑
m=1

nme(nme − 1) · · · (nme − q + 1)(
Ne

M

)[q] , (1)

which normalizes with event-specific bin average over all bins (Ne/M), the vertical SFM
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which normalizes with bin-specific average over all events (Nm/M), or the mixed SFM
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which normalizes by the grand mean for all bin counts from all events (N/EM). In the
above equations, nme is the particle multiplicity in bin m for event e, M is the total
number of bins, Ne =

∑M
m nme, Nm =

∑E
e nme, and N is the sum of bin counts for all

bins and events. A full description of SFMs described above can be found in [10-12].
There are occassions, however, when only a single event is available for which the degree
of intermittency is desired. In such cases, the mean multiplicity in the sample of events
cannot be determined and the normalization must be based on the single-event SFM
defined as

Fq ≡ 1
M

M∑
m=1

nm(nm − 1) · · · (nm − q + 1)(
N
M

)[q] , (4)

where nm is the number of bin counts within bin m, and N =
∑

m nm is the total number
of counts for the single-event. When intermittency is present in the distribution, Fq will
be proportional to M according to the power-law

Fq ∝ M νq , M → ∞ (5)
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(or Fq ∝ δy−νq , δy → 0) where νq is the intermittency exponent. By introducing a propor-
tionality constant A into (5) and taking the natural logarithm we obtain the line-slope
formula

ln(Fq) = νq ln(M) + ln(A). (6)

If there is no intermittency in the distribution then ln(Fq) will be independent from ln(M)
with slope νq equal to zero and ln(Fq) equal to the constant term ln(A). Another important
consideration is that if νq is non-vanishing in the limit δy → 0 then the distribution is
discontinuous and should reveal an unusually rich structure of spikes and holes.

The goal of this study was to develop a randomization test to determine the statistical
significance of QCD intermittency in intermittent single-event distributions. Application
of the randomization test involved simulation of an intermittent single-event distribution,
multiple simulations of non-intermittent null distributions, and a permutation-based log-
linear fit method for ln(F2) vs. ln(M) for assessing significance of individual fit coefficients.
The statistical power, or probability of being statistically significant as a function of co-
efficient effect size, Gaussian sample size, and level of significance, was determined by
repeatedly simulating each intermittent single-event distribution and performing the ran-
domization test 1000 times. The proportion of randomizations tests that were significant
out of the 1000 tests reflected the statistical power of each fit coefficient to detect its
relevant slope or y-intercept value given the induced intermittency.

2 Methods

2.1 Sequential steps

A summary of steps taken for determining statistical power for each of the log-linear fit
coefficients is as follows.

1. Simulate an intermittent single-event Gaussian distribution of sample size N by
introducing a hole in the interval (y, y + ∆h)h and creating a spike by adding hole
data to existing data in the interval (y, y − ∆s)s. (This simulated intermittent
distribution can be replaced with an empirical distribution for which the presence of
intermittency is in question). Determine the minimum, ymin, maximum, ymax, and
range ∆y = ymax − ymin of the N variates.

2. Assume an experimental measurement error (standard deviation) such as ε = 0.01.
Determine the histogram bin counts n(m)ε for the intermittent distribution using
Mmax = ∆y/ε equally-spaced non-overlapping bins of width δy = ε. Apply ker-
nel density estimation (KDE) to obtain a smooth function (pdf) of the histogram
containing Mmax bins. KDE only needs be performed once when bin width δy = ε.

3. Use the rejection method based on the pdf obtained from KDE to simulate a non-
intermittent Gaussian. Determine histogram bin counts n(m)null,ε over the same
range ∆y of the intermittent distribution.

4. For each value of M , collapse together the histogram bins determined at the experi-
mental resolution and determine ln(F2) and ln(M) at equal values of M for both the
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intermittent and null distribution. Bin collapsing should be started with the first
bin n(1).

5. Perform a log-linear fit using values of ln(F2) vs. ln(M) from both the intermittent
non-intermittent null distributions. Determine the significance for each coefficient
using the Wald statistic, Zj = βj/s.e.(βj) (j = 1, 2, ..., 4) where Zj is standard nor-
mal distributed. For the bth permutation (b = 1, 2, ..., B) where B = 10, permute
the group labels (intermittent vs. non-intermittent) in data records, refit, and calcu-
late Z

(b)
j . After the B permutations, determine the number of times |Z(b)

j | exceeded
|Z|.

6. Repeat steps 4 and 5, only this time start collapsing bins at the 2nd bin n(2). This
essentially keeps ∆y the same but shifts the interval over which bin collapsing is
performed to (ymin + ε, ymax + ε).

7. Repeat steps 3 to 6 a total of 10 times simulating a non-intermittent null distribution
each time, and determine the significance of each fit coefficient with permutation-
based fits. Thus far, we have used multiple simulations combined with a permutation-
based log-linear fit to determine the statistical significance of each fit coefficient for
one intermittent distribution (simulated in step 1). These procedures comprise a sin-
gle randomization test to determine significance of fit parameters for the single-event
distribution.

8. To estimate statistical power for each fit coefficient, repeat the randomization test
in steps 1-7 1000 times, each time simulating a new intermittent single-event distri-
bution with the same sample size and spike and hole intervals. The statistical power
for each fit coefficient is based on the bookkeeping to track the number of times |Z(b)

j |
exceeds |Zj| within the permutation-based log-linear fits. Report the average values
of βj and s.e.(βj) obtained before permuting group labels to reflect effect size, and
report the statistical power of each fit coefficient for detecting the induced effect.
This power calculation step is unique to this study for assessing the proportion of
randomization tests during which each coefficient was statistically significant.

2.2 Inducing spikes and holes in Gaussian distributions

An artifical hole was induced by removing bin counts in the range y + ∆h and placing
them into the interval y − ∆s as shown in Figure 1. Figures 2 and 3 show the simulated
intermittent Gaussian distributions based on 10,000 variates and plots of ln(F2) vs. ln(M)
for y = 2.0 and y = 0.2, respectively. Figure 2a shows the formation of a hole above and
spike below y = 2 as the hole width 2 + ∆h increased and spike width 2 − ∆s decreased.
The pattern in Figure 2b suggests that the level of intermittency based on the slope of
ln(F2) vs. ln(M) increases with increasing ratio ∆h/∆s. The positive non-zero slopes of
ln(F2) vs. ln(M) in Figure 2b suggests intermittency at a level beyond random fluctuation
of bin counts. Figure 3 shows similar results but for a hole introduced in the range 0.2+∆h

and spike in the range 0.2 − ∆s. One can notice in Figure 3a that because of the larger
bin counts near y = 0.2, the resulting spikes are larger for the same hole sizes presented
in Figure 2a. This supports the rule of thumb that spikes and holes near the bulk of a
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Gaussian contribute more to F2. The overall point is that the slope of the line ln(F2)
vs. ln(M) increases with increasing size of the induced hole, decreasing spike width, and
increasing value of the pdf into which hole data are piled.

2.3 Histogram generation at the assumed experimental resolution

It was observed that F2 increased rapidly when the bin size was smaller than δy = 0.01.
This was most likely due to round-off error during histogram generation. Because round-
off error at high resolution can create artificial holes and spikes in the data, the parameter ε
was introduced to represent a nominal level of imprecision in the intermittent data, which
was assumed to be 0.01. Thus, the smallest value of δy used was ε, at which the greatest
number of bins Mmax = ∆y/ε occurred. In addition, Fq was only calculated for q = 2 in
order to avoid increased sensitivity to statistical fluctuations among the higher moments.
For a sample of N quantiles, “base” bin counts were accumulated and stored in the vector,
n(m)ε, which represented counts in Mmax bins.

2.4 Simulating non-intermittent null distributions

Non-intermittent null distributions were simulated once per intermittent distribution, and
the results were used to fill counts in Mmax total bins when the bin width was ε. First,
the underlying smooth function of the histogram for intermittent data was determined
using kernel density estimation (KDE) [25] in the form

f(m) =
1
Nh

N∑
i=1

K

(
yi − ym

h

)
, (7)

where f(m) is the bin count for the mth bin for non-intermittent null data, N is the total
number of variates, h = 1.06σN−0.2 is the optimal bandwidth for a Gaussian [26], and
σ is the standard deviation of the Gaussian. K is the Epanechnikov kernel function [27]
defined as

K(u) =

{
3
4(1 − u2) |u| ≤ 1
0 otherwise,

(8)

where u = (yi −ym)/h and ym is the lower bound of the mth bin. The smooth pdf derived
from KDE was used with the rejection method to build-up bin counts, n(m)null,ε, until
the number of variates was equal to the number of variates in the single-event intermit-
tent distribution. Under the rejection method, bins in the simulated non-intermittent
distribution are randomly selected with the formula

m = (Mmax − 1)U(0, 1)1 + 1. (9)

where U(0, 1)1 is a pseudo-random uniform distributed variate. For each m, a second
pseudo-random variate is obtained and if the following criterion is met

U(0, 1)2 < pdf(m)/max{pdf(i)}, i = 1, 2, ...,Mmax (10)
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then one is added to the running sum for bin count and the running sum for the total
number of simulated y values. The rejection method provided non-intermittent null dis-
tributions with attendant statistical fluctuations to determine whether non-intermittent
data consistently has estimates of intermittency lower than that of a single-event distri-
bution with simulated intermittency.

2.5 F2 calculations and collapsing bin counts into M Bins

F2 was calculated using (4) at varying values of M = Mmax/k, where k is the number of
bins at the experimental resolution collapsed together (k = 2, 3, ...,Mmax/30). It follows
that for M equally-spaced non-overlapping bins, the bin width is kε. The smallest bin
width of 2ε (M = Mmax/2) used in F2 calculations allowed us to conservatively avoid
artificial effects, whereas the greatest bin width was limited to ∆y/30 (M = 30) since
widths can become comparable to the width of the distribution. As M changed, histogram
bin counts n(m) were determined by collapsing together each set of k contiguous bins at
an assumed experimental resolution, i.e., n(m)ε or n(m)null,ε, rather than determining
new lower and upper bin walls and adding up counts that fell within the walls (Table
1). This approach cut down on a tremendous amount of processor time while avoiding
cumulative rounding effects from repeatedly calculating new bin walls.

2.6 Shifting the range of y

A single “shift” was performed in which the full range ∆y was moved by a value of
ε = 0.01 followed by a repeat of F2 calculations, log-linear fits, and permutations. To
accomplish this, we varied the starting bin n(shift)ε before collapsing bins. For example,
if Mmax = 400, the first value of M was Mmax = 400/2 = 200, since the first value of k is
2. Bin counts for the 200 bins were based on collapsing contiguous pairs (k = 2) of bins
starting with n(1)ε when shift = 1. F2 was then calculated, linear fits with permutations
were made, and values of ln(F2) and ln(M) were stored. This was repeated with shift = 2
so that pairs of base bin were collapsed again but by starting with base bin n(2)ε when
shift = 2. The process of shifting the range of y and repeating the randomization tests
for each intermittent single-event distribution resulted in an entirely different set of bin
counts, increasing the variation in intermittent and null data sets. Shifting the range and
re-calculating F2 was performed in the original Bialas and Peschanski paper (See Fig. 3,
1986).

2.7 Permutation-based log-linear regression

For intermittency and non-Gaussian distributions, it is unlikely that the null distributions
are thoroughly known. Therefore, instead of using a single fit of the data to determine
significance for each coefficient, permutation-based log-linear fits were used in which fit
data were permuted (randomly shuffled) and refit in order to compare results before
and after permutation. Permutation-based regression methods are useful when the null
distributions of data used are unknown.

The presence of intermittency was determined by incorporating values of ln(F2) and
ln(M) into a log-linear regression model to obtain direct estimates for the difference in
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the y−intercept and slope of ln(F2) vs. ln(M) for intermittent and null data. The model
was in the form

ln(F2) = β0 + β1 ln(M) + β2I(null) + β3 ln(M)I(null), (11)

where β0 is the y-intercept of the fitted line ln(F2) vs. ln(M) for intermittent data, β1 is
the slope of the fitted line for intermittent data, β2 is the difference in y-intercepts for
intermittent and null, I(null) is 1 if the record is for null data and 0 otherwise, and β3

represents the difference in slopes for the intermittent and null data. Results of modeling
suggest that β1 can be significantly positive over a wide variety of conditions. When
β3 < 0, the slope of the intermittent fitted line for ln(F2) vs. ln(M) is greater than the
slope of ln(F2) vs. ln(M) for null data, whereas when β3 > 0 the slope of intermittent is
less than the slope of null. Values of β0 and β2 were not of central importance since they
were used as nuisance parameters to prevent forcing the fits through the origin. While
β1 tracks with the degree of absolute intermittency in the intermittent distribution, the
focus is on the difference in slopes between the intermittent single-event distribution and
the non-intermittent null distribution characterized by β3. Again, β3 is negative whenever
the slope of ln(F2) vs. ln(M) is greater in the intermittent than the null. Strong negative
values of β3 suggest higher levels of intermittency on a comparative basis.

For each fit, the Wald statistic was first calculated as Zj = βj/s.e.(βj). Next, values of
I(null), that is 0 and 1, were permuted within the fit data records and the fit was repeated
to determine Z

(b)
j for the bth permutation where b = 1, 2, ..., B. Permutations of I(null)

followed by log-linear fits were repeated 10 times (B = 10) for each intermittent distribu-
tion. Since there were 10 permutations per log-linear fit, 10 null distributions simulated
via KDE and the rejection method, and 2 shifts in ∆y per intermittent distribution, the
total number of permutations for each intermittent distribution was B = 200. After B
total iterations, the p-value, or statistical significance of each coefficient was

pj =
#{b : |Z(b)

j | > |Zj |}
B

(12)

If the absolute value of the Wald statistic Z
(b)
j at any time after permuting I(null) and

performing a fit exceeds the absolute value of the Wald statistic derived before permuting
I(null), then there a greater undesired chance that the coefficient is more significant as
a result of the permuted configuration. What one hopes, however, is that fitting after
permuting labels never results in a Wald statistic that is more significant that that based
on non-permuted data. Because test statistics (e.g., Wald) are inversely proportional to
variance, it was important to use Zj as the criterion during each permutation.

2.8 Statistical significance of fit coefficients

The basis for tests of statistical significance is established by the null hypothesis. The
null hypothesis states that there is no difference in intermittency among intermittent and
null distributions whereas the alternative hypothesis posits that the there is indeed a
difference in intermittency. Formally stated, the null hypothesis is Ho : β3 = 0 and the
one-sided alternative hypothesis is Ha : β3 < 0, since negative values of β3 in (11) imply
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intermittency. The goal is to discredit the null hypothesis. A false positive test result
causing rejection of the null hypothesis when the null is in fact true is known as a Type I
error. A false negative test result causing failure to reject the null hypothesis when it is
not true (missed the effect) is a Type II error. The probability of making a Type I error is
equal to α and the probability of making a Type II error is equal to βpower. Commonly used
acceptable error rates in statistical hypothesis testing are α = 0.05 and βpower = 0.10. The
Wald statistics described above follow the standard normal distribution, such that a Zj

less than -1.645 or greater than 1.645 lies in the rejection region where p < 0.05. However,
since permutation-based regression models were used, the significance of fit coefficients
was not based on comparing Wald statistics with standard normal rejection regions, but
rather the values of the empirical p-values in (12). Whenever pj < α, a coefficient is said
to be significant and the risk of a Type I error is at least α.

2.9 Statistical power

Randomization tests were used for assessing the level of significance for each fit coefficient,
given the intermittent single-event and the simulated null distributions used. When devel-
oping a test of hypothesis, it is essential to know the power of the test for each log-linear
coefficient. The power of a statistical test is equal to 1 − βpower, or the probability of
rejecting the null hypothesis when it is not true. In other words, power is the probability
of detecting a true effect when it is truly present. Power depends on the sample size N
of the Gaussian, effect size βj, and level of significance (α). To determine power for each
fit coefficient, 1000 intermittent single-event Gaussians with the same induced spikes and
holes and sample size were simulated, and used in 1000 randomizations tests. During the
1000 randomization tests, power for each fit coefficient was based on the proportion of
tests in which pj in (12) was less than α = 0.05. For a given effect size βj , sample size of
Gaussian N , and significance level (α), an acceptable level of power is typically greater
than 0.70. Thus, the p-value for a particular log-linear fit coefficient would have to be less
than 0.05 during 700 randomization tests on an assumed intermittent distribution.

2.10 Simulated intermittent distributions used

Three types in intermittent distributions were simulated, each having a single hole-spike
pair at a different location. Hole location and widths are discussed first. The first simu-
lated intermittent distribution had an induced hole starting at y =0.2 of width ∆h=0.64,
corresponding to the interval (0.2-0.84)h. The second distribution had a hole starting at
y = 1.0 of width ∆h=0.02, corresponding to interval (1.0-1.2)h. The third type of inter-
mittent distribution had a single hole induced starting at y =2 also at a width of ∆h=0.64,
corresponding to interval (2.0-2.64)h. For each hole induced, a single spike was generated
by adding hole data to existing simulated data below the y-values using varying spike
widths of ∆s=0.64, 0.24, 0.08, or 0.02. Therefore, for the first distribution with a hole in
interval (0.2-0.84)h, spikes were either in intervals (-0.44-0.2)s, (-0.04-0.2)s, (0.12-0.2)s, or
(0.18-0.2)s. For the distribution with a hole in interval (1.0-1.2)s, the spike intervals were
at either (0.36-1.0)s, (0.76-1.0)s, (0.92-1.0)s, or (0.98-1.0)s. Finally, for a hole in interval
(2.0-2.64)h, spike intervals were either at (1.36-2.0), (1.76-2.0), (1.92-2.0), or (1.98-2.0).
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The combination of distribution having single hole-spike pairs at three hole locations,
and four spike locations resulted in a total of 12 distributions. Each of the 12 types of
intermittent distributions were simulated with 500, 1000, 1500, 2000, 4000, 8000, 16000,
and 32000 variates. This resulted in 96 different simulated intermittent distributions
(Table 2).

2.11 Algorithm flow

The algorithm flow necessary for performing a single randomization test to determine
significance of fit coefficients for one single-event distribution is given in Figures 4 and 5.
Figure 4 shows how test involves 10 simulations of non-intermittent null distributions, 2
shifts each, and B = 10 permutations during the log-linear fit. The 10 null distribution
simulations and 10 permutations are done twice, once for the first shift based on interval
ymin to ymax and once for the second shift using the interval ymin + ε to ymax + ε.

Figure 5 shows a telescoping schematic of what occurs for each of the 10 null distri-
butions. For each null distribution there are two shifts during which ln(F2) and ln(M)
are determined. Values of ln(F2) and ln(M) as a function of M for both the intermit-
tent single event and null distribution are used in the log-linear fit to yield Zj for each
coefficient. The values of I(null) are then permuted B = 10 times resulting in Z

(b)
j ,

where b = 1, 2, ..., 10, for a total of 200 permutations (10*2*10). Bookkeeping is done
using the counter numsigj which keeps track of the total number of times |Z(b)

j | exceeds
|Zj| during the 200 permuted fits. The 200 fits represent one randomization test, from
which the statistical significance of each fit coefficient is determined based on pj in (12).
Statistical power for each coefficient was determined based on 1000 randomization tests
in which the same intermittent distribution (same hole and spike widths and sample size)
was simulated.

2.12 Summary statistics of results

Each randomization test to determine the statistical significance of fit coefficients for
a single simulated intermittent distribution employed 200 permutation-based log-linear
fits. The 200 total fits per randomization test (i.e., intermittent distribution) is based
on 10 simulations to generate non-intermittent null distributions, followed by 2 shifts,
and then 10 permutation-based fits (10*2*10). Within each randomization test, the total
200 permutation-based fits were used for obtaining the significance of each coefficient via
pj in (12). Among the 200 total permutation-based fits, there were 20 fits for which
fit data were not permuted. Averages of fit coefficients and their standard error were
obtained for the 20 “non-permuted” fits. Since randomization tests were carried out
1000 times (in order to obtain power for each coefficient), the averages of coefficients and
their standard errors over the 1000 tests was based on averages (over 1000 randomization
tests) of averages (over 20 non-permuted fits). The global averages of coefficients and
their standard errors, based on a total of 20,000 non-permuted fits, are listed in Table 2
under column headers with angle brackets 〈〉. In total, since there were 20 non-permuted
and 200 permuted fits per randomization test, the use of 1000 randomization tests for
obtaining power for each coefficient for the intermittent distribution considered resulted
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in 200,000 permutation-based fits for each distribution (row in Table 2).

3 Results

The averages of fit coefficients and their standard deviation from 20,000 non-permuted fits
during 1000 randomization tests are listed in of Table 2. Each row in Table represents the
result of 1000 randomization tests for a single simulated intermittent distribution. Also
listed in the Table 2 is the statistical power for each coefficient reflecting the proportion
of the 1000 randomization tests during which each coefficient was significant.

As described in the methods section, β0 reflects the y-intercept of the fitted line for
ln(F2) vs. ln(M) for intermittent data. Average values of β0 were jumpy and did not
correlate consistently with the level of induced intermittency. There can be tremendous
variation in the y-intercept of either an intermittent or null distribution depending on
unique properties of the distributions, so this was expected.

Average values of β1 reflected the slope of fitted line ln(F2) vs. ln(M) for intermittent
data, and ranged from 0.0007 to 0.2347 for distributions with 32000 variates. One of
the most interesting observations was that, as sample size of the intermittent distribu-
tions decreased from 32000 to 500, values of β1 increased. This was expected because
the abundance of artificial holes in histograms increases as the sample size of the input
distribution decreases. Accordingly, the “true” intermittency effect induced is portrayed
at only the larger sample sizes where there is less likelihood for artificial holes to exist in
the histograms.

Similar to β0, β2 reflects the difference between the y-intercepts of the intermittent and
null distributions compared. But again, β0 and β2 are essentially important nuisance
parameters introduced in the model in order not to force the fitted lines through the
origin. Nevertheless, β2 was found to be especially important when evaluating power as
will be discussed later.

The most important coefficient was β3, which reflects the difference in slopes between
fitted lines ln(F2) vs. ln(M) for intermittent and non-intermittent data. (Values of β3

and P (β3) when N=32000 are listed in bold in Table 2). When β3 < 0, the slope of
the line for ln(F2) vs. ln(M) of the intermittent data is greater than the slope of ln(F2)
vs. ln(M) for non-intermittent data, whereas when β3 > 0, the slope of intermittent is
less than the slope of non-intermittent. Average values for β3 for distributions with 32000
variates ranged from -0.5294 to -0.0002. The statistical power P (β3) of β3 for detecting the
induced intermittency in various intermittent distributions is also shown in Table 2. For
distributions with 32000 variates, P (β3) was 100% for values of β3 that were more negative
than -0.015, suggesting that at large samples sizes the randomization test had 100% power
to detect a difference of 0.015 between slopes for intermittent and null distributions. It
was observed that for these cases, P (β3) was 100% only when the y-intercept difference
β2 exceeded 0.05. In one case, β3 was more negative than -0.015 (-0.0319), but P (β3) was
82.8%. For this case, β2 was equal to 0.0385. For the remaining distributions for which
N=32000, when β3 was more positive than -0.015, P (β3) was less than 100%.

It was also noticed that while β1 increased with decreasing sample size as a result of
the introduction of artificial holes, P (β3) decreased. This is important because it suggests
that the power of the randomization test to detect intermittency decreases with decreasing
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sample size.
Power of the randomization test was also assessed for non-intermittent null distributions

(end of Table 2). The null distributions used did not contain any holes or spikes and
therefore did not contain induced intermittency. Since intermittency is not present in
null distributions, zero power is expected. With regard to coefficient values for null
distributions, β0 did not differ from values of β0 for intermittent distributions, but β1

increased from 0.0004 for N=32000 to 0.0389 for N=500. As sample sized decreased
from N=32000 to N=500, β2 increased from -0.0016 to 0.1471 and β3 decreased from
0.00005 to -0.0294, suggesting again that even in null distributions the level of artificial
intermittency increases as sample size decreased.

The value of the power calculations is reflected in results for null distributions lacking
any effect, because power indicates the probability that the p−values of coefficients in (12)
are significant (i.e., pj < α = 0.05). The greatest probability of obtaining a significant
value for either β2 or β3 for a single randomization test on a null distribution was 0.062
for N=1000. At N = 500 the probability (power) of obtaining a significant coefficient for
β2 or β3 was 0.04 and 0.03, respectively. At N = 2000 the power for β2 or β3 was 0.015
and 0.019, respectively. At N = 8000 and greater the probability (power) of obtaining
a significant coefficient for β2 or β3 was zero. In conclusion, power was zero for null
distributions having sample sizes greater than N = 8000.

Table 3 lists the sorted values of statistical power P (β3) and averages of coefficients ex-
tracted from Table 2 for distributions with N=32000. The performance of β3 for detecting
the induced intemittency in terms of slope difference between intermittent and null distri-
butions can be gleaned from this table. For most experiments, it is desired to use a test
that has 80% or more power to detect a signal as a function of effect size, sample size and
α. In this study, effect size is reflected in the βj coefficients. Sample size is reflected in
the number of variates N used for each simulated distribution. The significance level α is
used as an acceptable probability of Type I error, which essentially means reporting that
a coefficient is significant (rejecting the null hypothesis of no signal) when the coefficient
is truly insignificant (false positive). One the other hand, power is one minus the Type
II error rate, which is the probability of missing a signal when the signal is present (false
negative). One minus this probability (i.e., power) is the probability of finding a signal
when it is truly present. Looking at Table 3, one notices that when β3 was more negative
than -0.01 (greater than a 1% signal), the power of β3 for detecting intermittency was at
least 70%.

Figure 6 shows the statistical power P (β3) as a function of average effect size 〈β3〉 and
sample size of simulated intermittent Gaussian distributions. Each point represents a
distribution in a row of Table 2. At the lowest sample size of N=500, an acceptable level
of approximately 70% power is attainable for a 0.08 difference in slopes between the inter-
mittent and null distributions. As sample size increases, the power to detect intermittency
increases. For intermittent Gaussians with 4000 variates, there was approximately 70%
power to detect a slope difference of 0.02 between intermittent and null distributions.
Whereas for sample sizes of 8000 and greater, there was more than 70% power to detect
a slope difference of 0.01.
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4 Discussion

A basic characteristic of QCD intermittency is that if the smooth distribution for a his-
togram measured at the limit of experimental resolution is discontinuous, it should reveal
an abundance of spikes and holes. For a discontinuous smooth distribution, QCD in-
termittency is a measure of non-normality in fluctuations and reflects little about the
deterministic or stochastic properties of a distribution. QCD intermittency is also inde-
pendent of the scale of data and scaling in spatial or temporal correlations. The lowest
scale of resolution used in this paper (δy = 0.01) refers to a measure of imprecision, or
standard deviation in measured data. Thus, the quantile values of Gaussians used were
not assumed to be infinitely precise.

The statistically significant levels of intermittency identified in this study show how
various methods from applied statistics can be assembled to form a randomization test
for intermittency for single-event distributions. It is important to compare fit coefficients
for the intermittent distribution versus that from a null distribution. This study em-
ployed a log-linear model that was able to extract simultaneously information on the
y-intercepts and slopes for intermittent and null data separately. At the same time, the
log-linear model provided a method to simultaneously test the statistical significance of
each coefficient. Not surprisingly, the most important and consistent coefficient for iden-
tifying intermittency was β3, or the difference in slopes of the line ln(F2) vs. ln(M) for
intermittent and null distributions.

Generally speaking, the power to detect intermittency exceeds 70% when β3 is less than
(more negative than) -0.01 assuming a Gaussian sample size of 32000. As the sample size
decreases, artificial holes are introduced which obscures any real intermittency. This was
reflected in an increase of β1 with decreasing sample size. As the sample size decreased,
wider artificial holes were introduced into the histograms for both the intermittent and
non-intermittent null distributions. Since both distributions were affected equally on a
random basis, the difference in slopes measured by β3 did not increase. Power naturally
increases with sample size, so there was no reason to expect an increase in power with
decreasing sample size. Nevertheless, a positive finding was that the power of the ran-
domization test to detect intermittency decreased with decreasing sample size, in spite of
the increase of β1. This indicates that the ability to appropriately identify the presence
of intermittency in a single-event distribution depends on more than a single linear fit of
ln(F2) vs. ln(M) for the intermittent distribution.

The finding that power was at a maximum of 0.06 for β3 from a null distribution of
size 1000 suggests that there is at most a 6% chance of obtaining a p-value for β3 below
0.05. For null distributions of sample size 4000, the probability (power) of obtaining a
significant β3 coefficient was 0.007. When sample size was 8000 or more, power for β3

was zero. No attempt was made to relate hole and spike widths and their locations in
simulated intermittent Gaussians with resultant power, since the effect size needed for
power calculations was captured by the fit coefficients. This was confirmed by the change
in coefficients with changing sample size. While the widths and locations of induced holes
and spikes were fixed, coefficients changed with sample size and the induced effect. The
purpose of power is to establish the consistency of a coefficient for detecting an effect when
it is truly present. It follows that null distributions are also not used for establishing power

12



of a test, since power depends on a known effect size βj , sample size N of a Gaussian,
and the level of significance α used for determining when each coefficient is significant.

There were several limitations encountered in this study. First, there is an infinitely
large number of ways one can induce intermittency in Gaussian distributions. Given the
size and duration of the study, it was assumed that the 96 intermittent distributions con-
sidered would adequately reflect the robustness of the randomization test over a range of
induced levels of intermittency. Additional research is needed to assess the power of the
randomization test for horizontal, vertical, and mixed SFMs, number of null distributions,
number of shifts, number of permutations during fits, distribution sample sizes, impreci-
sion, skewness and kurtosis of multimodal distributions, and variations in the choice of
bandwidth and kernel smoother, etc. It was impossible to address the majority of these
issues in this investigation, and therefore the intent of this paper was to introduce results
for the limited set of conditions used.

Over the course of this investigation, there were many evaluations on how best to make
a smooth distribution for the non-intermittent null distributions. The most promising
was the combined approach using KDE and the rejection method, which is also probably
the most robust. Parametric methods were problematic when there were large holes or
spikes, and when there was a significant level of kurtosis or skewness in the data. Long
tails present another challenge for simulating an appropriate null distribution with para-
metric fitting methods. KDE is non-parametric and by altering the bandwidth settings
one can closely obtain the original histogram, or more smoothed histograms. Because
the simulated distributions were known be standard normal Gaussian distributions, the
optimal bandwith h = 1.06σN−1/5 was used [26].

If an experimenter has a single-event distribution for which intermittency is in question,
then application of sequential methods listed in steps 2-7 skipping simulation in step 1
would be used. This corresponds to running a single randomization test on the intermit-
tent data. If the p-value in (12) for any of the coefficients in (11) are less than 0.05, then
the coefficient is statistically significant. Specifically, intermittency would be statistically
significant if the p-value for β3 was less than 0.05. Power of the randomization test for
truly detecting intermittency could be looked up in Figure 6, for the specific coefficient
value of β3 and sample size of the distribution. An unacceptable value of power below
0.70 would suggest that a greater effect size or greater sample size is needed for detecting
a statistically significant level of intermittency.

5 Conclusions

Results indicate that the slope of ln(F2) vs. ln(M) for intermittent distributions increased
with decreasing sample size, due to artificially-induced holes occurring in sparse his-
tograms.

When the average difference in slopes between intermittent distributions and null dis-
tributions was greater than 0.01, there was at least 70% power for detecting the effect for
distributions of size 8000 and greater. The randomization test performed satisfactorily
since the power of the test for intermittency decreased with decreasing sample size.
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Table 1: Example of collapsing bins to calculate bin counts n(m), as the total number of
histogram bins (M) change with each change of scale δy. k is the number of bins added together
to obtain bin counts for each of M total bins

.

δy k M Bin counts, n(m)
0.06 6 Mmax/6 23 68
0.05 5 Mmax/5 14 60
0.04 4 Mmax/4 7 44
0.03 3 Mmax/3 3 20 40
0.02 2 Mmax/2 1 6 16 28 23

0.01=ε∗ 1 Mmax 1 0 2 4 7 9 13 15 12 11 8

* ε is the assumed experimental imprecision (standard deviation) equal to 0.01.
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Table 3: Sorted values of statistical power P (β3) and averages of coefficients from Table 2 for
distributions with N=32000.

P (β3) 〈β0〉 〈β1〉 〈β2〉 〈β3〉
0.000 0.8463 0.0013 -0.0003 -0.0005
0.000 0.8532 0.0007 -0.0008 -0.0002
0.248 0.8848 0.0052 0.0039 -0.0033
0.533 0.8373 0.0050 0.0120 -0.0041
0.664 0.8624 0.0091 0.0086 -0.0060
0.763 1.2085 0.0181 0.0150 -0.0113
0.828 1.2571 0.0519 0.0385 -0.0319
1.000 -0.6976 0.5721 1.9112 -0.5294
1.000 0.6795 0.2367 0.5684 -0.1974
1.000 0.5362 0.0843 0.3112 -0.0807
1.000 0.7741 0.0312 0.0821 -0.0270
1.000 0.7888 0.0159 0.0580 -0.0150
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Figure 1: Artificially-induced hole and spike in frequency distribution caused by moving data
between y and y + ∆h and adding it to existing data between y and y − ∆s. ∆h is the width of
the hole and ∆s is the width of the spike formed by adding hole data.
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Figure 2: Scaled factorial moments (F2) resulting from an artificially induced hole of width ∆h

beginning at y=2.0 in a frequency histogram of 10,000 standard normal variates. (a) Bin counts
n(m) when bin width δy = ε = 0.01, ∆s is the interval width into which bin counts from the hole
were randomly distributed during replacement. (b) Characteristics of scaled factorial moments
(F2) as a function of total bins (M) based on varying δy.24
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Figure 3: Scaled factorial moments (F2) resulting from an artificially induced hole of width ∆h

beginning at y=0.2 in a frequency histogram of 10,000 standard normal variates. (a) Bin counts
n(m) when bin width δy = ε = 0.01, ∆s is the interval width into which bin counts from the hole
were randomly distributed during replacement. (b) Characteristics of scaled factorial moments
(F2) as a function of total bins (M) based on varying δy.25
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Figure 4: Algorithm flow for a single randomization test. The result of a randomization test is
the number of times (i.e., numsigj) |Z(b)

j | > |Zj | for each coefficient.
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Figure 5: Detailed schematic showing complete methodology for a single randomization test.
Each test includes analysis for each of the 10 null distributions.
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Figure 6: Statistical power P (β3) to detect a significant fit coefficient β3 as a function of average
effect size 〈β3〉 and sample size of simulated intermittent Gaussian distribution.
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